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Abstract

We present in this paper a first-order axiomatization of an extended theory T of finite or
infinite trees, built on a signature containing an infinite set of function symbols and a relation
finite(t), which enables to distinguish between finite and infinite trees. We show that T has
at least one model and prove its completeness by giving not only a decision procedure, but
a full first-order constraint solver that gives clear and explicit solutions for any first-order
constraint satisfaction problem in T. The solver is given in the form of 16 rewriting rules that
transform any first-order constraint ¢ into an equivalent disjunction ¢ of simple formulas
such that ¢ is either the formula true or the formula false or a formula having at least one
free variable, being equivalent neither to true nor to false and where the solutions of the free
variables are expressed in a clear and explicit way. The correctness of our rules implies the
completeness of T. We also describe an implementation of our algorithm in CHR (Constraint
Handling Rules) and compare the performance with an implementation in C++ and that of
a recent decision procedure for decomposable theories.

KEYWORDS: logical first-order formula, theory of finite or infinite trees, complete theory,
rewriting rules

1 Introduction

The algebra of finite or infinite trees plays a fundamental role in computer science:
it is a model for data structures, program schemes and program executions. As early
as 1930, Herbrand (1930) gave an informal description of an algorithm for unifying
finite terms, that is solving equations in finite trees. Robinson (1965) rediscovered a
similar algorithm when he introduced the resolution procedure for first-order logic
in 1965. Some algorithms with better complexities have been proposed after by
Paterson and Wegman (1978) and Martelli and Montanari (1982). A good synthesis
on this field can be found in the paper of Jouannaud and Kirchner (1991). Solving
conjunctions of equations on infinite trees has been studied by Huet (1976), by
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Colmerauer (1982) and by Jaffar (1984). Solving conjunctions of equations and
disequations on finite or infinite trees has been studied by Burkert (1988) and
Colmerauer (1984). An incremental algorithm for solving conjunctions of equations
and disequations on rational trees has then been proposed by Ramachandran
and Van Hentenryck (1993) and a quasi-linear incremental algorithm for testing
entailment and disentailment over rational trees has been given by Podelski and Van
Roy (1994).

On the other hand, K. L. Clark has proposed a complete axiomatization of
the equality theory, also called Clark equational theory (CET), and gave intuitions
about a complete axiomatization of the theory of finite trees (Clark 1978). B.
Courcelle has studied the properties of infinite trees in the scope of recursive program
schemes (Courcelle 1983, 1986), and A. Colmerauer has described the execution of
Prolog II, III and IV programs in terms of solving equations and disequations in the
algebra of finite or infinite trees (Colmerauer 1984, 1990; Benhamou et al. 1996).

Concerning quantified constraints, solving universally quantified disequations on
finite trees has been studied by Smith (1991) and there exist some decision procedures
which transform any first-order formula into a Boolean combination of quantified
conjunctions of atomic formulas using elimination of quantifiers. In the case of
finite trees we can refer to Malcev (1971), Kunen (1987) and Comon (1988, 1991b);
Comon and Lescanne (1989). For infinite trees, we can refer to the work of Comon
(1988, 1991a) and Maher (1988).

Maher (1988) has axiomatized all the cases by complete first-order theories. In
particular, he has introduced the theory J of finite or infinite trees built on an
infinite set F of function symbols and showed its completeness using a decision
procedure which transforms any first-order formula ¢ into a Boolean combination
¢ of quantified conjunctions of atomic formulas. If ¢ does not contain free variables
then ¢ is either the formula true or false.

Djelloul (2006a) has then presented in the class of decomposable theories and
proved that the theory of finite or infinite trees is decomposable. He has also given a
decision procedure in the form of five rewriting rules which, for any decomposable
theory, transforms any first-order formula ¢ into an equivalent conjunction ¢ of
solved formulas easily transformable into a Boolean combination of existentially
quantified conjunctions of atomic formulas. In particular, if ¢ has no free variables
then ¢ is either the formula true or —true.

Unfortunately, all the preceding decision procedures are not able to solve complex
first-order constraint satisfaction problems in 7. In fact, these algorithms are only
basic decision procedures and not full first-order constraint solvers: they do not
warrant that the solutions of the free variables of a solved formula are expressed
in a clear and explicit way and can even produce, starting from a formula ¢ which
contains free variables, an equivalent solved formula ¢ having free variables but
being always false or always true in 4. The appropriately solved formula of ¢ in
this case should be the formula false or the formula true instead of ¢. If we use, for
example, the decision procedure of Djelloul (2006a) to solve the following formula ¢

~Fyx=fW)A-Gzwx = f(z) Aw = f(w))),
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then we get the following solved! formula ¢

~(@yx =fy) A ~(EFzx = f(2))).

The problem is that this formula contains free variables but is always true in the
theory of finite or infinite trees. In fact, it is equivalent to

=(Jyx =f(y)A=(Fzx = f(y) Ax = f(2))),
ie. to

—JAyx =f(Y)A-(x=f(y)ANEzz =y))),
thus to

~Ayx=f) A= 1)),
which is finally equivalent to true. As a consequence, the solved formula of ¢ should
be true instead of ¢. This is a good example which shows the limits of the decision
procedures in solving first-order constraints having at least one free variable.

Much more elaborated algorithms are then needed, specially when we want
to induce solved formulas expressing solutions of complex first-order constraint
satisfaction problems in the theory of finite or infinite. Of course, our goal in these
kinds of problems is not only to know if there exist solutions or not, but to express
these solutions in the form of a solved first-order formula ¢ which is either the
formula true (i.e. the problem is always satisfiable) or the formula false (i.e. the
problem is always unsatisfiable) or a simple formula which is equivalent neither to
true nor to false and where the solutions of the free variables are expressed in a
clear and explicit way. Algorithms which are able to produce such a formula ¢ are
called first-order constraint solvers.

We have then presented in Djelloul and Dao (2006b) not only a decision procedure
but a full first-order constraint solver in the theory 7 of finite or infinite trees, in the
form of 11 rewriting rules, which gives clear and explicit solutions for any first-order
constraint satisfaction problem in 7. The intuitions behind this algorithm come
from the works of Dao (2000), in which many elegant properties of the theory of
finite or infinite trees were given. As far as we know, this is the first algorithm which
is able to do a such work in 7.

This is an extended and detailed version with full proofs of our previous work on
the theory 7 of finite or infinite trees (Djelloul and Dao 2006b). Moreover, in this
paper we extend the signature of 4 by the relation finite(t) which forces the term
t to be a finite tree. Then we extend Maher’s axiomatization by two new axioms
and show its completeness by giving an extended version of our previous first-order
constraint solver (Djelloul and Dao 2006b). We also describe a CHR (Constraint
Handling Rules) implementation of our rules and compare the performances with
those obtained using a C++ implementation of our solver and the decision procedure
for decomposable theories (Djelloul 2006a).

I ¢ is solved according to Definition 4.2.4 of Djelloul (2006a)
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1.1 Overview of the paper

This paper is organized in five sections followed by a conclusion. This introduction
is the first section. In section 2, we introduce the structure of finite or infinite trees
and give formal definitions of trees, finites trees, infinite trees and rational trees. We
end this section by presenting particular algebras which handle finite or infinite trees.

In section 3, after a brief recall on first-order logic, we present the five axioms of
our extended theory? T of finite or infinite trees built on a signature containing not
only an infinite set of function symbols but also a relation finite(t) which enables to
distinguish between finite and infinite trees. We then extend the algebras given at
the end of section 2 by the relation finite(t) and show that these extended algebras
are models of T. In particular, we show that the models of sets of nodes, of finite
or infinite trees and of rational trees are models of T.

In section 4, we present structured formulas that we call working formulas and
give some of their properties. These working formulas are extensions of those given
in Djelloul (2006a). We also introduce the notion of reachable variables and show
that there exist particular formulas which have only quantified reachable variables,
do not accept elimination of quantifiers and cannot be simplified any further. Such
formulas are called general solved formulas. We then present 16 rewriting rules
which handle working formulas and transform an initial working formula into an
equivalent conjunction of final working formulas from which we can extract easily
an equivalent conjunction of general solved formulas. We end this section by a
full first-order constraint solver in T. This algorithm uses, among other things, our
16 rules and transforms any first-order formula ¢ into a disjunction ¢ of simple
formulas such that ¢ is either the formula true or the formula false or a formula
having at least one free variable, being equivalent neither to true nor to false and
where the solutions of the free variables are expressed in a clear and explicit way.
The correctness of our algorithm implies the completeness of T.

Finally, in section 5, we give a series of benchmarks. Our algorithm was imple-
mented in C++ and CHR (Fruehwirth 1998; Fruehwirth and Abdennadher 2003;
Schrijvers and Fruehwirth 2006). The C++ implementation is able to solve formulas
of a two-player game involving 80 nested alternated quantifiers. Even if the C++
implementation is fastest, we found interesting to see how we can translate our
algorithm into CHR rules. Using this high-level approach, we will be able to quickly
prototype optimizations and variations of our algorithm and hope to parallelize
it. We also compare the performances with those of C++ implementation of the
decision procedure for decomposable theories® Djelloul (2006a).

The axiomatization of T, the proof that T has at least one model, the 16 rewriting
rules, the proof of the correctness of our rules, the first-order constraint solver in
T, the completeness of T, the CHR implementation, the two-player game and the
benchmarks are new contributions in this paper.

2 We have chosen to denote by 7 the Maher’s theory of finite or infinite trees and by T our extended
theory of finite or infinite trees.

3 In Djelloul (2006a), we have shown that the Maher’s theory .7 of finite or infinite trees is decomposable.
We can show easily using a similar proof that our extended theory 7T is also decomposable.
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2 The structure of finite or infinite trees
2.1 What is a tree?

Trees are well-known objects in the computer science world. Here are some of them:

/f\s a/f\f a /f\ f
AN, 7N\ N\
a a S s S
a/ \ f (ll s/ \f
) [
a ‘l

their nodes are labeled by the symbols a,b,f,s of respective arities 0,0,2,1. While the
first tree is a finite tree, i.c. it has a finite set of nodes, the two others are infinite
trees, i.e. they have an infinite set of nodes.

Let us now number from 1 to n and from left to right the branches that connect
each node [ to his n sons. We get

Each node ¢ labeled by [ can now be seen as a pair (p,[) where p is the position
of the node, i.e. the smallest series of positive integers that we meet if we move
from the root of the tree to the node c¢. Thus, the preceding trees can be represented
by the following sets of nodes:

{(e. ), (1,1),(2,9),(11,a),(12,b),(21, a)}
(e, ), (1,a), (2, 1), (21,b),(22, 1), (221, a), (222, ), (2221, b),...}
(&, 1), (1,a),(2, f),(21,5),(22, f), (211, a), (221, 5), (222, f),
{(2211,3), (2221, 5),(2222, ), (22111, a), (22211, 5), (222111, 5), (2221111, a), .. }

Let us now formalize all the preceding statements. Let L be a (possibly infinite)
set. Its elements are called labels. To each label | € L is linked a non-negative integer
called arity of I. An n-ary label is a label of arity n. A position is a word built on
strictly positive integers (the empty word is denoted by ¢). Let p be a position and
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I a label. The pair (p,[) is called node and its depth is the length* of p. An n-ary
node is a node whose label is of arity n. A root is a node of depth 0. The row of an
n-ary node, with n # 0, is the last integer of its position. We say that c¢ is the father
of ¢ or ¢ is the son of ¢ if ¢ and ¢’ are nodes whose positions are respectively of
the form iy,...,i and iy,...,ixiks1, where the i;’s are strictly positive integers and k
a (possibly null’) positive integer. Let us denote by N the set of the nodes labeled
by elements of L.

Definition 2.1.1
A node ¢ of N is called arborescent in a sub-set N; of N if N; # () and either ¢ ¢ Ny,
or ¢ € Ny and the two following conditions hold:

e N; —{c} does not contain any node whose position is the same as those of ¢,
e ¢ is either a root or the son of an n-ary node of N; which has exactly n sons
in N; of respective rows 1,...,n.

We can now define formally a tree:

Definition 2.1.2

A tree tr is a sub-set of N such that each element of N is arborescent in tr. A finite
tree is a tree whose set of nodes is finite. An infinite tree is a tree whose set of nodes
is infinite.

Let us now define the notion of subtree:

Definition 2.1.3

Let tr be a tree. The subtree linked to a node (iy,...,i,[) of tr is the set of the nodes
of the form (ix41,...,iksnI) With (if,..., ikt I') € tr and® n > 0. We call subtree of
tr a subtree linked to one of the nodes of tr. A subtree of tr of depth k is a subtree
linked to a node of tr of depth k.

From Definition 2.1.2, we deduce that each subtree of a tree tr is also a tree.

Definition 2.1.4
A rational tree is a tree whose set of subtrees is a finite set.

Note that an infinite tree can be rational. In fact, even if its set of nodes is infinite
but n subtrees linked to n different nodes can be similar. Let us see this in the
following example:

Example 2.1.5
Let us consider the three trees presented in the beginning of Section 2.1. Let us
name them from left to righ by: trq, tr, and tr;. The set of the subtrees of try is the

4 As usual, the length of the empty word ¢ is 0.
5 Of course, for k =0, iy, ..., i is reduced to e.
6 Of course, for n =0, (ixL1,...,iken ') is reduced to (e, I').
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following finite set:

{(8’ a)}’

{(e. )},

{(e.9),(1,a)},

{(e.). (1, a),(2,b)},
{(&.1).(1,1),(2,9),(11,a),(12,b),(21,a)}

ie.

a b s f /f\
a a/ \b S s
SN
a b a
The set of the subtrees of tr; is the following finite set:
{(e.a)},
{(e.b)},
{e.f),(L,a),(2,1),(21,b),(22, f),(221,a),.. .},
{(e. /), (1,b),(2,1),(21,a),(22, f),(221,b),.. .}

1e.

N\ SN\
SN O,

a

The set of the subtrees of tr; is the following infinite set:

{(e.a)},

{(8’ S): (17 a)}a

{(83 S)s (17 S)> (1 1» a)}>
{(e,5),(1,5),(11,5), (111, a)},

{(e.),(1,a),(2,1),(21,5).(22, f),...},
{(e.),(1,9),(2, /), (11,0),(21,5),(22, f),...}
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o0 /N /N
a I: E . a ‘/f\f |: S/f\f ..
J LN LN
$ | /\ Ia | >
i |
o i
'f. .

Note that the tree tr; has a finite set of nodes and a finite set of subtrees. Thus, it
is a finite rational tree. The tree tr, has an infinite set of nodes but a finite set of
subtrees. Thus, it is an infinite rational tree. The tree tr; has an infinite set of nodes
and an infinite set of subtrees. Thus, it is an infinite non-rational tree.

Note also that a rational tree can always be represented by a finite directed graph.
For that, it is enough to merge all the nodes whose linked subtrees are similar. A
non-rational tree cannot be represented by a finite directed graph. In this case, only
an infinite directed graph representation will be possible. For example, the trees 71,
tro and tr3 can be represented as follows:

NN LN\
A7 Li N

e
‘L>\___

Of course, two different directed graphs can represent the same tree. For example
the trees tr, and tr; can also be represented as follows:
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2.2 Construction operations

We would like to provide the set T'r of finite or infinite trees with a set of construction
operations ; one for each label | of L. These operations will be schematized as follows:

with n the arity of the label I. To formally define these construction operations, we
need first to define them in the set D of sets of nodes’ of N. Let i be a strictly positive
integer. If d = (ji1, ..., jk,!) is a node then we denote by i.d the node (ijy,..., jk [). If
a is a set of nodes (i.e. a € D), then we denote by i.a the set of nodes {i.d | d € a}.

Definition 2.2.1
In the set D, the construction operation linked to the n-ary label [ is the application
P :(ay,...,a,)— {(& 1)} U La1y,...,Un.a, with ai,...,a, elements of D.

Remark 2.2.2
Let a be an element of D. Let us denote by vi(a) the set of nodes of a of depth k.
Many remarks must be stated concerning any elements a, @; and b of D:

L.a=be N2 v(a) = w(b).

2. VO(ID(ab e an)) = {(Sa l)}

3. For all k > 0, there exists a function ¢x41, which is independent from all the
Vk+1(ai)5 withi € {la s n}: such that Vk+1(lD((11, tees an)) = (Pk+1(vk(a1)>~ () Vk(an))-

4. The elements of vo(IP(ay,...,a,)) are arborescent in [P (ay, ..., a,).

5. For all k > 0, the elements of vy {(I°(ay,...,a,)) are arborescent in [P(ay, ..., a,)
if and only if, for each i € {1,...,n}, the elements of vi(a;) are arborescent in
a;.

