Proceedings of the Royal Society of Edinburgh, 149, 691-718, 2019
DOI:10.1017/prm.2018.45

General sharp weighted Caffarelli-Kohn—
Nirenberg inequalities

Nguyen Lam

Department of Mathematics,

University of British Columbia and The Pacific Institute for the
Mathematical Sciences, Vancouver, BC V6T1Z4, Canada
(nlam@math.ubc.ca)

(MS received 20 October 2016; accepted 7 March 2017)
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1. Introduction and main results

Functional and Geometric inequalities have many applications in geometry, the
theory of functions of a complex variable, the calculus of variations, embedding
theorems of function spaces, a priori estimates for solutions of differential equations,
and so on. They, together with their sharp constants and extremal functions, take a
crucial part in geometric analysis, partial differential equations and other branches
of modern mathematics.

Among those inequalities, the Caffarelli-Kohn—Nirenberg (CKN) inequalities are
one of the most important and interesting ones. They were first introduced in 1984
by Caffarelli, Kohn and Nirenberg in their celebrated work [14]:

THEOREM A. There exists a positive constant C = C(N,r,p,q,v,,3) such that
for allu € C§°(RY):

" ull, < Clll=|* [Vl

1—a

|x|ﬂuH (1.1)
q

where

pg=21l, r>0,0<a<1

1
+%7 ;+%>0 where
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and

1 -1 1
a—oc<1 ifa>0 and era = -
P N r

+

2|~

If we perform the following change of exponents as in [45]:
I 0 s
a:_fvﬂ:_fa’yz_*v
p q r

then we obtain the following equivalent form:

(1-a)/q
» dx r dz \ /P dz

(/ u ) <c(/ Vul? ) I (CKN)

RN || RN || RN ||

where

_ (N =0~ (N~ s)lp
(N =8)p— (N —p—p)gr

It is worth noting that many well-known and important inequalities such

as Gagliardo—Nirenberg inequalities, Sobolev inequalities, Hardy—Sobolev (HS)

inequalities, Nash’s inequalities, and so on, are just the special cases of the CKN

inequalities. For example, when s = u = 6 = 0 and a = 1, we recover the well-known
Sobolev inequality:

where p* = ((Np)/(N — p)). This inequality has important applications in many
areas of mathematics and there is a vast literature. For p = 1, it has been known
that the Sobolev inequality is equivalent to the classical Euclidean isoperimetric
inequality. When p > 1, the best constant S(V,p) was found in the works of Aubin
[5] and Talenti [43] using rather classical tools such as Schwarz rearrangement,
and solution of a particular one-dimensional problem, the Bliss inequality. The
case p = 2 was investigated more deeply by Beckner in [7] due to its conformal
invariance.

When a=1, p=0, 0<s<p<N and r=p*(s) = ((N —s)/(N —p))p, the
CKN inequality becomes the HS inequality that is the interpolation of the Sobolev
inequality and the Hardy inequality:

ety 2\ PO o\
|ul 3 < HS(N,p,s) [Vul? dz . (1.3)
RN |fL'| ]RN

In this situation, in [34] Lieb applied the symmetrization arguments to study (1.3)
in the case p = 2 and gave the best constants and explicit optimizers. The study of
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the best constant HS(N, p, s) and extremal functions for the inequalities (1.3) in the
general range goes back at least to Ghoussoub and Yuan in [29]: The maximizers
for the HS inequality when 0 < s < p < N are the functions

—((N=p)/(p—5))
e () = ¢ ()\ + |x|((P—S)/(P—1)))

for some ¢ £ 0,A > 0. (1.4)

Actually, u. » (after rescaling) is the only positive radial solutions of

wP (5)—1

|z[*

—div (|Vu\p_2 Vu) = on RY.

When a=1 and 0 < pu,s <N, the CKN inequalities do not contain the
interpolation term. There are great efforts to investigate the sharp constants,
existence/nonexistence and symmetry/symmetry breaking of extremizers in this
situation, especially, when p = 2. See [16,17,44], among others. For instance, in
[17], Chou and Chu considered the case p =2 and p/2 < s/r < /2 + 1 and pro-
vided the best constants and explicit optimizers. In [44], Wang and Willem studied
the compactness of all maximizing sequences up to dilations in the spirit of Lions
[35-38]. In [16], Catrina and Wang investigated the class of p =2 and g < 0 and
established the attainability /unattainability and symmetry breaking of extremal
functions. Caldiroli and Musina studied the symmetry breaking of extremals for
the CKN inequalities in a non-Hilbertian setting in [15]. In a recent paper [23],
Dolbeault, Esteban and Loss studied the characterization of the optimal symmetry
breaking region in HS inequalities with p = 2. As a consequence, maximizers and
best constants are calculated in the symmetry region. Their result solves a long-
standing conjecture on the optimal symmetry range. We also mention here that the
situation is different when s = p, namely, the Hardy inequality. The best constant,
in this case, is HS(N,p,p) = ((p)/(N — p)) and is never achieved. Hence, it is nat-
ural to study the improved Hardy inequalities where we can try to add missing
terms to the right-hand side of the Hardy inequalities, see [1,11,12,25,26,41],
just to name a few.

