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RANDOMNESS IN THE HIGHER SETTING
C.T. CHONG AND LIANG YU

Abstract. We study the strengths of various notions of higher randomness: (i) strong H}—ML—
randomness is separated from H}-ML-randomness; (ii) the hyperdegrees of H}-random reals are closed
downwards (except for the trivial degree): (iii) the reals z in N CRy;y are precisely those satisfying z € L

1

f *

and (iv) lowness for A{-randomness is strictly weaker than that for IT{-randomness.

§1. Introduction. Randomness in the higher setting refers to the study of algo-
rithmic randomness properties of reals from the point of view of effective descriptive
set theory. Until recently, the study of algorithmic randomness has been focused on
reals in the arithmetical hierarchy. The only exception was a paper by Martin-Lof
[13]. in which he showed the intersection of a sequence of Al-sets of reals to be
X! (Sacks [19] introduced the notion of IT} and Al-randomness in two exercises).
The first systematic study of higher randomness appeared in Hjorth and Nies [10]
where the notion of IT}-Martin-LSf randomness was defined and the key properties
investigated. The paper also studied the stronger notion of IT}-randomness and
showed the existence of a universal test for H%-random reals. In Chong, Nies and
Yu [2] the authors examined the relative strengths of IT}-Martin-Léf randomness,
I1} and Al-randomness, as well as their associated notions of lowness.

Effective descriptive set theory offers a natural and different platform for the
study of algorithmic randomness. Since the Gandy—Spector Theorem injects a new
perspective to I1}-sets of natural numbers, viewing them as %;-definable subsets of
Lex and therefore recursively enumerable (r.e.) in the larger universe, the tools
of hyperarithmetic theory are readily available for the investigation of random
reals in the generalized setting. Just as arithmetical randomness has drawn new
insights into the structure of Turing degrees below 0™ (for n < w). the study of
higher randomness properties has enhanced our understanding of hyperdegrees and
IT!-sets of reals, a point which we hope results presented in this paper will convey.

We consider several basic notions of randomness (see the next section for
the definitions). In [2] it was shown that I1}-Martin-L6f randomness, I1} and
Al-randomness are equivalent for reals x if and only if ¥ = w . In [15], Nies
introduced another notion called strong IT1-Martin-L6f randomness which is an
analog of weak 2-randomness in the literature. We prove (Theorem 3.5) that every
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hyperdegree greater than or equal to the hyperdegree of Kleene’s O contains a
real that is IT} but not strongly IT}-Martin-Lof random, thus separating these two
notions of randomness. In Theorem 4.4, we show that every nontrivial hyperdegree
below the hyperdegree of a I1}-random real contains a IT}-random real. Such a
downward closure property is not shared by weaker notions such as I1}-Martin-Lof
randomness. In fact, every nontrivial real below a I} -random is IT} -random relative
to a measure (Corollary 4.5). so that such reals are still essentially random. This
result is strengthened in Theorem 5.1: We characterize the class NCRyy of reals x
which are not I1}-random relative to any representation of a continuous measure to
be precisely those which satisfy x € L. Our final result (Theorem 6.5) separates
the notion of low for A}-randomness from that of low for I1}-randomness. To obtain
this, we prove a general theorem about hyperdegrees (Theorem 6.3) which states
that any two uncountable X}-set of reals generate the cone of hyperdegrees with base
the hyperdegree of Kleene’s O. The latter has its root in a result of Martin [12] that
every uncountable Al-set of reals contains a member of each hyperdegrees greater
than or equal to the degree of O. The paper concludes with a list of questions.

§2. Preliminaries. We assume that the reader is familiar with hyperarithmetic
theory and randomness theory. For a general reference, refer to [6]. [15], [19] or [3].
The notations adopted are standard. Reals are denoted x, y,z,... A tree T is a
subset of 2<“ or w<®. [T] denotes the set of infinite paths on 7. By abuse of
notation, we also write x € T (or x € U for U C 2<?) if the context is clear. We
use k > n to express the fact that the number & is “much bigger than” n. If 1is a
measure on the Cantor space 2”, and ¢ € 2<¢, denote A(cg) to be the measure of 1
on the basic open set {x | ¢ < x}. We also let [¢] denote the set of binary strings
extending o.

DErINITION 2.1. Given a measure 4 on 2, a real J represents A if for any o € 2<%
and rational numbers p. q, (o.p.q) € A<= p < (o) < q.

Given a representation /. of ameasure 1, one may define the notion of a J-Martin-
Lof test as usual. More details can be found in [16]. We use u to denote the Lebesgue
measure throughout this paper.

DEFINITION 2.2. (i) A TTI}-ML-test is a sequence { Uy, } me,, of uniformly IT!-open
sets such that Vm(u(U,,) < 27™). We say that x is I[1{-ML random if x ¢ ), Un
for every such collection {U,, }, i.e. if x passes every IT}-ML-test.

(ii) ([15, Problem 9.2.17]) { U, } is a 1} -generalized M L-test if { Uy, } is a sequence
of uniformly IT}-open sets and lim,, u(U,,) = 0. We say that x is strongly T1}-ML-
random if x passes every generalized I1}-ML-test.

Definition 2.2 (ii) is an analog of the notion of weak-2-randomness for reals,
where IT! is replaced by r.e. One may refine Definition 2.2 (i) as follows. A Al-ML-
test is obtained when I1} in the definition is replaced by Al. Indeed. if {U,}ne0 is
a Al-ML-test, then there is a recursive ordinal a such that {U,},¢., is uniformly
'®)-r.e. We call such a test a (*)-ML-test. A real x is A]-ML-random if it passes
every Al-ML-test. If x is not Al-ML-random, then there is an @ < »¥ and an
((@)-ML-test in which x fails. This fact will be used in Section 4.
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DEFINITION 2.3 (Hjorth and Nies in [10]). A real x is I1}-random if it does not
belong to any null IT}-set of reals.

Clearly ﬂme(u U, 1s H% for any sequence of uniformly H%-open sets {Up }mew-
so that IT}-randomness implies strong IT1}-ML-randomness. We say that a real x is
Al-dominated if every function hyperarithmetic in x is dominated by a hyperarith-
metic function. As usual, wy is the least ordinal which is not an x-recursive ordinal.
and Church-Kleene ) is ! which is always denoted wX. By a result in [2], we
have the following proposition.

PROPOSITION 2.4 (Chong, Nies and Yu). If of = X, then x is I1}-ML-random
if and only if it is TI}-random. Moreover, each T1}-random real is A}-dominated.

