J. Inst. Math. Jussieu (2022), 21(5), 1801-1830 1801

doi:10.1017/51474748020000754 @ The Author(s), 2021.
Published by Cambridge University Press.

ON PROJECTIVE MANIFOLDS WITH PSEUDO-EFFECTIVE
TANGENT BUNDLE

GENKI HOSONO !, MASATAKA IWAI @2 AND SHIN-ICHI MATSUMURA 3

L Mathematical Institute, Tohoku University, 6-3, Aramaki Aza-Aoba, Aoba-ku, Sendai
980-8578, Japan (genki.hosono.ad@tohoku.ac.jp, genki.hosono@gmail.com)
2 Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba,
Tokyo, 153-8914, Japan (masataka@ms.u-tokyo.ac.jp, masataka.math@gmail.com)
3 Mathematical Institute, Tohoku University, 6-3, Aramaki Aza-Aoba, Aoba-ku, Sendai
980-8578, Japan (mshinichi-math@tohoku.ac.jp, mshinichi0@gmail.com)

(Received 21 January 2020; revised 3 December 2020; accepted 7 December 2020;
first published online 25 January 2021)

Abstract In this paper, we develop the theory of singular Hermitian metrics on vector bundles. As
an application, we give a structure theorem of a projective manifold X with pseudo-effective tangent
bundle; X admits a smooth fibration X — Y to a flat projective manifold Y such that its general fibre is
rationally connected. Moreover, by applying this structure theorem, we classify all the minimal surfaces
with pseudo-effective tangent bundle and study general nonminimal surfaces, which provide examples of
(possibly singular) positively curved tangent bundles.

Keywords: singular Hermitian metrics; pseudo-effective vector bundles; tangent bundles; rationally
connected varieties; abelian varieties; MRC fibrations; numerically flat vector bundles; splitting of vector

bundles; classification of surfaces

2020 Mathematics subject classification: Primary 32J25
Secondary 14J26; 58A30

Contents

1 Introduction 1802

2 Preliminaries 1804
2.1 Singular Hermitian metrics ........ooeviiiiiiiiiiiii e 1804
2.2 Positivity of torsion-free sheaves............cooiiiiiiiiiiiiiiiiiiii 1805

3 Proof of the main results 1806
3.1 Numerically flat vector bundles.........cooiiiiiiiiiiiiins 1806
3.2 Splitting theorem for positively curved vector bundles ...................... 1809
3.3 Pseudo-effective tangent bundles ..........ccoooiiiiiiiiiiiiiiiii 1813

4 Surfaces with pseudo-effective tangent bundle 1816
4.1 On minimal ruled SUIfaces .....o.ivriiiiiii e 1816
4.2 On rational SUTTaCES ... oiie i 1820

@ CrossMark
https://doi.org/10.1017/51474748020000754 Published online by Cambridge University Press


https://orcid.org/0000-0002-0273-0360
mailto:genki.hosono.a4@tohoku.ac.jp
mailto:genki.hosono@gmail.com
mailto:masataka@ms.u-tokyo.ac.jp
mailto:masataka.math@gmail.com
mailto:mshinichi-math@tohoku.ac.jp
mailto:mshinichi0@gmail.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1474748020000754&domain=pdf
https://doi.org/10.1017/S1474748020000754

1802 G. Hosono, M. Iwai and S. Matsumura

Acknowledgments 1828
References 1829

1. Introduction

The structure theorem for compact Kéhler manifolds with semipositive bisectional
curvature was established by Howard, Smyth and Wu [26] and Mok [31] after the Frankel
conjecture (resp., the Hartshorne conjecture) was solved by Siu and Yau [38] (resp., Mori
[32]). Campana and Peternell [13] and Demailly, Peternell and Schneider [17] generalised
the Howard—Smyth—Wu structure theorem to nef tangent bundles as an algebraic analogue
of semipositive bisectional curvature, and further classified surfaces and 3-folds with nef
tangent bundle. (See [13] and [33] for the Campana—Peternell conjecture).

It is of interest to consider pseudo-effective tangent bundles as a natural generalisation
of these structure results. The theory of singular Hermitian metrics on vector bundles,
which has been rapidly developed, is a crucial tool to understanding pseudo-effective
vector bundles. Hence we first develop the theory of singular Hermitian metrics on vector
bundles (more generally, torsion-free sheaves). As one of the main applications, we obtain
the following structure theorem for projective manifolds with pseudo-effective tangent
bundle (see also see Theorem 3.12 for compact Kahler manifolds):

Theorem 1.1. Let X be a projective manifold with pseudo-effective tangent bundle. Then
X admits a (surjective) morphism ¢ : X — Y with connected fibre to a smooth manifold
Y with the following properties:

(1) The morphism ¢ : X — Y is smooth (that is, all the fibres are smooth).

(2) The image Y admits a finite étale cover A — Y by an abelian variety A.

(3) A general fibre F of ¢ is rationally connected.

(4) A wvery general fibre F of ¢ also has the pseudo-effective tangent bundle.

Moreover, if we further assume that Tx admits a positively curved singular Hermitian
metric, then we have the following:

(5) The standard exact sequence of tangent bundles
0— Tx/y—> Tx—>¢*Ty—>0

splits.
(6) The morphism ¢ : X — Y s locally trivial (that is, all the fibres are smooth and
isomorphic).

See Definition 2.1 and Proposition 2.2 for pseudo-effective vector bundles, and see
subsection 2.1 for positively curved singular Hermitian metrics.

A similar structure theorem holds when —Kyx is nef [11], or more generally, when
there exists an effective Q-divisor A on X such that (X,A) is klt and —(Kx + A) is
nef [10]. Theorem 1.1 can be seen as an analogue of [9],[11] or [10] by considering the
pseudo-effective tangent bundle Tx instead of —Kx. By applying [18, Theorem 1.4] to
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the situation of Theorem 1.1, we can also see that the non-nef locus of —Kx is dominant
over Y if it is not empty.