In the case 0 <a <1 and s =60 =p =0, we obtain the non-weighted CKN
inequality, namely the Gagliardo—Nirenberg inequality. This inequality has been
studied at length by many authors, see for example, [9,16,21,22,30], to men-
tion just a few. Especially, for very particular classes, the best constant and the
maximizers for the Gagliardo-Nirenberg inequality are provided explicitly by Del
Pino and Dolbeault in [19, 20]. Indeed, in the special class r = p((¢ — 1)/(p — 1)),
Del Pino and Dolbeault proved that the maximizers for the Gagliardo—Nirenberg
inequality have the form ~(1 + 6|z —z|P/P~1)~((P=1/@=P)) while in the case
g=p((r—1)/(p—1)), the optimizers are (1 — |z — f|p/p_1);((p71)/(rfp)), for
somey € R, § > 0and 7 € RY. See also [2, 3] where Agueh gave a proof by studying
a p-Laplacian type equation and by transforming the unknown of the equation via
some change of functions. We also cite [18] where Cordero-Erausquin, Nazaret, and
Villani set up a beautiful link between optimal transportation and certain Sobolev
inequalities and Gagliardo—Nirenberg inequalities.
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Now, let C : RN — Rt be even, strictly convex function. We suppose that C is
@- homogeneous, that is there exists ¢ > 1 such that

C(Az) =MC(z) YA=0, VrxeRY.
Then C*, the Legendre transform of C, defined by
C*(x) = sup{(z,y) — C(y)},
y

is even, strictly convex function and is p-homogeneous with p = ¢/q — 1. The fol-
lowing result has been proved by Agueh—Ghoussoub—Kang [4] (see also Chapter 13
in the book [28]):

THEOREM B. Let F:[0,00) = R be a differentiable function on (0,00) with
F(0) =0 and x — 2V F(z~) convexr and nonincreasing, and set Gp(z) = (1 —
N)F(z)+ NxF'(x) Let ¢ : [0,00) — R. be a differentiable function chosen in such
a way that

b (0)=0 and ]wl/P(F’ow — 1

If Q is an open, bounded and convexr subset of RY, we consider the following two
extremal problems:

Do, = sup { /Q[F(p) + Cpldx; p € Pa(2)

:{p:Q—ﬁR;p}O and/p(m)dac:l}}
Q

and
P =it { [[0*(-91) - Growplas s e cr@), [ v -1}
Then, we have Doy < Pso. Also, if there exists f that satisfies

—(F' o) (f) Vf(z) =VC(z) a.e

then Doy = Pso, Do is attained at f, and Ps is attained at p = (f). Moreover,

f solves
div(VC*(=V[)) = (Gro)' (f) = \W'(f) inQ
{VC*(—Vf)-u:O on OS2
for some A € R, and p is a stationary solution of
% =div(pV(F'(p) + C)) in (0.00) x Q
pV(F'(p)+C)-v=0 on (0.00) x 9.

It is worth noting that theorem B can be used to derive the duality associated
with the Sobolev inequality and the Gagliardo—Nirenberg inequalities [18], as well
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as the duality between ground state solutions of some semilinear equations and the
stationary solutions of Fokker—Planck equations [28].

The Sobolev inequalities with monomial weights have been also studied inten-
sively recently. For instance, in [6], the authors used the stereographic pro-
jection combining with the Curvature-Dimension condition to prove the fol-
lowing Sobolev inequality with monomial weight: for a >0, N 4+ a > 2, there
exists S(N,a) >0 such that for all smooth, compactly supported function f
on RVN-1 x R, :

/ / ()] (CN+a)/(N+a=2)) o g
RN-1JR,

1/2
< S(N,a) VRM/M |Vu(x)|2xj‘vda:]

The best constant S(N,a) was also calculated explicitly in [6]. In [42], V.H.
Nguyen employed the mass transport approach to re-prove and extend the above
result. Moreover, he also studied the best constants and extremal functions for
the Gagliardo—Nirenberg inequalities and logarithmic Sobolev inequalities with the
weight z%, and with the arbitrary norm. In [13], Cabré and Ros-Oton used the
Alexandroff-Bakelman-Pucci method to investigate the isoperimetric inequalities
with monomial weights and then applied a version of the weighted Schwarz rear-
rangement to establish the Sobolev, Morrey and Trudinger inequalities. Optimal
Trudinger—Moser inequalities and Hardy inequalities were also studied recently in
(31,32].

1 ((N+a=2)/((2N+a)))

1.1. Main results

In this paper, we will derive some general results about the weighted CKN
inequalities. First, we consider the following class of the CKN inequalities:

Nu
1<p< N, 0= N, 1.
<ps<p+pu< 0 N—p< (1.5)
(N0 —(N=6)slp _ [Nr—Nslp

T IN=0p—(N—pu—p)slr  [Np— (N —p)s]r

Denote Dp 2(RY) the completion of the space of smooth compactly supported
functions Wlth the norm

1/r
(e " i)
CKN(N7N7p7 5774) = sup = cwr l1—a/s”
u P (RN
€D (RY) (fRN pC*(Vu) Clx) u/q) (f]RN [ul® C(w)"/q)

Then, we will prove that

and set
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THEOREM 1.1. Assume (1.5).

1/ 0f r=p((s=1)/(p—1)) and p<r<((Np))/(N-p)), then CKN
(N, u,p, s,r) is achieved by maximizers of the form

~((p=1)/(s—p))
Vo(z) =~/ (1 n 5/C(x)<(zv—p—u)/(zv—p))) Y Y

for some v € R, § > 0.

2/ If1<s=p((r=1)/(p—1)) <pandr>2—((1)/(p)), CKN(N,p,p,s,r) is
achieved by mazimizers of the form

Vo(z) =+'(1 _5/0(55)((N—p—u)/(N—p)))jr((p*l)/(rfp)) for some 4 € R, 8 >0.

REMARK 1.1. Theorem 1.1 was first set up under the regular Euclidean norm in
[33]. In the same paper, the authors also proved the similar result for arbitrary
norm on RV.

We also consider the following class of the weighted CKN inequalities on
Q= RN_l X R+ :

N+b
1<p<p+p<N+b, 9—( o)

=— " <N 1.
N+b—p< +0, (1.6)

. p(N +b)[r — 5]
rp(N+b) —s(N+b—p)]’

Let w(x) = 2% on Q, denote D775 (Q,w) the completion of the space of smooth
compactly supported functions with the norm

» dz /p < dzx 1/s
(/QPC (V“>°"c<x>~/q) +( o “’c<w>9/q) ’

CKN(N,pu,p,s,r,b) = sup
uEDﬁ:Z(Q,w)

(Jo lul"w((da)/(C ()" 1)) "
(IQ pC’*(Vu)w((dl‘)/(C(x)M/q)))a/p (fQ |U‘Sw((dx)/(0(x)9/q)>)

Then, we will also prove that

and set

X l1—a/s”

THEOREM 1.2. Assume (1.6).