The Gandy Basis Theorem plays an important role in our present study:

THEOREM 2.5 (Gandy [8]). If A C 2% is a nonempty El-set, then there is an x € A

such that of = wfX.

Let L, be the Godel constructibility hierarchy at level a. The following is a
set-theoretic characterization of IT!-sets.

THEOREM 2.6 (Spector[21], Gandy [9]). A set A C 2 is I1} if and only if there is
a Xy-formula ¢ such that x € A < Lyx[x] = ¢.

We use <, to denote hyperarithmetic reduction. 2(w{¥, x) is the structure for the
ramified analytical hierarchy relative to x. For more details concerning the ramified
analytical hierarchy., see [19].

If T is a tree that is IT; (wazx)-deﬁnable, then there is an effective enumeration

over Lcx of the nodes not in 7'. For any y < of*, let T'[y] be the A;-tree which is
an approximation of 7" at stage y. Then 7" =, <o Ty

§3. Strong I1}-ML-randomness. In Nies [15], Problem 9.2.17 asks
QUESTION 3.1. Is strong H%-ML—randomness equivalent to T1}-ML-randomness?

The question was motivated by the following consideration. In the standard
argument separating weak 2-randomness from ML-randomness, one exploits the
fact that the rate of convergence of u(U,) to 0 can be coded by the “size of the
space” available to U,, where {U, },¢,, is a test designed to exhibit the separation
(the technical details can be found in [5]). Such an approach is no longer possible in
the present setting, since U, is now enumerated in w{¥, instead of w, -many stages.

The following result leads to a negative solution.

THEOREM 3.2.1 If x is the leftmost path of a X}-closed set of reals, then x is not
strongly T1} - M L-random.

The proof'is measure-theoretic. More than separating the two notions of random-
ness, a measure-theoretic proof extracts useful information about the distribution
of strong IT}-ML-random reals in the hyperdegrees. We first give a criterion for a
sequence of uniformly IT}-open sets to be a generalized I1}-ML-test. This lemma
will also be applied to show Theorem 3.5.

IBienvenu. Greenberg and Monin [1] have a shorter proof of this theorem.
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LemMa 3.3. Suppose that {U,}new is a sequence of uniformly Tli-open sets. If
there is a X, (Lwlcx) enumeration {Uy;}, <, <of® of the sequence with two numbers k

and m > 1 such that for every n, U, = Uy<wFK .y and for every y < otk
(a) Uni1, C U, and each string in U, has length at least k - n,
(b) Vo € 26" (u(U,, N[o]) < 27" =%") and
(c) Fory < o and any real z, if z € U, <, \ Uy, where U, <, = U<, Unp
then z & U, g forany p > y.
Then {U, }ne is a generalized T1}-M L-test.

ProOF. Note that by (c) the enumeration { U, ,} of U, is not cumulative. Assume
#(Mypew Un) > 0foracontradiction. We will exhibit an infinite descending sequence
of ordinals {y,},<» for a contradiction. First of all, by the Lebesgue Density
Theorem, the assumption implies that there is a gy such that

7
' I U, N lool . (1 =273y = 2 .plool
,u(new n [0()]) >2 (1 2 ) g 2 .

Moreover, we may assume that k& divides |og| + m. Let ngp = ‘”“kﬂ Then there is a
least 79 < w{X such that

J

1Oz Nlo0]) > & 27101,

o]

By (b).
] g —lao 7 1 3 —lao
#((Uﬂ0<<}'o \ Uno,}'o) N [0-0]) > 2 | | : (g - 5) = g : 2 ‘ ‘

By (a) and (c), the set of strings which appear after the ordinal yy is contained in
the complement of (Uy, <y, \ Uy, ) N [oo]. and so

7 5 _ |

#((") Un.<s Nlo0l) > (§_§)'2 ‘60‘21'2 lonl,

n>ng
Hence there is a g1 = o such that

A 7
:u( m Un,<'/0 n [01]) g 27 |00|~
n>ng

We may assume that k divides |o1| + m and |o1| > |oo|. Let n = W(J > np.

Then there is a least y; < yp such that

; 7
w(Uy, <, No1]) > S p—loil

Repeating the argument, we obtain an infinite descending sequence yo > y; > - - -
which is not possible. =

PrOOF. (of Theorem 3.2).
Let T C 2<¢ be a X}-tree. For any n < w and y < o, let

U,, = {z | n+ 1] z is the leftmost path in T[y]}.

https://doi.org/10.1017/js1.2015.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2015.50

RANDOMNESS IN THE HIGHER SETTING 1135

Define
Un,<y = U Unﬁ
B<y
and
U= J U,
}'<wa

The following facts are immediate.

(1) Forany n and y < ofX, Un+1:/ C Un,y and every string in U, has length at
least n;
(2) Vo € 2" N(u(U,, Nlo]) <2771 < 277);
(3) Foranyn,y < o® and real z. if z € (7,,,<., \ Un,/, then z ¢ U,,‘[; for any
B=y.
Clearly {U,},c is uniformly ITj. By (1)-(3) and setting k = m = 1 in
Lemma 3.3, i {U, },cq s a generalized H}-ML-test. Obviously x € (1, U,. We
conclude that x is not strongly I{-ML-random. -

COROLLARY 3.4. TIi-ML-randomness is strictly weaker than strong TI1i-ML-
randomness.

PRrROOF. By a result in [10], there is a X!-tree T such that [T’] is not empty and
consists entirely of IT}-ML-random reals. According to Theorem 3.2, the leftmost
path in T is not strongly IT}-ML-random. =

We give another application of Lemma 3.3. The following theorem may be proved
by combining results in [1] and [10]. We give a direct proof here.

THEOREM 3.5. For any real x > O, there is a H}-ML—random Y =, x which is
not strongly T1}- M L-random.

PrOOF. Given a tree T, let 7(T) be the smallest subtree of 7" such that
e ) € 7(T).and

e Forc e T(T).let V, ={v|v>aAlv|=|o|+4A[vINT isinfinite}. If 7 is
the leftmost or rightmost string in V., then z € 7(T).

Now let 7 C 2< be a X}-tree of positive measure so that [T] consists entirely of
I1}-ML-random reals. Note that 7 has no isolated infinite paths.
For any y < o™, let

Un‘y = U ([0] ﬁT(T[y]))

€T (T[y])N|o|=4n+4

Define
0n,<y = U Unﬁ
B<y
and
U= J U,
}'<wa
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The following facts are immediate.

(1) Foranyn andy < ofX, U,,H,y C Un,y and every string in Un,, has length at
least 4n (in fact 4n + 4);

(2) Vo € 24 (u(Uy, No]) < 227474 < 274n=1);

(3) Foranyn, y < of® and real z. if z € U,Ky \ Un,y, then z ¢ Ij,,‘[; for any
B=y.

