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In this paper, we study the following non-local problem:

u = d%V -(pVVu)+ b(a — u) + g(x)u2(1 —u) in Q x (0, 00),
0<u<l in Q x (0,00),

v-VVu=0 on 0Q x (0, 00).

This model, proposed by T. Nagylaki, describes the evolution of two alleles under the joint
action of selection, migration, and partial panmixia — a non-local term, for the complete
dominance case, where g(x) is assumed to change sign at least once to reflect the diversity of
the environment. First, properties for general non-local problems are studied. Then, existence
of non-trivial steady states, in terms of the diffusion coefficient d and the partial panmixia
rate b, is obtained under different signs of the integral fQ g(x)dx. Furthermore, stability and
instability properties for non-trivial steady states, as well as the trivial steady states u = 0
and u = 1 are investigated. Our results illustrate how the non-local term — namely, the partial
panmixia — helps the migration in this model.
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1 Introduction

The aim of this paper is to study a genetic model of two alleles with partial panmixia in
the complete dominance case.
To motivate our studies, first recall the model dealing with two types of genes (alleles)
Ay, A, as follows:
uy = dAu + g(x)u(1 — u)[hu + (1 — h)(1 — u)] in Q x (0,00),
0<u<l1 in Q x (0,0), (1.1)
Ou/ov =0 on 002 x (0, c0),
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2 F Liet al

where Q is a bounded smooth domain in RN, N > 1, v is the unit outer normal vector to
0Q, g(x) changes signs in Q and 0 < h < 1 is a constant. In this model, u(x, t) represents
the frequency of the allele A; at location x and time t. Thus, 1 — u(x,t) denotes that
of the allele A, and therefore only solutions with 0 < u < 1 are under consideration.
Moreover, the allele A has selective advantage in the region where g(x) > 0 and selective
disadvantage where g(x) < 0. The assumption that g(x) changes sign in Q signifies that
the environment is so heterogeneous that the selection changes its direction at least once
in Q. (See [3,15,23] for more details of the derivation for the model.)

The constant h represents the degree of dominance which plays an important role in
determining the qualitative properties of solutions to equation (1.1). For the case without
dominance, i.e. 0 < h < 1, the existence of non-trivial steady states has been studied in [3]
and [21]. Under the more stringent condition 1/3 < h < 2/3, the uniqueness of non-trivial
steady states was verified in [1,5] and [10]. However, the case with complete dominance,
i.e. h = 1, which means that A4, is completely dominant, or similarly 4 = 0, which implies
that A; is completely dominant, seems more challenging. Because in this case the linearized
problem at one of the trivial steady states always has zero as the principal eigenvalue,
which makes it impossible to determine the local stability based on linearized analysis
and different approaches are needed. It remained completely open until 2010 when
progress was finally made in [12,19] concerning the existence and stabilities properties of
non-trivial steady states; however, to this date, the uniqueness is still not resolved.

Furthermore, in the model (1.1), the term Au represents population dispersal, which
corresponds to the diffusion approximation for short-distance migration. From the as-
sumption that most species have a small portion of long-distance migrants, recently partial
panmixia is introduced as the limiting case of long-distance migration. See [16—18] and the
references therein. More precisely, in [17], if p(x) > 0 on Q is the normalized population
density, ie. [, p(x)dx = 1, and, for any function P(x,t), its averages with respect to p(x)
is denoted by

() = /Q P(x, 0)p(x)dx,

then global panmixia is represented by the term B(# — u), where B is the scaled panmictic
rate. Some general results concerning the effect of incorporating partial panmixia into
single-locus clines maintained by migration and selection were also established in [17].
These analyses have been extended in [11]. Among other things, in [11], the effect of the
parameter B on the dynamics of the model with conservative migration

1 .
U = ;V (pVVu) + B(ii — u) + Ag(x)f (u) in Q x (0,00),
o<u<l in Q x (0,00), (12)
v-VVu=0 on 02 x (0, 00),

is studied for the case without dominance. Here, V/(x) denotes the N x N symmetric,
positive definite, single-generation covariance matrix of local migration, the positive
constant A represents the selection intensity, and f satisfies

£ e C¥([0,1]), f(0)=f(1)=0, f>0in (0,1) and £(0) > 0 > f'(1). (1.3)
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In this paper, we consider the complete dominance case with partial panmixia

1
u = dEV (pV'Vu) + b(it — u) + g(x)u*(1 — u) in Q x (0, 00),
O0<u<l in Q x (0,00), (1.4)
v-VVu=0 on 0Q x (0, 00),
where, in comparison to the model (1.2), d > 0 and b > 0 are the ratios of the local

and non-local migration rates to the intensity of selection respectively. It is clear that the
function u*(1 — u) in the reaction term of model (1.4) does not satisfies (1.3).

Remark 1.1 Notice that the choices of parameters in model (1.4) are different from those
in (1.2). This is because we are interested in studying the interaction between local and
non-local diffusion terms in this paper.

In this paper, we will always assume that

(A)  p(x)>0in Q, [, p(x)dx =1, p(x) € C*(Q), for some 0 < & < 1. The
matrix V(x) = (v;j(X))1<ij<n designates an N x N symmetric, positive
definite matrix, uniformly with respect to x, with v;;(x) € C L2(Q), i.e. there exists
a positive constant x such that

ETV(x)E=k|E)? for VEeRY, xe Q.

(A1) g(x) € C*Q), and changes sign in Q.

As a preliminary for our study of the model (1.4), in the first part of this paper, we
consider a general non-local problem as follows:

1
U = d;V “(pVVu) + f(x,u,u) in Q x (0,T),
v-VVu=0 on 0Q x (0, T), (15)
u(x,0) = up(x) in Q,

and always impose the conditions (A) and
(A2) f(x,u,u)is C* for x € Q and C! in u and @.

Several basic properties of (1.5) will be discussed. First, the local existence and unique-
ness of (1.5), as well as backward uniqueness, will be established in Theorems 2.1 and
2.2 respectively. Then in Section 2.3, we will demonstrate that the comparison principle
holds for problem (1.5) with f; = 0. We will also present an example, which shows that
problem (1.5) might not admit comparison principles if the condition f; > 0 is violated.
Finally, in Section 2.4, it is proved that if problem (1.5) admits a Lyapunov functional,
then its w-limit set w[ug] consists of only steady states. Without non-local terms, these
results are classical for semi-linear parabolic equations, the proofs are also quite standard.
The details will be included for the convenience of readers.
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In the second part of this paper, we will focus on model (1.4). In fact, we will study a
more general problem than (1.4) as follows:
1
U = dEV (pVVu)+ b — u) + g(x)f (u) in Q x (0, 00),
o<u<l1 in Q x (0,00), (1.6)
v-VVu=0 on 02 x (0, 0),
where it is assumed that
(A3) feCl([0,1]), f(0) = f(1) =0, f > 0in (0,1).

It is worth pointing out that under assumption (A3), f could be degenerate of any order
at 0 and/or 1.

Let u*(x) denote a steady state of (1.6) with 0 < u* < 1, by the maximum principle, it
is easy to see that there are only two possibilities:

e u*(x) =0 or u*(x) = 1, i.e. a trivial steady state;

e 0 < u*(x) < 1in Q. In this case, u* must be non-constant, i.e. a non-trivial steady state.

First, the existence and non-existence properties of non-trivial steady states of (1.6) will
be investigated. For existence, our main result can be stated in two cases depending on g
as follows.

Theorem 1.1 Suppose that (A), (A1) and (A3) hold.

(1) g=0: Then, (1.6) admits a stable non-trivial steady state for any d,b > 0.
(i1) g # 0: Then, (1.6) admits a stable non-trivial steady state for d,b > 0 small.

For non-existence, we present our main result in three cases depending on g.

Theorem 1.2 Suppose that (A), (A1) and (A3) hold.
(1) g #0: If f satisfies that

liI(r)l+ % =ay > 0 for some k; > 1, and (1.7)
im 1) 050 for some ky > 1, (1.8)

im
s—1— (1 — S)kz
then there does not exist non-trivial steady state of (1.6) for d + b large.

(i1) g > 0: If f satisfies (1.8) and

f'(s) =0 in (0,689) for some 59 > 0, (1.9

then (1.6) has no non-trivial steady state for d + b large.
(ii1) g < O: If f satisfies (1.7) and

f'(s) <0in (1 — 5y, 1) for some &y > 0, (1.10)

then (1.6) does not admit non-trivial steady state for d + b large.
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Remark 1.2 Theorems 1.1 and 1.2 confirm our belief that partial panmixia seems to further
enhance the effects of random dispersal; in fact, it seems that they play similar roles in this
selection-migration model. However, the proofs are much more involved now and require new
ideas. We will address these difficulties more specifically in Section 3.

Next, we analyze the stability properties of the two trivial steady statesu =0 and u = 1
of (1.6). In the following, let u(-,t;uo) denote the unique classical solution of (1.6) with
initial value uy € C(Q). Since for problem (1.6), only solutions with values in [0, 1] are in
consideration, define

K={ucC®): 0<ux)<1,¥xe}l (1.11)

By maximum principle, it is easy to show that uy € K implies that u(-,t;ug) € K. Therefore,
we are mainly interested in the stability of the steady state u* relative to K. We say u*
is stable relative to K if for each € > 0 there is 6 > 0 such that for ug € K and
lup — u*|| L~ < I, the solution |ju(-, t;ug) —u*||L~ < € for all ¢ > 0. It is said to be unstable
if it is not stable. In particular, u = 0 is stable relative to K if and only if u = 0 is stable
from above and similarly u = 1 is stable relative to K if and only if u = 1 is stable from
below. Moreover, we say u* is linearly stable if the linearized operator £ of (1.6) at u*
only has eigenvalues with negative real parts. It is said to be linearly unstable if £ has an
eigenvalue with positive real part.

We discuss the stability of u = 0 first. It is worth pointing out that, compared with
model (1.2), the key feature in model (1.4) is that the function u?*(1 — u) in the reaction
term is degenerate at 0. Thus, the condition f’(0) = 0 will be imposed while studying the
stability of u = 0. The main result here is as follows.

Theorem 1.3 Under the assumptions (A), (Al) and (A3), the following statements hold
for problem (1.6).
(i) g =0:1If (1.9) holds with |{s € (0,9¢) : f'(s) = 0}| =0 for some dy > 0, then u=0
is unstable for any d,b > 0.
(i) g > 0: Then, u = 0 is unstable for any d,b > 0 provided that either (1.7) or (1.9)
holds.
(iii) g < 0: If f'(0) =0, (1.7) holds and either (1.8) or (1.10) is satisfied, then u = 0 is
stable for any d,b > 0.

The proof of Theorem 1.3 is based on the techniques devised in proving [12, Theorem
1.1] — a combination of variational method and degree theory.

About the stability of u = 1, we present two results. The first one is a dual version of
Theorem 1.3.

Theorem 1.4 Under the assumptions (A), (Al) and (A3), the following statements hold
for problem (1.6).

