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CHANGE POINT TESTS FOR THE TAIL
INDEX OF g-MIXING RANDOM
VARIABLES

YANNICK HOGA
University of Duisburg-Essen

The tail index as a measure of tail thickness provides information that is not cap-
tured by standard volatility measures. It may however change over time. Currently
available procedures for detecting those changes for dependent data (e.g., Quintos
et al., 2001) are all based on comparing Hill (1975) estimates from different sub-
samples. We derive tests for a wide class of other tail index estimators. The limiting
distribution of the test statistics is shown not to depend on the particular choice of
the estimator, while the assumptions on the dependence structure allow for suffi-
cient generality in applications. A simulation study investigates empirical sizes and
powers of the tests in finite samples.

1. MOTIVATION

The tail index of a distribution is of great importance in statistics, in particu-
lar in extreme value theory. It determines the limit distribution of the (suitably
normalized) sample maximum and minimum. Also, the tail index determines the
existence of higher-order moments and consequently is used as a measure for the
thickness of the tail of a distribution. As such it is of interest in fields as diverse
as finance, hydrology, and internet-traffic engineering, where heavy tails are fre-
quently encountered in real data. Moreover, it is important to know if the tail index
of a time series has changed at some point during the observation period, since
ignoring such a change can have negative consequences. For example, being un-
aware of a change to thicker tails of financial returns may lead to avoidable losses
due to inadequate risk management, or, if tails vary from thicker to thinner, fore-
gone profits because too much capital is put aside as a cushion against extreme
losses. Indeed, there is empirical evidence that such changes do occur for many
time series (Quintos, Fan and Phillips, 2001; Galbraith and Zernov, 2004; Werner
and Upper, 2004).

The tail index is superior to other volatility measures, like the variance, when
measuring volatility in at least the following two respects: It only captures the
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behavior of the distribution in the tail, upon which interest in, e.g., financial risk
management frequently centers. This is by definition not the case for the variance,
suggesting that there is information in the tail index that is not present in other
volatility measures, which Werner and Upper (2004) also found indications for
in empirical work. Secondly, the variance as a measure of tail behavior is only
available if second moments exist. Well-known empirical results show that this is
not always the case (e.g., Resnick, 2007, Figures 4.12 and 4.15). The tail index,
in contrast, does not require the existence of p-th moments for some p > 0.

Much research has been devoted to tail index estimation, see, e.g., Drees
(1998a,b) for some general results in the independent and identically distributed
(i.i.d.) case and Drees (2000) for the dependent case. But estimating the tail index
from a sample X1, ..., X, assumes (often implicitly) homogeneity in the tail in-
dex, which might not be warranted. A test of this assumption is useful for at least
two reasons: First, in the case of an undetected break in the tail index from, say,
o1 to ay > o1, where tails get lighter after the break, most tail index estimators
will consistently estimate 1/a; (see Theorem 3), suggesting a heavier tail for the
postbreak period. In the above example of financial returns, this would lead to ex-
cessive conservatism. Second, the tail behavior depends in a very sensitive way on
the tail index; e.g., for a Student’s ,-distribution (where the tail index equals the
degrees of freedom) the 99.9%-quantile is 22.3 and for a ¢ -distribution the same
quantity is 318. Combined with the first reason this suggests that an undetected
break in the sample would lead to a wrong tail index estimate and hence a very
misleading picture of the tail behavior.

Tests for a change in the tail index at a known breakpoint have been avail-
able for some time (Koedijk, Schafgans and de Vries, 1990). So called recursive,
rolling and sequential tests for an unknown break point in the tail index were
first proposed by Quintos et al. (2001) for i.i.d. and GARCH(1,1) data. These
tests were subsequently investigated by Kim and Lee (2011) to cover strictly sta-
tionary, f-mixing random variables. All these tests are based on comparing Hill
(1975) estimates of different subsamples. However, many other, possibly better
(in a mean-squared error sense), estimators exist; see, e.g., Figure 1 in de Haan
and Peng (1998) for the i.i.d. case and the simulation results in Wagner and Marsh
(2004) for ARCH-type data. Very recently, under ‘heteroscedastic extremes’,
Einmahl, de Haan and Zhou (2016) allowed for other estimators to be used, al-
though they only focused on the Hill (1975) estimator. Our first main contribution
is to show that a vast range of tail index estimators is covered under their and
(equivalently) our scheme, while, unlike Einmahl ef al. (2016), allowing for de-
pendent data, which is crucial for most real-world applications. Previously, con-
sistency of change point tests for the tail index has only been proved under inde-
pendence (Quintos ef al., 2001; Kim and Lee, 2009) or not at all (Einmabhl et al.,
2016; Kim and Lee, 2011). The second main contribution is to demonstrate con-
sistency under dependence. Further, we show that if there is a single tail index
break in the sample, tail index estimators will still converge weakly, though with
a different limit distribution. This result might be of independent interest.
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A simulation study investigates whether gains in power can be achieved in a
change point context by using other tail index estimators than Hill’s covered by our
framework. For instance for ARCH data ‘there is a tendency of the Hill estimator
to overestimate small tail indices and to underestimate large tail indices’ (Wagner
and Marsh, 2004, p. 3), which may lead to poor power properties of the change
point tests based on the Hill estimator, as confirmed by our simulations. Another
problem with the application of change point tests for the tail index to ARCH-
models is that to the best of our knowledge, all currently available tests (Quintos
etal.,2001) are derived using standard-normally distributed innovations, which in
empirical work is often not credible (e.g., Aguilar and Hill, 2015, Figure 2). This
issue is also addressed in this paper by allowing for, e.g., ¢-distributed innovations,
which are also used in the simulations. Furthermore, our simulations reveal that
the problem of nonmonotonic power emerges for some tail index estimators.

The generality of our results rests on the insight that a wide range of tail in-
dex estimators can be written as functionals of the (slightly adapted) sequential
tail empirical process. Allowing for dependence requires consistent estimates of
the asymptotic variance of the tail index estimator. With the exception of Drees
(2003), such estimators have so far only been considered for very specific depen-
dence structures and tail index estimators, e.g., in Quintos ef al. (2001) (for the
Hill estimator and GARCH(1,1) data) and Chan, Li, Peng and Zhang (2013) (for
a moment-type estimator and AR(1) data with ARCH innovations). We propose a
consistent variance estimator for the tail index estimators we consider under weak
conditions on the dependence of the time series observations, which might be of
independent interest.

The main results are stated in Section 2. Simulation evidence is presented in
Section 3 and the proofs are relegated to Section 4.

2. MAIN RESULTS

This section is organized as follows: Subsection 2.1 introduces basic notation and
the main assumptions that will be used throughout. It also gives examples of lin-
ear and nonlinear models for which these assumptions have been verified. Subsec-
tion 2.2 introduces some of the estimators that can be used under our scheme and
states convergence results under the null. Results under a one-break alternative
are stated in Subsection 2.3.

2.1. Preliminaries

Consider stationary random variables (r.v.s) {X;};c defined on some probability
space (Q2, A, P). Let F be the distribution function (d.f.) of X, where 1 — F is
assumed to be regularly varying with parameter —a < 0 (written | — F € RV_,),
ie.,

1—F(ty) —a

v 0, 1
1—F(1t) (Hoo)y y= M
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where «a is called the tail index of X . If we define

1
U(r)::F*(l—;), t>1,

as the (1 — 1/1)-quantile, where < denotes the left-continuous inverse, then (1) is
equivalent to

vy o
U(t) (1-)

Vy>0, 2)

with y = 1/a > 0 the extreme value index (cf. de Haan and Ferreira, 2006). We
will use both notations, y and a.

Remark 1. If {X;} are i.i.d., then by the well-known Fisher—Tippett theorem
the extreme value index y determines (apart from a location and scale parameter)
the possible limiting d.f.s of
max (X1,...,X,)—b,

dn

(a, > 0,b, € R), 3)

namely G, (x) =exp (— (1 +yx)""7), 14+yx > 0.
In the sequel, k = k, € N with kK < n — 1 will be an intermediate sequence, i.e.,

k
k — o and - — 0,
(n—00) n (n—oo)
controlling the number of “extremely large” observations used in the estimation
of the tail index. Fort —s > 1/n and y € [0, 1] set

Xk (s,t,y) = (Lk(t —s)y]+ 1)-th largest value of X 5|41, . X|nt]- @)

For clarity of exposition we will sometimes write X1., < --- < Xj,., for the order
statistics of X1,..., X,. The dependence concept used here is that of f-mixing.
Recall that a sequence of random variables {X;};cy is f-mixing iff

B):=supE| sup |P(A|F")-P(A)|| — O,
meN AeF X (I=00)

where F° := 0 (X, Xm+1,...) and F" := 0 (Xy,..., X) are the o-algebras
generated by the respective r.v.s.

If it is in doubt whether all X1,..., X, have the same extreme value index
y1 = .-+ = y,, it is important for reasons detailed in the motivation to test the
following hypothesis:

Ho: p1=---= Versus
Y Yn 5)
Hi: Not Hp.

We now state our main assumptions that will be maintained throughout.
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(C1) {X;}jen is a strictly stationary S-mixing process with continuous
marginals and mixing coefficients /3 (-), such that

11)“()10 —,3 () + ﬁ log? (k) = (6)
for sequences {/,},cny C N, {rn},,eny C N tending to infinity with [, = o(ry,),
rn = o(n).

(C2) There exists a function r (-, -), s.t. for all x, y € [0, yo+J] (J > 0)

I'n

nlggor—Cou ZI{X>U( )}’ZI{XPU(%)} =r(x,y). (7
j=1 :

(C3) For some constant C > 0

4
n
r,,_kE |:§1{U(;$)<XfSU({Z)}:| <C(y—x) VO<x <y<yo+d,neN.

(C4) There exist p < 0 and a function A(-), eventually positive or negative,
lim,_wo A(t) = 0, S.t.
Ulty)

=y’ r—1
im O =y’ J Yy >0,
1—»oo  A(t) p

where v/kA(n/k) — 0as n — oo.