6. If for all k > 0 the elements of vi(I(ay,...,a,)) are arborescent in [P(ay,...,a,)
then each element of N is arborescent in I°(ay,..., a,).

Let now F be an infinite set of function symbols. Let us denote by

e N the set of the nodes labeled by F,

e D the set of sets of nodes of N,

e Tr the set of the elements of D which are trees,

e Ra the set of the elements of Tr which are rational, and
e Fi the set of the elements of Tr which are finite.

If f is an n-ary function symbol taken from F then the operation of construction f?
associated to f is an application of the form D" — D. Let try,...,tr, be elements of
Tr. From the fourth and fifth point of Remark 2.2.2 we deduce that fP(try,...,tr,) is
also a tree, i.e. an element of Tr. Thus, we can introduce the following application:

7 In other words, each element of D is a set of nodes, i.c. a subset of N.
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fTr o (tr,... tr))— fP(try,...,tr,) which is of type T+" — Tr.

On the other hand, the set of the subtrees of the tree fP(try,...,tr,) is obtained
by the union of the sets of the subtrees of all the tr; plus the tree fP(try,...,tr,).
Thus, if all the tr;’s are rational trees then the tree fP(tri,...,tr,) is rational. As a
consequence, we can introduce the following application:

fRa(try, ..., try)— fP(try,...,tr,) which is of type Ra" — Ra.

Finally, if all the tr;’s are finite trees, then the tree f°(try,...,tr,) is finite. Thus, we
can introduce the following application:

¥ (try,... try) — fP(try,...,tr,) which is of type Fi" — Fi.

The pairs < D, (f2)rer >, < Tr,(fT")er >, < Fi,(fT)jer > and < Ra, (fR%)sep >
are known as the algebras of sets of nodes, of finite or infinite trees, of finite trees
and of rational trees.

3 The extended theory T of finite or infinite trees
3.1 Formal preliminaries
3.1.1 Formulas

We are given once and for all an infinite countable set V' of variables and the set L
of logical symbols:

=, true, false, ~, \,V, =, <>, ¥,3,(,).

We are also given once and for all a signature S, i.e. a set of symbols partitioned
into two subsets: the set of function symbols and the set of relation symbols. To each
element s of S is linked a non-negative integer called arity of s. An n-ary symbol is
a symbol of arity n. A 0-ary function symbol is called constant.

As usual, an expression is a word on L U S U V' which is either a term, i.e. of one
of the two forms:

X, f(ti, .. tn), (1)

or a formula, i.e. of one of the 11 forms:

s=t, r(ty,...,t,), true, false,
=, (9 A), (V) (¢ =), (¢ o), (2)
(Vx @), (3x @).

In (1), x is taken from V, f is an n-ary function symbol taken from S and the t;’s
are shorter terms. In (2), s,¢t and the t;’s are terms, r is an n-ary relation symbol
taken from S and ¢ and y are shorter formulas. The set of the expressions forms a
first-order language with equality.

The formulas of the first line of (2) are known as atomic, and flat if they are of
one of the following forms:

true, false, xo = x1,X0 = f(X1,---,Xn), F(X1,--.5Xn),
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where all the x;’s are (possibly non-distinct) variables taken from V, f is an n-ary
function symbol taken from S and r is an n-ary relation symbol taken from S. An
equation is a formula of the form s =t with s and ¢ terms.

An occurrence of a variable x in a formula is bound if it occurs in a sub-formula
of the form (Vx @) or (Ix ¢). It is free in the contrary case. The free variables of
a formula are those which have at least one free occurrence in this formula. A
proposition or a sentence is a formula without free variables. If ¢ is a formula, then
we denote by var(¢p) the set of the free variables of ¢.

The syntax of the formulas being constraining, we allowed ourselves to use infix
notations for the binary symbols and to add and remove brackets when there are
no ambiguities. Moreover, we do not distinguish two formulas which can be made
equal using the following transformations of sub-formulas:

PN =0, QAP =PAQ, (PAP)NP =@ N(p N ),
@ Ntrue = @, @V false = ¢.

If I is the set {iy,...,i,}, we call conjunction of formulas and write A, ¢;, each
formula of the form ¢;, A, A...A@;, Atrue. In particular, for I = @, the conjunction
Nier @i is reduced to true.

3.1.2 Model
A model is a tuple 4 = < M, (fM)er, (RM),er >, where

e M, the universe or domain of ./, is a nonempty set disjoint from S, its elements
are called individuals of 4 ;

e F and R are sets of n-ary functions and relations in the set M, subscripted by
the elements of S and such that:

— for every n-ary function symbol f taken from S, f™ is an n-ary operation
in M, i.e. an application from M" in M. In particular, when f is a constant,
M belongs to M;

— for every n-ary relation symbol r taken from S, rM is an n-ary relation in
M, 1.e. a subset of M".

Let #4 = < M,F,R > be a model. An .#-expression ¢ is an expression built on
the signature S UM instead of S, by considering the elements of M as 0-ary function
symbols. If for each free variable x of ¢ we replace each free occurrence of x by a
same element m in M, we get an .#-expression ¢’ called instantiation® or valuation
of ¢ by individuals of ..

If ¢ is an .#-formula, we say that ¢ is true in .4 and we write

M= o, A3)
if for any instantiation ¢’ of ¢ by individuals of .# the set M has the property

expressed by ¢/, when we interpret the function and relation symbols of ¢’ by the

8 We also say that the variable x is instantiated by m in ¢'.
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corresponding functions and relations of .# and when we give to the logical symbols
their usual meaning.

Remark 3.1.3
For every .Z-formula ¢ without free variables, one and only one of the following
properties holds: .4 = ¢, 4 = —.

Let us finish this sub-section by a convenient notation. Let X = x;...x, be a word
on V and leti=1i,...,i, be a word on M or V of the same length as x. If ¢(X) and

¢ are two .#-formulas, then we denote by ¢(i), respectively ¢ , the .#-formula
obtained by replacing in ¢(x), respectively in ¢, each free occurrence of x; by i;.

3.1.4 Theory

A theory is a (possibly infinite) set of propositions called axioms. We say that the
model . is a model of T, if for each element ¢ of T, .# = ¢. If ¢ is a formula, we
write

T = o,
if for each model .# of T, .# = ¢. We say that the formulas ¢ and y are equivalent
inTif T E o y.

Definition 3.1.5
A theory T is complete if for every proposition ¢, one and only one of the following
properties holds: T = ¢, T &= —o.

Let ¢ be a formula and X = x1,...,x, be a word on V such that var(¢) = Xx. From
the preceding definition we deduce that a decision procedure is sufficient in the case
where we want just to show the completeness of a theory T, as it was done in
Djelloul (2006a) for decomposable theories. In fact, the completeness of T' depends
only on the truth values of the propositions in T. On the other hand, finding for
each model .# of T the instantiations i of X such that .# = ¢.._; can be obtained
only using a first-order constraint solver in T. This kind of problem is generally
known as first-order constraint satisfaction problem.

3.1.6 Vectorial quantifiers

Let .# be a model and T a theory. Let X = xy,...,x, and y = yy,...,y, be two
words on V of the same length. Let ¢, ¢ and ¢(X) be .#-formulas. We write

Ix ¢ for 3dxy,...,3x, @,

VX @ for Vxi,...,Yx, @,

I (E) for VIV 9(X) A @) = Aiegr,_y %i = i
Ix for (Ax @) A (3% ).

The word X, which can be the empty word ¢, is called vector of variables. Note that
the formulas 3% and Jlep are respectively equivalent to true and to ¢ in any
model ..
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Notation 3.1.7
Let Q be a quantifier taken from {V,3,3!,3?}. Let X be vector of variables taken
from V. We write

Oxp N for Ox(p A @)

Example 3.1.8
Let I = {1,...,n} be a finite set. Let ¢ and ¢; with i € I be formulas. Let X and y;
with i € I be vectors of variables. We write

IxXp A ¢y for 3x(p A —¢y),

VX @ A ¢y for Vx(o A ¢y),

X o A N\ig; 37i0i) for A!x (e A@Ay101) A... A@upn) A true),

3% @ A Ny ~@3iy) for 32X (@ A (SEFI$1)) A A (~(EFupi)) A true).
Notation 3.1.9
If X is a vector of variables then we denote by X the set of the variables of X.

Let I be a (possible empty) finite set. The two following properties hold for any
theory T':

Property 3.1.10
If T = 372X ¢ then

TE= <3>’< YA ﬁ¢i> - <(3>’c<p) AN -Gxo A ¢i)> :

iel iel
Property 3.1.11
If T =3!x ¢ then

Tk (3>'<¢A/\ﬂ¢i> o \-ExpAd).

i€l i€l

Full proofs of these two properties can be found in detail in Djelloul (2006a).

3.2 The axioms of T

Let F be a set of function symbols containing infinitely many non-constant function
symbols and at least one constant. Let finite be an 1-ary relation symbol. The theory
T of finite or infinite trees built on the signature S = F U {finite} has as axioms the
infinite set of propositions of one of the five following forms:

VxVy ~(f(x) = g() (1]
VxVy fR) =) > Nixi=yi (2]
vx3'z N zi = ti[XZ] [3]
VxVu =(u = t[u, X] A finite(u)) [4]
VXxVu (u = f(X) A finite(u)) < (u = f(X) A\, finite(x;)) [5]

where f and g are distinct function symbols taken from F, X is a vector of (possibly
non-distinct) variables x;, y is a vector of (possibly non-distinct) variables y;, Z is a
vector of distinct variables z;, t;[XZ] is a term which begins with an element of F
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followed by variables taken from X or z, and t[u, X] is a term containing at least one
occurrence of an element of F and the variable u and possibly other variables taken
from x. For example, we have T = Vx;xoVu —(u = f1(x1, f2(u, x2)) A finite(u)) and
T = Yu—(u = f1(f2(u, fo), fo) Afinite(u)), where f1 and f, are 2-ary function symbols
and fo a constant of F.

The forms [1],..., [5] are also called schemas of axioms of the theory T. Proposi-
tion [1] called conflict of symbols shows that two distinct operations produce two
distinct individuals. Proposition [2] called explosion shows that the same operation
on two distinct individuals produces two distinct individuals. Proposition [3] called
unique solution shows that a certain form a conjunction of equations has a unique
set of solutions in T. In particular, the formula 3z z = f(z) has a unique solution
which is the infinite tree f(f(f(...))). Proposition [4] means that a finite tree cannot
be a strict subtree of itself. We emphasize strongly that ¢[u,X] should contain at
least one occurrence of an element of F and the variable u. In Axiom [5], if X is the
empty vector and f is a constant then we get Yuu = f A finite(u) < u = f, which
means that the property finite(f) is true for each constant f of F.

This theory is an extension of the basic theory of finite or infinite trees given by
Maher (1988) and built on a signature containing an infinite set of function symbols.
Mabher’s theory is composed of the three first axioms of T and its completeness
was shown using a decision procedure which transforms each proposition into a
Boolean combination of existentially quantified conjunctions of atomic formulas.
Note also that both Maher’s theory and the theory T do not accept full elimination
of quantifiers, i.e. there exist some quantified formulas whose quantifiers cannot be
eliminated. For example, the formula 3x y = f(x) is neither true nor false in T. It
accepts in each model of T a set of solutions and another set of non-solutions.
As a consequence, we cannot simplify it any further. This non-full elimination of
quantifiers makes the completeness of T not evident.

3.3 The models of T

Let us extend the algebras given at the end of section 2.2 by the relation finite. More
precisely, if uy, uy, uz and uy are respectively elements of D, Tr, Fi and Ra then the
operations finite” (uy), finite ™" (uy), finite™ (u3) and finite®%(uy) are true respectively in
D, Tr, Fi and Ra, if and only if uy, up, u3 and uy have a finite set of nodes.

Let us now denote by

9 =< D,(fD)fEF,ﬁniteD >, the model of sets of nodes,
Tr=<Tr, (fT")feF,ﬁniteT’ >, the model of finite or infinite trees,
Ra =< Ra,(f Ra)fep, ﬁniteR“ >, the model of rational trees, and
Fi =< Fi,(f")scr, finite"" >, the model of finite trees.

We have

Theorem 3.3.1
The models 2, 7 r and Za are models of the theory T.

This theorem is one of the essential contributions given in this paper and shows that
our theory T is in fact an axiomatization of the structures D, Tr and Ra together
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with an infinite set of construction operations and the 1-ary relation finite. It also

shows that T has at least one model and thus T = —(true < false).
Proof, first part: Let us show first that the model 2 of sets of nodes is a model
of T. In other words, we must show that the following properties hold:

[1’1 (Yay,...,a, € D)Vby,...,b, € D)=(fP(ay,...,an) = g°(b1,...,by))

2°]  (Yai.....dy € D)(Ybi.....by € D) (f(ars....an) = fP(brs....bs) — Ny @ = b))

[3°1 (Yay,...,a, € D)3!by,...,b, € D) (AL, bi = by, b ai,. .. an))

[4°]  (Yay,...,am € D)(Yu € D)~(u = t°[u, ay, ..., a,] A finite® (u))

[5°1 (Vai,...,a, € D)(Yu € D)(u = fD(al,...,a,,) A finite® (1)) —
(u=fPa,...,a,) AN N\, finite®(a;))

where f and g are distinct function symbols taken from F, tlp [b1,....bp,a1,...,an]
is a term which begins with an element of F followed by variables taken from
{ai,...,am,b1,...,b,}, and tP[u,ay, ..., a,] is a term containing at least one occurrence
of an element of F and the variable u and possibly other variables taken from
{ai,...,a,}. According to Definition 2.2.1 and the definition of the relation finite?,
the properties [1P], [2P], [4P] and [5”] hold. On the other hand, property [3”] is
much less obvious and deserves to be proved.

Let ay,...,a, and by,...,b, be elements of D. According to the first point of
Remark 2.2.2, the Z-formula

n

/\bi:t?[bla"'abnaala---aam]z (4)
i=1
is equivalent in & to
/\ /\Vk(b - Vk [bl""’bn9a19"'9al7l])' (5)
k=0i=1

Let i € {1,...,n}. Let us denote by f; respectively [by,..., by, a1,...,a,]; the function
symbol respectively the set of the variables which occur in the term t?[by,...,b,,
ai,...,ay]. According to the second and third points of Remark 2.2.2 we have

e For each i € {1,...,n} there exists one node ¢} = (¢, f;) such that

V()(t,p[b],...,bn,a],...,am]) = {(pb}

e For each i € {1,...,n} and each k > 0 there exists a function ¢}, which is
independent from all the vi11(x), with x € [by,..., by, a1,...,ayl;, such that

vk-‘rl(tzp [bla R bn: Afy.e.ey am]) = (p;(-&-l([vk(bl)a LR Vk(bn)a Vk(al), LR Vk(am)]i),

where [vi(by1),...,vk(bn), vi(ar),...,vi(an)]; is a tuple of elements of the form
vi(x) for all x € [by,...,by,ay,...,anl;.

Thus, the Z-formula (5) is equivalent in & to

(/\ vo(bi) = {¢6}> A < A N\ vies1(0) = @y (Db, ., vibn), vk<a1),...,vk<am)]l—)) :
i=1

k=0i=1
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from which we deduce that

e (i) For all i € {1,...,n}, vo(b;) has a constant value, which is equal to (s, f;).
e (ii) Each vk 1(b;) depends in the worst case on vy (by),. .., vk(by), vi(ay),. .., vi(am),
re. on vg(by),...,vk(b,) and ay,..., ay.

Thus, by recurrence’ on k, we deduce that (iii) each viy((h;) with k > 0 and
i € {1,...,n}, depends only on ay,...,a, From (i) and (iii) we deduce that all the
bi’s depend only on ay,...,a, and thus property [3P] holds. In other words, for each
instantiation of ay,...,a, by elements of D we can deduce the values of v(b;) for
allie {l,...,n} and k > 0.

We have shown that the model & satisfies the five axioms of T and thus it is a
model of T.