(i) g =0:If (1.10) holds with |{s € (1 — do, 1) : f'(s) = 0}| =0 for some oy > 0, then
u =1 is unstable for any d,b > 0.
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(i) g < O0: Then, u =1 is unstable for any d,b > 0 provided that either (1.8) or (1.10)
holds.

(i) g > 0: If f'(1) = 0, (1.8) holds and either (1.7) or (1.9) is imposed, then u = 1 is
stable for any d,b > 0.

The second result is more closely related to model (1.4), as the condition that f/(1) < 0 is
imposed. To state the result, we denote the principal eigenvalue of the following non-local
eigenvalue problem:

b(¢p —¢) +g(x)f' (1) = ud inQ, (1.12)
by
—b(¢? — §?) + g(x)f'(1)$?] pdx
(b= sup Jo [=b(¢* — ¢%) 2g( )f'(1)$*] p : (113)
peL @)\ {0} Jo $?pdx
and the principal eigenvalue of the “local” problem
1
d—V - [pVVe] +gx)f' (Ve =7 in Q,
) [PVVe] +ex)f (e = /o (L14)

v-VVp =0 on 042,
by /o(d).

Theorem 1.5 For problem (1.6), assume that (A), (Al), (A3) are valid and f'(1) < 0.

(1) 2 <0:u=1 is linearly unstable for all d,b > 0.

(i) g > 0: There exist b* > 0 and d* > 0 such that u = 1 is linearly stable if either
d>0,b=b*ord=>=d" b>0.In fact, b*, d* are the unique roots of uy(b) = 0,
(o(d) = 0 respectively. Moreover, there exists a strictly decreasing, concave continuous
function D = D(b) in [0,b*] with D(0) = d* and D(b*) = 0 such that for 0 < b < b*,
u =1 is linearly stable if d > D(b) and linearly unstable if 0 < d < D(b).

Remark 1.3 Notice that, the condition f'(1) < 0 in Theorem 1.5 is stronger than the condi-
tions in (i) and (ii) of Theorem 1.4. Indeed when g < 0, the instability of u=1in (i) and
(ii) of Theorem 1.4 can be improved to be linear instability as stated in (i) of Theorem 1.5.
However, when g > 0, the stability properties of u = 1 for the case f'(1) = 0 in Theorem
1.4 (iii) are dramatically different from that of the case f'(1) < 0 in Theorem 1.5 (ii).
Indeed, when f'(1) = 0, u = 1 is always unstable. While when f'(1) < 0, the stability of
u =1 changes as d and b vary and our result indicates that the local migration rate d and
non-local migration rate b play similar roles in the change of stability.

The stability analysis in Theorems 1.3—1.5 has many consequences. First, under certain
conditions, when g = 0, both u = 0 and u = 1 are unstable for all d,b > 0. Thus,
(1.6) admits at least one stable steady state. This has been proved in Theorem 1.1 using
variational method. Moreover, if g # 0, some multiplicity results and global asymptotic
behaviours of system (1.6) follow easily from Theorems 1.1-1.5 combined. For clarity, we
now summarize these consequences in three theorems based on the signs of g.
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Theorem 1.6 Suppose that (A), (Al), (A3) hold and g = 0. Assume further that (1.9)
holds with |{s € (0,d¢) : f'(s) =0} = 0 and (1.10) holds with |{s € (1 — do,1) : f'(s) =
0}| =0. Then, (1.6) admits at least one non-trivial stable steady state for all d,b > 0.

Theorem 1.7 Suppose that (A), (Al), (A3) hold and g < 0. In addition, assume that
1'(0) = 0, condition (1.7) holds and either (1.8) or (1.10) is satisfied. Then for d,b both
small, (1.6) admits at least two non-trivial steady states — one is stable and the other is
unstable. Moreover, u = 0 is globally stable for d + b large.

Theorem 1.8 Suppose that (A), (A1), (A3) hold and g > 0. The following statements hold.

(1) Assume that f'(1) = 0, condition (1.8) holds and either (1.7) or (1.9) is imposed.
Then for d,b both small, (1.6) admits at least two non-trivial steady states — one is
stable and the other is unstable. Moreover, u = 1 is globally stable for d + b large.

(ii) Assume that f'(1) < O and either (1.7) or (1.9) holds, then for 0 < b < b* and
0 < d < D(b), there exists a non-trivial stable steady state of (1.6). Moreover, u = 1
is globally stable for d + b large.

In summary, we wish to reiterate our earlier remark that the non-local partial panmixia
seems to have similar qualitative effects as the local random diffusion. It would be
interesting to estimate how quantitatively this non-local term affects this model. To be
more specific, a natural question is whether the introduction of non-local partial panmixia
is advantageous to the existence of non-trivial steady states.

This paper is organized as follows. Section 2 is devoted to the study of various properties
of the general non-local problem (1.5), which will be needed in proving our main results.
In Section 3, we focus on the genetic model (1.6). We will establish Theorems 1.1, 1.2 in
Sections 3.1 and 3.2 respectively, Theorems 1.3—1.5 are proved in Section 3.3. Finally, in
Section 3.4, short proofs of Theorems 1.6—1.8 will be included.

2 General results

In this section, we mainly consider the general non-local problem (1.5) and for simplicity
denote Au = d%V - (pVVu).

2.1 Local existence and uniqueness

We first deal with local existence, uniqueness, as well as continuous dependence on initial
data, of solutions to problem (1.5).

Theorem 2.1 Suppose that (A) and (A2) hold and uy € L*°(Q). Then, the problem (1.5)
has a unique solution u € C***4%2(Q x (0, T]) for T > 0 small. Moreover, for ug, vy €
L>(Q) and 1 < p < oo, we have

lu(-, T 5 u0) — v(-, T500)||r < Clluo — vol| 12,

where C depends on p, T and Q only.
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Proof For convenience, the following notations are prepared. First, for 1 < p < oo, let
X = LP(R2) and define, for u € X,

1/p
ully = lull = ( / |M|”pdx) |
Q

D(A)={uec W*(Q):v-VVu=0ondQ}.

Then, the domain of A is

Here,
W (Q) = {u e WXQ) | DPu e LP(Q) for all || <2},

is equipped with the norm

1/p

s = [ 3 100ulrp |

1Bl<2

where f = (f1,...,fn), fi =integer= 0, || = >_ f;. Next, let £(X) be the Banach algebra
of all bounded linear operators P : X — X, endowed with the norm

[Pllcaxy=" sup [ Pulx.

ueX, ||lullx=1
Given ug € L*°(Q), fix any T > 0 and set

R=4 sup |uolly, Mo= sup [le"!] zex)-
0<t<T 0<e<T

Also denote Y = {u € C((0,20]; X) : ||u(-,t)|lx <R, ¥Vt e (0,1]}, where ty € (0, T] will be
chosen properly, and

[ullciorrx) = sup [lu(-,s)|x.
0<S\0

Forv €Y, define

L)1) = e“ug + / E=9A£ (. v(-, 5), B(s))ds.

0

We claim that I' is a contraction mapping which maps Y into itself provided that ty is
sufficiently small.
Assume that vy,v; € Y. First, according to assumption (A2), there exists L = L(R) such
that
I1f(x,01,01) = f(X,02,02)||x < Loy — v2]|x- (2.1)

Then, we have

1T (1) = I ()l ¢0s0]:)

/ TIALL (01 (5),51(5)) — £ 0a(-,5).Ta(s))]ds
0

C((0.10]:X)

< toLMo [lv1 — UZHC (Ot0]:X) S ||Ul UZHC(((),ZO];X) > (2.2)
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if to < $(LMo)~". Thus, for v € Y, according to (2.2),

||F(U)||C((o,to];X)
< I ®) = T Ol coszx) + 1T Ol eomx)

B

1 " ims
< 5 Iolleqoumx + ||€uo+ /0 "4 (-,0,0)ds

C((0,10]:X)

1 1

provided that ¢, is sufficiently small.
Hence for ty small, I' has a unique fixed point in Y, ie., there exists u(-,t) € Y such
that

t
ety = o+ [ ATt o) 23)
0
Furthermore, by [13, Proposition 7.1.10], it follows that the problem (1.5) locally admits
a unique solution u(-,t) € W>P(Q), i.e., u satisfies (1.5) for 0 < t < ty and

u € C'((0,2]; X)) N C((0, 10]; D(A)) N C([0, 10]; X). (2.4)

Fix any 0 < 6 < ty and denote Q5 = Q x (9, t9]. Note that we already have obtained that
u € W;(Qs) for any p > 1. Thus, by choosing p properly such that o« = 2—(N+2)/p > 0,
we have u € C**/?(Q;). Then, from parabolic regularity and assumptions (A), (A2), it
follows that u € C***!*%/2(Q;). Since & > 0 is arbitrary, we have u € C***1+%/2(Q x (0,1])
for t > 0 small.

It remains to verify the continuous dependence on initial data. Due to (2.1) and (2.3),
it is standard to calculate that for 0 <t < ¢,

[Ju-t) — v, )| x t
< ||etA(u0 - UO)”X + /) He(lis)A [f("u("s)a 17!) - f(‘,U(',S),l_))] HX ds
<

Mol|(uo — vo)|lx + MoLtllu — vllcio.i):x)-
This implies that when () < ﬁ,
[[u = vllcqomnx) < 2Moll(uo — vo)[x-
For any fixed T > 0, as long as the solutions remain bounded in X, this process can be
repeated finitely many times to achieve the desired conclusion.
Note that so far, we have assumed that X = LP(Q2) for any 1 < p < co. To show

llu(-,t;u0) — v(- t;00)|| L < Cllug — vol|oe,

one simply needs set X = L°°(Q2) and repeat the arguments above. We omit the details.

O
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2.2 Backward uniqueness

To study backward uniqueness of problem (1.5), we consider

up = Au+ f(x,u,n)  in Q x (0,t0],
(2.5)
v-VVu=0 on 02 x (0, to].
Theorem 2.2 Suppose that (A), (A2) hold and that u,(x) satisfies
Aulo + f(x5 Urgs ato) =0.
Let u(x,t) be a solution of (2.5) with u(x,to) = u;(x). Then, u(x,t) = u;,(x).
Proof Let v(x,t) = u(x,t) — us(x). It is easy to see that
vy = Av + b(x, t)0 + c(x, t)v in Q x (0,t],
v-VVv=0 on 0Q x (0, o],
v(x,t9) =0 in Q,
where
b(x, t) — f(x’ u, u_) B {(Xa u, ufo), c(x, t) — f(X, u, uto) - f(xa ufo»ufo).
u— uto u— u[o
Now introduce
A) = JoldVu - (VVv) + uz]pdx-
Jq v2pdx
Direct computation yields that
1, JoldVv - (V) + vv] pdx Jo vvipdx
—A'(t) = 3 — A(t 5
2 Jo v2pdx Jo v2pdx
Jo vi[Av — v + A(t)v] pdx
N Jo v2pdx
Jol[Av — v+ A(t)o +v — A(t)o + bd + cv][Av — v + A(t)v] pdx
B Jq v2pdx
Av — v + A(tw]?pd Av — v + A(t)]pd
=7fg[ v—v+ A(t)]p x+(A(t)71)va[ v — v+ A(t)v]pdx
Jo v2pdx Jo v2pdx
Jo [P 4 cv][Av — v + A(t)v] pdx
Jo v2pdx
. JolAv — v+ A(t)w]?pdx B Jo b0 + cv][Av — v + A(t)v] pdx
N Jo v2pdx Jo v2pdx
_ 2 =2 2
< 1 folAv — v+ A(t)o]* pdx 0 4 [, v*pdx < 5 (26)
2 Jo v2pdx Jo v2pdx 2
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Suppose that the conclusion does not hold. Let #; be the time such that ||v||;2 # O for
0 <t < ty, while ||v||;2 = 0 for #; <t < tp. Note that this must be the case due to the
existence and uniqueness result in Theorem 2.1.