Remark 2. (a) Conditions (C1), (C2), and (C3) are discussed in some
detail in Drees (2000, 2003) and Rootzén (2009). They are almost iden-
tical to conditions (C1), (C2), and (C3*) in Drees (2000). (C4) is a stan-
dard second-order condition (used in, e.g., Einmahl ef al., 2016) that
controls the speed of convergence in (2). It is slightly stronger than
Drees’ (2000) corresponding condition (3.5), which can be seen from
de Haan and Ferreira (2006, Theorem 2.3.9).

(b) If (C2) holds for k, and &y, ;; ~ 4jkn (4j € (0,1)), j = 1,2, then (cf. Drees,
2003, p. 629)

r(tx,ty) =tr(x,y), )

which will simplify the expressions for the asymptotic variances of the
estimators we consider.

Conditions (C1)—(C4) relax some assumptions of previous tests. For instance,
our scheme covers a wide range of short-memory processes (see Rootzén, 2009,
Section 4, for an overview) in contrast to Einmahl et al. (2016), where only in-
dependent r.v.s are considered. Allowing for dependence is essential as, under
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dependence, the limit distribution of the test statistic considered in Einmabhl et al.
(2016, Corollary 2) will be scaled by some (dependence-structure dependent) fac-
tor. Note that the presence of ‘heteroscedastic extremes’ introduced in Einmahl
et al. (2016) does not influence the limit behavior of their test statistic. Next,
heavy-tailed innovations for ARCH(1)-processes are allowed under our condi-
tions (and not under those of Quintos et al., 2001); see also Remark 8.

The next two examples, taken from Drees (2000, Section 4) and Drees (2003,
Subsections 3.1 & 3.2), give specific models where (C1)—(C3) have been verified.
While the first-order condition in (2) is satisfied for both examples, the second-
order condition (C4) has not yet been verified.

Example 1 (Linear model)
Consider stationary {X;};cn With representation

0
Xi:ZleZi—j, iEN,
j=0

where {Z;};c7 are i.i.d., ¥o = 1 without loss of generality (w.l.0.g.) and |‘I’j| =
O (z/), j — oo, for some 7 € (0, 1). If for Fz the d.f. of Z; we have 1 — Fz €
RV_, (a > 0) and some further conditions hold, then (C1)—(C3) hold for se-
quences k =k, satisfying

log?(n)log*(logn) = o(k) and k = o (n/log(n)). )
In that case, the X; also have tail index a.

Example 2 (Nonlinear model)

Consider a squared ARCH(1)-process {X 1.2}1.eN

X% = (ao+a1Xl-2_1) Z?, ieN,

where ag,01 > 0 and {Z;};cn - (0,1). If Z; satisfies the following moment
conditions

3x,&>0 : Elog(a1Z}) <0, E(a1Z7)" =1,

E(a122) " <00, E(agz})*™ < oo, (10)
then conditions (C1)—(C3) were shown to hold for sequences k = k, satisfying

log?(n)log*(logn) = o(k) and k= 0<n2p/(2p+1)) for some p > 0.

The tail index a = x > 0 of (the strictly stationary) X 12 is determined by the mo-
ment condition £ (on Ziz)a = 1. Hence, a can be changed either by varying a or
the distribution of Z;. Note that light-tailed Z;, e.g., Z; ~ N (0, 1), lead to heavy
tails in X;, which is not true for Example 1.
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2.2. Results Under the Null

The generality of our approach rests on a (weighted) weak convergence result for
1 [nt]

Fu(s,t,y) = - IiX;>yXi (5.1, 1)}
n I_k(t_S)J i=%+l {Xi>yXp(s,t,1)}

A wide range of tail index estimators can be written as functionals of F,, (s, 7, y).
For example, the Hill estimator 7 (0, 1) based on the full sample X1,..., X, can
be written as

k
—~ 1 Xn—imn 0 dy
0,1):=- 1 = F,0,1,y)—; 11

n—k:n

see also Examples 3-5. In the first step, we will establish weighted convergence
of the sequential tail empirical process

1 [nt]

k D Iixs vy =y
i=1

Then a variant of this result for F, (s, ¢, y) will be used to investigate weak con-
vergence of (suitably normalized) generic tail index estimators

7 (s, 1) that can be written as functionals of Fj,(s,1,y),

i.e., estimators based on subsamples X 541, ..., X ns]-
Under (C1)—(C4) it will be possible to derive the limiting distributions of the

test statistics (where ayz € {ay »,nor> yz . rev} is defined in Theorem 2)
1 . 2
Orec = —5— sup {t«/% 7(0,1)—7(0, 1)]} ;
0'373, telty, 1—1o]
1 2
Orei==— s {1=nVk[Fe.n-FO.D]} :

O'Ay teltg, 1—19]

1 12)

2
Oai==— sup{r1=0VA[70.0 -7 D]} :

7,y telty,1—1p]

1 2
Ouii==— sup foVk[71+10)-70,D]}

05,y t€lto,1-10]

for the testing problem (5), namely (see Corollary 2)

Q;’il sup  {W(n) — WD),

(n—00) tefty,1—10]

Oseq —>  sup (W) —tW(D))?, (13)

(n—>0) 119, 1—10]

Ol = sup  {[W(r+10) = W(H)] — oW(1)}2,

(n—>09) tefrg,1—10]
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where W(-) denotes a standard Brownian motion. The general form of the test
statistics in (12) is taken from Quintos et al. (2001). We have modified Qseq
slightly by including the factor (1 —¢). Without it Qseq, by construction, would
be more likely to detect a change in the tail index at the end of the observa-
tion period, where ¢ is large, than towards the beginning, which may not be
desirable.

We assume throughout that 7y € (0, 1/2). In our framework g and (1 —tg) de-
note the time before and after which the change is not allowed to occur. Since
all tests allow to take #y arbitrarily close to zero, this does not impose a seri-
ous restriction. Further, by choosing 7y closer to 1/2 one can incorporate prior
knowledge of the change point location in the tests, which, as unreported simu-
lations for Qr(éz ) show, leads to higher power. It is easy to verify that asymmet-
ric intervals a la [fg,#1], #; € (fo, 1) over which the supremum is taken in (12)
and (13) are also possible, lending more flexibility to the incorporation of prior
beliefs.

The weighted convergence result stated in the next theorem is fundamental to
our approach (see also Remark 3 (b)). For this, define non-negative, continuous
weight functions ¢ (-), similarly as in Drees (2000, Eq. (1.3)), as functions satis-

fying
inl;q(y) >0 V9>0 and  y'llogyl” =0(q(y)), »yl0, (14)
y>1

for some v € [0,1/2), u e Rorv =1/2, u > 1/2. Then we may prove

__ THEOREM 1. Suppose (C1)~(C4) hold and q(-) satisfies (14). Then for some
0 > 0, under a Skorohod construction,

| R 30 sy n) —y
telty, 1—t 1 n(t+t —1
yzgo‘y—% & 2t e yu o) =y~ o
W, y=!'7)
—| wayTn—wayTVn )| =5 0. (15)

(n—00)

W(t+1t0,y™ V") =W(e,y™1/7)

where {W (t,y)} is a continuous zero-mean Gaussian process with covariance
function

Cov (W (11, y1), W (12, y2)) = min (11, 2) r (1, y2) -
A slightly modified version of (15), where U (n/k) is replaced by an appropri-

ate empirical counterpart, will be more convenient for our purposes. This results
in a change of the limiting processes.
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COROLLARY 1. Suppose (C1)—(C4) hold for some yo > 1 and q(-) satisfies
(14). Then, under a Skorohod construction,

[(Fn(oatay)_y_l/y)
vk (1—t)(Fn(z,1,y)—y—W))
to (Fu(t,t +10,y)—y~1/7)

1
sup ———
telio.1-1019 (y_l/y)
vy,

< W(tay_l/y)_y_l/yw(ta 1) )

=% 0, (16)

n—o0

W,y =W,y =y (W1, ) = W (i, 1]
W(t+10,y~ V") =W,y V") =y V7 [W(t+10,1) = W(t, 1]

where {W (t,y)} is as in Theorem 1.

Since the above asymptotic results become stronger the smaller ¢ (+) is, it would
in fact suffice to only consider the case v = 1/2 in (14).

In the following three examples, we will demonstrate how the convergence
result of Corollary 1 can be used to establish joint convergence of v/k(7°(0, 1) —

7., )=y, 7t t+10) — )T

Example 3 (WLS estimator)
Consider the class of weighted least squares (WLS) estimators of the tail index

k
ywes(0,1) = Z/
j=1"¢
and with a finite-sample correction

i/ k
2j.‘zlf(]j/_l)/kJ(s)dslog(Xn+1—j:n)
! ,
S S e (s)dstoglk/ )

discussed in Csorg6 and Viharos (1998), where the weighting function J (-) satis-
fies

(W1) [} J(s)ds =0,
(W2) J(-) is nonincreasing and continuous on [0, 1],
(W3) — [ log(s)J (s)ds = 1.

PROPOSITION 1. Suppose (C1)—(C4) hold for yo = 1. Then for J (-) satisfy-
ing (W1)—(W3)

Jilk
J(s)dslog(X,41—j:n)
i—1)/k

Tiis 0 1) =

ywrs(0,1) —y P W)/t
Vi Fwes@, )=y — Oy | WA= W(@0)/(1—1)
Twrs(t,t+10)—y ) "7 (W(t+10) — W(t))/ 10
in D*[t9,1—1o], a7

where W (+) is a standard Brownian motion and

1 1
2 2 r(x,y)
P / / J(x)J (y)dxdy. (18)
YWLS,Y 0 0 xy
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Specifically, Csorgd and Viharos (1998) consider weight functions fulfilling
(W1)-(W3)

o+1 (0+1)239

Ji =
o (s) 7 7 ,

se[0,1]1, 6>0,

yielding estimators denoted by 7cv,, that possess certain optimality properties in
a mean-squared error sense (cf. Csorgd and Viharos, 1998, Weight Theorem (ii)).
Then, under (8), (18) simplifies to

1 1 2 1
yz/ / ’"(Zz’l)fe(zym(y)dydz=2(9+1) yz/ AN (19)
0 0 0

20+ 1 X

Remark 3.  (a) Inclusion of the finite-sample correction does not change
the convergence result in (17) (cf. Csorgd and Viharos, 1998, p. 18).