Proof, second part: Let us now show that the model 7 r of finite or infinite trees is
a model of T. For that, it is enough to show the validity of the following properties

(1™ (Vay,...,am € Tr)(¥by,....b, € T¥)=(fT"(ay,...,an) = g7 (by,...,b,))
271 (Yai,...,ay € Tr)(Vby,...,b, € Tr)(f T (ar,...,a0) = fT"(by,...,by) > Nisy @i = by)
371 (Yay,...,aw € Tr)@by,...,b, € Tr) (A, bi = tI"[by,....by a1, .., a,])
47 (Yay,...,aw € Tr)(Yu € Tr)=(u=t""[u,ay,...,a,) Afinite™ (1))
57 (Yai,...,a, € Tr)(Vu e Tr)(u = fT"(ay,...,a,) A finite™" (1)) —
(u=fT"(ar,...,a,) AN N\, finite™ (a;))

where f and g are distinct function symbols taken from F, tiTr [b1,....,by,ay,... a4
is a term which begins with an element of F followed by variables taken from
{ai,...,am, b1,...,b,}, and tT"[u,ai,...,a,] is a term containing at least one occur-
rence of an element of F and the variable u and possibly other variables taken
from {ai,...,a,}. Since Tr is a subset of D, then according to the definition of
fTr, P, finite™" and finite®, the properties [1°], [2P], [4P] and [5P] imply [177], [277],
[477] and [57"]. On the other hand, to show property [377], it is enough to show the
following implication:

(Val,...,am,bl,...bn GD)

<<</”\b,~ =t?[bl,...,bn,al,...,am]) A\ </m\a,- S Tr)) — </n\b,- S Tr)) (6)
i=1 i=1 i=1

Leta, b, ay,. .. ,am, by,...,b, be elements of D. Let us consider the following notation:
Arb(a,b) < each element of a is arborescent in b.

According to Definition 2.1.2, the 7 r-formula

</\b,~ = t?[bl,...,bn,al,...,am]> A (/\ai € Tr>,
i=1 i=1

9 If k = 0 then according to (ii) each v;(b;) depends in the worst case on vo(by),...,vo(b,) and ay.. . . ,dp.
According to (i) all the vo(by),...,vo(by) have constant values and thus each v{(b;) depends only
on ai,...,ay. Let us now assume that each vx(b;) depends only on ay,...,a, and let us show that
this hypothesis is true for viii(b;). According to (ii), each vk;1(b;) depends in the worst case on
vk(b1),...,vk(by) and ay,...,a;, which according to our hypothesis depend only on ay,...,ay. Thus, the
recurrence is true for all k > 0.
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is equivalent in Jr to

</\bi = t?[bl,...,bn,al,...,am]> A (/\Arb(N,ai)> :
i=1

i=1

which is equivalent to

(/\ b; = t?[bl,...,bn,al,...,am]> A (/\ /\Arb(vk(N),ai)> , (7)
i=1

k=0 i=1
which for each j > 0 is equivalent in Jr to

(/\ b = tlp[bl,...,bn,al,...,am]> A </\ /\Arb(vk(N),ai)> A (/\Arb(vj(bi),bi)> :
i=1 k=0 i=1 i=1
(8)

The equivalence (7 < 8) holds for j = 0 according to the fourth point of
Remark 2.2.2, and if we assume that this equivalence holds for an integer j with
j = 0 then according to the fifth point of Remark 2.2.2, we deduce that it holds also
for j+ 1. Thus, since the equivalence (7 <> 8) holds for any j > 0 then according to
the sixth point of Remark 2.2.2 and Definition 2.1.2 we deduce that (8) implies

/\ Arb(N. b;),
i=1
which, according to Definition 2.1.2, implies

/n\bi eTr.
i=1

Thus, the implication (6) holds and T'r is a model of T.

Proof, third part: Finally, let us show that the model Za is a model of T. For that,
it is enough to show the validity of the following properties:

[1R]  (Yay,...,an € Ra)(Vby,..., by € Ra) —~(FRay,...,an) = gR9(by,. ... b))
28] (Vay,...,a, € Ra)(Vby,...,b, € Ra) (fR%ay,...,a,) = fR9(by,....,by) > NiLy ai = by)
3R] (Vai,...,am € Ra)3'by,...,b, € Ra) (AL, bi = tR[by,... . by, ar,...,an])
[4R*]  (Yay,...,an € Ra)(VYu € Ra)—~(u = tRu,ay, ..., a,] A finite®*(u))
[5R*] (Yay,...,a, € Ra)(Yu € Ra)(u = fR%ay,...,a,) A finite®(u)) —
(u=fRay,...,a,) A /\:':IﬁniteR“(a,v))

where f and g are distinct function symbols taken from F, I,R“ [bi,....,bp,ay,...,a,]
is a term which begins with an element of F followed by variables taken from
{at,...,am,b1,..., by}, and tRu, ay,.. ., a,] is a term containing at least one occurrence
of an element of F and the variable u and possibly other variables taken from
{ay,...,a,}. Since Ra is a subset of Tr and according to the definitions of fT", fRe,
finite™" and finite®® then the properties [177], [27"], [47"] and [5T"] imply [1R4],
[2R4], [4R4] and [5R¢]. On the other hand, in property [37"] (in the preceding proof),
a subtree of depth k of any b; is either one of the trees by,...,b, or a subtree of
one of the a;’s with i € {1,...,n} and j € {1,...,m}. This is true for k = 0 and if we
assume that it is true for k then we deduce that it is true for k + 1. Thus, if the a;’s
are rational then the b;’s in [37"] are also rational and thus we get [3R9].
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We have shown that the models &, 9 r and Za are models of T. What about the
model #i of finite trees? Since F contains at least one function symbol f, which is
not a constant then according to Axiom [3] of T we have

T E3lxx=f(x,...,x).

It is obvious that this property cannot be true in %1, i.e. there exists no x € Fi such
that x = fFi(x,...,x). Thus, the model .Zi of finite trees is not a model of T.

Let us end this section by a property concerning the cardinality of any model of
T:
Property 3.3.2
Let #4 =< M, (fM)feF,ﬁniteM > be a model of T. The model .# has an infinity of
individuals i such that .# = finite™ (i).

Proof
Since the set F contains at least one function symbol f which is a constant then
according to Axiom [5], with X = ¢, we have

M= finiteM (£M). )

On the other hand, according to the definition of the signature of T, the set F
contains an infinity of distinct function symbols which are not constants. Let f; be
one of these symbols. According to (9) and Axiom [5], we have

M = fnite™ (F (Y.L M),

thus the individual fM(fM,... fM) is finite in .#. Since the set F contains an
infinity of distinct function symbols fy, f5, f3,..., which are not constants then we
can create by following the same preceding steps an infinity of finite individuals

MM, M, MM, M, MM M), L, which start by distinct function
symbols. According to Axiom [1], all these individuals are distinct. According to (9)
and Axiom [5] all these individuals are finite in .Z. [

Corollary 3.3.3
Each model of T has an infinite domain, i.e. an infinite set of individuals.

4 Solving first-order constraints in T
4.1 Discipline of the formulas in T

Let us assume that the infinite set V' is ordered by a strict linear dense order relation
without endpoints denoted by >. Starting from this section, we impose the following
discipline to every formula ¢ in T: the quantified variables of ¢ are renamed so
that

e (i) the quantified variables of ¢ have distinct names and different from those
of the free variables and

e (ii) for all variables x, y and all sub-formulas'® ¢; of ¢, if y has a free
occurrence in ¢; and x has a bound occurrence in ¢; then x > y.

0

10 By considering that each formula is also a sub-formula of itself.
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Example 4.1.1
Let x, y,z,v be variables of V' such that x > y > z > v. Let ¢ be the formula

-(3zz= x)/\]

=(3zz =v) (10)

Ixx=fyA {
The quantified variables of ¢ have no distinct names. Since the order > is dense
and without endpoints, there exists a variable w in V such that x > y >z > v > w,
and thus ¢ is equivalent in T to

Txx = fyA {ﬁ(ﬂzz = x)/\] '

S(Aww =)

In the preceding formula, the variables z and w have bound occurrences while the
variables y and v have free occurrences. Since x > y > z > v > w then z and w must
be renamed. On the other hand, since the order > is dense and without endpoints,
there exist two variables u and d in V such that x > u >d >y >z > v > w. Thus,
the preceding formula is equivalent in T to

=(Juu = x)A\

In the sub-formula (Juu = x) the variable x has a free occurrence while the variable
u has a bound occurrence. Since x > u then u must be renamed. On the other hand,
since the order > is dense and without endpoints, there exists a variable n in V' such
that n > x> u>d >y >z > v > w. Thus, the preceding formula is equivalent in
T to

Elxx=fy/\[

Ixx=fyA [:gzzzg/\] (11)
This formula satisfies our conditions. Of course, the equivalence between (11) and
(10) holds because in each step we renamed only the quantified variables. It is
obvious that we can always transform any formula ¢ into an equivalent formula ¢,
which respects the discipline of the formulas in T, only by renaming the quantified
variables of ¢. It is enough for that to rename the quantified variables by distinct
names and different from those of the free variables and then check each sub-formula
and rename the quantified variables if the condition (ii) does not hold.

We emphasize strongly that all the formulas which will be used starting from now
satisfy the discipline of the formulas in T.

4.2 Basic formula

In this sub-section we introduce particular conjunctions of atomic formulas that we
call basic formulas and show some of their properties. All of them will be used to
show the correctness of our rewriting rules given in section 4.6.

Definition 4.2.1
Let vq,...,v5,u1,...,u, be variables. A basic formula is a formula of the form

</”\ v = ti> A (/m\ﬁnite(ui)> (12)
i=1

i=1
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in which all the equations v; = t; are flat. Note that if n = m = 0 then (12) is reduced
to true. The basic formula (12) is called solved if all the variables vy,...,v,,u1,..., Uy
are distinct and for each equation of the form x = y we have x > y. If « is a basic
formula then we denote by

e Lhs(x) the set of the variables which occur in the left-hand sides of the
equations of o and
e FINI(x) the set of the variables which occur in a sub-formula of o of the form

finite(x).

Note that if o is a solved basic formula then for all variables x of o« we have
x € Lhs(x) > x & FINI(x).

Example 4.2.2

The basic formula x = x A finite(y) is not solved because x ¥ x. The basic formula
x = f(y) ANz = f(y) A finite(x) is also not solved because x is a left-hand side of an
equation and occurs also in finite(x). The basic formulas true (empty conjunction)
and x = f(y) Az = f(y) A finite(y) are solved.

According to the axiom [3] of T, we deduce the following property:

Property 4.2.3
Let o be a solved basic formula containing only equations. Let X be the vector of
the variables of Lhs(x). We have T = 3!x .

Property 4.2.4
Let o and f§ be two solved basic formulas containing only equations. If Lhs(x) =
Lhs(f)and T =0 — f then T =0 < f.

Proof
Let o and f be two solved basic formulas containing only equations such that
Lhs(x) = Lhs(f) and T = o — f5. Let us show that we have also T = § — a. Let
X be the vector of the variables of Lhs(a) and let y be the vector of the variables
which occur in @ — f and do not occur in X. Since « and f are two solved basic
formulas such that Lhs(x) = Lhs(f) then (i) X is also the vector of the left-hand
sides of equations of . Moreover, the following equivalences are true in T':

o—f

VXVyo — f§
Vyvx —a VvV
Vy(—(3xa A —f)
Y(—(=Exanp
(—~(-3xp A a
(—(3x B A —a)

)) according to the properties 4.2.3 and 3.1.11
)

1ttt

—_— — ~— —

v
vy
vy according to (i) and Property 4.2.3 and using the other
sense (right to left) of the equivalence of Property 3.1.11
VIVX —f Vo

VIV — o

p— o

ot td
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Property 4.2.5

Let o be a basic formula containing only equations and f and ¢ two conjunctions of
constraints of the form finite(x) such that « A § and o A d are solved basic formulas.
We have T = (a A ) < (« Ad) if and only if f and 6 have exactly the same
contraints.

Proof

If p and 6 have the same constraints then it is evident that we have T = (2 A ) «
(xN0). Let us now show that if we have T |= (A ) < (2 /A 0) then  and 6 have the
same constraints. Suppose that we have (*) T = (« A f) <« (2 A ) and let us show
that if finite(u) occurs in f§ then it occurs also in 6 and vice versa. If finite(u) occurs
in f then T = (a A §) — finite(u), thus from (*) we have (i) T = (« A d) — finite(u).
Since oA f is solved then u is not the left-hand side of an equation of «. Thus, (ii) the
conjunction « A é does not contain sub-formulas of the form u = ¢[X] A A, finite(x;).
Since o A ¢ is solved then 6 does not contain formulas of the form finite(v) where
v is the left-hand side of an equation of «. Thus, (iii) the conjunction o A é does
not contain also sub-formulas of the form v = t[X, u] A finite(v). From (i), (ii) and
(iii), finite(u) should occur in . By the same reasoning (we replace f by ¢ and vice
versa), we show that if finite(u) occurs in 0 then it occurs in f. []

Let us now introduce the notion of reachable variable:

Definition 4.2.6

Let o be a basic formula and X a vector of variables. The reachable variables and
equations of o from the variable xy are those which occur in a sub-formula of o of
the form:

Xo = to(x1) A X1 = t1(X2) Ao A Xyt = tr1(Xn),
where x;1; occurs in the term t;(x;11). The reachable variables and equations of 3x «
are those which are reachable in « from the free variables of 3x «. A sub-formula of

o of the form finite(u) is called reachable in 3x o if u € X or u is a reachable variable
of Ix a..

Example 4.2.7

In the formula: Juvw z = f(u,v) Av = g(v,u) Aw = f(u,v) A finite(u) A finite(x), the
equations z = f(u,v) and v = g(v,u), the variables z, u and v and the formulas
finite(u) and finite(x) are reachable. On the other hand, the equation w = f(u,v) and
the variable w are not reachable.

Remark 4.2.8
Let o be a solved basic formula. Let X be a vector of variables. We have

e if all the variables of X are reachable in 3X o then all the equations and relations
of o are reachable in 3x « and

e if v = t[y] is a reachable equation in 3X &, then « contains a sub-formula of
the form

k
/\Uj:tj[UjJrl] (13)
j=1
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with k > 1 and (i) v; ¢ X, (ii) for all j € {1,...,k} the variable v;;; occurs in
the term ¢;[v;41], (iii) vy is the variable v, (iv) vk1; is the variable y and #; [vk41]
is the term ¢[y].

According to the first point of Remark 4.2.8 and Definition 4.2.6, we have the
following property:

Property 4.2.9
Let o be a solved basic formula. If the formula 3x o has no free variables and if all
the variables of X are reachable in 3x o then X is the empty vector ¢ and « is the
formula true.

According to the axioms [1] and [2] of T, we have the following property:

Property 4.2.10
Let a be a basic formula. If all the variables of X are reachable in 3x « then

T E3IM%a

Property 4.2.11
Let X be a vector of variables and o a solved basic formula. We have:

T = (3xa) < (X o),
where

e X' is the vector of the variable of X which are reachable in 3x o, and
e o/ is the conjunction of the equations and the formulas of the form finite(x)
which are reachable in 3X o.

Proof
Let us decompose X into three vectors X', X" and X" such that

e X' is the vector of the variables of X which are reachable in Ix «;

e X" is the vector of the variables of X which are non-reachable in 3x « and do
not occur in the left-hand sides of equations of «; and

e X" is the vector of the variables of X which are non-reachable in 3x o and

occur in a left-hand side of an equation of .
Let us now decompose o into three formulas o/, o” and «” such that

e o/ is the conjunction of the equations and the formulas of the form finite(x)
which are reachable in dx «;

e o is the conjunction of the formulas of the form finite(x) which are non-
reachable in X o; and

e o is the conjunction of the equations which are non-reachable in 3% o.

According to Definition 4.2.6, all the variables of X” and X" do not occur in o

(otherwise, they will be reachable) and since o is solved then X" is the vector of the
left-hand sides of the equations of o and its variables do not occur in «”. Thus the
formula 3x « is equivalent in T to

3x' o/ A@3EX" o A@EX" o).
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According to Property 4.2.3 we have T = 3!%"” «"”. According to Corollary 3.3.3 we
have T | 3x” o”. Thus, the preceding formula is equivalent in T to (IX'o/). [

Example 4.2.12
The formula Ixyzwov = f(x,x) Aw = g(y, z, x) A finite(x) A finite(y) is equivalent in
T to

Ixv = f(x, x) A finite(x) A (Jyz finite(y) A (Fww = g(y, z, X))),
which, since T = 3!ww = g(y,z,x) and T = 3yz finite(y), is equivalent in T to

Ixv = f(x, x) A finite(x).