Now for 0 < t < t1, by (2.6), we have

liln 1 _ Joovipdx [, v[Av +bD + cv]pdx
2dt - [yv2pdx [, vlpdx Jo v2pdx
bv d
— A(t) — Jo oo + b0 + cvlpdx < A(0)+Ki+ Ko <K,

Jo v2pdx

where K; = A(0) + Kt; + K. Hence,

1 1 {
2\ -1 <K .
2 (l’l fg U2(~,t1)pdx n fQ Uz(',O)pdx> 11 < o0

However, the choice of t; implies that

1
T P ——
Jo v2(, t1)pdx

This is a contradiction. O

2.3 Comparison principle

Next, we present the comparison principle for the non-local problem (1.5).

Theorem 2.3 In the problem (1.5), suppose that assumptions (A) and (A2) hold, f; = 0
and uy, vy € L*°(Q) satisfy ug < vy and uy = vy, then u(x,t;ug) < v(x,t;v9) whenever t > 0
and solutions u(x, t;ug), v(x,t;v9) both exist.

Proof Setting w(x,t) = u(x,t) — v(x,t), we have
w; = Aw + b(x, t)w + c(x, t)w in Q x (0, T),
v-VVw=0 on 0Q x (0, T), (2.7)
w(x,0) = up(x) — vo(x) in Q.

Here, we have assumed that solutions u(x, t;ug), v(x,t;v9) both exist in (0, T], T > 0, and

f(x,u, @) — f(x,u,D) >0, c(xt) = f(x,u,0) — f(x,v,0)
i—7 oo u—v '

b(x,t) =

Assume that |c(x,t)] < K for (x,t) € Q x (0, T). Setting wg (x,t) = e Klw(x, 1), we have
(wk): = Awg + b(x, t)wg + T(x, t)wg in Q x (0,7T),
v-VVwg =0 on 0Q x (0, T), (2.8)

Wi (x,0) = tg(x) — vo(x) in @,
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where (x,t) = c(x,t) — K < 0. Since wg(0) < 0, there exists 6 > 0 small such that
wk () < 0 for 0 < t < 6. Therefore,

(wk ) = Awg + b(x, t)wg + T(x, t)wg < Awg + ¢(x, t)wg

in (x,) € Q x (0,).
Suppose that (x,t1) € Q x (0,5] satisfies

wk(x1,t1) = sup wg(x,t) = 0.
x€Q,0<t<d

Then, the maximum principle and Hopf boundary lemma together yield a contradiction.
Hence, wi(x,t) < 0in Q x (0,4].

Therefore, without loss of generality, we may assume that wg(x,0) = ug(x) — vo(x) < 0
in Q. Let t, denote the time when wg (x,t) < 0 for 0 <t < t, and there exists x, € Q such
that wg(x2,t2) = 0. Then since b(x,t) > 0, we have

(Wi ) = Awg + b(x, t)wg + C(x, hwg < Awg + E(x, H)wg

in (x,1) € Q@ x(0,t,]. A similar contradiction can be derived due to the maximum principle
and Hopf boundary lemma. Hence, wg(x,t) <0 for0 <t < T. O

Indeed, (1.5) might not enjoy comparison principles if the condition f; > 0 is not
satisfied. For the rest of this sub-section, we will demonstrate that how a counterexample
can be constructed if the condition f; > 0 is violated.

Example 2.1. Consider
uP .
u = Au —u+ — in Q x (0,T),
u4
u_y on 9Q x (0, T), (29)
ov
u(x,0) = up(x) = 0 in Q,

where Q@ = B1(0),0 <p—1<gandp > % Problem (2.9) can be viewed as a special case
for the shadow system of an activator—inhibitor model due to Gierer and Meinhardt [8,9],
and we refer interested readers to [7] for properties of general shadow systems.

Let u(x,t;up) denote the solution of (2.9). It is proved in [8,9] that blow-up solution
exists for proper choice of initial value ug(x) € C'(Q). However, choosing vy(x) = M, with
My = sup,cq uo(x), then u(x, t;v9) = V(t) which satisfies

V,=—V+VP 4 in(0,T),
V(0) = M.

The condition p — ¢ < 1 guarantees that u(x,t;v9) = V(t) remains finite for all time.
Hence, obviously, u(x,t;uy) < u(x,t;vy) fails for some t > 0, i.e., problem (2.9) does not
support comparison principles.

https://doi.org/10.1017/50956792515000601 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000601

Non-local effects 13

Moreover, according to the arguments in [8], if in addition, p > —*5, then for 0 < é < o,
there exists us(x) such that u(x,t;us) blows up at some finite time T5 and for 0 <t < T

1
@/ u(x, t;us)dx = ¢ + 0(5%),
Q

where the positive constant ¢ is independent of 0.
Now, a more interesting counter-example can be constructed as follows. Given any
e > 0, assume that k.(s) satisfies

e k.(s) is a C' continuous function in IR;
o k(s)=s"9fors € (c—e,c+e);

e k. is non-decreasing in (—oo,c — 2¢) U (¢ + 2¢, 00).

The existence of such functions is obvious. Then, consider the following system:

u, = Au — u + ke(a)u? in B{(0) x (0, T),

% =0 on 9B;(0) x (0, T), (2.10)
u(x,0) = uo(x) in B;(0).
This corresponds to the case that f = —u + k.(@#)u” and the condition f; > 0 is only

violated in (¢ — €, ¢ + €), where € can be arbitrarily small. However, we can always choose
0 = d(e) small enough and ug(x) = us such that for 0 <t < T

1
— / u(x, t;us)dx = ¢ + 0(6%) € (c — e,c + €).
2] Jo
Hence, with this initial value, the solution of problem (2.10) coincides with that of (2.9),

and based on the previous discussions, when 0 < p — 1 < g and p > .5, the solution of
(2.10) blows up at finite time and thus comparison principle fails.

2.4 w-limit set

In this section, we investigate properties of w-limit set of the solution u(x,t) to problem
(1.5). For clarity, let Y denote a Banach space, then the w-limit set of the solution u(x, t)
in Y is denoted by w[ug|Y] and defined as follows:

ol Y] = {z €Y |z= lim u(,t,) where lim t, = oo}.
n—oo n—oo

Before presenting the main result, we propose the following assumption:

(A4) There exist a constant y > 0 and a functional

Ju](t) = /Q Bqu -(VVu) — F(x,u, ﬁ)} pdx,
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such that if u(x,t) is a classical solution of problem (1.5), then

& a0 < — | wsopas.

Here comes the main result in this section.

Theorem 2.4 For problem (1.5 ), assume that (A), (A2) and (A4) are valid. If (1.5) admits
a global solution u(x,t) with

sup ||lu(-,t)||r < Co < 00,
t>0

for some p > N + 1, then the following statements hold.

(i) @luo|L>(R)] # 0.
(i) o[uo|L>(Q)] = w[uo|C*(Q)].
(iil) wlug|L>(RQ)] consists of only steady states of (1.5).

The following lemma collects some facts on the asymptotics of the heat semi-group
under no-flux boundary conditions, which will be useful in the proof of Theorem 2.4.

Lemma 2.1 Suppose that (A) holds. Let Ay denote the first non-zero eigenvalue of
1
—Ay = —dEV (pVVy) =y in Q,
v-VVyp =0 on 0Q.
Then, we have the following estimates.
(1) If 1 <q<p<oo, then for all w € L4(Q) with w = 0, we have
lewl]|L < Cy (1 + t_%(é_%)) e !|\w||La for all t > 0.
(1) If 1 <q<p< oo, then
Ve tw| < Cs (1 Fr G ) e M \wlp for all t >0

is true for all w € L1(Q).
(i) If 2 < p < oo, then

HVe‘AwHLp < C3€_Alt||VW||Lp fOV allt >0

holds for all w € WP(Q).

This lemma can be verified by applying similar arguments as in [24, Lemma 1.3] with
obvious modifications, since the key element of the proof, the point-wise estimates for
Green’s function of the problem u; = Au with no-flux boundary conditions, has already
been obtained in [14, Theorem 2.2]. We omit the details here.

https://doi.org/10.1017/50956792515000601 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000601

Non-local effects 15
The proof of Theorem 2.4 (i) is based on Lemma 2.1, while that of Theorem 2.4 (ii),

(iii) is standard. We include the details here for the convenience of readers.

Proof of Theorem 2.4 (i) Due to parabolic regularity, we assume, without loss of
generality, that uy € W'P(Q). Again, denote X = LP(Q). Recall that by (2.3), u(x,t)
satisfies

u(-,t) = e ug + / [ TIALC u(-, 5), u(s))ds.
0

From (A2) and Lemma 2.1, it follows that

t
||vu(at)||X < Hve[AuOHX +/ Hve(z_S)Af('au('as)a a(s))HXdS
0

t
< CullVullx +C [ (1 (=9 H) e M ISty at6) s
0

< Gsllugllwir + C2 ([If(,0,0)||x 4+ LCo)

where
Cz = C2/ (1 +(t — S)_%) e M9 s < 0.
0

This shows that |Ju(-,t)| w1, is uniformly bounded in ¢ and thus {u(-,t)| t > 0} is relatively
compact in L*°(Q). It follows that w[ug|L>°(2)] # 0.
Now we will prove (ii) and (iii) simultaneously. Assume that ¢ € w[uo|L>°()]. By
definition, there exists a sequence 0 < t; < t; < --- — oo such that
lim u(-,t,) =¢ in L*°.
n—oo
First, we claim that u(x,t, + t) is relatively compact in C((0,t,]; C*(Q)). Note that the
arguments in establishing (i) already indicate that for ¢, > 0, u(x,t, + t) is uniformly
bounded in L*(Q x (0,t,)), so is f(x,u(x,t, + t),u(t, + t)). Hence, by standard arguments
involving parabolic regularity estimates, u(x,t, + t) is relatively compact in

C**2(@ x [5,6.1) [ C(16,1.]; C1(Q))

for any given 6 € (0,t,]. This, together with (A2), yields that f(x,u(x,t, + t),u(t, 4 t)) is
bounded in C**/2(Q x [d,t,]). So it follows from global Schauder estimates [4, Theorem 6
in Chapter 3] that u(x, t,+1) is bounded in C***!+*/2(Q x [4,t,]), hence relatively compact
in C([6,t,]; C*(Q)). Therefore, the claim is valid since § is arbitrary.
Next, let h(x,t) denote the solution of problem (1.5) with initial value ¢, i.e.
hy = d%V (pV'Vh) + f(x,h,h) in Q x (0,t,),
v-VVh=0 on 0Q x (0,t,), (2.11)

h(x,0) = ¢(x) in Q.
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By Theorem 2.1, one sees that

sup ||u(-,ty +1t) — h(-,0)||po < C(t)||u(-5t0) — ()|lL= — 0 as n — oo.
0<t<t.

