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A model for the dynamic thermomechanical behavior of a viscoelastic beam which is in

frictional contact with a rigid rotating wheel is presented. It describes a simple braking

system in which the wheel comes to a stop as a result of the frictional traction generated

by the beam. Friction is modelled with a temperature and slip rate dependent coefficient of

friction. Frictional heat generation is taken into account as well as the wheel temperature

evolution, and the wear of the beam’s contacting end. The model is formulated as a variational

inequality. A FEM numerical scheme for the model is described, implemented, and the results

of numerical simulations are shown.

1 Introduction

This work deals with modelling, analysis and numerical simulations of a braking system

with simplified geometry. The setting consists of a rigid rotating wheel that comes to a stop

as a result of frictional traction generated by contact with a thermoviscoelastic beam. The

frictional heat generated during the process is taken into account, and so are the evolution

of the wear of the beam’s contacting end and the wheel’s temperature field. The purpose of

this simplified mechanical setting is to allow for the study of the braking process dynamics,

while avoiding some of the mathematical difficulties arising in two-or three-dimensions.

Although the setting is simplified, the model derived is complex, realistic, and takes into

account the main physical phenomena involved in the thermomechanical braking process.

Moreover, it is easier to set up experimentally and to perform measurements near the

contact point.

The process has important applications in the automotive and aeronautical industries:

car, plane or train braking systems, are the more prominent examples. Indeed, the

thermomechanical process of frictional contact is an everyday occurrence, but rigorous

mathematical investigation of realistic models for the process is rather complicated since

the process is strongly nonlinear. Recent progress in nonsmooth mechanics reached a

point where such problems can be modelled and the existence of solutions established.

Related results, for simplified aspects of the problem can be found in [6, 16, 36] and
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references therein. Related results and review of current publications can be found in

several works [13, 25, 30, 31], and the references therein.

General mathematical models for thermoviscoelastic dynamic frictional contact have

been investigated recently [3, 4, 8], and a comprehensive theory is currently emerging.

Quasistatic problems can be found in several works [29, 31, 35]. Related results for various

geometries and simple settings in engineering literature can be found [6, 16, 36, 2, 26],

along with one-dimensional thermoviscoelastic contact problems [11, 12].

This process is of the pin-on-disc type [10, 28], which is commonly used for experimental

determination of wear. However, our interest lies in the full process of braking, which

involves the rotation speed as an unknown, as well as the thermal aspects. A model for

a pin-on-disc wear experiment can be obtained from our model by simple modifications,

and the results of this work apply to that case too. Modifications of the model for the

process where the beam’s end is in close proximity to a rotating disc, such as in the case

of a reading head of a computer hard drive, are easy to make, but fall outside of the

scope of this work.

In this paper, we construct a general model for the process of dynamic contact between

a rigid rotating wheel and a thermoviscoelastic beam. It includes: dynamic vibrations of

the beam, evolution of its and the wheel’s temperature fields, frictional contact and the

associated heat generation, slowing down of the wheel’s rotational velocity, and the wear

of the beam’s contacting tip. The model is developed in § 2 and the classical formulation

is summarized in (2.8)–(2.24). It consists of a system of linear partial differential equations

coupled with an ordinary differential equation and a differential inclusion, and nonlinear

boundary conditions. However, we deal with a contact problem which is non-smooth, and

so the classical formulation is inadequate, since, in general, there are no classical solutions

for such systems. Therefore, we derive a weak formulation for the model in § 3, and then

we set it in an abstract form using multivalued operators. The existence of a weak solution

for the model has been established in a companion work [23], where a version of the

abstract existence theorem in Kuttler & Shillor [19] has been applied to the problem. We

recall this result in § 3 as well. Since we deal with set-valued inclusions, the uniqueness

of the solutions remains an open and difficult question. However, the uniqueness of the

weak solution for the problem when the wheel temperature and its rotation speed are

known was shown in Kuttler et al. [23].

In § 4 an FEM numerical algorithm for the problem is developed, and the simulations

resulting from its implementation are presented in § 5. The paper concludes in § 6, where

we describe some related open problems.

In addition to its intrinsics interest, this slightly simplified model will be used, together

with experimental results, to identify the system parameters that are involved in the

processes. Contact processes are notoriously difficult to observe directly, and the proposed

setting makes their experimental determination easier, since the access to the contact

patch is simpler. The results of the parameter identification will be used to identify the

contact parameters.

Finally, we note that the contact area or patch between the wheel and the beam, as is

explained in § 2, has the shape of the beam’s cross section but its location is unknown.

This leads to a new free patch problem for the heat equation, which has been investigated

in Kuttler & Shillor [22].
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Figure 1. The physical setting.

2 The model

The physical setting consists of two beams, each one of which is rigidly attached at one

end to a controlling mechanical device that causes the other end to come into frictional

contact with a rotating wheel. As a result of the frictional traction the wheel slows down

and eventually comes to a rest, releasing in the process its kinetic energy in the form of

frictional heat. The wear of the contacting ends, which has an important effect on the

process, is taken into account. This somewhat simplified setting allows us to investigate

the braking process in an easier fashion, however, it is sufficiently realistic so we can com-

pare its predictions with experimental results. The main simplifications are in replacing

the braking pad with a beam, and in assuming that the wheel is rigid.

