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We model the transmission of a message on the complete graph with n vertices and
limited resources. The vertices of the graph represent servers that may broadcast the
message at random. Each server has a random emission capital that decreases at each
emission. Quantities of interest are the number of servers that receive the information
before the capital of all the informed servers is exhausted and the exhaustion time. We
establish limit theorems (law of large numbers, central limit theorem and large deviation
principle), as n — oo, for the proportion of informed vertices before exhaustion and for the
total duration. The analysis relies on a construction of the transmission procedure as a
dynamical selection of successful nodes in a Galton—Watson tree with respect to the success
epochs of the coupon collector problem.

2010 Mathematics subject classification: Primary 90B30
Secondary 05C81, 60F05, 60F10, 60J20, 92D30

1. Introduction

The transmission of information and dissemination of viruses in computer networks has
given rise to many practical and theoretical investigations over the past two decades (see
[4, 12, 19, 21, 22, 26])).

In this paper we model the transmission of a message on the complete graph with n
vertices and limited resources. Every vertex represents a server, which can be in one of
three states: inactive (it has not yet received the message), active (it has already received
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the message and is able to transmit it), exhausted (it has already received the message
but can no longer transmit it because it has exhausted its own capital of emissions). Each
server S; has a random emission capital K;. The message is initially received from outside
by one server, which is then turned from the inactive state to the active one (if it has a
positive emission capital) or exhausted (if its emission capital is 0), although the n—1
other servers are inactive. At each integer time, one of the active servers (say S;) casts
the message, it loses one unit of its own emission capital K;, and it selects the target
at random among the n servers. If the target is inactive, it discovers the information
and itself becomes active or exhausted according to its own emission capital. If not, this
broadcast is unsuccessful and nothing else happens. When an active server exhausts its
emission capital, it enters the exhausted state. The transmission ends at a finite time 7,
which is at most equal to 1 plus the sum of all initial capitals.

From a practical perspective, the graph may be thought of as a wireless network, the
vertices of which are battery-powered sensors with a limited energy capacity. We refer the
reader to [4, 12, 19, 21] for applications of graph theory to the performance evaluation of
information transmission in wireless networks. We mention that the transmission process
can also be interpreted as the busy period of a queue, when the probability that a new
customer enters the queue decays linearly as the number of past arrivals increases and
finally vanishes after the nth arrival.

Here we describe the asymptotic behaviour of the proportion of informed vertices at
the end of the process when n tends to the infinity. The mathematical analysis relies on a
twofold structure: a subtree of the Galton—Watson tree, which models the vertices reached
by the emission procedure, and the success epochs of the coupon collector problem, which
model the successful transmissions. Phrased in a probabilistic way, we propose a coupling
of the transmission model as a marginal tree of the Galton—Watson tree, obtained by
pruning some of the nodes according to the coupon collector problem. Such a coupling
provides a direct interpretation of the scenarios when the network ceases broadcasting at
the very beginning of the process: basically, these scenarios correspond to the extinction
event in the Galton—Watson tree. For the survival event, we manage to specify the first-
order behaviour (in n) of the exhaustion time 7, and of the proportion of informed
nodes. Under suitable integrability conditions on the distribution of the capital of a
given vertex, the fluctuations of both the exhaustion time and the proportion of informed
nodes are also investigated: a central limit theorem is proved under a square-integrability
condition and a somewhat involved large deviation principle is established under an
exponential-integrability condition. In particular, when the distribution of the capital of
a given vertex is of finite expectation, the probability that all the servers are reached
before exhaustion (also referred to as the probability of full transmission) converges to
0 as n tends to the infinity; as a consequence of the large deviation principle we prove
here, it decays exponentially fast when the capital has a finite exponential moment. In
some cases when the distribution of the capital has a heavy tail, we prove that the
limit of the probability of full transmission is different from O and, in particular, may
coincide with the entire probability of survival of the Galton—Watson tree. We refer to
[5, 7,13, 17, 20] and Chapter 8 of [31] for specific results concerning the coupon collector
problem.
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The papers [27] and [26] study closely related transmission models. Machado, Mach-
urian and Matzinger [27] consider the case where K; = 2 and prove partial transmission
results. Obviously, our approach extends this result, as constant capitals are a particular
case of random ones. A specific interest of random capitals consists in allowing K; to be
0 with a non-trivial probability: as we shall see below, a quick stop of the transmission
process then occurs with positive probability, as the extinction event of the Galton—Watson
tree. As in [27], Kurtz, Lebensztayn, Leichsenring and Machado [26] investigate the case
where the K; are constant, but possibly larger than 2, for continuous time. In their model,
there is one particle at each vertex of the graph at time 0; one of them is active, the others
are inactive. The active particle begins to move as a continuous-time, rate 1, random walk
on the graph; as soon as any active particle visits an inactive one, the latter becomes
active and starts an independent random walk. Each active particle dies at the instant it
reaches a total of L jumps (consecutive or not) without activating any particle. Each active
particle starts with L lives and loses one life unit whenever it jumps on a vertex which has
already been visited by the process. For another similar model with simultaneous jumps
in discrete time, the number of informed servers has fluctuations of order n®* [32].

We also emphasize that the dynamics of the present model is very similar, except
for the asynchronization, to the frog model on the complete graph with finite lifetimes:
the earliest reference is [1], addressing the question of final coverage. In the frog model
on Z4 there is a phase transition between almost-sure extinction and survival with
positive probability according to the underlying death rate [2], and similarly for a
continuous-time model [23]. Shape theorems are proved in [3], and also in [30] and
[22] in continuous time. Fluctuations are Gaussian in one dimension [8, 9], but unknown
when d > 2.

The paper is organized as follows. The basic model is presented in Section 2 together
with the main results. In Section 3 we provide an alternative construction based on a
pruning procedure of the Galton—Watson tree. The law of large numbers and related
fluctuation limit theorems are investigated in Section 4, including the case of heavy tails.
The large deviation principle is established in Section 5.

2. The model and main results

2.1. A Markovian definition of the dynamics
From a modelling point of view, we assume that the servers emit between consecutive
integers. The global state of the whole system before and after emissions is thus described
at integer times. At any time ¢t € N, N,(t) denotes the number of servers which have
already received the message and the so-called ‘total emission capital’ S,(t) denotes the
number of available attempts that can be used to deliver the message to a server which
has not yet received it. At time 0, only one server detains the information. Its own capital,
that is, S,(0) with our notation, is a random variable, the distribution of which is denoted
by u.

The dynamics of the pair process (N,(t), Su(?));en are then assumed to be Markovian.
Conditionally on the states up to time t, the values of N,(t+ 1) and S,(t + 1) are then
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given by
—1
Kit+1)—-1

Nn t >
with probability { (0)/n .1)

Su(t +1) = S,(t) + { 1 — Nu(t)/n

where K(t 4+ 1) is a random variable, with yx as distribution and independent of the past
up to time t; respectively, in the above cases,

N,(t+1)= {N"([) accordingly. (2.2)

N,y(t)+ 1

The Markov chain is absorbed at S, = 0. From a practical point of view, the interpretation
is as follows. During the emission that occurs between times ¢ and ¢+ 1, one server is
chosen at random among the n ones; it is referred to as the ‘target’. If the target is a server
that has already received the information, then the number of informed servers remains
the same and the total emission capital decreases by one. Such a scenario happens with the
conditional probability N,(t)/n. If the target is a non-informed server, then the number
of informed servers increases by one and the total emission capital increases by the own
emission capital of the target which has just been activated. This happens with conditional
probability 1 — N,(t)/n and K (t + 1) then denotes the initial emission capital of the target
activated between time ¢ and time t 4 1. It is worth noting that the process (N,(t))en 1s @
Markov process itself, known as the ‘coupon collector process’ in the standard probability
literature. It describes the collection, with replacement, of n equally likely coupons.

With such a modelling, the variables K(t),t € N, are i.i.d., with g as common distri-
bution, K(0) being equated with S,(0) and the sequences (K(t));eny and (N,(t));en being
independent (we emphasize that when the emission between t and ¢+ 1 is a failure,
the variable K(t 4+ 1) has no role in the description of the dynamics of the pair process
(Ny(2), Su(t))en)- By independence of the two sequences, the sum of all the capitals revealed
up to time t has the same law as R(N,(t)), where

t
R(t)=> K(s), t€N\{0}. (2.3)
s=1
The transmission process lasts for a duration t,, which is the first time ¢ when the
emission capital is equal to O:
7, = min{t € N : §,(r) = 0}. (2.4)

A natural question consists in determining whether the information will reach all servers
or only a proportion of them. We then define the event of full transmission,

Trans, = {Nn(fn) = n}a

which occurs when all the servers finally receive the information. Then, three regimes of
interest can be distinguished, according to

P(Trans,) =0, or 1, or € (0,1),

which naturally correspond to different tail behaviour of K. In all these cases, we are
interested in the large-n asymptotics of 7, and Ny(t,).
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Then, with the notation sAt¢= min{s,t}, the sequence (S,(t Aty), Nu(t ATy))en is
a Markov chain on N x {0,1,...,n} with a non-decreasing second component, and
absorption on the vertical axis. The harmonic equations for absorption probabilities
are rather intricate for a general K, a natural route being to approximate the process
by a differential equation. Here, our analysis will rely on a specific construction of the
dynamics obtained by considering the Galton—Watson tree of reproduction law p.

2.2. Construction as a labelled Galton—Watson tree
In Section 3, we construct the information transmission process with a Galton—Watson
tree with degree K ~ u and an independent coupon collector process with n coupons. We
only give a quick account here. For each n, we prune the tree using the events of the
n-coupon collector. Given a realization of the Galton—Watson tree, we visit successively
all the nodes starting from the root, we keep (resp. erase) the current node if a new
coupon is obtained at that time (resp. if we do not collect a new coupon; then the whole
subtree below the current node is deleted). This results in a subtree of the original one,
with size N,(t,) < n.