Together with the claim, we have, given any é € (0,¢,] and any compact set K C Q,

lim sup |ju(-,t, + ) — h(, t)Hcl(Q) =0 (2.12)

N—00 s<r<t,

and
lim sup |[u(-,t, +t) = h(-,t)| c2x) = 0. (2.13)

N—=00 §<t<ty,

On the other hand, according to (A4),

tatt
/ u?(x, 7)dxdt < % {Jul(ty + t.) — J[ul(ty + t)} .

t1+ts

Since u(-,t, +t,) is bounded in C'(Q), J[ul(t, +t.) remains bounded as n — oo. It follows

that
oo
/ / u,2(x, T)dxdt < oo,
ti+te JQ

which, together with (2.13), implies that for any ¢ € (0,t.) and any compact set K C @,

n—o0o

thtts
0= lim / 2(x, T)pdxdt

L
= lim / (x, ty + 7)pdxdr

n—oo

= lim/ /u[(x t, + 1)pdxdz
n—oo

= lim / / [Au(x, ty + 1) + f(x, u(x, ty + 1), 4(t, + 1))]* pdxde

= / / [Ah(x,7) + f(x, h(x,7), i(2))] pdxds.
1 K

Therefore,
Ah(x,t) + f(x, h(x,t),h(t)) =0 in Q x (0,t,)

and thus h(x,t) = 0 in Q x (0,t,). Moreover, since h(x,t) is a solution of problem (2.11)
with initial value ¢ € L°°(Q), similar to (2.4), one sees that

ima(, 1) = ¢(-) in L=(Q).

Thus, h(x,t) = ¢(x). This clearly implies that ¢(x) is a steady state of (1.5), hence (iii) is
proved. Furthermore, due to (2.12) and (2.13), we have

nlim uC-ty+t)=¢ in C(Q)[)CQ).

ie, ¢ € o[u|]CHQ) N C*(Q)]. (ii) follows immediately. O
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2.5 Further remarks

All the properties established in Section 2 so far can be easily extended to more general
non-local models

U = d%V (pVVu) + f(x,u,I(u)) in Q x(0,7T),
v-VVu=0 on 0Q x (0, T), (2.14)

u(x,0) = up(x) in Q,

where I(u) = fQ {(u)p(x)dx, with assumptions
(A2) f(x,u,&)is C*inx € Q, C'inuand &, and /(u) is C! in u.

For clarity, we state these properties for model (2.14).

Theorem 2.5 (Well posedness) Suppose that (A) and (A2)" hold and uy € L*°(Q). Then,
the problem (2.14) has a unique solution u € C***1%*/2(Q x (0,1]) with 0 < o < 1, for t > 0
small. Moreover, for ug, vy € L*°(Q),

llu(-, t;u0) —v(- t;00)|| L < Clluo — vo||Le,

where C depends on p, t and Q only.

Theorem 2.6 (Backward uniqueness) Suppose that (A), (A2) hold and u,(x) satisfies
1
d;V (pVVuy) + f(x, ug, I (ug,)) = 0.
Let u(x,t) be a solution of

1
U = d;V -(pVVu) + f(x,u,1(u)) in Q x (0, 1],
v-¥VVu=0 on 0Q x (0, to],

with u(x,to) = uy(x). Then u(x,t) = ug(x).

Theorem 2.7 (Comparison principle) In problem (2.14), suppose that (A) and (A2)" hold,
and either, f: = 0 and /'(u) = 0, or, f: < 0 and /'(u) < 0. Then for ug,v9 € L>(Q)
satisfying ug < v and ug =£ vg, we have u(x,t;uy) < v(x,t;vg) whenever t > 0 and solutions

u(x, t;ug), v(x,t;v9) both exist.

Theorem 2.8 (w-limit set) For problem (2.14), assume that (A), (A2) are valid and there
exist a constant y > 0 and a functional

Jul](t) = /Q Bqu -(VVu) — F(x,u,I(u))| pdx,
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such that for all classical solutions u(x,t) of problem (2.14), it holds that

0 < [ deopds
dt o
Then if (2.14) admits a global solution u(x,t) with

sup [[u(-, 1)L < Cp < 00,
t>0

we have the following statements:
(i) ool L=(2)] # 0.
(i) w[ug|L>(Q)] = w[ug|C'(Q) N CHQ)].
(iil) w[ug|L>°(RQ)] consists of steady states of (2.14).

The proofs of these theorems are the same as before — with obvious modifications, thus
the details are omitted.

3 An integro-PDE model
3.1 Existence of non-trivial steady states

To prove Theorem 1.1, following the basic idea in [19] we look for a global minimizer of
the following variational functional on H'(Q):

Ju] = / {dw -(VVu) + éu2 — éaz — g(x)F(u)| pdx, (3.1)
o2 2 2

where F(u) = O“f(s)ds with f(u) > 0 for u € (0,1) and f(u) = O outside the interval
(0,1). In proving the existence of a convergent minimizing sequence, a main step is to
construct first a bounded minimizing sequence {uy}32, in H'(Q). In the case without partial
panmixia, i.e. b = 0, in [19], this step can be achieved rather quickly as we can always
assume that 0 < u, < 1, since the non-linearity f(u) has been modified to be 0 outside
the interval (0,1). However, when b > 0, the assumption 0 < u, < 1 can no longer be
imposed directly and more care is needed in deriving this desired property.

Proof of Theorem 1.1 First, observe that, since F(u) is bounded,
B =inf{J[u] : uec H(Q)} > —oo.

We claim that when g = 0, neither u = 0 nor u = 1 is a global minimizer for any d,b > 0.
Obyviously, J[0] = 0 and J[1] = 0. Now, choose ¢ € H'(Q) such that fQ g¢ppdx > 0 and
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fix 0 < ¢ < 1. We compute
Jc + €@]
d b b -
B / [262V¢> (YY) + 5(c+e¢)’ = S(c+ed)’ —g(F(c+e)| pdx
Q

— e [f(e) | sripax + O(e)} <0

for e small.

Next, we claim that for g % 0, neither u = 0 nor u = 1 is a global minimizer for d,b > 0
small.

It is clear that J[0] = 0 and

I = = [ g (hpdx = l |, searmpass [ g(x)F(l)pdx] ,
where @, = {x € Q| g(x) > 0}, Q_ = {x € Q| g(x) < 0}. For convenience, denote

01 :/Q g(x)F(1)pdx >0 and 0, = —/ g(x)F(1)pdx > 0.

Now for d,b > 0 small, we need find @i € H'(Q) such that
J[i]) < min{J[0], J[1]} = min{0,—5; + &}.

Notice that — [, g(X)F(x{g(x)>0})pdx = — fQ+ g(x)F(1)pdx = —J;, hence there exists & €
H'(Q) such that

_/ g(x)F(ii)pdx < min {—521 5 + 522} .
Q

Moreover, there exists € > 0 small enough such that for d,b < €

d_ . . b, b, . [
/Q[ZVu~(VVu)+2u 2u}pdx<mm{2,2}.

Therefore, J[#1] < min{J[0],J[1]} = min{0, —d; + J,}, and our assertion is proved.
To proceed, we assume the following holds:

B =inf{J[u] : uc H'(Q)} < min{J[0],J[1]}.

Let {ux};2, be a minimizing sequence, ie., J[ux] decreases to f. If {ux}:2, is bounded in
H'(Q), then, by passing to subsequence if necessary,

ug, — u weakly in HY(Q) and uy; — u strongly in LY(Q),

it follows that
/ Vu - (VVu)pdx < likm inf/ Vuy; - (VVuy,)pdx
Q iz Jo

and u;, — u ae. in Q. By Lebesgue dominated convergence theorem, we obtain that
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J[u] < p. Therefore, u is a global minimizer of J[u] which is different from 0 and 1, and
the existence of non-trivial steady state of (1.6) would then be established if 0 < u < 1.

We now come to the new, key part of this proof. We will show that there exists a
minimizing sequence, still denoted by {ux}2,, such that 0 < wy < 1 for all k = 1. Then,
from the definition of J[u], it is a bounded minimizing sequence in H'(Q), and, therefore
the global minimizer u obtained from this minimizing sequence has the desired property that
O0<u<l

Again, we assume that J[u;] < min{J[0], J[1]} for k > 1. Note that under this assump-
tion, we always have

HxeQ|0<u <1} #0.

As an intermediate step, we show that there exists a minimizing sequence, still denoted by
{u}p2,, such that 0 < @ < 1 for all k > 1. First, if |{x € Q | ux < 0}| # 0 for some k > 1,
then simply replace u; by

0 if u(x) <O,

i
KS
Il

ur(x) if ug(x) = 0.

We now show that J[fix] < J[ug].
According to the definition of J[u], we only need demonstrate that

/ (i} — i})pdx < / (u} — @})pdx. (3.2)
Q Q

Denote QX = {x € Q :u(x) > 0}, Q% = {x € @ : ux(x) < 0}. Then, one has
[t~ ahypx— [ @~ o
Q Q
2 2
=/ ulpdx — (/ ukpdx—i—/ ukpdx> + </ ukpdx>
ok ot ok at
2
=/ ufpdx— (/ ukpdx> —2/
ak ok at
2
> / uipdx — (/ ukpdx> = / u,%pdx — / u,%pdx/ pdx = 0.
Qk ok Qk Qk Qk

Thus, (3.2) holds and J[i] < J[u,] follows. Now we obtain a new minimizing sequence,
still denoted by {uy}p2, satisfying uy > 0.

