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Abstract

This paper presents an effect of relativistic mutual interaction of two laser beams of different frequencies on the growth
of a laser ripple in laser produced plasmas. The nonlinearity due to relativistic mass variation depends not only on the
intensity of one laser but also on the second laser. Therefore, one laser beam affects the dynamics of the second beam and
hence a mutual nonlinear interaction~cross-focusing! takes place. The dynamical equations governing the laser intensity
of two laser beams and the perturbation present on one laser beam~ripple! have been set up and a numerical solution has
been presented for typical laser plasma parameters. It is found that a change in the intensity of the second laser beam can
affect the growth of the laser ripple significantly. This study is important in plasma beat wave excitation and collective
laser particle accelerators.
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1. INTRODUCTION

There has been considerable interest in the interaction of
intense laser beam with plasmas on account of its relevance
to laser fusion~Mulser & Bauer, 2004! and charged particle
acceleration. Laser intensities have increased in the past few
years to reach the enormous value of 1020 W0cm2 ~peak
power are currently exceeding tens of tera watts! and their
electric field strength reaches 1010 V0cm, which is greater
than that of characteristic inter-atomic fields~Joshiet al.,
1981; Sprangleet al., 1987, 1990, 1992!. The generation of
a large electric field in plasmas by high power lasers has
been studied~Wyrtele, 1993! for several years in the context
of particle acceleration.

New techniques are being investigated for particle accel-
eration. Some of these techniques are beat wave~Tajima &
Dawson, 1979; Katsouleas & Dawson, 1983; Darrowet al.,
1986; Shuklaet al., 1986; Kitagawaet al., 1992!, Wakefield
~Gorbunov & Kirsanov, 1987; Sprangleet al., 1988!, and
self modulatedWakefield accelerators~Krall, 1993; Nakajima
et al., 1992!. Large amplitude longitudinal fields can also be
generated using intense positron beam for particle acceler-
ation ~Blue et al., 2003!. The beating between two
co-propagating laser beams in plasma can generate longitu-

dinal plasma wave with high electric field and relativistic
phase velocity. The mechanism is called beat wave acceler-
ator. If the electron plasma frequencyvp is close to the
difference frequency between the two laser beams, a reso-
nance effect results and the charge separation produces a
field up to several GV0cm. A relativistic particle with right
phase can catch the wave and gain energy.

Filamentation instability~hot spot formation! and self
focusing of laser beams in plasmas have been studied in
detail in the past, and it is an area of continued interest.
These studies are also relevant to laser electron acceleration
and laser driven fusion. The relativistic filamentation insta-
bility can lead to modification of the propagation pulse by
spatially modulating the laser intensity transverse to the
direction of propagation. The relativistic filamentation and
self focusing have been studied for number of years and are
important, because one needs to understand laser propaga-
tion at high intensities before one can interpret the results
from other nonlinear phenomena~Sprangle & Esarey, 1991;
Manot, 1995!.

A lot of theoretical and experimental work has been
reported related to beat wave excitation~BWE!, by two
laser beams and laser induced parametric instabilities in
plasmas like stimulated Raman scattering~SRS!, and stim-
ulated Brillioun scattering~SBS! by a single laser beam. But
these studies used spatially smooth laser beam, which is not
realistic. The direct and indirect experimental evidence~Toy

Address correspondence and reprint requests to: R.P. Sharma, Centre for
Energy Studies, Indian Institute of Technology, New Delhi 110016, India.
E-mail: rpsharma@ces.iitd.ernet.in

Laser and Particle Beams~2005!, 23, 69–77. Printed in the USA.
Copyright © 2005 Cambridge University Press 0263-0346005 $16.00
DOI: 10.10170S0263034605050135

69

https://doi.org/10.1017/S0263034605050135 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034605050135


& Shen, 1969! revels that the smooth looking laser beams
have strong intensity ripples~spikes! which may lead to the
formation of filaments~hot spots! in plasmas. Therefore, the
parametric interaction and plasma beat wave excitation
~PBWE! can be considered coherently only inside a spike.
But the experimental observations, which generally reflect
integrated quantity, results from an average over a statistical
distribution of independent ripples with different intensi-
ties. One can use different models of a laser beam having
single hot spot~Huller et al., 1996!, two closely hot spots
~Huller et al., 1997!, and a randomized laser beam having
ripples of different intensities~Bergeret al., 1995!.