Here is a precise statement. We denote by ZSW the cardinality of the kth generation
of the Galton-Watson tree and by SurvS" the survival event SurvSW = {ZSWV > 1,Vk}.
It is well known that P(Surv®W) > 0 if and only if EK > 1 or P(K = 1) = 1.

Proposition 2.1. Let (Q, A,P) be a probability space for which there exist (i) a Galton—
Watson tree with offspring distribution u, and (ii) for each integer n, a coupon collector
process with n coupons, independent of the tree.

Then, there exist sequences (S,(t),t € N) and (N,(t),t € N) defined on this probability
space with N,(0) = 1,S,(0) ~ u, and such that ((N,(t),S,(t)),t € N) is a Markov chain with
transitions as in (2.1) and (2.2).

Letting

GW _ GW
Ztot - Z Zk ’
k>0
the full transmission event is ‘asymptotically included’ in the survival event in the sense that

Trans, c {ZSY >n}, where {ZSY >n) N SurvOY  asn ~ oo,

and conversely, the event of termination at time o(n) (where o(n) stands for the Landau
notation) in the information process converges to extinction in the Galton—Watson process.
Letting A denote the symmetric difference,

lim lim P({z, > ne}ASurv®%) = 0. (2.5)

e—0T n—w

The construction is simple and natural, but it seems to be new and it turns out to be a
powerful tool for analysing the information process. In all our results below, we consider
this particular coupling of the information process with the Galton—Watson tree and the
coupon collector.
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2.3. Limit for the information coverage and duration
For EK > 1, define 0 € (0,00) as the unique root of the equation

1—e? 1
0  EK’
Extend this definition by setting 6 =0 if EK < 1 and 6 = oo if EK = 0. The function
EK — 0 is an increasing bijection from [0, oo] to [0, o0]. Also, let

(2.6)

p=1—-e'€l0,1], (2.7)

and note from (2.6) that when EK € (1,00), then p = 1 —e~? € (0, 1) is the unique solution
of

pEK = —In(1 — p), (2.8)

whereas p = 1 when 6 = 0. Let 14 denote the indicator function of the event A.

Theorem 2.2. Let EK € (0,c0].
(i) As n — oo,
To/0 —> 0 1gyp0w
in probability, with 0 defined by (2.6), though
Nu(tn)/n —> p 1gypiow
in probability, with p =1 — e~
(1) If EK <1 (P(K = 1) < 1 by assumption), then

lim [z, + 1] = lim N,(z,) = ZSV
n—oo h—00

in probability.

As a straightforward consequence, we observe that P(Trans,) — 0 as n — oo whenever
EK is finite, as p is strictly less than 1 in this case. In Theorem 2.8 we shall prove that
the rate of decay is exponential in the case when K has a finite exponential moment.

2.4. Gaussian fluctuations in the case of a light tail
Theorem 2.3. Assume EK > 1 and EK? < co. Let 6% denote the variance of K. As n — oo,

conditionally on Surv®¥W, we have the following convergence in law:

law

n~2(z, —n0) — N(0,02),
with
o2 = [(1 — p)EK — 1] *[poz + (EK)*an(0)*], on(s)> =e (1 —e™) —se .

GW

Similarly, conditionally on Surv®", we have the following convergence in law:

12 (Ny(2) — np) = N(0,62),
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with

ol =[(1 — pEK — 1] [poge " + on(0)].

Theorem 2.3 extends results in [26, 27]. We omit further study of random fluctuations,
such as corrections to the law of large numbers, but prefer to explore the resulting regimes
of full transmission. From Theorem 2.2, when EK = oo, N,(1,)/n — 1 in probability,
conditional on survival. This leaves open the asymptotics of the probability P(Trans,).
Some cases are investigated in the next subsection.

2.5. Probability of full transmission in the case of a heavy tail

When K has a fat tail, fluctuations will serve the transmission process. The next result
shows that the full transmission event converges to the survival event if the tail is very
heavy.

Proposition 2.4. If there exist ¢ > 0 and o € (0,1) such that
liminf[/*P(K > /)] > c,
/—00
then

P(Trans,) — P(Surv®Y) asn — oo.

Hence, fluctuations of sums of K’s variables play a crucial role for the occurrence
of full transmission. When u has a heavy tail, one of the servers activated during the
transmission process has a large enough capital K allowing it to contact all the other
servers. We now turn to the critical case, when K belongs to the domain of attraction of
a stable law of index 1.

Theorem 2.5. Assume there exists ¢ > 0 such that
P(K >/)~;, /o,
Then, as n — oo,

E(exp(—e™®)) c=1,

Wy x {1 c>1,

P(Trans,) — P(Surv

0 c <1,

where, in the case ¢ =1, S = lim,_,,,n~'(R(n) —nlnn) is a totally asymmetric Cauchy
variable, the centering parameter of which depends on the distribution of K (see (2.3) for
the definition of R).

The particular form of the limit relates to the celebrated result of Erdds and Rényi [16]
for the coupon collector, that is the time to collect all coupons has a Gumbel limit law.
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2.6. Large deviations
Following Chapter 1 in [11], we recall that a random sequence (Z,,n > 1), with values in
some Polish space Z, obeys a large deviation principle (LDP) with rate function Z and
speed n if
e 7 :2Z — [0,00] is lower semi-continuous;
e for all closed subset F = Z, limsup,_,,,n ' InP(Z, € F) < —inf{Z(z);z € F};
e for all open subset O = Z, liminf,_,, n~'InP(Z, € 0) > —inf{Z(z);z € O}.

Assume throughout this section that K has exponentially small tails: Eexp(agK) < oo
for some ag > 0. Then, by Crameér’s theorem (e.g., Section 2.2.1 in [11]), R(n)/n obeys an
LDP with rate I,

I(u) = sup{au — InEexp(aK);a € R}, u € [0,0), (2.9)

and I (u) = oo for u < 0. The function I is convex, lower semi-continuous and has compact
level sets {u € R : I(u) < ¢}, for ¢ € [0,00). The domain of the rate function I is defined
as the set Dom(I) of reals u with finite I(u). Here, we have Dom(I) = [k.,k"] (R, with

k. = min{k : P(K = k) >0}, k" =sup{k : P(K =k) > 0}.

We also recall the large deviation principle for the coupon collector process with n coupons
from Boucheron, Gamboa and Léonard [7] and Dupuis, Nuzman and Whiting [13]. For
all t > 0, we have

N,(nt)/n obeys an LDP with speed n and rate function J,. (2.10)

From (2.7) and Section 4.1 in [13], the rate function J; is convex; it is finite if and only if
r € (0,t A 1], with lim, ¢ J;(r) = oo, and it has a finite limit as r — t A 1. For r € (0,t A 1),
it is given by

Jr) =1 =r)In(l —r)+ (t —r)Inp(r,t) + te "D, (2.11)
where p(r,t) denotes the unique solution in (0, 00) of
1—e
R (2.12)
o

With these ingredients we define the function F : Ri — [0, 0] by
rl(t/r)+ J(r) if r >0,
F(r,t) = q ifr=0, t>0, (2.13)
0 ifr=t=0.

Lemma 2.6.

(1) The function F is lower semi-continuous on Ri with compact level sets {(r,t) : F(r,t)
< ¢} for non-negative c. Its domain is equal to

Dom(F) = {(r,t) e R} : 0 <r <t AL (ke V1)r <t <k'r}u{(0,0)}.

It is continuous on Dom(F) \ {(0,0)}. It is continuous at the origin if and only if K is
bounded.
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Figure 1. (Colour online) Rate function F for K Poisson distributed with mean 1.4998. It vanishes at the origin
and at (p,0) = (0.5827,0.8740) it is unbounded in neighbourhoods of (0, 0) in its domain. For convenience, large
values of F are truncated, and the graph over the domain r < 0.65¢ is not shown. The dark strip corresponds
to 0.65t <r < 0.67t, and the remainder of the graph to r > 0.67t.

(i1) Moreover,

—t —t t
f(l—e ,t) =(1—e )I(m),

and when k. <1 <k*, we have F(1 —e",t) ~tI(1) as t — 0.
(iii) When EK > 1, the function F is not convex, as it takes the value 0 at points (p,0) and
(0,0), and is positive elsewhere. When EK < 1, F is positive everywhere except at 0.

The domain of F might be rather degenerated. For example, in the Bernoulli case
K €{0,1}, it reduces to the segment {(r,r),0 <r < 1}. This function is an intricate
combination of the rate functions of the coupon collector process and of the Galton—
Watson process. This makes it an interesting rate function in its own right. The shape of
the graph of F is shown in Figure 1 in the case EK > 1.

Theorem 2.7. The sequence (n~'(Nu(t,),ts);n > 1) obeys an LDP with rate function F
and speed n.

As a corollary, we obtain a variational formula for the probability of full transmission.
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Theorem 2.8. The decay of the probability for all servers to be reached before exhaustion
is exponential and given by

n—-+4o0

lim »n~'InP(Trans,) = —11}1%{1 (i(s)) ~+ (A(s) — l)ln(l — efs) + As)e"},

with A(s) =s/(1 —e™*) for s >0, and A(0) = 1. The above right-hand side is negative.

3. Construction from a labelled Galton—Watson tree

Let W= Uk>0(N*)" be the set of all finite words on the alphabet {1,2,...}. Its elements are
of the form wyw ... wy, w; € N* whenk > 1, and, for k = 0, (N*)¥ reduces to the empty word
@, which we call the root. We then denote by |w| = k the length of w = wyw,...w, € W
(with |&| = 0). For w,w’ € W, we write w < w’ if |w| < [w/|, or |w| = [w/| and w<;exw in
the lexicographic order. We let < denote the usual predecessor relation in W, that is,
w < w' if wis a prefix of w'.

