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Abstract

We model in a dynamic way an insider’s private information flow which is successively
augmented by a family of initial enlargement of filtrations. According to the a priori
available information, we propose several density hypotheses which are presented in
hierarchical order from the weakest to the strongest. We compare these hypotheses, in
particular, with Jacod’s one, and deduce conditional expectations under each of them
by providing consistent expressions with respect to the common reference filtration.
Finally, this framework is applied to a default model with insider information on the
default threshold and some numerical illustrations are performed.
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1. Introduction

Modelling information is a crucial subject in financial markets. The mathematical tool is
based on the theory of initial enlargement of a filtration by a random variable, which was
developed by the French school in the 1970s—80s by Jacod [17], [18], Jeulin [19], Jeulin and
Yor [21], amongst others ; see also [26, Chapter VI] for an introduction in English. This theory
received a new focus in the 1990s for its application in finance, notably for problems occurring
in insider modelling. When an insider is present, his/her information is often modelled by the
enlargement of the common information filtration by the insider’s private information and we
investigate problems such as the existence of arbitrage or the value of private information; see,
e.g. [2], [12], and [16]. Classically, in these papers the extra information L is revealed at the
initial time but does not evolve or become more accurate through time.

In this paper our aim is to generalize previous works and consider an insider who can adjust
his/her extra information with time. Let#;,i = 1, ..., n, be afamily of discrete times and Libe
random variables modelling the extra information available at time ¢;. The insider’s information,
which is modelled by the filtration G', is given by the successive initial enlargement at time
t; by the random variable L. In [1] and [12], Jacod’s hypothesis, or the so-called density
hypothesis, which assumes the equivalence between the conditional law of L with respect
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to the common reference filtration and the law of L, plays an important role. It implies, in
particular, the existence of an equivalent martingale measure and, thus, no free lunch with
vanishing risk (NFLVR). Moreover, following Follmer and Imkeller [10], in [12] an equivalent
martingale measure was constructed under which the reference filtration is independent of
the random variable L. Our methodology consists of generalizing these properties in the
framework of successive initial enlargement. We propose several density hypotheses in a
hierarchical order. We show that if a density hypothesis is supposed at each step between the
conditional law of L! with respect to the previous information and the conditional law of L'
with respect to previous information at time ¢#;, we obtain families of probability measures with
favourable properties. Indeed, under this successive density hypothesis, we construct a family
of probabilities Pl i=1,...,n, which decouple, at time #;, the random variable L' and 9[1.
However, this first family obtained by a natural induction does not preserve at time ¢; the law
of the next random variables L, i < k < n. To overcome this inconvenience, we propose a
second family of probability measures Q', i = 1, ..., n, constructed by a backward change of
probability measure. Then we focus on the conditional expectation with successive information.
The use of the family Q' allows us to obtain an evaluation formula in terms of F-conditional
expectations, where [F is the common reference information. Our approach, although less
general than the local method solution approach introduced by Song [27], [28], nevertheless
provides tractable formulae, in particular, for the computation of conditional expectation, which
are useful for financial applications. From this successive density hypothesis, we derive, in
addition, stronger formulations where the a priori available information concerns the nontrivial
or trivial initial o -algebra, which are more similar to the classical density hypothesis of Jacod
in the initial enlargement framework. Moreover, another point of view is to consider a global
initial enlargement of the reference filtration I by the random vector L = (L!, ..., L") and a
density hypothesis between the conditional law of L and the law of L. We investigate the link
between the global approach and the successive approach.

The application in finance generalizes the default model in [14] to a dynamic setting. The
default time is supposed to be the first time where the value of the firm reaches arandom threshold
chosen by the manager of the firm and adjusted dynamically. In literature, another ‘dynamic’
enlargement of filtrations was introduced by Corcuera et al. [8], where the private information
is affected by an independent noise process vanishing as the revelation time approaches. The
authors of [22] and [23] studied progressive filtration expansions with cadlag processes. Bilina
Falafala and Protter proposed in [6] a related model in which the market filtration [ is initially
enlarged at an F-stopping time. Assuming Jacod’s absolute continuity hypothesis is satisfied on
the whole time interval [0, T'], they examined conditions for no arbitrage and free lunches on
[0, T'] and they compared the market trader’s and insider’s risk in a Follmer—Schweizer sense;
see [11]. With Jacod’s absolute continuity hypothesis instead of the equivalent hypothesis,
NFLVR may hold only locally and not globally. In this paper we propose an alternative approach
in that we do not assume Jacod’s hypothesis (neither absolute continuity nor the equivalent
density) on the whole interval [0, T'] but only on the interval [#;, T] starting at the disclosure
time #; of the updated information L;. Besides, our successive density hypothesis on [¢;, T'],
i =1,...,n, implies a NFLVR setting for the insider. To compare the survival probability for
different information, we introduce the standard information available to an investor in credit
risk, given by the progressive enlargement, which was studied in, e.g. [4], [5], [20], and [24].
Using our successive enlargement framework, we obtain explicit formulations for the survival
probability of the insider and compare the results with those of standard investors by numerical
illustrations. Finally, we note a strain of related literature dealing with initial enlargement
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and the information drift, such as applying Malliavin’s calculus [15], [16], or using forward
anticipative calculus [3], which provide other perspectives to study the insider information.

The paper is organized as follows. We present the model framework in Section 2. In Section 3
we introduce the successive density hypothesis and propose two constructions of auxiliary
probability measures to compute conditional expectations. Then in Section 4 we consider
several particular cases of the successive density framework and make comparisons. Finally,
in Section 5 we apply this insider information framework to a default model and perform some
numerical illustrations.

2. Model framework

Let (€2, 4, IP) be a probability space equipped with a reference filtration F = (F7)o<;<T
which satisfies the usual conditions and represents the common information flow on financial
markets, where 7T is a finite-time horizon. The insider has knowledge of extra information
which is revealed dynamically with time. Let {z;, i = 1, ..., n} be a family of discrete times.
The insider’s information is described by a family of random variables {Li, i=1,...,n},
where L is A-measurable and takes values in a Polish space E whose Borel o-algebra is
denoted by &. The insider gets the information on L at time 7, so the total information flow
of the insider is described by the filtration Gl = (9,}) >0, where

gl.=gFvoyv...vao(h, €[t tis1). (2.1

We can interpret this information flow in two different but equivalent ways by using the
theory of enlargement of filtrations. On the one hand, for any ¢ € [0, T'], define the extra
information process as

n
L= L'l 4,0 (2.2)
i=1

then we have g} = F, Vv o(Lg, s <t). The filtration G! is the progressive enlargement of the
filtration ¥ by the information process L. On the other hand, let us define a family of filtrations
G' = (§})soforalli =1, ..., n, where

gi:=FvolLHv.--val), tel0,T] (23)
By definition, we have 9} = 9; for ¢ € [#,ti4+1) and 9,5 = i_l v o (L), where we set by
convention 9,? = ¥;. Each filtration G' is the initial enlargement of the filtration G'~! by the
random variable L'. We thus obtain an increasing family of successive initial enlargement of

filtrations.
We denote by L the n-dimensional random vector (Ll, ..., L™, Foranyi = 1,...,n,
let L® := (L', ..., L"). Similarly, we use the expression x to denote a vector (x', ..., x")

in E", andlet x® := (x', ..., x%). For any t € [0, T'], the o-algebra 9; is generated by #; and
o (L®). Therefore, any G'-adapted process can be written in the form (Y, (L), 0 <t < T),
where Y; () is F ® &% -measurable; see [19].

In the classical framework of initial information modelling, the insider obtains the extra
information at the initial time + = 0 and keeps it until the final time 7. In our setting this
corresponds to the case where n = 1 and 9,} = 9,} forallt € [0, T].

In the enlargement of filtration theory, the conditional laws of L’ with respect to different
filtrations play an important role. For a random variable X taking values in the Polish space E
and a sub-o-algebra B of A, we denote by P(X € - | 8) a regular version of the conditional
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probability law of X with respect to 8. By definition, it is a map from Q x 8B to [0, 1] such
that

e forany w € Q,P(X € - | B)(w) is a probability measure on (E, §);

e for any Borel set S in E, the function P(X € S | B) on Q2 is B-measurable, and is
P-almost surely (a.s.) equal to the B-conditional expectation EP[14(X) | B].

3. Successive density hypothesis

In order to study the dynamic properties of the filtration G!, we introduce the following
successive density hypothesis, which asserts that the terminal conditional law of L’ is equivalent
toits g;’;l -conditional law. This hypothesis provides a weaker and more flexible form compared
to the one for the initial enlargement of filtration in [1] and [12] (see also [18] for comparison)
which is widely adopted in the study of asymmetric information. In particular, it allows us to
take into account the insider’s information in a progressive manner at each time step.

Assumption 3.1. For any i € {1,...,n}, the g,ifl-conditional law of L is equivalent to
its %i*l—conditional law under the probability P, namely, there exists a positive g’;‘ ® &-
measurable function (x’Tl i1 (LY=D .y such that

P(L edx | g5 =af TNV, P! € dx | §i7Y). (3.1)

Remark 3.1. (i) In the above assumption, we actually consider the density (x'TI '_I(L(i -Dy
as an (Fr @ €% 1) ® &-measurable function alrl'_l(., )) evaluated at LG~D. Note that
such a representation need not be unique. More precisely, there may exist another (F7 ®
£®—1) ® &-measurable function &lTl =1(., ) such that BZZT‘ 1(x@=D, x)is notidentically equal
t0 o @D x) for ¢V, x) € B but @, TN LD, x) = ol THLID, x). We refer
the reader to [25] for a general discussion on the stochastic process depending on a parameter.