Property 4.2.11 confirms the fact that the theory T does not accept full elimination
of quantifiers and shows that we can eliminate only non-reachable quantified
variables. On the other hand, reachable variables cannot be removed since their
values depend on the instantiations of the free variables. In fact, the formula
Ixv = f(x,x)Afinite(x) is neither true nor false in T since for each model .#
of T there exist instantiations of the free variable v which make it false in .#
and others which make it true in .#, and thus the reachable quantified variable x
cannot be eliminated and the formula Ixv = f(x, x) A finite(x) cannot be simplified
anymore. On the other hand, the formula 3w w = g(y,z,x) is true in any model of
T and for any instantiation of z. The quantified non-reachable variable w can then
be eliminated and the formula is replaced by true. As we will see in section 4.6,
reachability, has a crucial role while solving first-order constraints in 7. It shows
which quantifications can be eliminated and enables to simplify complex quantified
basic formulas.

According to the axioms [1] and [2] and since the set F is infinite, we have the
following property:

Property 4.2.13

Let I = {1,...,n} be a finite (possibly empty) set and X and X’ two disjoint vectors of
variables. Let yi,...,y, be vectors of variables and oy,. .. 0, solved basic formulas
such that for all i € I all the variables of y; are reachable in 3y; o;. If each conjunction
o; contains at least (1) one sub-formula of the form finite(x) with x € X, or (2) one
equation which contains at least one occurrence of a variable x € X U X', then:

T &= 3Ixx’ </\ ﬁnite(x)) A (/\ =(3y; Oﬁ)) . (14)

xeXx’ icl
Proof
Let /4 =< M, (fM)feF,ﬁniteM > be a model of T. To show the validity of (14) it is
enough to show that

M = IxX ( A ﬁniteM(x)> A (/\ —(3y; oc,~)> . (15)

xex’ iel
Since the basic formulas «; are solved, they do not contain equations of the form
Xx = Xx. Suppose now that one of the o; contains one equation of the form x = v with
x € XUX  and v € Y;. Since o; is solved then x > v but according to the discipline
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of the formulas in T we have v > x.!! Since the order > is strict then x = v cannot
be a sub-formula of «;. Thus, according to the conditions of Property 4.2.13, each
conjunction o; contains at least (1) one sub-formula of the form finite(x) with x € X,
or (2) one equation of the one of the following forms:

e () x=f(vg,...,0y) With x € X U X',

e (**) x = v with x and v two distinct variables such that x € XUX ' andv € Y,

e (***) p = t[x] where x is a variable of X U X’ which occurs in the term t[x].
According to the first point of Remark 4.2.8 and since for all i € {1,...,n} the
variables of y; are reachable in 3j; o;, then the equation v = ¢[x] is reachable in
3y; o; and thus according to the second point of Remark 4.2.8 the conjunction
o; contains a sub-formula of the form (/\IJ‘-:1 vj = tj[vj+1]) with v; € Y, for
all j € {1,...,k} the variable v;y; occurs in the term ¢;[vj;1] and vgyq is
the variable x. But, since the case v; € X U X’ is already treated in (*) and
(**), then we can restrict ourself without losing generality to the case where
v € Y;UXUX/, ie. vg is free in (15).

Let

Ixx’ ( A ﬁniteM(x)> A ( /\ ~(35i a;)> (16)

xex’ iel
be an any instantiation of Hicic’(/\xex,ﬁniteM(x)) A (Aie; —(3y; ;) by individuals of
. Let us show that there exists an instantiation for the variables of X and X’
which satisfies the preceding formula. For that, let us choose an instantiation that
respects the following conditions:

e (i) For each x € X', the instantiation x* of x satisfies .# = finite™(x").

e (ii) If a conjunction o] contains a sub-formula of the form finite™ (x) with
X € X then the instantiation x* of x satisfies .# = x* = fM(x*,...,x") with
f an n-ary function symbol of strictly positive arity which does not occur in
any o; with i € 1.

e (iii) If a conjunction o contains a sub-formula of the form x = fM(vy,...v,)
with x € X U X', then the instantiation of x starts with a function symbol
different from f.

e (iv) If a conjunction o contains a sub-formula of the form x = v with x and v
two distinct variables such that x € X U X' and v € Y, then the instantiation
of x is different from those of v.

e (v) If a conjunction o contains a sub-formula of the form (/\IJ‘.:1 vj = tj[vj+1])
with vy ¢ (X UX'UY), for all j € {1,...,k} the variable v;y; occurs in the
term ¢;[vj11], and vy € X UX', then the instantiation of viy; is different from
v*, where v* is the instantiation of vy, obtained from those of v; in'? (16) so

that ./ = /\1;21 vj = tj[UJ'_H].

1 1n fact, the variable x has a free occurrence in 37;o; and the variable v has a bound occurrence in
3y; ; (because v is a quantified reachable variable in 3y; ;) and thus according to the discipline of
our formulas we have v > x.

12 Recall that v; ¢ (X UX'UY) and thus v; is a free variable in (15). As a consequence, it is already
instantiated in (16).
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A such instantiation of the variables of X and X’ is always possible since (1) there
exists an infinity of function symbols in F which are not constants and (2) the set
of the individuals i of .# such that .# = finite™ (i) is infinite (see Property 3.3.2). As
a consequence, according to axioms [1] and [4], this instantiation implies a conflict

inside each sub-instantiated-formula 3y; o, with i € {1,...,n} and thus
M = IxX </\ SN a;f)> .
icl

Since this instantiation satisfies the first condition (i) of the preceding list of
conditions then (16) holds and thus (15) holds. []

We emphasize strongly that this property holds only if the formula (14) satisfies
the discipline of the formulas in T. This property is vital for solving first-order
constraint over finite or infinite trees. In fact, since the variables of each y; with i €
{1,...,n} are reachable in 3y; o; then we cannot eliminate or remove the quantification
3y; form 3y;0;, and thus solving a constraint containing such formulas is not
evident. Property 4.2.13 enables us to surmount this problem by reducing to true
particular formulas containing sub-formulas which does not accept full elimination
of quantifiers.

Example 4.2.14
Let x, y, z and v be variables such that y > x > z > w. Let us consider the following
formula ¢:

“@yz=f) Ay =gx)A
Ix [=(Fex = w)A . (17)
—(Fex = g(x))
This formula satisfies the discipline of the formulas in T. Let .# =< M, (fM)scr,
finite® > be a model of T. Note that we cannot eliminate the quantifier 3y in
the sub-formula 3yz = f(y) Ay = g(x). In fact, this sub-formula is neither true
nor false in T because there exist instantiations of the free variable z in .# which
satisfy this sub-formula in .# and others which do not satisfy it. On the other hand,
Property 4.2.13 states that formula (17) is true in T for all instantiations of z even if
the sub-formula 3y z = f(y)Ay = g(x) is neither true nor false in T. Let us check this
strange result. For that, let us show that for each instantiation of the free variables
z and w by two individuals z* and w* of .#, there exists an instantiation x* of x
which makes false the three .#-formulas (3yz* = fM(y) Ay = g(x*)), Fex™ = w")
and (Jex* = g(x")). We have the following:

e In the formula (3yz = f(y) Ay = g(x)), the variable x is reachable. Thus, its
value is determined by the value of z (because z = f(g(x))). Two cases arise:

— If z* is of the form f(g(i)) with i € M then it is enough to instantiate x
by an individual x* € M which is different from!? i, in order to make false

Qyz" =My Ay =g"(x") in 4.

13 For example, we can take x" = fM(j).
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— if z" is not of the form f(g(i)) with i € M then the .#-formula (3yz* =
fM(y) Ay = gM(x)) is false in .# for all the instantiations of x.

e In the .#-formula (Jex = w"), it is enough to instantiate x by an element
x* of .# which is different from w* in order to make false the .#-formula
(Fex™ =w").

e In the .#-formula (e x = gM(x)), it is enough to instantiate x by an individual
which starts by a distinct function symbol than g in order to make false
(Fex = gM(x)) in 4.

Since the set of the functions symbols which are not constants is infinite, then
there exists an infinity of instantiations of x which satisfy the three preceding
conditions. Each of these instantiations x* makes false the three .#-formulas (Jy z* =
M)Ay =gM(x"), Fex" = w*) and (Fex™ = gM(x*)), and thus (17) holds.

4.3 Normalized formula

Definition 4.3.1
A normalized formula ¢ of depth d > 1 is a formula of the form

ﬁ<3>‘cu/\/\<pi>, (18)

iel
with I a finite (possibly empty) set, o a basic formula and the ¢/s are normalized
formulas of depth d; with d = 1 4+ max{0,d,,...,d,}.

Example 4.3.2
Let f and g be two 1-ary function symbols which belong to F. The formula

~(@xy =f(x) Ax =g(y) A—(Fey = g(x) A finite(x)))A
=(dex = f(z) A finite(z))
is a normalized formula of depth equals to 3. The formula —(3¢true) is a normalized

formula of depth 1. The smallest value of a depth of a normalized formula is 1.
Normalized formulas of depth O are not defined and do not exist.

- [Elsﬁnite(u) A {

We will use now the abbreviation wnfv for without new free variables. A formula
¢ is equivalent to a wnfv formula y in T means that T = ¢ < y and p does not
contain other free variables than those of ¢.

Property 4.3.3
Every formula ¢ is equivalent in T to a wnfv normalized formula of depth d > 1.

Proof
It is easy to transform any formula into a normalized formula, it is enough, for
example, to follow the followings steps:

1. Introduce a supplement of equations and existentially quantified variables
to transform the conjunctions of atomic formulas into conjunctions of flat
formulas.
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2. Replace each sub-formula of the form false by —true then express all the
quantifiers and logical connectors using only the logical symbols —, A and 3.
This can be done using the following transformations'* of sub-formulas:

(Vo) = —(-pA=9),

(p—¢) = —(pAN—d),

(@) = (2(pA—=d)A=(PN—0p)),
(Vx ) = —(3x ).

3. If the formula ¢ obtained does not start with the logical symbol —, then replace
it by —(Je true A —).

4. Rename the quantified variables so that the obtained formula satisfies the
imposed discipline in T (see Section 4.1).

5. Lift the quantifier before the conjunction, i.e. ¢ A (IX ) or (IX ) A ¢, becomes
3X @ Ny because the free variables of ¢ are distinct from those of x.

6. Group the quantified variables into a vectorial quantifier, i.e. 3X(37 ¢) or 3X3y ¢
becomes Iy ¢.

7. Insert empty vectors and formulas of the form true to get the normalized form
using the following transformations of sub-formulas:

- (/\ _'90i> = - <E|8 true N\ /\ —|cpi> , (19)

iel iel
- (“A/\_‘€0i> = <380ﬁ/\/\—'(,0i> 5 (20)
iel iel
= | 3Ix /\ Q| = X true A /\ Q|- (21)
jeJ jeJ

with o a conjunction of elementary equations, I a finite (possibly empty) set
and J a finite non-empty set.

8. Rename the quantified variables so that the obtained normalized formula
satisfies the discipline of the formulas in T.

If the starting formula does not contain the logical symbol < then this transfor-
mation will be linear, i.e. there exists a constant k such that n, < kn;, where n; is
the size of the starting formula and n, the size of the normalized formula. We show
easily by contradiction that the final formula obtained after application of these
steps is normalized. []

Example 4.3.4

Let x, v, w, u be variables such that x > v > w > u. Let f be a 2-ary function symbol
which belongs to F. Let us apply the preceding steps to transform the following
formula into a normalized formula:

(f(u,v) =fw,u) A(Axu=x))V (FuVYwu = f(v,w)).

14 These equivalences are true in the empty theory and thus in any theory T.
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Note that the formula does not start with — and the variables u and w are free in
f(u,v) = f(w,u) A (Ixu = x) and bound in JuVwu = f(v,w). Note also that this
formula does not respect the discipline of the formulas in T.

Step 1: Let us first transform the equations into flat equations. The preceding
formula is equivalent in T to

(Fuiuy = f(u,v) Aup = f(w,u) A(Axu=x))V (FuVYwu = f(v,w)), (22)

where u; is a variable of ¥ such that uy > x>v >w > u.
Step 2: Let us now express the quantifier V using —, A and 3. Thus, the formula (22)
is equivalent in T to

Fuiuy = f(u,v) Aup = f(w,u) A (Axu = x)) V (Fu—=(Iw =(u = f(v,w)))).

Let us also express the logical symbol V using —, A and 3. Thus, the preceding
formula is equivalent in T to

(0w wp = fu,v) Aup = fw,u) A (3xu = x)) A 2(Fu=(E@w —(u = f(v,w)))). (23)

Step 3: As the formula starts with -, we move to Step 4.
Step 4: The occurrences of the quantified variables u and w in (Ju—-(3w —(u =
f(v,w)))) must be renamed. Thus, the formula (23) is equivalent in T to

~(Qu w = fu,v) Auyp = f(w,u) A (3xu = x)) A ~(Juy ~(3wy ~(uz = f(v,w1))))),

where u, and wy are variables of V such that wy > uy, > uy > x>v >w > u.
Step 5: By lifting the existential quantifier 3x, the preceding formula is equivalent
in T to

=(=Fuy Ixur = f(u,v) Aup = f(w,u) Au= x) A =(Juz ~(3Fwi —(uz = f(v, w1))))).
Step 6: Let us group the two quantified variables x and u; into a vectorial quantifier.
Thus, the preceding formula is equivalent in T to

2(=@Guixur = f(u,v) Aup = f(w,u) Au = x) A =(Juz ~(Fwi ~(uz = f(v, w1))))).

Step 7: Let us introduce empty vectors of variables and formulas of the form true
to get the normalized formula. According to the rule (19), the preceding formula is
equivalent in T to

[=(FJuixu; = f(u,v) Aug = f(w,u) Au= x)A]]
|~ (Fuz ~(3wy = (uz = f(v, w1)))) 1’

which using the rule (20) with I = @ is equivalent in T to

= |Jetrue N\

[—(Fuixu; = f(u,v) Aup = f(w,u) Au = x)A]]

- |Jetrue N | ~(3ur =(Awy ~(Feus = f (v, w1)))) 117

which using the rule (21) is equivalent in T to

i =(Fuixu = f(u,v) Aup = f(w,u) Au= x)A
B {36 true / L(Eluz true A\ —=(Iwy true A —=(Feuy = f(v, wy))))
Step 8: This is a normalized formula of depth 4, which respects the discipline of the

formulas in T since wy > uy > uy > X >0 >Ww > U
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4.4 General solved formula

Definition 4.4.1
A general solved formula is a normalized formula of the form

- (376 L2 /"\ —(Jyi ﬁi)) ;

i=1
with n > 0 and such that

—

. o and all the f;, with i € {1,...,n}, are solved basic formulas;

2. if o/ is the conjunction of the equations of o then all the conjunctions o’ A f3;,
with i € {1,...,n}, are solved basic formulas;

3. all the variables of x are reachable in Ix «;

4. for all i € {1,...,n}, all the variables of y; are reachable in 3y; fi;;

5. If finite(u) is a sub-formula of « then for all i € {1,...,n}, the formula f;
contains either finite(u), or finite(v) where v is a reachable variable from u in
o A f; and does not occur in a left-hand side of an equation of o A f5;; and

6. For alli € {1,...,n}, the formula f; contains at least one atomic formula which

does not occur in o.

Example 4.4.2
Let w, v, uy, up, u3 be variables such that w > v > u; > up > u3. The following
formula is not a general solved formula:

—(3e finite(w) A =(Fv w = v A finite(v))). (24)

This formula satisfies all the conditions of Definition 4.4.1 but it does not satisfy the
discipline of the formulas in T'. In fact, the variable v is bound in (Jv w = v Afinite(v))
and the variable w is free in (Jvw = v A finite(v)) and thus we should have v > w
and not w > v. Let uy be a variable such that ug > w > v > uy > uy > uz. The
formula (24) is equivalent in T to

—(3e finite(w) A =(Jug w = ug A finite(v))).

This formula respects the discipline of the formulas of T but is not a general solved
formula since it does not satisfy the first condition of Definition 4.4.1. In fact,
w = uy A finite(v) is not a solved basic formula since we have uy > w.