The device we have in mind includes two beams situated on both sides of the wheel,

however, the setting is symmetric, so it is enough to consider one beam and one-half of

the wheel, as depicted in Figure 1. The wheel W is assumed to be rigid; it rotates about

the x-axis with angular speed ω = ω(t), has thickness hw , radius R, mass m, moment of

inertia J , and occupies the set

W = {(x, y, z) : −hw � x � 0,
√
y2 + z2 � R}. (2.0)

The beam is parallel to the x-axis, in the xz-plane with z = h and 0 � x � L, i.e. in

its stress free and isothermal reference configuration it occupies B = {(x, 0, z) : 0 � x �
L, z = h} and its cross section is Ab. The force p∗ = p∗(t) is applied by the controlling

device (BM) at x = L, while at x = 0 the beam is in contact with the wheel. Two rigid pins

are situated above and below the beam restricting its motion to the line Li in the plane

parallel to the xy-plane with z = h. Without this restriction, the motion of the contacting

end would be in the x = 0 plane too, complicating the model by introducing the need for

two coupled beams, one vibrating in the xy-plane and the other in the xz-plane. Such a

model will be considered in the sequel if warranted by experimental results.

We are interested in the dynamic braking process. Let u = u(x, y, z, t) and θ = θ(x, y, z, t)

be the displacement (parallel to the xy-plane) and temperature fields of the beam, respect-

ively. For the sake of convenience we use below the notation u = u(x, t) and θ = θ(x, t),

since y = 0 and z = h are fixed. Although we consider the wheel as rigid (relative to the

beam), we take into account its thermal characteristics, and denote by θw its temperature
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Figure 2. The beam’s end Xc(t) moves on the segment Li.

field, which is defined on W × [0, T ], for T > 0. The angular velocity ω of the wheel

depends on the frictional contact between the beam and the wheel, which is at the point

Xc = Xc(t) = (x, y, z) = (0, u(0, t), h),

and is restricted to move on the line Li such that −l < y= u(0, t)< l, where l=
√
R2 + h2

(see Figure 2). The thermal expansion of the beam and the wear of its contacting end

are included in the model, but since the wheel is assumed rigid we do not consider its

wear.

We assume that the wear particles produced at the contacting end are instantly removed

from the surface. We denote by ξ= ξ(t) the shortening of the beam as a result of the

wear; it measures the averaged length (over the beam’s cross section Ab) of the removed

material, and we refer the reader to Gu et al. [11] and Gu & Shillor [12] for further

details.

The beam is assumed viscoelastic and the shear stress is given by the Kelvin-Voigt

constitutive relation

−σ = −σ(x, t) = c2uxxx(x, t) + dc2utxxx(x, t), (2.1)

where σ(x, t) = σ(x, 0, h, t), c2 = EI/(|Ab|ρ) is the scaled elastic modulus, E is the Young

modulus, |Ab| is the area of the cross section Ab, I is the second moment of the cross

section area, and ρ is the material density. Also, d (� 0) is the viscosity coefficient, and

when d = 0 the material is purely elastic. Here and below subscripts denote partial

derivatives. The beam’s equation of motion is

utt + c2uxxxx + dc2utxxxx = f, (2.2)

where f denotes the density (per unit length) of applied horizontal forces. In the process

under consideration f = 0, however, we retain it for the sake of generality.

It is well known that beams that vibrate with high frequency may generate considerable

heat. However, in our setting the beam may vibrate only with low frequency, and so we

neglected the term αBθx in (2.1) and αBθxx in (2.2).

The beam’s energy equation is

θt − kBθxx = 0, (2.3)
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where kB = κ/c|Ab|ρ is the (scaled) coefficient of thermal diffusivity; κ is the coefficient

of thermal conduction and c is the heat capacity, both assumed positive constants.

We turn to describe the wheel. Let {i, j, k} denote the unit vectors in the directions of

the coordinate axes, and let r = yj + zk denote the position of a point on the x = 0 face

of the wheel, for |r| � R. Then, the energy equation of the wheel is

θw,t + v · ∇θw − kw∆θw = 0, (2.4)

where kw = κw/cwρw is the (scaled) coefficient of thermal diffusivity; κw is the wheel’s

coefficient of thermal conduction and cw is its heat capacity. The velocity v is given by

v = r × ω(t)i, (2.5)

and the term v · ∇θw represent convective energy transport.

The beam’s right end is rigidly attached to a controlling device which exerts a force

p∗ in the (negative) x-direction, but does not move otherwise, thus u(L, t) = ux(L, t) = 0.

The device’s temperature is assumed to be θdev = θdev(t), and we assume, for the sake of

simplicity that the end has the device temperature, thus θ(L, t) = θdev(t). Choosing the

heat exchange condition κθx(L, t) = γdev(θdev(t) − θ(L, t), leads to the same results as those

below.

The wheel is held in place and a simple argument [11, 12] shows that the contact

pressure caused by the horizontal thermal expansion, the wear and the applied force is

given by

p(t) =

(
p∗(t) + α

∫ 1

0

θ(x, t) dx− δwξ(t)

)
+

, (2.6)

where f+ = max{f, 0}, α is the scaled coefficient of thermal expansion, and δw is the

wear-pressure coefficient. The use of ( · )+ guarantees that the contact pressure vanishes

when the beam is disengaged from the wheel. However, we note that in applications p∗ is

kept at a sufficient level to prevent disengagement. The term δwξ measures the pressure

change because of length change resulting from wear, which although small, may or may

not be negligible since it grows continuously and affects the process. When the applied

force is large, we may neglect it, and the pressure resulting from thermal expansion as

well. This simplifies the problem, and we remark on it in the sequel.

