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Abstract

This paper studies the compact p*>-Selmer Iwasawa module X (E/F.) of an elliptic
curve E over a False Tate curve extension Fy,, where E is defined over QQ, having multi-
plicative reduction at the odd prime p. We investigate the p>-Selmer rank of E over inter-
mediate fields and give the best lower bound of its growth under certain parity assumption
on X (E/Fy), assuming this Iwasawa module satisfies the 91 (G)-Conjecture proposed by
Coates—Fukaya—Kato—Sujatha—Venjakob.

S ——

Introduction

Throughout, p will denote an odd prime number and u,» the group of all p”-power roots
of unity. Let m > 1 be an integer which is p-power free and consider the False Tate curve
tower

QcFcCcFC---CF,CF,; 1 C---CFy

where F, = Q(upn, %/m) and F, = Un>1 F,. Let E be an elliptic curve defined over Q.
We shall be concerned in this paper with proving parallel results to those given in [1], but
with the hypothesis given there, that £ has good ordinary reduction at p, replaced by the
assumption that £ has multiplicative reduction at p. This change of hypothesis leads to some
interesting variants of the results of [1], for example see Theorem1-8 and Theorem1-11 in
this paper. In the last section, we discuss a number of numerical examples to illustrate our
general theorems.

1. Notations and theorems

p a rational odd prime;
m a positive integer greater than 1, with prime decomposition
ri,
m=[];q";

r the positive integer ord,(m?~" — 1) — 1, for non-amenable pair (p, m);
Kn Q(/’Lp” );
K Ki;
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Q(/m);
the composite of K, and L,;
a character of Gal(F, /K,) of exact order p";
1 ndg” X, the induced representation of x, to Gal(F, /Q);
a prime of L, above p;
a prime of F,, above p;
the union (5, K;
the union |, -, Ln;
the union (J, 5, Fy;
the Galois group of F,, over Q;
the closed subgroup of G which fixes Q%¢;
the closed subgroup of G which fixes F ¢, for F a subfield of F;
Gal(F“°/F);
an elliptic curve defined over Q;
the set {p};
the set {prime divisors of m} = {g/s};
the set of primes at where E has bad reduction;
the set of primes at where E has good reduction;
the set of primes at where E has multiplicative reduction;
the union S, U S, U Spaas
the set consists of the Archimedean place of Q;
the set of primes of K at where E has split multiplicative reduction;
the set of primes of K at where E has non-split multiplicative reduction;
the set of primes of F above S, for any algebraic field F
and * being any subscript of S above, K C F when * = ns or s;
the maximal extension of Q which is unramified outside S U S.;
the Galois group Gal(Qg/F) for any subfield F C Qg;
the Pontryagin dual of Sel,(E/F), the classical p°°-Selmer group
of E over a subfield F of F;
the Z ,-rank of X (E/F) for [F : Q] finite;
the submodule of M consisting of all elements of p-power order;
X(E/F)/X(E/F)(p);
the root number of E;
the twisted root number of E by an orthogonal Galois
representation p.

Definition 1-1. For a p-adic Lie group G, we denote the Iwasawa algebra of G by

def

A©) Z1limZ,G/U)

where the inverse limit is taken for I/ runs over all open normal subgroup of G.

Assume from now on that the integer m > 1 is p-power free.

Definition 1-2 (Hypothesis A).
We say the triple (E, p, m) satisfies Hypothesis A if the elliptic curve E is defined over
@, having multiplicative (split or non-split) reduction at p, and semi-stable reductions at all
primes g; dividing m.
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Definition 1-3. Let

def {1, if E has split multiplicative reduction at p; (-1

3 = 0, if E has non-split multiplicative reduction at p.

Definition 1-4. Let p be an irreducible Qp—Artin representation which factors through
Gal(F/Q) for F a finite Galois extension of Q. Let sg , denote the number of copies of p
occurring in the representation X (E/F) ®z, Q,,.

CONJECTURE 1-5 (Parity Conjecture). Let E be an elliptic curve defined over Q. For any
absolutely irreducible orthogonal Artin representation p of Gal(Q/Q), we have

w(E, p) = (=1)*. (1-2)

Definition 1-6. Let 94 (G) denote the category of all finitely generated A (G)-modules
M, such that the quotient M /M (p) is finitely generated over A(H).

CONIJECTURE 1-7 (M (G)-Conjecture [2]). Under Hypothesis A, X (E/Fs) belongs to
the category My (G).

We can define the following invariants under the assumption that 914 (G)-Conjecture is

valid:
T the A(Hg)-rank of Y(E/Fy);

Ap the A, r,)-invariant of X (E/F“°), for F any subfield of F,
with [F : Q] finite;
An the value A .
In this paper, I will prove the Parity Conjecture for an infinite number of p’s under the
Hypothesis A and the assumption of 21 (G)-Conjecture.

THEOREM 1-8. Assume Hypothesis A and the My (G)-Conjecture. Then for all abso-
lutely irreducible self-dual Artin representations p of G = Gal(Fy/Q) with dimension
greater than 1, we have

w(E, p) = (=1)*. (1-3)

Remark 1-9. In fact, any such p as described in the statement of this theorem is iso-
morphic to the induction to Q of some cyclic character x, of Gal(F,/K,) of exact order p"
for some n > 1. Namely,

P =y, (1-4)
Moreover, these p,, are all orthogonal.

Example. Let E be the elliptic curve with Cremona symbol 57b1, which has Weierstrass
equation given by

V+xy+y=x"—Tx+5.