The proof of Theorem 1.1 is based on the strategy in [29, 30] and the theory of singular
Hermitian metrics on vector bundles developed in this paper. In particular, Theorems 1.2,
1.3 and 1.4 play an important role in the proof. Theorem 1.2, which can be seen as a
generalisation of [10], gives a characterisation of numerically flat vector bundles in terms
of pseudo-effectivity (see Definition 2.3 for numerically flat vector bundles, and [39] for
a generalisation to Kéhler manifolds). The proof depends on the theory of admissible
Hermitian—Einstein metrics in [7]. Theorems 1.3 and 1.4 were proved in [25] under the
additional assumption of the minimal extension property. Our contribution is to remove
this assumption, which enables us to use the notion of singular Hermitian metrics flexibly.

Theorem 1.2. Let X be a projective manifold and let £ be a reflexive coherent sheaf on
X. If € is pseudo-effective and the first Chen class c¢1(£) is zero, then £ is locally free on
X and numerically flat.

Theorem 1.3. Let E be a vector bundle with positively curved (singular) Hermitian
metric g on a (not necessarily compact) complex manifold X . Let

0->S—F—>Q—0

be an exact sequence by vector bundles S and @ on X. Then this exact sequence splits if
the induced quotient metric on @ is Hermitian flat on X (which is satisfied when X is
compact and the first Chern class ¢1(Q) is zero, by Lemma 3.5).

Theorem 1.4. Let X be a compact complex manifold and let

0->S—>E—->Q—>0

be an exact sequence of reflexive coherent sheaves S, € and Q on X. If £ admits a
positively curved (singular) Hermitian metric and the first Chen class ¢1(Q) =0, then we
have the following:

(1) Q is locally free and Hermitian flat.

(2) € — Q is a surjective bundle morphism on Xg.

(3) The exact sequence splits on X .
Here X¢ is the mazimal Zariski open set where £ is locally free.

It is natural to attempt to classify all the surfaces X with pseudo-effective tangent
bundle, as an application of Theorem 1.1. In the case where the tangent bundle is nef,
a surface X has no curve with negative self-intersection, and thus X is always minimal.
However, a surface X with pseudo-effective tangent bundle is not necessarily minimal,
which is one of the difficulties in classifying them. In this paper, we classify all the minimal
surfaces (see subsection 4.1 for more detail):
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Theorem 1.5. (1) If a (not necessarily minimal) ruled surface X — C has the pseudo-
effective tangent bundle Tx, then the base C is the projective line P! or an elliptic
curve.

(2) Further, in the case where C is an elliptic curve, the surface X is a minimal ruled
surface (that is, the ruling X — C' is a smooth morphism,).

(3) Conversely, any minimal ruled surfaces X — C over an elliptic curve and over the
projective line C =P have the pseudo-effective tangent bundle Tx.

Moreover, we study the remaining problem (that is, the classification of blowups
of Hirzebruch surfaces) in detail. As a result, we determine whether the blowups of
Hirzebruch surfaces at general points have pseudo-effective tangent bundle, except for
the blowup at four general points. These studies provide nontrivial examples of pseudo-
effective or singular positively curved vector bundles.

2. Preliminaries

2.1. Singular Hermitian metrics

In this subsection, we recall the notion of singular Hermitian metrics on vector bundles
(or more generally, on torsion-free sheaves).

Let E be a (holomorphic) vector bundle on a complex manifold X. Following [25], we
first recall the definition of a singular Hermitian metric on E. A function |e|: V — [0,00]
on a finite-dimensional vector space V is called a singular Hermitian inner product if
it satisfies the definition of seminorms and the parallelogram law (see [25, Definition
16.1] for details). Note that |e| determines the usual Hermitian inner product on V
when 0 < |v| < 0o holds for any 0 # v € V. A singular Hermitian metric on E is a family
g:={|®|;}sex of singular Hermitian inner products |e |, on the vector space FE, satisfying
the following conditions:

- |e]|; determines the usual Hermitian inner product outside a set of measure zero.
- The function

lulg : U — [0,00] defined by |u|g(z) := |u(z)|z

is measurable for any open set U C X and any section v € HO(U, E).

From the definition, it directly follows that 0 < det g < oo holds almost everywhere, and
thus det g determines the singular Hermitian metric on det E. Further, g induces the dual
singular Hermitian metric on the dual vector bundle EV by ¢ = 'g~!. The metric g on
FE is said to be positively curved if log|u|sv is a psh function (that is, \/—_13510g|u|gv >0
in the sense of currents) for any local section u of EY.

In this paper, for a torsion-free sheaf £, we denote by Xg¢ the maximal Zariski open
set where £ is locally free and denote by £ the dual reflexive sheaf Hom(&,Ox). These
notions can be defined also for a torsion-free sheaf £ by considering them on the locally
free sheaf &|x, [25, 35].
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2.2. Positivity of torsion-free sheaves

In this subsection, we recall the notions of positivity of vector bundles and torsion-free
coherent sheaves. We first confirm the definition of a pseudo-effective coherent sheaf:

Definition 2.1. A torsion-free coherent sheaf £ on a compact complex manifold X is
said to be pseudo-effective if for any integer m > 0, there exists a singular Hermitian
metric h,, on Sym™ £ such that \/—_18510g|u|iv > —w on Xg for any local section u of
(Sym™ &)Y. Here w is a fixed Hermitian form on X and Sym™ & is the mth symmetric
power of £.

The notion of pseudo-effectivity is often used with a different meaning. For example, in
other papers, a vector bundle F on a projective manifold X may be called pseudo-effective
when Opg) (1) is a pseudo-effective line bundle. Here Opgy(1) is the hyperplane bundle
of the projective space bundle P(E) — X (that is, the set of hyperplanes in E). However,
our definition of pseudo-effective vector bundles is stronger: it additionally requires that
the image of the non-nef locus of Opg)(1) be properly contained in X.