1/ If p<r=p((s=1)/(p—1)) < (N +b)p)/(N +b—p)) and, then CKN
(N, u, p,s,7,b) is achieved by maximizers of the form

Vo(z) =~'(1+ 5/0@)((N+b*p*u)/(N+b*p)))*((pfl)/(sfp))

for some ' € R, > 0.
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2/ Ifl<s=p((r—=1)/(p—1) <pandr>2-((1)/(p)), CKN(N,p,p,s,rb)
1s achieved by mazimizers of the form

Vo(z) =+'(1 — 5’0(@((N+bfpfu)/(N+bfp)));((p—l)/(r—p)) (1.7)
for some ' € R, & > 0. (1.8)

In the special case where C(-)=1/q| ]9, C*(-)=1/p|-|P where |-| is the
standard Euclidean norm on RY, we get the following result as a consequence:

THEOREM 1.3. Assume (1.6).

1 If p<r=p((s=1)/(p—1)) < (N +0b)p)/(N +b—p)) and, then CKN
(N, p1,p, 8,7,b) is achieved by mazimizers of the form

Vola) =7/ (14 [af 100 (4020 ~{m /ey

for some ' € R, > 0.

2/ If 1<s=p((r=1)/(p—1)) <p and r>2—-1/p, CKN(N,pu,p,s,r,b) is
achieved by mazximizers of the form

—((p=1)/(r—p))
Vo(z) = ' (1 _ 5/|x|q((N+b—p—u>/<N+b—p>>)

+
for some ' € R, 8 > 0.
Here
CKN(N,p,p,s,r,b) = sup
w€D} 5 (Qw)
1/r

(Jo lul"2y ((d)/(|2]")))

X .
(Joy IVl ((d) /(2 ]m) P ([, lulaly ((dz)/(|2)9)))

It is surprising that although the weights in the above theorems are not radial, the
optimizers are. It is also worth mentioning that in [13], Cabré and Ros-Oton pointed
out an interesting fact that the monomial weights are not radially symmetric but
still Euclidean balls centred at the origin solve the monomial weighted isoperimetric
problems.

Our paper is organized as follows: Preliminaries and some helpful lemmata will
be provided in § 2. In § 3, we will establish the Gagliardo—Nirenberg and Caffarelli—
Kohn Nirenberg inequalities and present the proof of Theorem 1.1. The Gagliardo—
Nirenberg and Caffarelli-Kohn Nirenberg inequalities with monomial weight z%
and the proof of Theorem 1.2 will be studied in § 4. Finally, inequalities with general
monomial weights will be stated in § 5.
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2. Preliminaries and some useful lemmata

Let C: RN — Rt be even, strictly convex function. We suppose that C is g¢-
homogeneous, that is, there exists ¢ > 1 such that

C(A\z) = \C(z) YA>0, VzeRN. (2.1)
Then C*, the Legendre transform of C, defined by

C*(x) = St;p{<x,y> - C(y)},

is even, strictly convex function and is p—homogeneous with p = ¢/q — 1.

We have that (X,Y) < C*(X) + C(Y) for all X,Y. Hence (X,Y) < \WC*(X) +
ATIC(Y) for all A > 0, X, Y. Minimizing the right-hand side with respect to A gives
the Cauchy—Schwarz inequality

XY < [qC(Y)]VpC (X)]V7.
By Young’s inequality, we have
XY < [qC(Y)]V4pC (X)]VP < C(2) + C(y).

Hence, we also have

XY
C*(X)|MP = sup —————.
[pC™ (X)) U
In other words,
X-YP

CHE) = swp e S

We will assume that for all z € RY, there exists a unique vector z* such that
-2 =¢qC(z) and C*(z")=(q¢—1)C(x)= %C(az)

In other words, for all z € R, there exists a unique vector z* such that the equality
in the Cauchy—Schwarz inequality happens.

Noting that from (2.1), we get that C(-) is differentiable a.e. We will assume that
the gradient of C(-) at = € RY is the unique vector x*.

EXAMPLE 2.1. The functions that we have in mind are C'(z) = 1/¢|x|? and C*(z) =
1/p|z|P with | - | is the regular Euclidean norm on RY. Another example is the pair
C(z) = 1/q||z||? and C*(z) = 1/p||=||%, where || - || is an arbitrary norm on RY and

IX][, = sup X-V.
i<t

The following lemma was observed recently in [24, 33]. For the completeness, we
will provide the proof here.
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LEMMA 2.1. We have
|z - Vu(x)| = [¢C )]V [pC* (Vu)Y'?  for a.e. x € RY,
if and only if u is C-radial, that is, u(x) = u(y) when C(x) = C(y).

Proof. If w is C-radial, then recalling that V(C())(z) = z*, we have

8” / *
8—%(:5) =u'(C(x))xj.
Hence,
C*(Vu) = C*(u/(C(x))z") = |/ (C(2))[PC* (27) = \U’(C(w))lp%C(x)
and

699

[4C ()] /4 [pC™ (Va)]V? = [gC ()] *[|u/ (C(2)PgC ()] = |/ (C(x))|aC ().

Also,
|z - Vu(x)| =

Z‘”Ja

Now, if for all z € RN :

Z% vj| = (Iz])| ¢C()-

= |’ (l|[])]

- Vu(@)| = [gC ()] [pC* (V)] /7,

then Vu(z) has the same direction with z*. That is we can find a function f(x)
such that Vu(z) = f(a)z*. Now let a and b be two points on the C-sphere with

radius r > 0. That is C(a) = C(b) = r. We connect a and b by a piecewise smo

oth

curve r(t) on the sphere, that is, C(r(¢t)) = r and C(r(0)) = a, C(r(1)) = b. Then

we have

Vau(r(t)) = f(r(#)(r ()"

Using that fact that C(r(¢)) = r for all ¢, we get

(r(8))" - Vr(t) =

Hence

/Vu Vr(t)dt = /f L Ur(t)dt = 0.