The effect of speckle self-focusing on the SRS~Saini &
Gill, 2004! and SBS have been studied but the effect of
speckle self-focusing on BWE process has not been studied
so far. For example, the work of~Renet al., 2000; Mckinstrie
& Bingham, 1989; Mckinstire & Russell, 1988; Esarey
et al., 1988! have considered two laser beams but without
ripple superimposed on either of the laser beams. Therefore,
these theories are not applicable in realistic case of PBWE
where laser beams having ripples are frequently used.Actual
realistic case will be when; both of the laser beams are
having multiple ripples of different intensities. We have first
considered a simple case in order to understand the physics
of mutual interaction of two laser beams, when one of them
is having a ripple present on it. In our earlier study~Purohit
et al., 2003!, we addressed the cross focusing of two laser
beams on the growth of laser ripples in plasma, when the
nonlinearity is due to pondermotive force exerted by laser
beams on the plasma electrons. But this work can not be
used when the laser beams are having very high powers
~relativistic region! because in those situations nonlinearity
arising on account of relativistic electron mass variation
becomes important. In the present paper, we have studied
the effect of cross focusing of the two laser beams on the
growth of laser ripple in plasma, when the nonlinearity is
due to relativistic mass variation of plasma electrons, depend-
ing on the intensity of both laser beams. Because of the
relativistic nonlinearity, the dynamical equation governing
the intensity of the laser ripple depends upon the total
intensity of both lasers. Therefore, by changing the intensity
of the second laser, one can control the growth of the ripple
in the plasmas. One can also obtain the optimum intensity of
the second laser beam, so that the growth rate of the ripple
can be decreased. If we know the dynamics of a single ripple
in the presence of the second laser beam, the PBWE process
can be studied in each single intense hot spot, and by
averaging over the hot spot intensity distribution, one can
obtain the correct amplitude of the excited plasma wave and
hence the acceleration of the particles.

In section 2, we will present an analysis of the nonlinear
effective dielectric constant of the plasma and derive the
differential equations governing the nature of the laser rip-
ple intensity in plasma. In section 3, a brief discussion and
conclusions of the numerical results of the present investi-
gation are presented.

2. MODEL EQUATIONS

Consider the propagation of two coaxial Gaussian laser
beams of frequenciesv1 andv2 along thez direction. The
initial intensity distributions of the beams are given by

E1{E1
* 6z50 5 E10

2 e2r 20r10
2
,

E2{E2
* 6z50 5 E20

2 e2r 20r20
2
, ~1!

wherer is the radial coordinate of the cylindrical coordinate
system andr10 and r20 are their initial beamwidths. The
dielectric constant of the plasma is given by

«01,2 5 12
vpe

2

v1,2
2 , ~2!

wherevpeis the plasma frequency, given byvpe
2 54pnee20m

~with ebeing the charge of an electron,mits rest mass, andne

thedensityofplasmaelectrons!.Therelativisticgeneralexpres-
sion for the plasma frequency is

vp
2 5

vpe
2

g0

,

where

g0 5 S11
e2

m2c2v1
2 E1{E1

*1
e2

m2c2v2
2 E2{E2

*D102

. ~3!

Using ~3! and~2!, the intensity dependent effective dielec-
tric constant of the plasma can be expressed as

«1,2 5 «01,21 f1,2~E1{E1
* ,E2{E2

* !,

f1,2 5 S vpe
2

v1,2
2 DF12S11

e2

m2c2v1
2 E1{E1

*1
e2

m2c2v2
2 E2{E2

*D2102G,

~4!

wheref1,2is the nonlinear part of the dielectric constant. By
Using a Taylor expansion of the dielectric constant around
r 5 0, the equation can be rewritten as

«1,2 5 «f 1,21 g1,2r 2,

g1,2 5
vpe

2

2v1,2
2 Fa1 E10

2

f1
4r10

2 1
a2 E20

2

f2
4r20

2 GF11
a1 E10

2

f1
2 1

a2 E20
2

f2
2 G2302

,

and

«f 12 5 12
vpe

2

v1,2
2 F11

a1 E10
2

f1
2 1

a2 E20
2

f2
2 G2102

, ~5!
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wheref1 andf2 are the dimensionless beam width parameters
of the laser beams and

a1,2 5 e20m2c2v1,2
2 .