Since E has split multiplicative reduction at 3, non-split multiplicative reduction at 19 and
good reductions elsewhere, the triple (57b1, 3, m) satisfies Hypothesis A for every cubic free
integer m > 1. We can compute the twisted root number w(E, p,,) using V. Dokchitser’s
formula (3-1) in Lemma 3-1. For instance, taking m = 19, we get w(E, p,,) = 1 and
w(E, py,) = —1 forall n > 2; taking m = 3, we get w(E, p,,) = —1 foralln > 1.
One may deduce immediately from Theorem 1-8 that the non-negative integer sg ,, is odd
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and hence positive for all n > 2 when m = 19, or for all n > 1 when m = 3. Assuming
the finiteness of Tate-Shafarevich groups, the positivity of s¢ , —implies the existence of an
extra rational point of E of infinite order, passing from over L, to L,. Indeed, for example
when m = 3 and n = 1, we have

2
P= (-3 -V3+1,V3+2) € EQM3)
which is of infinite order. We will see a few more numerical examples in Section 7.

I shall prove Theorem 1-8 separately in the case where p is a prime of non-split multi-
plicative reduction and in the case where p is a prime of split multiplicative reduction. In
the non-split multiplicative case, the proof is very similar to the case where p is a prime of
good ordinary reduction, which has been proved in [1]. It is slightly complicated in the split
multiplicative case. I shall give the proof separately in the cases defined below.

Definition 1-10. We say the pair (p, m) is amenable if either p | m or p | mP~! — 1.
We call the pair non-amenable otherwise, and denote by » > 0 the positive integer such that
r+1 -1
Pt mPT — 1.

THEOREM 1-11. Assume Hypothesis A and the My (G)-Conjecture. Then when t is odd,
(i) when E has non-split multiplicative reduction at p, we have

SE/L, =N+ SgQ foralln > 1; (1-5)
Sgip, 2 P — 14+ Sk foralln > 1; (1-6)

(i) when E has split multiplicative reduction at p,
(a) for amenable pair (p, m), we have

SgiL, = N+ Sg/Q foralln > 1, (1-7)

Sgip, 2 P — 14+ 8sg/k foralln > 1, (1-8)
(b) for non-amenable pair (p, m), we have

SE/L = K+ SE/L, forallk > 1, (1-9)

SE/Ey = PT(PY = 1)+ se k., forallk > 1. (1-10)

Moreover, when © = 1, then all the equalities in these six inequalities hold.

2. Decompositions of p in the subfields of Fy,
This section is irrelevant to elliptic curves. Throughout this section, we fix an odd prime
p and always assume m > 1 being a p-power free integer.

LEMMA 2-1. For each n > 1, there exists an positive integer m,, with either p ¥ m) or
p |l m), such that

Q(&/m) = Q(%/ml).

Proof. This is trivial except for the case where ord,(m) > 2. Since ord,(m) is coprime
to p by assumption, there exist integers #, and s, such that ord,(m)t, + p"s, = 1. Let
m/ = m" - p?"* Itis easy to verify the following two relations

{fm, = - (Am)' € Q(/m)
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2 = m —s,, -ord,, (m)( r)ord () c Q( ]7\/>)

and obviously ord,(m)) = ord,(m)t, + p"s, = 1.

2-1. Over L,,.

LEMMA 2.2. We have:

(i) if the pair (p, m) is amenable, then for alln > 1

O, =P f@Bw/p) =1 2-1)

(ii) if the pair (p, m) is non-amenable and p"*' || m?~' — 1, then:

(a) forl <n<r

n=1(p_1
= PooBo B0l Y f( B/ =1, (22)
for0<i < m

(b) forn >r,

Or, = (BaoBh, i Bo Y Bl T fBwa/p) =1, (23)
forO<i<r

Proof.

(i) When p | m, we have seen that L, = Q( X/m’) for some m’ such that p || m’ by
Lemma 2-1. Hence this statement is precisely [14, theorem 2 (a)].
It is proven in [15, theorem 5-4] that for any integer r > O,

meQ) & p T m 1. (2-4)

When p || m”~! — 1, r = 0 and the statement is proven in [14, theorem 5].
(i1) (a) This is proven in [14, theorem 2 (b)].
(b) This is proven in [14, theorem 5].

PROPOSITION 2-3. Suppose the pair (p, m) is non-amenable. Then, we have:

(141,07 r<n, (2-5q)
sB(n)*O(QLnJrl = p—1 .
Bot.0Prn, 0<n<r; (2:5b)
and
{n—t—l),i’ I1<i<r<n, (2-6a)
B.iOi = o 1<i <
(n+1),i+1° <isn<r. (2-6b)

Proof. This is immediate by tower law and multiplicative law on the ramification degrees.
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2:2. Over F,.

PROPOSITION 2-4. We have:
(i) when (p, m) is amenable, then

-1,
pOr, =Ph "7 2-7)
(i1) when (p, m) is non-amenable, then
i n=r=l(p_1)
HP(I;)J P=00 r <, (2-8a)
i=l
pOFn - " .
[[70. """ o<n<r (2-8b)
i=l

Proof. See the proof in [15, theorem 5-2 and lemma 6-1]

2:3. Over F;>°.
Definition 2-5. For any subfield F of F, denote by S,(F) the set of primes of F' lying
over prime p.

LEMMA 2-6. When (p, m) is non-amenable, forr < n < N, we have

#S,(KyLy) = p'. (2:9)

Proof. The completion of Ky at its only prime above p is Q,(¢,~). The minimal polyno-
mial of ¥/m over Ky is X?" — m, which has factorization in Q »(pn) as follows:

)

P
—m = (Xp"*f)p’ _pr = 1_[ (Xp”fr . {;,,b), (2-10)

i=1

n

XI’

forsome b € Q, \Qi such that b” = m. Applying [11, theorem 9-1], I claim the irreducib-
ility of (X”"" — ¢1,b) in Q,(£,v)[X] by showing that ¢/, b & Q,(¢,v)? forall 1 <i < p'.
Since 4117 € Q,(¢,~)?, it is sufficient to show that b ¢ Q,(Z,~)”. Suppose, on the contrary,

thatb € Q,(¢,~)?, then we have Q,(/b) C Q,(¢,~) which implies Q,(¢,, V/b) C Q,(¢,~)
and hence Q,(¢,, J/b) is an abelian extension over Q »- By [13, theorem 2], b € Qg which
contradicts the value of 7.