(b) The need for a weighted convergence result as in Corollary 1 can be seen
most clearly from (62) in the proof of Proposition 1, where without weight-
ing (i.e., ¢ = 1) the integral in that expression would not generally be finite.

Example 4 (Hill estimator)

As in the proof of Proposition 1, we will only derive weak convergence of
7H(0,1) from the first component of (16). Joint convergence as in (17) can
again be obtained from (16). Check that similarly as in (11) we have 75 (0,7) =
Ji Fu(0,2, )%, such that by Corollary 1

= d
VkGr©.0-y) = J%/l (F,,(O,t,y)—y_l/y)yy

1 [ d
= [ [wes i =yrwen) 2

(n—o0) t
I d
- Z/ [W(t,u) —uW(t,1)] —.
t Jo u

Calculate covariances to obtain that the right-hand side is distributed as
o5,y W(t)/t, where W(-) denotes a standard Brownian motion and

= [ [ e O Ly 2520, o

X

Example S (Moments ratio estimator)
We consider convergence of the moments ratio estimator based on the subsample
X1,...,X|n). Define, for j =1,2,

Lkt ,
M;(t) == Wl > (10g(X ) —it1:int 1) = 108Xt ke ):1nt)))” -
i=1
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Then

N _1M(@) 1 M)
TR0 = D T 250 0.0

is the so called moments ratio (MR) estimator of the tail index introduced by
Danielsson, Jansen and de Vries (1996). One may verify that (cf. also the proof
of Proposition 1)

My(t) = / Fn(o,r,y)dyy and Mot = / Fn(o,r,y)zlogw)d;y. 1)
1 1
Then, under (C1)-(C4), for yo =1
1 [ d o0 d
?H(o,z)W(yAMR(o,t)—y):JZ(E/ Fn(o,r,y)zlog(y)—y—y/ Fn(o,r,y)—y)
J1 y 1 y
00 dy
=k n\Y, 1, 1 - -
f/l Fu(0.1.3) [log(s) ~7] <
o0 d
=/ W[Fn(O,t,y)—y_”y][log(y)—y]—y
1 y

[oe]
+~/Z/l [log(y) —y ]y~/7+Ddy

p 1 [ -1/ -1/ dy
= = 14 Y=y Vw1 | [log(y) =y ] = +0
/1 [ 6y~ ") —y @, )][Og(y) 7] S+

(n—o00) t

yZ 1
=——/ (Wt ,u)/u—W(t,1)] [log(u)+1]du
t Jo

2 1
__7
= l/()W(t,u)/u[log(u)+1]du,

Use 7y (0,7) =y +o0p(1) uniformly in ¢ € [fo, 1 — t9] (from Example 4) and cal-
culate covariances to obtain

~ D .
tVkGur0,0)=7) = 055, W) in Dlio, 1 =10l
(n—o00)

where W(-) is a standard Brownian motion and
1 1
2 2 r(x,y)
Omry =7 /0 /0 Ty [log(x) + 1] [log(y) + 1] dxdy

1

1

(:8)2y2/ ALTLIN 22)
0 X

Again, joint convergence as in (17) can be obtained by virtue of the joint conver-
gence in (16).

Clearly, we have to consistently estimate a}%y, the asymptotic variance of
7 (0, 1). To that end we propose the following method. The basic idea is as fol-
lows: With only one sample X1,..., X,, we can only estimate y once with 7(0, 1)
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and infer nothing on the variance of the estimate. To get more estimates we calcu-
late 7°(0,1) for ¢ € (0, 1]. Calculating suitably normalized sample variances of all
these estimates yields a consistent estimate of the variance of 7(0, 1), as shown in

THEOREM 2. Let W (-) denote a standard Brownian motion.
(a) Ifforanyty)>0

VEG0,0—7) (3> 075 W@) in Dlo. 11, 23)

then for all sequences t, |, 0 tending to 0 not too fast,

n

1 k i 2 P
e —~ ~ 2
oX = — E 0,-)—-7(,1 —> 05 .,.
7>y.mor log(n/(Lnth + 1)) n |:y ( n) Y ( ):| (n—00) 77

i=|nt,|+1

(b) Ifforanyto> 0
1=k G (t,1)— 7) (£> | oy, W1)=W(@)) inD[0,1—-1], (24)

then for all sequences t, |, 0 tending to 0 not too fast,

1 k n—(|nt, |+2) ; 2 P
~2 ~ -~ 2
>3 == _51 - 051 7.y
T Jog (n/(nta) + D) 2 Zi,o [V (n ) 7 )] (o) 7

Remark 4. (a) See the proof of Theorem 2 for why 7, must not approach 0
too fast.

(b) If (C1)—(C4) hold for yp = 1, then the convergences in (23) and (24) hold
for any 7y > 0O for the estimators given in Examples 3-5.

(c) In simulations we choose f, as small as possible such that )’)\(O, L"t”nﬁ)

(or ?(%, 1)) is still well-defined for all choices of k. In fact, un-
reported simulations show that the estimates are quite robust with respect
to the choice of ¢,.

(d) Note that in the case of (e.g.) (a) in the above theorem

1 k& [ (. i\ Dl W(i/n) 2
3 e re]El S 2w

%y i=|nty]+1

7o izl 41
where the expectation of the right-hand side is (approximately)

n

1
2 7| =) | ~log(/(Int) +1)). (25)

i=|nty]+1

Hence, we use the left-hand side of (25) as a finite-sample correction for
log(n/(lnty] 4+ 1)) in the estimator from Theorem 2 (a). A similar argu-

ment reveals that the finite-sample correction is also sensible for ?yz y rev-
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(e) The result of the above theorem may be of independent interest and could
be adapted to a wide range of estimators investigated in a change-point
context, where limit results as (23) with Jk replaced by some other se-
quence tending to infinity and 7°(0, ) replaced by some other estimator
(based on observations X1, ..., X|,) of an unknown parameter.

The joint convergences (as in (17)) established in the above examples and the
continuous mapping theorem now allow us to easily derive the null distributions
of our test statistics from (12).

COROLLARY 2. For the estimators from Examples 3-5 and ?Fyz , €

{E)% y,nor’E%,y,rev} the convergences in (13) hold under the conditions of Corol-

lary 1 with yg = 1.

2.3. Results Under the Alternative

We will explore the behavior of our tests under two specific one-break alterna-

tives:

<
HT D 7= =V SV 41 == ns (26)
for some t* € (19, 1 —tg) and y; > O foralli =1,...,n. To avoid repetition in the

following theorem we state conditions that must hold under " and that differ
from the ones under | in parentheses (e.g., (28)).

THEOREM 3. Under H{ (H;) let the triangular array {Xi>”}i:1 anen be
given by a

v YPE, i€l i={1,..., [nt*]},
Ln = post . . *
Y7, i€ lposti={lnt*]+1,...,n},

where {Yipre} and {YiPOSt} . both satisfy conditions (C1)—(C4) with
1S

ieN
1— to 1— to }'post/}’pre
kpre, Vpres Upre(’), rpre(‘, ), Y0,pre = — — ()’O,pre = ( ) and
fo fo
1— to Vpre/)’post 1— fo
kpost, Vposts Upost('), ’"post(', ), Y0,post = ( ) Y0,post = >
fo fo
respectively. Suppose further that q(-) satisfies (14), and
1/ypos
Upos (2)\
kpost = O (kpre) » S.1. kpost | ————— — 27)
Upre (ki) (n—00)
pre
1/)’pre
U (25)
kpre = O (Kpost) » 5.1. kpre — 0. (28
n (n—00)
post (kpo%t )
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Then, for the estimators from Examples 3—5, under Hy

Vpre (70, 1) = 7pre) (n%; Bue0)/tin Dl 11, (29)
where
Vpre fol Wore (tmina uﬁ) J(u)de, for ywts,
Bpre(t) := | Vpre fol [Wpre (tmin,uﬁ) — uWpre (tmin, ﬁ)] du for Ju,
7 Jo Wore (tmins 75~ ) [loge) +1] %, for Tuz,

With tmin := min(z,1*) and Wy (-,-) as in Theorem 1 with r(-,-) replaced by
Tpre (-, ), and under Hy

~ D .
vV kpost ()’ (t,1)— )’post) - Bpost(t)/(l —1) in Dto,1],
(n—o0)
where

17 ~
Vpostfo Wpost(t, M)J(u)dTM, for yweLs,
Bpost(t) := Y post fol [Wpost(t; u) — uWpost(t, 1)] %, for 7y,
1 ~
—Ypost f() Wpost(t, u) [log(”) + 1] d7u, for Ymr,

with Wpost(ta u) := Whpost (1 > u#_m:x) — Whpost (tmaXa ull,;"fdx)y fmax := max(t, 1),
and Wpost(+, -) as in Theorem 1 with r (-, ) replaced by rpog(-, -).

Remark 5.  (a) Quintos ef al. (2001, Theorem 3) show that the Hill estima-
tor applied to an i.i.d. sample with one break in the tail index as in (26)
converges in probability to max(ypre, Ypost). Theorem 3 obviously substan-
tially generalizes this result.

(b) Theorem 3 does not make any assumption on the dependence between Yipre

post
and Y;

(c) For the time series models from Examples 1 and 2 conditions (C1)—(C3)
were satisfied for sequences k with lower and upper bound

log’(n)log*(logn) =o(k)  and  k=o0(n°), &e(0,1)

(recall (2) and (9)). Hence for a sample with a break in the tail index it does
not seem to be overly restrictive to assume k = kpre = kpost, Which is what
we do in the following.

