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In this paper we present a result of existence of infinitely many arbitrarily small
positive solutions to the following Dirichlet problem involving the p-Laplacian,

—Apu = Af(z,u) in 2,
u =0 on 912,
where 2 € RY is a bounded open set with sufficiently smooth boundary 992, p > 1,

A>0,and f: 2 XR — R is a Carathéodory function satisfying the following
condition: there exists £ > 0 such that

sup f(-1) € L®(Q).
tef0,t]

Precisely, our result ensures the existence of a sequence of a.e. positive weak solutions
to the above problem, converging to zero in L°°(2).

1. Introduction

In this paper, we consider the problem

—Apu=Af(z,u in £2,
At (P
u =0 on 012,

where 2 € RY is a bounded open set with sufficiently smooth boundary 042,
p > 1, A, is the p-Laplacian operator, that is, Ayu = div(|Vu[P~2Vu), A > 0,
f: 2 xR — R is a Carathéodory function and there exists ¢ > 0 such that

sup f(-,t) € L>=(£2). (1.1)
te[0,t]

Precisely, we are interested in the existence of a sequence of a.e. positive weak
solutions of (Py) converging to zero in L*°({2).
A weak solution (Py) is any u € Wol’p(Q) N L*>({2) such that

/ |VulP2VuVyds — )\/ f(z,u(z))v(x)de =0
7 7

for each v € Wol’p(.Q). Then, for some o > 0, our solutions belong to C1*7(£2), as
can be proved by standard regularity arguments.
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If u is a weak solution of (Py), we say that u is a.e. positive if m({zx € 2 : u(z) <
0}) = 0, where m(-) is the Lebesgue measure.

The existence of infinitely many solutions for problem (P) has been widely inves-
tigated. The most classical results on this topic are essentially based on Ljusternik—
Schnirelman theory. In them, the key role is played by the oddness of the non-
linearity. Moreover, in order to check the Palais—Smale condition (or some of its
variants), one assumes certain conditions that do not allow an oscillating behaviour
of the nonlinearity. We refer, for instance, to [1,2] as a typical paper of this kind,
among the most recent ones.

Multiplicity results for problem (Py), when f(z,-) has an oscillating behaviour,
are certainly more rare. In this connection, we refer to [6] and [10], where the authors
obtain the existence of an unbounded sequence of weak solutions for problem (P )
(see also [4,5]). The existence of infinitely many small solutions to (Py) has been
studied in [7] by Omari and Zanolin, who proved that if

F(t F(t
liminf —= =0 and limsupL = +00, (1.2)
t—0+ P t—0+ P
where F(t fo s)ds, then, for every A > 0, problem (P,) has a sequence {u, }

of non-zero non- negatlve weak solutions, satisfying maxgs u, — 0 as n — 4o0.
Our main theorem is theorem 2.1, in § 2. Here, we state a particular version of
it, when f is independent of x.

THEOREM 1.1. Suppose that the function f : R — R is continuous and satisfies the
following conditions.
F(t) F(t)

(') limsup —= = +o0, liminf —= > —
t—0+ p t—0t p

(ii”) For everyn € N, there exist &,, &), € R, with 0 < &, < &, andlim,_, 1 &, =0,

such that c
[ ras= suw / 75
0 te]0,¢)]

Then, for every X\ > 0, problem (Py) admits a sequence {u,} of a.e. positive weak
solutions strongly convergent to zero and such that
lim maxu, = 0.
n—4oo

Clearly, theorem 1.1 is a remarkable improvement of the above-mentioned result
by Omari and Zanolin. Indeed, not only is the condition liminf, o+ (F(t)/t?) =0
replaced by liminf, g+ (F(t)/t?) > —oo, but the solutions we find are also a.e.
positive rather than simply non-zero and non-negative.

The proof of theorem 2.1 is based on the general approach proposed in [8]. More
precisely, we find weak solutions for (P,) that are local minima of the underly-
ing energy functional. The technique used to obtain such local minima has been
suggested us by the papers of Saint Raymond [10] and Ricceri [9].

This paper is divided into three sections, including this introduction. In the sec-
ond section we state and prove our result, then the third section is dedicated to the
careful study of the conditions of theorem 2.1 with respect to (1.2).
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2. Main result
THEOREM 2.1. Suppose that the function f satisfies the following conditions.

(i) For everyn € N, there exist £,,&), € R, with 0 < &, < &, and lim,, 1 &, =0,
such that, for a.e. x € {2,

&n
flxz,s)ds = sup /fxs

0 telEn,&r]

(ii) There exists a non-empty open set D C (2, a constant M > 0 and a sequence
{tn}nen C Ry \ {0}, with lim, oo t, = 0, such that

. essinfuep fot" fz,s)ds
m =
n—-+oo t:fl

tn
inf f > —M essinf ,8)ds ).
essin <t€1101tn / flx,s) > essin </0 flz,s) s>

Then, for every X\ > 0, problem (Py) admits a sequence {u,} of a.e. positive weak
solutions strongly convergent to zero and such that lim,,_, 4o maxg uy, = 0.

and

Proof. We choose g € [p—1,((p —1)N +p)/(N —p)[ if p < N; in other cases it is
enough to choose ¢ > p — 1. From (1.1), it follows that there exist a > 0 and ¢ > 0
such that, for every 0 < ¢t < t and a.e. x € £2, one has

[f(z,t)[ <a
Moreover, conditions (i) and (ii) imply that, for a.e. x € 2,
f(z,0) =0.