PROPOSITION 2.7. We have:
(i) when (p, m) is amenable, then,

#S,(FO) =1, n>0; (2-11)

(i1) when (p, m) is non-amenable, then,

(a) for 0 < n < r, there are p" many primes of F>° lying above p, we denote this
fact by

#S,(FO%) = . @12)

moreover, they all have inertia degree equal to 1;
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(b) for n > r, there are p" many primes of F;’° lying above p, they all have inertia
degree equal to 1.

Proof.
(1) This is trivial from Proposition 2-4, which implies that
#S,(Fs) = 1. (2-13)

(i1) (a) The statement is well known when n = 0.
Assume that the statement is true for all n with 0 < n < k < r, by (2:8b),

P = #S,(Fin) <#S,(F2Y). (2-14)
On the other hand, since F\{/F;" is an extension of degree p, we have
#5,(FE25) < p-S,(F0%) = pio @15
by inductive assumption. Therefore, we have

#8,(Fely) = p' (2:16)

and every prime in S,(F;’) splits completely over F,;| and by inductive
assumption and tower law on the inertia degree, every prime in S, (F J‘FCI) has
inertia degree equals to 1. Hence we proved the statement by induction on n.
(b) For r < n, this statement is immediate from Lemma 2-6. Indeed, suppose
#S,(F2¢) > #S,(F,), then #S,(K,+1L,) > #S,(F,), since KL, is the

fixed field of the maximal non-trivial open subgroup of Gal(F;>“/F,).

2-4. Over LY°.

Definition 2-8. For Galois extensions Jy C J; C J, and a prime ‘B, of Jy, lete(J;/J;, Po)
denote the relative ramification degree e(*B;/J;), where ‘J3; is any prime of J; above L3, over
J;. These values e(*P3;/J;) are defined without the Galois assumption, but are equal when
the extensions are Galois.

PROPOSITION 2-9. We have:

(i) when (p, m) is amenable, then
#S,(LYC) = 1, n>0; (2-17)

(i) when (p, m) is non-amenable, then

1+Y p'. r<n (2-184)
i=0
#SP(L;'VC) = n—1 ‘
1+Y pl, 1<n<r, (2-18b)
i=0
1, n=0, (2-18¢)

Proof.
(i) Trivial as above.
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(i1) The case when n = 0 is well known.
For 1 <n < randall 0 <i < n, we have, by tower law,
e(F,/Q.p) _p"'(p—1)
ePBw.i/Q  e(PBw,i/Q)

e(Fn/Lna ‘B(n)fi) =

2-1
_[p'(p—1), fori=0, @19)
. for1 <i < n.
On the other hand, with
e(Fn/an Sp(n),i) = e(El/Kle m(n),i) . e(Kan/Lns {p(n),i)s (220)
e(Fn/Kana m(n),i) | [E1 : Kan] = pnil’ (221)
e(Kan/Lna s13(}1),1’) | [Kan : Ln] =p—- 17 (222)
since (p, p — 1) = 1, we have:
p—1, fori=0, (2-23a)
e(Kan/Lm m(n),i) = .
1, forl <i <m; (2-23b)
=1 fori =0, (2-24a)
€(Fn/K1an SB(n),i)= {pn_[ .
p", forl <i<n. (2:24b)

With F7¢ being Galois over L,, we may assume that there are d; many primes above
each prime of L above P, ; for all 0 < i < n. From the above, as F>¢ =
LY¢- KL, we have,

d=p-—1 1<i <n. (2-25)

Since Gal(L?°/L,) = 7Z,, suppose that there are p“ many primes of L lying
above P, ; for all 0 < i < n. We have

#S,(FX) = p" =) dip” =dop™ +(p = 1) ) p*. (2:26)
i=0 i=1

As F¢/LY¢ is Galois of degree p—1, clearly dy | p—1 and hence we deduce d; | p"
from (2-26). Conclusively, dy = 1. Alternatively, since P, o is totally ramified over
F, and #S,(F"°) = #S,(F),), there is a unique prime of F*“ lying above ) o, that
isdy - p® = 1. This implies that dy = 1 and p® =1
#8,(F) — p*

p—1

n—ap—1
= p». <1+ > p") (2:27)
i=0

#SP(L;)L) — pao + Zpa, — puo +

i=1

For r < n, the proof is similar except that there are » 4+ 1 many primes of L, above
p, labeled as P,y ; for 0 < i < r. The equations (2-19) till (2-25) still hold, with
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1 <i < nreplacedby 1 < i < r. With #5,(F;>) = #S,(F,) = p" still holds for
r < n, again we get dy = 1 and p® = 1, where p® denotes the number of primes
of L above ‘B0 and d denotes the number of primes of F”“ above each of the
primes of L, above P, o. Hence we get

#5,(FO) — dop™
p—1

r—ap—1
:p“"-(l-i— > p") (2:28)
i=0
r—1
i=0

#S, (L) = p™ + ) p“=p“°+

i=1

3. Root numbers computations
We use a slightly simplified formula of the following result of V. Dokchitser:
LEMMA 3-1 (V. Dokchitser Formula [5]). Let E be an elliptic curve defined over Q, and
o an Artin representation which is self-dual. Let S,4; and S,,,;,; be the set of rational primes
at where E has additive reduction and multiplicative reduction respectively. If p is unrami-
fied at all places of S,44, then
w(E, p) = w(EY™ - (=1 [T sqime=me™ . det(®,]p")

PESmulti
3-1
T det(@, 10 &b

PESadd

where p~ denotes the eigenspace of p(t) of eigenvalue -1, where t is the complex conjug-
ation, and the conductor of E has prime factorization [, p"»"". Here @, is an geometric
Frobenius element, I, is the corresponding inertia subgroup and

—1 if E has split multiplicative reduction at p,
S, =
g 1 if E has non-split multiplicative reduction at p.