We now describe the frictional contact between the beam and the wheel. We note that

when ω > 0 the wheel is rotating counterclockwise as seen from the beam. Moreover, the

contact point between the beam and the wheel is at r = u(0, t)j+hk, and the wheel velocity

at this point is v = ωhj − ωuk. Since the beam can move only horizontally, because of

the restraining pins, the horizontal velocity of the contact point is ωhj, and therefore, the

relative velocity between the beam’s end and the contact point is

vslip = (ωh− ut(0, t))j − ωu(0, t)k.

When the end’s displacement is small (compared to h), we may approximate it by

vslip ≈ (ωh− ut(0, t))j.
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We model friction by a version of a general law, proposed in Strömberg et al. [32],

which takes wear into account,

|σ(0, t)| � µH(t), (2.7)

σ(0, t)

µH(t)
= − ωh− ut(0, t)

|ωh− ut(0, t)|
if ut(0, t)� hω(t).

Here, µ denotes the coefficient of friction, which we discuss shortly; µH is the friction

bound, and H is a function of the contact pressure, i.e. H(t) =H(p(t)). The following

expression for H has been derived in Strömberg et al. [32],

H(p) = p(t)(1 − δ∗p(t))+,

where δ∗ is a very small positive constant related to the surface wear and hardness.

When δ∗ = 0 we obtain H(p) = p, which is the usual choice for the Coulomb law. For

the sake of generality, we assume here that H is a nonnegative, bounded and Lipschitz

continuous function of p. Moreover, the friction between the beam and the restraining

pins is assumed negligible, otherwise it has to be included in the beam equation. On the

other hand, because of the pins the friction condition involves only the component of the

velocity in the y direction ωh− ut(0, t), since the pins supply the necessary force in the z

direction to cancel out any downward stress.

According to (2.7), when ωh� ut(0, t) the end is in slip motion, in which |σ| = µH(t)

and the shear stress direction is opposite to the y-component of vslip. When |σ|<µH
the end sticks to the wheel and moves with it, which is stick motion. However, in our

setting of the problem when the wheel is rotating, ω�0 and then vslip�0 (except when

u(0, t) = 0), and we have slip motion until the wheel comes to a complete stop.

We assume that the friction coefficient µ depends on the relative slip rate and on the

surface temperature, which is often found in applications (e.g. see Rabinowicz [28] and

the extensive references therein), thus

µ = µ(|vslip(t)|, θ(0, t)),

where µ(·, ·) is a prescribed, continuous and bounded function. Actually, this relationship

holds true only if we assume that the tip temperature is the same as the wheel temperature

at the contact point, which we do in this work. If the surface temperature of the wheel

at the point is different from the beam’s, then the dependence of µ on the temperature

becomes very complicated. Indeed, in such a case one has to introduce the contact layer

temperature, which we do not wish to pursue here.

For recent mathematical results and further references about slip rate and temperature

dependence of µ the reader is referred elsewhere [1, 15, 19, 20, 21, 33, 37], and the

references therein.

The resultant of the moments acting on the contacting end is assumed to be zero. We

next describe the thermal interaction between the beam’s end and the wheel. The frictional

power generated is

Pf(t) = µH(t)|vslip|,
i.e. the product of the friction traction and the relative slip rate.
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As is customary, we assume that a fraction γ of the heat flux enters the beam and the

rest flows into the wheel. The loss to the environment is assumed negligible, since the

beam is thermally insulated lengthwise. Otherwise, all we need to do is to add a heat

exchange term to the beam’s energy equation. The thermal boundary condition at the

contacting end is

κθx(0, t) = −γPf(t) = −γµH(t)|vslip|.
The thermal boundary conditions on the wheel can be described in two ways. The

more realistic one, which we employ in this work, assumes that the contact, seen from the

wheel, takes place over a patch of cross section Ab centered at Xc, which we denote by

At, i.e. the thickness of the beam is taken into account. The idealized option is to assume

that the contact is just at the point Xc, however, we do not consider this case here.

Thus, we assume that the boundary ∂W of the wheel has two components Γe and Γc,

where

Γc = Γc(t) = {(0, y, z) : (y, z) ∈ At},
and Γe = ∂W − Γ̄c(t). Both Γc and Γe are process dependent, and in a sense, their common

boundary ΓF = ∂Γ̄e ∩ ∂Γ̄c is a free boundary, whose shape is known but location unknown,

beforehand.

In particular, if the beam’s cross-section Ab is circular with radius rc, then

Γc = Γc(t) = {(0, y, z) :
√

(y − u(0, t))2 + (z − h)2 < rc}.

The wheel exchanges energy with the environment over Γe, thus

κw
∂θw
∂n

= h∗
w(θamb − θw),

where θamb is the ambient temperature, h∗
w is the heat exchange coefficient, n is the outer

normal to W and ∂/∂n is the normal derivative.

On Γc, the normal is n = i and the boundary condition is

κw
∂θw
∂x

=
(1 − γ)

|Ab|
Pf(t) =

(1 − γ)

|Ab|
µH(t)|vslip|,

where, for the sake of simplicity, we scaled the problem so that |Ab| = 1.

We note that the z component of the torque at the beam’s end vanishes because of the

pins, and therefore, the torque balance is

J
dω

dt
= hσ (0, t) ,

where σ(0, t) satisfies (2.7). Let ψ(r) = |r|, and denote by ∂ψ its subdifferential, i.e.

∂ψ(r) =




1 0 < r,

[−1, 1] r = 0,

−1 r < 0,

then the boundary condition corresponding to the mechanical contact of the end of the
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beam and the wheel becomes the differential equation,

J
dω

dt
= −hµH(p)∂ψ(hω − ut).