(ii) In [1] and [12] it was assumed that the g,._l-conditional law of L' is equivalent to its
probability law for + € R,. The main difference here is that the conditional law P(L e
dx | 9271), with respect to which we consider the density of P(L! € dx | g’,';‘), is a random
measure instead of a deterministic probability law. Therefore, it is difficult to apply Jacod’s
method [18, Lemma 1.8] to prove the existence of a martingale version of the density process.
Our choice of working with the terminal time T allows us to overcome this difficulty. In fact,
Assumption 3.1 implies that, for any ¢ € [f;, T'], the gf‘l—conditional law of L' under P is
equivalent to the g,ﬁfl—cqnditional law of L'. Moreover, the g;*‘ ® &-measurable function
EF[af! "~ (LD, x) | §i7"] gives the density of P(L7 € dx | §i~") with respect to P(L/ €
dx | 9,’,1__1), which we denote as a; |l_l(L("_l), -). We refer the reader to Corollary 3.1 for
details.

(iii) Under Assumption 3.1, similar as in [ 1, Proposition 3.3], the filtration G' is right-continuous
on [t;, T1, and also is G on [0, T].

3.1. One step enlargement of filtration

The filtration G! can be considered as a step-by-step enlargement of F. Also, the successive
density hypothesis has an inductive nature. In this subsection we focus on one step of the
enlargement and develop tools which will be useful in the inductive study of G'.

Let (€2, 4, P) be a probability space and H = (#,,)uc[s, 7] be a filtration of 4, where ¢ is
a fixed real number such that 0 < ¢t < T. Let X be an +A-measurable random variable which
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takes value in a Polish space (E, &). We assume that there exists a positive #7r @ E-measurable
function g7 (-) such that

P(X edx | H71) = qr (x)P(X € dx | H;). (3.2)

Example 3.1. We give a simple but illustrative example which satisfies hypothesis (3.2) but not
the density hypothesis with respect to the probability law of X. Let Y7 and Y> be two independent
random variables which both follow the standard normal distribution. Let X = max(Y7, Y3).
We consider the filtration H = (#,),¢[;,7] Such that #, = o(¥7) forall u € [t, T]. Itis
clear that the Fr-conditional law of X has a density with respect to the #¢;-conditional law,
which equals the constant 1. However, it is not true that this conditional law is absolutely
continuous with respect to the probability law of X. In fact, if we denote respectively by &
and ¢ the probability distribution function and the probability density function of the standard
normal distribution, then the probability law of X has the probability density 2d¢. However,
the o (Y1)-conditional law of X is ®(Y1)dy, (du) + 1y, +oc) ¢ (1) du, which is not absolutely
continuous with respect to the Lebesgue measure. This is a typical situation which we cannot
handle within the classic framework of density hypothesis.

Remark 3.2. Condition (3.2) is invariant under a change of probability measure. Indeed, if P’
is an equivalent probability measure of P with dP’/dP = Q7 (X) on #7 V o (X), where Q7 (-)
is a positive #7 @ &-measurable function, then for any nonnegative Borel function f on E,

EFLf(X)Qr(X) | Hr] _ Jg () Q1 (x)qr (x)v; (dx)
EF[Q7(X) | #r] [& Q1 (X)qr (x)v; (dx)
where v, (dx) := P(X € dx | #;). Moreover, let Q,;(-) be a #; ® &-measurable function such

that Q;(X) = EP[Q7(X) | #; v o(X)], then Q;(X) is the Radon-Nikodym density d”’ /dP
on J V o (X), and, hence,

’

EX[£(X) | Hr] =

EF[f(X)Q:(X) | #] _ S F() Qi (x)v,(dx)
EP[Q/(X) | #] Jg Qi (x)vr(dx)

Therefore, (X € - | #r) is absolutely continuous with respect to (X € - | #;), and the
corresponding density is given by

EY[f(X) | #] =

0r()  [p Q) (dx)
0:() [p QT (N)gr (x)ve(dx)”

Note that, if X and #r are P-conditionally independent given #;, then we can choose Q;(-)
to be

(3.3)

g7 () =qr()

0:() :=EF[Q7 () | H#1.

In [18], Jacod has proposed a density hypothesis without a (strict) positivity assumption
on the density. With the above notation, the 7-condition law of the random variable X is
absolutely continuous (but not necessarily equivalent) to the probability law of X. We can
also consider the analogue of this hypothesis in relaxing the positivity condition of the density
function. This weakened condition is still invariant under the change of (equivalent) probability
measures, and (3.3) still holds. In fact, although g7 (-) is not necessarily positive, the integral
f £ Qr (x)qr (x)v;(dx), which appears in the denominator of the right-hand side of (3.3), is equal
to EP[Q7(X) | #r], which is positive a.s. However, the equivalent hypothesis is essential in
Proposition 3.4 in order to obtain the decoupling equivalent probability measure.
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Let G = ($u)uels, 7] denote the initial enlargement of H with X, i.e. §, = #, V o (X). By
using the conditional density, we can construct a probability measure equivalent to P under
which the random variable X and the filtration H are conditionally independent given #;.

Proposition 3.1. Under hypothesis (3.2), there exists an equivalent probability measure Q to
P such that

(i) Q coincides with P on H;
(i) X and H are conditionally independent under Q given H;;
(iii) X has the same conditional law, given #;, under P and Q.
Moreover, the probability measure Q is unique on §r and given by dQ/dP|g, = qr x)~ L

We emphasize that, although the result has a form similar as in [10] and [12], under our
hypothesis it is, in general, not possible to assume the independence between X and the filtration
H under an equivalent probability measure.

Proof of Proposition 3.1. By taking the expectation of a conditional expectation, we have

Ef[qr (X))~ = EF[EP[gr (X)~! | H1]] = EP[ /E QT(X)_IVT(dX)]

The hypothesis (3.2) thus leads to
E'lgr (0" = EP[ / w(x)‘lqr(x)vf(dx)} =1.
E

Let Q be the probability measure on (2, A) defined by dQ/dP = ¢7(X)~!. If fis a
nonnegative Borel function on E, Z7 a nonnegative Jf7-measurable random variable, and Y;
a nonnegative Jf;-measurable random variable, then a direct computation shows that

EQLf(X)Zr Y] = EF[f(X)qr (X) ™' Z7 Y]

=EP[ZTYI /E f(x)qr(x)‘lvT(dx)}

=EP[ZTYZ / f(x)vt(dx)}
E
= EF[EF[Z7 | #1Y,EF (£ (X) | #1. (3.4)

If we take Z7 to be the constant function 1, it follows that the conditional law of X under P
and Q, given #;, coincide. If we take f and Y; to be the constant function 1, it follows that P
and Q coincide on F7. Therefore, relation (3.4) implies that

ECLf(X0OZr | #1 =B f(X) | HIE(Zr | F],
namely o (X) and H are conditionally independent given #;.

For the uniqueness of the probability measure QQ on §r, it suffices to observe that, for any
positive §r-measurable random variable Y7 (X), we have

EQ[yr(X)] = E@[ fE EQYr(x) | #,]Q(X € dx | Jm}
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by using the conditional independence of H and o (X) given #;. Since the probability
measures P and Q coincide on H and the conditional probability laws of X given J¢; with
respect to [P and Q coincide, we obtain

EQ[Yr(X)] = EF /E EF[Yr(x) | #,]P(X € dx | Ja)}

=EF / Yr(oP(X e dx | ﬂt)i|
E

_EP f Yr()gr(x)"P(X € dx | Je’r)}
E

= EF[Y7 (X)gr (X)7'1.

Therefore, the Radon—Nikodym density of Q with respect to P on §7 should be g7 (X)~'. O

Corollary 3.1. For any u € [t, T), the #,-conditional law of X is equivalent to the F;-
conditional law of X under the probability P. Moreover, if g, () is a positive H, ® & -measurable
Sfunction on Q x E such that q,,(x) = EP[qT (x) | #,] P-a.s., then we have

P(X e dx | H) = qu(0)P(X € dx | H,).

In particular, the Radon—Nikodym derivative of the probability measure Q defined in Proposi-
tion 3.1 with respect to P is given by q, X)Lon g, foruelt, T

Proof. Let Q be the probability measure on A defined by dQ/dP = ¢7(X)~!. By Propo-
sition 3.1, for any u € [s, T'], we obtain

QX e | H)=QX e | H)=PX €| H). (3.5

Moreover, for any nonnegative Borel function f on E, we have

EQ[£(X)qr(X) | #,]
P(X edx | #,) =EP[F(X) | #,] = ) 3.6
/Ef(x)( € dx | #,) [f(X) | ] F0l07 (0 | ] (3.6)

Note that
ECLf(X)gr(X) | #,] =EY /E FO)qr()QX € dx | Hr) ’ %}
— EC /E FEOqr (o (dx) Jf}
= EC f f(x)vT(dx)‘ﬂu], (3.7)
LJE

where the second equality comes from (3.5) and we recall that v;(dx) = P(X € dx | #;). In
addition, we have, from (3.7),

ECLf (X)qr(X) | H] Z/Ef(X)]EQ[CIT(X) | Hulvi(dx) = /E Jf()qu(x)v(dx)  (3.8)

since Q and P coincide on H. In particular, when f is the constant function 1, (3.7) yields

EQgr(X) | #,]=1.
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Therefore, by (3.6) and (3.8), we obtain

/E FOBX € dx | 76,) = /E FEOq@PX € dx | #),

namely g, (-) is the density of v, (dx) with respect to v;(dx). U

3.2. Change of probability measures

We now come back to the successive enlargements under Assumption 3.1. In this subsection
and the next one, we introduce two different ways to construct equivalent probability measures,
which will play an important role in further applications.