The following characterisations of pseudo-effective vector bundles may help readers
understand our definition:

Proposition 2.2 ([5, Proposition 3.1, Proposition 5.3], [27, Theorem 1.2], [35, subsection
2.3]). Let E be a wvector bundle on a projective manifold X. Then the following are
equivalent:

e FE is pseudo-effective in the sense of Definition 2.1.

o There exists an ample line bundle A such that Sym™ E® A is generically globally
generated for any integer m > 0 — that is, Sym" E® A is generated by global
sections at a general point.

o The non-nef locus B of the hyperplane bundle Op(g)(1) is not dominant over X —
that is, the image f(B) under f : P(E) — X is properly contained in X .

Now we summarise the notions of positivity of vector bundles and torsion-free coherent

sheaves:

Definition 2.3 ([3, Definition 7.1}, [16, Definition 6.4], [17, Definition 1.17], [34, Definition
3.20]). Let E (resp., £) be a vector bundle (resp., a torsion-free coherent sheaf) on a
projective manifold X.

(1) E is nefif Opgy(1) is a nef line bundle on P(E).

(2) E is numerically flat if E is nef and ¢, (E) = 0, or equivalently, if both F and EY
are nef.

(3) £ is almost nefif there exists a countable family of proper subvarieties Z; of X such
that €| ¢ is nef for any curve C ¢ |, Z;.

(4) & is weakly positive at z € X if, for any a € Ny and for any ample line bundle A
on X, there exists b € Nog such that Sym® (£)¥Y ® A? is globally generated at ,
where Sym® (€)Y is the double dual of the abth symmetric power of €.

(5) & is pseudo-effective if £ is weakly positive at some z € X.
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(6) £ is big if there exist a € N.o and an ample line bundle A on X such that
Sym®(E)VY @ A~ is pseudo-effective.

(7) € is generically globally generated if the stalk &£, at a general point z in X is
generated by global sections.

Note that the definitions of nef, big and or pseudo-effective vector bundles coincide
with the usual one in the case where F is a line bundle. Relationships among them can
be summarised by the following diagram:

numerically flat nef big

E has a positively curved @ . @
:> :>
singular I?Iermitiab;l metric pseudo-effective almost nef

W

E is generically Sym™ E is generically globally
globally generated generated for some m € N

The converse implications of (1) and (2) hold when E is a line bundle (see [3, Theorem
0.2] and [14, Section 6]), but the converse of (1) is not always true in the higher-rank case
[24, Example 5.4], and the converse of (2) is unknown.

3. Proof of the main results

This section is devoted to the proof of the main results.

3.1. Numerically flat vector bundles

In this subsection, we give a proof for Theorem 1.2 after we prove Lemmas 3.1 and 3.3.
Lemma 3.1, which easily follows from the result of [17, Proposition 1.16], is quite useful
and often used in this paper.

Lemma 3.1. Let X be a projective manifold and let £ be an almost-nef torsion-free
coherent sheaf on X.

(1) Any nonzero section t € HY%(X,EY) is nonvanishing on Xg.

(2) Let S be a reflexive coherent sheaf such that detS is pseudo-effective, and let 0 —
S — &Y be an injective sheaf morphism. Then S is locally free on Xg and the
morphism is an injective bundle morphism on Xg.

Proof. In [17], the same conclusion was proved for nef vector bundles. We denote by
Z a countable union of proper subvarieties of X satisfying the definition of almost-
nef sheaves. We may assume that X \ Xg C Z by adding the subvariety X \ Xg
into Z.
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(1) Let T € H°(X,EY) be a nonzero section. For any p € Xg, by taking a complete
intersection of ample hypersurfaces we construct a curve C' passing through p such that
C ¢ Z. We may assume that C' C X¢ by codim(X \ Xg) > 2. Then &|¢ is a nef vector
bundle thanks to C' C X¢, and thus it follows from [17, Proposition 1.16] that the nonzero
section 7|¢ is nonvanishing. In particular, T is nonvanishing at p.

(2) Following the argument in [17], we obtain the nonzero section
Te H'(X,APEY ®detSY)

from the induced morphism detS — APEY. Here p :=rankS. We remark that APE ®detS
is also almost nef, by the assumption for S. Hence, by applying the first conclusion and
[17, Lemma 1.20] to T we can obtain the desired conclusion. O

Lemma 3.2. Let X be a compact complex manifold and let £ be a pseudo-effective

torsion-free coherent sheaf on X. Then the same conclusion as in Lemma 3.1
holds.

Proof. We will prove only conclusion (1). For the metric h,, on Sym™ & satisfying the
property in Definition 2.1, we consider the function f,, on X defined by

1
Jm = —log|t™|py,-
m

By the construction of h,,, we have
- 1
V=1003fp > ——o,
m

and thus its weak limit (after we take a subsequence) should be zero. On the other
hand, when we assume that t has a zero point at some point p € Xg, it can be shown
that the Lelong number of f,, is greater than or equal to 1. This is a contradiction of
the fact that the weak limit is zero. Indeed, the section " can be locally written as
™ =), 17e;. Here {e;}7_, is a local frame of &, I is a multi-index of degree m and
er :=[];c; €- It follows that the holomorphic function t; has multiplicity > m at p from
T =0 at p € Xe. It can be seen that [{ej, es)ny | is bounded, since log|u|py is almost psh
for any local section u (see, for example, [35, Lemma 2.2.4]). Hence we can easily check
that

T |y, < cDm

This implies that the Lelong number of f,, is greater than or equal to 1. O

Lemma 3.3. Let X be a projective manifold and E be a vector bundle on X. Let Xy be
a Zariski open set in X with codim(X \ Xo) > 2+ 4. Then the morphism induced by the
restriction

HI(X,E)— H' (X, E)

s an isomorphism for any j < 1.
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Proof. The proof is given by the standard argument in terms of ample hypersurfaces and
induction on dimension. O

Theorem 3.4 is a slight generalisation of [10, Proposition 2.7], and it has already been
proved in [11, Corollary 2.12] for the case where X is a surface; but we do not know
whether it can be reduced to [11, Corollary 2.12] by the argument of restriction to a
general surface. Our proof heavily depends on the theory of admissible Hermitian—Einstein
metrics developed in [7].