When there is stick the moment acting on the wheel belongs to the interval [−hµH, hµH],

while in slip state the acting moment is ±hµH . Note that the vibrations of the end of the

beam may either increase or decrease the angular velocity.

Finally, the wear of the beam’s end is given by the differential form of the Archard law:

dξ

dt
= kwep(t)|vslip|,

where kwe is the wear coefficient (very small in practice), and the wear rate is proportional

to the contact pressure and slip rate (e.g. see elsewhere [4, 5, 11, 32, 37], and the references

therein).

Initially, u(x, 0) = u0(x), ut(x, 0) = v0(x) and θ(x, 0) = θ0(x), for 0 � x� 1, where u0, v0 and

θ0 represent the beam displacement, velocity and temperature, respectively. The initial

wheel temperature is θw0 on W and its angular velocity is ω(0) =ω0.

We set L= 1 and use the notation ΩT = (0, 1) × (0, T ), WT =W × (0, T ), ΓeT =Γe ×
(0, T ) and ΓcT =Γc × (0, T ).

Collecting the equations and conditions above leads to the following classical statement

of the thermomechanical problem of the braking of a rotating wheel by frictional contact

with a beam.

Find a set of functions {u, θ, ω, ξ, θw} such that:

utt + c2uxxxx + c2dutxxxx = f, in ΩT , (2.8)

θt − kBθxx = 0, in ΩT , (2.9)

u(x, 0) = u0(x), ut(x, 0) = v0(x), 0 � x � 1, (2.10)

θ(x, 0) = θ0(x), 0 � x � 1, (2.11)

u(1, t) = 0, ux(1, t) = 0, θ(1, t) = θdev(t), (2.12)

θw,t + v · ∇θw − kw∆θw = 0, in WT , (2.13)

v = r × ω(t)i, in WT , (2.14)

κw
∂θw
∂n

= h∗
w(θamb − θw), on ΓeT , (2.15)

κwθw,x = (1 − γ)µH(p)|vslip|, on ΓcT (2.16)

θw(·, 0) = θ0w on W, (2.17)

and at x = 0,

uxx + dutxx = 0, (2.18)

κθx = −γµH(p)|vslip|, (2.19)

|σ| � µH(p), (2.20)

σ = −µH(p), if |ωh− ut| � 0, (2.21)

J
dω

dt
= −hµH (p) ∂ψ (hω − ut) , (2.22)
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dξ

dt
= kwep(t)|vslip|, (2.23)

ω(0) = ω0, ξ(0) = ξ0, (2.24)

for 0 � t�T . Here, the wheel and beam temperatures are equal at the contact point,

µ= µ(|vslip|, θ) and H(p) =H(p(t)), where p is given by (2.6).

Note that the coupling between the mechanical and thermal processes is through v

in (2.13) and (2.14), the boundary conditions (2.16), (2.19) and via µ and p, introducing

strong nonlinearities into the problem. Moreover, Γc is related to one of the unknowns of

the problem (u(0, t)).

A number of simplifications are possible, making the problem easier to handle both

mathematically and numerically. The contribution of the term δwξ(t) to the pressure p

is likely to be small, so we may neglect it. Moreover, by controlling the applied pressure

we may replace p with p∗ in the model. This decouples the wear process and allows to

compute the accumulated wear separately, once the solution of the rest of the problem

has been obtained. However, for the sake of generality, we consider the fully coupled

problem.

Since the problem includes friction, in general it may have no classical solutions [7].

Therefore, it is necessary to consider the weak formulation of the problem. Moreover,

weak formulations provide a natural setting for the FEM algorithm for the problem.

3 Weak formulation, statement of results

We turn to the weak or variational formulation of the problem. Then we describe

the assumptions on the problem data, and recall the existence (Theorem 3.2) and the

uniqueness (Theorem 3.3) results established in Kuttler et al. [23]. We refer the reader

elsewhere [7, 17, 24] for details on the function spaces which we will use in this and the

following sections.

First, we redefine the dependent variables and assume, without loss of generality, that

θdev = θamb = 0. We let u and θ lie in the spaces

V ≡ {u ∈ H2(0, 1): ux(1) = u(1) = 0}, E ≡ {η ∈ H1(0, 1): η(1) = 0}, (3.1)

respectively. We note that the norm ‖u‖V = |uxx|L2(0,1) is equivalent to the usual norm on

V , and ‖θ‖E = |θx|L2(0,1) is equivalent to the usual norm on E. We use these equivalent

norms whenever convenient. We denote by γ
0

the trace map of an element of V at x= 0,

i.e. γ
0
v= v(0), and denote by γw the trace map from H1(W ) to L2(∂W ).

We define H ≡L2(0, 1) and identify H and H ′ so that

E ⊆ H = H ′ ⊆ E ′. (3.2)

Similar set inclusions hold when E is replaced by V . We also assume that ω and ξ lie

in L∞(0, T ). For convenience, we denote by V =L2(0, T ;V ) and E =L2(0, T ;E). We seek

θw in the space Vw ≡L2(0, T ;H1(W )).
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Derivation of the weak formulation

The derivation may be skipped on first reading, and the reader may want to proceed

directly to the formulation.

The weak formulation of the problem is obtained by multiplying the equations with ap-

propriate test functions and using integration by parts and the given boundary conditions.

In such a way we obtain operators mapping Banach spaces into their duals.