Let (K(w),w € W) be a family of iid. random variables on N={0,1,2,...} with
common law p. (The notation K(¢),t € N is also used in Section 2.1. Here we use the same
letter K but a different index, as no confusion is possible hereafter.) Assume p(0) < 1 and
w(1) < 1 for a non-trivial set-up. The associated Galton-Watson tree 7SV is the set of
w € W such that w =@ or, for all i =1,...,|w|,w; < K(v) with v the predecessor of w
of length i — 1. (In other words, given a parent w’ at the (i — 1)th generation, that is, w’
is a word of length i — 1, the children of w’ are the words w'l,...,w'K(w'), of length i,
obtained by concatenation.) Let ZkGW denote the size of the kth generation of this tree,
ZSW = card {w € TSV : |w| =k}, given by

zZN = > K@, zgV=1.

veT SV |v|=k
Recalling that u(1) < 1, it is well known that the survival event

Surv®V = ﬂ{Z,\,GW > 1) = {card T = w0}
k

has complement probability

=1 ifEK <1,

eV =1 —P(Surv®V) = ,
<1 ifEK >1.

On the same probability space, we consider an independent coupon collector process
with n images (n > 1). Let A;,, i = 1,...n — 1, be independent, geometrically distributed
random variables on N* with parameter 1 —i/n (success probability) respectively. The
success epochs are

i—1
Tl,n =0, Ti,n = E Aj,n, i=2,...n,
j=1
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and the counting function is

n
Nut) = Nyp,chn £=0.1,....
i=1
In fact, N,(t) represents the number of servers having received the information by time ¢
(note that 1 < Ny(t) < (t+ 1) An).

For any fixed integer n, with these two ingredients, we can define the transmission
process together with the transmission time length 7,. Let us start with an informal
description. We browse a part of the Galton—Watson tree following the order <, and
we paint the nodes in o or in A according to the coupon collector process (success or
failure). We only browse nodes which are on stand-by. As soon as a node is painted in o,
its number of children nodes in 7SV is revealed, and these children are put on stand-by.
We then move to the next node on stand-by (next for <). The procedure runs until there
are no longer any nodes on stand-by.

Here is a precise definition. Recursively for t =0, 1,..., we construct X(t) € 79V, and
disjoint 7°(t), T®(t), T2(t) = TCV as follows, where X (t) encodes the vertex where the tth
tentative emission takes place, 7°(t) denotes the set of servers already informed by time
t, T%(¢) is the set of tentative emissions scheduled but not yet performed at time ¢, and
T2(t) is set of failed emissions, i.e., those performed before time ¢ for which the target
was already informed. We start with

X(0) =

T°<0)—{@}

TH0) = {w e TV : w|= 1,1 <w <K(2)},
T5(0) = 0.

Here and below, () denotes the empty set and will not be confused with the root & of the
tree. With the process (X(r), 7°(t), 7%(t), T2(t)) at time t, its value at the next step ¢ + 1
is defined as follows.

o If T%(t) is non-empty, we let X(t 4 1) be its first element,
X(t+ 1) = inf{w € T%(1)}, denoted by v,
to ease the notations, and we perform a test.
— If N,(t+ 1) = N,(t) + 1, we define
T°(t+1)=T°() U {v},
T+ 1) = (T5)\ {v}) U {vL,02,...,0K (v)}, (3.1)
T2t +1) = T(0),

where the notation vk denotes the word of length [v] 4+ 1 obtained by concatenation.
— If Nu(t + 1) = N,(t), we define

T(t+1) = T°(t),
TR+ 1)=T%(0)\ {v}, (3.2)
T+ 1) =T%1) U {v}.
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1%}

X(t+1)

Figure 2. The Galton—Watson tree is represented up to the fourth generation.
T°(t), T¥(t) and T2(r) and X (¢ + 1) are represented at time ¢ = 10.

e If 7%(t) is empty, we set 7, =t, and the construction is stopped (as well as the
transmission). The set 7°(t) = 7°(t,) = 7°(c0) is the set of servers finally informed.
Note that 7, < T}, is a.s. finite.

We observe that for all t, 7°(¢) is a tree, as well as 7°(t) U T%(t). Moreover, T7%(t) U T2(t)
is a cutset of 7SV for its own graph structure.

Figure 2 provides an example of construction of the sets 7°(t), 7%(t) and T2(t), for
t € {0,1,...,10}, according to the rules prescribed in (3.1) and (3.2). At time 0, the capital
of the initial server is K(@) = 4, so that the root of the tree has four children. Between
times 0 and 1, the first emission is a success as the server which is revealed in the tree
is painted in o. This server reads as the first child (starting from the left) at the first
generation of the tree. It has two children, that is, K(‘1’) = 2, where ‘1’ is here understood
as a one-letter word. At time 1, the total emission capital is thus S(1) =44+2—1=35,
and 7%(2) contains the three last children at the first generation and the two first children
at the second generation. Since the second child at the first generation is painted in A,
the emission between times 1 and 2 fails, which means that the children of this node are
not considered for the rest of the construction. At time 2, S(2) =4+ 2 — 2 = 4. Then,
the emission between times 2 and 3 is a success but the server which is informed has
no children (third child in the first generation) and the emission between times 3 and 4
is a success as well, with K(‘4’) = 3. At time 4, 7%(4) contains five nodes, all of them
at the second generation of the tree. The node X(5) is then the first child at the second
generation: as it is painted in A, the emission between times 4 and 5 fails. And so on up
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to time 10. Then, 7%(10) contains five nodes, two of them at the fourth generation and
three of them at the third generation. With the lexicographic order, X (11) = 411".

We now relate the above construction to the dynamical model for transmission. Let
card A denote the cardinality of a set A. Consider a new, independent, i.i.d. sequence
(Ki)i>1 with law g, and define, for i = 1,...n,

(X(Tin)) if i < card T°(0),
Ki=< _ U (33)
K; if i > card 7°(c0),
and also
NH([)
Su(t) ==Y Ki—1t, teN\{0}. (3.4)
i=1
Below, we also write
Su(t) = R(Ny(1) —t, €N, with R(m):=) Ki meN\{0}. (3.5)

Note that the letter R is also used in (2.3), but as proved below, the two R have the same
distribution. Henceforth, we will always refer to (3.5) for the precise definition of R.
By construction, we have

N,(t) = card T°(t), Su(t) = card T(¢). (3.6)

Proposition 3.1. The variables (K;)i<ign are independent, identically distributed with law
w, and (K;)i<ign is independent of (T;,)1<i<n. Moreover,

7, = min{t € N : §,(t) = 0}. (3.7)

Proof. The formula for 7, directly follows from (3.6), and the fact that 7, is finite. We now
investigate the distribution of the sequence (K;,i < n). Below, we let 7, = a(K(w'),w’ < w)
for w € W. For the event

A= {(Tl,n’---7 Ti,n) = (kl,...,ki),X(ki — 1) =W, T, 2 ki},
0=k <<k and weW, |w <k—1,

X(T;,) coincides with an F,,-measurable random variable, denoted by y, which satisfies
w < y almost surely (this follows from the monotonicity of the browsing procedure).
Similarly, all the variables K(X(T},)), 1 < j <i— 1 coincide with F,,-measurable random
variables on A. Clearly, K(y) is independent of F,, V o(Tip,..., Ton) and has p as
distribution, since the random variables (K (w'),w’ € W) are i.i.d. and are independent of
the success epochs (Ti,,..., Tnn). Obviously, the event A belongs to Fy, V o(T1p,-.., Thn).
This proves that, for any bounded and measurable Borel function ¢,

E[(Z)(Ki)l{ﬂ,,zgrn}‘(Tj,na1 g ] < n), (Kj,l g ] < i— 1)] = 1;{T[’n<fn}/ ¢dﬂ
N
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For the event {(T1,,..., Tin) = (ki,...,ki), t, < ki}, K; coincides with K;, which is obviously
independent of o((Tj,, 1 < j<n),(K;,1<j<i—1)), so that the above equation also
holds with T;, < 1, replaced by T;, > 1,. |

Then the process we have constructed here corresponds to the description of the
information transmission process given in Section 2.1.

Proof of Proposition 2.1.  Equation (2.5) follows from Lemma 4.2 below and {t, > ne} =
{ZSV > ne}. The other claims directly follow from the construction and Proposition 3.1.

U

4. Proofs of law of large numbers and fluctuations

In all the proofs, we use the following convention. For any discrete process (V;,t € N),
(Vi,t > 0) stands for (V,),t > 0), where || is the floor function. We will also use the
ceiling function, denoted by [-]. For an interval I in R, define the Skorokhod space D(I)
as the space of cadlag (right continuous left limited) functions from I to R.

4.1. Proofs of the law of large numbers

Lemma 4.1. We have the following convergence in law of sequences of processes on the
Skorohod space (endowed with the standard J1 topology, keeping in mind that convergence
for the J1 topology implies uniform convergence on compacts when the limit function is
continuous).

(1) For D([0, 1)),

) Lom, [B(ar(q)z)]ogq<1 as n— oo,
0<g<1

_ 1
n 1/2<T[an,n —nln T4

where B is a standard Brownian motion, and

or(q) = % +In(1 —q) > 0.

(i) For D(R"),

(n_1/2 (Nu(ns) —n(1 — 8_3)>)S>0 i [B (GN(S)2)]S>0 as n— o,

where B is a standard Brownian motion, and

—2s

on(s)> =e (1 —e ) —se > > 0.

Both limits are independent-increment Gaussian processes with zero mean, and they are

martingales.

Proof. Assertion (i) is a direct application of the invariance principle for triangular
array of independent, but not identically distributed, square-integrable random variables;
see Dacunha-Castelle and Duflo [10, Théoréme 7.4.28] or Jacod and Shiryaev [18,
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Chapter VII, Theorem 5.4]. The variance is computed as the limit of a Riemann sum:

1 1 an l/n a y
ar(q)* _’}g?CnZVar(A,n)—’}ggnzm—/o mdy.