Now, if 0 < u < 1 for all k > 1, then we are done. Otherwise, if [{x € Q | u, > 1}| #0
for some k > 1, define

ugpdx / ugpdx
ok

uj, up < 1,
Ukx =
1 u, > 1.
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To show that J[uy.] < J[ux], it suffices to verify that
[t~ atpdx < [ - atypx. (33)
Q Q

Similarly, set By = {x € Q : ux(x) > 1} and nx(x) = ux(x) — 1 > 0 for x € By. Direct
computation yields that

[ = atpas [ . pax
Q Q

- / (2 — . )pdx — (i — 7R
Q

2
=/ n,fpdx+2-/ nrpdx — la,%— (ﬁk —/ nkpdx) ]
By By By
2
:/ nipdx +2(1 _ak)/ Nkpdx + </ nkpdx>
By By By
2
=/ n,fpdx—FZ/(l —uk)pdx/ nkpdx + </ nkpdx>
By Q By By
2
— [ tpx2 [ - wpdx [ mpdx ( / ﬂdex) -0,
Bk Q\Bk Bk Bk

Hence, (3.3) follows and we obtain a non-trivial global minimizer.
Finally, it is standard to show the existence of a stable non-trivial global minimizer and
the details will be included in Appendix A for completeness. O

3.2 Non-existence of non-trivial steady states

In this sub-section, we will demonstrate the non-existence of non-trivial steady states of
problem (1.6) provided that d +b is large. Similar to [19, Theorem 1.2], it seems natural to
assume that the conclusion of Theorem 1.2 does not hold and then derive a contradiction
by limiting arguments. However, due to the presence of the non-local term, not only the
case that d — 0 but also the case that b — oo requires extra care and one difficulty in
handling the latter case is the lack of elliptic regularity.

Proof of Theorem 1.2 We assume that under conditions in (i), (ii) and (iii) respectively,
there exist sequences {di };2; and {b;};2, with

lim (@ + by) = oo

such that for d = d; and b = by, problem (1.6) admits a non-trivial steady state, denoted
by ui(x), i.e., ux(x) satisfies

d1V~ [pVVul + bt — u) + g(x)f(u) =0 in Q,
P (3.4)

v-VVu=0 on 00,
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with d = d; and b = by. First of all, multiplying the first equation in (3.4) by uxp and
integrating it over Q, we get

[ T (V) + bt =) pa = [ ) < €

This implies that u; — ¢ a.e. as k — oo, where ¢ € [0, 1] is a constant.

Now we treat the three cases (i), (ii), and (iii) separately.

(i) First, assume that 0 < ¢ < 1. Multiplying the first equation in (3.4) by p and
integrating it, we have fgg )f (ug)pdx = 0, which yields that g = 0 by letting k — oo.
This is a contradiction.

Secondly, assume that ¢ = 0. Since limy_, o (dy + bx) = oo, we will consider the following
two cases separately:

Case 1. limy_, o, by = 00;
Case 2. there exists B > 0 such that by < B and limy_, o, dy = 00.

In Case 1, set vy = uy /uy. Then, v, satisfies

S (ui)

1 .
dk;V ~(pVVur) + bi(1 — i) + g(x) U= 0 in Q,
k

(3.5)
v-VVu, =0 on 0Q.

We claim that there exists K > 0 such that for k > K, 0 < v, <2 in Q.
Let v (zx) = maxg vi(x). Then at x = z;, we have

fuk(zk))
u(zx)
which implies that by(vx(zx) — 1) < cup(zx) for some constant ¢ > 0. This gives that

(br — c)vk(zr) < by. Hence, since limy_, o, by = oo, the assertion follows.
From (3.5), we easily obtain that

be(1 — vr(zx)) + g(zx) vk(zk) = 0,

[ @70 r9u + b — 17 = [ g0
Q Q Uy

vipdx < C

Thus one sees that, by passing to a subsequence if necessary, limy_ .., vy = 1 a.e. in Q.
Multiplying (3.5) by p(x)(iix)¥1+! and integrating it directly, we have

/ (x)f(k o pdx = 0.

Again by letting k — oo, assumption (1.7) and Lebesgue dominated convergence theorem
yield that g = 0 since limy_ o, ux = 0 and limy_.,, vy = 1 a.e. in Q. This is a contradiction.
In Case 2, set wi(x) = ug(x)/||uk||Le. Then, wy satisfies

S oV V) + buly = ) + g0 T

Wi = 0 in Q,
(3.6)

v-VVw, =0 on 0Q.

https://doi.org/10.1017/50956792515000601 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000601

Non-local effects 23

By assumption (A1) and elliptic regularity, we have [[w||c2«g) is uniformly bounded and
thus there exist w € C*(Q), and a subsequence of {wi}2,, still denoted by {wy}72,, such
that wy, — w in C%*(Q). Hence, clearly w satisfies

%V'(,DVVW) =0 in Q,
v-VVw=0 on 0Q2,
(Wl = 1.

This implies that w = 1 in Q. Then similarly, multiplying the first equation in (3.6) by
p(x)(||ux||r=)~¥1*! and integrating it, we obtain that

/ngc)f W) () pax = 0,

(ug )l
which, due to assumption (1.7), implies that g = 0 by letting k — oo. This is a contradiction.
Finally, assume that ¢ = 1. Set @iy, = 1 — u,, then, based on assumption (1.8), a

contradiction can be derived in a similar fashion as in the case ¢ = 0 by studying the
problem satisfied by i, and this completes the proof of (i).

(i) According to assumptions in (ii), it is easy to see that the cases 0 < ¢ < 1 and
¢ = 1 can be handled by applying the same approaches in the proof of (i) to derive
contradictions.

It remains to deduce a contradiction provided that ¢ = 0. Similar to the proof of (i),
the following two cases will be considered:

Case 1. limy_, o, by = o00;
Case 2. there exists B > 0 such that b, < B and limy_,,, d; = oo.

In Case 1, first notice that we only have uy — 0 a.e. as k — oo. Then, it implies that
iy — 0 as k — co. Moreover, same as the arguments in Case I in the proof of (i), we can
derive that there exists K > 0 such that for k > K, 0 < ux < 2@, in Q. Hence, it follows
that there exists K; > 0 such that

HukHLoo < ¢ for k > K;. (37)

For k > K, dividing the equation (3.4) for u; by f(ux)/p and integrating, we have

J,

which is equivalent to

Vug - (VVuy) , br(e —u) bt — uy)
d, 2k A VKD _
/g { T Rwy W T @

%v (pVVuy) by (i — ug)
7 ) S )

k + g(x)] pdx =0,

]pdx—i-g:O.

This implies that

S () e
dy /Q fz(uk)vuk ~(VVuy)pdx + by , m(uk —u)’pdx +g =0,
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where & € (0,8p). This implies that g < 0 since f/(s) = 0 in (0,Jy). This contradicts the
assumption that g > 0.

In Case 2, since b < B and limy_,o di = oo, by elliptic regularity, we have {ux}2, is
bounded in C>*(Q) for some 0 < o < 1. Moreover, observe that uy — 0 a.e. as k — oo,
thus it is routine to derive that ||uk||.~ — 0 as k — oco. Then following the arguments in
Case 1, a contradiction can be derived.

(iii) Set @y = 1 — ux and consider the problem satisfied by fi;,. The proof in (ii) can be
applied to yield a contradiction. This completes the proof. O

3.3 Local stability of u =0 and u =1

This section is devoted to the proofs of Theorems 1.3—1.5, which are about the stabil-
ity /instability properties of model (1.6) at u = 0 and u = 1. For clarity, we point out that
in this section, conditions (A), (A1) and (A3) are always assumed.

The proofs of Theorem 1.3 (i) and (ii) are divided into the following two lemmas. We
first make use of an energy functional to show that under the assumption g > 0, when
u = 0 is isolated, it must be unstable. Then in the second lemma, verify that the conditions
in Theorem 1.3 (i) and (ii) guarantee the isolation of u = 0 and thus Theorem 1.3 (i) and
(i1) are proved.

Lemma 3.1 Assume that g > 0 and u = 0 is an isolated equilibrium of (1.6), then u =0 is
unstable for all d >0, b > 0.

Proof As in (3.1), define

Ju] = / {qu -(VVu) + éu2 — éaz — g(x)F(u)| pdx,
o2 2 2
where F(u) = fo s)ds with f(u) > 0 for u € (0,1) and f(u) = 0 outside the interval
(0,1). Direct computation yields that %J[ 1(t) = fg w’pdx < 0, thus, J[u(-,t;up)] is
decreasing in t. Moreover, by Theorems 2.3 and 2.4, for any uy € K, the w-limit set w[ug]
is non-empty and consists of equilibria of (1.6). Since u = 0 is an isolated equilibrium of
(1.6), there exists # > 0 such that u = 0 is the only equilibrium in {u € K : ||lu||.~ < ¢},
where KC is defined in (1.11). Then, we will consider two cases separately.
Case 1: g > 0. For any 0 < 6 < 1, letting up = 6, we have

Jug]l = —F(6)g <0 =J[0].
This means that there exist a sequence {t;}£2; and us, € C*(Q) such that
u(-, b3 up) — Uoo € ®[up] in L,

where u., # 0 is an equilibrium. Thus ||ux|/L~ > 7/, which implies that for k large,
lu(-, tx;uo)|| Lo > £/2. Therefore, u = 0 is unstable.
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Case 2: g = 0. We may choose 0 < ¢ € C'(Q) such that fQ gppdx > 0. Let ug = c+ €9,
where ¢ € (0,1) and € > 0 is small. Then,

Juol = J[c + €9l

= / B&v(ﬁ (VV¢) + g(c +ed)’ — g(c +ed)’ — g(x)F(c + eg) | pdx
Q

— e [f(e) | stxipax +0(e)| <o

for € > O sufficiently small. Hence for any 0 < 6 < 1, we can find uy € K such that
|luo]| Lo < ¢ and w[up] does not contain 0. Then similar to Case I, it can be proved that
u = 0 is unstable.

In summary, if g > 0, then for any d,b > 0, u = 0 is unstable provided that it is an
isolated equilibrium. O

Thanks to Lemma 3.1, to prove (i) and (ii) of Theorem 1.3, it suffices to show that
u = 0 is an isolated equilibrium of (1.6) when the assumptions in (i) and (ii) of Theorem
1.3 are imposed. This is verified in the following lemma.

Lemma 3.2 For problem (1.6), u = 0 is an isolated equilibrium for all d,b > 0, if one of
the following statements is valid:

(a) g =0 and condition (1.9) holds with |{s € (0,d¢) : f'(s) =0} =0;
(b) 2 >0, and (1.7) holds;
(c) 2>0,and (1.9) holds.

Proof Suppose, for contradiction, that u = 0 is not an isolated equilibrium of (1.6) for
some d,b > 0. Then there exists a sequence of equilibria {u};2, with 0 < u < 1 and
limy oo ||tk ||L= = 0. We will discuss how to obtain contradictions under assumptions in
(a), (b) and (c) respectively.

First, assume that (a) is valid. Recall that u satisfies

le~(pVVu)+b(ﬁ—u)~|—g(x)f(u) =0 in Q,
p (3.8)

v-Vu=0 on 0Q,

where f(u) > 0 since 0 < u < 1. Dividing the equation by f(ux)/p and integrating it, we
have

Vu - (VVu) b(iy — u)* - _
/Q {d () fHue) + @) f'(&)| pdx+g =0, (39)

where &(x) € [min{uy(x), o}, max{uy(x),u}]. Since limy_ o ||ug]|L~ = O, there exists
K > 0 such that for k > K, ||ux||p~ < do, then a contradiction arises immediately from
the assumptions and (3.9).
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Next assume (b) holds. Dividing the equation (3.8) for u; by (u)*'/p and integrating

it, we get
Vi - (VVw) | () — ()t S (ug)
dk b — =0.
/ { 7Y N T T TR Tl Lo
This indicates that
[ 092 <0

Since limy .o |||/~ = 0 and (1.7) holds by letting k — oo, we have a;g < 0. This is a
contradiction.