We begin with (2.8), which we rewrite in terms of v= ut, and so

u (x, t) = u0(x) +

∫ t

0

v (x, s) ds. (3.3)

Multiplying both sides of (2.8) by wφ, where w ∈ V and φ ∈ C∞
c (0, T ) and integrating

by parts, using σ = −c2(uxxx + dutxxx), and another integration by parts yields

−
∫ T

0

∫ 1

0

vwφt dx dt+

∫ T

0

σ (0, t)w (0)φ(t) dt+

∫ T

0

∫ 1

0

(c2uxx + dc2vxx)wxxφ dx dt

=

∫ T

0

∫ 1

0

fwφdx dt. (3.4)

Formally, conditions (2.20) and (2.21) imply that

σ(0, t) ∈ µ(|vslip|, θ)H(p)∂ψ(v − hω). (3.5)

Thus, we obtain the following variational formulation of the equation and the boundary

conditions for u:

−
∫ T

0

∫ 1

0

vwφt dx dt+

∫ T

0

µH(p)ζ(t)w(0)φ(t) dt

+

∫ T

0

∫ 1

0

(c2uxx + dc2vxx)wxxφ dx dt =

∫ T

0

∫ 1

0

fwφdx dt. (3.6)

Here, ζ(t) ∈L∞(0, T ), σ(0, t) = µHζ, and ζ ∈ ∂ψ(v − hω), so, for all η ∈ L∞(0, T ),

∫ T

0

ζ (t) η (t) dt �

∫ T

0

(|γ
0
v(t) − hω(t) + η(t)| − |γ0v(t) − hω(t)|) dt. (3.7)

We define the set-valued map,

Q:L2 (0, T ) × L2 (0, T ) × V × L2 (0, T ) → P(V′) = P(L2(0, T ;V ′))

as follows: y∗ ∈Q(µ, p, v, ω) if and only if there exists ζ ∈L∞(0, T ) such that (3.7) holds

for all η ∈L2(0, T ) and y∗(t) = γ∗
0(µH(p)ζ)(t) a.e. in (0, T ).

We define the operator A :V →V ′ by 〈Au, w〉 ≡
∫ 1

0 uxxwxx dx, and will also regard it as

an operator from V to V′ by setting Au(t) ≡A(u(t)).

Next, we consider (2.13), and note that on ΓeT a homogeneous Neumann condition

holds, while on ΓcT the frictional heat flux condition holds. Let φ ∈ C∞
c (0, T ) and
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β ∈H1(W ). We multiply (2.13) by βφ and integrate by parts, which yields

−
∫ T

0

∫
W

θwβφ
′ dV dt+

∫ T

0

∫
W

v · ∇θwβφ dV dt

+

∫ T

0

∫
W

kw∇θw · ∇(β)φdV dt−
∫ T

0

∫
∂W

kw
∂θw
∂n

βφ dS dt = 0. (3.8)

We define the operator Aw : H1(W ) →H1(W ) by 〈Awθw, σw〉 ≡
∫
W

∇θw · ∇σw dV , and let

Aw : Vw → V′
w be its extension, given by Awθw(t) ≡Aw(θw(t)).

Recalling that θamb = 0, we get from (3.8)

−
∫ T

0

∫
W

θwβφ
′ dV dt+

∫ T

0

∫
W

v · ∇θwβφ dV dt+
∫ T

0

∫
W

kw∇θw · ∇βφdV dt (3.8)

+

∫ T

0

∫
Γe(t)

hwθwβφ dS dt− (1 − γ)

∫ T

0

∫
Γc(t)

µH (p) |vslip| βφdS dt = 0. (3.9)

We note that Γc(t) and Γe(t) depend on u(0, t), and the last two terms on the left-hand

side are highly nonlinear.

We now introduce the additional operators N1, N2 and N. Let θw ∈L2(0, T ;H1(W ))

and u∈C(0, T ;V ). The nonlinear operator

N1 : L2(0, T ;H1(W )) × C(0, T ;V ) → V′
w,

is defined by

〈N1(θw, u), σw〉 ≡
∫ T

0

∫
Γe(γ0u(t))

hwγwθwγwσw dS dt, (3.10)

and

N2 : L2(0, T ) × L2(0, T ) × L2(0, T ;V ) × C(0, T ) × C(0, T ;V ) → V′
w,

is given by

〈N2(µ, p, v, ω, u), σw〉 ≡
∫ T

0

∫
Γc(γ0u(t))

(1 − γ)µH (p) |vslip|γwσw dS dt, (3.11)

where vslip = (γ0v − hω)j. Then, N is defined as

N(θw, µ, p, v, ω, u) ≡ N1(θw, u) −N2(µ, p, v, ω, u). (3.12)

Recalling that v = r ×ωi, the second term in (3.9) may be described in terms of the

operator N3 : Vw ×C(0, T ) → V′
w , defined as

〈N3(θw, ω), σw〉 ≡
∫ T

0

∫
W

(r × ωi) · ∇θwσw dV dt, (3.13)

where r = (0, y, z) for a point (x, y, z) ∈ W , and ω satisfies (2.22).

https://doi.org/10.1017/S0956792503005370 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792503005370


192 J. Bajkowski et al.

Motivated by the differential inclusion (2.22), we define Q1 : (L2(0, T ))4 → P(L2(0, T ))

as follows:

λ ∈ Q1(µ, p, ω, v), (3.14)

if and only if there exists ζ1 ∈L2(0, 1) such that for all η ∈L2(0, T ) we have∫ T

0

ζ1 (t) η (t) dt �

∫ T

0

(|hω(t) − v(0, t) + η(t)| − |hω(t) − v(0, t)|) dt, (3.15)

and λ = hµH(p)ζ1.