By (1)-(3) and Lemma 3.3 by setting k = 4 and m = 0, { U, },<,, is a generalized
I1}-ML-test. It is obvious that ), co, Un contains a perfect subset of [7']. Further-
more, O hyperarithmetically computes a perfect tree S with [S] € 1, ., U so that
no path in S is strongly I}-ML-random. Hence no path in S is I1}-random and by
Proposition 2.4, any y € [S] satisfies o] > X and so O <;, y. Such a y exists in
every hyperdegree above the degree of O. Theorem 3.5 is proved. -

§4. Hyperdegrees of I1}-random reals. While the hyperdegrees of Al-random
reals cover the cone of hyperdegrees above the hyperjump, it is not difficult to see
that the situation is quite different outside this cone:

PROPOSITION 4.1. If x is Al-random and o} = &%, then there is a real y >) x
with o] = ot whose hyperdegree contains no Al-random real.

PROOF. Suppose that x is Al-random and of = oX. Let
H(x)={y|y>rxA3f <r yVg <), x(g is dominated by f)}.

By Theorem 2.6, H (x) is £} (x). Since O* € H(x), H(x) is not empty. Relativiz-
ing Gandy’s Basis Theorem 2.5 to x. thereisareal y € H(x) withw] = of = ¥,
Thus p is not Al-dominated and so by Proposition 2.4, no real z =, y is

Al-random. -

By contrast, the hyperdegrees of I1}-random reals are downward closed.

LemMa 4.2.% If x is T1}-random and y <), x, then there is a recursive ordinal y such
thaty <7 x ® 0.

PROOF. Suppose that x is [1}-random and y <, x. Then o] = o ¥ and there is
a formula (X, n) with rank oy < ¥ such that

neye Aot x) Eo(xn).

Recall that for a ranked sentence y. the relation “u({z | A(w{¥.z) E w) > 07 is
I} (Theorem 1.3.IV of [19]). Hence by the admissibility of w{X, there is a recursive
ordinal f > oy such that

Aoy = {"w7 | y has rank at most ap A u({z | A(w{X, 2) = w}) > 0}

is recursive in ). Then there is a recursive oy > f such that for any natural number
i and formula y of rank at most £, there is a formula ' of rank at most «; such
that {z | A(wK, 2) |= '} is a IY(p(®))-subset of {z | A, z) = w} and the
difference in measure between these two sets is less than 277,

Repeating this, we obtain a A;-definable w-sequence of ordinals ap < a1 < - -
in Lex whose supremum y = |J,_ «; satisfies the following two properties: for any

L<y,

i<w

2The lemma was also proved by Bienvenu. Greenberg and Monin [1] independently.
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(i) The set
Ap = {"¢7 | ¢ hasrank at most B A u({z | w{X.z) = ¢}) > 0}

is recursive in 07); and

(i) For any natural number i and formula w with rank at most f3, there is a
formula y' of rank less than y such that for some ' < 7. {z | A(w{X.z) &
p'} is a TI9(0¥))-subset of {z | A(@wSX.z) = w} and the difference in
measure between these two sets is less than 27/,

Note that by IT}-randomness. for any ranked formula y. if x € P, = {z |
A(wX, z) = w}. then P, has positive measure.

By Proposition 2.4, x is Aj-dominated and so there is a hyperarithmetic function
f @ — o such that for any n € O with |n] < y and any e for which @9“”“
computes a tree Ty, if x & [Teo,]. then x | f({e.n)) & T.,. This allows us to
implement the following construction.

Recursively in x @ 07) & f. first find a wo with rank less than y such that
Py ={z | Ww'®, z) = wo} contains x, has positive measure, and is a closed subset
of either {z | W@, z) E p(z,0)} or {z | WK, z) & —p(z,0)}. Since x is
I}-random, by (ii). such a wq exists. Note that x @ () @ f is able to decide if
x € Py. In general, for any n recursively in x @ 0) @ f choose the formula .
with rank less than y such that P, = {z | 2(w¥.z) | w,.1} contains x. has
positive measure, and is a closed subset of either P, N {z | A(wK.z) = p(z.n)} or
P,Nn{z | Ak, z) = —p(z.n)}. Since x is I1}-random, by (ii) there is such a y, ;1.

Thus y <7 x®&07) @ 1. Without loss of generality, we may assume that / <7 §).
Then y <7 x & 00, B

COROLLARY 4.3. For any H}-random x and y <; x, there is a recursive ordinal
a. a function [ <7 0% and an oracle function ® such that for every n. y(n) =
0 LW () f (n)]. In other words, x & 0'®) Turing computes y via the function ®
with both use and time bounded by f .

ProOF. Suppose that x is H{—random and y <; x. By Lemma 4.2, there is
a recursive ordinal y and an oracle function ® such that for every n. y(n) =
@€ (). Let g <, x such that for every n. y(n) = ®¥€9" 1200 ()[g(n)]. Since x is
Al-dominated, there is a hyperarithmetic 4 such that for all n, h(n) > g(n). Hence
there is a recursive ordinal o > 7 such that / is many-one reducible to §(). Then it
is not difficult to define an f* <7 0{@ and an oracle function ¥ such that for every

n. y(n) = w0 O (@) £ (). s
THEOREM 4.4. If x is Hi-random and ) <, y <j, x, then there is a Hi-random
Z=p Y.

PROOF. Suppose that x is [1}-random and y <, x is not hyperarithmetic. Then
there is a recursive ordinal «, a nondecreasing function f <r 0@ and an oracle
functional ¥ such that lim, . f(n) = oo and for every n.

y(n) = WO ) £ ()]

We use a technique which is essentially due to Demuth [4]. For any © € 2<%, let

C(x) ={o | o € 270D A gr@0 11D 7 (2] = 23
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In other words, C(z) is the clopen set (generated by the set) of strings of length
f(|z]), which output extensions of 7 via V.
For strings 7 and u, let 7 <, u mean “t is to the left of u”. Define 0@ _recursive

functions:
M= (> 27

re2lulat<ou o€C(1)
and

r(u) =1(u) + Z 27l

oeC(u)

Note that /(u) is the measure of the set (generated by the set) of strings of length
f(|z]) which output strings to the left of = through the functional ¥, and r(u) is
[(u) plus the measure of the set of strings of length f (|u|) which outputs extensions
of u, also through V.

One may view ) 27191 as a “measure” of 7, see Demuth [4]. For each . let

L, =1y [ n). andr, =r(y | n).

Then /, < 1,41 < rypp1 < r, forevery n.