We recall that forany x € Eand? € [1;, T], « ’ li= l(L(’ D . is defined as the conditional
expectation

o THLOD 0 =Bl T L 0 1 617
By Corollary 3.1, we have
P(Li e d i—1y _ ili—1 LG P(Li ed i—1
(L'edx | §, )=a  ( S OP(L" edx | §,

We now introduce a family of probability measures equivalent to P by using Proposition 3.1
in a recursive manner.

Definition 3.1. Let PV := PP, and, for any i € {1,...,n}, let P’ be the probability measure on
(2, #A) such that
dpi _ 1 (3.9)
d]P)i—l - O{;wli_l(L(i))‘ :
For any x® € E', let
1
(@) .
I/ft(xl) _H k‘k 1( (k)) tely, T]. (3.10)

We show in Proposition 3.2 below that the probability measures (IP’)” | are well defined
and the Radon—Nikodym density of P with respect to P is v/ (L)) on 9’

Proposmon 3.2. The probability measures (P! )i_, are well defined and equivalent to IP. For
anyi € {1,...,n},

(i) the probability measures P’ and P'~" coincide on =1 in particular, all probability
T
measures (]P")” | coincide with P on Fr;

(i) LD and Fr are conditionally independent given Fi, under Pi;

(iii) for any t € [t;, T1, the Radon—Nikodym density of P with respect to P~ is given by
- (L(l)')_1 on G; and, hence, the Radon—Nikodym density of ' with respect to P is

given by (LD)Y on gi.
Proof. We prove the proposition by induction on i. The case when i = 1 is true by
Proposition 3.1. Suppose that the equivalent probability measures P!, ... Pi~! are well

defined and verify the properties asserted by the proposition. Moreover, Assumption 3.1
holds for the probability measure P'~! by Remark 3.2. More precisely, the conditional
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law PI-I(LI € - | 9?1) is absolutely continuous with respect to Pi-I(Li e . | %;1), and
the corresponding density is

v (L0D)
EP[ys ' (LG-D) | gy~

JeEF Iy @D | g P e dx | gD

Lo TN LD, gl (LD P(L e dx | !

oL,

which is still equal to ociT‘ i_l(L(’_l), -) since
) = [l oy LR e dr | g
and
Ef gy (L) 1 g = f EFfyy (L) | g7 IP(L € dx | gi71).

We now show that (3.9) effectively defines a probability measure /. We have
BRI O) Ty ) g
EP[ys ' (LG-D) | i) '

i—1 ili—1 N .
]EIP [alTll (L(l)) 1 | g;, 1

Assumption (3.1) applied to L’ and G'~! leads to

Effoy T L)y @) | gi !
ZEP[w;—I(L(i]))/;aiTlil(L(il)7x)laiTIil(L(i1)7x)]P>(Li cdx| gl %'il]
=E° Ly @) | g7

Therefore, EP'~ 1[ =l y=1 g1~ "1 = 1 and, hence, P’ is well defined.

By Proposition 3 1, P and P! 001nc1de onG'~!. In particular, P and IP are the same on F7,
which implies the first assertion. By the induction hypothesis, L?~! and %7 are conditionally
independent given 5, , under the probability measure P ~1 which implies, since ¥;, , C ¥,
that LY~ and F7 are conditionally independent given %7, under P'~!, and also under P’
by (). It then suffices to verify that L' and F7 are conditionally 1ndependent given ¥, under
IP", to prove the second assertion. Note that Proposition 3.1 also shows that L and g7 are
conditionally independent given 9,, under the probability . Let f be a nonnegative Borel
function on E, and X is a nonnegative ¥7-measurable random variable. By the conditional
independence of L and F7 given §.~' under P, we obtain

EX (L)X | B =EX EV A | 96 TEV X 1 971 | 7

Moreover, smce X and LY~V are conditionally independent given ¥; under P, we have
EP [X | 9 ]_ EP [X | #]. Therefore, we obtain

EF [f(LYX | #1=EP[f(L)) | #1EF[X | 7,1

Finally, the last assertion of the proposition follows from (i) and Corollary 3.1. The proposition
is thus proved. ]
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Remark 3.3. This construction of successive changes of probability measures is natural and
uses only the knowledge of L) to construct P'. However, under the probability measure P,
the law of L%, k ¢ {i +1,...,n}, is not identical to the law of L* under PP~1. We will show
in the next subsection that " preserves the P-conditional probability law of L¥ given 9],‘;1.

Proposition 3.3. Let t,u € [t;,T], t < u, and X,(L?) be a nonnegative g,{t-measurable
random variable. We have
EF X, (x D)y x )71 | 7]

Yl @) X010

EF X, (LD) | gi1=

Proof. We use the change of the probability measure to P’ and obtain

EPX, (LD) | ] = EM X, (L) (L)~ | §i]
u 1= .

Yl (L)~
By Proposition 3.2, L") and #7 are conditionally independent given %; under the probability P!,
Therefore, A
. . EIP” X (i) i (4()\—1 F
EPLX, (L) | §i) = W) TR
lﬁz’ (x(t))—l xO=L®
Since P’ and P coincide on Fr, we obtain the desired result. O

3.3. Backward construction of probability measures

In order to have a family of probability measures under which the conditional law of
each L' remains unchanged, we propose the following construction, using a backward change
of probability measures. This method is also crucial in the evaluation of financial claims which
we will discuss later.

Definition 3.2. Let Q”“ = P, and, fori € {1,...,n}, let Qi be a probability measure on
(€2, A) such that

dQ 1
d (%1 e T (3.11)
Q ap T (L®)
Let
, " 1
o) = | oo
IQ aT‘ (x(k))
Then the Radon—Nikodym derivative of Q' with respect to P is given by
dQ’ ;
— = L). 3.12
i o7 (L) (3.12)

Note that <piT (L) is a §7.-measurable random variable.

Proposition 3.4. The equivalent probability measures (Q' )i_, are well defined and verify the
following properties for anyi € {1, ..., n}:

(i) QF coincides with P on giT‘l,-

(ii) foranyk € {i,...,n}, L* and ng_l are conditionally independent given 9’,‘;1 under Q' ;
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(iii) for any k € {1, ..., n}, L* has the same conditional law given gf,:] under all (Q f
and P.

Proof. We prove the proposition by a reverse induction on i. The assertion is clearly true
when i = n + 1. Assume that the probability measures QlH, R Q"“ have been constructed
and verify the assertions in the proposition. Since Q'*! is identical to IP on %', we have

QL edx | g7 = o THLID, QL e dx | gD, (3.13)

In particular, we have

EQ:‘+1|: _ 1 _L

ALI 0D ‘ o1 }

Therefore, the probability measure Q' equivalent to Q! given by (3.11) is well defined.

By (3.13) and Proposition 3.1, the probability measure Q' coincides with Q*!, and, there-
fore, with P on Q,T So assertlon (i) is proved, and, hence, forany k € {1, ...,i—1}, L¥ has the
same cond1t10nal law given 9, "under Q' and P. Moreover, L is conditionally independent
of gT given 9, ! under Q' and L' has the same conditional probability law given gt ! under
Q' and Q'*! (and, hence, under P also). Flnally, for ke{i+1,...,n},let h be anonnegative
Borel function on E, and Y be a nonnegative 9, I_measurable random variable, then

EY (LY ey HLD) | g4
EQH o TN @) -1 | g
JE@’“WLk) | g8 B [yal T D) | g
EQH [N L 0)=1 | g1y

EY [h(Lbyy | g1 =

since, by the induction hypothesis, L* and g’;‘l are conditionally independent given 95(‘1
under Q*!. Therefore,

EY [h(LhyY | §5 1 =EY @b | gh B 1y | ghL.

If we take Y = 1 then the g,fk_l-conditional law of L¥ under Q' coincides with that under Q' t!,
which proves assertion (iii). Moreover, this also shows that

EYT(LhY | 65 = EY (k) | g5 EQ Y | g5,

which gives assertion (ii) and completes the proof. ]

3.4. Conditional expectation with successive information

In this subsection we are interested in the computation of conditional expectations with the
insider’s successive information. The G'-conditional expectations may represent the dynamic
values of a financial claim viewed by the insider. The idea is to make connections with the
[F-conditional expectations which are easier to deal with in an explicit manner and the result
is given in a decomposed form with a regime change at each time #; when new information is
available. We still suppose that Assumption 3.1 holds for the information flow. In particular,
we assume that the insider has knowledge on the marginal conditional laws P(L! € dx | 9,2._1),
i €{l,...,n}. We will present the evaluation formula in terms of [F-conditional expectations.
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Let Y7 (L) be a nonnegative g![ -measurable random variable. Our purpose is to determine
the conditional expectation of Y7 (L) given the insider’s information g} att € [0, T]. Here we
work under the initial probability measure P. Note that the method is valid under an equivalent
probability measure since Assumption 3.1 is invariant under an equivalent probability change.
By definition (2.1) and (2.3), we have

EFLYr(L) | 911 = D Vs nOETYT(L) | §11 =D s, n OF ¥y (LD) | G4,
i=1 i=1

(3.14)

where ‘ _
Y (LYY :=E[Yr(L) | g, 1. (3.15)

It then suffices to determine Y7, | (LYY under Assumption 3.1. The result is obtained by using
a recursive pricing kernel and we use probability measures constructed in the two previous
subsections.