Assertion (ii) follows from (i), using that N,(-) and T),.|, are reciprocal in a generalized
sense. With f(q) = —In(1 — q), f~'(s) = 1 — e~*, we have (see Billingsley [6, Theorem 17.3])

on(s)> = ar(f~' () x [f o [ (9]
U

The next lemma is one of the key arguments of the whole analysis. It shows that when
the Galton—Watson tree is infinite, transmission takes place on a macroscopic time level.

Lemma 4.2. There exists ¢y > 0 such that, for all ¢ € (0,¢),

lim P(z, > ne, Surv®Y) = P(SurveV) = 1 — ¢SV,
n—a0

Proof. Since the claim is trivial for ¢SV = 1, we just need to consider the case when
EK > 1. Letting k = |In® n|, we estimate

P(t, < ne, SurveWY) < P(N, (k) < k) + P(k < 1, < ne, SurveV), (4.1)
using that
{Ny(k) =k +1, SurVGW} < {1, =k, SurvGW},
which implies that
P(N,(k) < k,Surv®¥W) > P(t, < k, SurveW).
We start with
P(Nyk) <k)=1—(1—1/n) x...(1 —k/n)
<1—(1—k/n)
~k*/n ask*/n— 0. 4.2)
Let g9 = (1/2)(1 — 1/EK) > 0. Fix ¢ € (0, &), and note that (1 — 2¢)EK > 1. It remains to
prove the convergence
P(k < 1, < ne, SurveV) = zmjp(q,-n =1i,8urvi%) < ZP(S,,(i) <0)—0, (43)
where the inequality holds by definition of 7, (2.4). We start by showing that there exists
a constant C, > 0, independent of n, such that
P(N,(i) < [(1 = 2¢)i]) < exp(—C;i), for all i < ne.
Indeed, the above probability is equal to
P(N,(i) < [(1 = 2¢)i]) = P(Tra—200 > i) <P(

(1201 > i)
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with T(El—2s)i a sum of [(1 — 2¢)i] iid. geometric random variables with parameter 1 — &.
Now the desired estimate follows from Chernov’s bound. Next, we note that, for z € (0, 1),
i < ne and G(z) = EzK,

P(Su(i) < 0, Na(i) > [(1 = 20)i]) < B[z No(i) > [(1 —2e)i]]
< B[R9, N, ) > (1 - 26)1]]
< Z—iG(Z)[(l—Zs)i] < Z_iG(Z)(l_zs)i,
where we have used

Sn(i) = R(Nu(i)) —i = R([(1 — 2e)i]) —i

for the event {N,(i) > [(1 — 2¢)i]} to pass from the first to the second line, R being given
by (3.5). Since (1 —2¢)EK > 1, we have r := z71G(z)17%) < 1 by picking z < 1 close
enough to 1 and then by expanding G(z) as G(z) =1+ EK(z — 1) 4+ o(z — 1). Thus, the
left-hand side of (4.3) is bounded by

he
P(k < 1, < ne, Surve™) <) [ + exp(—Cii)] < 2(1 —ry) i,
i=k

with r; = max{r,exp(—C,)} < 1. Collecting these estimates in (4.1) and taking k = [In* n],
we conclude that P(t, < ne, SurvOW) = O0(n™%) for all a € (0,1) (O(-) standing for the
Landau notation). ]

Proof of Theorem 2.2. We start with the proof of (i). We assume first that EK < oo.
Then we can apply the law of large numbers to the process

R(m) =) K, (4.4)

in (3.5), to show that P-a.s., R(nq)/n — qEK uniformly on [0, 1]. Recall from (3.5) that
Su(t) = R(N, (1)) — [1]. (4.5)
In addition to Lemma 4.1, this shows that, in probability,
Su(ns)/n — (1 —e*)EK — s, uniformly on compacts of R (4.6)
as n — oo. As a consequence, for any 6 > 0,
P(ty > n(0 + 0)) < P(inf[Sy(ns),s € [0,0 +6]] >0) >0 asn— o, 4.7)
since (1 —e™)EK —s < 0 for s > 0. Now, with AL the complement of 4, we write

P(Jtn — 10 1gypyow| > nd) = P(|1, — n0| > nd, SurveV) + P(q, > nd, (Survo™)°)

< P(rn < ne, SurVGW) + ]P’(|rn —nb| > nd, Surve¥ 7, > ne)

+ P(rn > né,(SurvGW)E),

Surv

where the first term of the right-hand side tends to O (as n — o) from Lemma 4.2. The
last term vanishes because 7, is smaller than the extinction time of the Galton—Watson
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process, which is a.s. finite for the extinction event. Since 7, is the first time such that
Su(tn) = 0, the second term also tends to O by (4.6). Indeed, (4.7) yields

limsup P(|t, — nf| > nd, Surve¥, 1, > ne)
n—ao0

< lim supIP’(ng <1, < nl —nd, surveV, 1, > ns)
n—o0

< limsup P(inf [S,(ns), s € [e,0 — 6]] = 0) =0,

n—0o0

since (1 —e*)EK —s > 0 for s € [¢,0 — 0]. This ends the proof of the first claim in (i)
when EK is finite. The second claim in (i) is then a straightforward consequence of the first
one and of (ii) in Lemma 4.1, from which N,(ns)/n — 1 —e™* in probability, uniformly
on compacts of R,.

When EK = oo, we consider K (w) = min{K(w), L} for a truncation level L > 0. By
the above proof, we obtain lim,_,, 1) /n = 0“1, cww with obvious notations. Since

w(L) GW

im0 =0=00 and Surv® 2 Surv>",

T(L) < Tns 1
L—oo

n

as L ~ oo, we deduce that 7,/n — 0 on SurvSW by letting L tend to oo. For the extinction
event (SurvGW)C, we obviously have t,/n — 0, since 7, is less than the total number of
nodes in the tree. This proves the first claim in (i). For the second one, we note in the
same way that

lim N,(z")/n = pP1__ oww and  lim p¥ = 1.
n—o0o L—xw

Surv

Since N,(t') < N,(1,) < n, we deduce that lim,_., N,(t,)/n=1 on SurvSY. For the
extinction event, it obviously holds that N,(t,)/n — O.
We now turn to the proof of assertion (ii). By construction, it must hold that

Nu(tn) St +1 < Ztcgtw’
which is a.s. finite when EK < 1. By (4.2), for any 4 > 0,

lim P(Nn(fn) < Tn,ZStW < A) = Oa

n—oo

which proves that, asymptotically, all the emissions before exhaustion of the capital
are (almost surely) successful for the event {ZSY < A}. Therefore, asymptotically, all
the emissions before exhaustion are (almost surely) successful, which is to say that,

asymptotically with probability 1, every node of the tree receives the information. Ul

4.2. Proof of the Gaussian fluctuations in the case of a light tail
Proof of Theorem 2.3. By the invariance principle,

B law =
(n~"2(R(ng) — ngBK ) = B(g07))g>0

in D(R,) with B a Brownian motion. By independence of (K;); and (A;,);, we have from
Lemma 4.1 that

S

n1/2< (R(ng) — nqEK );>0 ) haw ({[B(qoiﬂ

— >0
(Nu(ns) = n(l —e™))sz0 B(on(s) )120) (49
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as n — oo, in D(R,)?> endowed with the product topology generated by the J1 topology
(the convergence holding true as well for the uniform topology), where B and B are
independent. Then the convergence

law

n~2(R(Ny(ns)) — n(1 — e )EK) ., — [B((1 - e )ox) + B ((EK)zaN(s)z)]s20 (4.9)

holds in the Skorohod space. In fact we claim that (4.9) also holds conditionally on
SurvOW, that is, under P(-|SurvSW). The reason is that the process
n~2(R(Ny(ns)) — n(1 — e™*)EK)

520

and the event SurvSW are asymptotically independent; see Lemma 4.3 below.

Now, by Theorem 2.2,
L,=1,—nb

is such that L,/n — 0 as n — oo in probability under P(:|SurvSY). Using (4.9) with
ns =1, = nf + L,, we get

n 2 (R(Ny(ty)) — n(1 — e ""1/"EK) B (pok) + B((EK)*on(0)?) (4.10)
under P(:|Surv®W). Now, we emphasize from (2.6) that

1 —n(l—e " /MEK =n0 + L, —n(l —e ")EK —ne (1 — e /"EK
=L,—ne?(1—e/MEK. (4.11)

Since
P(R(N,(ty)) = 1,/Surv®™) — 1 asn — oo,

we deduce from (4.10) and (4.11) that, conditionally on survival,

n V2 (L, —ne (1 — e /MEK) 25 B(pol) + B((EK Poy(0)?). (4.12)
Since
T n VAL, —ne (1 — e M/MEK)
" 1—eEK(1+0(L,/n)

we deduce from (4.12) that

law

n V2L, = (1 — e 'EK)"![B(poz) + B(EK)?on(0)*)] under P(-|SurvCW).  (4.13)

Noting that 1 — e "EK = 1 — (1 — p)EK, this proves the first claim and the value of o2.

To prove the second claim, we note that the left-hand sides in (4.13) and in the second
line of (4.8) jointly converge as a two-dimensional vector under the conditional law
P(-|Surv®W). Therefore,

n'/? (Nn(fn) —n(l—e’)— eieLn) v, g (JN(O)Z) under P(:|SurvS"),
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and also
law

n 2 (Nu(ty) —n(l —e™)) — (1 — e "EK) ™" [e " B(po}) + B(an(0)))].

conditionally on SurvSY. This completes the proof. O
We finally prove the following result.

Lemma 4.3. Under the assumptions of Theorem 2.3, the process
(n~"2(R(ng) — ngEK))y0

has the same limits in law under IP’(~|(SurvGW)U) and P.