In other words,
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Let d > 0. We now consider the quasi-conformal mapping type of transform Ly 4 :
RN — RY:

Ly.a(z) = C(x)%.

The Jacobian matrix of this function Ly 4 is

Jina =C(2) Iy + A

where
dC(z)4 txyzy  dC(z) 1tz ... dC(z)4 lmay
A dC(x)¥ tagzy  dC(x) lagay ... dO(x) lagay
dO(x)lenay dO(x)layzy ... dC(z)¥ lzyzly.

It is obvious that rank(A) = 1 and
tr(A) = dC(x)* 'z - 2* = dqC(z)?
Hence, its characteristic polynomial is
det(\Iy — A) = AN — dqC(x)\N~1.
Choosing A = —C(z)¢, we get
det(Jpy,) = (—=1)N det(—C(x)Uy — A) = (1 4 dq)C ()N,
Hence, we have
det(Jpy ) = (1 +dq)C(z)V. (2.2)

We now define mappings Dy q,, with p > 1 by

1 ((p—=1)/(p)) 1 ((p—=1)/(p)) J
Dy g pu(x) = (1 erq) u(Ln,a(x)) = (1 +dq> u(C(x)%).
(2.3)
-1
We also define Dy ayp
D;,jld’pu =v ifu=Dngpv.
Then, in [33], the following result has been established:
LEMMA 2.2. (1) For continuous function f, we have
1)/(1 + dg)))(e=1)/(®)) D
A1)/ + dg))) w@) g s ag [ L)

RN C(z)t ev C(z)WdatD)=Nd =

In particular, we obtain that u € L*(((dz)/(C(x)"))) if and only if Dy 4 pu €
L#(((da)/ (C ()t D=1 e))).

https://doi.org/10.1017/prm.2018.45 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.45

General sharp weighted Caffarelli-Kohn—Nirenberg inequalities 701

(2) For smooth functions u :

*(VDn,apu(z)) C*(Vu(y))
RN C(q;)(qd'i‘l)lt"rpd—Nddx < /RN C(y)“ dy.

The equality occurs if and only if u is C-radially symmetric.

We now will set up the similar results on half-spaces R¥~! x R, with weight
m?\,, b>0:

LEMMA 2.3. Let b > 0.

(1) For continuous function f, we have

2y dz

/ FU((1)/ (1 + dg))P~"Pu(x))
RN-1xRy C(z)t

_ f(Dnapu(z))
= (1 +dg) /]RNIX]R<+ C (z)t(da+1)=(N+b)d

2yda.

In particular, we obtain that u € L*(((2%dz)/(C(x)"))) if and only if
D .apu € L*(((a%da) /(C(z)" 4t D= (NH0)d)))

(2) For smooth functions u :

C*(VDNapul)) 4 C*(Vu(y)) 4
/RNlX]R+ C(m)(qd+1)l~b+pd7(N+b)ddem < /}RNIX]R+ W?ﬁvd?f

The equality occurs if and only if u is C-radially symmetric.

Proof. (1) We will first show

f(Dnapu(z)
/]RN1><]R+ C(x)t(dq+1)—(N+b)dedx

1 f((1/1 4 dg)P~Pu(y))
C 14dg /RN*1 xRy Cly) Yy

Using change of variables y; = C'(2)%;, i = 1,2,..., N, we have
dy = det(Jp ,)dz = (1 +dq)C(x)Ndz,

and

1 dy
(14 dq) C(y)((Nd)/(dg+1)) "

dr =
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Hence

FDvapue)
rv-1xg, C(z)idath)=(N+b)d o

1) /(1 + dg))(=D/®) oy (C(2) e
[ HU/4 O )
_ / FUQ)/ (1 + dg)) =D/ @Du(y)) |, dy
- 1+dg Jgn~ ixg,  C(y)((Hda+D)=Nd)/(dg+1)) yNC’(y)((Nd)/(qu))
! F((1)/ (A + dg)) P~V PDuy)) ,
 1+dq /RN 1xR, C(y)t yndy.

(2) Now we begin to consider the gradient of Dy 4 ,u. After calculations, we have

8DN,d7pu
AL (1)
M(x) 1 p=1/p
or, ~VDvaplo) = (g)  V(Cl))
GDN,d'@u
e )
ou d
5?1(0(33) 95)
Ly | 2 oyt
= L 3%2
() |
ou . d
o= (Cla)a)

Hence we have

ou(C(z)lz) ou
it b (cmd .

fori=1,2,...N, where

A= S dC(@) ey 2 (Ol
= 3 A0 ey (Ol
(x) — sup XY
CE = e

https://doi.org/10.1017/prm.2018.45 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.45

General sharp weighted Caffarelli-Kohn—Nirenberg inequalities 703

Hence, we obtain

C* (VDN,dypu(x))

o () swern) - () e coray

- ( 1 ) aup { (F((C@ ) -y)"
1+ dg y plaC (y)]r/e
L1y BN @@ @) C@)r o + ]|
- (1 n dq) "p plaC )]/ '

The first term is easy to compute:

Applying the Cauchy—Schwarz inequality
XY < [qC)MpC (X))7,

we can estimate the second term:

i=1 j=1 7
N N ou
_ d—1 * el d
=dC(x) 1521 xly; ]Ezl T oz, (C(x)%x)

< ¢dC(2)[gC )]V [pC* (Vu(C (2) ")) /7
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Therefore,
[SX, (0@ (@w/ @)y + A |
v PlaC)]"
< up { L LA 0CIP " (FulCle ')
= PlaC )P/

= [(1 + gd)PC(a)"'C* (Vu(C () ).
In conclusion, we get
C*(VDn g pu(z)) < (14 qd)O(z)PC*(Vu(C(x)%x)).