For any i € {1, ..., n}, let J; be the operator which sends a nonnegative or bounded giT-
measurable random variable X7 (L®) to the following integral:

f EF[X7 (LD, x| i IP(LT e dx' | g4, (3.16)
E

which is a g;’;l -measurable random variable. Note that, by Proposition 3.3, we have

EP[X7(xO)yi x=D)=1 | 7, ]
Yl (x=D)-1 x(=0=L 00

EF X7 (LD, x| i = (3.17)

In other words, the operator J; can be expressed in terms of an F-conditional expectation and
integral with respect to the g,ii_l-conditional law of L.

This operator can be better understood by using the probability measure Q' constructed in
Subsection 3.3. In fact, by Proposition 3.4, we have

P(L edx’ | §i~H) =Q'(L7 edx’ | §i~h),

and )
EP[XT(L(i_l),Xi) | gii—l] — ]EQI [XT(L(i_l)’xi) | 9’;1-_1]

since Q' and P coincide on 9,";1. Therefore, we can write (3.16) as
/ E X7 (LD, ) | giTNQ (L e dxl | i,
E

which implies, since L! and gg‘“ are conditionally independent given 9,;.71 under Q', that

JiXr(LD) =EY (X7 (L®) | g7, (3.18)

Therefore, J; is actually a conditional expectation operator. In particular, it is an R-linear
operator which verifies the following equality:

Ji(X7(LDYZ, (LY™D)) = 7, (LY D) 1, (X7 (L)) (3.19)

for any 9,2_1 -measurable random variable Z;, (L%~} such that the left-hand side of the above
formula is well defined.
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Lemma 3.1. Let X7 (L) be a bounded or nonnegative §'r-measurable random variable. We
have

i+1 i i .
EC" (X7 (L) 1§, 1= Jis1 00 u(Xp(DUF' L), i€(0,....,n), (3.20)
where the operator Ji41 o --- o Jy, is considered as the identity operator when i = n and

. oo
ULy == —,fﬁi - (3.21)
kﬂl LD

Proof. We prove the assertion by reverse induction on i. The case when i = n follows from
(3.18) since Uy (L) = 1. In the following, we assume that equality (3.20) is verified for i + 1
and we now prove it is the case for i.

By the induction hypothesis and the fact that

i+11i, gy (i+1)
. o, (L )
U}+1(l) [.l+2

—2_—_yit (L),
alT+1|z(L(l~+l)) (L)

we have
i+1]i (L(H'l))

: +1ry) — 7.2 (EQP o gt
Jigr 00 Ly (X7 (LU (L))_Jl+1(IE [XT(L)al+]l(L(l+l)) '9%])

= @Y X (L) | gt

1 +2
_ Qi+1
=EY" [Xr (L) | §i,,],
where the second equality comes from the probability change from Q'*2 to Q*!, and the last
equality follows from (3.18). ]

Theorem 3.1. Let Y7 (L) be a bounded or nonnegative g,lT-measurable random variable. For
anyt € [0, T], we have

. EP[Y,,, (xO)yyl (x@)~1 | F]
]E]P[YT(L) | 9’%] == Zl[ti,ti+1)(t) ti+1 tit1

adl . (322
im1 ¥i (x@)=1 $O=LO

where Yy, () is Fp, @ &® _measurable such that Yt+1(L(’)) = EP[yr(L) | 9,, l] More-
over, the sequence of random variables (Yy, (L(’)))" _ satisfies the following backward recur-
sive relation:

Jig1 (Y, (LEFDY @, (L))
Jig1 (D, (LUEHDY)

Yy (L) = . die{0,...,n—1}, (3.23)

with the terminal term Yy, | (L™) = Y (L) and the pricing kernel given by
@y, (L) 1= Jipp 00 (e 1T D) - (3.24)

with convention ®; = 1.
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Proof. By (3.14) and Proposition 3.3, we obtain equality (3.22). We now prove relation
(3.23) by computing the conditional expectation (3.15) under the change of probability measure
to Qit! as

i+l +1)y,,i+1 1
BT Y, (Lol (@)~ | gl

i+1 i+1
E@ [ (L) | G,

Y (LD) =EF[Y,,, (D) | gl 1=

’

where <p’+1 (L) is the Radon—Nikodym derivative of Q! with respect to P defined in (3.12).
By Lemma 3.1, we have

i+1 — [
E® (Y, (L)l @y~ | g ]
=Jisz10--0 Jy (¥, +2(L(‘+1))¢’+1(L)‘1U}“(L))
= ,~+1<Y,i+2<L<’+ M Jiza 0o (@ (L) T'URT (L)),
where the second equality comes from (3.19). Note that, by (3.21), we have

Upti ) _ i

-1
PR @) ap! L),

which implies that
i+1 _ . . .
EY 1Y (LD (D7 66,1 = Jit (Y (L) @y (L)),

In addition, Lemma 3.1 shows that

i+1 _ i ;
EY 1o @) 1 91,1 = Jist (P (L)),
which implies (3.23) and completes the proof. ]

Remark 3.4. Since we deal with processes of finite-time horizon, Theorem 3.1 can also be
viewed as a characterization of G!-martingales. In fact, a G!-adapted process can be written in
the form

n
Xo =Y My ®X L), 1e[0,T],
i=1
where, foreachi € {1,...,n}, X ,(i) ()isan F;®& ®_measurable random variable. Theorem 3.1
shows that the above process is an (G, P)-martingale if

X _ EP[X () }
i (x®) vl oy [T
where X;,,, (") is ,,, ® €% -measurable such that X,,, (L®) = EF[X7 | %H], which can

be calculated by (3.23). This condition can also be interpreted as below. Forany i € {1, ..., n}
and any x) € E', the process

@) (4. (D)
X, (x)
_—, t ti, t;
Vi x®) €[4, tiv1)
is an (IF, P)-martingale on [#;, t;11) which converges to X, , (x@y/ W;-H (x®) when ¢ tends

totig1.
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4. Several stronger density hypotheses

In this section we consider particular cases of our successive density framework by introduc-
ing several stronger density hypotheses than Assumption 3.1. We compare these hypotheses
and deduce concrete evaluation formulae in each case. For simplicity, we suppose that %y is
trivial.

4.1. Density hypothesis with different initial o -algebras

We begin by the case where we consider the conditional law of L' given the initial o-algebra
of the previous information filtration §§ ' = o (LU~D).

Assumptlon4 1. For any i € {1,...,n}, the g,T L_conditional law of L' is eqmvalent to
its Go '_conditional law under the probablllty P, namely there exists a positive g,T ® &-
measurable function /3’ li= (L(’ D2y such that

ili—1

P(L e dx | ¢ =B TN LD, 0P e dx | g5

Similarly to what we have explained in Remark 3.1, we can consider the condltlonal density
ﬂl li= 1(L(’ D) as a positive (Fr ® €®0—1) ® g-measurable function ,BT ( -) evaluated
at L(’ D, For any t € [0, T, let /3’ i- ]( ) be an (F; ® €% ~1) ® &-measurable function
such that . ' . ‘ '

Bl 0 = BRI T D 0 g7,

By Corollary 3.1,
P(L' edx | g7 = gD 0P e dx | g57Y). 4.1
Note that ,B(i)li_l(L(i_l), x) = las. forall x € E and

/ BTN P e dx | g = 1.
E

ili—1

In particular, if we define forall #; <t < T a function ¢, (x) on Q x E! whichis Fr ® &i-

measurable such that i1
l 11—
(x (’))

then the random vector L verifies Assumption 3.1 w1th the conditional density o ii=l (LE=D x)
and o) "N LD, x) = EF[o TN LD x) 1 g7, x € E.

Let us note that under Assumptlon 4.1 the filtration G/ is right-continuous on [0, T'], whereas
it is a priori right-continuous only on [t;, T'] under the weaker Assumption 3.1.

We now apply Theorem 3.1 to compute the conditional expectation under Assumption 4.2
where the recursive operators can be simplified in an explicit manner. As the result can also be
obtained in a more straightforward manner using a global approach (see Subsection 4.2), we
will give the proof by using the recursive approach in Appendix A.

ol xD) = 4.2)

Proposition 4.1. We suppose that Assumption 4.1 holds. Let Yr(L) be a nonnegative 47
measurable random variable. Then, fort € [0, T], we have

EF[Yr (x)Z%(x) | F]
Zi(x®) *O=L®
x P e dx™ L LT e dx | g,

LYy (L) | g1 = Zl[t, N0 /
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where the pricing kernel is defined as

Zix®) =] 877 e ®), 4.3)

k=1
We state the following key property of the pricing kernel.
Lemmad.1. Fori €{0,...,n—1}andt € [0, T],
P(LT e dx™, . LY edx" | §)
ZPLWD, X k)
Zi (L)

P(LT e dx™, ... L7 e dx" | §b) (4.4)
with convention Z? = 1. Moreover, we have
ZHLD) =/ Zn (LD X P e dy™ L L edx | g, (4.5)
En—i

Proof. Letl ,’ be the operator sending a nonnegative 9,; -measurable random variable ¥; (L®))
to

ELY,(LY) | ;7] Z/ YLD, 2N LD DB e dx | g5,
On the one hand, by the propertb;f of conditional expectation, we have
U oo I (L))
= E°[Y,(L) | §1]
= /En iY,(L(i),xi+1,_..,xn)]p(Li+1 edritl, . LM edx" | §i). 4.6)

On the other hand, by the definition of the operators I,i +l, ..., 1" and the fact that

Oz D X )

i+11]i L(i) xi+1 o..pnln—1 L(i) xiJrl oy :
gl o ) L,

’

it follows that
(I oo IM(Y,(L))
ZHLW, X X

= Y, (LD, Xt ——
/En_,» 2 ) ZI(L®)

x P(L" € dx" | g2~ Yy P(LIT! e dx't! | gd)
S
=/ Y,(L(i),xi+1,...,x")Z’n(L(l)’?Cﬁ TINL)
En—i Z;(L(l))
x P(LT e dxt!, L7 e dx” | §i).