(d) Under H; (H;) condition (27) ((28)) ensures that the part of the sequen-
tial tail empirical process appertaining to the post- (pre-) break period is
asymptotically negligible (see the proof of Theorem 3).
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How stringent is (27)? (A similar argument also holds for (28).) For any
¢ > 0 and n sufficiently large, note that

Vpost+£‘ —&
n n n n
UPOSt (kl")SI ) _ (kl")SI ) (kp(’st ) Lpost (kp(’st )
- Vpre—& B
U, (—” ) n_ n_ n_
pre kpre kpre kpre Lpre kpre

n Ppost € n —Ypreté&
< P b
(kpost) (kpre)

where Lpre(post) (X) = X7 7P000 Uprenosy) (x) € RVp and Bingham, Goldie
and Teugels’ (1987) Proposition 1.3.6 (v) was used for the inequality. If
k = kpre = kpost = n for some & € (0, 1), then (27) is satisfied for & <
1 — ypost/ Ypre- That is, for small breaks, i.e., ypre — ¥post close to 0, k must
be rather small relative to n. Similar arguments apply to (28).

(In-)Consistency results can now easily be proved:

COROLLARY 3. Under the conditions of Theorem 3 with k = kpre = kpost, we
have for the estimators from Examples 3—-5 and for all sequences t, |, 0 tending
to zero not too fast:
~ P 2

2 >
05 5 nor o) T5 yore under H7,

(a)

(b) G2

2 <
I (Do T3 oot under H .

o 2 ~2 . > < .
Using 05 5 nor 0T 05 4 rey according as H{ or H*, we further have:

(c) The tests based on Qseq and Qro1 are consistent under ’H§, where for Qrol
the additional assumption t* € (ty, 1 — 2tp) (t* € (2tg, 1 —t9)) has to hold
under H; (Hf)

(d) The test based on Qrec (Qre‘_c) is consistent under "Hf (’Hf) whereas un-
der Hy (’Hf) we have

(<)
rec

(n:oo) Or().

Remark 6. For an estimator of the change point t* that is consistent under
weak conditions we refer to Kim and Lee (2009, Theorem 3).

3. SIMULATIONS

This section investigates the finite-sample properties of our tests for specific mod-
els from Examples 1 and 2. We do so only for Qe and Qre‘_c, because we want
to explore the differences between the tail index estimators and not between the
different test statistics in (12). The latter has already been done in the literature
(Quintos et al., 2001; Kim and Lee, 2011). We just remark that the qualitative
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conclusions from the other studies hold here as well. The Qr(éz )_ and Qseq-test
have slightly better size than the Qyq)-test, presumably because the estimates
7 (t,1 + o) are always based on relatively small rolling windows. Under the alter-
native, when the tests based on Qr(éz ) are consistent, they have the highest power
of all alternatives, which is why we focus on these tests here.

We use 9 = 0.2, sample sizes of n = 500 and n = 2000, and t, = 50/n. With
this choice of #, all estimates 7(0, %) and ?(%, 1) remained well-
defined and #, is reasonably small, as required by Theorem 2. Table 1 shows
critical values, obtained by 100,000 realizations of the approximations to the limit
distribution sup; ¢ ) {W () — W (1)}? from (13) (where the Brownian motion
itself was generated from 100,000 independent normally distributed r.v.s). We use
the estimators 7z, Ymr, and ycy, for @ = 1. The corresponding tests will be
denoted H, MR and CV].

In order for tests to be consistent, we estimate ay% ) using o2 for Qr‘; (un-

Y,y ,nor

der Ho and ) and 3}%}) ey 10T Orec (under 7). We modify ?f\}% ) nor and 3}%}) rev
by requiring that they be at least as large as the (consistent) variance estimate
in the independent case, i.e., 77(0,1) for 74 (0,1), 275 (0,1) for T (0,1)
and %)’fg Vo (0, 1) for 7¢v, (0, 1). This is warranted by the observation that our
models from Examples 1 and 2 satisfy the conditions of Drees (2003, Prop. 2.1),
whence r(x, y) > min(x, y). (Note that r(x, y) = min(x, y) under independence
and (C4).) Hence, the asymptotic variances given in (19), (20), and (22) cannot
be lower under dependence than under independence, such that our modified es-
timators are still consistent for ay% under independence and dependence.

Concretely, we simulate from the two data generating processes (DGPs)

Xi=05-X;-1+2;, (AR)
X2 = (ao+ar- X2 ) 72 (ARCH)

Remark 7. (a) In the AR(1) case, it is also possible to use the change
point test proposed in Kim and Lee (2012), which is based on AR(p)-
residuals. However, in the context of extreme quantile estimation Drees
(2008, Section 2) cautions against using residual-based tail index estima-
tors for AR(p)-models, since they can be very sensitive to ever so slight
misspecifications. We therefore advocate using nonmodel-based estima-
tors in a change point context as well.

(b) For the (G)ARCH-model with innovations that have finite (4 + J)-th
moments, there exist more precise estimators of the tail index (e.g., in
Berkes, Horvath and Kokoszka, 2003, and Chan et al., 2013) in the sense of

TABLE 1. Quantiles of sup, ;1 {W (1) —tW(1)}? for 1 = 0.2

ag 0.50 0.60 0.70 0.80 0.90 0.95 0.99
ag-quantile 0.650 0.767 0.918 1.128 1.478 1.821 2.653

https://doi.org/10.1017/50266466616000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466616000189

CHANGE POINT TESTS FOR THE TAIL INDEX 931

being /n-consistent instead of the slower v/k. Using these estimators in a
change point test could potentially result in more powerful tests. However,
as in part (a) of this remark, slight departures from the model could then
lead to severe mis-estimation of tail parameters.

For the ARCH-model one often uses Z; iid N (0, 1) or the normalized \/? ty
(v > 2) with unit variance. For standardized t,-innovations the first moment
condition in (10) implies that a; € (0,exp{w (v/2) — w(1/2)}/{v —2}), where
w(z) =T"(z)/ T'(z) denotes the digamma function, since

v—2

0> Elog(alziz) = log(a1)+log( 5 ) +log(w)+w(1/2)—w(/2), (30)

where 10g(t3)/2 ~ log(Fi,,)/2 follows Fisher’s z-distribution with mean
[log) +y(1/2) =y (v/2)] /2.

Remark 8. The only existing change point test known to the author for ARCH
data in Quintos et al. (2001) relies on standard-normally distributed innovations,

whereas our tests permit, e.g., \/?t,, -distributed innovations for v > 2. If only
standard-normally distributed innovations are permitted, tail index break tests de-
generate to tests for parameter constancy for a; (recall from Example 2 that the
tail index of an ARCH(1) can only be changed by varying a; or the distribution
of Z1). We venture to claim that tests for parameter constancy for GARCH(p,q)
models as proposed in Berkes, Horvéath and Kokoszka (2004) then perform better,
as more observations are effectively used in the estimation of a.

For the results under the null in Table 2, we choose Z; ~ ./ ”v;ztv withv =5/2
for the ARCH(1)-model along with a9 = 0.01 and a; = 0.95, i.e., tail index equal
to 1.01 determined from IE(ochiz)"C = 1. Note that by choosing v = 5/2 the in-
novations barely have existing second moments, which is required in ARCH-
type models. Note further that by (30) the choice of v = 5/2 necessitates o €
(0,11.34...), which is of course satisfied for our particular choice of a. For the
AR(1)-model we also use Z; ~ 1, withv =5/2, i.e., tail index equal to 2.5. Hence,
the process in (AR) does have finite second moments, while that in (ARCH)
does not.

For both models the results show that, by and large, sizes only slightly de-
crease in k. This is encouraging since the choice of k can be a very sensitive
issue in tail index estimation, see, e.g., Section 4.4.2 in Resnick (2007) for a Hill
horror plot and some references on the topic. As a referee pointed out, this may
be explained by the canceling of bias terms (that arise in tail index estimation
for large k) in (12). For n = 500 most tests are conservative for both models.
The convergence to the nominal level for n = 2000 is satisfactory for the H
and the CVj test for a wide range of k’s, while the MR test is still somewhat
conservative.
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TABLE 2. Empirical sizes of Q. -tests in % for n realizations of (AR) and
(ARCH)

Test Size DGP n =500 n =2000
k/n
0.04 0.08 0.12 0.16 0.2 0.04 0.08 0.12 0.16 0.2

H 0.05 (AR) 63 45 48 42 41 57 56 48 45 41

0.01 18 13 1.0 1.1 08 14 12 09 08 07
MR 0.5 21 29 25 20 15 39 34 32 27 23
0.01 05 1.1 07 04 03 15 08 08 06 04
cvy 005 24 20 19 19 17 38 38 38 34 32
0.01 04 04 03 02 03 07 07 06 05 03
H 005 (ARCH) 7.1 57 55 44 44 78 69 61 54 52
0.01 24 16 10 10 09 22 18 11 10 11
MR 0.5 20 30 28 24 19 50 46 38 32 30
0.01 05 11 10 07 06 17 16 11 07 07
cvy 005 40 28 21 18 15 45 45 44 46 44
0.01 12 08 06 04 02 10 09 07 07 07

To examine power we simulate according to model (AR) again, only that now
VARES Zi,n with

Zi,n ~

[tz, i <|nt*], 1)

ty, 1> |nt*],

where we choose t* = 0.25,0.5, and v € [2,4]. Hence, there is a break in the tail
index of {X;} from 2 to v, i.e., lighter postbreak tails. To investigate power for a
nonlinear model as well, we simulate from

i—1l,n

0.0l +ay-X? | VZ?2, i> |nt*],

i—1l,n

(32)

in *

- [(0.01+0.45.x.2 )Z2, i< |nt*],

where again t* = 0.25,0.5, a; € [0.45,0.95], and Z; B N (0, 1). This ARCH(1)-

model with a break in o has tails varying from thinner (o = 2.67 corresponding
to a1 = 0.45) to thicker (e = 1.07 corresponding to a1 = 0.95). Throughout we
take n = 2000.