Using the change of variables again, we get

[T g, [ AT oy
RN RN-1 xR,

Clyr C(C(x)ta)

C*(VDNdpu(CC)) N
> = C(z)N+b)d b b.d
/RN1><R+ C(z)(qd"’l)ﬂc(l.)pd (2) T

— C*(VDny,4,pu(2)) b da.
RN-1xR, C(x )(qd+1)u+pd (N+b)d TN

Finally, it is easy to check that the equalities hold if and only if the equal-
ity in the Cauchy—Schwarz inequality occurs. It means that w« is C-radially
symmetric. O

Now, let ; and v be two Borel probability measures on R such that p is abso-
lutely continuous with respect to Lebesgue measure. Then by the results of Brenier
[10] and McCann [39], there exists a convex function ¢ such that

/b )du(y /bw )dp(z)

for every bounded or positive, Borel function b. Moreover, V¢ is uniquely deter-
mined dp almost everywhere. If 4 and v are absolutely continuous with densities
F and G, then

/ b(y)Cy)dy = / b(Vep(x)) ()

for every bounded or positive, Borel function b. If ¢ is of class C?, then ¢ solves
the Monge—Ampere equation

F(z) = G(Vip() det(D*p(x)). (2.4)

Actually, by a result of McCann in [40], without further assumptions on F' and G
beyond integrability, (2.4) holds F(z)dz a.e. Then, we have the following lemma
in [42]:
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LEMMA 2.4. Letb>0,1# v > 1—1/N—|—b and w(x) = 28 Vo € Q. Let F and G
be two nonnegative functions on 2 = RN~ x (0, 00) with fQ Fuwdx = fQ Gwdzr =1,

and such that F7 is C' on Q and F, G are compactly supported on Q. Then if Vo
is the Brenier map pushing Fwdx toward to Gwdzx, then we have

7/G7wdx< 1_(N+b)(1_’y)/F7wdx—/VFV-Vgowdx.
Q 1—7v Q Q

3. Gagliardo—Nirenberg inequalities and CKN inequalities

Now, for a > 0, we define
1)/(1—«
Un p() = (Gap + (a — 1)gC(z)) /=)
where 0, ), is chosen such that [|[Uy p|lap = 1. We will first prove that

THEOREM 3.1. Let N 22, p>1 and 0 < o # 1 be such that «(N —p) < N. Let f
and g be such that ||gllap =1 and || f|lap = 1. Then, for all p >0,

(a—l)[ /|9|a(p v q/qC(y)lg(y)Iapdy

< m/pc*(Vf)+< fpl)[N /|f‘a(p DL

When = ¢4, then the equality happens if f =g = Uap. As a consequence, we
have that for a > 1:

[ C (VN7 [yt o

[[fllap
[f C*(VUa,p) ]a/p [f |Uq., |O‘(p 1) +1] DT
1Uapllap ’
with
a= N(a—1)
alNp—(ap+1—a)(N —p)|’
Also, for a < 1:
e vn"IfI5 _ UC* (VU )] U pll 50

o] @ a1 1111711
[J | fler=] [ |Uap|o@=0+1]

with
B N(1—-a)
- (p+1-a)[N —a(N-p)
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Proof. Applying Theorem B with

1oloP. Fg H(@=D+D/(@D) () — 1 1 plor
o= lgl"". F(x) = -2 @) = ()l
a0 () = 1 *(.
) = lap — (0 = VOO, 0) = ),
we get

- [P0+ alde < [ [¢(=V5) = Gr o v(7)lda
We will now check that  — 2V F(z=") is convex and nonincreasing. Indeed,

I(z) =2V F(z ™) = leﬂx—N«a(p—ml)/(ap))
—
ap xNa—l/ap7
-«

SO

V) = 2P N O L N/t - _ NN/ =1 £ for 2 € (0, 00),

l—a ap
"(x) = —-N <Na -1 1) LN (e=1)/(ap))—2
ap
N (W_NO‘> N@-D/@m)-2 5 ¢
ap

for z € (0,00) if a(N —p) < N.

Hence
aofl/ﬂ\ma(p*l)“ — lap - (a—l)]uq/ﬂc(y)\g(y)\“”dy
< O [ eVl (0= 111)
N Err e / o = (o= D70
Equivalently,
ey e - / 4C)lgly) |7y
<m/pc*<w> - f‘pl) N(a /|f‘a<p -
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Moreover, it can be checked, using theorem B or by direct calculation, that when

1= q"/9, then
o 1{<a_ Dlop /Igla(p L+ /qC(y)g(y)“pdy}
9llap=
= in . * ap — N(e a(p—1)+ }
|f|afl{pqp/q /pC Vi (@ —1fap /Ifl .

and U, , is the optimizer in both variational problems.
For a > 1, we have that for all f : ||f||ap =1:

1 % ap — N a
i [rer @+ e [
> a(p—1)+1 / ap — M
i / [ 4O W)U p )|y
The equality happens when f = U, ,. This means that for all f :
P
1 / *( f ) ap — N( a—l /‘ alp=1)+1
— [ pC* [V + >M
pgrl [fllap /)~ (a@=Dfep—(a=1)] ) [[[fllap
that is,
1 [pC*(Vf) ap—N(a—1)  [[f]rr=DH .
pe fl% | (a—Diap—(a—1)] [fJap D7
and so for A > 0:
\PyN/e 1 [pC*(Vf) ap— N(a—1)  NWNae=1)+1])/(ep)
pg?’t || fllép (a=1ap — (a —1)] AN
f ‘f|0¢(P—1)+1

Vi~ -

Now, if we optimize with respect to A > 0, we get that for the optimal choice of

A= )\opt :
EEZ0) el ) K
1fllap
* a/ a(p— ((1=a)/(a(p=1)+1))
> [fc (VUOHZDJ‘OM :I 3 [flU 7P7)\npt‘ v 1)+1} ne
||Ua7p7)\opt lap
. a/ alp— ((1=a)/(a(p=1)+1))
O (VU )] [ Va1 ’
1Uapllon ’
where Uq p x,,. = Ua,p(Aoptr). Here we get by direct calculation from the scaling

invariance argument that
N(a—1)
a[Np — (ap+1—a)(N —p)]

a =
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Similarly, when o < 1, we obtain

NI O (TUap)]™” WUapllig”
[ |f]e@-n+1)((/ae=FD) - [ [Ua plate-0+1] (@ (=D51)”

with
B N(l—-a)
- (ap+1-a)[N —a(N-p)’

O

REMARK 3.1. Using the ideas in [19,20], when o« — 1, we can obtain the general
optimal LP-Euclidean logarithmic Sobolev inequality that was studied in [27].