The wave equation governing the electric vectors of the two
beams in plasma can be written as

]2E1,2

]z2 1
1

r

]E1,2

]r
1

]E1,2

]r 2 1
v1,2

2

c2 «1,2E1,2 5 0. ~6!

In writing Eq.~6!, we have neglected the¹~¹.E! term which
is justified as long as~vp0

2 0v1,2
2 !~10«1,2!In «1,2 # 1. The

solution forE1,2 can be written as~Sodha et al., 1976, 1979;
Akhamanovet at., 1968!

E1,2 5 A1,2e@2i ~k1,2z1S1,2!#,

A1,2
2 5 S E1,20

2

f1,2
2 De

S2
r 2

r1,20
2 f1,2

2 D
,

S1,2 5 ~r 202!b1,2~z! 1 f1,2~z!,

b1,2~z! 5
1

f1,2

df1,2

dz
, k1,2~z! 5

v1,2

c
«f1,2

102, ~7!

where the dimensionless beam width parameterf1,2 is given
by the following equation

d2f1,2

dz2 5
c2

v1,2
2 r1,20

4 «01,2 f1,2
3 1

g1,2 f1,2

«01,2

. ~8!

For initial plane wavefronts of the beams, the initial condi-
tions onf1,2 are

f1,2 5 1 anddf1,20dz5 0 atz5 0.

By using these initial conditions, one can solve numerically
Eq. ~8! and can evaluate the evaluation off1,2 with the
distance of propagation.

Let a perturbation be superimposed on the first beam such
that its initial intensity distribution is given by

E01{E01
* 6z50 5 E100

2 S r

r100
D2n

e
S2

r 2

r100
2 D

, ~9!

wheren is a positive number andr100 is the width of the
ripple. By changing the value ofn the position of the ripple
changes. However, more detailed information about the
intensity distribution in the ripple is needed. But as a model
of single ripple, we can consider it to be Gaussian. The total

electric vector of the laser, having ripple superimposed on it
can be written as

E 5 E1 1 E01, ~10!

whereE01 is the ripple superimposed on the first laser beam.
The total electric vectorE satisfies the wave equation

¹2E 2 ¹~¹{E! 1
v1

2

c2 «1E 5 0. ~11!

In the WKB approximation, the second term of Eq.~11!

can be neglected, this is, justified since one hasSvp0
2

v1
2 D3

S 1

«1
DIn «1 # 1, and the electric vectors of the main beam

E1 and the rippleE01 satisfy the equations

¹2E1 1
v1

2

c2 «1~E1{E1
* ,E2{E2

* !E1 5 0, ~12!

¹2E01 1
v1

2

c2 «1~E{E*,E2{E2
* !E01

1
v1

2

c2 @f1~E{E*,E2{E2
* ! 2 f1~E1{E1

* ,E2{E2
* !#E1 5 0, ~13!

respectively. To obtain the solution of Eq.~13!, we express

E01 5 A01~r, z!e~2ik1 z!, ~14!

whereA01~r, z! is a complex function of its argument. Sub-
stituting for E01 from Eq. ~14! into Eq. ~13! we get the
following equation within the WKB approximation

22ik1

]A01

]z
1 S ]2A01

]r 2 1
1

r

]A01

]r 2 D1
v1

2

c2 f1~E{E*,E2{E2
* !A01,

1
v1

2

c2 @f1~E{E*,E2{E2
* ! 2 f1~E1{E1

* ,E2{E2
* !#A01e~2ik1S1!

5 0.

~15!

Further, substituting forA01 in Eq. ~15!