Theorem 3.4 (=Theorem 1.2; cf. [10]). Let X be a projective manifold and let £ be a
reflexive coherent sheaf. If € is pseudo-effective and the first Chen class c¢1(E) is zero,
then & is locally free and numerically flat.

Proof. We will use induction on the rank r of £. Reflexive coherent sheaves of rank 1 are
always line bundles [21], and thus the conclusion is obvious in the case of r = 1. It is not
so difficult to check the numerical flatness of £ if £ is shown to be locally free (see the
argument to follow, or the proof in [17, Theorem 1.18]). We will focus on proving local
freeness.

We fix an ample line bundle A on X. In the case of r > 1, we take a coherent subsheaf S
with minimal rank among coherent subsheaves of £ satisfying [ v (S (A1 >0. We
may assume that S is reflexive by taking the double dual if necessary. Now we consider
the following exact sequence of sheaves:

0->8—>E6—>0Q9:=E/S—0. (3.1)

The quotient sheaf Q := & /S is pseudo-effective. In particular, the first Chern class ¢;(Q)
is also pseudo-effective. On the other hand, we have

0=ci(€)=c1(S)+ a(Q).

Then it follows that ¢;(S) = ¢1(Q) =0, since ¢;(Q) is pseudo-effective, and we have
f c1(Q) - cr (A" = —/ 1 (S)- e (A" <0.
X X

By applying Lemma 3.1 to Q¥ — &£Y, we can see that Q (and thus §) is a vector bundle
on X¢ and the morphism is a bundle morphism on Xg.

We first consider the case where the rank of S is equal to r =rank £. In this case, we
obtain § = &. Indeed, it follows that S = € on Xg, since the bundle morphism § — £ on X¢
is an isomorphism. Then we can easily check § = & by reflexivity and codim(X \ Xg) > 3.
Further, we can prove that

/ (&) e (A" 2 =0.
X

Indeed, for a surface S:= HiNHyN---NH,_5 in X constructed by general members H;
of a complete linear system A, it follows that £|g is a pseudo-effective vector bundle from
codim(X \ Xg) > 3. Hence £|g is numerically flat on S, and thus c2(€|g) =0 (see [11,
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Corollary 2.12] or [17]). We can easily check that

/ c2(5)~c1<A>"—2=/ e2(Elg) = 0.
X S

By the assumption of ¢;(€) =0 and the result of [7, Corollary 3|, we can conclude that
£ is a Hermitian flat vector bundle on X from the stability of the reflexive sheaf S =€£.
Therefore £ is locally free and numerically flat.

It remains to consider the case of rank S < rank £. We consider the surjective bundle
morphism

A" ERdet QY > S

on Xe. By codim(X \ X¢) > 3 and ¢1(Q) = 0, the reflexive sheaf S is pseudo-effective.
Therefore we can conclude that S is a numerically flat vector bundle on X by the induction
hypothesis.

On the other hand, the reflexive hull @V is a vector bundle on X by the induction
hypothesis. The extension class obtained from the exact sequence (3.1) on X¢ can be
extended to the extension class (defined on X) of S and Q¥ by Lemma 3.3. The extended
class determines the vector bundle whose restriction to Xg corresponds to £. This implies
that & is a vector bundle by the reflexivity of £. O

3.2. Splitting theorem for positively curved vector bundles

In this subsection, we prove Theorems 1.3 and Theorem 1.4.

Lemma 3.5. Let Q be a reflexive coherent sheaf on a compact complex manifold X . If
Q admits a positively curved singular Hermitian metric gg and ¢1(Q) =0, then we have
the following:

(1) (Q,90) is Hermitian flat on Xg.

(2) Q is a locally free sheaf on X and gg extends to a Hermitian flat metric
on X.

Proof. (1) The proof follows from an argument in [12] and the following lemma:

Lemma 3.6 ([36, Theorem 1.6]). Let E be a holomorphic vector bundle and hg be a
positively curved singular Hermitian metric on E. If the induced metric dethg on the
determinant bundle det E is nonsingular (that is, smooth metric), then the curvature
current \/__1®hE of hg s well defined as an End(F)-valued (1,1)-form with measure
coefficients.

In our situation, the singular Hermitian metric det go on the determinant bundle det Q
is positively curved. By ¢1(Q) = 0, the curvature /—10gq¢ 9o Of detgg is identically zero
on Xo. In particular, it can be seen that det gg is nonsingular. Then, by Lemma 3.5, the
curvature current /=10, of gg is well defined on Xq.
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The curvature /=10y, is locally written as
A/ _1®9Q = Z /,ngaﬁdzj AN dEkea ® 6;3/,
Jo k.o, B

where (z1,...,2,) denotes a local coordinate and {eq, ..., e,} denotes a local frame of Q.
Then by +/=1@get g5 =/ —1tr®,, =0, we obtain

Z Zuﬁaadzj AdZ* =0.
Jk «
Since gg is positively curved, we obtain
> ez ds AdZ =0
j.k

for every a. Then we have that Moz =0 for every j,k,a. For every o and B, we have

Re6“E" Y 10’7 = 0.
j. k

Hence we can conclude that uz,5 =10 for every j,k,a, B, and thus v—10,, =0.

(2) The vector bundle Q|x, is a local system on Xg, since Q is Hermitian flat on
Xo. On the other hand, we have nl(U\(X\XQ)) = m1(U) for any open set U in X
by codim(X \ Xg) > 3. Hence Q|x, can be extended to the local system on X, which
coincides with Q by reflexivity. 0

We prepare the following lemma for the proof of Theorem 1.3:

Lemma 3.7. Let (E,h) be a Hermitian flat vector bundle on a complex manifold X.
Then for any point x € X and a basis {€1,4, ..., €r 5} on the fibre E,, there exists a local
holomorphic frame {ei, ..., e;} near x such that e;(x) = e; , and (e;, €;)y s constant.