Proof. It is sufficient to prove that, when P(SurvS%) < 1, the process
(n~"2(R(ng) — ngEK));0

has the same limits in law under IP’(-|(SurvGW)E) and P. From (3.3), we know that, for the
event {ZSW < A4}, for A > 0, the variable K; in the definition of R (see (3.5)) coincides
with K; for i > A, so that the process

Lnq]

A
ZK = R(ng) — Y K,
j=1

is independent of the Galton-Watson tree. Therefore, the event {ZSW < A} and the
process (n~'/?(R(nq) — ngEK)),>0 are asymptotically independent, which is to say that
(SurveW)C and (n'/2(R(nq) — ngEK)),>0 are asymptotically independent. Therefore, the
process

(n™"(R(ng) — nqEK))y>0

has the same limits in law under P(-|(SurvC"™)C) and P. O
4.3. Proof of the fluctuations in the case of a heavy tail
Proof of Proposition 2.4. Clearly, EK = oo. By Theorem 2.2, for any ¢ > 0, as n — oo,

P(N,(t,)/n > 1 — ¢ Surv®"V) — P(SurvSV).
Moreover,

{Ny(ty) = n} o {Nu(ty) = n/2,R(|n/2]) = Tpn}
since

R(|n/2]) = Ty, = R(k) >k for any k € {|n/2],..., Tun}.

Thus, for any f € (1,1/a),

liminf P(N,(t,) = n,Surv®"Y) > liminf P(R(n/2) > n”, T,,, < nf, SurveW).

n—o0 n—oo
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By Markov’s inequality, P(T,,, > n’) — 0 as n — oo, since

n—1
IETn,n = Z n/(n— i)~ nln(n).

i=1

Moreover, P(K; > nf) > (¢/2)n=*F for n large enough, so that, for n large,

[n/2] c [n/2] c
]P’(Q{Ki<nﬁ}> < (1_W> ~exp<—4n1_“ﬁ> — 0 asn— oo

Therefore,
[n/2]
IP(Z K; > n/f> - 1.
i=1
We deduce that
lim inf P(N,(t,) = n, Surv®"W) = P(SurvW).

n—oo
Finally, on (SurvS%)C, we have N,(t,)/n — 0 in probability, so that
P(Nu(ts) =n, (Surve¥)8) 0.
L]

Proof of Theorem 2.5. By a celebrated result of [16] (see [15, pp. 130-132] for a brief
account),

G" = ! (T,, —nlnn) =5 G, (4.14)
where the variable G has a Gumbel distribution,
P(G<x)=e¢¢, xeR (4.15)
On the other hand, from the tail assumption for K,

8" =n ' (R(n—1) — enlnn) 25 8, (4.16)

where S, is a totally asymmetric, stable law with index 1 (Cauchy’s law), depending upon
the parameter ¢. We define S = S;. Precisely, the law of S is given by

1 0
EeS = exp{/ (€™ — 1 — jux)x2dx + / (€™ — 1)x"2dx + iuco}, u€eR,
0 1

where i = —1 and ¢y € R is defined by ¢ = lim,_,,(E[K ;K < n] — cInn). Recall from
Theorem 2.2 that

P(Trans, N Surv®") — P(Trans,) — 0.
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We have

Trans, N Surv®" = {1, > T,,} N Surv®V
< {R(n—1) > T,,,} N SurveW
(n) (n) GW
c {G" =8 < (c—1)lnn} NSurv>”,

where we have used
T 2 Typ=Rn—1)=R(N(T), — 1)) > T, — 1

to pass from the first to the second line. The random vector (G™,S™) converges in
law to a couple (G,S.) with independent components (independence follows from the
independence of the processes N, and R). If ¢ < 1, then P(G") — S < (¢ — 1)Inn) — 0 so
that P(Trans,) — 0. If ¢ > 1, it obviously holds that limsup,_,, P(Trans,) < P(Surv®W).
To tackle the case when ¢ = 1, we observe from Lemma 4.4 below that Surv®¥ and S{")
are asymptotically independent as n — co, so that the random vector (G", S\, 14, aw)
converges in law to a triple (G,S,1,4) with independent components, where P(4) =
P(SurvSW). As the random variable G —S has a continuous cumulative distribution
function, we get

lim sup P(Trans,) < limsup P({G" — S{" < 0} N Surve™Y)
n—00 n—oo

= P(SurvSV)P(G < S) = P(SurvCVY)E(exp(—e ™)),

the last equation following from (4.15).
We now turn to the reverse bound in the case when ¢ > 1 (when ¢ < 1, the proof is
completed). Consider ¢ € (0,1) and a positive sequence (J,),>1 such that

op,Inn — 0, nod, — oo,
as n — oo. We write

Trans, N Surv®” o {R(n(1 —8,)) > Typ, SUTVGW} N {N(ta) 2 n(1 —¢), SurvGW}
N {R(n(1 = &) > Tu—s,)n}»

the right-hand side being denoted A N BN C. Indeed, on BN C,
T < Tn,n =Ty = R(Nn(fn)) > Tn(l—é,,),m

$0 T, > Ty1—s,.»- Then, by the same argument, it must hold that 7, > T,,, on ANBNC,
as otherwise 7, would be equal to

R(Nn(fn)) 2 R(Nn(Tn(lfé,,),n)) = R(n(l - 5;1)) > Tn,na
yielding a contradiction. Below we will use the estimate

P(ANBNC)>PA)—PBEnA4)—P(CP).
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As above, we write {R(n(1 — 9,)) > Ty, Surve%W} as
(""" (R(n(1 = 8,)) — cnlnn) — G™ > —(c — 1) Inn, Surv"}.

Lemma 4.4 says that n~!(R(n(1 — d,)) — cnlnn) — G converges in law towards S, — G
as n — oo. Therefore, when ¢ > 1, we get

lim P(R(n(1 — 6,)) > Ty Surv®Y) = P(SurveV).

n—ao0
When ¢ = 1, we make use of Lemma 4.4 again. By asymptotic independence, we obtain,
as in the proof of the upper bound,

lim P(R(n(1 — 8,)) > Ty, SurvY)

= lim ]P’<<R(n(1_5")) —1n n> —G" >0, SurvGW)

n—o0 n

= P(Surv®V)P(G < S) = P(SurveV)E(exp(—e~)).
By Theorem 2.2 with EK = oo,
P(N,(t,) < n(1 —¢),Surve%) > 0 asn — .
It remains to show that
P(R(n(1 —¢)) > Tyi—s,)n) = 1 asn— oo.

We have

n(1=8,)]—1
E(Tn(l—én),n) = Z
i=1
[n(1—dn)] n2
Var(T,,(lf(sn),n) < Z m ~ n/5n = 0(”2)a

i=1

" <alnt/s,
n—i

as nd, — oo. The Chebyshev inequality implies that Ty—s,.» = o(nlnn) for né, — cc. On
the other hand, R(n(1 — ¢)) is of order nlnn, which ends the proof. ]

We finally prove the following result.

Lemma 4.4. Under the assumptions of Theorem 2.5, given a sequence of positive reals
(0n)n>1 such that 6,Inn — 0 as n — o, the sequence (n'R(n(1 —6,)) —cIn(n))p>1 con-
verges in law towards S.. Moreover, as n— oo, the event SurvSW and the variable
n'R(n(1 —6,)) — clnn become independent.

Proof. In order to prove that the sequence (n~'R(n(1 —d,)) — cIn(n)),>1 converges in
law towards S,, it is sufficient to check that (n~'[R(n — 1) — R(n(1 — 8,))])s>1 converges
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towards 0 in probability. For any ¢ > 0 and 4 > 0, we have

P(R(n—1) — R(n(1 — 6,)) = ne) <P(3/ = |n(1 —6,)] + 1,....n—1:K, > A)

+P( Z Kil{KigA} = I’l{})

i=[n(1-0,)]
<P/ =|n(1—=6,)]+1,....n—1:K, > A)
+ & "0, E[K ik <ay]
<1—(1=P(K = A4))" +'z™'5,In(A4),

for some constant ¢’ independent of n and A. For A = n, we have 1 —P(K > n) ~1—¢/n
by assumption and thus (1 —P(K > n))"™" ~ exp(—cd,), which tends to 1 as n — 0. As
dulnn — 0 as n — oo, we deduce that (n"'[R(n — 1) — R(n(1 — 8,))])»>1 indeed converges
towards 0 in probability.

The asymptotic independence is proved as in the proof of Lemma 4.3. U]

5. Proofs of large deviations

Before starting the proofs we recall a few facts about the LDP for the coupon collector. As
r is increased from O to ¢ A 1, the function r — p(r,t) in (2.12) decreases from +oo to zero
when t < 1 or to a positive value otherwise. The value p = 1 corresponds to the typical
case r=1—e'; and p > 1 (resp. p < 1) to large deviations with N,(nt) much smaller
(resp. larger) than E[N,(nt)] (see [13, Appendix A.2.1]). The LDP holds at the process
level for (N(nt);t > 0), and the overwhelming contribution to the probability of the event
{Ny(nt) € n(r — &,r + ¢)} occurs in the neighbourhood of the optimal path N,(ns) = ng(s)

with
1—e
go)=———, seld, (5.1)
and p = p(r,t) as before (see also Lemma 5.1 below for the uniqueness of the optimal
path).

Proof of Lemma 2.6. (i) Lower semi-continuity is easily checked. Boundedness of the
level sets follows from the lower bound

t t
rl (r) > r(aor — lnIEexp(aoK)) > apt — ln]Eexp(aoK)),

which implies for a well-chosen value of gy that ¢t must be bounded when F(r,t) is
bounded. Boundedness of r easily follows since r < t when F(r,t) is finite.

To determine the domain of F, we recall the expression of Dom(I) in terms of k., k",
and write

Dom(F) = {t/r € Dom(I),r/t €]0,1]} U {(0,0)}.

Continuity on the first set in the above union follows from that of I on its domain. If
k* = oo, then F is unbounded in any neighbourhood of the origin, so it is not continuous
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at this point. If k* < oo, then I is bounded on its domain and continuity at the origin of
F easily follows.