Since y is not hyperarithmetic, by Sacks’s result in [18] that the set of reals hyper-
arithmetically above a nonhyperarithmetic set is null, we have lim,,_. . (r, —,,) = 0.
Hence there is a unique real

zZ= m (lm rn)-

new

Obviously z <7 y & 0@,

To prove z >, y. note that for any n, one can (\®-recursively find a string u of
length n such that z lies in the interval (/(u),r(u)). Then it must be the case that
u=ylnSoy<zyz®0®. Andthusz =, y. We claim that z is Al-random.

Suppose the claim is false. Then there is a recursive ordinal f < w{X and a
0F)-ML-test {Vu}new such that z € N V,. Let

new

V, = {u | v3k(v is the k-th string in ¥, A
3p.qeQlp<i(u) <ru) <qgAPIC(p.g)Ng—p<2"F 24271}
Since z € V,. we have y € V, for every n. Note that {V,},e, is 01 )re.

To see this. observe that if we define (1) = ) 27171, then 7 may be viewed as
a measure over 2. Then

W)= 3 D 2 <p(r)+ )y 27 T < T <0
ueV,, 0€Cu) kEw

ceC(t

In other words, {17,,},,21 is a 0¥)-ML-test relative to /.
Let

Uy ={o | 3t € Vulla| = £ () A®™2" I IDL £ (o)) = 0)} = | Clw).
uev,
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Then { U, } nee is 0¥+ +)reand x € MNuew Un- Note that for every n,

<3S 2= Y )~ 1) < ()

uev, 1€Cu) uev,
+ Z 27n7k72+1 <" 4 - 27n+l.
kew

Then { Uy 11 }new is a 0P+17%) - ML-test. So x is not a Al-random, a contradiction.

By combining the techniques used in the proof of Proposition 5.7 in [16] and
Theorem 4.4:

COROLLARY 4.5. For any Mi-random x. if O <, y <, x then y is }-random
relative to a hyperarithmetic continuous measure.

A further result is discussed in Theorem 5.1.

§5. On NCRyp. This section is inspired by the work of Reimann and Slaman
in [16] and [17]. where they investigated reals not Martin-Lo6f random relative to
any continuous measure. They prove that NCR;, the collection of such reals, is
countable. In fact their proof shows that for any recursive ordinal «. the collection
NCR,, of reals not (® -ML-random relative to any continuous measure is countable.
Hence a natural question to ask is how far the countability property extends. We set
an upper limit for this by proving Theorem 5.1.

Given a representatlon /. of a measure 4 over 2, define a real x to be [} -random
relative to /. if it does not belong to a A-null set which is TT} (4 1). Define

NCRp = {x [ x is not I1}-random relative to any

representation A of a continuous measure}.

Let C = {x €2” | x € Ly }. Itis known that C is the largest ITj-thin set.
TrHEOREM 5.1. NCRp; = C.

We decompose the proof of Theorem 5.1 into a sequence of lemmas.
LEmMA 5.2. NCRpy does not contain a perfect subset.

Proor. The proof is essentially due to Reimann and Slaman [16]. Suppose that
there is a perfect tree T C 2<% such that every member of [T] is N CRy;. Define a
measure 4 as follows:

A(0) =1, and
ao [ A0 Mo (i) ¢ T
Mlo™i]) = {%/l([a]) Otherwise.
Then 4 is a continuous measure so that A([7]) = 1. Thus [7] must contain a
I1}-random relative to any representation J of A. -
Lemma 5.3. NCRyy is a thin Ii-set. and hence NCRp € C.
Proor. By Lemma 5.2, NCRyy does not contain a perfect subset.

Relative to any representation A of a continuous measure /. we may perform the
same proofs as in [18] so that all the results remain valid upon replacing Lesbegue
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measure u by 4. Then the set {z | wfﬁB}' > wf} is TI!(4) and Z-null. Hence as in
[2]. there is a IT} set Q C (2¢)? such that for each real 4 representing a continuous
measure, the set Q; = {y | (4,y) € Q} is the largest H}(/l) A-null set. Then, as in
Reimann and Slaman [17],

z € NCRH% = W:(i represents a continuous measure — z € Qi)-

Thus NCRyy is I1. 8
LemmaA 5.4. If x € Loy and z 2 x. then z © x >, O°.

PROOF. Suppose that x € L,» and z 2 x. Then o < wf.So w®* > w{. Thus
z DX Zh O:. —
Lemma 5.5. If x € C. then x € NCRH%.

PrOOF. Let 4 be a continuous measure with representation Jand x € C. If
x <j A, then x is clearly not H}—random relative to 4. Otherwise, by Lemma 5.4,
x @ 4>, O* But {(z]z®i> O’i} isa H}(i) A-null set. This implies that x is not
I1}-random relative to /. -

86. Separating lowness for higher randomness notions. In [2], Chong, Nies, and
Yu investigated lowness properties for A} and I1}-randomness. It is unknown
whether there is a nonhyperarithmetic real low for IT}-random. However, there
is a characterization of reals which are low for IT}-randomness.

ProPOSITION 6.1 (Harrington, Nies and Slaman [2]). Being low for TIi-
randomness is equivalent to being low for Al-randomness and not cuppable above
O by a 11}-random.

We may apply Proposition 6.1 to separate lowness for Al-randomness from low-
ness for H}-randomness. Recall that given a class of sets of reals I', a real x is
I'-Kurtz random if it does not belong to any I'-closed null set.

In [11]. Kjos-Hanssen, Nies, Stephan, and Yu investigated lowness for A}-Kurtz
randomness and lowness for IT}-Kurtz randomness. They proved that lowness
for I1}-Kurtz randomness implies lowness for Al-randomness. We show that the
implication cannot be reversed.

In [22]. Yu gave a new proof of the following theorem.

THEOREM 6.2 (Martin [12] and Friedman). Every Xi-tree T with uncountably
many infinite paths has a member of each hyperdegree >, O as a path.

We apply the technique introduced in [22] to prove the following result.

THEOREM 6.3. Let Ay and Ay be uncountable Z}-sels of reals. For any z >, O,
there are reals xg € Ay and x| € Ay such that xo ® x| =, z.

ProOF. Fix areal z >, O and two uncountable X{-sets 49 and A;. Then there are
two recursive trees Ty, 71 C 2<” x »=? such that fori < 1. 4; = {x | 3fVn(x |
n, f | n) € T;}. We may assume that neither 4y nor Ay contains a hyperarithmetic
real. Also assume thatif (¢,7) € T;. i < 1, then |o| = |Dom(z)|. Let T» C w<® be
recursive so that [7>] is uncountable and does not contain a hyperarithmetic infinite
path. Let fo be the leftmost path in 75. Then fo =, O.