We will now provide the proof for Theorem 1.1:

Proof of Theorem 1.1. Set

l/T
S, r)= "d
GN(N,p’ ; ) sup (f]RN |U‘ .CL')

u€DE'S(RN) (f]RN PC*(VU)dx)a/p (fRN |u|5dm)17a/5'

1/ Whenr =p((s—1)/(p—1))and 0 = ((Nu)/(N — p)), we have from theorem 3.1
that GN (N, p, s,r) is achieved by maximizers of the form

Uop(z) = y(1 4 6C(z))~(»=/=P) - for some v € R,§ > 0.

Now, set Vy = D;,’ld’on with d = 1/q((1)/(N — p — p)). Then we will show that V;
is a maximizer of CKN (N, i, p, s,7). Indeed, by lemma 2.2, we get

[ C,
rv C(y)H/a

1 s((p=1)/(p)) da
f—— = (1+d D 5q

1 r((p=1)/(p)) da
A — 1 d D T'd
(1 +dq) /]RN [ul C(z)0/a (1+dg) /RN| Ndpu(z)|"dz

O [ o s
foo gt = [, ana

1=/ "
V S = 1 d U sd
(1+dq) /RN| o Gy =4 F Q)/IRNI o(w)[*dz

1 m((p=1)/(p)) da
Vol" =577 = (1+d Uo()|"d.
<1+dq) /RN| ol IORE 1+ Q)/RN| o(z)|"dz

y}/ C*(VDn g pu(z))de
]RN
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Hence,

1/r

(Jar lul"((dz)/(C(2)")))
(fn PC(Vu)((dz) /(C )2/ 0))) "7 (foon [ul*((d) /(C ()0/a))) =)

_ (1+ dq)(1+rp—1/z7)l/r
= (1 4 dg)A+s((p=1)/())(1=a)/(s))

(fan |DN,d,pu\de)1/T
(Jur PC* (VD ayu)dz) " (foon | Div.apulpda) /)

- (1+ dq)(1+7’((P—1)/(P)))1/T
= (1 + dq)(+s((p=1)/(P))((A=a)/(5))

X

(Jav \U0|Td$)1/r

(Juw PC*(VU)A)? (foun |Uolodar) @)
(Jax [Vol"((d2)/(C(2)"/%))) |
(fRN pC*(VVO)((dx)/(C(z)#/q)))a/P (f]RN |Vo|s((dX)/(O($)9/q)))((1_a)/(5))

X

1/r

Hence, we could conclude that CK N (N, p, p, s,7) can be attained by optimizers of
the form

Vo=Dyly,Uo =71+ 8'C(z) W/ @+ DN =((P=D/(s=P)  for some 7' € R, 8’ > 0

Simiarly, when 0 = ((Nu)/(N —p)), if s=p(r—1)/(p—1)) and r >2—1/p,
CKN(N,pu,p,q,r) is achieved by maximizers of the form

Vo(z) =~'(1 - 6’0(9{:)((1)/(qd+1)))jr((pfl)/(rfp)) for some 7 € R,§ > 0.

4. Sobolev inequality, Gagliardo—Nirenberg inequalities and CKN
inequalities with weight w(z) = %, on RV~1 x Ry

Let Q = RY~1 x (0,00), b > 0 with 1 < p < N + b. We introduce the function

V() = (05 + qC(ar)) (NP0,

)

where o, is chosen such that

. (N +b)p
P =1 S LI
/QVM(QU) vw(z)de =1, py Nib_p

We will prove the following weighted Sobolev inequality:
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THEOREM 4.1. Let b>0 with 1<p<N+b. Let f and g be such that
fg |f|p;Wd$ = fﬂ |g|pZquz =1, then
Jo gl O ND(@)dr - p(N +b 1)
* 1 ~ _
o aCW)lg)Prw(y)dy]/* — (N +BN +b-p)

{ /Q pC*(V f)wdx} " (4.1)

The equality occurs when f=g=V,;.
As consequences, we obtain

1/
Jo |g[Pb L= (W (N+8))) oy () de
i 5 1/q
Jo 1|7t wdz=1 [fﬂ qC(y)lg(y)‘wa(y)dy]
/p
. p(N+b—1) U . ]1
- ! C*(V fwd )
fQ'f‘leIglwdmzl (N +b)(N+b—p) Qp (Vfwde
2/

[fﬂpc*(vf)wdm] 1/17 [fﬂpc* va b) }1/1’ 1
[ 3wl [fy Wpalfioda] 7780~ SOV57)
Proof. By standard arguments, we can assume that f, g are nonnegative, compactly

supported on Q and f is in C*(Q). Using lemma 2.4 with F' = |f|?s, G = |g[’* and
v=1—1/N +b, we get

1 1—(N+0b)(1-—
—— [ Gwdz < (V+0){d =) / Flwdzx 7/ VF7 - Vopwdz.
1—7Ja L=y Q Q
That is,
" p(N+b—
(N +b) [ |gFs O~(O/N+8D) gy < — ij g /|f|<<pb NV f - Vowds.