This enables us to prove:

PROPOSITION 3-2. Under Hypothesis A,
(i) when E has non-split multiplicative reduction at p, we have

WE L) T <@>; (32)

qiFPESmulti p

(i) when E has split multiplicative reduction at p,

(a) when (p, m) is amenable, we have

E i
w(E, pr) _ - ] q—) ; (3-3)
w (Es ,OK) qiFPESmulri
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(b) when (p, m) is non-amenable, we have

w(E, py,) 1—[ (@) 8 {—1, forr < n; (3-4a)
w(E, px) p 1, forl<n<r. (3-4b)

qiFPESpulri

Proof. By Hypothesis A, both p, and px are unramified at all places of S,44, so the
Proposition follows from computing the quotient w(E, p,,)/w(E, pg) using the Dokchitser
formula. Elementary computations shows

dimpg med2 dimp,, med? 0,
. _ mod2 mod?2 1
dimpy = dimp, = E(p — 1),

det @ |,0 i when g #+ p, (3-5a)
when g = p, (3-5b)

q
(—) , wheng % p,q ¥ m, (3-6a)

) — I\P
det(®4lp;) = 1. when g = p,q | m, (3-6b)
1, when g = p. (3-60)

For g € S.44, g #+ P, q; by Hypothesis A. From the above, we have
det (®|px) = det(®,]py,) = (%) :

and hence, we have simplified the quotient as

I
dimpy} 1
s UMy, det(q)qlpr)

WEpu) _
- im 4
U)(E, IOK) GESmai s;l Pk det(q)q|pllg)

Lo
dimpy!

= l_[ Sa . 1_[ (&) (3-7)
dlmpK p
qESmuiii Sq qiF+PESmulti
— 4i
= 11 (5):
qiFPESmulri
where
w |Omod?2, forl < n < rwhen (p,m)isnon-amenable;
1 mod 2, otherwise.
The final equality in (3-7) is due to the following computations:
1, mod2 {1, when g = p, (39a)
dimpy = .
0, otherwise; (3:9b)

u
Hne (3-10b)

1 mod2 {l, when g = p, (p, m) is non-amenable, 1 <n <r, (3-10a)
X

0, otherwise.

The statement of this Proposition is immediate from (3-7) and (3-8).
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4. Homological ranks of Y (E | Fy,)
def

Recall that H = Gal(Fe/Q7¢) = Z7, is a p-adic Lie group without p-torsion, hence
A(H) has finite global homological dimension.

Definition 4-1. For a finitely generated A (H)-module M, let
o Pyy— P —P_— - —Ph—M-—0 41)
be a finite projective resolution of M. We denote by
[M] =) (=1)[P] (4-2)
i>0

a well-defined element in Ky(A(H)), which is independent of the choice of projective res-
olution.

Definition 4-2. For any number field L C F,, with [L : Q] < oo. Let i, be the group
homomorphism

h : Ko(A(H)) — Z (4-3)
defined by
[M] > (=1)'ranky, H,(Hy, M) (4-4)
i>0

for M any finitely generated A (H)-module, and being extended to the Grothendieck group
linearly.

Remark 4-3. Under My (G)-Conjecture, Definition 4-1 well-defines for Y(E/Fy) =
X(E/Fx)/X(E/Fx)(p) an element [Y(E/Fx)] € Ko(A(H)). The value hy([M]) is
called the homological rank of M in [9], and the author proves hg ([M]) = rankymu, M
for any finitely generated A (Hg)-module M. In particular, t = hx ([Y(E/Fx)]).

LEMMA 4-4. Under Hypothesis A, assuming the validity of MMy (G)-Conjecture, then for
n > 0, we have

pr—1
p—1-

hy, (Y(E/F)]) =Y (—1)'ranks, (H;(Hy. Y (E/F)®) + 7 - (4-5)

i>0
Proof. See the proof of [1, proposition 4-1].

5. Fundamental diagram
Using the notations introduced in Section 1, before assuming any hypothesis, we have the

following:

Definition 5-1. Fix a subfield L C F,, with [L : Q] < oco. By fundamental diagram for
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L, we mean the following commutative diagram with exact rows:

H*(Hy, Ep=(Fu))

I )

Ay
0 —— Selp(E/Foo)HL _— H](GS(Foo)v Ep"")HL —_— @MLES(L“«‘“)JML(FOO)HL

Tru',\‘c Tremyc Dy eseyeyhuy, T

0 —— Sel,(E/LY) —— H'(Gs(LY), Epe) —5 @y, eso0du (L)
H'(Hy, Ep=(F)).
(-1

The vertical upward sequence is the inflation-restriction exact sequence. Here u; denotes a
place of L¢, h,, is the corresponding restriction map from

Ju (L) = H'Y(LS E(L))) e (52)
to
Ju,(F) = lim @H'(L;U,,E(L_’W))pm, (5-3)

[L/Zl;”L]<OO w'lug

00

where the limit is taken via restriction map.

From now on, we assume 914 (G)-Conjecture under Hypothesis A and work on the fun-
damental diagram.

LEMMA 5-2. The validity of My (G)-Conjecture implies that for all subfield L C Fq
with [L : Q] < oo, the homomorphism A« is surjective, and

H*(Gs(L?), E =) = 0. (5-4)

Proof. Firstly, 9y (G)-Conjecture implies that X (E/L¢) is A(I"y)-torsion. Secondly,
E (L) is finite due to Ribet [12, theorem 1-1]. This lemma follows from [8, theorem 7-2].