Fori < 1,let [T;] = {(x.f) | Vn((x | n,f | n) € T;)}. Our plan is to define
x; € A; such that z =, xo @ x;. To this end, a procedure of coding z and fo
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into x¢ and decoding them from xy @ x; will be introduced. Construction of x; will
be carried out in Lcx[z] on the recursive tree T;. hence hyperarithmetically in z
(since z >, O). Since 4; is !, x1_; will also code in the function f; which is the
leftmost path in the second component of [7;] serving as a witness to x; being in
A; (e (x;. f1) € [T] and for any f, if (x;, /) € [T;] and f; # f. then the least
n where f;(n) # f(n) satisfies f;(n) < f(n)). Since A; has no hyperarithmetic
member, for any (6.7) € T;.if ¢ < x and t < f for some (x, /) € [T;]. then there
exist incompatible extensions ¢’ and ¢ of ¢, and (possibly compatible) extensions
7/, 1" of 7, so that (¢’. 7’) and (¢"”, ") both have extensions in [7;]. This “splitting
property” of [A4;] allows the coding of z, /' and f» in x( and the coding of f( in
x1. More specifically, the branch to be selected by x at a splitting node when z(s) is
to be coded (at stage s + 1 of the construction) will follow the value of z(s). so that
a “left turn” is taken if z(s) = 0 and a right turn is taken if z(s) = 1. The coding at
stage s + 1 of 71 5, which denotes the initial segment of £ defined at the end of stage
s, is accomplished by taking 7 ((¢)-many consecutive left turns at splitting nodes,
for each ¢ € Dom(t ). The coding of /o (s) at stage s + 1 of the construction is
carried out by taking left turns at f o (s)-many consecutive splitting nodes.

For the purpose of decoding, one has to delineate different types of action taken
during the coding phase. Since 7 ; is a finite function, the end of coding the value
715(¢) and the beginning of coding the value 7)(r + 1), for 1 < |Dom(zy)|.
is separated by a right turn at the splitting node between the two codings (of
course since the construction is executed stage by stage, one may assume that at the
beginning of stage s+ 1. the coding of 7} ;_ is already completed. This means that at
stage s+1, one only needs to code the values 7y ;(¢) for 7 € Dom(z; ;) \Dom(z;5—1)).
A “right turn” is chosen at the next splitting node to signify the end of coding 7 ;.
and the beginning of the coding of f(s). Finally, a right turn is taken at the next
splitting node after coding f»(s) to mark the end of the coding action for xj at
stage s + 1. This initial segment of x( coded at stage s + 1 is denoted ¢ 4+1. Then
To.5+1 < fois afinite string in <® such that |Dom(z¢5+1)| = |G0.5+1]. To.s+1 €xtends
70,5, and is the leftmost such string. The coding of the initial segment 7o .1 of fo
in x| at stage s + 1, denoted g} 54 1. proceeds in a similar fashion. The definition of
T1.5+1. an initial segment of /| constructed at stage s + 1, follows the same format.

We now describe the construction of xy and x; and the associated strings in
detail. For i < 1 and g,7 € T, let T;(0.7) be the set of strings in 7; compatible
with ¢ and 7), i.e.

Ti(o.7) ={(c".7") € T; | 3", 7") e Ti(¢' 2" N7 27" No <" ATt <1")}.

Note that it is unnecessary that |o| = |z| in the definition above.
We say that a string (or node) o* € 2<¢ is splitting over (o.7)in T; if 6* = o and
forj <1,

Tipemjlo.1) ={(c".7") o' =a"" jAT =t A (cd'.7) € T}

contains an infinite path. 7} ;.- ; (0. 7) is the subtree of T; with root ¢*" j in its first
component (note that ¢* = o). Since 4; has no hyperarithmetic path. for each
J < 1. there is a string that splits over some (¢’.7") in T} ,.~;(0.7). Note that ¢*
does not lie on 7; but some pair (¢*,7’) does and we call (¢*, ') a splitting node
onTj.
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For each i < 1, we construct a sequence (7. 7:0) < (6:1.7.1) < --- on T; and
let x;, = U  0ij Again, the idea is to apply a “mutual coding” technique so that xg
codes the leftmost witness function | = Uyt (in the Z} -definition) for x; and x;
codes the leftmost witness function fy = Uyt for xo. In addition, we also assign
Xo the responsibility of coding z as well as f'». More precisely, for each s € w we
use g to code z(s). fo(s) and 71, 1. and use oy 4 to code 7o .

Atstage 0. let (g,0.7:0) = (0.0) for i < 1. Without loss of generality, assume that
(0. 0) is a splitting node in both T and T7.

The construction at stage s + 1 proceeds as follows:

Substage (i). First let ¢* be the shortest splitting node over (ao 5.7To.s) in Tp. Thus
T0 o ](Gois,fois) contains an infinite path for j < 1. Let O'OJ 41 be the leftmost
splitting node over (oq.70s) extending 6*"z(s) in Ty. Thus z(s) is coded here.
Next we code 714 Let n?, | = [Dom(zy ;)| — [Dom(z;s—1)| (Iet [Dom(z; ;)| = 0if

s = 0). Inductively, forany k € [1,n} +1] let a§ 541 be theleftmost splitting node over

(605, T0.s) extending (ao H1) 1 in T} so that there are 7 (k +|Dom(z; ;—1)|)-many

k—1

splitting nodes over (o, 70,s) in Ty between oy |
g+l

s+1

and g} ,. This completes the
coding of 715. To code fo(s). let o, be the leftmost splitting node extending

(a, ;*+'1) 1 over (oo5.70.5) in Ty so that there are f o (s)-many splitting nodes in T
H1+ (H14j+1

over (oo, Tos) between 00”‘ and ooy - For j <1, let o 0” be the next
1 .
splitting node in Ty over (g . 70.s) extending (JO‘S*H +/ )~ 1. This coding tells us that

the action at this substage for the “xq side” is completed. Define oo 41 = 0, ‘;H3.

Let 7941 extend 7o, so that |Dom(zg5+1)| = |g0.5+1] and 7o5+1 is the leftmost node
such that the tree To(co.5+1.70.511) has an infinite path.