The following formula is a general solved formula

=(Fvuy = f(v) Av = uy Afinite(uz) A =(Iw uy = f(w) A finite(w) A finite(us))).

Property 4.4.3
Let ¢ be a general solved formula. If ¢ has no free variables then ¢ is the formula
—(Jetrue) else neither T = —¢@ nor T = o.

Proof
Let ¢ be a general solved formula of the form

- (El)_c o N /\ _|(E|_Y/i ﬁl)) 5 (25)

icl
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two cases arise:

(1) If @ does not contain free variables, then according to the first and third
conditions of Definition 4.4.1 and using Property 4.2.9 we get X = ¢ and o = true.
As a consequence, the formula (25) is equivalent in T to

- (38 true A [\ —~(3; ﬁ,)) , (26)
iel
Since (26) has no free variables then each 3y; f; has no free variables. According
to the first and fourth conditions of Definition 4.4.1, and using Property 4.2.9 we
get: for all i € I: y; = ¢ and f; = true. But according to the last condition of
Definition 4.4.1 all the formulas f; should be different from true (since we do not
distinguish between o and aAtrue). Thus, the set I must be empty. As a consequence,
@ is the formula —(3etrue).
(2) If ¢ contains free variables then it is enough to show that there exist two
distinct instantiations ¢’ and ¢” of ¢ by individuals of 7 !> such that

Tri=o¢ and Tr = —-¢".

Note first that if I #+ ¢ then each (3y; ), with i € I, should contain at least
one free variable. In fact, if (3y; f;), with i € I, does not contain free variables
then this formula is of the form (Jetrue) according to the first and fourth points
of Definition 4.4.1 and Property 4.2.9, which contradicts the last condition of
Definition 4.4.1 (since we do not distinguish between o and o A true). Thus each
(3y; Bi), with i € I, contains at least one free variable that can be instantiated. On
the other hand,

Case 1: If 3x o contains free variables then we can easily find an instantiation of
the free variables of 3% o which contradicts the constraints of o. In fact, let z be a
free variable. Four cases arise:

e If z =w is a sub-formula of « then according to Definition 4.4.1 o is a solved
basic formula and thus z > w. As a consequence, w cannot be a quantified
variable otherwise the formula ¢ does not respect the discipline of the formulas
in T. Thus is enough to instantiate z and w by two distinct values.

o If z = f(w) is a sub-formula of « then it is enough to instantiate z by a tree
which starts by a function symbol which is different from f.

o If w=z or w=t[z] is a sub-formula of « then according to Definition 4.4.1
all the variables of X are reachable in 3X « and thus according to the first point
of Remark 4.2.8 the equations w = z and w = t[z] are reachable. According
to the second point of Remark 4.2.8 the value of z is linked to another free
variable v which occurs in a left-hand side of an equation of «. This case is
already treated in two preceding cases.

o If finite(z) is a sub-formula of « then it is enough to instantiate z by an infinite
tree.

15 Recall that Zr is the model of finite or infinite trees.
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As a consequence, the instantiated formula of Ixa will be false in Jr and thus
Jr = ¢'. On the other hand, by following the same preceding steps and since:

(i) the set F contains an infinity of function symbols which are not constants,

(ii) Zr contains an infinity of individuals u of Zr such that 7 = finite”"(u), and

(iii) ¢ is a general solved formula,
then we show that there exists at least one instantiation which satisfies all the
constraints of o and contradicts the constraints of each f;, with i € I. In fact,
(iv) in order to contradict each constraint f;, it is enough to follow the preceding
discussion (by replacing « by f; ) and use (i) and (ii). On the other hand, according
to Definition 4.4.1 all the variables of X are reachable in 3% o, thus according to
the first point of remark 4.2.8 all the equations and relations of « are reachable in
3X a. According to the second point of remark 4.2.8, the values of the free variables
which occur in these formulas are mainly linked to those of free variables which
occur in left-hand side of equations of a. According to the two first conditions of
Definition 4.4.1, the variables of Lhs(«) are distinct and do not occur in FINI (),
Lhs(f;) and FINI(;) for all i € {1,...,n}. As a consequence, from (iv) and using (i),
(i1) and (ii1) there exists at least one instantiation which satisfies 3x o and contradicts
each 3y; B in Jr, with i € I and thus I r = —¢". Note that if I = () then we have
also 7r = —¢" and Jr = ¢ using the preceding instantiations.

Case 2: If 3x o does not contain free variables then according to the first and
third conditions of Definition 4.4.1 and Property 4.2.9 we have X = ¢ and o = true.
Since ¢ contains at least one free variable then I # . Let k € I. Since

(1) the set F contains an infinity of function symbols which are not constants,

(ii) Zr contains an infinity of individuals u of 7 r such that 7r = finite”"(u), and

(iii) ¢ is a general solved formula,
then we can easily find an instantiation of the free variables of 3y i which satisfies
the constraints of f; (similar to the second part of Case 1 by replacing o by fx).
Such an instantiation makes false the instantiated formula —(3y, fx) in 7 r and thus
Jr &= ¢'. On the other hand, according to (i), (ii) and (iii), we show that there exists
at least one instantiation which contradicts the constraints of each f;, with i € I
(similar to the second part of Case 1 with o = true and X = ¢). As a consequence,
this instantiation satisfies all the —=(3y; ;) in Jr, with i € I and thus I r & —¢".

From Case 1 and Case 2, we have 7r = ¢ and Jr &= —¢”, and thus neither
T Eo@nor T = —oe.

[

Example 4.4.4

Let vy, v7, v, u and w be variables such that vy > v, > v > u > w. Let ¢ be the
following general solved formula

=(Fvu = g, w)A=(Fvy v = g(v,v1)Avy = f(V))A-Fvaw = g(w,v2)Avy = f(w)) (27)

Let us consider, for example, the model 7 r of finite or infinite trees. If we instantiate
the free variable u by the finite tree 1 where 1 is a constant in F which is distinct from
g then according to axiom [1] of conflict of symbols, the instantiated formula of (27)
is true in Zr. On the other hand, if u is instantiated by a tree of the form g(v*,w")
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with v* # g(", f(v")) (for example, v* = 1) and w* # g(w", f(w")) (for example,
w" = 1) then the instantiated formula of (27) is false in Jr. As a consequence (27)
is neither true nor false in the theory T. The reader should not think that the fact
that we have neither T = —¢ nor T = ¢ means that ¢ is unsatisfiable in T. This is,
of course, false. In fact, since neither T = —¢ nor T = ¢ then ¢ has in each model
M of T a set of solutions which make it true in .# and another set of non-solutions
which make it false in .#. We also remind the reader that all the properties given after
Section 4.1 hold only for formulas that respect the discipline of the formulas of T.

A similar property has been shown for the finite trees of Lassez and Marriott
(1987) and the rational trees of Maher and Stuckey (1995). (Maher and Stuckey
1995) has also shown that if the set F is finite and contains at least one n-ary function
symbol with n > 2, then the problem of deciding if a formula containing equations
and the logical symbols A, V, — is equivalent to a disjunction of conjunctions of
equations is a co-NP-complete problem, and the problem of deciding if an expression
represents a nonempty set of rational trees is NP-complete. Note also that in all our
proofs we have not used the famous independence of inequations (Colmerauer 1984;
Lassez et al. 1986; Comon 1988; Lassez and McAloon 1986) but only the condition
that the signature of T is infinite and contains an infinity of function symbols which
are not constants and at least one symbol which is a constant, which implies in this
case the independence of the inequations.

Property 4.4.5
Every general solved formula of the form —(3x« A A_; —(33; f;)) is equivalent in T
to the following Boolean combination of existentially quantified basic formulas:

(=@x ) v \/Ax7i %A B).
i=1

Proof
Let

n
- (m VAR EL ﬁ») , (28)
i=1
be a general solved formula. According to the third point of Definition 4.4.1, all the
variables of X are reachable in 3x o. Thus, according to Property 4.2.10, we have

T = 3?7x o. According to Property 3.1.10, the formula (28) is equivalent in T to

- ((ax ONYARELETNE ﬁ»)) ,
i=1

ie. to
n

(—(3x2) v \/@xo A @i i),

i=1
which, since the quantified variables have distinct names and different from those
of the free variables, is equivalent in T to

(-(3x2) v \/@xpa A ),
i=1

which is a Boolean combination of existentially quantified basic formulas. []
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Definition 4.4.6
Let ¢ be a formula of the form

n
oA N\ =GB, (29)
i=1
with X and y two vectors of variables, n > 0 and o and the f;, with i € {1,...,n},
basic formulas. We say that ¢ is written in an explicit solved form if and only if the
formula —g, i.e.

- (El)_c o N\ /n\ _|(E|_Y/i BJ) 5 (30)

i=1
is a general solved formula.

This definition shows how to easily extract from a general solved formula, a simple
formula ¢ which has only one level of negation and where the solutions of the free
variables are given in a clear and explicit way, i.e. for each model .# of T, it is easy
to find all the possible instantiations of the free variables of ¢ which make it true in
. 1In fact, according to Definition 4.4.1, we warrant among other things that the
left-hand sides of equations of « are distinct and do not occur in those of each f;,
the left-hand sides of the equations of each f3; are distinct and we cannot eliminate
any quantification since all the variables are reachable.

Example 4.4.7
Let w, v, uy, up, uz be variables such that w > v > u; > up > u3. Let ¢ be the
following general solved formula

=(Fvuy = f(v) Av = uy Afinite(uz) A =(Iwuy = f(w) A finite(w) A finite(us))).

According to Definition 4.4.6, the following formula ¢ is written in an explicit solved
form:

Fvuy = f(v) Av = uy Afinite(uz) A =(Iwuy = f(w) A finite(w) A finite(us)).  (31)

Let us choose the model 7 r of finite or infinite trees and let us give all the possible
instantiations uj, u5, u3 of the free variables u;,u», u3 so that the instantiated formula
of ¢ is true in the model r. From (31) it is clear that we have two possibilities:

e Solution 1:
— uj is any infinite tree.
— uj is any finite tree.
— uj is the tree f(u3).
e Solution 2:
— uj is any finite tree.
— uj is any finite tree which starts by a function symbol which is different

from f.
— uj is the tree f(u3).
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4.5 Working formula

Definition 4.5.1

A working formula is a normalized formula in which all the occurrences of — are
replaced by =¥ with k € {0,...,5} and such that each occurrence of a sub-formula
of the form

p=—-"3%anq), with k>0, (32)

satisfies the k first conditions of the condition list bellow. In (32) « is a basic formula,
g is a conjunction of working formulas of the form A, =k (3y; Bi A qi), with n >0,
Bi a basic formula, ¢; a conjunction of working formulas, and in the below condition
list o is the basic formula of the immediate top-working formula!® p’ of p if it exists.

L If p’ exists then T = o — o and T |= o,y — o, Where o,y and o, are the
conjunctions of the equations of o respectively o. Moreover, the set of the
variables of Lhs(o) U FINI(¢/) is included in those of Lhs(a) U FINI ().

2. The left-hand sides of the equations of « are distinct and for all equations of
the form u = v we have u > v.

3. a is a basic solved formula.

4. If p’ exists then the set of the equations of o is included in those of o.

5. The variables of X, the equations of o and the constraints of the form finite(x)
of o are reachable in 3x o. Moreover, if n > 0 then for all i € {1,...,n} the
conjunction f; contains at least one atomic formula which does not occur in o.

The intuitions behind these working formulas come from an aim to have a full
control on the execution of our rewriting rules by adding semantic information on
a syntactic form of formulas. We emphasize strongly that = does not mean that
the normalized formula satisfies only the k" condition but all the conditions i with
I1<i<gk

Example 4.5.2
Let wy, wy, ws, vy, u be variables such that wy > wy > w3 > v; > u. This is a working
formula of depth 2:

23w u = f(wi) Awy = v; A finite(u))A
=% [Joyu = f(v1) Afinite(u) A | =>@Awau = f(v1) Awa = f(v1) Afinite(vy))A
—*@wsu = f(v1) Av = f(w3) A finite(ws))
Definition 4.5.3
An initial working formula is a working formula which begins with =* and such

that k = 0 for all the other occurrences of —*. A final working formula is a working
formula of depth less or equal to 2 with k = 5 for all the occurrences of —,

The relation between the final working formulas and the general solved formulas
is expressed in the following property:

16 In other words, p' is of the form —¥ (3%’ «’ A p* A p), where p* is a conjunction of working formulas
and p is the formula (32).
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Property 4.5.4

Let p be the following final working formula —=°(3x « A AI_; =°(3y; B:)). The formula
=(Ix o A ALy =(3y: B7)), is a general solved formula equivalent to p in T where f;
is the basic formula f§; from which we have removed all the equations which occur
also in o.

Example 4.5.5
Let wy, v, u and u; be variables such that w, > v > u > u;. Let ¢ be the following
final working formula:

dev = u A finite(u)A\
=3 | =(Fev = u Au = uy A finite(u;))A
=>(Awy v = u A u = s(wa) A finite(wy))

The formula
Jev = u A finite(u)A\
= | =(Jeu = uy A finite(uy))A
=(Iwy u = s(wa) A finite(w,))
is a general solved formula equivalent to ¢ in T.

4.6 Rewriting rules

We now present the rewriting rules which transform an initial working formula of
any depth d into an equivalent conjunction of final working formulas. To apply the
rule py = p, to the working formula p means to replace in p a sub-formula p; by
the formula p,, by considering that the connector A is associative and commutative.
In the following, the letters u, v and w represent variables, the letters X, y and z
represent vectors of variables, the letters a, b and ¢ represent basic formulas, the
letter g represents a conjunction of working formulas, and the letter r represents a
conjunction of flat equations, formulas of the form finite(x) and working formulas.
All these letters can be subscripted or have primes.

(1) -'@xu=uAr) = -'(3xr)

(2) —'@xv=unr) = ~@xu=0vAr)

) “'@xu=vAu=tAr) = S@xu=vAv=1tAT)

4) ~'AXu=fo,...,0p AU=gW,..., Wy AT) = true

(5) —|1(E|>"cu=fvl,...,vn/\u=fw1,...,w,,/\r) — —|1(E|5cu=fv1,...,vn/\/\;':1vi=w,»/\r)
(6) -'(3xang) = —2(3xaAq)

(7) —2(3x finite(u) A finite(u) A1) = —2(3x finite(u) A1)

(3) —*(A% u = v A finite(u) A r) == —2(Axu = v A finite(v) A1)

9) —2(3x finite(u) A a A q) = true

(10)  —23Fxu=f(v1,...,v0) Afinite() Ar) = =*3AXu = f(v1,...,0,) A N\, finite(v;) A1)
(11) —*(Axa A q) = —3(3xaAq)

(12) =*@xangA-"(3yr)) — —*@AxaAgA-'3yaAr))

(13) =fAxand Aqn—=3ya’ Ar)) = =fAxand AqA—-*3yanr))
(14) —4@xanqg N3y a)) == true
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(15) 4(Hxa/\/\ S 3(3y; b)) = (3%’ a A Niek =33y b))
dxa A gAN
—*3xanqg N3y b)A

(16) =* EV; bA = [

B |:/\?_l —'S(HZ Ci):| /\1 1 nyzl ¢i N qo)*
with u > v, f and g two distinct function symbols taken from F. In rule (3), ¢t is a
flat term, ie. either a variable or a term of the form f(xi,...,x,) with f an n-ary
function symbol taken from F. In rule (6), the equations of a have distinct left-hand
sides and for each equation of the form u = v we have u > v. In rule (9), the variable
u is reachable from u in a. In rule (10), the variable u is non-reachable from u in
a. Moreover, if f is a constant then n = 0. In rule (11), a is a solved basic formula.
In rule (13), a and a” are conjunctions of equations having the same left-hand sides
and ¢’ is a conjunction of formulas of the form finite(u). In rule (15), n = 0 and for

all i € {1,...,n} the formula b; is different from the formula a. The pairs ()‘c’ a') and
(y:, b)) are obtamed by a decomposition of X and a into X'x"x"” and ' Aa” A d" as
follows:

e d' is the conjunction of the equations and the formulas of the form finite(x)
which are reachable in 3x a.

e X' is the vector the variables of X which are reachable in 3x a.

e ¢" is the conjunction of the formulas of the form finite(x) which are non-
reachable in Ix a.

e X" is the vector the variables of X which are non-reachable in 3x a and do not
occur in the left-hand sides of the equations of a.

e d" is the conjunction of the equations which are non-reachable in 3% a.

e X" is the vector the variables of X which are non-reachable in 3x a and occur
in the left-hand sides of the equations of a.

e b is the formula obtained by removing from b; the formulas of the form
finite(u) which occur also in a”

e ! is the vector of the variables of y;X”" which are reachable in 3y;x" b;.

e b} is the conjunction of the equations and the formulas of the form finite(x)
which are reachable in 3y;x" b;.

e K = {1,...,n} is the set of the indices i such that i € K if and only if no
variable of X" occurs in b).

e The formula A\, —=°(3y, b)) is the formula A, —°(3y, b)) in which we have
renamed the quantified variables so that they satisfy the discipline of the
formulas in T.