The simulation results for different values of v in (31) and «; in (32) are dis-
played in Figure 1. We choose k = 0.2 - n for both models, because for these val-
ues of k the differences in size (i.e., v = 2 in the AR(1)-case and a1 = 0.45 in the
ARCH(1)-case) are smallest, such that direct power comparisons are more mean-
ingful. Figure 1 (a) displays the results for the AR(1)-model with innovations as

in (31) using the Q.-test, which is consistent. In the bottom part, where results
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FIGURE 1. (a) Fraction of rejections for Q. -test using (AR) with innovations (31) and
(b) for Qrec-test using (32) with r* = 0.25 (top), t* = 0.5 (bottom).

are shown for t* = 0.5, tests have roughly comparable properties. It is notable
that, despite being slightly conservative, the M R test offers higher power than the
other two tests, the more so the larger v. The difference for v = 4 is between 13
and 15 percentage points. This is even more apparent when * = 0.25, where the
M R test performs only marginally worse than before, but the CV; test and the H
test in particular lose sizable amounts of power. Here the biggest difference is as
high as 38 percentage points.

Panel (b) shows results for the ARCH(1) with a break in aj using Qrec. The
top part for * = 0.25 shows that the M R test has comparable power as the other
two tests despite being more conservative. When ¢* = 0.5 (bottom part) it seems
to gain more power than the other two offerings, so that power for the MR test
is 18 percentage points higher than that for the H test for oy = 0.95. In light of
the simulation, evidence in Wagner and Marsh (2004) already mentioned in the
motivation, this was to be expected.

In the upper left plot in Figure 1, the C V] test seems to suffer slightly from non-
monotonic power—a well-known phenomenon in the literature on change point
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detection (Vogelsang, 1997, 1999)—i.e., it does not show increasing power in
distance from the null in some ranges. In the context of mean-shift detection,
Vogelsang (1999) identifies long-run variance estimates as one major source of
nonmonotonicity. We also find indications for this here. For v = 2 the average

estimate of Gicvl = (O'?MRJ),) over all 5000 replications is 0.74 (0.82), while for

v = 2.7 it is 0.95 (0.70). Hence, while for the MR test the denominator of Q.
even decreased, it increased markedly for the C'V; test. Apparently, it increased
roughly proportionately to the numerator of Q% for CVy, which could be a rea-
son for the flat profile for v € [2,2.7].

All in all, our simulations reveal reasonable size of our tests for quite a wide
range of k’s with some conservative tendencies. Under the alternative we find the
MR test to clearly deliver the best results, with the H and CV test performing

similarly.

4. PROOFS

In the following K, K1, K>, and 4 denote large and small positive constants that
may change from line to line. D[z, 1] denotes the space of cadlag functions
equipped with the Skorohod metric and the Borel o-field D1, 1]. For brevity
put D?:=D ([0, 11 x [0, yo + J]) (6 > 0) for the space of two-parameter cadlag
functions on [f, 1] % [0, yo + ], which is equipped with the multiparameter ex-
tension of the Skorohod metric (cf. Bickel and Wichura, 1971, p. 1662) and the
Borel o-field D2. As usual, define [[-Il2 to be the Euclidean metric, |-| to be cardi-
nality when applied to a set and zlj :=0fori > j.

To derive weighted weak convergence results involving the weight function
q(-), we may assume w.l.o.g., as in the proof of Drees (2000, Theorem 2.2), that
for some ¥ > 0 sufficiently small

q(y)=y"llogy|*, y € (0,71,
s.t. ¢ is increasing and g /I d decreasing on (0,9], 33)

where 7d(-) denotes the identity function.

In the first step, we will consider uniformly distributed r.v.s U; ~ U/ [0, 1] and
then suitably apply this result to X; satisfying (C4). To this end we need the
following analogs of conditions (C1)-(C3):

(U1) {U;};ey is a strictly stationary f-mixing process with mixing coefficients
£ (+), such that

T'n

vk

for sequences {/,},eny C N, {rn},en C N tending to infinity with I, = o(ry,),
rn = o(n).

lim 28 (1) + 2= log? (k) = 0
n—0oo ry,
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(U2) There exists a function r (x, y), such that for all x, y € [0, yg + 9]

I'n I'n

.n
nﬂr&m_kc‘)” i:ZII{U;>1—ﬁX}’j§I{U/>1—f§y} =r(x,y).

(U3) For some constant C > 0,
o 4
i]E[ZI }} <C(y—x) VO0<x<y<y+6,neN.

rnk = {1—%y<U;§l—%x
1=

We start with a nonweighted weak convergence result for the sequential tail
empirical process for the {U;}:

THEOREM 4. Suppose (U1)—-(U3) hold. Then

[nt]

1 k D . 2
k- 1 - — — W, D~ 34
f k Zl[ {U,’>l—%y} ny:| (n—00) ( y) m ( )
=
where {W (t,y)} is a continuous zero-mean Gaussian process with covariance
function
Cov (W (t1,y1), W (12, y2)) =min(t1,12) r (y1,2) .- (35)

Proof. For notational convenience and w.l.o.g. 6 = 0. We use a classical ‘big
block - small block’ approach, where the small blocks are asymptotically negligi-
ble. For t € [0, 1] define

o2

and for j =1,...,m, (1) define /; (the big blocks) and J; (the small blocks) to be
consecutive blocks of integers of length |1 j| =r, and |J j| =1, ie.,

L={1,...;r}, i={rm+1,....,rn+1,}, etc.

Choose the length of I, ()41 such that the integers {1,..., [nt|} are covered.
Now decompose

1 [nt] k mn(’) mn(t)
— I J
Vi %Z[I{Upl_ﬁy} —;y} = >V M+ D Y +R(y),
i=1 j=1 j=l
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where

v/ ()= ﬁ%[’{uiﬂ—m ‘Sy}’

7 01= 3 o))
Ry(t,y)= %id%w [I{U;>1—%y} B %y}

We will consider these terms separately. First, noting that the cardinality
|1m,1(t)+1| <rp+l,—1,

[, —1
0<  sup |Rn(r,y)|sz% o, (36)

T (,y)elto, 1110, y0] vk (o0

Second, set L, (t,y) = Z}’ZY) YjI (y) and define the measurable mapping

M, : (D™ [0, yol, D™ [0, yol) — (D*,D?)

my (t)

My (t,x1 () sy X, () = Z xi (¥), (t,y) € [to, 11 x [0, yol.

i=1
Then for H € D> using Lemma 2 of Eberlein (1984) and (U1)
P(L,cH) = P ((Y{ (). YL (.)) e M ! (H))

P((F0nn Tl ) € ML) +0 maplan)

BT, e Hy+o(1), 37)
where L, (t,y)= Z;.’;”Y) I~’jI (v) and the I~’jI () are i.i.d. copies of Yll () defined

on the product probability space Q, A, 15) =@ ,(D[0,y0],DI0, yol, Py;) via

Yi: (@A) = (D10,y0]. P0,y0)), Vi (@) := 7 (@) := o;.

Now Corollary 3.3 of Hill (2009) implies

=~ D . 2

Ln(t,y) — W(t9y) 1nD’ (38)
(n—00)

where {W (¢, y)} is a zero-mean Gaussian process with continuous paths along #

and y. For the covariance structure of the process consider weak convergence of
the R?-valued random vector

(En (tl»yl))
Ly (t2,y2)
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or, using the Cramér—Wold device, of

aLy (t1,91) +bLy (12, y2) = b[ Ly (t2,y2) = L (11, y2) ]
+ [azn (t1, Y1) +bzn (t1, yZ)] =: A, + By,

for arbitrary a,b € R. Observe that A,, and B, are independent for each n and
hence it suffices to consider weak convergence of A, and B, separately. W.l.0.g.
let 1] < 1.

For A, we have

_ _ mn(’2) _
Ly(.y)=La(ty) = D> Y/ (n).
J=mp(t))+1
Then (U2) implies
mn(tz) 'n
= my (t2) —mp (1)
= > Var(Tom) = P var 20,
J=ma(n)+1 i=l "
S 2= G2y = 0. (39)

The Lyapunov condition (cf., e.g., Billingsley, 1968, Theorem 7.3) is satisfied (for

0 =2), since
my (t2) 'n 4
1 ~; k (U3)
st Z (Y/ (yz)) = Kz_kE |:Z( {U,->1—,%yz} —;yz):| (n::o)o' (40)
" j=my,(r)+1 =
Using (39) we thus get
An 2 N(O b2o ) 1)
(n—00)
For B,, we have
my (1)
aLy (t,y0) +bLy (11, y2) = | (anI (1) +bY/ (yz))-
j=1

Reasoning similarly as for the weak convergence of A, (using Loeve’s ¢, inequal-
ity for the analog of (40)) we get

B, 2 N(O aB) 42)

(n—00)

where aé =a’tr (y1, y1) + 2abtir (y1, y2) + b2t1r (2, y2). Combining (41) and
(42) gives

~ ~ D
Ant By =aLy (i1, y1) +bLa (2, 72) —> N(0,07),
(n—00)
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where 62 = bzaﬁ + O'lg =a’tr (y1, y1) + 2abtir (y1, y2) + b*tor (y2, y2), i.e.,

(gn(tl,yl)) 2, N 2)Q(W(Il,yl))

Ly (12,2)) (n—00) W (12, y2)

where
s _ (1 Oy nr (s y2)

nr(y1,y2) or (v2,y2) )
Thus, {W (¢, y)} has the claimed covariance structure in (35). By (37) we also
have

D . 2
L,(t,y) — W(t,y) inD". 43)
(n—00)

Third, in view of (36) and (43) it remains to prove

mn(t)
J

sup Y2 ()| = op(l). (44)
relto,1] Zl / (n—00)
yel0.yol 1=
Set

m
Su() =2 ¥/(») and  [Sul:= sup [S.(I,

j=1 vel0,yol

where 17/ (+) are i.i.d. copies of YjJ () as above. Similarly as in (37), to show that

Z;":”Y) ij (y) is asymptotically negligible, it suffices to do so for z;"z”ft) l7j] ).
To this end the Ottaviani inequality (cf., e.g., Shorack and Wellner, 1996, Propo-
sition A.1.1) yields for any € > 0

mn(t)
P1{ su Y/ ()| > 2¢ §P[ max IS ||>28]
te[tgl,)l] Zl J mell,emn(l))
yel0.yol 1=
P{”Smn(l)” > 3}

..... m,,(l)}P{”Sm” > 3}.