By the Cauchy—Schwarz inequality, we get

/|g|pz<1—((1)/<zv+b>>>wdx
Q

< (NT]I:T)(—;Vbel)— ) {/Q qC(|f|((pZ)/(q))V<p)wdx} v {/QpC*(Vf)wdm}

- (N]jr(]lzf)(j;\fb; bl)_ ) { /Q Q|fp:C(V<p)wdx} e { /Q PO (V f)wdm] 1/p'

Hence, by the definition of mass transportation:

/|g‘p;<1f(<1/<zv+b>>>wdx
Q

< il I cwiswriowa] | [ @]

1/p
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When f=g="V,s, Veo(x)=2z. Also, in this case, by lemma 2.1, the equality in
the Cauchy—Schwarz inequality happens. Hence the equality in (4.1) occurs. Hence,
we also obtain the duality principle:
fQ |g|Ps (A= ((D/INF)) () da
- . 1/
Jo lglPrwdz=1 [ [0, ¢C(y)|g(y)Piw(y)dy]

. p(N +b—1) U ) ]W,
- ! CH(V flwde| .
Ja \f\’logwdzzl (N +b)(N+b—p) Qp (Vfwde

Next, if we proceed as in the proof of Theorem 3.1, we have the general weighted
Sobolev inequality:

o pC* (Viwda] " [fopC" (VVpp)wda]
[Jo [£17i wda] ) [fo Vo plPrwdz] (/@)

O

REMARK 4.1. Theorem 4.1 has been set up in [13] under the regular Euclidean
norm and was extended to the arbitrary norm in [42].

Now,let b>0,p>1,0<a#1,a(N+b—p) <N +b, and w(z) = 2% Yz € Q.
Again, we introduce the function

Uapp(2) = (Gaps + (@ —1)gC(a)/ 7,

where o4 1 is chosen such that

/ Uapp(z)*Pw(z)de = 1.
Q

Then we will next show that

THEOREM 4.2. Letb >0, p>1 and 0 < a # 1 be such that «(N +b—p) < N +b.
Let f and g be such that [, | f|*Pw(z)dz = [, |g|*?w(z)de = 1. Then, for all > 0,

Sy [ e = acwlstirrea

(= 1)[ap
L * w ap — (N + b)(a — 1) a(p—1)+1w
s pur /pC (V) + (= Dfap — (a = 1)] /Ifl '

When 1 = ¢/, then the equality happens if f = g = Uapp- As a consequence
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1/ If o > 1, then

(Jo pC* (Vf)LU(.’E)d.T)a/p s, ‘fla(p_1)+1uJ($)d.’L'] ((1=a)/(a(p—1)+1))
1/«
o | Florw(z)dz] /"
(fQ pC*(VUa,pyb)w(x)dx)a/p [fQ |Ua’p7b|a(p—1)+1w($)dx} (1=a)/(a(p—1)+1))

g 1/«
o, [UapploPw(z)dz] "
with
o= (N+0b)(a—1)
a[(N+bp—(ap+1—a)(N+b—p)]
2/ Fora<1:
a l—a/a
(prC*(Vf)w(x)dx) /p [fg|f\”pw(x)dx] /ap
UQ |f|a(p—1)+1w($)dx] ((1)/(a(p—1)+1))
pC*(VUq pp)w(z)dz a/p Ug.pp|*Pw(z)dz: ((1=a)/(ap))
> =8 P, q Yap,
; [Jo [Uappl@P=D+1w(z)dz] ((1)/(a(p=1)+1)) ’
with

B (N+0b)(1—a)
" (ap+1l-a)[N+b—a(N+b—p)]

Proof. We can assume that f, g are nonnegative, compactly supported func-
tions on €, and f is C1(Q). Let V¢ be the Brenier map pushing |f|*’w(x)dx
forward to |g|*?w(z)dzr. Using lemma 2.4 with F = |[f|*?, G = |g|*? and v =

((alp = 1) +1)/(ap)), we get

L a(p=D+1 ,de
1—((a(p—1)+1)/(ap)) /Q 9l Tlwd (4.2)
1—(N+b)(1—((a(p—1)+1)/(ap))) -1+ gy
) 1— ((alp— 1)+ 1)/(ap)) /Q|f| ud

— /QV (|f|a(”71)+1) - Vowdz.

Then, we get 1 #~v >1—1/N + b. Indeed

fyza(p—l)+l>17 1
ap - N-+b

is equivalent to

a(N+b—p) <N +b.
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By the Cauchy—Schwarz inequality, we obtain

1/| |a(p 1+1wdx
o —

— (N +b)( o B
<D /m P Hds — (a(p— 1) + 1)
X/|f\°‘(p71)Vf~V<pwd:c
g (]\;tb /|f‘0¢(p 1+1wdx

- q
+atp= 1)+ 1) | [ 0@ ot + 2 [ o))
_ o= (]\;tbl)(a_ / |f\a(p_1)+1wdx

+ (a(p—1) +1) 7/270* Vfw d:v—f——/qC g|“pwdx].

Hence

(a—l)[ gy f e = f acwlstraay

- * w (N+b 1) a(p—1) 1
/pC (Vf) +( Dlop— (@~ D) /Ifl "

713

(4.3)

When f = g = Uq pp, then Vip(z) = z. Then we can check that the equality of (4.2)
happens. Also, when f=g=U,,p and p = q'/, since f = Ua p is C-radial, by
lemma 2.1, we also have that the equality of (4.3) happens. Hence, in this case, we

get the following dual principle:

sup
J‘Q lglePw(z)dz=1 |:(O[ - 1)[0[]) — (a

(a—l)[

= inf {
Jo IfloPw(z)dz=1 | pgP/9

- [l - / qc<y>|g<y>|apwdy}

[ IR [ e

By the same method as in the proof of Theorem 3.1, from this dual principle, we

also obtain Statements 1/ and 2/.

O

REMARK 4.2. Again using the ideas in [19,20] and the techniques in [8,42], in
the limiting case @ — 1, we can obtain the following general optimal weighted LP-
Euclidean logarithmic Sobolev inequality: Let p > 1, then for any f € W1P(Q,w)

such that [, |f|[Pwdz = 1, then

N+b

/ |71 In(|f]P)wda < In {ENJ,/ pC*(Vf)wdx] ,
Q Q
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where the sharp constant Ly can be computed from

_ _ N+b _
[ 7 m(7eae = 2w e [ 507 (Teas]
Q p Q
with
Flz) =7e79°@ |7|7P = / e PIC@) ydy,
Q
Now, we are ready to prove Theorem 1.2:

Proof of Theorem 1.2. Define

"wod 1/r
GN(N,p,s,r,b) = sup (fQ ‘UL;‘) :v)
we D3 (w) (fo, pC* (Vu)wdz)™? ([, [ulwdz)

l1—a/s”

1/Whenr =p((s—1)/(p—1))and 0 = ((Np)/(N — p)), we have from Theorem 3.1
that GN (N, p, s, r,b) is achieved by maximizers of the form

Us(z) = (14 6C(z))~(P=D/G=P) for some v € R,§ > 0.