Without loss of generality, we suppose that, for every n € N, max{¢},t,} <t. Let
A > 0, then we define g: 2 xR — R as follows.

flz,t) ift >t
g(x,t) = ¢ flz,t) if0<t <UL,
0 ift <0.

Whence, for a.e. x € 2 and ¢t € R, it turns out that
l9(z,t)| < a. (2.1)

Now we consider the following problem:

—Apu = Ag(x,u) in 2,
u=20 on 0f2.

The weak solutions of (P 4) are the critical points of the functional

u) = “/Q |VulP dz — /Q</OU(I) g(x,t)dt) dz, (u € WyP(2))
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where p = 1/pA. Owing to (2.1) and the compact embedding of Wol’ (£2) into
LIF1(02) (respectively, into C°(£2), if p > N), &, is well deﬁned weakly sequentially
lower semicontinuous and Gateaux dlfferentlable in W P(92).

Fixing n € N, we set

E,={ucW,P(2):0 < u(zx) <&, ae in 2}
Since this set is closed and convex, it is weakly closed. For each v € F,,, one has
B,(u) > —am(2)E).

Whence &,, is lower bounded in E,, so we set a, =infg, @,. For every k € N,
there exists vy € E,, such that

1
an <Dy (vg) < ap + X

vk (z)

</ (z,t dt> dx—|—£15#(vk)>
0

vk (z) 1

</ adt)dx+an+—>

0 k

am ()€, + an + 1).

then it follows that

<
<

Ead

=
o
S
I

7N

2

—
S— —

VAN

A

Then {v;} is norm bounded in Wy?(£2). This implies that there exists a subse-
quence {vg, }, weakly convergent to w, € E,, being E, weakly closed. At this
point, we exploit the weak sequentially lower semicontinuity of ¢, and obtain that
D, (un) = an.

We prove that u,(z) € ]0,&,] a.e. in (2.

Set
&, ift > &,
h(t) =<t 1f0<t En,
0 ift<

Then we define T': Wol’p(Q) — Wol’p(Q) as follows:
Tu(x) = h(u(zx)) for every u € Wol’p(Q) and x € (2.

The operator 7' is continuous in Wol’p(Q) (see [3]). Moreover, for every u € Wol’p(.Q),

Tu € E,.
We put v* = Tu, and X = {z € 2 : u,(z) ¢ ]0,&,]}. Then, for a.e. z € X, one

has

En <up(z) <&, or wup(x)=0.
However,

Un () v*(x)

/ gz, t)dt S/ gz, t)dt

0 0
and |Vv*| = 0.
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Whence
v (2)
20") = @ula) = [ (90 = Fualyae = [ ([* " gtatyar) o
2 0 Un ()

v (z)
= —,u/ |[Vu,|P dz —/ </ g(x,t)dt) dx
X X up ()

< —,u/ [V, |P dz.
X

Since v* € E,, it follows that &,(v*) — @, (un) = 0. Then
/ |[Vu,|dz = 0.
b'e

0" — u, | :/ Vo —Vun|pdx=/ Y, [P da = 0,
2 X

Whence

which means that u,(z) = v*(z) €]0,&,] a.e. in £2.
Let u € Wol’p(Q), T be the operator defined above and let

X ={zeR:u(x)¢]0,&]}
We have that if z € 2\ X, then
u(z)
/ g(z,t)dt = 0.
Tu(zx)
Furthermore, if x € X, then one has the following cases.
(a) If u(z) <0, then
u(z) u(z)
/ g(z,t)dt = / g(z,t)dt = 0.
Tu(x) 0
(b) If &, < u(x) < &, then

u(x)
/ g(z,t)dt < 0.
Tu(zx)

(c) If u(z) > &, then
/ g(z,t)dt = / g(z,t)dt < / adt = a(u(x) — &,).
Tu(zx) n n

Since the constant €—t)
ale —
C = sup —2& —Sn)_
e (€= &)1t
is finite, we have, for a.e. x € {2,

u(z)
[ a0t < Clute) - Tutl,
Tu(zx)

https://doi.org/10.1017/5030821050000175X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000175X

516 G. Anello and G. Cordaro

u(z)
/ (/ g(x1) dt) da < Oy Hlu — Tul 7,
0 Tu(zx)

(fn |u|q+1 dx)l/(q"'l)

[[ul

then

where

v = sup
u€W, " (2)\{0}

Whence, one has

Bu0) = @,(00) = [ (Fup - vz as- [ ([ " g ) as

Tu(x)

u(z)
= ,u/ |VulP dx —/ </ g(x,t)dt) dx
X 0 Tu(zx)
= ,u/ |Vu — V(Tu)|Pdr — / </ g(x,t)dt) dz
0 0 Tu(zx)

> pllu = Tul|?” — Oy flu — Tl
Since Tu € E,, it follows that ¢,,(Tv) > ¢, (u,). Then we have
B, (u) = Dplun) + |Ju— Tull? (n — Cy4Hu — Tul|9+1P).