Proof. Let D be the Chern connection associated to (&, h). Then, by flatness, we can
take a local frame {e;} around z such that De; = 0. We may assume that e;j(z) = ¢; .
Since D is compatible with h, we have d{e;, ¢;)n, = {De;, e5}n + {e;, Dej}p, = 0, and thus
(es, €j)n is constant. Moreover, taking the (0,1)-part of De; =0, we obtain éej = (0, which
says that e; is holomorphic. O

Theorem 3.8 (=Theorem 1.3 Hermitian metric g¢). Let E be a wvector bundle with
positively curved (singular) Hermitian metric g on a (not necessarily compact) complex
manifold X . Let

0->S—>FEF—>Q—0

be an exact sequence of vector bundles on X. Then the exact sequence splits if the induced
quotient metric on @ is Hermitian flat on X (which is satisfied when X is compact and
the first Chern class ¢1(Q) is zero, by Lemma 3.5).

Remark 3.9. When ¢ is smooth, this theorem is obvious by a classical result.
Indeed, the curvature of (Q,¢Q) is more positive in the sense of Griffiths than that
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of (E,g) by by the inequality of Gauss—Codazzi type. It follows that the equality of
the positivity of the curvatures actually holds from the assumptions, which leads to the
splitting. Nevertheless, this argument does not work when g is singular, because the
curvature forms or currents cannot be defined for singular Hermitian metrics.

Proof of Theorem 3.8. This proof is a generalisation of [24, Theorem 5.1]. We will
work on dual bundles. By taking the dual, we have the exact sequence

0> Q" —>E" - 5" —0. (3.2)

Then we have a negatively curved singular Hermitian metric 2¥ whose restriction to Q" is
flat, by (the dual of) Lemma 3.5(1). Therefore, by Lemma 3.7, we can take a holomorphic

orthonormal frame («7,...,xg) of Q@Y on a small open set U%. Let €j be the image of K5
in EY. Take €qi1s - €ors such that (€7,....€0.5) is a local frame of EV. Let OJ‘?‘ be the
image of ej‘ in SV. We remark that (Ug+1, ... ,og‘+s) is a local frame of SV. We will write

the transition functions of Q¥ and S" as follows:

Ky = ©§:’aﬂKf+'--+®f;’“ﬁfcg,

< - O il o+ 0L i,
Tgr1 = q)sifl;rlat/;rl oot q>§4vrfﬁ+saf+s’
Ogrs = @fifﬁﬂgfﬂ +oet ©§iéf§+s05+s-

The transition functions for EY can be written as

_ Q.0 _p QY,ap
& = o5 % + o+ @ Tel,
\2
G - R+ o+ age
EV.af B EY.,ap SY.,af B SY.,ap
ElozlJrl (Dq+1,161 + o+ (I)qul,qeg + (Dq+1,q+1€q+1+“'+q)q+1,q+sef’
_ EV.ap B EV,aB SV.,ap B SV, ap B
T L £ S R S A R SADRATSATE SRS A

For short, we will write the coefficient matrix as

@Ev,aﬂ_ @Qv,aﬂ 0
- \I,aﬂ q)Sv,aﬁ .
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Next, let h* be the matrix

(e7.€1)n  (e.€3)n -+ (ef.€qiodn
h* = :
<eg+sse%)h (Eg+sv€g+s)h
Note that the upper-left ¢ x ¢ matrix is constant by the choice of €7, ...,€7. Since h is

negatively curved, the coefficients of the lower-left s x ¢ matrix are holomorphic (say ¢*),
by [24, Proposition 5.2]. Then we can write

,_(C" 5
=g %)

where C* is a ¢ X ¢ matrix whose coefficients are constant on U%. By the equality
he = TP pb (LD E.ap),
we have
CY = QB OB (tpRY.0P),
9% = W CP (1D Q7 aP) 4 &SP ph (tpQVab).
From these equalities, it follows that
(0%~ = waﬂ(¢Qv$aﬂ)—l + ¢Sv,aﬂ¢ﬂ(cﬁ)—l(¢Qv,aﬂ)—l.

On the other hand, the extension class of the given exact sequence can be calculated
as the cohomology class of the Cech 1-cocycle:

q+s q
DY Wk @ (o) € H(Uup. O(Q¥ ® S))
A=q+1p=1 B

q+s q q

=1 22 22 W@ ) e @ )"

A=q+1pu=1v=1

af
Tt is the differential of the Cech 0-cochain

q q+s

DY @CH Mkt ® (o) € H(U,. O(Q" ®5) ¢

v=1r=q+1 o

and thus the extension class is zero. Therefore sequence (3.2) splits. O

Theorem 3.10 (=Theorem 1.4). Let X be a compact complex manifold and let

0->-S—>E—->9—->0
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be an exact sequence of reflexive coherent sheaves S, € and Q on X. If £ admits a
positively curved (singular) Hermitian metric and the first Chen class ¢1(Q) =0, then we
have the following:

(1) Q is locally free and Hermitian flat.

(2) € — Q is a surjective bundle morphism on Xg.

(3) The exact sequence splits on X .
Proof. Conclusion (1) follows from Lemma 3.5, and conclusion (2) from Lemma 3.1.
Also, from Theorem 3.8 it follows that there exists a bundle morphism j: @ — £ on X¢

such that £ = S®j(Q) on Xg. By taking the push-forward i, by the natural inclusion
1: X¢ — X and the double dual, we obtain

()" = (9" ® (15 (Q)"" on X.

By codim(X \ Xg) > 3 and reflexivity, we have £ = (i,€)YY, § = (4,.5)YY and Q =
(147(Q))VY. This finishes the proof. O

3.3. Pseudo-effective tangent bundles
This subsection is devoted to the proof of Theorem 1.1.
Theorem 3.11 (=Theorem 1.1). Let X be a projective manifold with pseudo-effective

tangent bundle. Then X admits a morphism ¢ : X — Y with connected fibre to a smooth
manifold Y with the following properties:

(1) The morphism ¢ : X — Y is smooth (that is, all the fibres are smooth).
(2) The image Y admits a finite étale cover A — Y by an abelian variety A.
(3)

(4) A very general fibre F of ¢ also has pseudo-effective tangent bundle.