LEMMA 5-3. ( Hachimori—Venjakob [8, lemma 3-3]).
For all subfield L C F., with [L : Q] < oo, we have

coranky, H'(Hy, E~(Fx)) = 0. (5-5)

LEMMA 5-4. The validity of My (G)-Conjecture implies that for all subfield L C Fq
with [L : Q] < oo, we have:

H,(Hp, X(E/Fx)) = 0; (5-6)
H/(H,,Y(E/Fx)) =0, for i>1; (5-7)
rankz, Hy(Hy, Y (E/Fy)) = Aaq, Ho(Hy, X (E/Fy)). (5-8)
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Proof. From the first row of the fundamental diagram (5-1), we obtain an exact sequence

0 —> Sel (E/Fx)™ — H'(Gs(Fu), Epo)™ — (Imhp )™
— H'(Hp, Sel ,(E/Fy)) — H'(H., H'(Gs(Fx), E,~)). (59)

Hence, (5-6) holds if
H'(Hy, H'(Gs(Fx), Ep~)) =0, (5-10)

and H'(Gs(Fx), Ep=)t —> (ImAp,)"* is surjective. Since H; has p-cohomological
dimension 1, we have

H>(Hp, Ep~(Fx)) =0 (5:-11)

and

coker( P hML) =0. (5-12)

up €S(LY°)

By Lemma 5-2, we deduce (5-10) by the exactness of the Hochschild—Serre spectral se-
quence

H*(Gs(LY), Ep~) —> H'(Hp, H' (Gs(Fx), Ep~)) —> H(Hp, Ep~(Fx))  (5:13)

and the surjectivity of k;’; by the commutativity of the fundamental diagram (5-1). The
latter implies that H'(Gs(Fx), Epoo)HL —> (ImAg,)™ coincides with x’;;, which is a
surjection, hence proved (5-6). k

Trivially, H;(H., Y(E/F)) = 0 fori > 2. To observe the case when i = 1, take the
H;-homology of the canonical short exact sequence of A(H)-modules

0 —> X(E/Fx)(p) —> X(E/Fx) —> Y(E/Fs) —> 0. (5-14)

It yields an exact sequence of A(I"y)-modules

0= H\(H, X(E/Fx)) — Hi(HL, Y(E/Fx)) —> Ho(HL, X(E/Fsx)(p))
—> Hy(Hy, X(E/Fx)) — Ho(Hp,Y(E/Fyx)) — 0. (5:15)

In fact, each term in this exact sequence is A(I')-torsion. Indeed, the validity of 914 (G)-
Conjecture implies that Sel, (E /L) is a finitely generated A (I'; )-cotorsion module, which
implies that Hy(HL, X (E/Fs)) is A(I'p)-torsion, hence so is Hy(H., Y(E/Fy)). On the
other hand, X (E/F)(p) is annihilated by some power of p, and hence the homological
group H;(H., X(E/F)(p)) will be annihilated by this power of p, for each i > 0. In
particular, they are A(I";)-torsion, with trivial A, r,)-invariants and so is the submodule
H,(H.,Y(E/Fy)). Moreover, since multiplying by p, (and hence by any power of p) is
injective in Y (E / F5), the induced multiplying by p in H,(H,, Y (E/F.)) is again injective,
(so is the multiplying by a power of p map). Hence, H,(H,, Y(E/F.)) = 0 since it injects
into a module which is annihilated by some power of p, hence proved (5-7).

Since the A, (r,)-invariant is additive in exact sequences and it coincides the Z,-rank upon
finitely generated Z,-modules, (5-8) follows from taking A, r,)-invariant along the long
exact sequence (5-15) above.

LEMMA 5-5. Foruy & S;n(LY°) U S,(LY°), we have
ker(h,,) = 0. (5-16)

https://doi.org/10.1017/50305004112000564 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004112000564

316 CHERN-YANG LEE
Foruy € §,(LY°), we have

corankz, ker(up) = §,. (5-17)

Proof. The first statement is trivial as the kernel of /,,, is a cohomology group of the relev-
ant decomposition subgroup of u;, over F, but this decomposition subgroup is trivial since
u, is unramified over F,. The second statement is a consequence of [3, proposition 4-3] and
Greenberg [6, section 3].

LEMMA 5-6. Under Hypothesis A, assuming the validity of My (G)-Conjecture, then for
any number field L C F., with [L : Q] < 0o, we have

hi([Y(E/Fs)]) = AL + Z coranky, (ker(h,,)) + 8, - #S,(L™°) (5-18)
where the u; runs over all places of Sy, (L) — S, (L) in the sum.

Proof. By Lemma 5-4, hy ([Y (E/Fx)]) = Anqr, Ho(Hy, X (E/Fx)). By Lemma 5-2 and
Snake Lemma, Lemma 5-3 implies that

corankz ker(rpac) = 0, (5:19)

corankg, coker(rpoc) = coranky ker ( @ huL> . (5:20)

1y €S(Lee)
Therefore, (5-18) follows plainly from Lemma 5-5.

Specifying Lemma 5-6 with L = K, L = L,, and L = F,, we have the following three
propositions.

PROPOSITION 5-7. Under Hypothesis A, assuming the validity of My (G)-Conjecture,
then we have

T =g+ Y corankg, (ker(h,,)) + 8, (5-21)

where uy runs over all places of S,4,, (K<) — S,(K) in the sum.
LEMMA 5-8. Assuming Hypothesis A, we have:

0, whenug & Sum(K)US,(K9);

0,  whenug € Spam(K) N Sgo0a(K) — S, (K<)
with E(K2¢) e = 0;

2, whenug € Sram(K?) M Sgopa (K) — S, (K<)
with E(KQ) e =+ 0;

0, whenug € Sun(K) N S, (K) — S,(K);

I, whenug € Spam(K%) N S(K) — S, (KY);

8,, whenug € §,(K°).

corankg, (ker (h,,)) =

Proof. The first and last line are repeated statements from Lemma 5-5. The proof of the
rest of the statements can be found in the proof of [8, lemma 3-4], in the case when p > 5.
The same proof carries over to our case under Hypothesis A without failure as even when
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p = 3, the only primes that can possibly ramify in F,/K¢ are those lying above S,,, and
Sp, which are all of semistable reduction type for E. Therefore, the reduction types of these
primes do not change from over K to over F,.