We now write (2.9), along with the associated boundary and initial conditions, as

−
∫ T

0

∫ 1

0

θφ′η dx dt+ kB

∫ T

0

∫ 1

0

θxηxφ dx dt−
∫ T

0

γµH (p) |vslip| γ
0
ηφ dt = 0, (3.16)

where φ∈C∞
c (0, T ) and η ∈E. We define L : E→E ′ by 〈Lθ, η〉 ≡

∫ 1

0 θxηx dx, and N4 :

L2(0, T )4 ×C(0, T ) → E′ by

〈N4(µ, p, v, ω, u), η〉 ≡
∫ T

0

γµH (p) |hω − γ0v| γ0η dt. (3.17)

End of derivation

We now write the weak formulation of the thermomechanical problem (2.8)–(2.24) in

terms of these operators. The dynamic initial-boundary value problem for the beam may

be written as

v′ + c2Au+ dc2Av + Q(µ, p, v, ω) � f in V′, v(0) = v0, (3.18)

with u(t) = u0 +
∫ t

0
v(s) ds. The initial-boundary value problem for the temperature of the

rotating wheel is

θ′
w +N3(θw, ω) + kwAwθw +N1(θw, γ0

u) −N2(µ, p, v, ω, γ0
u) = 0, (3.19)

θw(0) = θw0. (3.20)

The initial-boundary value problem for the beam temperature is

θ′ + kBLθ +N4(µ, p, v, ω, u) = 0, θ(0) = θ0. (3.21)

The initial value problem for the angular velocity ω is

ω′ + J−1Q1(µ, p, v, ω) � 0, ω(0) = ω0. (3.22)

Finally, the wear is obtained by solving the initial value problem

ξ′ = kwep|vslip|, ξ(0) = ξ0. (3.23)

We recall that µ(t) = µ(|vslip(t)|, γ0
θ(t)), and

p(t) = (p∗(t) + α

∫ 1

0

θ(x, t) dx− δwξ(t))+. (3.24)
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Next, we rewrite the weak formulation in a condensed way. Let

Y ≡ (V ×H1(W ) × E × � × �).

Problem 3.1 Find the vector function y= (v, θw, θ, ω, ξ) ∈Y such that

y′ + Qy+ Ny+ Ay � f , y(0) = y0, (3.25)

where

y0 =
(
v0, θw0

, θ0, ω0, ξ0

)
∈ L2(0, 1) × L2(W ) × L2(0, 1) × �+ × �+,

is the vector of initial conditions.

The operators Q, N and A map L2(0, T ;Y ) to L2(0, T ;Y ′) or P(L2(0, T ;Y ′)), and are

defined as follows. Let z ≡ (w, σw, φ, η, ω), then

〈Qy, z〉 ≡ 〈Q(µ, p, v, ω), v〉 +
1

J
〈Q1(µ, p, v, ω), η〉

=

∫ T

0

µH(p)ζγ
0
w dt+

1

J

∫ T

0

hµH(p)ζ1η dt. (3.26)

where ζ and ζ1 satisfy (3.7) and (3.15), respectively.

〈Ny, z〉 ≡ 〈N1(θw, γ0
u), σw〉 − 〈N2(u, p, v, ω, γ0

u), σw〉

+ 〈N3(θw, ω), σw〉 + 〈N4(µ, p, ω, u), φ〉. (3.27)

Finally,

〈Ay, z〉 ≡ c2〈Au, w〉 + c2d〈Av, w〉 + kw〈Awθw, σw〉 + kB〈Lθ, φ〉. (3.28)

We note that the time derivative of y in (3.25) is defined in the sense of Y ′ valued

distributions.

We make the following assumptions on the problem data.

Assumptions

(1) H(·) is a bounded, positive and Lipschitz function;

(2) µ(·, ·) is a bounded, positive and Lipschitz function in both variables, and

0 < µ∗ � µ � µ∗;

(3) u0 ∈ V , v0 ∈, L2(0, 1) θ0 ∈ L2(0, 1), θw0 ∈ L2(W );

(4) θdev = 0, θamb = 0;

(5) 0 < ω0, 0 � ξ0.

The following existence result for Problem 3.1 has been established in Kuttler et al. [23].

Theorem 3.2 Assume that the data satisfy assumptions 1–5. Then there exists y ∈ Y such

that (3.25) holds.
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The proof was based on the recent results, established in Kuttler & Shillor [19] (see also

Kuttler [18]), on evolution equations involving set-valued pseudomonotone operators.

We conclude that problem (2.8)–(2.24) has a weak solution.

The uniqueness of the solution is an open problem. A partial result has been provided

[23], where it was shown that the weak solution is unique when the angular velocity ω

and the temperature θw of the wheel are known. We present this result here since it will

be used in the future in the parameter identification of the system coefficients. Indeed,

once the wheel temperature and its angular speed are obtained from measurements, the

uniqueness of the weak solution will guarantee that the optimization involved in parameter

identification will produce reliable results.

Theorem 3.3 If assumptions 1–5 hold and θw and ω are given functions, then problem

(3.18), (3.21) and (3.23), in which N4 is given by (3.17), admits a unique solution.

4 Numerical algorithm

In this section a fully-discrete approximation scheme of the variational problem is de-

scribed. Since our interest lies in the process when the rotating wheel comes to a stop, we

assume that there is only slip between the beam tip and the wheel. This removes condition

(2.20), friction is represented by (2.21), and (3.5) becomes an equation. We, in addition,

neglect the last term in (2.6).