A general fibre F' of ¢ is rationally connected.

Moreover, if we further assume that Tx admits a positively curved singular Hermitian
metric, then we have the following:

(5) The following exact sequence splits:
0—> TX/Y — TX —>¢*TY — 0.

(6) The morphism ¢ : X — Y s locally trivial (that is, all the fibres are smooth and
isomorphic).

Proof. For a projective manifold X with the pseudo-effective tangent bundle Ty, we
consider an MRC fibration ¢ : X --» Y to a projective manifold Y, and take a resolution
7 : X — X of the indeterminacy locus of ¢ (see [28] and [8] for MRC fibrations). Here we
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X

x-2_svy.

have the following commutative diagram:

(1), (3) To prove (1) and (3) using [23, Corollary 2.11], we will construct a foliation on
X (that is, an integrable subbundle of Tx ) whose general leaf is rationally connected. We
will show that the relative tangent bundle T'x,y C T'x (which is defined only on a Zariski
open set of X) can be extended to a subbundle of Tx on X. If it can be shown, it is
not so difficult to check that this subbundle is integrable and its general leaf is rationally
connected (that is, all the assumptions in [23, Corollary 2.11] are satisfied).

Now we have the exact sequence of coherent sheaves

0— ¢*Qy — Qx — Qyx)y :=Qx/P*Qy — 0.

Then we obtain the injective sheaf morphism 0 — 7,¢*Qy — Qx by taking the push-
forward. Here we use the formula 7, Q5 = Qx. By taking the dual, we obtain the exact
sequence on X

0— S:=Kerr —> Tx —> Q:= (1,0"Qy)". (3.3)

We remark that this sequence corresponds to the standard exact sequence of tangent
bundles on a Zariski open set where ¢ is a smooth morphism.

The morphism r is generically surjective, and thus the reflexive sheaf Q is also pseudo-
effective. In particular, the first Chern class ¢;(Q) is also pseudo-effective. On the other
hand, it follows from [3, 19] that the image Y of MRC fibrations has the pseudo-effective
canonical bundle Ky . Further, @ coincides with the usual pullback of Ty on Xy. Here
Xp is the maximal Zariski open set where ¢ is a morphism. Hence, by codim(X \ Xp) > 2,
it can be shown that

—c1(Q) = c1 (P Qy) = 1 (TP Ky)

is pseudo-effective.

By this argument, we can see that Q is a pseudo-effective reflexive sheaf with ¢;(Q) =0,
and thus we can conclude by Theorem 1.2 that Q is a numerically flat vector bundle on
X. On the other hand, we obtain the injective sheaf morphism 0 — Q¥ — Qx on X from
sequence (3.3), since Q" is torsion-free and r is a generically surjective morphism defined
on X (not only on Xp). Then by applying Lemma 3.1 to 0 > Q¥ — Qx, we can see
that sequence (3.3) is a bundle morphism on X. In particular, ¢ is smooth on X (since
sequence (3.3) is not a bundle morphism on the nonsmooth locus of ¢). The subbundle
S defined by the kernel corresponds to the relative tangent bundle T'x,y defined on Xj.
Hence S determines the foliation on X, since T'x,y is integrable on Xy (see, for example,
[30, subsection 2.2]). Further, its general leaf is rationally connected. Indeed, there exists
a Zariski open set Y7 in Y such that ¢ : X; := ¢~ (Y7) = Y is a proper morphism, since
¢ : X --» Y is an almost-holomorphic map (that is, general fibres are compact). A general
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leaf of S corresponds to a general fibre of ¢ by S = Tx,y on X;, and thus it is rationally
connected. Therefore, we can choose an MRC fibration to be holomorphic and smooth by
[23, Corollary 2.11]. We use the same notation ¢ : X — Y for the smooth MRC fibration.

(2) By (1), we have the standard exact sequence
0— Tx/y —> TX —)d)*Ty —> O,

and we have already checked that ¢*Ty is pseudo-effective and c¢;(¢p*Ty) = 0. The
pullback ¢* T'y is numerically flat by Theorem 1.2, and thus Ty is also numerically flat.
The Beauville-Bogomolov decomposition [4] asserts that there exists a finite étale cover
Y’ — Y such that Y’ is the product of hyper-Kéahler manifolds, Calabi—Yau manifolds
and abelian varieties. Let Z be a component of Y’ of hyper-Kahler manifolds or Calabi—
Yau manifolds. We remark that T is also numerically flat. In general, numerically flat
vector bundles are local systems (see, for example, [17]). Hence Tz should be a trivial
vector bundle on Z, since Z is simply connected and Tz is also numerically flat. This
is a contradiction of the definition of hyper-Kahler manifolds or Calabi-Yau manifolds.
Hence the image Y admits a finite étale cover A — Y by an abelian variety A.

(4) By considering the restriction of the standard exact sequence of the tangent bundle
to a fibre F of ¢ : X — Y, we obtain

0— Tx/ylr=Tr — Tx|lp —> ¢*Ty|r = Npjx = OF™ — 0.

When we consider the projective space bundle f : P(Tx) — X and the non-nef locus B C
P(Tx) of Op(ry)(1), it can be seen that f(B) is properly contained in X by the pseudo-
effectivity of Tx (see Proposition 2.2 and its references). By the commutative diagram

P(Tx|p)—P(Tx)

L

Fe—X,
we have Op(7y ) (1) = Op(ry) (D] -1 Hence we obtain
B (Op(1y (1) = B (Orcry)(Dlj-1(r)) CfH(F)NB.