At the end, assume that (c) is true. Since limy_, ||uk||L~ = 0, the left-hand side of (3.9)
is strictly positive for large k. This is impossible. O

We summarize that, as mentioned earlier, Theorem 1.3 (i) and (ii) follow immediately
from Lemmas 3.1 and 3.2. By considering the equation satisfied by 1 — u, Theorem 1.4
(1) and (ii) can be proved in the same way. Since similarly Theorem 1.4 (iii) is the dual
version of Theorem 1.3 (iii), we only demonstrate the proof of Theorem 1.3 (iii) as follows.
Degree theory is employed to handle Theorem 1.3 (iii). We argue by contradiction and
suppose that for problem (1.6) with some d = D, u = 0 is unstable. This, together with
Theorem 1.4 (i), implies the existence of non-trivial steady state with d = D. Then, note
that a steady state of (1.6) satisfies

—1
—H(d,u) =u— (—[l)V (pV'V)+ AI) [Z(a —u)+ %g(x)f(u) + Au| = 0.

The conditions in Theorem 1.3 (iii) ensure that non-trivial steady states of (1.6) are
uniformly bounded away from both u = 0 and u = 1 for d = D. Thus, the degree of
7 — H(d, ) is well defined for d > D in certain set of functions bounded away from u =0
and u = 1. On the one side, prove that the degree of Z — H(d,-) at 0 is 1 at d = D. On the
other side, Theorem 1.2 indicates that the degree of Z — H(d,-) at 0 is O for d large. This
contradicts to homotopy invariance.

Proof of Theorem 1.3 (iii) Now we focus on the case that g < 0. For clarity, the proof
will be divided into three steps.
Step 1. We claim that for any D > 0, there exists 01 = 6;(D) > 0 such that

(1) ming u = 9 for any non-trivial steady state of (1.6) with d = D if (1.7) holds.

(2) maxgu < 1 — 9y for any non-trivial steady state of (1.6) with d = D provided that
either (1.8) or (1.10) is imposed.

Suppose that (1) is not true, then there exist {uc}p2, and {di};2, satisfying
limg_ oo ming ux = 0 and d, = D, where u, is a steady state of (1.6) with d = dy,
1.e., uy satisfies

dk%v (Vi) + b — ) + g(Of W) =0 inQ,

v-VVu, =0 on 09Q.
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By elliptic regularity, there exist a subsequence of {uc}p2,, still denoted by {ux};2,,
uy € C*(Q) and Ay € [0,1/D] such that
1/d; — Jo and w — ug in C*(Q).

Hence, u satisfies

1 .
;V “(pV'Vug) + Zob(itg — uo) + Aog(x)f(ug) =0 in €,

v-VVuy=0 on 00,

and ming up = 0. Due to the Maximum principle, we have uy = 0, which tells us
ux — 0in C3(Q).
Next, consider the problem satisfied by @i = uk/||uk||L~ as follows:

1 -
dk;V (pV Vi) + b(f — i) + g(x)%ﬂk =0 in Q,
k

(3.10)
v-VViy =0 on 0Q.

We may assume that i, — iy in C*(Q) by passing to a subsequence if necessary, where iio
satisfies

1 -
;V : (vaﬁo) + ;Lob(ﬁo - 1710) =0 in Q,
v-VViipg=0 on 0Q2.

Here, f'(0) = 0 is used. This implies that #ip equals a constant. While maxg fip = 1, we
have iip = 1.
Now, back to (3.10), we easily obtain that

(AﬂmﬂW%mWMx=a

(u )l

which, by letting k — oo, immediately yields that g = 0 due to condition (1.7). A
contradiction arises and (1) is proved.

As for the proof of (2), suppose that (2) is not true, then there exist {ux }72, and {dx};2,
satisfying limy_,, maxg ux = 1 and dx > D, where uy is a steady state of (1.6) with d = d.
Similar to (1), we can show that u; — 1 in C?(Q) by passing to a subsequence if necessary.

First, assume that (1.8) is valid. Recall that u; satisfies

1 .
dy ;V (pVVur) + by, — we) + g(x)f(u) =0 in Q,
v-VVu, =0 on 0Q2.

Multiplying the equation for ux by p(x)(1 — ux)~* and integrating, we obtain

f(ug)
(1 — )k

(x)

/ [—dkkz Vi - (V) | bl — ) b(# — ue) pdx = 0,
Q

L—wett T (T—w)e  (1—m)
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which gives that

J

Vg - (VVuy) N b(ﬂk — ) [(1 = ) — (1 — )]
(1 “k)k2+1 (1 — w )k (1 — my )k

/ (x x=0.

This clearly shows that
f )
———pdx = 0.
/Qg(X)(1 e P

Then by letting k — oo, one easily sees that, according to condition (1.8), g = 0, which is
a contradiction.

Secondly, assume that (1.10) is satisfied. Dividing the equation of u; by f(ux)/p and
integrating by parts, we have

Vuy - (VVuy) (i — uy)? _
/Q [dkfz(uk) ) + b @) pdx g =0,

where &(x) € [min{u(x), @i }, max{u(x), @ }]. Note that u, — 1 in C*(Q), combined with
condition (1.10), we get g > 0, which is a contradiction.

Therefore, our assertion is established.
Step 2. For any d > 0, choose A4 = A(d) > 0 sufficiently large such that the mapping

—diks

pdx

Le()f )+ Au

ur—

(m—u)+

ISHES)

is increasing for all x € Q and u € [0, 1].

Let Z denote the identity map from C(Q) to C(Q) and (—%V : (pVV)—i—AI>_1 is
the inverse of the operator —fV (pVV) + AZ with no flux boundary condition. Define
H(d,u) : R x C(Q) — C(Q) by

-1
H(d,u) = (—;V -(pVV) + AI> [Z(a —u)+ %g(x)f(u) + Au} )

It is standard to check that H(d, ) is compact, strictly order-preserving and maps K into
itself, where K is defined in (1.11).
According to the claim in Step 1, there exists 0; = d1(D) > 0 such that

Si<u(x)<1—-46; in Q

for any non-trivial steady state of (1.6) with d > D. This demonstrates that for any d > D
'H(d, -) has no fixed points on 0l where

U ={ucC):e<ux)<1—e VxeQ},

provided that 0 < e < ¢.
Therefore, due to the homotopy invariance of Leray—Schauder degree, deg(Z —
‘H(d, -),U,0) is independent of d € [D, ], provided that 0 < e < d; = §;(D).
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Step 3. Suppose that for problem (1.6) with some d = D, u = 0 is unstable. Then, there
exists a minimal non-trivial solution of (3.4), denoted by u;. Since u = 0 is unstable from
above and there exists no further fixed point of H(d,-) between 0 and u;, we may get
strict lower solutions as close to u = 0 as we wish.

On the other hand, by Theorem 1.4 (ii), when g < 0, u = 1 is unstable from below.
Similarly, there exists a maximal non-trivial solution of (3.4) with d = D, denoted by u,
and we may get strict upper solutions as close to u = 1 as we wish.

Now, fix € = §;(D)/2 and choose a strict lower solution u; with 0 < u; < e and a strict
upper solution i, with 1 — e < #i; < 1. Then we have S D U,, where

S ={ucCQ):u <u(x)<in VxecQ}

It is routine to show that H(D,-) has no fixed points on 0S.
Next, take any ug € S and for (o,u) € [0,1] x S, define

ho,u) = (1 — o)ug + cH(D,u).

Thanks to the choice of S, it can be verified that for all ¢ € [0,1], h(o,-) has no fixed
points on 0S. We omit the details here. Then, again by the homotopy invariance of
Leray—Schauder degree, we see that

deg(Z — H(D,-),S,0) = deg(Z — uy,S,0) = 1.

Moreover, no fixed points of H(D, -) are allowed in the claim in S\ U, due to Step 1, thus
it follows that

deg(Z — H(D,-),U.,0) = 1. (3.11)

However, according to Theorem 1.2, if g <0
deg(Z — H(d,-),U,0) =0 (3.12)

when d > 0 large enough.
Therefore, based on the conclusion obtained in Step 2, (3.11) and (3.12) together give
rise to a contradiction. O

We remark that in Theorem 1.3 (i), the assumption |[{s € (0,d¢) : f'(s) =0} =0 in
addition to (1.9) cannot be removed due to the following example, which is constructed
based on [12, Example 2.4].

Example 3.1. Let Q = (—1,1). For cach k = 1,2,..., set a = ()" and define
Ck if k is odd,

f(5)|[0k+1,0k] =< fx if k is even,

0 if k = oo,

where, ¢, = % and fi is chosen properly as in [12, Example 2.4] to guarantee that f
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satisfies (A3) and (1.9). Then one can check that, for each odd positive integer k,

Ck
ug(x) = ag1 + =

5 <1x3+x+2>, -1<x<1

3 3

is a solution of

301,

Au+(ﬁ—u)+(2x—6x)f(u)=0 in (—1,1),

o<u<l1 in (—1,1), (3.13)

Moreover, it is routine to verify that

||u||o<;——L la ——L Ll k—>0asn—>oo
]
kllL o ket K 5

Therefore, u = 0 is not an isolated solution of (3.13) and u = 0 is stable from above.

For the rest of this section, we will focus on the proof of Theorem 1.5, which is mainly
based on linearized analysis. Compared with that of Theorem 1.4, the key difference is
that /(1) < 0 now.

A useful lemma will be prepared first.

Lemma 3.3 For the non-local eigenvalue problem

b(§ — ¢) + h(x)p = ¢ (3.14)

where h(x) € C(Q), 2 C RY, given any e > 0, there exists h. € CN(Q) such that ||h —
he||L= < € and the non-local eigenvalue problem

b(p — @) + he(x)p = uep (3.15)
admits a principal eigenvalue with strictly positive eigenfunction in C(Q).

This is a standard result for linear operator with non-local diffusion and the proof will
be included in Appendix B for the convenience of readers.

Proof of Theorem 1.5

(i) The linearized problem of (1.6) at u =1 is

d%v VY b — ) Fgf Dy =iy inQ,

v-VVyp =0 on 0Q,

(3.16)

and let Ao(d,b) denote the principle eigenvalue, which can be characterized as
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follows:

_dv . Vv — b — )2 ! 1 2 d
b= sup  JelZdVv VW) (v 7 + 809 yw?] pdx
0ApEH'! (@) Jo wpdx

. (3.17)

This shows that
Jo g()f'(1)pdx
Jo pdx

where the above strict inequality is due to the assumption that g is non-constant.
Hence, u = 1 is linearly unstable for any d,b > 0.