Combining with equality (4.6), we deduce the first assertion (4.4) of the lemma, which leads
to (4.5) directly. O

Another hypothesis is the Jacod’s hypothesis in the successive initial enlargement of filtration
setting where the terminal conditional law of each L' given the previous information filtration
G~ is equivalent to its probability law.
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Assumption 4.2. Foranyi € {1,...,n}, the gT '_conditional law of L lS equivalent to its
condmonal law under the probabzllty P, namely there exists a positive 9T ® &-measurable
function pT (L(’ D) such that

P(L! e dx | g5 = pbl "N LD x)P(LT € dx).
Note that under the above assumption, for any ¢ € [0, T], the ¢!~ !_conditional law of L'
has the density p; "'~ (L0=D, x) := EP[pl! "~ (L¢=D, x) | §i~'] withrespectto P(L! € dx).

In particular, the family of (P, G'—1)- rnartlngales pili- I(L(’ D) has the initial value

- i—1
P(L € dx | §5

iliel,q (i=1) _
L LX) = - , € E. 4.7
ry x) P(L < dx) X 4.7
Moreover, if L satisfies Assumption 4.2, it also satisfies Assumption 4.1 with /3’ li= 1(L(i’1), x),
where, for all ¢,
ili=1,_()
. , X

Bl 0) = # 48)

l | (x(‘))

We give hereafter an example where Assumption 4.2 is satisfied and the density processes

p =1 are given explicitly.

Example 4.1. Let (W, W’) a two-dimensional Brownian motion and %; = U(WS’ s<t=<T).
Define the Brownian motion B = pW + (1 — p)W’ with p € [0, 1[ and let L' = B, be the
endpoint of B at each interval [#;, #;+1[. Then Assumption 4.2 is satisfied and

p;‘\i—l(L(i—l)’x)

i—-1 o ¢

G tig1 — 1, X) t<t,
¢(07 tl+15x)

_ o oW = W) P2 =0+ (L= Pl i) )
@0, 141, x) C -

i—1 — —

(L Wiy, — Wi, [ p) Uit1 = 1), x) tiy1 <t =T,

#(0,ti41, x)

where ¢ (i, 02, x) is the probability density function of the normal distribution N (u, o).
We note that p! '=1(LY=D | x) is a (P, G'~!)-martingale on [0,T].

We deduce from Proposition 4.1 the following result.

Proposition 4.2. We suppose that Assumption 4.2 holds. Let Yr (L) be a nonnegative §'r.-
measurable random variable. Then, fort € [0, T], we have

EF YT(x)Z" (x) | F1
Z}(x(l)) *O=LO

x P(L*! e dx'*thy ... P(L" € dx™),

LYy (L) | g1 = Zl[t, 0 /

k|k—1

where Z’ x®) = Hk | Pr (xR,
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Proof. We apply Proposition 4.1 under Assumption 4.2. By equality (4.8), we obtain

k|k—1
Zixy = Hﬁ 1 ®) = Z’(x(’))l_[ m
k=1 k=1 P (x'9)
Therefore, Proposition 4.1 leads to

EP[Yr(L) | §]

; EP Y zn 7
- Zl[’ia’iﬂ)(t)/E B [ T(f) T.(x) | F1
i=1

ZHx®) xO=L®

i+1 i+1 n n i
x 1_[ klk 1( ©) PL™ edx'™ ..., L" e dx" | o).
k= z+1

Finally, by (4.7), which implies the following relation:

P(LT e dx™, ... L" e dx" | §i)
n
— ( 1_[ pélk_l(x(k)))P(Li+l c dxi+1) .. P(Ln c d.xn),
k=i+1
we obtain the result of the proposition. ]
Remark 4.1. Similarly to Lemma 4.1, fori € {0,...,n — 1} and ¢ € [0, T], we have
P(LH e dx™! L L e dx" | §))
z" L®, L x" . :
@« D pLi+ e dxi*ly . PL" € da™, 4.9)
Z‘ (L(l>)

where 2? =1land
ZiLW) :/ ZMLD X P e da - P(LT e da™).

Due to the transitivity of the equivalence relation between probability measures, Assump-
tion 4.2 implies Assumption 4.1 which, in turn, implies Assumption 3.1. We now provide
several examples to compare these hypotheses.

Example 4.2. (i) Trivial examples (that lead to no enlargement of filtrations) show that the
reciprocal statements are false: e.g. L’ which is a determlnlstic function of LU~ satisfies
Assumpt1on 4.1 but not Assumption 4.2; L;, which is a 9, !_measurable random variable but
not G, !_measurable satisfies Assumption 3.1 and not Assumption 4.1.

(ii) More generally, Assumption 4.1 is satisfied but not Assumption 4.2 at step #; if and only if
the distribution of L’ is not equivalent to the conditional distribution of L’ given L¢~—1.

(iii) Here is another example, in the context of credit risk and default threshold, in which
Assumption 4.1 is satisfied and not Assumption 4.2. Let L’ take two values a or b, a < b.
At time #;, the manager has an anticipation of the firm’s value X7/, with 7’ > T and knows
if this value will be above or below the constant target ¢, X being an F-adapted process.
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If X7/44,, is above the target and the former threshold L' was low, then the manager keeps
fixing a low level for the threshold L *!, otherwise he/she will fix a high level for L*!, i.e.

i+1 _ ) .
L™ =alixy,, salpizg ¥00xp,,  <a x>0 Ywizp)-
In this example, the distribution of Lit! has two atoms a and b with positive probability, while
the distribution of L'*! given the event {L! = b} is a Dirac measure.

(iv) Similarly, here is an example in which Assumption 3.1 is satisfied but not Assumption 4.1.
If X7/44,, and the current value X, is above the target ¢, then the manager keeps fixing a
low level for the threshold Lit!, otherwise he/she fixes a high level for Litl je.

i+1
L™ =alix,,,  salix, = +bWx,,, <o+, >alix,, <a)-

In this example, the distribution of Li*! (given L®) has two atoms a and b with positive
probability, while the distribution of Litl given the event {X;,,, < c}, is a Dirac measure.

As in Proposition 3.4, we can introduce a family of probability measures which satisfy the
following properties.

Proposition 4.3. Under Assumption 4.1 (respectively, Assumption 4.2), there exists a family of
equivalent probability measures {Ql, i=1,...,n}such that

@) @i is identical to P on 9,";1;

(i) any L¥, k e {1,...,n)}, _hlas the same conditional law given g’g‘l (respectively, the same
probability law) under Q and IP;

(iii) under @i, the vector (L, ..., L") and 91;1 are conditionally independent given 9]57]
(respectively, independent).

Moreover, the Radon—Nikodym derivative is given by

a@|_pp 1 _zilad
dP |gn izkﬂlTll_l(L(i)) Z7(L)

(respectively, [1/_; 1/piT|i71(L(")) = 2];_1(L(k_1))/2$(L)).
4.2. Global enlargement of filtration

In this subsection, instead of assuming the density hypothesis in a successive way for the
family of enlarged filtrations, we consider the random variables L' ..., L" as a vector and
treat the Jacod’s hypothesis in the following way.

Assumption 4.3. The F-conditional law of L = (L', ..., L") is equivalent to its probability
law, i.e. there exists an F7 ® &"-measurable function pr () such that

P(L e dx | #) = pr(x)P(L € dx),

where dx = (dx!, ..., dx").

We denote by (p;(x), t € [0, T]) the density process of L given F, which is a (P, F)-
martingale for any x € E”. Define the filtration GL = (Q,L )tel0,7], Where 9IL =% vo(l)
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coincides with §7. Then L and IF are independent under the equivalent probability measure Pt

defined by
P 1
dP gL o pi(L)
We remark that L', ..., L" are not mutually independent under PZ. In particular, if L is

independent of 7 then p;(L) = 1.
We make precise the relationship between the global approach and the successive one.
In particular, we compare Assumption 4.3 with previous assumptions.

Proposition 4.4. (i) Assumption 4.3 is equivalent to Assumption 4.1. The conditional densities
are given by the following relations. On the one hand,

pre) =18 " @)

i=1

and, on the other hand,

gl -0 iy _ Jpms PTATD )P e d L L7 e i | )
T ’ Jgn—is1 pr(LE=D xI x)P(LF e dxt, ..., L" € dx" | %_1) .
(4.10)

(ii) The probability measure PL coincides with the probability measure Q constructed in
Proposition 4.3 under Assumption 4.1.