REMARK. At stage s + 1. the coding of xo in Ty by way of g 41 applies the
method in [22], treating the X!-set 4y as a “closed set”. This means that one first
ignores the second component (the “z side™) and applies the coding construction
in [22] to the closed set Xy, 7, = {x = gos | Vi > |105|Ty3f = tos(x | n =
y I nA(y, f) € [To])}. Once the coding of g1 (an initial segment of xo) is
completed, one pairs it with a finite string ¢ which has an infinite extension to
guarantee that x( belongs to 4. Since x( does not know the right 7 to select. xj is
designed to help decode the correct 7. The mutual coding strategy is crucial for this
purpose.

Substage (ii). Let 6} | = o1, and nj,; = [Dom(7g41)| — [Dom(zo)|. Induc-
tively for any k € [1.n!,,]. let of | be the leftmost splitting node over (a1 4.71.,)
extending (a1 B +1) 1 so that in 7 there are ro s+1(k + |Dom(zg 5)|)-many splitting
nodes over (a15.715) between ale and O-l‘s-t—]‘ Hence 701 is coded. For j <1,

let o, ‘jﬂj ! be the next splitting node over (a1,.71,) in T} extending (a] ‘Q‘lﬂ )1

This coding tells us that the action of coding 7, at this substage for the “x; side”

142 .
is completed. Define 0141 = 07’ ;'1 Thus we have coded 7o+ into g 441. Let

71541 extend 714 so that |D0m(rl s+1)| = |o1.5+1] and 7511 is the leftmost finite
string such that the tree Ty (o4, 1,71511) has an infinite path.
This ends the construction at stage s + 1.
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Let x; = U, 0is for i < 1. Note that the construction is carried out over
L,cxq[z] since O € Lex ., and whether (0.7) € T; has an infinite path extension
in 7 is decided by stage L,,cx_. 1. As z >, O wehave of > o andsoz >, xo®x;.

We now use xo and x; to decode the coding construction and hence hyperarith-
metically recover O and z from xo @ x;. The decoding is achieved via a finite injury
method similar to that used in [22] to prove Theorem 6.2. However, a correct decod-
ing requires use of the witness functions fo and f;. Without these witness functions,
xo would still code z and would belong to the closure of 4. The entire construction
is then reduced to that in the proof of Martin’s theorem in [22]. However, in this case
one cannot conclude that x( belongs to 4. This difficulty is resolved by a procedure
of mutual coding, in which xj also codes f} and x; codes f. The coding of z is
weaved into the mutual coding strategy in the course of the construction.

We now point out the key decoding steps and leave the details to the reader. As in
[22]. we may fix a X -enumeration { 7j[@]}; <5 q<eox OVer Lk such that fori < 2,

°
fou
=
I
~

[
e Ti[e] C Ti[plifa > B.
® Tl[wlCK] = na<a)]c'( T"[Oz]’
[ %] has no dead end nodes, and
A; ={x|3fn(x [ n.f | n) € Ti[wX]}.

°
=

Since [7;] does not contain a hyperarithmetic infinite path, we have [T;[w{¥]] = [T}]
to be a perfect tree (which as noted earlier enabled the coding procedure to be
implemented). Clearly (x;, /) is an infinite path in T;[«] for each a. As was the
case for 7;,i < 1, for each @ < w{ one may define the notion of a string ¢’ being a
splitting node over (o, ) in T;[c]. In particular, for (¢.7) € T[] such that ¢ < X;.
it makes sense to say that x; | n splits over (o, 7) in T;[c]. This means that there are
strings 74, 71 = 7 such that (x; | n°0.7)). (x; | n”1.7}) € T;[a]. In this case we
also say that x; | nis a locally splitting node over (o, 7) in T;[«]. Here “local” refers
to the fact that there is no guarantee that (x; [ n~j. 7}) has an infinite extension in
Ti[a] for j =0.1. '

Since foreachi < landa < a)lCK, (x;. fi)isapath on T;[«], one may use xo @ x|
to approximate the values of /'o(s) and f;(s) by simulating in T;[c] the construction
of x;. This is achieved by attempting to retrieve the sequences {(0iy. Tiy)}s<w-
i <1, using xo @ x;. Of course, since it is yet to be established that z and f o are
hyperarithmetic in x( & x1, the retrieval is only by way of approximating the original
construction. Using x & x;, one may mimic the construction of {(c;y. 7i ) } s<e tO
define {(o;5[a]. tis[a]) }s<w. for i < 1, so that g;,41[] is an initial segment of x;
(in ascending order of length) and a local splitting node over (o;[a]. 7is[e]) in
Ti[a]. Furthermore, for each i, 7;,.1[c] is an approximation of f; | s at stage «.
In other words, 7; 4[] is the leftmost finite string so that (o;1[a]. Tis41[a]) €
T,'[OL](O',"S , Ti‘s)~

Note that for each n and @ < o/ < w ¥, the number of splitting nodes along
(x; I n. fi | n)in T;[a] is greater than or equal to that in T;[a/].

One may use 7>[a] to define a Zl(Lwlcx)-approximation [ of fo “from the
left”: f,(0)[a]™ -~ fi(n)[a] is the leftmost string in T[] (it is possible that
there exist only finitely many such n’s.). Then for a < X, f,(0)[a] < f0(0).
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Suppose n > 0 and f{,(m)[a] = fo(m) for all m < n. Then f{,(n)[a] < fo(n).
and limanLCbe(l’l)[a] = fo(l’l).

The algorithm we adopt for decoding proceeds as follows. Construct a sequence of
ordinals {c } < Which is Aj-definable in L «ox[xo®x1]s0 that lim,_,, oy = a)1CK,
and use it as a parameter to decode the real z,land thereby conclude that xo®x; > z

Let goio(()) = f(g(()) and oy = 0.

We say that xo @ x| consistently computes f o up to j at stage o if for every k < j.

(1) 714[c] agrees with that coded in xq using go1[c]. In other words, let
oy, 1[a] be the shortest locally splitting node over (goxlal. tox[a]) in To[a].
Then there is a ag,k +1la] which is the leftmost locally splitting node over
(goxle]. tox[e]) extending o}  [a]”i. for some i € {0.1}. Moreover.
inductively for each / E [1.n).[a]] where n}_ [e] = [Dom(zi[a])| —
[Dom(zy 4 _[a])]. [a] be the leftmost locally splitting node over
(oxlal. toxl]) extendlng (aOk [@])"1 in Ty[]. Then there are 71 .[a](l +
|[Dom(z; 4 _1[a])])-many locally splitting nodes over (g x[a]. 7o [e]) in T[]
between o), |, [e] and o}, [@];