Now, set Vp = D;,}dJ)UO withd = 1/q((p)/(N +b—p — p1)). Then we will show that
Vo is a maximizer of CKN(N, u,p, s,7,b). Indeed, by lemma 2.3, we get

C*(Vuly)
o Clym/a

s((p—=1)/(p))
1 sw(r)de .
(1 dQ) /Q [ C(x)0/a (1+ d(])/Q DN, apu(2)]*w(z)de

r((p—1)/(p))
1 yw(z)de .
(1 + dq) /Q [ul Cla)7a — (1+dg) /Q |Dn g pu(z)|"w(x)de

dy>/QC*(VDMd’pu(m))w(x)dx

+

A 0) F Y R
/Q C(y)n/a (y)dy /QC (VUo(z))w(z)d

1 s((p—1)/ :l?
(4 /lvo\ S = o) [ (o)l wle)ds

r((p—1)/(p))
1 »w(x)de /
d l] T
<1+dq) /|0| (m)(’/q L+ dg [Uo(@)["w
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Hence,

1/r

(Jo lul"((w )/(C( )9/“)))
(Jo pC* (Vu)(w(2)dz)/(C(2)"/1)) ) 7 (Jo lul* ((w(@)da) /(C()/)))

(4 dg)0 /oD
(1 + dg) 1+ (G—D/N (-0 /)

(f, \DN7d)pu|rw(x)da:)l/r
(Jo pC*(VDN,d,pu)w(x)dx)a/p (Jo IDN,apulw(z)dz)

(1 4 dg) @+ (@=1/ @M1 /r
((1 n dq)<1+s((p—1)/<p)))(<1—a)/(s)))

X

1—a/s

(fo |Uo\7'w(x)dx)1/r
(Joy PC* (VU )w(x)da) ™" ( Jry |Uo|*w () dz)
_ (Jo Vol ((w(=)da)/ (C(x)?/9)))
(Joy PO (VVo)(w(@)da)/(C )/ 1)) (fo Vol (w(x)dl)/(C()0/1)))

Hence, we could conclude that CK N (N, u,p, s,r,b) can be attained by optimizers
of the form

X

l1—a/s

1/r

l1—a/s”

~((r-1)/(5-p))
Vo = Dyt Uo = ' (1 n 5/C(z)1/qd+1) g " for some 4/ € R, 5 > 0

Simiarly, when 8 = (N +b)u/N +b—p,if s=p((r—1)/(p—1)) and r > 2 —1/p,
CKN(N,pu,p,q,r,b) is achieved by maximizers of the form

Vo(x) =~(1 — 6’C(m)1/qd+1)jr((pfl)/(rfp)) for some 7' € R,§" > 0.

O

5. CKN inequalities with weight w(z) = z{* . mﬁ”
Let w(z) =z - 24~ with A4; > 0,..., Ay > 0. Set

—{xl,.. ER cx; >0 WheneverAi>O}.
Let

(N+A)p
1<p< NtA =T N4 5.1
<ps<ptp<N+ N+A—p< + (5.1)

_ p(N + A)[r — s
rp(N+A)—s(N+ A—p)]’
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and set

CKN(N,;,L,[),S,ﬁW) =

1/r

(e lul"w((d2)/(C (@) 1))
sup

P,s (N a/ —a/s’
WEDL RN ) (o pO (Tuo((dn)/(C()r/0) " (e ulow((da) /(C@)0/0))

Then we can set up the following result

THEOREM b5.1. Assume (5.1). 1/ If p<r=p((s—1)/(p—1)) < ((N+ A)p)/
(N + A —p)) and, then CKN (N, u,p, s,r,w) is achieved by mazimizers of the form

Vo) =~/ (1 + 8'C(a) N +A=P=m/(N+A=p)Y=(=D/G=1)  for some~/ €R, 8 > 0.

2/If1<s=p((r—1)/(p—1)) <pandr>2-((1)/(p), CKN(N,p,p,s,r,w) is
achieved by mazximizers of the form

Vo(z) =+/(1 — 5’C(x)((N+A—p—u)/(N+A—p)))jr((pfl)/(rfp)) for some~' € R, > 0.
We will need the following lemmata:
LEMMA 5.1. Let 14~y >1—1/N + A. Let F and G be two nonnegative functions

on RN with IRN Fwdx = IRN Guwdz =1, and such that F7 is C' on RY and F,

G are compactly supported on @ Then if Vi is the Brenier map pushing Fwdx
toward to Gwdzx, then we have
1 1—(N+A)(1—7)

Gwdz <
L= Jry “ L=n

/ Flowdx — VF7 - Vepwdz.
RLY RY

LEMMA 5.2. (1) For continuous function f, we have

FU)/ (1 + dg))) =D/ @Du(z))
RN C(z)t

f(Dy.apu(z))
e O(z)tda+1)=(N+A)d wdz.

wdx

= (1+dgq)

In particular, we obtain that u € L*(((wdz)/(C(x)"))) if and only if Dy 4 pu €
L*(((wdz) /(C () et D= (N A ) )

(2) For smooth functions u :

C(VDnapu(e) [ C(Vuly))
RN C/(z)(ad+D)u+pd—(N+A)d = RN C(y)r

The equality occurs if and only if u is C-radially symmetric.

wdy.

The proof of Lemma 5.1 could be found in [42] while using the same approach as
in the proof of Lemma 2.3, we can derive lemma 5.2. Now the proof of Theorem 5.1
is similar to that of theorem 1.2 and will be omitted.
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