We assume that L= 1 and let 0 = x0<x1< . . . < xM = 1, be a partition of [0, 1], with

Ii = [xi−1, xi] and hi = xi − xi−1 for i= 1, . . . ,M, and h= max1�i�M hi denotes the maximal

discretization step size. Following Han et al. [14], we define the finite element spaces

approximating the variational spaces V and E:

Vh =
{
vh ∈ V ; vh|Ii

is cubic, 1 � i � M
}
,

Eh =
{
ξh ∈ E; ξh|Ii

is affine, 1 � i � M
}
.

That is, Vh and Eh are composed of C1 piecewise cubic and continuous piecewise affine

functions, respectively.

W is assumed to be a polyhedral domain and let Th be a finite element partition of W

compatible with the boundary splitting Γ =Γe ∪Γc. We use the following finite element

space Bh to approximate H1(W ),

Bh =
{
Φh ∈ C(W ); Φh|κ ∈ P1(κ), ∀κ ∈ Th

}
, (4.0)

where P1(κ) denotes the space of polynomials of global degree at most one in κ. Here, h

represents the spatial discretization parameter of W .

To approximate the time derivatives, we introduce a uniform partition 0= t0< t1< . . . <

tN =T of the time interval [0, T ], and let k be the time step size. For a continuous function

w(t) we let wn =w(tn) and, for a sequence {wn}Nn=0, δwn = (wn −wn−1)/k denotes divided

differences.

A fully discrete scheme for the problem is as follows.
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Find vhk = {vhkn }Nn=0 ⊂Vh, θhk = {θhkn }Nn=0 ⊂Eh, θhkw = {θhkwn}Nn=0 ⊂Bh, {ωhk
n }Nn=0 and {ξhkn }Nn=0

such that:

uhk0 = uh0, vhk0 = vh0 , θhk0 = θh0 , θhkw,0 = θhw,0, ωhk
0 = ωh

0 , ξhk0 = ξh0 ,

and for n= 1, 2, . . . , N:∫ 1

0

δvhkn w
h dx+ c2d

∫ 1

0

(
vhkn

)
xx
whxx dx =

∫ 1

0

fnw
h dx

− c2
∫ 1

0

(
uhkn−1

)
xx
whxx dx+ µn−1H

(
phkn−1

)
wh(0), wh ∈ Vh, (4.1)

Jδωhk
n = −hµn−1H

(
phkn−1

)
, (4.2)

δξhkn = kwep
hk
n−1

∣∣vhkn (0) − hωhk
n

∣∣, (4.3)∫ 1

0

δθhkn φ
h dx+ kB

∫ 1

0

(
θhkn

)
x
φhx dx= γµn−1H

(
phkn−1

)∣∣vhkn (0) − hωhk
n

∣∣φh(0), φh ∈Eh, (4.4)∫
W

δθhkw,nΦ
h dx +

∫
W

wnv · ∇θhkw,n−1Φ
h dx +

∫
W

kw∇θhkw,n∇Φh dx

+

∫
Γe

hwθ
hk
w,nΦ

h dS − (1 − γ)

∫
Γc

µn−1H
(
phkn−1

)∣∣vhkn (0) − hωhk
n

∣∣Φh dS = 0, Φh ∈ Bh, (4.5)

phkn =

(
(p∗)n + α

M∑
i=1

liθ
hk
n (xi) − δwξ

hk
n

)
+

, (4.6)

uhkn = uhkn−1 + kvhkn , (4.7)

where µn−1 = µ(|(vslip)n−1|, θhkn−1), (vslip)n−1 =ωhk
n−1h− vhkn−1(0), and phk0 is defined by

phk0 =

(
(p∗)0 + α

M∑
j=1

hiθ
hk
0 (xi) − δwξ

hk
0

)
+

, (4.7)

hi = xi − xi−1 is the size of the element Ii, v = (0, z,−y), and uh0, v
h
0 , θ

h
0, θ

h
w,0, ω

h
0 and ξh0 are

appropriate approximations of u0, v0, θ0, θw,0, ω0 and ξ0, respectively.

We choose the friction coefficient as

µ(v, θ) =
1

2
λ1e

−λ2 v
(
1 + e−λ3 θ

)
, (4.8)

where λ1, λ2, λ3 > 0, which is a decreasing function of the slip rate v and increasing with

the temperature θ.

We conclude this section by describing briefly how to solve the fully discrete problem.

We suppose that n∈ {1, . . . , N} and uhkn−1, v
hk
n−1, ω

hk
n−1, ξ

hk
n−1, θ

hk
n−1 and θhkw,n−1 have already

been computed.

First, we note that variational equality (4.1) may be written as∫ 1

0

vhkn w
h dx+ c2dk

∫ 1

0

(
vhkn

)
xx
whxx dx = k

∫ 1

0

fnw
h dx

+ c2k

∫ 1

0

(
uhkn−1

)
xx
whxx dx− νkH(pn−1)w

h(0) +

∫ 1

0

vhkn−1w
h dx, wh ∈ Vh,
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Figure 3. Example 1: Evolution of the displacements and the temperature at the contact point

x = 0.

which is implemented following the ideas of Fernández et al. [9], and using the calculations

found in Viaño et al. [34]. Substituting vhkn into (4.2) we find ωhk
n , and ξhkn is calculated

from (4.3). We use these values in the linear system (4.4), which is solved to obtain the

discrete beam temperature θhkn . Similarly, using vhkn and ωhk
n in (4.5), the discrete beam

temperature θhkw,n is calculated. Finally, we find phkn and uhkn by using (4.6) and (4.7).