PROPOSITION 5-9. Under Hypothesis A, assuming the validity of My (G)-Conjecture,
then for n > 0, we have

hi, (Y, (E/F)l) = A+ > rankg, (T,(E)") 48, - #S,(LY°) (5:22)
where u,, runs over all places of S, (L) — S, (L})¢) in the sum, J,, denotes the absolute
Galois group OfL%"- Moreover, for each u, € S;qm(LyY) — S,(L7Y€), the value

rankg, (T,(E)")
is dependent only on the rational prime q; lying below u,,, and independent on n.

PROPOSITION 5-10. Under Hypothesis A, assuming the validity of My (G)-Conjecture,
then for n > 1, we have

T p"=Akp, + Y _coranks, (ker(h,,)) + 8, - #S,(F) (5:23)
ur,
where ug, runs over all places of Syu (F"¢) — S,(F;>) in the sum.

Proof. The only extra statement here is iy, ([Y,(E/Foo)]) = hx ([Y,(E/Fx)]) - p", which
is due to the fact that [A(Hk) : A(Hg,)] = p".

LEMMA 5-11. Assuming Hypothesis A. For eachn > 1, we have:

0,  when ug, & Sran(F,>) U S, (F,%);

0, when g, € San(Fy™) N Sgooa (F,") = S,(F,%)
with E(F,0) o = 0;

2, whenug, € Sam(Fy) N Sgooa(F, ) — S, (F,)
with E(F,0) p % 0;

0, whenur, € Syam(Fy™) (1 S, (F,%) — 8, (F,);

L whenur, € Sram(Fy™) N S, (F%) = S,(F,™°):;

8p, whenupg, € S,(F,”).

corankg, (ker(h,,)) =

Proof. This is essentially the same proof as in Lemma 5-8, since K C F,.

PROPOSITION 5-12. Under Hypothesis A, assuming My (G)-Conjecture is valid:
(i) when E has non-split multiplicative reduction at p, we have

M — Ay = rp”_l, foralln > 1, (5:24)

(i) when E has split multiplicative reduction at p,
(a) if (p, m) is amenable, we have

Ao — Apet = Tp" 7, foralln > 1, (5-25)

(b) if (p, m) is non-amenable, we have:
T {rp”_l, r<n; (5-26a)
(r—Dp"', 1<n<r. (5-26b)
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Proof. Forn > 1, from Proposition 5-9, we have

hi, (Y, (E/Fo)D)=hp, (1Y, (E/Fo)]) = Ay—Ry 148, (#S, (LX) =#5,(L,)))), (5:27)

n—1

from Lemma 4-4, we get

by, ((Yp(E/Foo)]) = hi, (([Y,(E/Fo0)]) =T - o1 T T-p. (5-28)

Therefore,
A —Auo1 =T p" T =8, - (#S,(LY) — #S,(L,)). (5-29)

n—1

From Proposition 2-9, we conclude that:

#S,(LC) — #S, (L™

n—1

(5-30)

y— p"', non-amenable (p,m), 1 < n < r;
B 0, otherwise,

and thus the Proposition follows.

6. Proof of the Theorems

We still need several lemmas before we can prove Theorem 1-8 and Theorem 1-11.

LEMMA 6-1 (T,V. Dokchitser [4, theorem 1-2]).
Let E be an elliptic curve defined over Q, and p be any odd prime. For F any finite abelian
extension of QQ, we have

w(E/F) = (—1)"/". (6-1)

LEMMA 6-2 (Greenberg—Guo [6, proposition 3-10], [7, section 5]).
Let E be an elliptic curve defined over a number field F, and fix an odd prime p. If
X(E/F®¢) is A(I')-torsion, then we have

mo_dZ

SE/F )"F- (62)

Remark 6-3. Under Hypothesis A, for any subfield F of F,, with [F : Q] finite, the valid-
ity of My (G)-Conjecture implies that X (E/F¢) is A(I'r)-torsion, hence the hypothesis
in Greenberg-Guo is satisfied for these subfields F'.

LEMMA 6-4. Assume the notations declared in Section 1. Forn > 1, we have
SE/L, = SE/L,_, T SE.p,, - (6-3)
Proof. By definition, p,, factors through Gal(F,/Q) and up to isomorphism, it is the only

irreducible representation of Gal(F,/Q) which does not factor through the Galois group
Gal(K,L,_1/Q). So we have

X(E/F,) ®z, Q, = X(E/K,L,_1) ®z, Q, ® (p,)"" . (6-4)

The statement is immediate from this by counting the dimensions of the Gal(F,/L,)-
invariants and the fact that (p,,)°“»/») is one dimensional.
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Proof of Theorem 1-8. For any n > 1, we have
by Lemma 6-4

SE.py, = SE/Ly — SE/Ly,_,
by Lemma 6-2

moEdz )"n - )"n—l
T =8, (B, (L)) — #5, (L) by (5-29).

mﬁiZ
On the other hand, we compute the parity of t via (5-21), we have
mod?2
AK = SE/K (6-5)
by Lemma 6-2, and
mod?2
> coranks, (ker () "E # (Sram (Koo) N Sy (Koo) — Sp(K o))
UK €Sram (Koo)—Sp (Koo)
by Lemma 5-8. Conclusively, we have
(=1)5Erm = (=1)%Ex (—1)#(Swm<’(oo>”5s(’(oc>—5p(’<oo>)(—1)5n‘<#5p<L5”>—#5p(Li?f]>—1>
=wE/K) - ] (q_> A
GiFPESmuiri p
= W(E, py,) - shr s B ERY by 3-7)
= w(E, py,)s
because
cve cve mod?2
Bu + #S,(LY°) — #S,(L,) =

by (5-30) and (3-8).
COROLLARY 6-5. Under Hypothesis A, assuming My (G)-Conjecture is valid:

(i) when E has non-split multiplicative reduction at p, we have
med? foralln > 1;

=T,

SEvan

(i) when E has split multiplicative reduction at p;

(a) if (p, m) is amenable, we have
mgz T, foralln > 1,

SE,an

(b) if (p, m) is non-amenable, we have
mod?2 { T, r <n,
E.poyn = (‘[—1), léngr.