Jo(d,b) > = f'(hg =0,

(i) First, we claim that po(b), defined in (1.13), admits a unique positive root b*. By
Lemma 3.3, for any e > 0, there exists g. € CV(Q) such that ||g — g.||r~ < e, the
principal eigenvalue of

b(¢ —¢) + 2()f () = pedp inQ (3.18)
exists, denoted by p(b) and the corresponding normalized eigenfunction ¢, (x), i.e.
1/2 _
lbpenll2 = ( Jo qbg,bpdx) = 1, is strictly positive and continuous in Q.

Noting that

Jo [25(* = ) + g ()" (1)¢?] pdx
€ b) = ,
e?) s @n(o} Jo $?pdx

we see immediately that
f(Dge < pe(b) < mgX(f’(l)ge(X)) = f’(l)inn ge(x). (3.19)

Moreover, it follows from (3.18) that

¢E,b(x) = (i)f,lr

b — f'(1)ge(x) + pe(b)

Letting b — oo, one sees that ¢, — 1 in L> because of (3.19) and ||¢ep|;2 = 1. Next,
integrating (3.18) after multiplying it by p, we have

Jim pe(b) = f'(1)ge < 0.
Furthermore, it is routine to verify that
lim pc(b) = f'(1) min g¢(x) > 0.
b—0 Q

According to the definitions of po(b) and p.(b), it is obvious that |uo(h)—pu(b)| < —f'(1)e.
Since € is arbitrary, we have

lim go(h) = f'(1)ming(x) > 0, lim uo(b) = f'(1)g < 0.
b—0 Ie) b—o0
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Moreover, o(b) is continuous and strictly decreasing in b, thus there exists b* > 0 such
that

Ho(b) >0 for 0 < b < b*, pp(b*) =0 and po(b) < 0 for b > b*. (3.20)

The claim is proved. Then, due to (1.13) and (3.17), it is clear that uy(b) > Ao(d, b) for any
d > 0. Hence by (3.20), for d > 0, b > b*, u = 1 is linearly stable.
Secondly, let us designate d*. For the eigenvalue problem (1.14), we have

iYe. o
fod) = sup e [20Ve VY0) + 20 (N] pix,
0£pcH (Q) fg 2 pdx

Based on this characterization, it is routine to show that
lim #(d) = f'(l)Hgng(X) > 0.

On the other hand, similar to (3.19), we have, for all d > 0,
(g < /o) < f’(l)rrgng(Xl

then standard arguments show that for any small € > 0, we have /y(d) < f'(1)g + € for
all d large. Thus,

dlim to(d) = f'(1)g < 0.
—00
Also, one sees that 7y(d) is decreasing in d. Therefore, there exists d* > 0 such that

£o(d) > 0 for 0 < d < d*, /o(d*) = 0 and Zo(d) < O for d > d".

This immediately implies that for d > d*, b > 0, u = 1 is linearly stable since A¢(d, b) <
Zo(d) < 0.

Now, fix 0 < b < b*, since ug(h) > 0 and ¢.,(x) € CN(Q), it can be used as a test
function to show that when d is small enough, /¢(d,b) > 0. Then similar to previous
arguments, we obtain that there exists D = D(b) > 0 such that

Jo(d,b) > 0 for 0 < d < D(b), Jo(D(b),b) = 0 and Jo(d,b) < O for d > D(b).

Therefore, u = 1 is linearly unstable if 0 < d < D(b) and linearly stable if d > D(b). It
is also clear that D(0) = limy\ o D(b) = d*, D(b*) = lim~ - D(b) = 0 and D(b) is strictly
decreasing in b.

Finally, it remains to verify that D = D(b) is concave in [0, b*]. Notice that D(b) satisfies
Ao(D(b),b) = 0. Then for any 0 < by < by < b¥, it is easy to see that

3 D(by) 4+ D(by) b; + by
2 2

) < 3 UalD(b1).b) + 2oD(ba).b2)] = O

Thus, 2 “’”;D (ba) D(”‘erb2 ). The proof is complete. O

Remark 3.1 One mathematical difficulty in studying non-local diffusion is that linear oper-
ator like (1.12) may not have a principal eigenvalue with continuous eigenfunctions; e.g., [,
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which is defined in (1.13), may not be attained by a continuous function. We refer interested
readers to [2,6,20,22] and references therein for more information on spectral theory for
non-local diffusion operators.

3.4 Some consequences

In this section, we provide the proofs of Theorems 1.6—1.8, which contain the consequences
of Theorems 1.1-1.5.

Proof of Theorem 1.6 In this theorem, g = 0. Notice that according to the assumptions,
both u = 0 and u = 1 are unstable according to the stability analysis in Theorem 1.3 (i)
and Theorem 1.4 (i). Hence, (1.6) admits at least one non-trivial stable steady state for all
d,b>0. O

Proof of Theorem 1.7 The key assumptions here are g < 0 and f’(0) = 0. The stability
analysis in Theorems 1.3 (iii) and 1.4 (ii) shows that for any d,b > 0, u = 0 is stable while
u = 1 is unstable. Together with the results established in Theorems 1.1 (ii) and 1.2 (iii),
the conclusion follows. O

Proof of Theorem 1.8

(i) Assume that g > 0 and f’(1) = 0. Indeed, this is the dual version of Theorem 1.7.
Thus, it can be proved similarly.

(ii) Assume that g > 0 and f’(1) < 0. By the stability analysis in Theorem 1.3 (ii) and
Theorem 1.5, u = 0 is always unstable while for any 0 < b < b* and 0 < d < D(b),
u = 1 is linearly unstable. This yields the existence of non-trivial stable steady state
of problem (1.6) provided that 0 < b < b* and 0 < d < D(b). Moreover, note that
the condition f/(1) < 0 implies condition (1.8) and for either d or b large enough,
u = 1 is linearly stable. Thus by Theorem 1.2 (i) and (ii), u = 1 is globally stable if
either d or b is large enough.

O

4 Concluding remarks

No progress on the complete dominance case in the model describing the evolution of
genes under the joint action of selection and migration had been made until 2010. Partial
panmixia, an additional action which is important in taking into account the action of
long-distance migration, has been proposed by T. Nagylaki. Mathematically, this poses
a challenging problem involving non-local effects in partial differential equations. In this
paper, developing theories to handle the dynamics of non-local equations, we have made
substantial progress on this important model in genetics; namely, we have obtained
existence, non-existence, and stability properties of steady states. Moreover, the methods
we have developed here will be useful for other related problems as well. We plan to
pursue the interesting and significant issues — qualitative as well as quantitative properties
of solutions affected by non-local terms, and the uniqueness of non-trivial steady states
(which seems to be a very difficult problem) in a future paper.
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Appendix A Existence of stable global minimizer

In this appendix, we include the following standard arguments for the existence of a stable
global minimizer to complete the proof of Theorem 1.1. More precisely, we will show that
if

min{J[u] : u € H(2)} < min{J[0],J[1]},

then there exists at least one stable global minimizer solution, where J[-] is defined in
(3.1). Suppose that all the global minimizers are unstable. W.l.o.g., assume that vy is a
global minimizer which is unstable from above. For clarity, the arguments leading to a
contradiction will be divided into two steps.
Step 1. We will show that there exists a minimal steady state of (1.6) above vy, denoted by
vy, which is a global minimizer stable from below and satisfies vy < vy < 1.

For 0 <v <1, set

Xtwy={w:1=2w=v, w#0v}, X 0)={w: 0<w<uv, w#v},
S = {u: uis a steady state of (1.6)}, ST(v) =S N XF(v).

Then, define ¥ (x) = infses+() 3(x), x € Q. Note that S*(vg) # () since it contains v = 1.
Hence, ¥ is well defined.

Given any e > 0 and finite number of points x1,...,x; € Q, there exist vy,...,vx € S*(vo)
such that

P(xi) <vilxi) S ¥P(xi)+e i=1...k
which gives that

P(x) <0 Ao A~ Av)(x) K P(x)+e i=1,... k.

It follows that ¥ is an accumulation point of S™(vg) in the topology of point-wise
convergence of Q. Furthermore, note that S*(vy) is bounded below by vy and above by
v = 1. Thus, ST (vp) is relatively compact in C'(Q)NC?(Q) due to the elliptic regularity. This
implies that ¥ is also an accumulation point of S*(vg) in the topology of C'(Q) N C?*(Q).
Hence, ¥ € S*(vo) U {vo}-

Now to show ¥ € S*(vg), it suffices to show that vy is isolated from ST (vy) in the
L norm. Recall that vy is unstable from above if there exists €y > 0 such that for any
& > 0 small enough, there exists p € C(Q) which satisfies vy < p <vg+J < 1in Q and
u(xo, to; P) = vo(x0) + €o for some x¢ € Q, top > 0. This indicates that

{weC@): |w—uvollLe < e} NS*(vg) = 0.
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Therefore, there exists a minimal steady state above vy, denoted by v;. By maximum
principle, it is easy to see that v; > vy in Q. Thus, ¥ = v;.
Next, let us investigate the properties of v1. For any € > 0, choose v € X (vg) N X~ (vy)
and close to vy such that
Jv] < J[1], J[v] < J[vo] + €.

Then, either w[v] = {vo} or w[v] = {v1}. The assumption that vy is unstable from above
implies that w[v] = {v;}. Thus,

Jvi] < Jv] < J[1], J[v1] < J[v] < J[vo] + €.

It follows that v; < 1 and v is also a global minimizer since € is arbitrary. Moreover, it is
standard to show that for v € X+(vg) N X~ (v1), u(-,t;v) converges to vy in C(Q) N C*(Q).
Hence, v; is stable from below.

Step 2. Define

So={vo <u<1: uis a global minimizer stable from below.}

Clearly, Step 1 tells us Sy # () since v; € Sp. The partial order “<” is defined as

wv €S, u<v if u(x) <ov(x) in Q.

By Zorn’s Lemma, there exists a maximal well-ordered subset of Sy, denoted by W. Two
cases will be handled respectively.

Case 1. Assume that W has a greatest element w. Since w € Sp, then w must be unstable
from above. By repeating the arguments in Step 1, one obtains a minimal steady state
above w, denoted by W, such that W € Sy. Hence, W U{Ww} is a greater well-ordered subset
of Sy than W. This is a contradiction.