In rule (16), n > 0 and ¢ is the formula g in which all the occurrences of
— have been replaced by —°. The formula A, =*(3X¥Z;c; A qo)* is the formula
A, =*(3XyZ; ¢i Aqo) in which we have renamed the quantified variables so that they
satisfy the discipline of the formulas of T.

The use of indices on the negations of the working formulas enables us to force
the application of the rules to follow a clear strategy until reaching a conjunction of
final working formulas. In fact, the algorithm follows two main steps while solving
any first-order constraint in T':
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e (i) A top-down propagation of basic formulas following the tree structure
of the working formulas and using the rules (1),...,(13). In this step, basic
formulas are solved and copied in all sub-working formulas. Finiteness is also
check and inconsistent basic formulas are removed by rules (4) and (9).

e (ii) A bottom-up elimination of quantifiers and depth reducing of the working
formulas using the rules (14),...,(16). Inconsistent working formulas are also
removed in this step.

More precisely, starting from an initial working formula ¢ of the form —*(3xa A
Nicr 4i), where all the g; are working formulas whose negations are of the form =0,
rule (12) propagates the atomic formulas of a into a sub-formula ¢;, with i € I, and
changes the first negation of ¢; into —'. The rules (1),...,(5) can now be applied until
the equations of a have distinct left-hand sides and for each equation of the form
u = v we have u > v. Rule (6) is then applied and changes the first negation of ¢; into
—2. The algorithm starts now a new phase which consists in solving the basic formulas
using the rules (7),...,(10). In particular finiteness is checked by rule (9). When a
solved basic formula is obtained, rule (11) is applied and changes the negation into
-3, Note that if a working formula starts by —° then its top working formula starts by
—* Rule (13) is then applied. It restores some equations and changes the first negation
into —*. Rule (12) can now be applied again since all the nested negations are of the
form - and so on. This is the first step of our algorithm. Once the sub-working
formulas of depth 1 are of the form —*(3y;b;), the second step starts using rule
(15) with n = 0 on all these sub-working formulas of depth 1 and transforms their
negations into —°. Inconsistent working formulas of the form —*(Ax a A =33y &) Aq)
are then removed by rule (14). When all the inconsistent working formulas have
been removed, rule (15) with n # 0 can be applied on the sub-working formulas
of depth 2 of the form —*(3xa A Aic; =33 b;)) and produces working formulas of
the form —°(3xa A A,; = (33 b;)). Rule (16) can now be applied on the working
formulas of depth d > 2 of the form —=*(3xa A g A =>(3y b A A, =°(3Zi ¢;))). After
each application of this rule, new working formulas containing negations of the
form —° are created which implies the execution of the rules of the first step of our
algorithm, starting by rule (12) and so on. After several applications of our rules,
we get a conjunction of working formulas whose depth is less or equal to 2. The
rules are then applied again until all the negations of these working formulas are of
the form —°. It is a conjunction of final working formulas.

Example 4.6.1

Let f and g be two function symbols taken from F of respective arities 2, 1. Let wy,
wa, U1, Uy, Uy, U3 be variables such that wy > wy > vy > u; > up > uz. Let us run our
rules on the following initial working formula:

o = flur,uz) Auy = g(u)A
=4 1 =0@Fw; 01 = g(wi)A : (33)
=0@wy ur = g(wa) A wy = g(u3) A finite(ws))
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According to rule (12), the preceding formula is equivalent in T to
Foy v = f(ur, uz) Nup = glur)A
=t [ = @wr oy = g(wi) Avr = fur,u2) Ay = g(u))A|
0@y uy = g(wa) A wa = g(u3) A finite(w))
The application of rule (4) on the sub-formula —!'(3w; v; = g(wi) Av; = f(ug,uz) A

uy = g(uy) A finite(w,)) simplifies this sub-formula into the formula true. Thus, the
preceding formula is equivalent in T to

_a Flﬁ v = flur, u2) ANy = gur)\ }
0wz uy = g(wy) A wa = g(u3) A finite(w3)) |’
which according to rule (12) is equivalent in T to
_4 [301 vr = flur, u2) Ay = glur)\ ]
~@waor = f(ur,uz) Auy = g(ur) Ay = g(wa) Awa = g(u3) A finite(wz))]

Rule (5) can now be applied. Thus, the preceding formula is equivalent in T to

|

4 [Fvrvr = flur,u2) Aup = g(un)A }
= Awaor = fur,ua) Auy = g(wa) Away = uy Awy = g(uz) A finite(ws)) ]|’

which according to rule (3) is equivalent in T to

4 [For o1 = flur,uz) Aup = g(ug)A ]
S @Awa o1 = fur,uz) Auz = g(wa) Awa = uy Auy = g(us) Afinite(ws))|

-

Since the conjunction of equations of the sub-formula which starts by —=! has distinct
left-hand sides and w, > uy, then rule (6) can be applied. Thus, the preceding formula
is equivalent in T to

4 [Fror = f(u,u) Auy = g(u)A ]
—2(@Awa o1 = f(ur,u2) Auz = g(wa) Awa = uy Auy = g(us) A finite(ws)) |’

-

which according to rule (8) is equivalent in T to

4 [Furvr = flu,u2) Aup = g(uA
| —2@wa v = fur,uz) Aup = g(wa) Awa = ug Aup = g(uz) A finite(uy))|

-

which according to rule (10) is equivalent in T to

4 [Furvr = flu,u2) Aup = g(u)A ]
| 2@wa v = fur,uz) Auz = g(wa) Awa = uy Auy = g(uz) Afinite(uz)) |

-

Since the basic formulas are solved then rule (11) can be applied. Thus, the preceding
formula is equivalent in T to

-

4 [Furvr = flu,u2) Aup = g(un)A }
=3 @wa v = fur,uz) Aup = g(wa) Awa = uy Auy = g(us) Afinite(us)) |’

which according to rule (13) is equivalent in T to

-

4 [Fvr o1 = flur, u2) Aua = g(ur)A ]
= @wa v = fug, uz) Auz = g(uy) Awa = uy Auy = g(us) A finite(uz)) |’
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Rule (15) can now be applied with n = 0. Thus, the preceding formula is equivalent
in T to

4 [301 vr = flur,u2) Aup = g(u)A }
=>(Fevr = f(u,uz) Auy = g(ur) Auy = g(uz) A finite(uz))]
Once again rule (15) can be applied, with n % 0 and we get the following final
working formula

_s Fé‘ uy = g(ug)A }
~Feuy = g(ur) A wy = g(usz) A finite(uz))]”’
which according to Property 4.5.4 is equivalent in T to the following general solved
formula

_ [uz = g(u)A }
—(uy = g(uz) A finite(us))|

We have seen in the preceding example how the rules (1),...,(15) can be applied.
Let us now see how rule (16) is applied.

Example 4.6.2

Let s and 0 be two function symbols taken from F of respective arities 1,0. Let
wi, wa, u, v be variables such that w; > wy > v > u. Let us apply our rules on the
following working formula of depth 3:

=S 3eu = s(v))A
=* | 3etrue A | =5Fwiu = s(wi) Awy = s(v))A
SFev=uN—Fev=uAu=0)A=>Awrv = uAu = s(w1)))

By considering that

e (Ixa) = (etrue)

_ [=*Feu = s)A
*a= L (Fwiu = s(wi) Awy = S(U)J
e (Ayb) = (Fev =u)

e AL, —(3zici) = {

[

—>(Fev =uAu=0)A
=@Awrv = u A u = s(w2))

rule (16) can be applied and produces the following formula

=4 3etrue A ~>(Feu = s(v)) A =>(Fwiu = s(w) Aw; = s(v)) A =>(Fev = u))A

—4Fev=unu=0A-"u=s0))A-"Cwiu=s(wi;) Awi = s())A ,

—4@Awrv = uAu = s(wr) A =2(Feu = s(v)) A "Awpp u = s(wi2) Awpp = s(v)))
where wy; and wy, are variables such that wi; > wi; > wi > wy > v > u. Now,
only the rules (1),...,(15) will be applied until all the negations are of the form —°.
Rule (16) will not be applied anymore since there exists no working formulas of
depth greater or equal to 3 and the rules (1),...,(15) never increase the depth of the
working formulas.
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Property 4.6.3

Every repeated application of the preceding rewriting rules on an initial working
formula p is terminating and producing a wnfv conjunction of final working formulas
equivalent to p in T.

Proof

Proof, first part: The application of the rewriting rules terminates. Let us introduce
the function « : ¢ — n, where ¢ is a conjunction of working formulas, n an integer
and such that

o oftrue) =0,
e o(—(3xa A @) =249 and
o a(Nic; @1) = D icr i),

with a a basic formula, ¢ a conjunction of working formulas and the ¢;’s working
formulas. Note that if a(py) < a(p1) then a(p[p:]) < a(p) where p[p,] is the formula
obtained from p when we replace the occurrence of the formula p; in p by p,. This
function has been introduced by Vorobyov (1996) and Colmerauer and Dao (2003)
to show the non-elementary complexity of all algorithms solving propositions in the
theory of finite or infinite trees. It has also the property to decrease if the depth of
the working formula decreases after application of distributions as it is done in our
rule (16).

Let us introduce also the function A : (u,a) — n, where u is a variable, a a basic
formula, n an integer and such that

0, if the conjunction of the equations of a has
not distinct left-hand sides or contains a
sub-formula of the form x = y with y > x,else

1, if u does not occur in a left-hand side of an equation
of a, or u is reachable from u in a, else

AMu, a)

1+ Av,a), if the equation u = v is in a, else
|2+ >0, Mvi,a), if the equation u = f(vy,...,v,) is in a.

Since the variables which occur in our formulas are ordered by the order relation
“ > 7, we can number them by positive integers such that

x > y <> no(x) > no(y),

where no(x) is the number associated to the variable x. Let us consider the 10-tuple
(ny, ny, n3, ng, ns, ng, N7, g, Ny, n19) where the n;’s are the following positive integers:

e ny =up),

e 1, is the number of —°,

e 13 is the number of —!,

e ny is the number of occurrences of function symbols in sub-formulas of
the form —!(...). For example, if we have =!(Ixx = f(y)) Ay = f(x) Ax =
g(x,w) Ay = f(y)) then ny = 4.
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e ns is the sum of all the no(x) for each occurrence of a variable x in a
basic formula of a sub-formula of the form —!(...). For example, if we have
—'@wx = f(x,z) Ay = x Afinite(z) A ...) then ns = no(x) + no(x) + no(z) +
no(y) 4+ no(x) + no(z) + - - -.

e 1 is the number of formulas of the form v = u with u > v in sub-formulas of
the form —!(...),

e 17 is the number of —2,

e ng is the sum of all the A(u, a) for each occurrence of a sub-formula finite(u) in
a basic formula a of a working formula of the form —*(3x a A g). For example,
if we have —%(3z x = f(x,z) Az = f(y, y) A finite(x) A finite(x) A finite(z)) then
ng = A(x,a)+ A(x,a) + A(z,a) = 1+ 14+ (24 1+ 1) where a is the basic formula
x = f(x,z) Az = f(y,y) A finite(x) A finite(x) A finite(z).

e 19 is the number of —3

e 1y is the number of —*.

For each rule, there exists a positive integer i such that the application of this rule
decreases or does not change the values of the n;’s, with 1 < j < i, and decreases
the value of n;. These i are equal to 1 for the rules (4), (9), (14) and (16), 2 for rule
(12), 3 for rule (6), 4 for rule (5), 5 for the rules (1), (3), (7) and (8), 6 for rule (2), 7
for rule (11), 8 for rule (10), 9 for rule (13), and 10 for rule (15). To each sequence
of formulas obtained by a finite application of the preceding rewriting rules, we
can associate a series of 10-tuples (ny, ny, n3, ng, ns, ng, n7, ng, N9, nyg) Which is strictly
decreasing in the lexicographic order. Since the n;’s are positive integers, they cannot
be negative, thus; this series of 10-tuples is a finite series and the application of the
rewriting rules terminates.

Proof, second part: Let us now show that for each rule of the form p = p’ we have
T = p < p’ and the formula p’ remains a conjunction of working formula.

Correctness of the rules (1),...,(14)

The rules (1),...,(5) are correct according to the axioms [1] and [2] of T. Rules (6)
and (11) are evident. The rules (7) and (8) are true in the empty theory and thus true
in T. In rule (9), the variable u is reachable from itself in a, i.e. the basic formula a
contains a sub-formula of the form

u=tNuy=HN\N...\Nu, =t, (34)

where u; occurs in the term t;_; for all i € {2,...,n} and u occurs in t,. According to
Definition 4.5.1, since our working formula starts with =2 then all the equations of
a have distinct lef-hand sides and for all equations of the form x = y we have x > y.
Thus, there exists at least one equation in (34) which contains a function symbol
which is not a constant, otherwise (34) is of the form u =u, Aup =us A...Au, =u
which implies u > up > ... > u, ie. u > u which is false since the order > is
strict. Thus, according to the fourth axiom of T we have T = a — —finite(u). As a
consequence, rule (9) is correct in T. Rule (10) is correct according to the last axiom
of T. Rule (13) is correct according to Property 4.2.4 and Definition 4.5.1. The rules
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(12) and (14) are true in the empty theory and thus true in T. Note that according to
Property 4.2.5, two solved basic formulas having the same equations are equivalent
if and only if they have the same relations finite(x). This is why in Definition 4.5.1
of the working formulas (more precisely in condition 4) we force only the equations
to be included in the sub-forworking formulas and use the elementary rule (14) to
remove inconsistent working formulas of depth 2.

Correctness of rule (15)

<Elxa/\ /\ (3y; b; ) -3 <Elic’ an /\ -3y b;)")
iek
with n > 0, and for all i € {1,...,n} the formula b; is different from the formula a.
1o I

The pairs (%', d) and (3}, b;) are obtamed by a decomposition of X and a into X'X"X
and ' Aa” ANd"” as follows:

e d' is the conjunction of the equations and the formulas of the form finite(x)
which are reachable in Ix a;

e X' is the vector the variables of X which are reachable in Ix a;

e d" is the conjunction of the formulas of the form finite(x) which are non-
reachable in Ix a;

e X" is the vector the variables of X which are non-reachable in 3X a and do not
occur in the left-hand sides of the equations of a;

""" is the conjunction of the equations which are non-reachable in 3% a;
" is the vector the variables of X which are non-reachable in 3X a and occur

in the left-hand sides of the equations of a;

e b is the formula obtained by removing from b; the formulas of the form
finite(u) which occur also in d”;

e ¥ is the vector of the variables of ;X" which are reachable in 3y;x" b ;

e b} is the conjunction of the equations and the formulas of the form finite(x)
which are reachable in 37, b} ;

e K = {1,...,n} is the set of the indices i such that i € K if and only if no
variable of X’ occurs in b}; and

e The formula A\, —=°(3y, b)) is the formula A, , —°(3y, b)) in which we have
renamed the quantified variables so that they satisfy the discipline of the
formulas in T.