(6-6)

(6-7)

(6-8)

(6:9a)
(6:9b)

Proof. This is immediate from Lemma 6-1, 6-2, 6-4 and Proposition 5-12, since p is odd.

Proof of Theorem 1-11. When 7 is odd, in the case when E has non-split multiplicative

mod?2
=1

reduction at p, by Proposition 5-12 and Lemma 6-2,
SE/Ly = SE/Ly-

holds for all n > 1, since p is an odd prime. Thus,
SE/Q < SE/L1 < SE/LZ <
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which implies the inequality (1-5). When E has split multiplicative reduction at p, the same
argument leads to inequality (1-7) in the case when (p, m) is amenable; while in the non-
amenable case, (6-10) holds for n > r due to Proposition 5-12, hence we have strict growth
from the r-th level

SE/L, < SE/L,;iy < SE/L,, """ (612)
which implies the inequality (1-9).
When E has non-split multiplicative reduction at p, from (6-11) and (6-3) of Lemma 6-4,
we conclude that
SEp, =1 (6-13)
holds for all n > 1. Therefore, we deduce from (6-4) of Lemma 6-4 that

SE/E, = SE/KyL, TP (D= 1) sk,
> sg/k,L,, + P (p—1) (6-14)
> s/p o+ P (P =)
for all n > 1. Applying the inequality (6-14) recursively for all n > 1, we obtain

SE/F, 2 P —-D+p" Pp-D+-+p'(p—1) + SE/F,

(6-15)
2>p" =145k,

and hence have proved inequality (1-6). When E has split multiplicative reduction at p, the
same argument leads to the same inequality (1-8) in the case when (p, m) is amenable; while
in the non-amenable case, inequalities (6-13) and (6-14) hold forn > r. Let n = r + k and
applying inequality (6-14) recursively for all kK > 1, we obtain

serp 2P P =D+ P P(p =D+ + p'(p — DI+ sey5,

) (6-16)
>p (P -D+ SE/K,41Lrs

and hence have proved inequality (1-10).
We now show that these lower bounds are upper bounds too when 7 = 1. From (5-23) of
Proposition 5-10, we have

se/p, S Ap, = p" T — | Y coranky, (ker(hy,)) + 8, - #S,(F:™) (6-17)

Ury

where up, runs over all places of S, (F;”) — S,(F;”¢) in the sum. It is obvious from
KCF, CF, C---,Lemma 5-8 and Lemma 5-11 that

Zcorankzp (ker(huK)) < Zcorankzp (ker(huFl)) < Zcorankzp (ker(huFZ)) <
(6-18)
hence, when E has non-split multiplicative reduction at p, §, = 0, the right-hand side of
(6-17) is further upper-bounded by

pt - Zcorankzp(ker(huK)) =p"'—14+rx=p" —14+sgk (6-19)
where the first equality is due to Proposition 5-7; the second equality Ax = sz, is due to

the fact that t = 1 implies Ax = O or 1, and by Lemma 6-2, A ¢ med? sg/x- When E has split
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multiplicative reduction at p, §, = 1. In the case when (p, m) is amenable, by Proposition
2.7, we have

#S,(F2°) =1 =#S,(K) (6-20)
for all n > 1. Hence the right-hand side of (6-17) is further upper-bounded by
p'— Zcorankzp(ker(h,,,()) =8, =p" —1+Ax=p" —1+sg/x (6-21)
by the same reasons. In fact, in this case, we can deduce further from Proposition 5-7 that
Z corankg, (ker(huk)) =Ag =sgxk =0. (6-22)
In the case when (p, m) is non-amenable, by Proposition 2-7, we have
8, (FLL5) = #5, () = »f (©23)
forall k > 1. Let n = r + k, the right-hand side of (6-17) is further upper-bounded by
prk— Zcorankzp (ker(hu,,)) — 8, - #S,(F™) = P —p ot A
v =p" (P =1

The first equation is due to Proposition 5-10 when n = r. In fact, in this case, we can deduce
from the same proposition that

> coranky, (ker(hu,)) = Ar, = 0. (6-24)

So in particular sg/k,,, ., = 0, and hence proved the statement.
Lastly, since the equalities of (1-6), (1-8) and (1-10) hold, all the equalities in (6-14), (6-15)
and (6-16) must hold in the respective cases, and in particular:

(i) when E has non-split multiplicative reduction at p, we have

SEp, = L, foralln > 1; (6-25)

(ii)) when E has split multiplicative reduction at p:
(a) if (p, m) is amenable, we have

SE.py = 1 foralln > 1; (6-26)
(b) if (p, m) is non-amenable, we have
SE.py = 1 foralln > r. (6-27)

Hence, the equalities of (1-5), (1-7) and (1-9) hold, by Lemma 6-4.