5 Numerical results

The FEM scheme described in § 4 was implemented and the results of four numerical

simulations are presented. In the examples the beam’s length was 1 m (L= 1) and the

spatial discretization was given by Vh, Eh and Bh. We used values h= k= 0.001 as the

discretization parameters.

5.1 Example 1: Slow wheel and large applied pressure

We consider a rotating wheel with an initial small angular velocity, ω0 = 10, while the

applied pressure p∗(t) is assumed to be constant and large (p∗(t) = p∗ = 100). The beam

starts from rest and its behaviour during 3 seconds (i.e. T = 3) is computed. No volume

forces act on it, and its deflection is caused by the contact with the rotating wheel.

The following data have been used:

T = 1, L = 1, c2 = 100, d = 0.001,

kB = 10, kw = 0.001, α = 10, h = 0.1, J = 1, (5.0)

γ = 0.5, δw = 0.01, λ1 = 0.4, λ2 = 0.1, λ3 = 1,

u0 = 0, v0 = 0, θ0 = 0, ω0 = 10, ξ0 = 0.

In Figure 3 the evolution of the displacement at the contact point x= 0 is shown on the

left, and on the right the evolution of the temperature field. The oscillations of the beam’s

tip are clearly seen, superimposed on its deflection due to the rotation of the wheel. Also,

the tip temperature oscillates as the frictional heat generated oscillates with its motion.
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Figure 4. Example 1: Evolution of the wheel’s angular velocity and of the wear.

Figure 5. Example 1: Evolution of the heat generated.

In Figure 4 the evolution of the angular velocity of the wheel and the wear, due to

friction, of the tip are depicted. It is seen that the angular velocity decreases almost

linearly, but the wear, although increasing as was to be expected, is rapid when the

contact pressure is high and slower when the pressure is lower. In Figure 5 the power lost

as frictional heat is plotted. It correlates well with the oscillations in the tip temperature.

5.2 Example 2: Fast wheel and medium applied pressure

The setting is as in Example 1, except that now the initial angular velocity is assumed to

be ω0 = 100 and the applied pressure p∗ = 10.
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Figure 6. Example 2: Evolution of the displacements and temperature at x= 0.

Figure 7. Example 2: Evolution of the angular velocity of the wheel and of the wear.

In Figure 6 the evolution of the displacement field at the contact point x= 0 is shown

on the left, and on the right that of the temperature field. The tip reaches a ‘steady’

position on the wheel rather quickly, and stays there for a while, since the wheel slows

down very slowly, as can be seen in Figure 7 (left), where the angular velocity vs. time is

depicted. The temperature of the tip settles down quickly, too.

The evolution of the wear is depicted in Figure 7 (right). In Figure 8 the frictional heat

generated vs. time is plotted.

5.3 Example 3: Stopping time of the wheel vs. applied pressure

The main interest in this work is in the braking process, so we describe the stopping time

T ∗ as a function of the applied pressure p∗. The data is the same as in Example 1, except

for h= 0.1, which was chosen so as to reduce the CPU time. The time T ∗ was that at

which ω reached the value 0.001. We plot it in Figure 9, and observe that the relationship

is nonlinear, and there is a ‘window’ where a small increase in the applied pressure causes

large difference in the stopping time.
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Figure 8. Example 2: Evolution of the generated heat.

Figure 9. Example 3: Time to stop vs. the applied pressure.

5.4 Example 4: Stopping time of the wheel vs. initial angular velocity

In the last example we study the time needed to stop, T ∗, as a function of the initial

angular velocity of the wheel. The same data that in the previous example have been
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Figure 10. Example 4: Time to stop vs. initial angular velocity.

used. The time to stop is shown in Figure 10, and it is seen that it is almost linear, as a

function of the initial angular velocity ω0.

6 Conclusions

A model for the braking of a rotating wheel, resulting from contact with a beam, was

constructed. It consists of a coupled system of equations and inclusions for the beam

displacements and temperature, the wheel temperature and angular velocity, and for the

wear of the contacting tip. A variational formulation was obtained, and an existence and

uniqueness results quoted from [23]. Further regularity of the solutions remains an open

and important problem.

The interest in this work lies in the thermomechanical behaviour of the system, with

emphasis on processes involved in contact. Friction was modelled with a slip-rate and

temperature dependent friction coefficient, and frictional heat generation was included.

Also, the wear of the contacting tip was taken into account. We note that the motion of

the contacting tip is a part of the problem, and it led to the introduction of the free patch

problem in Kuttler & Shillor [22].

A FEM algorithm for the model was developed and implemented, and results of the

numerical simulations were presented. The vibrations of the beam and of its tip lead to

oscillations of the contact pressure and the rate of heat generation. In the examples, a slow

wheel and large applied pressure and a fast wheel and a medium pressure were depicted.

Whereas the stopping time was found to be linear as a function ot the initial angular

velocity, it was found not linear as a function of the applied pressure. It was found, as

can be seen in Figure 9, that large values of the applied pressure do not necessarily lead
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to the decrease of the stopping time. Moreover, the wear of the tip was increasing but

with variable rate in Example 1.

This work is the first step in a program in which the contact parameters, in particular

the dependence of the friction coefficient on the slip-rate and on temperature, and

the wear condition, will be identified from experimental measurements, via parameter

identification optimization approach. The setting is easier to set-up and much easier to

perform measurements near the contacting patch. Also, it is easier to simulate numerically.
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