T 1 —max,e

We show that P {||S,,|| > ¢} = o(1) uniformly in m = 1,...,m,(1). For this let
A = A, > 0be a sequence, s.t. A = O(k~!/?) and yp/A e N. Observe that (be-
cause of m < n/ry)forall y e [(( —1)A,iA]

S (= 1D)8) = TVRA < 5(0) < S0 A)+VEA,

—— ——
—0 —0
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from which we conclude via Markov’s inequality

P{lISmll > &} < P[ max |S, (I A)| > 8/2]
i€f0,...,vo/ A}

< (/2 'E S M)
<(¢/2) |:ie{0f.r.1.a,';(~0/A}| m (i A)] }

First we bound E[|S,(i A)|*] by arguments similar to Rootzén (2009, p. 479).
We have

rn 4 T 2
E[;“I{Wl—ﬁy}} EE[;I{U»l—ﬁy}] , (45)

because the sum of the indicators is Ny-valued, and (also using strict stationarity)
for p=2,4

n p [rn/ln] wly
E|:ZI{U,»>1—%)’}i| 2E z Z I{U,->1—f‘—1'y}

i=1 w=1 i=(w—1)l,+1

) HE[IZ’{}}

i=1

p

~ P
whence E [Yj/ (y)] <K %kl_p/ 2y with (U3). Rosenthal’s inequality now im-
plies

E[18,G )] < K {mE 7/ (iA)]4 + (mE [f/’/(im]z)z}

In In 22 2
<K —iA+(—) i“A
rnk n

for K independent of m. Then, applying Moéricz’ (1982) Theorem in a similar
way as for (5.2) in Drees (2000), we get

l 1 L\
E SuGM* | < KL 10g* | — -z — 0,
[ie{()?.l.?;)m}' (i)l } - {rnk e \a)t rn (n1—%0)

whence (44) follows, completing the proof. |

Based upon the result of Theorem 4, we can derive a weighted version of the
convergence in (34):

THEOREM 5. Suppose (U1)—(U3) hold and q(-) satisfies (14). Then
nt]

i |1 [ k ] D W(t,y) 2
= I v _ —_ in D N
q(y) k; {U,'>1—f‘—1y} ny (n>o0) q(y)

where {W (t,y)} is as in Theorem 4.

https://doi.org/10.1017/50266466616000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466616000189

940 YANNICK HOGA

Proof. For brevity put e,(z,y) := ZWJ [ Uis1ky] fy . In view of
Theorem 4 and Billingsley (1968, Theorem 4.2), it suffices to prove that for all
e>0

t
hmhmsupP sup en(t,y) >3t =0, (46)
910 n—oo telto.1] q(y)
ye(0,9]
W(t,
imp ) sup [V (47)
910 relrg, 11 q(y)
ye(0,9]

We first show (46). For s =1, ..., n define

k
Ss(y) = q(y)J—Z({Ui>l_ﬁ),}—;y) and IS := sup [Ss(V)I,

ye(0,9]
such that e, (¢,y)/g(y) = S|ns) (). Then

el’l(t’y) >

P
q(y)

telty, 1]
ye(0,9]

:P{ max ||SS||>38]

se{lnty],...,

P{||Sull > e} + P [maxr<se {Lnto),...,n} IS5 — Sl > 3] + ﬁ(rn)

< s—r<2ry , (48)
1 —MaXse((nty),...,n} P{|IS, = Ssll > &}

where the last step follows from the Ottaviani-type inequality in Biicher (2015,
Lemma 3) combined with the fact that a-mixing coefficients are bounded by
S-mixing coefficients. Next, we show that the numerator tends to zero and the
denominator tends to 1. First consider the three terms in the numerator.

First, because f-mixing coefficients are nonincreasing in the argument, we can
bound

2 < Zpany L o).
'n I'n (n—00)

Second, because of (5.3) in the proof of Drees (2000, Theorem 2.2),

en(1,7) > 8] =0.

hmhmsu P{|S.| > ¢ —hmhmsu P{ su
jm pP{lISull > €} iim p[ p 70)

n— 00 n— 00 ye(o,ﬁ]
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Now, for the numerator it remains to be shown that

k
limlimsup P max L1 — — >ep =0,
D10 nyne 'r“euntoJ ..... ye<omq(y) f Z ({U">“iy} ”y) ]

s—r<2r,

where

1
max su

517 2 (o) 2)
r<se{lntyl,..., n}ye(olig ) f {U;>l—%y} ny

s—r<2r,

1|1 < 1
00 |7 2= oot [ F 2

< max sup
r<se{lnty],..., ”}ye(O 9] q(y) f

s—r<2r, i=r+

2rn k ’
Jin' |

p [
ye©,019 ()

—A, =:B,

By condition (U1) B,, tends to zero. As for A,

1
P max su
reselln).. n}ye(ol,)m q(y) f z

s—r<2r, i=r+l

{U Sl— 7y} > 8/2

1 1 L(m+2)2r, ]

<P 1 c 1 >¢€/2
melo,..., Ln/(ZVn)J})e(OU q(y) \/—l U’%Hl {vi1-45)

4ry,

n
S{EJP )6(0’(7 Q(y) x/_z {U'>1"y} m e

4ry,

n o0
- 2
= {ZranZ()P ye(We- (,JR) e 1]6]()’) \/—Z {U’>l } = el
4ry

)| n |w— 1 .
S |50 Pil—=>1 > e/2q(e”UTD
\\ZranZO \/];; {Ui>1—f‘—119e J} /2q )

00 4ry, 2

n o .
= \‘EJ ZE \/_Z {U >1— 19e /} (8/2) Zq ’ (196 (j+l))
< \‘;THJJIZOK@L%—J (8/2) g (ﬂe_(j"'l))

oo
<K Zﬂe_jq_z (ﬁe_(j+l)) R
=0
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where the second inequality follows from strict stationarity and the second to last
one from Loeve’s ¢, inequality combined with (45) and (U3). Using (33) the last
term can be bounded by

Ki[ﬁ —(/+1>]1_2V ( —G+0) |7 X 1= —1y |21
e ‘1og Ye U )‘ <K |[ (de7) [log (We™")| ™" dt
— 0

o0
_ K/ e—(1=20) =2u 4,
—log(v)

which tends to 0 as ¢ | 0, if and only if v < % ory = % and u > % All in all the
numerator tends to zero as n — oo followed by ¥ | 0.
Now consider the denominator of (48): by strict stationarity we can write
max }P{”Sn_Ss” > ¢}

s€{lnty],...,n

= max  P{|ISul > ¢}

sef{lntol, ..., n
11 "( k )
= max Py su _ 1 1=y >¢€t,
se{lnto],....n} {ye(OI,)q?] q(y)\/%; {Uf>1—%>‘} n
where
lm/rp]—1 (w+1)r,

1 1< k 1 1 k
PR 1 Ky __y):— e (1 . ky _—Y)
q(y)\/Zl.;( {15} T q(y) E) \/El.:wzrl;ﬂ {vim1=ty)

:Ccm,n
11 “ k
+——— 1 == )
q(y)ﬁisz%:Jr,L+l( {Uf>1—f7)’} n )
::Dm,n
We have
11 - m—|m/rplrmk y
Dm,n - —q(y) ﬁ Z I{Ul»>1_ky} — \/]; n n ;q(y)
i:Lm/r)LJr)L+l "
-~ ::Emn
::Am,n ’

Because there are at most r,, terms in the sum in Zm,,,, that SUPy¢(0, 9] Zm,n =

op (1) uniformly in m can be seen as for A,. The convergence of SUPye (0,9 By n
(uniformly in m) can also be seen as the one for B,. It remains to investigate
Cy.n- To this end consider the proof of Theorem 2.2 in Drees (2000). Replacing

his m, = L%J by m, = \]%J in the proof it is easy to see that

lim lim P sup |Cm,,,| > ¢t =0 uniformlyinm € {1,...,n},
910n=>00 ye(O,ﬁe—jn]
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where j, :=min{j e N : vk < n75e~U*D)} for some small 5 > 0. The
uniformity is due to the fact that for all m € {1, ...,n} in Drees’ (2000) notation

E(§n (ﬁe_j)) < ke

in the step leading to his (5.6). Using assumption (U3) and again replacing m, =
{%J by m, = L%J in the proof of Drees (2000, Theorem 2.3), retracing the
proof again yields

lim lim P sup |Cm,n| > ¢t =0 uniformlyinm € {1,...,n}.
JJon—00 ye(We=in, 9]

The uniformity is due to the uniformity of his moment inequality (5.14) derived
there by an application of Burkholder’s inequality.