Proof. If Assumption 4.1 holds, let i = 0 in Lemma 4.1, we obtain
P(L edx | )= Z] (x)P(L € dx),
which implies Assumption 4.3 with
pi(x) = Z (x). 4.11)

Moreover, by Proposition 4.3, Pt = @1 , which is the second assertion of the proposition.
Conversely, supposing that Assumption 4.3 holds, and [F and L are independent under P~
thus, fori =1,...,n,

PLL e dx’ | Fr vo LDy =Pl edx’ | LOTD), P-a.s.

and we conclude, using the stability of Assumption 4.1 under an equivalent change of probability
measure (P~ is equivalent to PP), that

P(L e dx’ | §5 D(w) ~P(L  edx’ | §571).
Moreover, the Radon-Nikodym density dP/dP” on g'T is given by
. . L .
O (L) :=E" [pr(L) | ]

Z/En_. pr(LD, X xMPLIT e de™T L L e dx | G)
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since L and [F are independent under PL and PL coincides with P on o (L). Therefore, by
Remark 3.2, we obtain

' o i (LG-D i
P(Li e dx' | gy = Or( *)

' i | gi—l
= f Qi (L(ifl) xi)]}D(Li c dxi | 9}.7])]?([,’ e dx' | go
E¥9T ; 0

which leads to (4.10). O

Proposition 4.5. (i) Assumption 4.3 together with the condition P(L € dx) ~ [\, P(L! €
dx;) is equivalent to Assumption 4.2. The conditional densities are given by the following
relations. On the one hand,

in(x) n z|z l(x(’))
pro) =L =202 (4.12)
Zo(x) i—1 Do (x@)
and, on the other hand,
Pl iy — J (pr/OLE=D, X, xMP(LIT! e dxitl) ... P(L" € dx")
Sgn-i1 (pr /LD X xMP(LE € dxf) - - P(L" € dx™)

where ¢ (-) is the Radon—Nikodym density of [ |i_, P(L! e dx') with respect to P(L € dx).

(ii) Under Assumption 4.3 and assuming P(L € dx) = ¢(x)7'[[_ P(L € dx') with ¢(-)
being a positive function on E", the equivalent probability measure Q' defined by

dﬁ: " = ;T((Llj) (4.13)
T
satisfies
(a) I and the random variables LY, ..., L" are mutually independent under QL;
(b) the marginal law of each L, ..., L, under QL coincide with the one under IP.

(iii) The probability measure QL coincides with the probability @] defined in Proposition 4.3
under Assumption 4.2.

Proof. (i) and (ii) Under Assumption 4.2, by Remark 4.1 and taking i = 0 in (4.9), we have
P(Lex | Fr)=Zr@)PL" edx')---P(L" € dx")
and, in particular,
P(L € x) = Zi(x)P(L' e dx')---P(L" € dx"). (4.14)
Therefore, Assumption 4.3 is true with pr(x) = 2’; (x)/z(’)’ (x).

Conversely, we assume that Assumption 4.3 holds and the condition P(L € x) ~
[T, P(L € dx'), with

P(L € x)=¢(x)"! ]_[IP(L" € dx’).
i=l1
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Note that Assumption 4.3 implies the existence of a probability measure PL equivalent to P
such that L is independent of 7 under PL and that P coincides with P on #7 and on o (L).
Therefore,

n n
PH(L e dx) =P(L e dx) = ¢(x)"' [[P(L' e dx’) = ¢x) ' []PH (L' € dx),
i=1 i=1
which implies that

t@

EP [¢(L =/
[¢(L)] o 200

n
[[PAL edx’) =1
i=1

We introduce a new probability measure Q% on §% such that dQ% /dPL = ¢ (L), which is also
given by (4.13). We then check (a) and (b) in the second assertion.

e We first prove that L and F7 are independent under Q. Let f be a bounded Borel
function on E”" and X be a bounded ¥7-measurable random variable. We have

EQ [ £(L)X] =EF [¢(L) f(L)X] = BF [¢ (L) f(L)IEF" [X] = EQ" [ £ (L)]EF" [X],

where the second equality comes from the fact that L and 7 are independent under PL.
Taking f = 1 in the last expression leads to

EP [x] = B¢ [x],
therefore Q[ £(L)X] = EQ"[ £(L)JEQ"[X].

e Moreover, the random variables L!, ..., L" are independent under QL. Indeed, if
f1, ..., fu are bounded Borel functions on E then

EQ (ALY -+ fu (L] =BP [¢(L) fi(LY) - fu (L]
=/E @) i - fePE(L € dx)
=fE AGH - LD PR € dxh
i=1
- pL i
=[[E" 1H@H.
i=1
Besides, taking f; = 1forall j # i yields
EQ[£(L)] = BF [£,(L)] = EF[f(LY)].
Therefore,

n
ECLAWLY - fo@ = [TEY 1AL
i=1
e The previous two points yield

QL edx' | ¢4 = QML € dx).
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Moreover, the Radon-Nikodym density dP/dQ% on 9iT is given by
t| pr(L)
| 1]
¢(L)

=/ | p?(L(i),xi“, LXPEI e de P e dx).

By Remark 3.2, this implies Assumption 4.2 with
p TN )
ai (pr /)LD X xMPLT e dx' - P(LY € dx”)
_JE

Sgn-in1 (pr /LD X xMP(LE € dxf)-- - P(L" € dx™)

Therefore, assertions (i) and (ii) are proved.

675

(iii) Finally, to prove the third assertion, it suffices to verify that (]_[:':1 p[Tl i1 (LD~ equal

to ¢(L)/pr(L). This is a consequence of (4.12) since (4.14) leads to

(x) == = .
o Z"() l_!pé“ Hx®)

The proposition is thus proved.

O

Remark 4.2. In the particular case where the law of L admits a density with respect to the

Lebesgue measure on E", Assumptions 4.2 and 4.3 are equivalent.

Remark 4.3. The function ¢ can be expressed in terms of copulas: c(u!, ..., u") denotes the

density of the copula such that

ul u”
C(u‘,...,u")zF(F;l(u‘),...,F;‘(u"))=f / c!, ..., udu' - du”,
—00 —0o0o

where F1i, ..., F, are marginal distribution functions and F is the joint distribution function,

then
1

c(Fi(x1), ..., F(xm)’
4.3. Conditional expectation using the global approach

cxl L ) =

(4.15)

We now apply the global approach to calculate the conditional expectations with respect to
the insider’s filtration G', under the equivalent Assumptions 4.2 and 4.3. The idea is to use the

global change of probability measure PX, which will make the computation easier.

Proposition 4.6. We suppose that Assumption 4.3 holds. Let Yr(L) be a nonnegative .-

measurable random variable. Then, fort € [0, T,

EF[Yr(L) | §1]

n
= Z Lgi i) ()
i=

fEn JEF[Yr(o)pr(x) | FIPWH e dt! L L e dx” | L)

Jgn-i prOP(LIF e dxi+l, .. L e dxm | L®) cO_LO
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Proof. We use the change of probability measure to PX constructed in the global approach
of Subsection 4.2. By Bayes’ formula, we have

EP*[(Yr pr)(L) | §]
EP [pr(L) | §i1

Since L and IF are independent under PX, and PL coincides with P on IF and o (L), respectively,
we have

o BV IYP(L) | §01 = 1) BV IYZ (L) | §01 = 114

EF [pr(L', ..., L") | §]
- (/ EPLpr (e 2y |

n—i

x P(LIH e dx™!, ... L" e dx" | L<">)>

xO =L,

= </ pe(x D, XL xMPLT e dx, L LY e da” | L<">))
En—i

xO=L®

where the second equality results from the martingale property of (p;(x));c[0,7]. Moreover,
L .
EV [(rpr)L ... L") | §i]

- (/ B pr) @ x| )

n—i

x P(LF e dxi*l, ... L7 e dx" | L(“))

=L
which completes the proof. ([l

Remark 4.4. By equality pr(x) = Z? (x) (see (4.11)) and relation (4.5), we see that Propo-
sition 4.6 yields the same result as in Proposition 4.1 under Assumption 4.1.

Remark 4.5. If Assumption 4.2 is satisfied then

P(LIT! e dx™t!, ..., L" edx” | LD)
1

= i+1 i+1
= @O, L e BT e i),

Then as a direct consequence of Proposition 4.6, we have

EF[(Yr(pr/o) @D, x+ o x| F]
(P /D) (x @ X+ xm) D=L O

EIYr(L) | 641 = Zlm’nﬂﬂ’)/ﬁ;
i=1

n
< [T Pt edxb. (4.16)
k=i+1
5. Application and numerical illustration

In this section we apply our framework to a default model with insider information. We
are particularly interested in both the default and survival probabilities, and the pricing of
defaultable bonds under different information levels.
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We consider the default time of a firm which is supposed to be the first time that a continuous
F-adapted process (X;, t € [0, T]) reaches a random threshold, which is determined by the
manager of the firm and can be adjusted dynamically. More precisely, let the default threshold
(L¢, t € [0, T]) be given in the form of (2.2). The default time is defined by

T :=inf{t: X; < L}, 5.1
where the random variables L', . .., L" represent the private information of the manager on the
threshold at times ¢, . . ., t,, which are not available to standard investors. This model extends

the one considered in [14]. To make a comparison with a standard investor, we also introduce
the information filtration given by G = (§);¢[0,7], Where

Ge=[)FVoAs).

s>t

The filtration G is the progressive enlargement of IF by the random time t and is classically used
to model the available information in a default market for a standard investor, in comparison
with the filtration G' which represents the insider information.

5.1. Conditional survival probability

One of fundamental quantities in the modelling of credit risk is the conditional survival
probability given the available information. The following result yields the conditional sur-
vival probability given the insider information. For ease of computations, we suppose that
Assumption 4.2 holds, but similar computations can be carried out under the other assumptions
studied in this paper.