Case 2. Assume that W has no greatest element. Define W = sup, oy, u(x), then W ¢ W.
We claim that W € Sy. For this purpose, it is enough to find a sequence

Uy Sy <--- <y <---in S

such that uy — W in C3(Q). Let {x; € Q : | € N} be a dense subset of Q. For every I,
there exists a sequence {uf(l)}kzl in W such that ug)(xl) increases to w(x;) as k — oo.
Note that W is well ordered, so we set

Uy = max{u;(l) D I<I<k}
Then, s <up <--- <uy <--- and u, € W. It is also clear that
lim e (x) = lim u(x;) = w(x;) and  lim u(x;) < W(x)).
k—o0 k—o00 k—o00

Hence,

klirgo ug(x1) = W(x). (A1)

Furthermore, {u;} C Sy yields that {u;} is bounded in C>*(Q). Hence, by passing to a
subsequence if necessary, we have u; — ¢ in C*(Q) for some ¢ € C*(Q).
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We claim that ¢ = Ww. Assume that this is not true, then on the one hand, there exists
Xo € Q such that

P(x0) < W(xg) — € for some e > 0.
Since ¢ € C*(Q), there exists a neighbourhood O; of xo such that

P(x) < W(xg) —e forall x € Oy. (A2)
On the other hand, there exists uy € W such that
up(xo) > W(xo) — e,
and similarly, there exists a neighbourhood O, of xy such that
ug(x) > Ww(xg) — e for all x € O,. (A3)
Then due to (A1), (A2) and (A 3), one sees that for any x; € O; N O,,
W(xo) — € <uplxy) < Wlx) = M ug(x1) = d(xi) < wlxo) —e.

This is impossible and thus ¢ = Ww.

Moreover, according to the choice of ¢, it follows immediately that ¢ = W is a global
minimizer stable from below. Hence, w € Sy and W U {W} is a greater well-ordered subset
of Sy than W. This gives the desired contradiction.

Therefore, there exists a stable global minimizer. The proof is complete.

Appendix B Proof of Lemma 3.3

Instead of (3.14), we will study the more general non-local eigenvalue problem

L = d/Q k(x = y)p(y)p(y)dy + h(x)p(x) = po(x), (B1)

with the following assumptions imposed:
(B) h(x) € C(Q), k(x) € C(RN), k(x) = k(—x) =0, k(0) > 0 and [y k(x)dx = 1.

The following result, which immediately yields Lemma 3.3 with h(x) = g(x) —b,d = b/«
and k(x) suitably chosen, will be established.

Proposition B.1 Assume that (B) is valid. Given any € > 0, there exists h. € CN(Q) such
that ||h — h.||L~ and the non-local eigenvalue problem

d/g k(x = y)p(y)p(y)dy + he(x)$p(x) = ud(x)
admits a principal eigenvalue with strictly positive eigenfunction in C(Q).

Before proving this proposition, we will present some properties related to the eigen-
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values of problem (B 1), and in particular, provide a criterion in determining the existence
of principal eigenvalue of (B 1) with strictly positive eigenfunction in C(Q).
Denote

o= sup (Lo}, where (g.1) = / S ()p(x)dx,
[[pll;2=1 Q

and for o > maxg h(x), p € L*(Q), define

_d [y k(x — y)p(y)p(y)dy
o o — h(x)

T,y

Lemma B.1 Assume that (B) holds, then 1y = maxg h(x).

Since h(x) € C(Q), this lemma can be verified easily by choosing a sequence of test
functions in L*(Q) which concentrate at the maximum point of h(x). We omit the details.

Lemma B.2 Assume that (B) holds, then the following statements are equivalent:

(1) po > maxg h(x);
(i1) There exists op > maxg h(x) such that the spectral radius r(T,,) = 1;

(ili) (B1) admits a principal eigenvalue with a strictly positive eigenfunction in C(Q).

Furthermore, 1y = o.

Proof Let X = C(Q) and XT = {u € X : u > 0}. First, for any « > maxg h(x), it is
easy to check that by Arzela—Ascoli Theorem, T, is a compact operator from X to X.
Moreover, since the interior of X+ is not empty and for 0 # u € X+, T,u > 0 in Q, by
Krein—Rutman Theorem, we have r(T,) > 0 and r(T,) is a simple eigenvalue of T, with
a strictly positive eigenfunction in X = C(Q).

Now, assume that (ii) holds. Let yo denote the strictly positive eigenfunction of T, in
C(Q), with o]l = 1, corresponding to the simple eigenvalue r(T,,) = 1, ie.,

d [, k(x — y)po(»)p(y)dy
oy — h(x)

= Yo,

which is equivalent to

Lyo=d /Q K(x — )wo()p()dy + h(x)p0 = Zovo.

This implies that uy = og. Thus, (i) is proved.

Next, we will demonstrate that yy = o), which automatically yields g is the corres-
ponding eigenfunction of (B 1) and thus (iii) follows.

Suppose that this is not true, i.e. gy > 0. Then, according to the definition of u,
there exists a sequence of functions ¢, satisfying ||¢p,||;2 = 1, (Ldn, d,) increases to o as
n — oo and ¢, — ¢, in L?. Without loss of generality, we may assume that ¢, > 0, and
thus ¢, = 0.
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Set v, = ¢, — ey, where € > 0 is arbitrary. Clearly,
<£lpm wn> < ,u0<1/)n7 U)n>-

Direct computations imply that

<£wm IPn> = <£¢n - €£1P0, ¢n - €w0> = <£¢n> ¢n> - 260!()<¢n, 1P0> + Ez“Oa

and

1o (Wns W) = o{Pn — €0, dn — €po) = pto (1 — 26(Pu, o) + €7) .

Thus, it follows that, as n — oo

—2€00{ oo, P0) + €700 < —2€p0{P oo, W0) + € Lo. (B2)

Obviously (¢oo, o) = 0. If (P, o) > 0, a contradiction arises in (B2) due to the fact
that o > o9 and € > 0 is arbitrary. Hence, (¢, wo) = 0, which yields that ¢, = 0 since
¢ =0 and g > 0 in Q. Then, using the condition that ¢, — ¢, = 0 in L, it is routine
to verify that

Ho nlingo<£¢ns Gn)

= lim {d / k(x = y)Pn(y)p(y)dy 4+ h(x)Pu(x)| Pu(x)p(x)dx
Q Q

n—0o0

lim / h(x)qﬁﬁ(x)p(x)dx < mgx h(x). (B3)
n—o0o Q

This is a contradiction since py > o > maxg h(x). Thus, we have established that (ii)
implies (iii) and py = o.

Now assume that (iii) holds. Let ¢ denote the strictly positive eigenfunction in C(Q)
corresponding to uy, i.e.,

Lo = d/Qk(x = ¥)$o(»)p(y)dy + h(x)do(x) = popo(x).

This is equivalent to

(0 — h(x))o = d /Q k(x — 7)oy

Clearly, the right-hand side is continuous and strictly positive in Q, therefore uy >
maxg h(x), i.e., (i) holds.

It remains to show that (i) implies (ii). Since po > maxg h(x), similar to the arguments
at the beginning of the proof, one sees that r(T,,) > 0 and r(T,,) is a simple eigenvalue of
T,, with strictly positive eigenfunction in C({2), denoted by (. We only need demonstrate
that r(T,,) = 1.
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Suppose that r(T,,) > 1. Based on the definition of T,, it is clear that there exists
& > uo such that r(T;) = 1. However, according to what we have proved, this yields that
& = po, which is impossible. Therefore, r(7T,,) < 1.

Now suppose that »(T,,) < 1 and a contradiction will be derived. The idea is again
similar as before.

According to the definition of g, there exists a sequence of functions q?ﬁ,, such that
||qASn||Lz =1, (L‘(i)n,a),,) approaches Lo as n — oo and ¢, — oo in L2 Without loss of
generality, we assume that ¢, = 0, doo = 0 and ||o||> = 1. Similarly, we set (P, = ¢, —etdo,
where € > 0 is arbitrary and it holds that

(LD, Bu) < po (P Pr)s
which can be rewritten as
(Ldn = €L, n — eipo) < o (1= 2e(u o) +¢2) (B4)
For the left-hand side of (B4), recall that ¢ satisfies

d Jo k(x = y)Po(y)p(y)dy _
to — h(x)

TM(J{/'\)O =
which is equivalent to
Lipo = d/ k(x = y)Do(»)p(y)dy + h(x)Po(x) = [1(Ty)tto + (1 — (T )(x)] Do
Q

Then direct computation yields that

lim { (£ — eLipo, dn — eo) — o (1= 26 o) + ) |

n—0o0

= lim {{£u.du) — 2e(Bu. L) + € (Lo, o) — o (1= 2e( o) + ) |

= 2e (ﬂ0<$ooa¢’0> - <a)om£¢)0>> +0(¢%)
= 26 (focs (1 = (T )ato — ()0 ) + O(e¥) > 0

for e > 0 small enough if &)OO % 0, since po > maxg h(x), r(T,,) < 1, ¢ is strictly positive
and ¢ is non-negative. This contradicts (B4). Therefore, oo = 0. Then similar to the
computation in (B 3), we have uy < maxgp h(x), which contradicts (i).

Therefore, r(T,,) = 1 and thus (ii) is established. The proof is complete. O

We also include a simple example to demonstrate that it is possible that uy = maxg h(x)
and o cannot even be achieved by functions in L?(Q). Assume that

e Q=(-11);

e p(x)=1/21in Q;

o k(x) = 1/ko for |x| < 2, k(x) = 0 for x| > 3, k(x) € C(R), [gk(x)dx =1, k(x) >0
where ko > 0 is chosen properly;

o d =k
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We claim that set h(x) = 2 — ¢|x|*/3, where ¢ > 3, then o = maxg h(x) = 2 and cannot be
achieved in L?. First, the non-local eigenvalue problem in (B 1) becomes

1 1
Lop=3 / PR)dx + (2 = efx[)$(x) = pg(x)
-1

and T, is defined as follows:

A w(xdx

= a2t

For any o« > maxg h(x) = 2, according to the proof of Lemma B.2, r(T,) is a simple
eigenvalue of T, with strictly positive eigenfunction, denoted by y,, in C(Q), i.e.,

o

1
P a0l
o—2+clx]?3 M(To) s

This implies that

r(T)—l/lldx
Y2 )= 24x P

Since r(T,) is decreasing in o, we have

1! 1 3
T,) < limr(Ty) = = ————dx=> <1,
2 )<a1\er( ) 2/_122+cx|2/3 YT

since ¢ = 3. Thanks to Lemmas B.1, B.2, one sees that yy = maxg h(x) = 2. Suppose that
Uo = 2 is achieved by 0 # ¢ € L?, then

1
Lo = % /_ 1 do(x)dx + (2 — ¢|x|*)po(x) = popo(x).

This gives that
o9 = bt [ gucoras
0 - C|X|2/3 2 o 0 >

which clearly is not in L?. The claim is verified.
Now we are ready to verify Proposition B.1.

Proof of Proposition B.1 Since h(x) € C(Q), there exists h. € CN(Q) such that ||h —
he|p= < €, he(x.) = maxph(x) = maxgh(x) for some x. € Q and all the partial
derivatives of h. at x. up to order N — 1 are 0. Then for

d o k(x — y)w(y)p(y)dy
o= hs(x) ’

Ta,e Y=

it is routine to show that

#(Tye) =400 and lim r(T,.)=0.

o\ maxg h(x) o—+00

Hence, there exists oy > maxgp h(x) such that r(T,,.) = 1. The desired conclusion now
follows from Lemma B.2 immediately. O
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