7. Numerical examples

By Theorem 1-11 in the case of t = 1, assuming the finiteness of the Shafarevich group
over number field Q(6), where 6 = /m, we should obtain an extra Mordell-Weil rank over
Q(#) than over Q. Table 1 below provides several examples of triples (E, p, m) satisfying
Hypothesis A with rankzE(Q) = 0. Computations by Magma predicts (this computation
involves the formula given in [10, theorem 1] and conjectural order of the Shafarevich group

of E over K via BSD Conjecture by computing the Hasse-Weil L-function over K at 1)
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Table 1. Examples (E, p, m) with t = 1, rankz E(Q) = 0 and rankz(E(Q(0))) = 1, with
p is a non-split multiplicative prime for E, or (p, m) is amenable (abbreviated by AM) when
p is a split multiplicative prime for E.

(E, p,m) 8p Weierstrass equa-  E(Q) E(Q(9)) P = (x,y) € E(Q®)) H(P)
tion of E
30 200 38
(15a1,3,5) 0 Voxy+y=x3+ C®Cy CrBCiDZ (—mez—me o 1973
2
x“—10x — 10 1325 , 4275
J———) + —
1331 1331
1387
1331
27 108 143
(33a1.3,11) 0 Vi =D+ et Gecel (—gehfwf, 13037
2
X lx 26,5 , 214,
125 125
506
125
(4241,3,2) 0 V2 4xy+y=x3+ Cg Cs D7 (=62 —1,02+4+20—1) 0.8162
x2 —4x+5
(150c1,3,2) 0 Vi4xy+y =x3+ G4 Ci®Z (202-40—1,602+80—6)  1.0902
x2 4 37x + 281
3 1 3
(21al,3,3)  1,AM Y2 4xy=x— C@Cy C®CLDZ (—792—7,—792 0.8934
Y 4 4’ 8
9
+79_1>
33 7
(21a1,3,7) 1LLAM y24xy=x3— C8C CrdCidZ (—92+70+7,—792 2.0767
1 4" "4 8
29 3
- =
+503)
(30a1,3,3) 1,AM y*4xy+y=x3+ Cg Ce®ZL (262 — 3, —66 + 10) 0.4708
x+2
(57p1,3,3) 1AM y24xy+y=x3— C8Cy C®C ®Z (—02—0+1,0+2) 0.9280
Tx+5
(30a1,5,3) 0 Vi 4xy+y=x3+  Cg Ce®Z (20% =203 +20%2-3,46%—  0.5750
x+2 662 + 120 — 14)
(70a1,5,2) 0 Vi4xy+y=x3— C4 Ci®Z (40* =203 +62+20—5, 1.5505
x242x -3 —36% — 663 + 1762
—200 +17)

the finiteness of X (E/K“¢) and hence T = 1 by (5-21) in all these examples. We con-
clude the structure of E(Q(0)), by finding a rational point of infinite order P € E(Q(9))
(computations by Pari/gp), with H(P) denotes the height of the point P. We indeed see
rankz(E(Q(#))) = 1 as predicted in these examples.

Example 1. Here is an example of an elliptic curve with split multiplicative reduction at
p with non-amenable pair (p, m), and with 7 = 1. Let E be the elliptic curve with Cremona
symbol 57b1, which has Weierstrass equation given by

yi+xy+y=x—Tx+5. 7-1)

We see in Table 1 that E has split multiplicative reduction at p = 3, furthermore it has non-
split multiplicative reduction at prime 19. Let m = 19, then the pair (3, 19) is non-amenable
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with r = 1. Since 19 splits in Q(u3), E has non-split multiplicative reduction at the primes
of Q(u3) above 19. From the table above, we have seen that X (E/K“°) is finite. Hence,
we conclude from (5-21) again that T = §3 = 1. According to the statement of Theorem
1-11, one cannot ensure any growth of the Z;-Selmer rank from over QQ to over Q(f/@),
but can ensure the growth of this rank from over Q(C/E) to Q(\9/1_9) to be exactly 1. The
RankBound command in Magma gives

rankz E(Q(W19)) <0 (7-2)
rankz E(Q(Y19)) < 3. (73)

Assuming the finiteness of the 3-primary part of the Shafarevich group of an elliptic curve
over a number field, then the Mordell-Weil rank of this elliptic curve over this number field
coincides with the Zs-Selmer rank over this number field. These two upperbounds of the
Mordell-Weil ranks given by Magma simply justify the fact that when the elliptic curve has
split multiplicative reduction at p and (p, m) is non-amenable, even if T = 1, one can wait
until n > r to possibly gain an extra Mordell-Weil rank along the non-Galois tower {L,}.

Example 2. Here is another example of split multiplicative reduction at p with non-
amenable pair (p, m), but with even t. Let E be the elliptic curve with Cremona symbol
210al, which has Weierstrass equation given by

v 4+ xy =x° —4lx —39. (7-4)

The elliptic curve E has split multiplicative reduction at primes 2, 3, 7 and non-split mul-
tiplicative reduction at 5. Let p = 3 and m = 35. The pair (3, 35) is non-amenable with
r = 1. Since 5 is inert and 7 splits over Q(u3), there are three primes of Q(u3) dividing
m = 35, and E has split multiplicative reduction over all these primes. Computations by
Magma again predicts the finiteness of X (E/K ). Hence, we conclude from (5-21) again
that T = 0 + 3 + 63 = 4. By Magma, we obtain that

E(Q) = EQ)ors = E(Q(V35))10r = Cs. (7-5)

Assuming the finiteness of the 3-primary part of the Shafarevich group of E over number
fields, Corollary 6-5 and Lemma 6-4 suggest an odd growth of Mordell-Weil rank of E from
over Q to over Q(+/35). Indeed, the Magma command RankBound gives an upperbound

rankzE(Q(~/35)) < 1. (7-6)
On the other hand, computations by Pari/gp provides

P = (2v/35 — 12,4(/35)* — 6v/35 — 15) € E(Q(+/35)) (7-7)

which is a point of infinite order of height ~ 0.6153. Hence, we have
EQ(V35) = Cs @ Z. (7-8)
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