"'xX",y and d,d",d” b, b, be the vector of variables and the basic

Let XX , b, b;
formulas defined above. According to Definition 4.2.6, (i) all the variables of X and
X" do not occur in @, otherwise they are reachable in 3X a. On the other hand, since
the first negation in the left-hand side of rule (15) is of the form —* then according
to Definition 4.5.1 (ii) a is a solved basic formula and thus X" is the vector of the
left-hand sides of the equations of ¢” and its variables do not occur in a”. Thus,

according to (i) and (ii) the left-hand side of rule (15) is equivalent in T to

4 <3)_C,a//\ <3xua///\ < = ////\/\ ELV, . >>> )
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Since a is a solved basic formula then a” is a solved basic formula which contains
only equations and thus according to Property 4.2.3 we have T = 3!X” d”. Thus,
according to Property 3.1.11 the preceding formula is equivalent in T to

(Elx’ a//\ < -// ///\/\ (HXW ’”/\(Elyl )))) ,

which, according to the discipline of the formulas in T (the quantified variables
have distinct names and different from those of the free variables ), is equivalent in
T to

<3x’ d A ( X" d’ A /\ -(3x"yid"” /\bi)>> . (35)

Since all the nested negations in the left-hand side of rule (15) are of the form —°

then according to Definition 4.5.1, for all i € {1,...,n}, the set of the equations of a
is included in those of b;. As a consequence, the formula (35) is equivalent in T to

(Elx/ a//\ ( —// ”/\/\‘!(EXW_ ))
- (Elic' an <Elx” a A /\ (3x"y: b)) )) )
5

Since all the nested negations in the left-hand side of rule (15) are of the form —°,
then according to Definition 4.5.1, for all i € {1,...,n}, b} is a solved basic formula.
Thus, according to Property 4.2.11, the preceding formula is equivalent in T to

n
- (35{ dn <3x” a’ A /\ -(3y; b§)>> ;
i=1

which is equivalent in T to

- Elfc/a’/\</\—|(5|j/{b§)>/\ R AN E A N

icK ie{l,..,n}—K

ie. to

where K < {1,...,n} is the set of the indices i such that i € K if and only if
no variable of J‘c” occurs in bj. Since all the nested negations in the left-hand
side of rule (15) are of the form —° then according to Definition 4.5.1, for all
i € {1,...,n} — K, the variables of y; are reachable in 3y;b; and the formula b;
is a solved basic formula. Moreover, since each b} does not contain sub-formulas
of the form finite(x) which occur also in a” (see the construction of b;), then the
formula 3x"a" A Ny, _y—x —(3V' b)) satisfies the conditions of Property 4.2.13. As
a consequence, accordmg to Property 4.2.13, the preceding formula is equivalent in

T to

- (35/ a A N\ =3y b;)) :

ieK
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ie. to

- (32’ N ANSIEL b;)*) ,
ieK
where A,.x —°(3y] b)) is the formula A, —°(3] b)) in which we have renamed the
quantified variables so that they satisfy the discipline of the formulas in T'. According
to the conditions of application of rule (15) and the form of the negations in the
left-hand side of this rule, we check easily that we can fix the negations of the

preceding formula as follows:

- (35« AN EN b;)*> :

ieK

Thus, rule (15) is correct in T.

Correctness of rule (16)

IxaNgnN
A N —*3xanqg A3y b)A
- —
N /\y 5( )] Ny =* 3%z ¢ A go)’
=3z ¢
i=1 [

with n > 0, and ¢ is the formula ¢ in which all the occurrences of —* have been
replaced by —°. The formula A!_, =*(3x¥Z; ciAqo)" is the formula A'_, =*(3X¥Z; ¢iAqo)
in which we have renamed the quantified variables so that they satisfy the discipline
of the formulas of T.

The left-hand side of rule (16) is equivalent in T to

- (Eb‘ca/\q/\—' <Elj)b/\ﬂ\/(EIE,-c,-)>>.
i=1

Since the first negation of —~(3y b... in the left-hand side of rule (16) is of the form
-3 then according to Definition 4.5.1, all the variables of y are reachable in 3y b, and
thus according to Property 4.2.10 we have T = 37y b. According to Property 3.1.10,
the precedent formula is equivalent in T to

- (Eb_ca/\q/\—' ((ayb)/\ﬁ <3yb/\\n/(32ici)>>>.
i=1

By distributing the A on the V and the 3 on the V and since the quantified variables
have distinct names and different from those of the free variables then the preceding
formula is equivalent in T to

- <3>‘ca/\q A= ((Hyb) A _‘\/(szyb ACi))) ,
i=1
1e. to

- (32 angn <(ﬁ(3y b)) v \H/(HZ'P b A ci)> ) ;

i=1
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ie. to

- (32 (@ngA=@yb) vV \/(angA@zFbA c,»))) ,
i=1

which, according to the discipline of the formulas in T (the quantified variables
have distinct names and different from those of the free variables), is equivalent in

T to
- <EI>_c(a/\q A ﬁ(EIj)b))v\rl/(EIZij/a/\q /\b/\ci)> ,
i=1
ie. to
- ((Eb‘ca AgA=3yb))V \n/(Eb‘cZ,j) aNgAbA ci)> ,
i=1
ie. to

n
=@xaAgA-3yb) A N\ ~(@x5Ziang AbAC).

i=1
Since we have —3(3yb... in the left-hand side of rule (16) then according to
Definition 4.5.1, we have (i) T = b — a. But since we have also —°(3z;¢;) for all
i € {1,...,n}, then according to Definition 4.5.1 we have (ii) T }= ¢; —» b. From
(1) and (ii) we have T = ¢; — (a A b). Thus the preceding formula is equivalent in T
to

=(AxaAg A=~@7b) A \ 355z ci A q),
i=1
ie. to

n
~(@xangA=3yb) A\ ~@x5zici Aq)',

i=1
where AL, =*(3XyZic; A q)" is the formula A_, —=*(3X¥Z; ¢; A q) in which we have
renamed the quantified variables so that they satisfy the discipline of the formulas
of T. According to the conditions of application of rule (16) and the form of the
negations in the left-hand side of this rule, we check easily that we can fix the
negations of the preceding formula as follows

n
=*3xang A="Eyb) A \ *Ex5Zi¢ A qo),
i=1
where qo is the formula g in which all the occurrences of —* have been replace
h is the f la g in which all th f —* have b laced by
-9, Thus rule (16) is correct in T.

Proof, third part: Every repeated application until termination of the rewriting rules
on an initial working formula produces a conjunction of final working formulas.
Recall that we write A\,.; ¢;, and call conjunction each formula of the form ¢; A
@i, A ...\ @i, Atrue. In particular, for I = §, the conjunction A, ¢; is reduced to
true. Moreover, we do not distinguish two formulas which can be made equal using
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the following transformations of sub-formulas:

PANQ =0, QAN =N, (PAP)NP =" N(p ),
@ Ntrue => ¢, @V false = ¢.

Let us show first that every substitution of a sub-working formula of a conjunction
of working formulas by a conjunction of working formulas produces a conjunction
of working formulas. Let ., ¢; be a conjunction of working formulas. Let ¢, with
k € I be an element of this conjunction of depth d;. Two cases arise:

1. We replace ¢, by a conjunction of working formulas. Thus, let /\je 5. Qi
be a conjunction of working formulas which is equivalent to ¢; in T. The
conjunction of working formulas A, ¢; is equivalent in T to

N o | AN\ o

iel—{k} JjeJk

which is clearly a conjunction of working formulas.

2. We replace a strict sub-working formula of ¢; by a conjunction of working
formulas. Thus, let ¢ be a sub-working formula of ¢, of depth dy < di (thus
¢ is different from ¢y). Thus, ¢, has a sub-working formula!” of the form

(e (pr) )

where L is a finite (possibly empty) set and all the y; are working formulas.
Let A jes ¢ be a conjunction of working formulas which is equivalent to ¢ in
T. Thus the preceding sub-working formula of ¢y is equivalent in T to

- 3>‘<a/\</\wl>/\ Ne¢il |-
leL jeJ

which is clearly a sub-working formula and thus ¢y is equivalent to a working
formula and thus A,_; ¢; is equivalent to a conjunction of working formulas.

From 1 and 2 we deduce that (i) every substitution of a sub-working formula of a
conjunction of working formulas by a conjunction of working formulas produces a
conjunction of working formulas.

Since each rule transforms a working formula into a conjunction of working
formulas, then according to the sub-section proof: first part and (i) we deduce that
every repeated application of the rewriting rules on an initial working formula
terminates and produces a conjunction of working formulas. Thus, since an initial
working formula starts by —=* and all its other negations are of the form —° then all
a long the application of our rules and by going down along the nested negations
of any working formula ¢ obtained after any finite application of our rules, we can
build many series of negations which represent the paths that we should follow from

17 By considering that the set of the sub-formulas of any formula ¢ contains also the whole formula ¢.
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the top negation of ¢ to reach one of the sub-working formulas of ¢ of depth equal
to one. Each of these series is of the one of the following forms:

a series of —* followed by a possibly series of —°,

a series of —* followed by one —!, followed by a possibly series of =,

a series of —* followed by one —2, followed by a possibly series of =,
a series of —* followed by one —3, followed by a possibly series of =,

a series of —* followed by one or two —°, and

e one or two —°.

While all the negations of these series are not of the form —° or their length is greater
than 2 then one of the rules (1),...,(16) can still be applied. As a consequence, when
no rule can be applied, we obtain a conjunction of formulas of depth less or equal to
2 in which all the negations are of the form —°. It is a conjunction of final working
formulas. Since all the rules do not introduce new free variables then Property 4.6.3
holds. [

4.7 The Solving Algorithm

Let p be a formula. Solving p in T proceeds as follows:

(1) Transform the formula —p (the negation of p) into a wnfv normalized formula
p1 equivalent to —p in T.

(2) Transform p; into the following initial working formula p,

p2 = —*(3etrue A =°(3e true A py)),

where all the occurrences of — in p; are replaced by .

(3) Apply the preceding rewriting rules on p, as many time as possible. According
to Property 4.6.3 we obtain at the end a wnfv conjunction p; of final working
formulas of the form

n

/\_‘5 X A /\ (3)/11 ﬂl]

i=1

According to Property 4.5.4, the formula pj is equivalent in T to the following wnfv
conjunction p4 of general solved formulas

n n;

/\ﬁ HxidiA/\ﬁ(HJ_’ijﬁ;j) s

i=1 j=1

where f; is the formula f;; from which we have removed all the equations which
occur also in ;. Since p4 is equivalent to —p in T, then p is equivalent in T to

n;

n
A3 A N\ -Gy B |
i1

j=1
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which is equivalent to the following disjunction ps

n n;

VA AN E

i=1 j=1
This is the final answer of our solver to the initial constraint p. Note that the
negations which were at the beginning of each general solved formula of p; have
been removed and the top conjunction of p4 has been replaced by a disjunction. As
a consequence, the set of the solutions of the free variables of ps is nothing other
than the union of the solutions of each formula of the form 3x; o; A /\?';1 —(3yi; ﬁfj).
According to Definition 4.4.6, each of these formulas is written in an explicit solved
form which enables us to easily extract the solutions of its free variables. On the
other hand, two cases arise:

e If py does not contain free variables then according to Property 4.4.3 the
formula py is of the form A}, =(3¢true) and thus ps is of the form \/\_, Fe true.
Two cases arise: if n = 0 then ps is the empty disjunction (i.e. the formula
false). Else, if n % 0 then since we do not distinguish between ¢ A ¢ and ¢, ps
is the formula 3¢ true.

e If p, contains at least one free variable then according to Property 4.4.3 neither
T = ps nor T = —p4 and thus neither T = —ps nor T = ps.

Since T has at least one model and since ps is equivalent to p in T and does not
contain news free variables then we have the following theorem:

Theorem 4.7.1

Every formula is equivalent in T either to true, or to false, or to a wnfv formula
which has at least one free variable, which is equivalent neither to true nor to false,
and where the solutions of the free variables are expressed in a clear and explicit
way.

The fact that T accepts at least one model is vital in this theorem. In fact, if T does
not have models then the formula true can be equivalent to false in T. In other
words, a formula can be equivalent to true in T using a finite application of our
rules and equivalent to false using another different finite application of our rules.

Theorem 3.3.1 prevents these kinds of conflicts and shows that T has at least three
models 2, 7r and Za and thus T = —(true < false).

Corollary 4.7.2
T is a complete theory.

Note that using Theorem 4.7.1 and the properties 4.4.5 and 4.2.11, we get Maher’s
decision procedure (Maher 1988) for the basic theory of finite or infinite trees.

5 Implementation of our algorithm

We have implemented our algorithm in C+4+4 and CHR (Constraint Handling
Rules) (Fruehwirth 1998; Fruehwirth and Abdennadher 2003; Schrijvers and Frue-
hwirth 2006). The C++ implementation is a straightforward extension of those
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given in Djelloul and Dao (2006b). It uses records and pointers and releases
unused pointers after each rule application. The CHR implementation was done
using Christian Holzbaur’'s CHR library of Sicstus Prolog 3.11.0. It consists of
18 CHR constraints and 73 CHR rules — most of them are needed for the
complicated rules (15) and (16) of our algorithm. Even if our C++ implementation
has given better performances, we think that it is interesting to show how we
can translate our rules into CHR rules. We will be able to quickly prototype
optimizations and variations of our algorithm and to parallelize it. For CHR,
the implementation of this complex solver helps understand what programming
patterns and language features can be useful. The CHR code without comments
and examples, but pretty-printed, is about 250 lines, which is one seventh of the
size of our C++ implementation. Indeed for code size and degree of abstraction
it seems only possible and interesting to describe the CHR implementation, and
we do so in the following. The reader can find our full CHR implementation at
http://khalil.djelloul.free.fr/solver.txt and can experiment with it online
using webchr at http://chr.informatik.uni-ulm.de/ webchr/.

5.1 Constraint Handling Rules implementation

Constraint Handling Rules (CHR) manipulates conjunctions of constraints that
reside in a constraint store. Let H, C and B denote conjunctions of constraints. A
simplification rule H < C | B replaces instances of the CHR constraints H by B
provided the guard test C holds. A propagation rule H = C | B instead just adds
B to H without removing anything. The hybrid simpagation rules will come handy
in the implementation: H;\H, < C | B removes matched constraints H, but keeps
constraints Hj.

The constraints of the store comprise the state of an execution. Starting from
an arbitrary initial store (called query), CHR rules are applied exhaustively until
a fixpoint is reached. Trivial non-termination of a propagation rule application is
avoided by applying it at most once to the same constraints.

Almost all CHR implementations execute queries from left to right and apply
rules top-down in the textual order of the program Duck et al. (2004). A CHR
constraint in a query can be understood as a procedure that goes efficiently through
the rules of the program. When it matches a head constraint of a rule, it will look
for the other constraints of the head in the constraint store and check the guard.
On success, it will apply the rule. The rule application cannot be undone. If the
initial constraint has not been removed after trying all rules, it will be put into
the constraint store. Constraints from the store will be reconsidered if newly added
constraints constrain its variables.

5.1.1 CHR constraints

The implementation consists of 18 constraints: two main constraints that encode the
tree data structure of the working formulas (nf/4) and the atomic formulas (of/2),
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9 auxiliary constraints that perform reachability analysis, variable renaming and
copying of formulas, and 7 constraints that encode execution control information,
mainly for rules (15) and (16).

In more detail, nf (ParentId,Id,K,ExVars) describes a negated quantified basic
formula with the identifier of its parent node, its own identifier Id, the level K from
—* and the list of existentially quantified variables. Var=FlatTerm of Id denotes
an equation between a variable and a flat term (a variable or a function symbol
applied to variables) that belongs to the negated sub-formula with the identifier Id.
finite(U) of Id denotes the relation finite(U).

It is easy to represent any working formula ¢ using conjunctions of nf/4 and
of /2 constraints. It is enough to create one nf/4 constraint for each quantified basic
formula of ¢ and to use a conjunction of of/2 constraints to enumerate the atomic
formulas linked to each quantified basic formula.

Example 5.1.2
Let ¢ be the following working formula:

Juu = 1A
- Feu = s(v))A
= 0w u = s(wi) Awp = s()A
=3 3ev = s(u) Au = 1A finite(w;))A

~@er =sw) Au=1A =S@Awsv = s(u) Au = 1 Awy = s(w3) A finite(ws))

¢ can be expressed using the following conjunction of constraints:

nf(Q,P1,4, [U]),U = 1 of P1,

nf(P1,P2,0,[]),U = S(V) of P2,

nf(P1,P3,0, [W1]),U = S(W1) of P3,W1 = S(V) of P3,

nf(P1,P4,5,[]),V = S(U)of P4,U = 1 of P4

nf(P4,P5,5,[]),V=S(U)of P5,U = 1 of P5,finite(W1) of P5

nf (P4, P6, 5, [W3]),V = S(U) of P6,U = 1 of P6, W2 = S(W3) of P6, finite(W3) of P6

5.1.2 CHR rules

The rules (1) to (14) have a rather direct translation into CHR rules. It seems hard
to come up with a more concise implementation.