(2) The approximation of fo via 7> using f(, at stage a agrees with that
via {gg[a]}i<k up to the decoding of fo | k. In other words, let

ag’;: iled +1[ ] be the leftmost locally splitting node extending (ag’;;‘_[f [a])”

in Ty[a] over (aox[e]. 1o []) so that there are f,(k)[a]-many nodes which

0
are locally splitting over (oo[a], tox[c]) in To[a] between 00’;(1[1 [a] and

nyilal+l g led+1+i+1

Oopyr L] For i < 1. let i [a] be the next local splitting
node in Tyl ] over (gox[al.tox[a]) extending (ag’ﬂ[ﬂHﬂ[ 1)"1. Then

n?, [e]+3
ookrilal = oy, el and

(3) 7ox+1[cr] agrees with that coded in x| using o1 441[a]. Thus inductively for
each/ € [1.n;_,[a]]. where nj_,[a] = [Dom(zqk+1[e])|—|Dom(zok[a])|.
ol .1 [a] be the leftmost locally splitting node over (a1 «[a]. 71 ¢ []) extending

(o kil[ )71 in Ti[a] so that there are 7o [a](! + [Dom(zg[a])])-many

locally splitting nodes over (a1 x[a]. 71 x[@]) in Ti[c] between afjcj_][a] and

1 .
] . e lal+i+1
o1 xla]. Fori <1, let alfkjl

. al+2
(o1x[a). tik[e]) in Ti[a]. Then oy j41[a] = Usz:lll a.

Note that at any stage «, we may assume that xo ® x; always computes fo
consistently up to 0. Furthermore, for each o < w® and j € w. there is always
an @’ > a such that o’ < o™ and xo @ x; consistently computes fo up to j at
stage o’.

Suppose that a,_ is defined where ¢t > 1. Search for the least stage a > a,_
so that xy @ x; consistently computes o up to 7 at . Let o, = a and gp,(j) =
S (j)leu] foreach j < t.

This completes the construction at step z.

[a] be the next local splitting node over

We verify that the decoding construction yields an algorithm to hyperarithmeti-
cally compute z from xo @ x;.
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Lety = U,c,, -

Clearly y < w{* and is a limit ordinal. Furthermore y < »;*®*'. We prove that
y=ors.

Suppose for the sake of contradiction that y < w&X. Using the fact that neither x,
nor x; is hyperarithmetic, we will show that for i < 1, each sequence of parameters
n'lay], 0[] and 7;,[,] introduced in the decoding procedure above eventually
stabilizes as # — w. Suppose thisis false. Then there is a least j and a corresponding
least 7y such that f o is consistently computed up to jo — 1, but not jj, at «, for all
t > ty. We argue that such a situation does not occur.

The proof proceeds by induction in the order of the introduction of the parameters

0
. n; [oy]+1
at stage aj,. For convenience, we only show that g,,"

i [c] reaches a limit after
some ¢ (essentially the same argument applies to show that the other sequences of
parameters also stabilise). This means that §o,(jo) # 8o.,+1(jo) for at most finitely
many ¢’s.

n’ [eu]

0
n; (o3
Assume that g, /j‘?o o]

[a,] does not change from stage a, onwards (0'0, 1 Lol is

nf lul+1

as defined above before the decoding of fo [ k in (2)). If ¢} [e] changes
infinitely often, then go.(jo) # £o.+1(jo) for infinitely many ¢’s. Then by the
decoding construction, we have the following claim.

Cram 1. go.r+1(jo) > &o.(jo) for any t > to + 1 and hence lim;—, 0./ (jo) =
+o0.

PrOOF. If we assign a new value k to go,(jo) at some stage o, > a1,
it must be the case that o,(0)"---"go.,(jo — 1)k € Tsla;]. However,
0.,0)" " 80,(jo — 1) € Tla,] by the assumption on jj, so that k >
g0.-10jo). B

Claim 1 implies that at infinitely many ¢’s, left turns were selected at locally
splitting nodes in 7Ty[«, ] during the decoding phase for the purpose of approximating
foljo)-

0
- io[og] - - -
Letg = ag‘f}?oa“ [oy,] and T = 79 j,[e,]. Note that |G| > |7]. Define

X={x=a|VnVB<y3p'3 =t(B< B <yAlt|=nA(x|n7)e T}

If we let p(T) = {o | 3t(o.7) € T} be a “local projection” of a tree T C
@< x <, then it is not difficult to see that (,_, p(To(7.7)[p]) is a tree (Note:
To(&.7)[B] denotes the analog of Ty(G. T) for Ty[f]). Moreover,

X =1 p(To(e. DA
p<y
In other words, X consists of all the reals x “potentially” with an accompanying
witness /" so that (x. /) is an infinite path in 7T,(&, 7)[y]. Note that since y < ¥,

X is a Al closed subset of 2¢.
CLAM 2. xq is the leftmost pathin X .

Proor. Suppose not. Then there exist yp and o such that 5 < o, yg = 70, xo >
o LandVA < p3p' It = 1(f < B <y Al = |o|+1A (o | |o]|+1.7") € To[f']).
Now by Claim 1 let #; > 7y be such that g0 ,(jo) > ||+ 1 for all # > ¢,. Then
there are 7.7/ of length || so that (xo | |o| + 1.7), (yo | |o| + 1.7") € To[as+1]-
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However, since yy is to the left of xo. the value of g0, +1(jo) coded by xo is at most
|o| + 1. Thus g0, +1(jo) < || + 1. a contradiction. —|

Claim 2 implies that x is hyperarithmetic which is a contradiction. Hence there is

0 (]+1 .
a 1" such that forany ¢ > ¢°, g0.,(jo) = 80.4+1(jo) and so agf;’o[a ] [oy]is a constant

for all t > ¢°.

We leave it to the reader to verify the stabilization of the other sequences of
parameters.

It follows that for each . there is a 7; such that §o,, (/) = g0./(j) = f(/)le]
fort > 1;. Define g(j) = lim;-, 2. (j) for j € . Then (}) — lim, ., £1(/)[eu]
and ¢ € L,;;. Now g is the leftmost path in 75[y] and so in 75 as well. Thus
¢ = fo € L,41. This contradicts the assumption that y < o ¥. Hence y = o
andso fo <; xo @ x1.

Using this, one may decode the entire construction in 7;[w¥] and conclude that
z <j X0 @ x1. completing the proof of the Theorem. -

Let F be the collection of all finite subsets of w. A real x is Al-traceable if for any
function f <, x, thereis a A]-function g : @ — F such that for every n, |g(n)| = n
and f(n) € g(n).

LEMMA 6.4. There is an uncountable X}-set A in which every member is
Al-traceable.