(ii) Part (ii) trivially holds.

(iii) Finally, roots of F must satisfy »r =0 or t/r = EK, for 0 <r < t A 1, as EK is the only
zero of I. When r = 0, t must be zero as well. When 0 < r < t A 1, the condition t/r = EK
requires EK to be strictly greater than 1. (When EK = 1, the condition t = r > 0 implies
t <1 and Ji(r) = Ji(t) =t > 0.) When EK > 1, t/r = EK implies tp = 0 (compare with
(2.6)) and J,(r) = 0 implies r = 1 — ¢, that is, p = 1 and thus t = 0 and r = p (see (2.7)).
Conversely, it is readily checked that 0 is a root of F and that (p, 0) is a root as well when
EK > 1. Ul

Proof of Theorem 2.7.
Upper bound. We start with the case when r,t satisfy 0 <r <t A 1. Given ¢ > 0, we
need to prove the local upper bound

lim sup lim sup % InP(Ny(ty)/n € [r—er+el,tu/n€ [t —0,t +06]) < —F(r,1). (5.2)

£,0—01 n—o0

We first tackle the case r <1—e7',t/r < EK, which is relevant only when EK > 1.
Without any loss of generality, we can assume that ¢ and ¢ satisfy

r+e<l—e 9 (t4+0)/(r—e) <EK. (5.3)

We then define the events

A= {Nu(n(t —0)) < n(r+e)}, B={R(n(r—e) < n(t+0)}. (5.4)
Since N,, R are non-decreasing,

{Ny(zy) € [n(r — &), n(r +¢)], 7, € [n(t — d),n(t + )]} =« ANB,
and by independence of the processes N, and R, we get

P(Nu(ta)/n € [r —e,r +&l,ta/n € [t — 6,1+ 6]) < P(A)P(B). (5.5)
From the LDPs (2.9) and (2.10), and by (5.3), we have

limsup%In]P’(N,,(rn)/n efr—er+el,t,/net—9,t+ (5])

h—0o0

< —Jis(r + &) = (r = o)l ((t + 0)/(r —&)).

By lower semi-continuity of I on the whole R and by continuity of (r,t) — J;(r) at the
prescribed value of (r,t), we obtain (5.2). With similar arguments, one easily obtains the
same result in all other cases of 0 <r <t A1l.

We are now left with proving the local upper bound on the boundary. For (r,t) = (0,0),
there is nothing to prove since the rate function is zero. The case r = 0 < t is simple since
it is enough to bound

IP)(]\]n("f—n)/n <et/neft—0o,t+ 5]) < ]P)(Nn(n(t —0))/n< 3):
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to get a rate of decay J,_s(¢) which tends to co as both ¢ and ¢ vanish. The cases r =1 < ¢
and r =t < 1 use arguments similar to those above in the general case.

We have proved the upper bound for compact sets. To extend it to closed sets, it is
enough to show that

lim lim sup % InP(t,/n > t) = —c0. (5.6)

[20 pooo

For this, we observe that

(0 > nt} = {R(N,(n0) > [t} < (R(n) > [nt]}.

For t > EK, the probability of the last event can be estimated by Crameér’s bound, yielding

P(t, > nt) < exp(—nl(1)).

Since I(t) tends to oo as t — oo, we obtain (5.6).

Lower bound. The lower bound is subtle. It is sufficient to show that, for all r,t with
F(r,t) < oo and all > 0,

hmmff lnIP’(Nn(rn)/n efr—nr+nl,m/neft—mt+ n]) — F(r,t). (5.7)

n—o0

We start with the general case when r,t satisfy 0 <r <tA1 and I(t/r) <oo. (If
I(t/r) = oo, the lower bound above is trivial.)

First step. The proof can be divided into several steps. The first one is to bound from below
the left-hand side above by the probability of an event depending in a separate way on the
dynamics of the coupon collector on the one hand and on the capitals of the servers and the
Galton—Watson tree on the other hand. We are thus given 0 <’ <nyp <rand 0 <¢ < 2¢
suchthat r+n+e<1At,e<ry/(4t) <n/4,n' <(1—r/t)yp and '(1 +t/r) < &. For an
integer m € [n¢',n(e — ¢')], we define the events

= {Nyu(nt + nn) < nr + ne},

A" = {Ny(ne) = |ne] + 1},

A" ={Nu(0) = (r/t+ne(1 —r/t) —nn';ne < £ < nt —nn} N {Ny(nt — nn) < nr + ne},
= {R(nr + ne) — R(m) < nt + nn/2},
= {R(/)— R(m) > (/ —m)t/r —nn';m </ < nr + ne}.

Recall that N,(s) = N,(|s]) and similarly for R. We also define
= {R(m) € [ne,2ne], ZSY > ne). (5.8)

For A’, it holds that T, = i(i < ne), so the emission process cannot stop before ne
unless the total size of the Galton—Watson tree is strictly less than ne. Therefore, A’ N B’ <
{tn = ne}. Further, AN A" "B’ NB" < {t, > n(t —n)}. Indeed, on AN A" N B’ N B”", for
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ne < £ < nt—ny,

R(N,(£)) (5.9)
> R(/r/t+ne(1 —r/t) —nn')
> (¢r/t+ne(1 —r/t)—ny" —m)t/r + R(m) — ny’
>/4+me—m)t/r—1)+Rm)—m—nn'(1+t/r)>¢+nd —nn'(1+1t/r) > ¢,

where, to pass from the second to the third line, we use the fact that, for the prescribed
values of 7, we have /r/t + ne(1 —r/t) — ny’ € [m,nr + nel.
Moreover, on ANBN B,

R(Ny(nt +nn)) < R(nr 4 ne) < nt +nn/2+ R(m) < nt 4+ nn/2 4 2ne < nt + n,
so that 7, < n(t 4+ 1) on AN BN B'. Therefore,

(A NnAnA"nBNB N B”) < {Nu(ty) € [n(r —n),n(r +n)l,tu € [n(t — n),n(t + )1},
(5.10)
since, on ANA' NA"N"BNB NB”,
N,u(ty) = Ny(n(t —n)) = n(t —n)r/t +ne(1 —r/t) —ny’
nr —nnr/t —nn' > nr —n, (5.11)

Ny(tn) < Nu(n(t + 1)) < nr+ne < nr + na.

VoWV

By independence of the processes N, and R, we get
P(Nu(ta)/n € r —n,r +nl,ta/n€ [t —n,t +n]) 2P(ANA NA")P(BNB NB"). (512)
Second step. We estimate the first factor on the right-hand side by using Markov’s property:
P(ANA'NA") > iire1ifIP’(A|21i)IP(A”|A/)IP(A/),
with 4; = {N,(nt —ny) = i}, (5.13)
1= {In(r —nr/t) +ne(l —r/t) —nn'],..., |nr + nel}.

Clearly, P(A4’) is bounded from below by the probability for the binomial distribution
with parameters |ne] and ¢ to be equal to zero. We get

P(A/) > e nelin(l—o) (5.14)

Similarly, inf,_; IP’(Al?l,-) is bounded from below by the probability for the binomial
distribution with parameters [2nn| +1 and 1 —r +yr/t—e(1 —r/t)+n' <1 —r+n to
be equal to 0. Therefore,
inf P(A|4;) > ¢~ CrrtDint=n), (5.15)
iel
We now turn to P(A”|A’). We observe that the conditional probability P( - |A") is (up to
a shift in time) the law of the coupon collector with n images when starting from ne
different images, already collected at the initial time. Since

n(r —nr/t) +ne(1 —r/t) —ny' < nr+nle —nr/t) —ny' < nr—ny',
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we deduce from the large deviation lower bound in [13]:
P(A|A’) > exp{—nJi_ () + o(n)} (5.16)
with 4 = {n(r —nr/t) + ne(1 —r/t) —ny’ < Ny(nt —nn) < nr + ne} = Uﬁli,
il

where the rate function Ji,,(r) is given by Theorem 2.7 in [13] (with I =0, 00 =1 —¢

and wp =1 —r therein). Precisely, (5.16) follows from the LDP for the ‘time-shifted’
variable N,(n(t — (n +¢))) with N,(0) = |ne] +1 as initial condition. Using the same
notation as in [13], J{(r) may be expressed as the relative entropy:

Jf(r>=(1—s>{1_’1n(( - )] +(1—s)CﬁZmp%nn[cﬂ’f(ps”]

1—¢ 1—¢g)et = Pi(t)
: Pi(p°t)
+ E Pi(pt)1 { J }
€j>0 iertin Pj(t)

where P;(«) is the jth weight of the Poisson distribution of parameter «, p* is the unique
root of

1—r 1—¢gp®
l—e (1—¢)p

“(1—e ") =1, (5.17)

and C¢ reads
1 —¢pt
(1—2¢)p*
It is plain to check that, as ¢ tends to 0, p® converges towards p = p(r,t) and C*® towards
1/p. Moreover, standard computations yield

Ct =

S Pl 00| = (5~ -t o
J

j=0 P([)
Y Pip‘0ln [P;)(f:)t)] =—(p° — D)t + p°In(p*)t + (p* — Dt e ",
i

j>1

so that, by the definition of p(r, t),

‘lgi_r}(%lf(r) =(1—-r)n(1—r)+1—r)t— IHTp(l —e ) — ijlt—f- tlnp + p— lte*’"
= Jy(r).
Similarly,
I ge)(T) — Jiy(r), ase—0.
Therefore, (5.16) may be expressed as
IF’(,21|A/) > exp{—n[Ji(r) + (n) + &' (e;n)] + o(n)}, (5.18)

where () is a generic term that tends to 0 with # and &'(e;#) is a generic term that tends
to 0 with ¢ when n > 0 is given. We then claim that P(4”|4’) satisfies the same lower
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bound, that is,
P(A"|A") = exp{—n[Ji(r) + d(n) + &'(e;1)] + o(n)}. (5.19)

Basically, it arises from the fact that the optimal path explaining the large deviation of
the random variable N,(n(t — #)) in the neighbourhood of r given the initial condition in
A’ lies above the linear constraint in A”. As already explained, the correct optimal path to
consider is the one when the collector has already collected |ne| + 1 coupons at (rescaled)
time &. We denote it by g° : [¢,t — 5] — R. By Theorem 2.8 in [13] and Lemma 5.1 below,
the optimal limit path on [0,¢] (as n — o0) for the coupon collector running from the
proportion ¢ to the proportion r of collected coupons in time ¢ is unique and reads as
follows (we put a tilde over g° below to emphasize that the interval is shifted in time and
that the terminal time is ¢ and not t — (y + ¢)):

1—ep

&

&

3¢ :[0,1] 35> ¢+ (1—e*), (5.20)

which is equal to r at time t. By concavity of g%,

ng’(s) > n;gg(t) n n(l _ j)g"(O) - n;(r &) tne, 0<s<t.