Here we use the fact that B_(L|z) C B_(L) N Z holds for any line bundle L and any
subvariety Z. This implies that the image of the non-nef locus of Op(7y)(1) is contained
in f(BNF). The image f(BNF) is properly contained in F for a very general fibre
F. Note that B (and f(B)) is a countable union of proper subvarieties. Hence Tx|p is
pseudo-effective, by another application of Proposition 2.2.

(5),(6) we finally show that the MRC fibration ¢ : X — Y is locally trivial if we
further assume that X admits a positively curved singular Hermitian metric. Under
the assumption of such a metric, the exact sequence of the tangent bundle splits (that
is, Tx = Tx;y ®¢*Ty) by Theorem 1.4. Then by Ehresmann’s theorem (see also [23,
Lemma 3.19]), we can see that ¢ : X — Y is locally trivial. O
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Theorem 3.12. Let X be a compact Kdahler manifold with pseudo-effective tangent
bundle, and let ¢ : X — Y := Alb(X) be its Albanese map. Then the Albanese map ¢
18 a surjective smooth morphism and satisfies all the conclusions in Theorem 3.11 except
(3) and (6) by replacing an abelian variety in (2) with a compact complex torus.

Proof. In the proof of Theorem 3.11, the assumption of projectivity was used only for (3)
and (6). The other arguments work even if we replace MRC fibrations with the Albanese
map. Hence it is sufficient to prove that the Albanese map ¢ is a surjective smooth
morphism. This is easy to check. Indeed, for a basis {n;}{_, of H°(X,Qx), it follows that
any nontrivial linear combination of them is nonvanishing by Lemma 3.2. This implies
that ¢ is a surjective smooth morphism (see, for example, [13]). O

It was proved in [17] that X is a Fano manifold if it is a rationally connected manifold
with nef tangent bundle. As an analogue of this result, we suggest the following problem.
We remark that the geometry of a general fibre F' in Theorem 1.1 can be determined if
this problem can be affirmatively solved.

Problem 3.13. If a projective manifold X is rationally connected and has pseudo-
effective tangent bundle, is the anticanonical bundle —Kx big?

4. Surfaces with pseudo-effective tangent bundle

Toward the classification of surfaces with pseudo-effective tangent bundle, we study
minimal ruled surfaces in subsection 4.1 and their blowups in subsection 4.2, which provide
interesting examples of positively curved vector bundles.

4.1. On minimal ruled surfaces

In this subsection, we consider a ruled surface ¢ : X — C over a smooth curve C. If Tx
is pseudo-effective, the base C should be either the projective line or an elliptic curve, by
Theorem 1.1. Conversely, it follows that any minimal ruled surface ¢ : X — P! over P!
(that is, a Hirzebruch surface) has the pseudo-effective tangent bundle from the following
proposition. However, such surfaces do not have nef tangent bundle except, for the case
of X =P!' x P!, since they have a curve with negative self-intersection.

Proposition 4.1. If X is a projective toric manifold, then Tx is generically
globally generated. In particular, any Hirzebruch surface has pseudo-effective tangent
bundle.

Proof. For a toric manifold X, we have an inclusion (C*)" C X as a Zariski open
dense subset and an action (C*)™ ~ X. Consider a family of actions (e%,1,.--,1).
Differentiating it by 6 at 8 =0, we obtain a holomorphic vector field on X. Similarly, we
can construct n vector fields which generate T'x |(cxn, and thus T'x is generically globally
generated. O

Now we consider a ruled surface ¢ : X — C over an elliptic curve C. Thanks to
Theorem 1.1, we can see that the ruling ¢ : X — C should be a smooth morphism when
X has pseudo-effective tangent bundle. The minimal ruled surface X over C' can be
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classified by [1, 2, 37]: X is isomorphic to S,, Ag, A_y or a surface in Sy. Here a surface
X in Sy means that the projective space bundle P(O¢ @ L) for some L € Pic’(C) and
Ap (resp., A_q) is the projective space bundle associated with a vector bundle of rank
2 that is the nonsplit extension of O¢ by O¢ (resp., O¢(p)), where p is a point in
C. It can be seen that Ag, A_; and surfaces in Sy have nef tangent bundle by [13],
and thus the remaining problem is the case of X = S,,. The ruled surface S,, is the
projective space bundle associated with the vector bundle O¢ & O ¢ (np). Note that the
tangent bundle of Sy = P! x C is nef. By this observation, it is enough for our purpose to
investigate X = §,, in the case were n > 1. By the following proposition, we can see that
Sy, has pseudo-effective tangent bundle (which is not nef), and further that it admits no
positively curved singular Hermitian metric.

Proposition 4.2. Let ¢ : X — C be a minimal ruled surface over an elliptic curve C.
Then we have the following:

(1) The tangent bundle of S, is pseudo-effective, but it does not admit positively curved
singular Hermitian metrics when n > 1.

(2) The tangent bundle of Sy, Ao, A—1 and a surface in Sy is nef.
Proof. All the ruled surfaces with nef tangent bundle are classified in [13], which implies
that (2) holds and the tangent bundle of S, is not nef for n > 1.

From now on, let X be the projective space bundle S, associated with the vector
bundle E,, := Oc ® O¢(np). We first check the latter statement in (1). If X = §,, admits
a positively curved singular Hermitian metric, the exact sequence

0— TX/C_) TX —>¢*Tc—)0
splits by Theorem 1.4, and thus we have
hO(X, Tx) =h"(X, Tx,0)+h*(X,¢* Tc). (4.1)

On the other hand, we have h°(X, T'x) = n+1 from [37, Theorem 3]. Also we can easily
check that

$(Tx/0) = ¢ (—Kx) = Sym*(E,) ® det E,’.
This implies that
R(X, Tx,c) = h°(C,0c(—np) & Oc ®Oc(np)) = n+1.

This is a contradiction of equation (4.1).

We will prove that Ty is pseudo-effective. For this purpose, it is sufficient to prove that
Sym™(Tx) ® p*O(2p) is generically globally generated for any m > 0. Our strategy is
to observe a gluing condition of X = §,, carefully to construct holomorphic sections that
generate Sym™ (T'x) ® p*O(2p) at general points.