Proposition 5.1. Let0 <t < s < T. We denote by i and j the indexes such thatt; <t < ti4+]
andtj <s <tjy1. Then

EF[xi(x®) | #]

Pz >s| g =1 — :
O e/ OGO X [Ty PULE € dab) [
(5.2)
where, denoting XE"M[ = inf;<,<s X, and X} := XE‘OJ[ = info<y<: Xy, ifi < j,
n
ey — Ps . 1 I T _ k k
X = /I;nfi ¢ ) I{X[”'i+1[>xl}I{X[’i+1~fi+z[>xl+l} I{X[’f’f[”‘j} 1_[ P(L" € dx),
: k=i+1
and otherwise, ifi = j,
p n
xix®) = / @ g [ PAF e dx).
B U S
Proof. By definitions (5.1) and (2.2), the survival event can be written as
1{r>s} - l{XFtlvtz[>Ll} o l{XFti,t[>Li} I{XE?J[+1[>U} o I{XEF’_/"S[>U} ’
We apply (4.16) to the random variable
Yr(x) = 1{X611r2[>x1} e 1{X;;[_1,[>xi} I{XF‘,_tt_+l[>xi} N l{x;;j1s[>xj}
and obtain the results. O
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‘We also recall that for the standard information, it is well known (see [4], [9]) that, for ¢t < s,

P(r>s | F)

Pz >s|4)= 1{r>t} IP’(‘L'>—t|?')
t

. (5.3)
In the following, we will compare the survival probability estimated by these two types of
investor in an explicit setting, in order to show the impact of insider information.

5.2. An explicit default model

We consider now a concrete example with three periods 0 = #; < t» < 13 = T, where
the value of the firm X follows a geometric Brownian motion (with drift u and volatility o).
The default threshold information are renewed at #; and t, respectively as L' and L? and we
suppose that L' and L? are exponential random variables with intensity A1 and 5, respectively.
In addition, we assume that L = (L', L?) are independent of 7. We note that the standard
investor has the knowledge on the (marginal and joint) laws of L, while the insider knows the
realization of these thresholds at the renewal times of information. Let the law of L be given
by a Gumbel-Barnett copula (see [13]) with parameter 0 < 6 < 1, which is given by

Clurouz) = ur +uz — 1+ (1 —u)(1 = up)e”?nminiue),
Then the joint cumulative distribution function of (L', L?) is given by

—AXL _ g—hox2 + e~ Mx1+HAaxa+02122x102)

F(x;,x)=1-¢

Moreover, by (4.15), we have

1
— = e MR (g x4+ 1)(Braxa + 1) — ).
C(x1, x2)

Let v = u — 02/2. We recall that for a geometric Brownian motion X with drift 4 and
volatility o starting from X¢ = 1, the density of the couple (X, X;) for ¢ > 0 is given by

207"V In(v/u?) o ( v%)ex (_1n2(u/u2)>

=1 1 < — =
Jr(u, v) = <oy Lo<u<n N =R 792 202

and the density of X} is given by

1 (—=In(w) + vr)?
Ixr(w) = 1{0<w51}<mw exp(—T

W e <_ (~In(w) - vr)2>>

202t

Vo oou62o] —In(w) — vt
- —Sw v/o erfc(— ,
o o2t

where erfc(x) = (2/4/7) f x+°° e’ dv, x > 0, is the complementary error function.
We now present the explicit formulae for the conditional survival probabilities below.
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5.2.1. Survival probability for t € [t1, t2). Insider information. We have

+00

1
Iy _ P . —A2y
Pr>T|4)= 1{,>t}/0 E [I{Xﬁ,12[>xl} I{X[tz.T[>y} | Fileipt CL. y))\ze dy

since [;7°°(1/¢(L", y))re™*2¥dy = 1. To compute more explicitly this quantity, we need
Gl Xjiy.s)- Using the result of [7], we have

the joint law of the running minimum (X,
1 In(X;,/y) + v(T — 1)
EP[I{X@.TP)’} | F]1= 1{y<Xr2}(1 - Eerfc( 2 _

oV/2(s — 1)
Ly 7 (X /y) = (T — 1)
-3(x) ()
=: G(Xy, ).
Furthermore, using the Markov property and the joint law of (X7 _,, X1,—), leads to

Eﬂ"[l{xm[ﬁl}1{X;;2ﬂ>y} | F11 =//l{uxpxl}G(vX,,y)f,z_,(u,v) du dv.

Standard information. For the progressive information, we use (5.3) where successive
conditioning implies that

Pz >T | %)
1 ptoo pl
- / / / exp(—A; min(XF, uX;) — A (vwX;) — Or1A; min(XF, uX,)(vwX;))
0 JO 0
X fX;,,2 (w) fr,—¢ (u, v) dw dv du.

5.2.2. Survival probability for t € [t», T). Straightforward computations imply the following
results.
Insider information. We have

1
Pzt >T | gh= 1{,>,}/ fxr w)ydwl,_p1)x,.
u
Standard information. We have

[N [12,2]
* *
F(X X[Q’t[

1

Jo FOX5. min(XFs 0 wX) fxs_ (w)dw
Pt > T | 9’1) = 1{T>l} = .

5.3. Numerical results

In this subsection we compare the survival probabilities for the insider and the standard
investor by numerical examples. We use the default time model described previously. The
value of the parameters are u = 0.05, 0 = 0.8, A1 = l5and Ay, = 1,1 =0, = 1,
and 13 = T = 2. In particular, we analyse the impact of the correlation between L! and L?
through the parameter 8. The & = 0 case corresponds to the independence case. We present
two examples. In the first one, there is a default event before the maturity, and in the second
one, there is no default. In each example, we compare the survival probabilities P(t > T | 9,;)
and P(tr > T | ;) on a given trajectory of the value of the firm.

In the first example, in Figure 1 we present the realized trajectory of the value of the firm. We
suppose that the manager adjusts the threshold level at 7, = 1 from L' = 0.8 to L> = 1.5, so
there is a high risk of default after time #,, which is larger than the expected value. We observe
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FIGURE 2: Survival probabilities P(t > T | 9}) andP(t > T | §;) for& =0,0.5 and 1.

from the three graphs in Figure 2 that in all the cases (for different values of ), the insider will
modify immediately the estimations on the survival probability and there is an instantaneous
jump at p. While the standard investor, who is not accessible to this information, maintains
the survival probability at a high level and can adjust the estimation only when the default
occurs effectively. Finally, comparing the three graphs where the correlation between L' and
L? varies, we see that when the time approaches 1, since the value of the firm is at a relatively
high level compared to L', when there is a strong correlation (with larger 6) between the two
thresholds, the insider will have a higher estimation for the survival probability than when there
is independence. However, such a difference between the estimations due to different values
of & will be neutralized once the insider obtains the exact information on L? at time 5.

In the second example where the sample path of the value of the firm is given by Figure 3,
there is no default before the maturity 7. In addition, we suppose that the level of the second
threshold L? = 0.6 is slightly lower than the first one L! = 0.8 and is close to the expected
value. So there is no important readjustment of the insider’s estimation at #;, as shown in all
three graphs in Figure 2. However, when the value of the firm descends gradually after time #,
and approaches the threshold level L?, the estimations of the survival probability by the insider
has dropped significantly; see Figure 4. Only when the value of the firm begins to go back
up and when the time approaches the maturity, the insider modifies once again the survival
probability to be higher. In contrast, the estimations by the standard investor remain quite
stable during all periods in this example. The comparison between the correlation parameter
6 is similar to the first example. Since the value of the firm is at a high level during the first
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FIGURE 4: Survival probabilities P(t > T | 9}) andP(r > T | §;) for& =0,0.5 and 1.

period, if & = 1, the insider has a higher estimation for the survival probability than in the case
if & = 0. However, such differences are visible only before the second information renewal
time.

Appendix A
A.1. Proof of Proposition 4.1

The goal of this subsection is to apply Theorem 3.1 to compute G!-conditional expectations
under Assumption 4.1. We begin by calculating, in several lemmas below, the recursive
operators in Theorem 3.1 in an explicit manner and then state the proof of Proposition 4.1.
Throughout this subsection Assumption 4.1 holds.

LemmaA.l. Leti € {1,...,n}andt € [t;, T1. If X;(LY) is a nonnegative gi-measumble
random variable then

Ji (X, (LD))

EPIX, (xO)Zi~L(xE-Dy | F. o o o
:/ L)z & ) 1% BT AP € dx' | ghTh,
E Z, (x@=D) =D G~

where Zi(x) is defined by (4.3).
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Proof. We recall the operation J; defined by (3.16). By (3.17), we have

P Oyi—L (g i=Dy—1 j i @i
B LX)y~ (D)7 P(L' e dx’ | §i~h.

Ji(X: (LD)) = /
E

Yy (e~ x=D=p 1)
Note that
i—1 klk=1,_ (k)
—1,.G—Dy—1 _ klk—=1,_ (k) :B (x ) z 1,,.G—1)
O _H ™) = l_[kkl (x )H KT, o
k=1 kerI x®) klﬂl ((k))

where the first equality comes from (3.10), the second equality follows from (4.2), and the last
equality results from (4.3). Similarly, we have

=1 (i—T)y—1 - 1'3](”( L(x®) i—1 (=)
v () Hm Z,; (x )H k\kl x®y’

k=1 'B k=1 ,3
Therefore,
EPLX, Oy ') EPIX, ez (D) | 7]
i =) B Z7 (x=)
By (4.1), we obtain the announced equality. (]

Lemma A.2. The pricing kernel (3.24) is given, under Assumption 4.1, by

ﬂi-H |i(L(i+1))

@i+1) )
chJrz(L ) - ﬁl+1|l(L(i+l)) (Al)
and
Jig1 (@, (LD = 1. (A2)

Proof. We have

@, (L) = (Jiya 00 J) (@ LDy oL ™y),

lit2

By Lemma A.1, this can be expressed it as the integral of

=D
[ l:;”(x(lﬂ))jl:[J( ],|+j. 1 (j))%ﬂ{ilhl(x(j))) z"”]xuﬂ):”w)
_ ﬁ’:;lt(u:ﬂ)) E[Z2(x) | Fiynlge0_pisn
B /3;:1] L+ ZIHL LD xit2)
By Zp (LD 22
CATwE T )
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with respect to P(LIt2 € dxit2, ... L" e dx" | %H). By (4.5) we obtain the first equality.
We then apply Lemma A.1 to write J; +1(®,, (L+D)Y) as

+11i (i ; ;
/]Ep[ﬁtt,+2 l(x(l+])) ZIH_Z(X(I)) i+1]i
E

. g, (ke F } PLIT! e dxit! | gl)
P ey Z) (@) " eozro %o
Z;,+z( i) i+ (i+1) i+1 i+1 i
— | EP A AR R P(L*! e dxit! | gi)
E Z;,, (x®) xO =L
Zl+1( (l+1)) . . .
=/E |:l’+2— ~?'t1+1i| PLIH e dxit! 80)-
E Zy, (x®) *O=L®

Note that, by Lemma 4.1, we have
P(L' edx!,... L' edx' | )= ZIxD)PL' edx!,... LT e dx' | ).