Next we will prove (47) via Lin and Choi (1999, Lemma 2.1). Use the fact that
(U3) implies

'n

n i n !
,n_kVar(Zl{l—§>'z<Uisl—§}~1}) = r,,_kE |:ZI{1—§y2<U,-sl—f—;y1}:| = CO2=y).

i=1 i=1
(Recall again for the first inequality that the sum of the indicators is Ny-valued.)
By (U2) the left-hand side converges to r(y2, y2) —2r(y1, y2) + r(y1,y1) asn —
oco. Hence,
r(y2,y2) = 2r(y1,y2) +r(y1,y1) < Cly1 = y2l. (49

Assume w.l.o.g. 11 > t» and use the Cauchy—Schwarz inequality in the last in-
equality to obtain

E[W (11, y1) = W(t2, y2)1* = Var(W (1. y1) + Var(W (12, y2)) = 2Cov (W (11, y1), W (£2, y2))
=11r(y1, 1) +12r (2, ¥2) — 2min(ty, 22)r (y1, y2)
= (= )r(y1, y1) +12{r(y2, y2) = 2r(y1, y2) +r (1, y)}
<C{ln—tl+Iyi —»l

12
< ﬁC{hl — 0>+ 1y —y2|2}

=((C)-C)L)

i.e., p(r) = v/2C/r. Next, define

D; :=[to, 1] x [ﬁe_(j"’l),ﬁe_j];
(49) .
1“]2 = sup IE[W(t,y)]2 = sup r(y,y) < Ce Ut
(1.y)eD; ye[Pe Uth Ye—i]
Aji=29e Ut e —1],
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so that

o0 2 © 2 1,.
/ go(ﬁi,-fx )dx < K,/,lj/ 27 /24x = @(191/26—7(”1)),
0 0

and apply Lemma 2.1 of Lin and Choi (1999) to get, using v < % orv = % and
i > 1/2 from (14),

Wi,
P sup } @) > &
tetio ] 9()
y€(0,9]
0 v u
< ZP sup (W (t,y)| > ¢ (ﬁe_(”l)) ‘log(ﬁe_(”l))‘
j:0 telro,1]

ye(lge—(jﬂ)ﬂge—.i]
00 e v vy U 2
1 e (Ge= Ut 1og(Ye—CU+D
SKZCXP 1 ( ) | Ogo( )|z
= 2\ T+ V2+2)K1 [y (V22,277 )dx

00 . 2v—1 . 2
< KZeXp[—IQ (ﬁe_(f“)) ! llogwe—(m))‘ 'u]

j=0
(o)
< K92 exp{—K2 T — 0, (50)
:g: pl—ko ! —
j=0
by boundedness of the sum. |

PROPOSITION 2. Suppose q(-) and W (-,-) are as in Theorem 5. Then

. W(t, )’) a.s.
lim sup =
90 e 111 4 ()

ve(0,9]

Proof. The proof of (50) reveals that by choosing ¥ = ¥J,, = n~%/K2 one obtains

oo

Wi(t,y)
q(y)

P

n=1

> g ¢ <00,

telto, 1]
ve(0,9,]

which implies by the Borel-Cantelli lemma that, a.s.,

. W,y | .. W(t,y)
lim su =limsup sup =0,
IO refr 111 g () 910 refip)] q()
ye(0,9] ye(0,9]
because ¢ > 0 was arbitrary. |
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Proof of Theorem 1. By the proof of Theorem 3.1 in Drees (2000) (C1)-(C4)
imply (U1)—(U3) for U; := F(X;) ~ U0, 1]. Hence, noting that

n k
Xi>U(—) — U>1—-y,
ky n

we obtain from Theorem 5 that

VE (13 EN o
— |- I - —W D-. 51
g k; {xi>u(%)} 1y (n_m) 70) (t,y) in (51)

1

Applying the continuous mapping theorem to (51), we get

LntJ _
Vi |1 kz {X">U(ki>’)} Y D ! ( 0 )

- EZ[—WH—II{ U(%)}—(l—f)y - W(,y)—W(t,y)

) Lsnlnteto) —1 (=00 40 \ W (1 419, y) - W (1, )
i=lnt]+1 {X,~>U(%)} 0y

in D3 ([to, 1 — t0] x [0, yo + J]). By Skorohod’s representation theorem (cf., e.g.,
Wichura, 1970, Theorem 1), we can pretend that this convergence holds almost
surely on a suitable probability space:

LntJ _
2 () T

1 1
sup  —— |k | 7 2iznr)4 Ix, >U(%)}—(1—t)y
tefty, 1—to) q(y) Ln(t+t0)j 2
vl € 2t o ()] 10
W, y) s
| Wd,y)—W(,y) — 0. (52)

W(t+10,y) = W, y) ) | "7

(Note that the limits are continuous, hence convergence is uniform.) It remains
to show that U (%) can be replaced by y~7 U (%) in (52). For brevity we carry
out the steps for the first component of (52) only (the others being dealt with
similarly). Similarly as in the proof of Corollary 3 in Einmahl et al. (2016) we set

n n

LS R -y -z
Yn': k[l F(y U(k))] y € (0, y0+4l,
so that by (C4) (cf. Einmahl et al., 2016, p. 46)

Yn—Y
An/k)y

Inserting y, for y in the first component of (52) gives

o). (53

sup
y€(0,y0+41

(n—)oo)

[nt]
1 1 as.
sup - Iixy.o vy ey —tyn | = W(t,yn)| — 0.  (54)
telty,1—1o] q(yn) k ; iy U(p)) " " (n—00)
y€(0,y0+4]
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Now we have to show that y, can be replaced with y at the three occurences in
(54). For ¢(-), by the first property in (14), it suffices to note that (using y, ( =

n— 00)

y(1 4 0(1)) uniformly in y from (53))

q0m) | 33) Vp, llog yul*
ye©,9/211 () ye(0,0/21 ¥ llogy]“
1 log(14o(1)) |¥
= (ol sup |REDERECHAINT _ ) s5)
ye(0,9/2] log(y) (1—>0)

Combine (53) with v/kA(n/k) — 0 to see that ry, may be replaced with ry. Fi-
nally, by a simple (uniform) continuity argument we have that for all 4 > 0

1
sup —— W (t,y) = W(t,y)| =5 0. (56)
telty, 1—to] q(y) (n—00)
veld,yo+d]

Further, by Proposition 2, (53) and (55)

1 Wiz,
Sp (W) - Wy s sup Lo | D)
reli, 1—101 4 () tetto -] 400) | q(yn)
ve(0,9] ve(0,9]
Wiz,
+ osup (t,y)] as ,
telto, 1 —1o] q(y)
ve(0,9]
as 9 | 0 and n — oo, justifying the replacement in W(-, -). |

Proof of Corollary 1. We will only prove the convergence of the first com-
ponent in (16), the others being proved similarly. Theorem 1 implies (because

yo=1)
[nt]
1 Wi(t,y) a.s.
sup Vk{— Ity o - oY=V — — 0.
telty, 1—to] kt; iy U/} t (n—o0)

ye[l/2,1+0]

It follows exactly as in the proof of Einmahl ef al. (2016, Theorem 3) using a
generalized Vervaat lemma (cf. Einmahl, Gantner and Sawitzki, 2010, Lemma 5)

that
X (0,1 —1y W (t ‘
telty,1—1o] U(n/k) t | (>
yell/2,1]
so in particular
Xi(0,1,1)\ "7 W, )| as
up Wk (7) e — 0. (58)
1&lrg,1—=1o] Un/k) t (n—00)
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Replacing y with y, := yXy(0,¢,1)/U (n/k) in Theorem 1 implies, using (58),

1 1 [nt]
-1
sup  —— o W12 D T, — e
telty,1 }t()] q (yn V) P
)>)
—W(l‘ Vn 1/y> 2% 0. (59)
(n—00)
Ly

Now we show that y, /7 can be replaced by y~!/7 at the three occurrences in
(59). By the first property in (14), we need only justify the replacement in ¢ (-) for

large y. Since by (58) y, Clroas y~17 (14 0(1)) uniformly in 7 and vy, it fol-

(n—00)
lows as in (55) that
1/y
gy ") a.s.
sup  |———=| = 14o0().
telty,1—1o] 5]( l/y) (n—00)
y=(0/2)77

As for W(-,-), the same arguments as in (56) and below apply. Last, by (58)
uniformly in 7 (and y)

t\/—( T

a.s.

1
—l/y) s L v we .
(n%oo) q(y—l/)')y (t. D +o(l)

q( —l/y)

Making the replacements in (59) and multiplying through with k/ [kz] yields

kt
sup _1/ ‘«/—(F (05t5y)_—y_1/y)

telto.1—1o] Lkt |
y=yy”

a.s.
— 0.
n— 00)

_Uf—tj (W (t,y_l/y) —y‘wW(t,l)) (

Using Uf_tj =1/t4+ O(1/k) uniformly in ¢ and Proposition 2, the conclusion fol-
lows. |

Proof of Proposition 1. We will derive convergence of 1v/k(7wrs(0,1) —7)
from the first component of (16), the convergences of (1 —1)vk(Fwrs(t,1) —
), tovk(Gwrs(t,t+10) —y ) following similarly from the other components. The
required joint convergence then follows from the joint convergence in (16).

Noting that fori =0, 1,..., k] — 1

Fu(0.t,y) = 2=

Xint— i Xini— .
constantonye[ Unt )= ke )+i:lnt ) Xnt) thJ+:+1.Lm) and

Lkt ] Xint) =1kt ):lnt)  Xine) =kt ):Lnt)

X
Fu(0,1,y) =0 for y > ——tudidntl
X ne) =Lk ):lne)
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it is straightforward to check with (W1) that

Lkt]—1 Lkt] —i

/loo{/OFn(O,t,y)J(s)ds}dyy: z {/0 T J(s)ds}

i=0

Xins— i1
“ log( Unt )= Lkt | +i-+1: [t ) — FwLsO.1).
X\nt )=kt |+i:nt )

Using (W2), (W3) and partial integration it is further easy to establish that

/100[/0y J(S)ds}d7y=y/01[/Ozj(s)dsl%zy,

Combine these two facts to obtain

o0 F,,((),t,y) y
Vik@wrs©0,1) =) =~/E/1 {/0 J(s)ds—/o

1 F(0,t,u™7) u
=ydl€/ [/ J(s)ds—/ J(s)ds] du. (60)
0 0 0 u

Write the result of Corollary 1 as

—1/y

_|/}r

J(s)ds} d_y
y

sup
telty,1— I()]q u)
ue(0,

Vi (Fa(0,1,u~ y)—u)—l [W(t,u)—uW(t, 1)]‘ —> 0. (61)

Using the mean value theorem for the function x +— f(f J (s)ds, we get for some

&=3& (0,1

Fu(0,t,u™7) u
/ J(s)ds:/ J(s)ds—i—(F,,(O,t,u_y)—u)J(u—i—f(Fn(O,t,u_y)—u)).
0 0

Thus, from (60) and (61), uniformly in 7 € [zy, 1 — 1]

du
u

VkGwes(0, f)—V)_JM/_/ Fo0,t,u™)y—u) J (u+& (F (0, t,u™") —u)) —

LS. 7/0 W(t,u)—uW(t,1)4+o0(1)qu))

X J (14 (Ea(0, 1,1 7)—u))duu 62)

Vs

(n—o0) t

/ w(t, u)J(u)—

1
/ W(t,u)—uW(t, 1))J(u)—

Wn 7
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Note that the integral in (62) is well-defined because of Proposition 2.