2
]S10

]z
1 S ]S10

]z
D2

5
1

k1
2A010

S ]2A010

]r 2 1
1

r

]A010

]r
D1

feff

«01

,

~16a!
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where

feff 5 f1~E{E*,E2{E2
* ! 1

vpe
2

2v1
2 FSa1 E10

2

f1
2 e~2r 20r10

2 f1
2! 1

a2 E20
2

f2
2 e~2r 20r20

2 f2
2!DS11

a1 E10
2

f1
2 e~2r 20r10

2 f1
2! 1

a2 E20
2

f2
2 e~2r 20r20

2 f2
2!D2302G

3 2 cos2 fp,

A01 5 A010~r, z!e@2ik1S10~r, z!#,

whereA010~r, z! is a real function andS10 is the eikonal, we obtain the following equations after separating the real and
imaginary parts

]A010
2

]z
1

]S10

]r

]A010
2

]r
1 A010

2 S ]2S10

]r 2 1
1

r

]S10

]r D1 Fv1
2

c2

1

k1

vpe
2

v1
2 Sa1 E10

2

f1
2 e~2r 20r10

2 f1
2! 1

a2 E20
2

f2
2 e~2r 20r20

2 f2
2!D

3 S11
a1 E10

2

f1
2 e~2r 20r10

2 f1
2! 1

a2 E20
2

f2
2 e~2r 20r20

2 f2
2!D2302

3 sin 2fpGA010
2 5 0, ~16b!

wherefp is the angle between the electric vectors of the main laser beam~one! and the ripple. In writing Eq.~16! we have
expanded

f1~E{E*,E2{E2
* ! 5 f1~E1{E1

* ,E2{E2
* ! 1

df1

dE{E* *~E{E*5E1{E1
*1E2{E2

* !
@E{E* 2 ~E1{E1

*1 E2{E2
* !# .

Following Akhamanovet al. ~1968!, the solutions to Eqs.~16a! and~16b! can be written as

A010
2 5

E100
2

f 2 S r

r100 f D2n

eS2
r 2

r100
2 f 2DeS22E

0

z

ki ~z!dzD, ~17a!

S10 5
r 2

2
b~z! 1 f1~z!, ~17b!

b~z! 5
1

f

df

dz
, ~17c!

ki ~z! '
1

2

v1
2

c2

1

ki

vp0
2

2v1
2 FSa1 E0

2

f1
2~z!

1
a2 E20

2

f2
2~z! DS11

a1 E10
2

f1
2~z!

1
a2 E20

2

f2
2~z! D2302G3 ~sin 2fp!, ~17d!

wheref is the dimensionless beam width parameter of the ripple andf~z! is a constant. For an initially plane wave front
df0dz5 0 andf 5 1 atz5 0. Substituting forA010 andS10 from Eq.~17! into Eq.~16a! and expanding aroundr 5 r100fn102

by Taylor expansion, we get

feff 5 feff~r 5 r100 fn102! 1 f 'r 2 ~18a!
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where