Proor. This is precisely what was proved in Theorem 4.7 of [20]. -

By [2] and [11], each A}-traceable real is low for Al-randomness and hence low for
Al-Kurtz randomness. By [10]. the IT}-random reals form a X}-set. Then by Lemma
6.4 and Theorem 6.3, there is an x which is low for A%-randomness andx®y =, O
for some I}-random y. So y is a I} (x)-singleton. We thus conclude:

THEOREM 6.5.

(i) Lowness for Al-randomness # Lowness for T1}-randomness.
(ii) Lowness for Al-Kurtz-randomness # Lowness for T1}-Kurtz-randomness.

REMARK. Theorem 6.3 may be used to answer Question 58 in [7] and Question 3
in [20]. whose solutions were announced by Friedman and Harrington but have
remain unpublished.

We end this paper with two problems.

It is still unknown whether strong IT}-ML-randomness coincides with IT}-
randomness. To separate these two notions, one way is to investigate the Borel
ranks of different notions of randomness. Obviously the collection of IT}-ML-
random reals is l;[g and it can be shown that it is not };.g (see Part 2, [23]) . Moreover,

it is not hard to see that the collection of I1}-random reals is neither £3 nor ITS. Its
exact Borel rank remains unknown. We have the following conjecture.

CONIJECTURE 6.6.% The collection of T1}-random reals is not 1.
Also the question whether lowness for I1}-randomness coincides with hyperarith-
meticity remains open. In view of Theorem 6.1, we have the following question.

3The conjecture was refuted by Monin [14] recently by showing that the collection of H}-random
reals is proper 1;[(3).
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QUESTION 6.7. Is it true that for any nonhyperarithmetic x and uncountable X} -set
A C 2% thereisay € A such that x ©y >, O?

87. Acknowledgments. We thank the referee for helpful comments and sugges-
tions, as well as for a very careful reading of the manuscript. We also thank Noam
Greenberg and André Nies for useful discussions and comments. Most of the results
in the paper were presented in Logic blog 2012 maintained by Nies. Yu’s research was
partially supported by National Natural Science Fund of China, No. 11322112 and
Humboldt Foundation. Chong’s research was partially supported by NUS Grant
C146000025001.

REFERENCES

[1] LAURENT BIENVENU, NOAM GREENBERG, and BENOIT MONIN, Some higher randomness results.
email communication.

[2] C. T. CHONG, ANDRE NIEs, and LIANG YU, Lowness of higher randomness notions. Israel Journal
of Mathematics. vol. 166 (2008). pp. 39—60.

[3] C. CHONG and L. Yu. Recursion Theory. Computational Aspects of Definability. De Gruyter,
Berlin, Boston, 2015.

[4] OsvALD DEMUTH, Remarks on the structure of tt-degrees based on constructive measure theory.
Commentationes Mathematicae Universitatis Carolinae. vol. 29 (1988). no. 2, pp. 233-247.

[5] Rob DowNEY, ANDRE NIES, REBECCA WEBER, and LIANG YU, Lowness and 1'1(2) nullsets, this
JOURNAL. vol. 71 (2006). no. 3. pp. 1044-1052.

[6] RoDNEY G. DOwNEY and DENIS R. HIRSCHFELDT, Algorithmic randomness and complexity, Theory
and Applications of Computability, Springer, New York, 2010.

[7] HARVEY FRIEDMAN, One hundred and two problems in mathematical logic, this JOURNAL, vol. 40
(1975), pp. 113-129.

[8] R. O. GANDY. On a problem of Kleene's. Bulletin of the American Mathematical Society. vol. 66
(1960), pp. 501-502.

9] . Proof of Mostowski’s conjecture. Bulletin de I’Académie Polonaise des Sciences, Série des
sciences mathématiques, astronomiques et physiques, vol. 8 (1960), pp. 571-575.

[10] GrREG HyorTH and ANDRE NIES, Randomness via effective descriptive set theory. Journal of London
Mathematical Society (2). vol. 75 (2007). no. 2. pp. 495-508.

[11] BiorN Kios-HANSSEN, ANDRE NIES, FRANK STEPHAN, and LIANG YU, Higher Kurtz randomness.
Annals of Pure Applied Logic. vol. 161 (2010). no. 10, pp. 1280-1290.

[12] DONALD A. MARTIN, Proof of a conjecture of Friedman. Proceedings of the American
Mathematical Society. vol. 55 (1976). no. 1. p. 129.

[13] PER MARTIN-LOF, On the notion of randomness. Intuitionism and Proof Theory (Proceedings of
Conference at Buffalo, N.Y, 1968 ). pp. 73-78, North-Holland. Amsterdam. 1970.

[14] BENoIT MONIN, Higher randomness and forcing with closed sets, 31st International Symposium
on Theoretical Aspects of Computer Science. Leibniz International Proceedings in Informatics (LIPIcs),
vol. 25, Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik GmbH (LZI), Wadern. pp. 566-577.

[15] ANDRE Nigs, Computability and Randomness, vol. 51, Oxford Logic Guides, Oxford University
Press, Oxford, 2009.

[16] JAN REIMANN and THEODORE A. SLAMAN, Measures and their random reals. Transactions of the
American Mathematical Society. vol. 367 (2015). no. 7. pp. 5081-5097.

[17] . Randommness for continuous measures, to appear.

[18] GERALD E. SACKS, Measure-theoretic uniformity in recursion theory and set theory. Transactions
of the American Mathematical Society. vol. 142 (1969). pp. 381-420.

[19] . Higher Recursion Theory, Perspectives in Mathematical Logic, Springer-Verlag, Berlin,
1990.

[20] STEPHEN G. SIMPSON, Minimal covers and hyperdegrees. Transactions of the American Mathemat-
ical Society, vol. 209 (1975). pp. 45-64.

https://doi.org/10.1017/js1.2015.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2015.50

1148 C. T. CHONG AND LIANG YU

[21] CLIFFORD SPECTOR, Hyperarithmetical quantifiers. Fundamenta Mathematicae, vol. 48
(1959/1960), pp. 313-320.

[22] LIANG YU, A new proof of Friedman’s conjecture. Bulletin of Symbolic Logic, vol. 17 (2011). no. 3,
pp. 455-461.

[23]
2013.

. Higher randomness. Logic Blog, http://dl dropbox.com/u/370127 /Blog/Blog2013.pdyf.

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE
NATIONAL UNIVERSITY OF SINGAPORE
SINGAPORE 119076, SINGAPORE
E-mail: chongct@math.nus.eud.sg

INSTITUTE OF MATHEMATICAL SCIENCE
NANJING UNIVERSITY. JIANGSU PROVINCE 210093
P.R. OF CHINA
E-mail: yuliang.nju@gmail.com

https://doi.org/10.1017/js1.2015.50 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2015.50