Coming back to g% we deduce from the inequality t — (¢ + 1) < t — te/r that

s—¢ (s—e)r
m(r—s)-l—ns}n

which proves that g° is strictly above the linear constraint in A”. Optimality of g° then
says that (compare with (5.16))

ngt(s) = n +ne, e<s<t—un, (5.21)

limsupn~'In ]P’(Izl, Is € [e,t —n] : Nu(ns) < n(gh(s) —n')|A’ ) < =Ji (1) (1) (5.22)

n—oo

Following the proof of (5.18), we deduce from (5.21) and (5.22) that (5.19) holds. From
(5.13), (5.14), (5.15) and (5.19), we deduce that

P(ANA NA") = exp{—n[Ji(r) + 6(n) + &'(e;n)] + o(n)}, (5.23)
with 6(n) > 0 as y — 0 and ¢’(¢;n7) — 0 as ¢ —> 0 for a given > 0.

Third step. We now provide a lower bound for P(B N B’ N B”) in (5.12). To this end, we shall
use the stopping time T,,, = inf{t > 0 : N,(t) = m} together with the set C = {1, = Ty,}-
For C, we have N,(t,) > m, that is, m < card 7 °(o0) (see (3.3) for the notation). Therefore,
on C, R(m) has the form

ZK Tin)).
In particular, on C,
R(m) = ne = thw > ne,
which implies that C N B’ = C N {R(m) € [ne, 2ne]}. Since C may be also expressed as
C={RINJ(()> (il =0,...Tyy—1} and ¢ < Ty, = Nu(¢) <
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we deduce that
CNnB €a(Tip. o, Tyn,Ki,. .., Kp). (5.24)
By Proposition 3.1, we deduce that C N B’ is independent of B N B”, so that
P(BNB'NB") >P(CNB)P(BNB"). (5.25)

Now, we emphasize that 1, = Ny(t,) on C c (which means that the capital is exhausted at
some time less than or equal to n). Thus, on CC,

Th = Nn(fn) < Nn(Tm,n) =m < ne.
Therefore, by Lemma 4.2, for ¢ < &,

lim IP(CE N SurvGW) =0.

—

Finally, since P(E N F) > P(E) — P(F¢),
P(C N B') > P(C Nnsurv®™ N {R(m) € [ne, 2ne]})

> P(C N Surv®™) —P(R(m) ¢ [ne, 2ne]) (5.26)

= P(Surv®V) — IP’(CC N SurvGW) — P(R(m) ¢ [ne, 2ns]),

the second term in the last line converging to 0 as n tends to co.

Fourth step. We now complete the proof when EK > 1, which is a simpler case to handle
than the opposite case EK < 1. We then choose

| ¢ . . (1+EK
m—LEKnsJ, w1th¢_“,—m1n( 5 ,3/2).

Clearly,
m € [ne/EK, (1 +EK)/(2EK )e] < [ne,n(e — &)]

as required, for some well-chosen ¢. Moreover, the typical values of R(m) are in the
neighbourhood of {ne € (ne, 2ne). Therefore, by the law of large numbers, the third term
on the right-hand side of (5.26) tends to 0 as n — oo. We deduce

liminf P(C N B) > P(Surv®") > 0, (5.27)

n—ao0

since EK > 1. Moreover, by Mogulskii’s theorem (see Theorem 5.1.2 in [11]), we have a
lower bound for the probability that the process (n~!R(ns))o<s<r+e is in the neighbourhood
of the path [0,r + ¢] © s+ st/r. We then observe that

BNB" o {(/ —m)t/r —nn’ < R({)— R(m) < (/ —m)t/r +nn/4;m </ < nr+ ne},
since the upper condition in B can be reformulated as
R(nr 4+ ne) — R(m) < (nr +ne —m)t/r +n(n/2 — te/r) + mt/r,
and /2 —te/r = n/4. By Mogulskii’s theorem, we get
P(B N B") > exp{—n(r + &)I(t/r) + o(n)}. (5.28)
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Collecting (5.12), (5.23), (5.25), (5.27) and (5.28), we deduce that (for a possibly new choice
of 0'(¢;1))

lim n~! ln]P’(N,,(r,,)/n elr—nr+nl,t,/neft—mt+ 211])

> —[Ji(r) 4+ rI(t/r)] — () — &'(e3m),

which tends to —[J,(r) +rI(¢t/r)] —d(n) as ¢ \ 0. Since n can be chosen as small as
needed, we complete the proof of (5.7) in the case EK > 1.

Fifth step. We now investigate the case EK < 1. The above argument fails since m cannot
be chosen as [{ne/EK | on the one hand and since P(Surv®%) =0 on the other hand.
We thus need to give a relevant version of the previous step. We first tackle the case
P(K > 2) > 0. The point is to change the probability measure in order to switch back to
the case EK > 1. The change of probability relies on the same trick as in the proof of
Cramér’s theorem. Since k. =0 and k™ > 2, it is standard that, for any & € (1,2), there
exists o € R such that ¢'(a) = &, where

@(x) = In[Eexp(aK)].

We now choose ¢ =14 ¢ and set {' = (14 ¢)/2 € (1,3/2). For m = [{'ne/&| (where m is
in [ne',n(e — ¢')] for some well-chosen ¢ and plays the same role below as in the first step),
we then define P as

d~ m
o = e LK~ o) ).
i=1

It is plain to see that, under P, the variables (Ki)i»1 are independent, the variables
(Ki)izm+1 having the same distribution as they have under P and the variables (K;)i<i<m
being identically distributed with

EK;=¢, i=1,...,m,

where E denotes the expectation under P. Following (5.25), we write
- [dP
P(CNB)=E|—=1cnp
( ) [ i CﬁBil

= E[exp(—aR(m) + mo(@)Lcnp |
> exp(—2nae + mo(a))P(C N B). (5.29)

By (5.24), the probability of C N B’ under P coincides with the probability of C N B’ under
P when the expectation of the reproduction law of the Galton—Watson tree is strictly
larger than 1. Since m = |{'ne/EK |, with ' = min[(1 + EK)/2,3/2], we know from the
case EK > 1 that

limP(CNB)=d >0,

n—0o0

where & stands for the probability that the Galton—Watson tree survives when the
reproduction is governed by the law of K under P. Finally, we get from (5.29):

liminfn ' InP(C N B') > —e&™ " (20& — {'o(x)) = &G(&), (5.30)

n—0o0
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where G(¢) remains bounded as & ranges over any compact subset of [1,2). In particular,
the right-hand side of (5.30) tends to 0 with ¢. The completion of the proof is then the
same as in the case when P(SurvSV) > 0.

In the case P(K < 1) =1 we have I(t/r) = oo, and thus F(t,r) = co too, so that the
lower bound is obvious.

Final step. Now we prove the lower bound on the boundary. For r =t = 0, we introduce
ko = min{k > 0 : P(K = k) > 0}, and we write

P(Nu(ta)/n < n,ta/n <) = P(Ky = ko, Na(ko) = 1) = P(K = ko)n™*,

showing the bound with F(0,0) = 0.

It remains to tackle the cases 0 <r =t <1 and 0 <r =1 <t. Without any loss of
generality, we can assume that I(t/r) < co as otherwise the bound is obvious. Given an
open set O > (r,t) (0O % (0,0)), we deduce from Lemma 2.6 that F is continuous on

on{(,/)yeR?:0<r <t ALL/r € Dom(I)}.

If 0 <r =1 <t then we can find a sequence (r,,t,),>1, converging towards (r,t), such
thatr, ~ r,t, / tand t,/r, =t/r, withr, <1 <t, for any n > 1. Thus,

F(r,t) > inf{F(,1), (,t)€ 0}, O =0n{(,{)eR*:0<r <t'Al}. (531)
Assuming without any loss of generality that
Oc{()eR:1l—pn<r¥<l4+n<t—n<t <t+n), forsomen >0,
we deduce that

liminf n™" InP((N,(t4)/n,7a/n) € 0) > liminf n~ " InP((Nu(t,)/n,t4/n) € O')

> —inf{F(,¢), (',1')€ 0"}
— _inf{F(" 1), () € O, (5.32)

the second line following from the LDP we proved above for (r,t) satisfying 0 <r <t A 1.
This is enough to conclude the proof.

Assume 0<r=t<1,and I(1) < oo since otherwise the bound is obvious. If in addition

> 2, (5.31) still holds, and we can repeat (5.32).