% 1 Locally simplify equations
(1) @ nf(Q,P,1,Xs) \ U=U of P <=> true.

(2) @ nf(Q,P,1,Xs) \ V=U of P <=> gt(U,V) | U=V of P.

(3) @ nf(Q,P,1,Xs), U=V of P \ U=G of P <=> gt(U,V) | V=G of P.

(4) @ nf(Q,P,1,Xs), U=F of P, U=G of P <=> notsamefunctor(F,G) | true(P).
(5) @ nf(Q,P,1,Xs), U=F of P \ U=G of P <=> samefunctor (F,G) |

same_args(F,G,P).
(6) @ nf(Q,P,1,Xs) <=> nf(Q,P,2,Xs).

% 2 finiteness check

(7) @ nf(P0,P,2,Xs), finite(U) of P \ finite(U) of P <=> true.
(8) @ nf(P0,P,2,Xs), U=V of P \ finite(U) of P <=> var(V) | finite(V) of P.
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(9+10)@nf (P0O,P,2,Xs),U=T of P \ finite(U) of P <=> nonvar(T) |
reach_args(U,T,P), finite_args(U,T,P).
(11) e nf(Q,P,2,Xs) <=> nf(Q,P,3,Xs).

% 4/0-4/1 copy down before solving
(12) @ nf(Q,P,4,Xs), A of P, nf(P,P1,0,Ys) ==> A of P1.
nf(Q,P,4,Xs) \ nf(P,P1,0,Ys) <=> nf(P,P1,1,Ys).

% 4/3-4/4 replace down after solving
(13) @ nf(Q,P,4,Xs),U=V of P, nf(P,P1,3,Ys)\ U=G of P1 <=> V\==G | U=V of P1.
nf(Q,P,4,Xs) \ nf(P,P1,3,Ys) <=> nf (P,P1,4,Ys).

% 4/5-true trivial satisfaction - each A of P1 also occurs as A of P
(14) @ nf(Q,P,4,Xs), nf(P,P1,5,Ys) <=>
\+(findconstraint (P1, (A of P1),_), \+findconstraint(P,(A of P),_)) |
true(P) .

Note that rules (1) to (5) are similar to the classical CHR equation solver for flat
rational trees (Fruehwirth and Abdennadher 2003; Meister and Fruehwirth 2006).
By applying results of Meister and Fruehwirth (2006), we can show that the worst-
case time complexity of these rules of the algorithm is quadratic in the size of the
equations.

In the rules (2) and (3), the predicate gt (U,V) checks if U > V. Note that the
constraint true(P) used in rule (4) removes all constraints associated with P using
an auxiliary rule not shown.

In rule (9410) reach_args(U,T,P) checks reachability of U from itself in P. If
so, true(P) will be executed and thus P will be removed, implementing rule (9).
Otherwise, the subsequent finite_args(U,T,P) will propagate down the finite
relation from U to its arguments, implementing rule (10).

In the rules (12) and (13) we handle equations one by one (due to the chosen
granularity of the constraints), and thus we need auxiliary second CHR rules that
perform the update of the level K afterwards.

For rule (14) the implementation is easy when nested negation-as-absence (Van
Weert et al. 2006) is used to verify that there is no constraint in the sub-formula that
is not in the main formula. Negation-as-absence can be directly encoded in CHR, but
then it requires two additional rules per negation. Instead, we have chosen to use in
the guard of the rule the CHR library built-in findconstraint (Var,Pattern,Match)
that returns on backtracking all constraints Match that match Pattern and that are
indexed on variable Var together with negation-as-failure provided by the Prolog
built-in \+.

The translation of the complex rules (15) and (16) of the algorithm require 40 CHR
rules, because several non-trivial new expressions have to be computed. Simpagation
rules and auxiliary constraints collect the nested nf/4 constraints, compute the
reachable variables and atomic formulas, rename the quantified variables and
produce updated nf/4 and of/2 constraints. Not to overburden the reader with
technical details, we omit the description of those 40 rules.
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5.2 Benchmarks: Two partner game

Let us consider the following two partner game: An ordered pair (i, j) is given, with
i a non-negative (possibly null) integer and j € {0, 1}. One after another, each player
changes the values of i and j according to the following rules:

e If j = 0 then the actual player should replace i by i — 1 in the pair (i, j).

e If j =1 and i is odd then the actual player can either replace i by i + 1 or
replace j by j — 1, in the pair (i, j).

e If j =1 and i is even then the actual player can either replace i by i+ 1 and j
by j— 1 in the pair (i, j) or replace only i by i 4+ 1 in the pair let (i, j)

The first player who cannot keep i non-negative has lost. This game can be
represented by the following directed infinite graph:

(18] (L.1) 2.1) 3.1 4.1) (5.1)

(0.0) (L,0) (2.0) (3.09) (4.0) (5.0)

It is clear that the player which is at the position (0,0) and should play has lost.
Suppose that it is the turn of player 4 to play. A position (n,m) is called k-winning
if, no matter the way the other player B plays, it is always possible for 4 to win,
after having made at most k moves. It is easy to show that

_Ely move(x, y) A =(
Ax move(y, x) N —(
winningy(x) = dy move(x, y) A —(
Ax move(y, x) N\ —(
false )---)

~~"2k]

where move(x, y) means: “starting from the position x we play one time and reach
the position y”. By moving down the negations, we get an embedding of 2k alternated
quantifiers.

Suppose that F contains the function symbols 0, 1, f, g, ¢ of respective arities 0,
0, 1, 1, 2. We code the vertices (i, j) of the game graph by the trees c(i,0) and c(i, 1)
with i = (fg)”/?(0) if i is even, and i = g(i — 1) if i is odd.'® The relation move(x, y)
is then defined as follows:

def
move(x, y) P transition(x, y) V (=(Juv x = c(u,v)) Ax = y)

¥ (£9)°(x) = x and (fg)"(x) = f(g((fg)'(x)))-
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with
-Hull)luzl)g T
x = c(ug,v1) Ay = c(u, 02)/\
[(v1 =0 A vy = v1 A pred(ur, u)) 1
def v
transition(x,y)<—e> (up = f(uy) Nvy = 1)V
3 = AN Vv
=1 |V = gAY Ay = 0) )
(m@Ewup = gw)) Aup = g(ur) A (v2 =v1 Vo =0))
Vv
LL(—(v1 = 0) A=(v1 = 1) Auy = ug Avy = 1) 1

G — 1) {(akj = glk) Aty = j)V ]

(<3 j = gk)) A = )
L (Fkj=gk) Nuy = uy)v

UL (NE A |

(<@ s = FG) A~ = g() A = 0) Ao = )

def
pred(uy, uy) :

If we take as input of our solver the formula winning,(x) then we will get as
output a disjunction of simple formulas where the solutions of the free variable x
represent all the k-winning positions.

For winning(x) our algorithm gives the following formula:

Juiuy x = c(ug, ur) Aup = gup) Nup =0,

which corresponds to the solution x = ¢(g(0), 0). For winning,(x) our algorithm gives
the following disjunction of simple formulas

(FJuiuz x = c(ur, uz) Auy = g(uz) Auy = 0)
Vv s
(Fuzugusug x = c(uz,ug) N uz = g(ug) ANug = f(us) Aus = g(ug) A ug = 0)

which corresponds to the solution x = ¢(g(0),0) V x = ¢(g(f(g(0))),0). Note that x is
the only free variable in the two preceding disjunctions and its solutions represent
the positions which are k-winning.

The times of execution (CPU time in milliseconds) of the formulas winningy(x)
are given in the following table as well as a comparison with those obtained using a
decision procedure for decomposable theories Djelloul (2006a) (even though the later
does not produce comprehensible results, i.e. explicit solved forms). The benchmarks
are performed on a 2.5Ghz Pentium IV processor, with 1024Mb of RAM. The
symbol “—” bellow means exhausting memory.
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|k (winningi(x)) | 1] 2| 4| 5| 7] 10| 20| 40 |

|CHR (our 16 rules) | 320| 690| 1750| 2745| 5390 — | — | — |

| C++ Djelloul (2006a)| 28 | 50 | 115 | 150 | 245| 430| 2115 — |

|C++ (our 16 rules) | 25| 40| 90 | 115| 175| 315| 1490| 15910]

This decision procedure takes from 10% to 40% more time, comparing with
our C++ implementation to solve the winningi(x) formulas of our game and
overflows the memory for k > 20, i.e. 40 nested alternated quantifiers. Our C++
implementation has better performance and is able to give all the winning; strategies
in a clear and explicit way until k = 40, i.e. 80 nested alternated quantifiers.

The execution times of winningi(x) using our CHR implementation are 12-30 times
slower than those obtained using our C++ implementation and the maximal depth
of working formula that can be solved is 14 (k = 7). These results are in line with
the experience that the overhead of using declarative CHR without optimizations
induces an overhead of about an order of magnitude over implementations in
procedural languages. As discussed in the conclusions, switching to a more recent
optimizing CHR compiler may close the gap to a small constant factor.

The algorithm given in Djelloul (2006a) is a decision procedure in the form
of five rewriting rules which for every decomposable theory T transforms a first-
order formula ¢ into a conjunction ¢ of final formulas easily transformable into
a Boolean combination of existentially quantified conjunctions of atomic formulas.
This decision procedure does not warrant that the solutions of the free variables are
expressed in a clear and explicit way and can even produce formulas having free
variables but being always true or false in T. In fact, for our two-player game, we
got conjunctions of final formulas where the solutions of the free variable x was
incomprehensible, especially from k = 5.

We also tried to use Remark 4.4.2 of Djelloul (2006a) which gives a way to get a
disjunction of the form

V 3 A A\ =G5 8)) (36)

iel JjeJi
as output of the decision procedure. As Djelloul (2006a) wrote: it is more easy to
understand the solutions of the free variables of this disjunction of solved formulas than
those of a conjunction of solved formulas. That is of course true, but this does not
mean that the solutions of the free variables of this formula are expressed in a clear
and explicit way. In fact, we got a disjunction of the form (36) where many variables
which occurred in left-hand sides of equations of «; occurred also in left-hand sides
of equations of some f;;. Moreover, many formulas of the preceding disjunction
contained occurrences of the free variable x but after a hard and complex manual
checking we found them equivalent to false. As a consequence, the solutions of
x was completely not evident to understand and we could not extract clear and
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understandable winningi(x) strategies for all k > 5. To simplify the formula (36), we
finally used our solving algorithm on it and have got a disjunction of simple formulas
equivalent to (36) in T in which: (1) all the formulas having free occurrences of x
but being always false in T have been removed, (2) the solutions of the free variable
x were expressed in a clear and explicit way.

We now discuss why our solver is faster than the decision procedure of K. Djelloul.
The latter uses many times a particular distribution (rule (5) in Djelloul 2006a) which
decreases the depth of the working formulas but increases exponentially the number
of conjunctions of the working formulas until overflowing the memory. Our solving
algorithm uses a similar distribution (rule (16)) but only after a necessary propagation
step which copies the basic formulas into the sub-working formulas and checks if
there exists no working formulas which contradict their top-working formula. This
step enables us to remove the inconsistent working formulas and to not lose time
with solving a huge working formulas (i.e. of big depth) which contradicts their
top-working formulas. It also prevents us from making exponential distributions
between huge inconsistent working formulas which finally are all equivalent to false.
Unfortunately, we cannot add this propagation step to the decision procedure of
Djelloul (2006a) since it uses many properties which hold only for the theory of
finite or infinite trees and not for any decomposable theory T.

The game introduced in this paper was inspired from those given in Djelloul
(2006a) but is different. Solving a winning,(x) formula in this game generates
many huge working formulas which contradict their top-working formulas. Our
algorithm removes directly these huge working formulas after the first propagation
step (rules (1),...,(13)). The decision procedure cannot detect this inconsistency and
is obliged to apply a costly rule (rule (5) in Djelloul (2006a)) to decrease the size
of these inconsistent working formulas until finding basic inconsistent formulas of
the form —(a A —(Fetrue)) or —(Jefalse A @). At each application of this rule, the
depth of the working formulas decreases but the number of conjunctions increases
exponentially until overflowing the memory. This explains why for this game the
decision procedure overflows the memory for k > 20 while our solver can compute
the winning;(x) strategies until k = 40.

5.3 Benchmarks: Random normalized formulas

We have also tested our 16 rules on randomly generated normalized formulas such
that in each sub-normalized formula of the form —(3xa A AL, @), with the ¢;’s
normalized formulas and n > 0, we have the following:

e 1 is a positive integer randomly chosen between 0 and 4.

e The number of the atomic formulas in the basic formula o is randomly chosen
between 1 and 8. Moreover, the atomic formula true occurs at most once in .

e The vector of variables and the atomic formulas of 3X « are randomly generated
starting from a set containing 10 variables, the relation finite and 6 function
symbols: fo, f1, f2, g0, g1, 82. Each function symbol f; or g; is of arity j with
0=j>2
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The benchmarks were realized on a 2.5 Ghz Pentium IV processor with 1024Mb of
RAM as follows: For each integer 1 > d > 42 we generated 10 random normalized
formulas! of depth d, we solved them and computed the average execution time
(CPU time in milliseconds). Once again, the performances (time and space) of
our 16 rules are impressive comparing with those of the decision procedure for
decomposable theories.

| d | 4| 8| 12| 22| 26| 4 |

| CHR (our 16 rules) | 1526 4212| 16104 — | — | -

| C++ Djelloul (2006a) | 108 | 375 | 1486 | 18973 — |  — |

| C++ (ourl6rules) | 88 | 202 | 504 | 3552 | 11664 | 2142824

Note that for d = 42, all the normalized formulas could not be solved and
overflowed the memory.

6 Discussion and conclusion

We gave in this paper a first-order axiomatization of an extended theory T of finite
or infinite trees, built on a signature containing not only an infinite set of function
symbols but also a relation finite(t) which enables to distinguish between finite and
infinite trees. We showed that T has at least one model and proved its completeness
by giving not only a decision procedure but a full first-order constraint solver which
transforms any first-order constraint ¢ into an equivalent disjunction ¢ of simple
formulas such that ¢ is either the formula true, or the formula false, or a formula
having at least one free variable, being equivalent neither to true nor to false and
where the solutions of the free variables are expressed in a clear and explicit way.
This algorithm detects easily formulas that have free variables but are always true or
always false in T and is able to solve any first-order constraint satisfaction problem
in T. Its correctness implies the completeness of T.

On the other hand, Vorobyov (1996) has shown that the problem of deciding if a
proposition is true or not in the theory of finite and infinite trees is non-elementary,
i.e. the complexity of all algorithms solving propositions is not bounded by a tower
of powers of 2's (top-down evaluation) with a fixed height. Colmerauer and Dao
(2003) have also given a proof of non-elementary complexity of solving constraints
in this theory. As a consequence, our algorithm does not escape this huge complexity
and the function o(¢) used to show the termination of our rules illustrates this result.

We implemented our algorithm in C+4++4 and CHR and compared both per-
formances with those obtained using a recent decision procedure for decomposable
theories (Djelloul 2006a). This decision procedure is not able to present the solutions

19 We, of course, renamed the quantified variables of each randomly generated normalized formula so
that it respects the discipline of the formulas in T
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of the free variables in a clear and explicit way and overflows the memory while
solving normalized formulas with depth d > 40. Our C++ implementation is faster
than this decision procedure and can solve normalized formulas of depth d = 80.
This is mainly due to the fact that our algorithm uses two steps: (1) a top-down
propagation of constraints and (2) a bottom-up elimination of quantifiers and depth
reduction of the working formulas. In particular, the first step enables to minimize
the number of application of costly distributions and avoids to lose time with solving
huge formulas which contradict their top formulas.

Future implementation work will focus on our CHR implementation, since from
previous experience we are confident that we can get the performance overhead
down to a small constant factor while gaining the possibility to prototype variations
of our algorithm in a very high level language. Switching to a more recent optimizing
CHR compiler from K.U. Leuven would most likely improve performance. We also
think that we can minimize the use of the debated negation-as-absence (Van Weert
et al. 2006) by introducing reference counters for the two main constraints. This
should also give us the possibility to obtain a parallel implementation that is derived
from the existing one with little modification, similar to what has been done for
parallelizing the union-find algorithm in CHR (Fruehwirth 2005).
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