f ' 5
dfeff

dr 2 *
r 25r100

2 f 2n

5 2S vpe
2

2v1
2DHFSa1 E10

2

r10
2 f14

e
2

r100
2 f 2n

r10
2 f1

2

1
a2 E20

2

r20
2 f24

e
2

r100
2 f 2n

r20
2 f2

2 D3S11
a1 E10

2

f12
e

2
r100

2 f 2n

r10
2 f1

2

1
a2 E20

2

f22
e

2
r100

2 f 2n

r20
2 f2

2 D2302G
1 nn022 cosfp

E100

E10

e2ki ~z!Sa1 E10
2

f12
1

a2 E20
2

f22
De

2
n

2 S11
r100

2 f 2

r10
2 D

3 H 3

2Sa1 E10
2

r10
2 f14

e
2

r100
2 f 2n

r10
2 f1

2

1
a2 E20

2

r20
2 f24

e
2

r100
2 f 2n

r20
2 f2

2 D3S11
a1 E10

2

f12
e

2
r100

2 f 2n

r10
2 f1

2

1
a2 E20

2

f22
e

2
r100

2 f 2n

r20
2 f2

2 D2502

2
1

2r10
2 S11

a1 E10
2

f12
e

2
r100

2 f 2n

r10
2 f1

2

1
a2 E20

2

f22
e

2
r100

2 f 2n

r20
2 f2

2 D2302J
2 2 cos2 fpHSa1 E10

2

f12
e

2
r100

2 f 2n

r10
2 f1

2

1
a2 E20

2

f22
e

2
r100

2 f 2n

r20
2 f2

2 DSa1 E10
2

r10
2 f14

e
2

r100
2 f 2n

r10
2 f1

2

1
a2 E20

2

r20
2 f24

e
2

r100
2 f 2n

r20
2 f2

2 DJ
3 FS11

a1 E10
2

f1
2 e

2
r100

2 f 2n

r10
2 f1

2

1
a2 E20

2

f2
2 e

2
r100

2 f 2n

r20
2 f2

2 D2302

2
3

2S11
a1 E10

2

f12
e

2
r100

2 f 2n

r10
2 f1

2

1
a2 E20

2

f22
e

2
r100

2 f 2n

r20
2 f2

2 D2502GJ . ~18b!

Using Eqs. 18a, 18b, and 16a, we get the following equation
for f after equating the coefficient ofr 2

d2f

dz2 5
c2

v1
2«01r100

4 f 3 1
f ' f

«01

. ~19!

Equation~19! determines the focusing0defocusing of a rip-
ple. It is apparent from the Eq.~17! for A010

2 that the ripple
grows0decays inside the plasma and the growth rate iski .
The growth rate depends on the intensity of the main beams,
the phase anglefp, and parameters of the pump waves and
plasma. But these solutions are valid in the neighborhood of
r 5 r100fn102. The following set of parameters has been used
in the numerical calculations:r10 5 15 mm, r20 5 20 mm,
r100, 5 10 mm, v1 5 1.7783 1015 rad0s, v2 5 1.7783
1014rad0s,vpo 5 0.04v2, 2fp 5 3p02,n 5 1.5 and 1.8.

3. DISCUSSION AND CONCLUSIONS

In the present analysis, the coupling between the ripple and
main beams, which leads to growth0decay of the ripple
inside the plasma, is studied. Due to this coupling, the ripple
can grow in the plasma. The growth rate of the ripple~ki ! is
given by Eq.~17d!, which depends on the effective intensity
of the main beams in the plasma, electron density of the
plasma, frequency of the laser beams, and the phase angle
fp. It is clear from the equation, when sin 2fp is positive,
the ripple will not grow and it will be attenuated at a distance
on the order of 10ki . The ripple will grow only when sin 2fp

is negative.
As mentioned in the Introduction, the real aberration is

modeled, when the ripples are present on both the laser
beams. The growth rate of the ripple as given by Eq.~17d!
depends on the intensity of both laser beams. It is possible to

find out the value ofa1 E10
2 anda2 E20

2 such that the ripple
has as minimum as possible growth rate. This can be obtained
by studying the behavior of the growth rateki of the ripple
with the intensities of the laser beams as given in Fig. 1.
Figure 1 represents the variation of the growth rateki

~Eq. 17d! at z 5 0, with the change in the intensity of the
second laser beam, when the intensity of the first laser beam
is fixed. It is seen from Fig. 1, that firstki increases with the
intensity of the second laser beam, but decreases after that.
There is an optimum intensity of the second laser beam
where the value ofki is maximum. This optimum value of
the second laser beam decreases as we increase the intensity
of the first laser beam. For example, for the value ofa1 E10

2 5
0.7, 1.0 and 1.5 optimum value ofa2 E20

2 is 1.3, 1.0, and 0.5,
respectively. Similarly one can study the behavior of the
ripple present on the second laser beam. Therefore, it is
possible to find out the combination of intensities of laser
one and laser two, such that the ripple riding on them are
having the growth rate as minimum as possible.

Figure 2 represents the variation of the growth rate~ki !
with the distance of propagation, for different powers of
the second laser beam. It is obvious from this graph that
the growth rate of the ripple oscillates with the distance of
propagation. When the power of the second laser beam is
increased, similar effect has been found, but the over all
growth rate is decreased. This behavior ofki with the dis-
tance of propagation is attributed to the fact that the growth
rate depends on the intensity of two main laser beams
~Eq. 17d!, but the intensities of laser beams are also chang-
ing with the distance of propagation, therefore the change
in ki .