It thus remains to handle the case when K has a Bernoulli distribution of parameter
p € (0,1] (if p = 0, K = 0 and the lower bound is obvious) and O is an open set containing
some point (r,t) with 0 <r =1t < 1. As above, O might intersect the line (1,t') for ¢’ in
the neighbourhood of 1; thanks to (5.32), this has no real consequences. Then, for some

small n > 0,
P(Nu(ta) € [n(t = n),n(t + )], wn € [t —n,t +n)])
P(Nu([n(t —n)]) = [n(t —n)] + L Nu(|n(t +n)]) < [n(t +n))) (5.33)
P(R(|n(t —n)] + 1) = [n(t —n)] +1).
Clearly,
P(R(|n(t — )] + 1) = [n(t —n)| + 1) = p"=DIF > pri=) — exp[—n(t — n)I(1)], (5.34)
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as I(x)=xIn(x/p)+ (1 —x)In[(1 —x)/(1 —p)], for x € [0,1], in the Bernoulli case.
Moreover,

P(No(Ln(t —m)]) = [n(t —m)] + 1L, Nu(Ln(¢ +n)]) < n(t +n)]) (5.35)

[n(t=n)] [n(t—n))
>(t—n—1/m) [ A=i/my=@—n-— 1/n)exp< > In(l —i/n)).
i=1

i=1
It remains to see that

[n(t—n)] t—1n
lim —n~! Z In(1—i/n) = —/ Inl—uwdu=1+n—t)In(l1+n—1t)+t—n
n—00 wry 0
— (1 —0)In(1—t)+t=J,(t) asn —0, (5.36)
using p(t,t —8) ~ 2t725 for t < 1 and § \ 0 in (2.11). By (5.33), (5.34), (5.35) and (5.36),
the proof is easily completed. L]

In the second step of the previous proof, we used the following.

Lemma 5.1. The path g in (5.1) is the only optimal path minimizing the limit cost for
getting r as proportion of collected coupons over the rescaled time interval [0,t].

Proof. The proof is an adaptation of Section A.4 in [13]. It is sufficient to prove that
the function e+ Gle] therein (see also the expression below) is strictly convex in the
neighbourhood of 0, whenever 7 is different from y, where y =1 — g and § stands for
the proportion of non-collected coupons along another path with the same boundary
conditions as y at times 0 and t. We notice that G[e] has the following form (see
Section A.1.2 in [13]):

t . . . .
. . s + &l . . 1+ 95 + eils
Gle] = —( 9+ In{ =225 ) + (149, + In[ —2— "5 ) 1ds,
g /o[ (ys 8m> n( Vs+3’1s> (195 + o) n(l—(wﬁrsm)ﬂ ’

where 1 = § — 7. Therefore, G[e] can be split into three terms:
t
Glel = / [ (3 + #1s) I (=55 — ) + (1 + 5 + &) In(1 + 35 + e1,) ds
0
t
+ /0 [(V& + 8’75) ln(Vs + 8’73) - (Vs + 3775) ln(l — (s + 3775))]d5

—/ In(1— (5 + eny))ds
0
= Gi[e] + Ga[e] + Gsle].

It is readily seen that G{[¢] is well-defined in the neighbourhood of 0 and is always
(strictly) positive unless #7 = 0. Similarly, G} [¢] is non-negative in the neighbourhood of 0.
Finally,

t
Galel = [ +en) In(3s + en.) + [1 = (3 +en,) | In[1 — G + en)] |
is independent of ¢ as 5, =159 = 0. ]
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Before proving Theorem 2.8, we deduce the LDP for the sequence (N,(t,/n)),>1 as an
application of Theorem 2.7.

Proposition 5.2. With the same notation as in the statement of Theorem 2.8, the sequence
(Nu(ty)/n)n>1 obeys an LDP with rate function

G(r) = (1 —=r)In(1l —r)
+rinfil (4(9)) + (As) = D In((1 — exp(—s))/r) + A(s) exp(—s)},

if r € [0,1], and G(r) = oo otherwise, and speed n.

Proof. By Varadhan’s contraction principle (see [11, Theorem 4.2.1]), we know that
G(r) = inf{F(r,t),t > 0}.
Therefore, G(r) =0 if r =0, and G(r) = oo if r > 1, as stated. In the case r € (0, 1], the
infimum above can be restricted to the values of t in [r,o0). Then, F(r,t) reads
F(r,t)=(1—=r)In(1 —r) +r[I(2) + (2 — D In(tp/ir) + Aexp(—tp)], (5.37)

with A = t/r, tp solving the equation

1 —exp(=tp) _ -1

-

If A=1, then (A —1)In(tp/Ar) and p in (5.37) are both considered as 0. Letting s = tp,
we note that s is the unique root of the equation

1 —exp(—s)
s

=1

with 1 =1 1if s =0. As 4 ranges over [1,00], R ranges over [0,00). Expressing A in terms
of s, the proof is easily completed. Ul

Proof of Theorem 2.8. The LDP for N,(t,)/n yields
limsupn™" InP(N,(t,) = n) < —G(1),

n—+400

with
G(1) = igg{l (A(s)) + (As) — D In(1 —exp(—s)) + A(s) exp(—s)}.

The point is thus to prove the lower bound, which cannot be proved from the LDP
directly since the lower bound in the LDP holds for open subsets only. Then, we can
focus on the case P(K > 1) > 0 as otherwise both sides in the statement of Theorem 2.8
are infinite. We then follow the proof of the lower bound in the proof of Theorem 2.7.
With the same notation as in the first step of the proof (in particular, given 0 < r < 1 A t),
we already know that

liminfn ' InP(ANA' NA"NBNB' NB") > —F(r,t)+(n) + ' (&;n),

n—oo
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where d(n) — 0 as n tends to 0 and 0'(e;n) — 0 as ¢ tends to 0 when # > 0 is given.
(Here ¢ and u play the same role as in the first step of the proof of the lower bound in
Theorem 2.7, as do r and t.) Now define the new events
A" ={Ny(/ +1) = Nu() + 1; [n(t—n)J <4< Tonl,s
B" ={K, = 1;|n(r+¢)| +1 </ < n}.
We claim that, on A/'NA"NA"NB' NB"NB"”, it holds that T,, < t,. Indeed, by
definition of AN: |_Vl(l’ - 17)J < T[nrJrnsJ,n; SO that; for / € [I_n([ - W)J +1, T[nr+naJ+l,n - 1],
we have (in the same way as in (5.9))
R(Nu(#)) = R(m) + (No(£) —m)t/r — nn'
> R(m) + (N,,([nt —nnl) — m)t/r —nn' + (£ — |nt —nn|)t/r
> |nt —nn| + (£ — |nt —nn|)t/r > ¢,

and thus, for 7 € [T|,r4ne|+1n> Tnnl, We also have

R(N,(£)) = R(|nr + ne]) + R(N,(¢)) — R(|nr + ne)
= R(Nu(T\r1ne).n)) + RINu(£)) = RINu( T +ne) n))
Z RNy (T nr4ne).n)) + Null) = N T e n)

> Tlwrgne)n ¢ — Tlnrgne)n = £

Thus,
P(Ny(t,) =n) = P(4'n A" A" NB' NB"NB")

>P(4'NA"NA")P(B'nB"NB") (5.38)
>P(4'NnA"nA")P(CNB'NB"NB"),

with C as in the third step of the proof of the lower bound in Theorem 2.7.
From (5.11), it is plain to see that

P(A"|A' NA") > exp Z ln(l—i/n)],

i=|n(r—n)]

so that

n—0o0

I
liminfn'InP(4”]4' nA4") > / In(1 — u)du = 6"(r,n), (5.39)
r—

where here and below, ¢”(r,n) stands for a generic term such that 6”(r,5) — 0 as (r,n) —
(1,0). Similarly, by (5.24),

P(BW|B/ AB"N C) > P{K > 1}"—[}1(1~+H)J’
so that

liminf i~ InP(B"|C'NB' N B") > (1 —r)InP(K > 1) = 6" (r), (5.40)

n—oo
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with 0”(r) — 0 as r — 1. Therefore, from (5.38), (5.39) and (5.40),
lim inf n'InP(Ny(t,) =n) > lim inf n~'[InP(4'NnA")+InP(CNB NB")
+ 9" (r,n) + 6" (r).
By the proof of the lower bound in Theorem 2.7, we know that
lim inf n ' [InP(A'NA") +InP(CNB NB")| > —F(r,t)+ 5(n) + 5'(e;n).
Finally we deduce that

liminf n ' InP(Ny(t,) = n) = —F(r,t) + () + 8'(e5n) + 6" (r, ),

n—o0
for 0 <r <t A1l Assume then that t > 1 and t € Dom°(I) (interior of Dom(I)). Then, by
continuity of F (see Lemma 2.6), we can let r tend to 1. Letting # and ¢ also tend to 0,
we get

liminf n~' InP(N,(z,) = n) > —F(1,1).

n—0o0

If t > 1 and t € Dom(I), the above inequality still holds, by continuity as well, provided
that Dom°(I) N (1,00) # @. If t ¢ Dom(I), the result obviously holds, so that, in the case
when Dom°(I) N (1,00) # 0,

n—ao0

liminfn~' InP(Ny(t,) = n) > —inf F(L,1) = —G(1).
t>1

It thus remains to tackle the case when Dom°(I) N (1,00) = (. In fact this is the case
when K is a Bernoulli random variable. Then, we can follow the special case we discussed
in the final step of the proof of Theorem 2.7. Indeed, for 0 < r < 1, we deduce from (5.33),
(5.34) and (5.35) (with t = 1 and r = t — 5 therein),

[nr]
P(Nu(tn)/n = 1) = (r —1/n)exp (— > In(1—i/n)— nr1(1)>.
i=1

Letting r tend to 1, we deduce that

n—1
P(Ny(ta) = n) > exp <— > In(1—i/n)— nI(l)),

i=1

so that

1
hf,niffn_l lnIP’(Nn(r,,) = n) > —/ In(1 —u)du—1(1) = —(1+1(1)).
=% 0
It then remains to check that it is equal to —G(1). Clearly, the infimum in the definition
of G(1) reduces to that value of s for which A(s) = 1, that is, s = 0. We easily deduce that
G()y=14+1(1).

This completes the proof of the variational formula. Since it has compact level sets, the
lower semi-continuous function F, when restricted to the set of points (r,t) with r =1,
achieves its minimum, and the value of the minimum is non-zero. Hence G(1) > 0. U]
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