By calculating covariances of y fol W(t,u)J (u) d7“, we conclude (going back
to the original probability space)

~ D .
tVkGwrs©,0)—y) = o5y, W(0) in Dlto, 1 —10],
(n—o0)

where W(-) is a standard Brownian motion and

B =7 [ [ 2 s01 0000y .

Proof of Theorem 2. We only prove part (a), the proof of (b) being similar.
Because f( can be chosen arbitrarily close to 0 in (23), similarly as in the proof of
Drees (2003, Theorem 2.3), one obtains using a diagonal argument and continuity
of W () that in probability

W ()

su
P t

€[y, 1]

—y)=05,, ——

(n—00)

for some sequence #, | O tending to zero not too fast, whence with
~ tu+1
fy = 2L (> )

ko~ N L _
LY FOim-7O.0F = [ kGO.0-70.0)R
it +1 Sl

=/~l [VEGO.0-1)~VEGO.nD-7)] @

Jt

2
:UJ’Z:V/F (WTU)—W(I)) dt(140p(1))

0 (W(eY) 2
_ 2 TN y2
—Uy:y/logm( o7 ¢ W(l)) dy(1+op(1)), (63)

using the substitution r = e¥ (df = e”dy) in the fourth equality.
Now observe that W (e")/e”/? is a zero-mean Gaussian process with covariance
function

W(e®) (e’ . R |
[% eSQ)} o2 i (o7 V) = MGy —)/2 gl 2

only depending on x — y, which implies (cf. Cramér and Leadbetter, 1967, p. 122)
strict stationarity. By an application of the Birkhoff—Khintchine ergodic theorem
(cf. Cramér and Leadbetter, 1967, p. 151) we obtain

1 0 W(ed)\2 W)\ 2
w7 / ) ay 25 o2 B(MD) o2 e
10g(1/tn) e log() eY/? (n—00) ol ey/2 7s7
Noting that flgg(fn) (ey/2W(l))2 dy = O(1), the conclusion follows from (63) and
(64). [ |
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Proof of Theorem 3. We will focus on the result under ’Hf (i-e., Ypre > Yposts
meaning heavier prebreak tails) as the other can be established similarly. Write
Xi; = Xin and yo = yo,pre for brevity. Then Theorem 1 implies for some 5>0
that may change from line to line in this proof

1 p

D Wpre (,y)
—\/k - Ity o —rpre —yt _—
q() pre kprei_z1 {Xi>y 7P Upre(n/ kpre) }

(65
oe0) 4 () 6>

in D([tp,t*] x [0, yo +5]) and for the postbreak r.v.s

1 1 n » .
sup o o) v Kpost . 1 (X5 yUpos (1 kpos)} — Y / Toost (1 — £*)
yzyo—}’r?re_’gq (y ) post i=lnt* |+1
- (Wposl (1, y_l/yp"s‘) — Wposl (t*’ y_l/)’post)) (n_:%)o) 0. (66)

Inserting v, := yUpre(n/ kpre)/ Upost(n/ kpost) for y in (66) and recalling Proposi-
tion 2 gives

1
SUp
vesa (™)

n

1 —1/7pos * a.s.
x [(Vhkpost | = 20 Iixio st} =30 A =15) ]| = 0.(67)
kpost i=(nt* 41 (n—00)

Further, y, 1/}lp"“(l — t*) may be omitted in (67), since, by (27) and (33), for n

large

y_l/)’post “1e )
kpost sup ﬁ < kpostyn Vpost = 0(1),
A Ay Sty =

Using kpost = O (kpre) and, by (14) and (27), for n sufficiently large
q(yn—l/ypost)/q (y—l/ypre) < 1’ this ylelds

1 < as,
sup o |/ kpre | -— Z IXio yUpretn/ bl | | o2 O
yzyo_ypre—gq(y o) Kpre i=lnt*)+1 T (1=00)

Going back to the original probability space we obtain by non-negativity of the

indicators
[nt]
vV kpre 1 D
R 1 Xi Trprey, re kpre — O
q () kpre At {Xi>y pre (1 kpre) } (n—00)
in D([1*, 1 —10] x [0, yo+9]). (68)
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Hence, letting k = kpye for brevity in the rest of the proof, we get from (65) and
(68) that

vk [1 o) 1 D Wpre (min(t*,t),y)
— DIy e —y~V/7pe min(e*, ¢ - = 77/
q() k; {Xi=y TP Upre(n/ 0} — ) (n—0) q(y)

in D([tg, 1 —t9] x [0, yo +5]) or, invoking a Skorohod construction again and
putting fmip := min(t, "),

Lnt]
1 Wpre (tmin» y) a.s.
sup k Iry. o =rpre —y|-—— = 0.
t€l,1-19] ‘I()’) ktmingll {Xi>y TP Upre (n/K) } min (n—00)
y€(0,50+9]
(69)

Then, similarly as for (57), it follows that

i —1/7pre
X (0,1, e Wore (fmin» ‘
sup  |Vk (M) _y | 4 Wore (min, )| a5

telto, 1 —1o] Upre (n/k) Tmin (n—00)
y€[1/2,y0l

>

which, for y =1 /tmin < (1 —19)/to = yo, implies

X, (0.¢.1 —1/7pre ¢ Whre tmin»ﬁ
sup \/%((M) _ )_,.M 250, (70)

telty,1—to] Upre(n/k) Tmin Imin (n—00)

1/7ypre ~
Substituting (X"(O £.1) ) ’ (y € [1 —6,00)) for y in (69) thus yields

Upre (/%)Y
1
sup
teltg,1— to X.(0,6,1) —1/7pre
y>1- q Upre("/k)y
Gl —1/7pre
Z[{X >_)Xk(0t 1)}— 1/1)17"e M ’
ktmm i=1 Upre(n/ k)
Xe(0,1,1) \ V)| as,
W N 25 0. M
tmm Pre( i ( Upre(n/ k) Y (n—>00) 71
As in the proof of Corollary 1 it follows from (70) and (71) that
1 1 [nt] ,
el o (VR o 2 oy =y T e
IG[IQ’l_IO] q ((y : ) ’ ) mn Gy min
yzl Imin
! ! t as,
_ wW. Fmins —ypre ") _ —I/VpreW tmin, —— a8y 0,
tmin |: Pre(mm y tmin) y pre | min — o)
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orusing 0 < (3= g (575)™/7™) < (5= g (0 152) ") < K
for y sufficiently large, because y — ¢ (y~!/7re) is RV_, Jypee (recall (33)),

1 1
sup  ——— |V [ =D Iximyxpon =y~
te[to,ll—to] q (y prre) kt lzzl T )
y=
1 t t a.s
— — W, mins _1/Vpre _ _I/VpreW tmin, N
; |: pre ( min, Y tmin) y pre | Zmin P (nm00)

Using this result the convergence in (29) can be checked easily by following the
derivations in Examples 3-5. |

Proof of Corollary 3. For (a) ((b) being proved similarly) Theorem 3 implies
the convergence in (29), where by calculating covariances the following distribu-
tional equality holds

D
{BPre(t)}te[O,t*] = {GVAJPre W(t)}ze[o,t*] ’ (72)

where a}%ym is either (18), (20), or (22) with y, r(-,-) replaced by ypre, rpre (-, *)

[nty ] +1
n

and W (-) is a standard Brownian motion. Write, using = as defined in

the proof of Theorem 2,

1
/~ KGO, 70, 1) de
1,

n

r* 1
=[ k(?(O,t)—?(O,l))zdt—}—/ k(7(0,1)—7(0,1))*dr =: A, + B,,.

I*
By following the steps leading to (63) we get from (29)

! Bpre(1) 2
o1/ " log(l/m/ ( ‘Bpre(l)) dr(1+0p(1))
W(t)

72) (
log(l/tn) 7, 7 7pre

1 log(1*) W(e”) 2
" 102(1/50) Jog(i (Mpre ev/? _ey/ZBPre(l)) dr(t+or).
oglty

Bpre(l)) dt(1+op(1))

By slightly adapting the arguments in the proof of Theorem 2 this term converges
in probability to ay yore- Furthermore By /log(1/5,)=Op()log='(1/5,) =0p(1)
by (29). The result follows.
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For the consistency results in (c) and (d) combine (a) and (b) with the conclu-
sion of Theorem 3 to deduce for (e.g.) Oseq

V

Oseq > AL {t*(l — Wk (7 (0,1%) =7 (t%, 1))}2

2
%,y

2

2 +op(1) k[t*(l—t*)(?(o,t*)—?(t*,l))] 2 .

O-?,max(}’pre,}’post) T —_— (n—00)
—Vpre — Vpost

Note that assumption k = kpre = kpost Was needed to deduce via (the equivalents

of) (17)
o P . j2
Y (O,t ) — Ypre and 7y (t > 1) — Yposts

where by definition of Qeq both extreme value index estimators rely on the same
sequence k.

For the inconsistency in (d) of the test based on Qrec (the proof for Q. is
similar and hence omitted) combine the result of Theorem 3 with the continuous
mapping theorem and part (a) of Corollary 3 to deduce

2
sup  {Bpre(t) —tBpre(1)},
(n—00) U%,ypre te[to,l—to]{ pre pre }

whence Qrec = Op(1),n — o0. [ |
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