Equation~8! is the fundamental equation for cross focus-
ing of two laser beams, when the ripple is not present on the
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laser beams. On neglecting the contribution of the second
beam in Eq.~8!, one can obtain the usual relativistic self-
focusing of the first beam. With the simultaneous propaga-
tion of two laser beams, the relativistic nonlinearity introduced
in the plasma depends upon the total intensity of the two

beams, and the behavior off1 is also governed byf2, and vice
versa. In other words, the self-focusing of one beam is
affected by the presence of another beam; this is referred to
as cross-focusing. The first term on the right-hand side of
Eq. ~19! represents the diffraction phenomenon of the rip-

Fig. 1. Variation ofki for the two beams with the power of the second laser beam~a2 E20
2 ! atz5 0. Solid line, dash line, dotted line and

dash dotted line are fora1 E10
2 5 0.7, 1.0, 1.3, and, 1.5, respectively.

Fig. 2. Variation ofki for the two beams with the normalized distance of propagationj ~5 zc0v1 r10
2 ! for a fixed power of the first beam

@a1 E10
2 5 0.7# and different powers of the second beam. Solid line, dotted line and semi-dotted line are fora2 E20

2 5 1, 1.5, and 2,
respectively.
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ple. The second term, which arises from the relativistic
nonlinearity, describes nonlinear refraction. The relative
magnitude of these terms determines the focusing0defocusing
behavior of the ripple. If the first term is large in comparison
to the second term, the diffraction dominates over the non-
linear phenomena, leading to defocusing of the ripple. When
the second term is large than the first term, self-focusing of
the ripple is observed. The growth rate~ki ! contributes
significantly to focusing0defocusing of the ripple. The vari-
ations of the beam width parameterf of the ripple with the
distance of propagation is illustrated in Fig. 3 for fixed
2fp 5 3p02, but for different powers of the second laser
beam, whenn 5 1.5. When the power of the second laser
beam is increased, the ripple shows focusing0defocusing
behavior continuously. The focusing0defocusing of the rip-
ple is found to be considerably affected by the power of the
main beams, phase angle between the electric vectors of the
first laser beam, and the parametern.

Figures 4~a! and 4~b! depict the variation of normalized
intensity of the ripple atr 5 r100fn102 in the plasma with the
normalized distance of propagation for fixed 2fp 5 3p02,
but for different values of the ripple position parametern.
For different powers of the second laser beam, intensity of
the ripple oscillates with the distance of propagation. It is
also obvious form the graphs that the intensity of the ripple
is decreased by increasing the power of the second laser
beam for the typical sets of parameter chosen here. This
variation is having a complex dependence on the intensity of

the laser beams, because the intensity of the ripple depends
on the growth rateki ~Eq. 17d! and the parameterf ~as given
by Eq. 19!. When the intensity of the second laser beam
~Eq. 8! is changed, it changes the values off1 and f2,
therefore the value ofki and f also changes. Consequently
the intensity of the ripple behaves as shown in Fig. 4,
respectively.

To conclude, one of the important results to come out
from the present analysis is that we can control the fluctua-
tions on the first laser beam by increasing the power of the
second laser beam. Similarly one can control the fluctua-
tions on the second laser beam by increasing the intensity of
first laser beam. The results are quite similar as in our
previous study~Purohitet al., 2003!; where the nonlinearity
was due to pondermotive force, but both the effects occur at
different time scales. Relativistic mutual interaction occurs
at very short time scale, while nonlinearity due to pondermo-
tive force occurs at long time scale. Moreover, due to the
difference in the nonlinearity mechanism considered here
and in our previous paper~Purohitet al., 2003!, the growth
rate ki is different and the threshold power~required for
ripple to be self-focus! is also different. This study may be
useful in understanding the mechanism of laser plasma
coupling where filamentation process plays very important
role. Specially, one can study the change in the magnitude of
the plasma wave excited by beat wave process, when both
the laser beams are having ripples present on them. Besides
this we find that for the typical laser plasma parameters,

Fig. 3. Variation of dimensionless beam width parameter~ f ! of the ripple with the normalized distance of propagationj ~5 zc0v1 r10
2 !

for a fixed power of the first beam@a1 E10
2 5 0.7,n51.5, and 2fp 5 3p02# and different powers of the second beam. Solid line, dotted

line and semi-dotted line are fora2 E20
2 5 1, 1.5, and, 2, respectively.

Interaction of two laser beams on the growth of laser ripple in plasma 75

https://doi.org/10.1017/S0263034605050135 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034605050135


ki Rd ' 14 ~whereRd is Rayleigh length!. Therefore, these
studies may also be useful for beat wave excitation.
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