Since T is continuous and ¢ + 1 — p > 0, there exists § > 0 such that, for every
u € Wy (2) with

_ 1
ol <8 =Tl < e
Then, if ||u — u,|| < 3, one has
Pp(u) = Pp(un) + %MHU = Tull” = @, (un),

that is, u, is a local minimum of @,,.
For every n € N and u € E,,, we have that

Bu(u) > —am(D)E,.
Then, since —am(£2)¢&], < ay, <0, it follows that

lim «, =0.
n—-+oo

From u, € E, and o, = @, (uy,), it follows that

/Q IV, P dz = %(/ﬂ (/Ou"(m) g(x,t)dt) do + qsﬂ(un)>
_ %(/ﬂ (/Ou"(m) g(x,t)dt) dz + an>

< %(am(nm 4 o).
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Then
lim / |Vu, [P dz = 0.
17

n—+o0o
We now prove that, for every n € N, a,, < 0. To prove this, fix n € N, a compact
set K C D with m(K) = (M +1)m(D \ K) and a function v € Wy"*(£2) such that
v(iz)=1 ifzx €K,
0<v(x)<1 ifzeD\K,
v(iz)=0 ifxe N\D.
By the former condition of (i), there exists & € N such that 3 < &, and

e (M +D)]lv][?
essinf/ x,t)dt > p——nonrite——t?

xzeD

for every k € N with k > k. Then, taking into account the latter condition of (ii),
for every k > k, one has
— [ (S g, 1) dt) da
fn |thv|P dx
trv(x
— ey gty by da = [ o (o= gla,t) dt) da
trllvllp
— [y (essinf,ep fotk g(z,t)dt) dz
—fD\K(essianGDinfte[o,tk] fot g(z,s)ds)dx

N

tpllvll?
_ — [y (essinf,ep fotk g(z,t)dt)dz + MfD\K(essianGD fotk g(z,t)dt) dz
h tllvll?
—(1/(M + 1))ym(K) essint,ep [,* g(z,t)dt
B &lol?
< — .

Whence tpv € E, and ®,(txv) < 0, which implies o, < 0.
So there exists a subsequence of u,, of pairwise distinct elements. Such a subse-
quence is a sequence of weak solutions for (P 4). On the other hand, we have

0= essiélfun(x) <esssupz € Qu,(x) <t
EdS

for every n € N. Then it is a sequence of weak solutions for (Py). O

3. Some consequences
Here we give the proof of the theorem 1.1 stated in the introduction.

Proof of theorem 1.1. Tt is enough to show that (i) implies (ii). By the former
condition of (i’), there exists a sequence of positive numbers {t,}, converging to
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zero, such that

F(t,
lim (p ) — +00

n—+oo 1y

By the latter condition of ('), there exist M, > 0 such that

F(t) > — Mt

for every t € ]0,d]. Whence there exists v € N such that, for every n > v, one has
t, <6 and F(t,) > tP. It turns out that, for n > v,

inf F(t) > —MF(t,).
t€[0,tn]

Then the thesis follows. [

Now we give an example of an application of theorem 2.1, when both condi-
tions (i’) and (1.2) are not satisfied.

ExXAMPLE 3.1. Let us consider, for every A > 0, the following Dirichlet problem,

—Au = Af(u) in {2,
u =20 on 042,

where f : R — R is defined by

= 9t /2 sin(1/t1/3) — 2t1/6 cos(1/t1/3) if t > 0,
o if £ <O0.

Thus we have, for every ¢t € R,

¢ 6t/ ?sin(1/tY/3) ift >0
F(t) = [ flo)as =00 =R
0 0 1ft<0

Condition (i) is satisfied. To prove that (ii) holds, let

8

tn = ———s
w3 (1 4 4n)3

for every n € N. Then
F(tn)

lim —— = lim

6
— = +oo.
n—-—4oo t% n—+o00 \/t,, +

Moreover, we have
inf F(t) 2> —F(tn).
te[0,t,]
Then the latter condition of (ii) is also satisfied for M = 1. Whence theorem 2.1
ensures the existence of a sequence of a.e. positive and pairwise distinct solutions
to the problem that converges to zero. We note that
F(t)

liminf —= = —
t—07t 2

hence (i) and (1.2) are not satisfied.
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