Therefore, (Z;'Jrl (x(”l)))te[oj] is an (I, P)-martingale, so we obtain
E

Proof of Proposition 4.1. Let Yr(L) be a nonnegative §%.-measurable random variable.
Then, fort € [0, T,

EP[Yr(x)Z5.(x) | #1]
Zi(x®) xO=L®
xP(LT e dx™ LT e dx™ | G)). O

EPY7(L) | §41 =) Apynpy @ /E i
i=1

Proof. Apply Theorem 3.1 and compute the sequence of random variables (Y7, (L(i)))?:0
under Assumption 4.1. By the backward recursive relation (3.23) and equalities (A.1) and (A.2),
we have

Jig1 Vi (L) Dy, (LOHD))

Y, (LO) = Bia (L0
zi+|( ) = Ji+l(q>t,-+2(L(i+1)))

. (i+1)
’+]<Yti+2(L ) 1+1|l(L(t+1))

where the second equality comes from (3.19). By Lemma A.1, we can write it as

i1+ 1)y 70 (@)

/ ]EIP’I: (x (l+1))ﬂti+2 S )Z;Hz(x l )ﬂi+1\i(x(i+l)) ‘ F i|

2 ; . ; Pt i1

" BT (xli1) Z] (x@) 7 '

% P(Li+1 e dxi+1 | gl)
7Zi

D) . . :

/;?E]P’[ 2( (l+1)) t+2 ﬁtll‘_:—‘zll(x(l—ﬁ—l)) ‘ 37[,4,]} IP(LZJ’_] e dxl+1 | 9’6)

Zi, (x) xO=L®

*O =L@
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Therefore, it follows that Y7, | (LD) is the integral

n Zj._l(x(j_l))
/ _EP[YT(x) 12—
" j=it+1 Zi; (xU=D)
x P(L" € dx" | §o~ - P(LT! e dx't! | gl)

_ / B (Y7 ()27 (x) | Fir,y)
En—i

Jli=te ()
Bin )| Fri o
xO=L0

P(LT e dx™ . L7 e dx" | ).

Zﬁm (x@D) xO=L®
We deduce that, for ¢ € [¢;, tj+1),
EF 1Y, Dy, 61 | 7]
¥ (x@)~1 D=L O

P(LT e dx™, LY e dx" | ).

B / EF[Yr(x)Z}(x) | F]
En—i xO=p®

Zi (x)

The proposition is thus proved. O

Acknowledgements

We thank Peter Imkeller, Monique Jeanblanc, Philip Protter, and Shiqi Song for interesting
and helpful discussions and comments. We are grateful to the two anonymous referees for their
suggestions. Ying Jiao thanks BICMR Peking University for its hospitality.

References

[1] AMENDINGER, J. (2000). Martingale representation theorems for initially enlarged filtrations. Stoch. Process.
Appl. 89, 101-116.
[2] AMENDINGER, J., IMKELLER, P. AND SCHWEIZER, M. (1998). Additional logarithmic utility of an insider. Stoch.
Process. Appl. 75, 263-286.
[3] BiaAGINL F. AND @BKSENDAL, B. (2005). A general stochastic calculus approach to insider trading. Appl. Math.
Optimization 52, 167-181.
[4] BieLEckl, T. R. AND RUTKOWSKI, M. (2002). Credit Risk: Modelling, Valuation and Hedging. Springer, Berlin.
[5] BIELECKI, T.R.,JEANBLANC, M. AND RUTKOWSKI, M. (2004). Modeling and valuation of credit risk. In Stochastic
Methods in Finance (Lecture Notes Math. 1856), Springer, Berlin, pp. 27-126.
[6] BILINA FALAFALA, R. AND PROTTER, P. (2015). Insider trading and risk. Submitted.
[7] BORODIN, A. N. AND SALMINEN, P. (1996). Handbook of Brownian Motion—Facts and Formulae. Birkhéuser,
Basel.
[8] CORCUERA, J. M., IMKELLER, P., KOHATSU-HIGA, A. AND NUALART, D. (2004). Additional utility of insiders
with imperfect dynamical information. Finance Stoch. 8, 437-450.
[9] ELriOTT, R. J., JEANBLANC, M. AND YOR, M. (2000). On models of default risk. Math. Finance 10, 179-195.
[10] FOLLMER, H. AND IMKELLER, P. (1993). Anticipation cancelled by a Girsanov transformation: a paradox on
Wiener space. Ann. Inst. H. Poincaré Prob. Statist. 29, 569-586.
[11] FOLLMER, H. AND SCHWEIZER, M. (1991). Hedging of contingent claims under incomplete information. In
Applied Stochastic Analysis (Stoch. Monogr. 5), Gordon and Breach, New York, pp. 389-414.
[12] GRORUD, A. AND PONTIER, M. (1998). Insider trading in a continuous time market model. Internat. J. Theoret.
Appl. Finance 1,331-347.
[13] GuUMBEL, E. J. (1961). Bivariate logistic distributions. J. Amer. Statist. Assoc. 56, 335-349.
[14] HILLAIRET, C. AND J1AO, Y. (2012). Credit risk with asymmetric information on the default threshold. Stochastics
84, 183-198.
[15] IMKELLER, P. (2002). Random times at which insiders can have free lunches. Stoch. Reports 74, 465-487.
[16] IMKELLER, P. (2003). Malliavin’s calculus in insider models: additional utility and free lunches. Math. Finance
13, 153-169.
[17] Jacob,J. (1979). Calcul Stochastique et Problémes de Martingales (Lecture Notes Math. 714). Springer, Berlin.

https://doi.org/10.1017/apr.2017.17 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.17

Successive enlargement 685

(18]
[19]

[20]

[21]
[22]

[23]

[24]
[25]
[26]

[27]
[28]

Jacob, J. (1985). Grossissement initial, hypothése (H') et théoréme de Girsanov. In Grossissements de Filtrations
(Lecture Notes Math. 1118), Springer, Berlin, pp. 15-35.

JEULIN, T. (1980). Semi-Martingales et Grossissement d’une Filtration (Lecture Notes Math. 833). Springer,
Berlin.

JEULIN, T. AND YOR, M. (1978). Grossissement d’une filtration et semi-martingales: formules explicites. In
Séminaire de Probabilités, XII (Univ. Strasbourg, 1976/1977; Lecture Notes Math. 649), Springer, Berlin, pp. 78—
97.

JEULIN, T. AND YOR, M. (eds) (1985). Grossissements de Filtrations: Exemples et Applications (Lecture Notes
Math. 1118). Springer, Berlin.

KcHIA, Y. AND PROTTER, P. (2015). Progressive filtration expansions via a process, with applications to insider
trading. Internat. J. Theoret. Appl. Finance 18, 1550027.

KcHia, Y., LARSSON, M. AND PROTTER, P. (2013). Linking progressive and initial filtration expansions. In
Malliavin Calculus and Stochastic Analysis (Springer Proc. Math. Statist. 34), Springer, New York, pp. 469—
487.

MANSsUY, R. AND YOR, M. (2006). Random Times and Enlargements of Filtrations in a Brownian Setting (Lecture
Notes Math. 1873). Springer, Berlin.

MEYER, P.-A. (1979). Une remarque sur le calcul stochastique dépendant d’un parametre. In Séminaire de
Probabilités, XIII (Lecture Notes Math. 721), Springer, Berlin, pp. 199-203.

PROTTER, P. E. (2004). Stochastic Integration and Differential Equations. Springer, Berlin.

SONG, S. (1987). Grossissement de filtrations et problemes connexes. Doctoral Thesis, Université Paris VII.
SoNG, S. (2013). Local solution method for the problem of enlargement of filtration. Preprint. Available at
https://arxiv.org/abs/1302.2862.

https://doi.org/10.1017/apr.2017.17 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.17

	1 Introduction
	2 Model framework
	3 Successive density hypothesis
	3.1 One step enlargement of filtration
	3.2 Change of probability measures
	3.3 Backward construction of probability measures 
	3.4 Conditional expectation with successive information

	4 Several stronger density hypotheses
	4.1 Density hypothesis with different initial -algebras
	4.2 Global enlargement of filtration
	4.3 Conditional expectation using the global approach

	5 Application and numerical illustration
	5.1 Conditional survival probability
	5.2 An explicit default model
	5.2.1 Survival probability for t [t1,t2).
	5.2.2 Survival probability for t[t2,T).

	5.3 Numerical results

	A 
	A.1 Proof of Proposition 4.1

	Acknowledgements
	References