Let v be a local coordinate centred at p and let V C C be a sufficiently small open
neighbourhood of p. Further, let U be the open set U := C'\ {p} and u be the standard
coordinate of the universal cover C — C. The ruled surface X can be constructed by
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gluing (u,¢) € U x P! and (v,n) € V x P! with the following identification:

(=v"n and [u]=p+w, (4.2)
where ¢ and 75 are the inhomogeneous coordinates of P!.

Let @ be a meromorphic section of Sym™ (Tx) with pole along the fibre ¢~ (p) of p.
Our strategy is as follows: we first look for a sufficient condition for the pole of 6 being
of order at most 2. Then we concretely construct 6 satisfying this condition, which can
be regarded as a holomorphic section of Sym™(Tx) ® p*O(2p), and we show that such
sections generate Sym™ (T'x) ® ¢*O(2p) on a Zariski open set.

Now 6 is a meromorphic section of Sym™ (7T'y) whose pole appears only along the fibre
¢~ '(p). Hence by expanding # on U x P!, we have

= 9 \mP/ D \P 1
0= Z)X::Oap(u,g‘)(i) (@) on U xP". (4.3)
Here a, is a meromorphic function on X. The gluing condition (4.2) yields
a 1 9 a d d
—=——and —:—nﬁ——k—. (4.4)
9 v™on ou von v

Then we can obtain the following expansion of & on V x P! by an involved but
straightforward computation:

m

gzi{zdp,e ap(U,ﬁ)wvgf—ziwg}(%)m%(;—v)z on V x P! (4.5)

(=0 p=t

Here, d,, , is the nonzero constant defined by d, ¢ := (—n)P~* (pfe). The ruling X — C is
locally trivial, and sections of Sym” (T'r) on a fibre F' are polynomials of degree (at most)
2p. This implies that the meromorphic function a,,_x(u,¢) is a polynomial of degree 2k
with respect to ¢, and thus we can write a,,_; as

2% 2k
Am—r(v,1) = Za;s)_k(v)gq = Za;{f)_k(v)v”qnq, for any 0 < k < m, (4.6)
q=0 q=0

ig)_k(v) on C with pole only at p. Here we use gluing

for some meromorphic function «
condition (4.2) again.

We will find a sufficient condition for afglk(v) for guaranteeing that the coefficients in
equation (4.5) have a pole of order at most 2. We remark that the section 6 satisfying this
condition determines the holomorphic section of Sym™ (7Tx) ® ¢*O(2p). By substituting
equation (4.6) for equation (4.5) and rearranging it concerning the powers of 1, we can
obtain a sufficient and necessary condition, but this method needs such complicated
computation that we want to avoid writing it down. Here, to improve our prospect, we
focus only on a sufficient condition by considering the restricted situation where aﬁr‘f)_ =0

for ¢ # k. In this situation, it is not so difficult to show that 6 determines the holomorphic
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section of Sym™ (T'x) ® p*O(2p) if a,(,‘f)_q satisfies the condition that

de p.m—q O (V)

See the following table for ¢ =0,1,2.

has a pole of order <2 at p for any 0 < g < m. (4.7)

g = q|coeff. of (3/3n)(3/dv)™ 1 > o dmpm—qay /v
=0 | coeff. of (3/3n)°(3/8v)™ A m @
q=1|coeff. of (3/01)'(3/dv)™ 1 Q109 0+ d 110t
g =2 |coeff. of (8/0)2(3/81)™ 2 | d.m—202 /0?4 dpp—1.m-20> /0 + 220",

To construct meromorphic functions af,’;), p on C satisfying condition (4.7), for every

n > 2, we take meromorphic functions P, on the elliptic curve C such that P, has a pole
only at p and its Laurent expansion at p can be written as

1 ag
Puv)=—+ ) —.

k>n+1

Note that we can easily find these functions by using Weierstrass elliptic functions and
their differentials.

We first put af,?) := Py/dp, m. Then the second row of the table satisfies condi-
tion (4.7) (that is, it has a pole of order at most 2) if we define a'. | by af,lb)_l =
—dpm. m—1/dm—-1,m—1P3. In the same way, the third row also satisfies condition (4.7) if

we define afl)_Q by an appropriate linear combination of P; and P4. By repeating this
(p)

process, we can construct meromorphic functions a,,—,, on C satisfying condition 4.7
by a linear combination of {Pg}p 2 We denote by 6y the holomorphic section of
Sym™(Tx) ® ¢*O(2p) obtained from this construction. The section 6; generates the
vector (3/91n)°(3/dv)™ on a Zariski open set, since affz) = P5/dp,. m is nonzero.

Now we put al? := 0 and af,lL)_l = Py/dy_1.m-1, so that the first and second
rows in the table have a pole of order at most 2. Then, by the same argument

as before, we can construct meromorphic functions ai,f)_p satisfying condition (4.7)

by defining them by an appropriate linear combination of {Pk}iig (for example,
g) o = —dm—1,m-2/Am—2.m-2P3). We denote by 6; the obtained holomorphic section
of Sym™(Tx) ® $*O(2p). By this construction, the function a!? is zero and a;ll) , is
nonzero. Hence it follows that the sections 6y and 6; generate the vectors (3/91)°(3/9v)™
and (3/31)'(8/dv)™ ! on a Zariski open set.
By repeating this process, we can construct holomorphic sections {0,};", of
Sym™ (Tx) ® p*O(2p) generating Sym™ (Tx) ® p*O(2p) on a Zariski open set. O

In the rest of this subsection, we suggest the following problem, which seems to be
important not only for the proof of Proposition 4.2 without local coordinates but also for
the study of a gap between being almost nef and pseudo-effective:
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Problem 4.3. We consider an exact sequence of vector bundles
0—S—F— @Q—0.

When S and @ are pseudo-effective, is E pseudo-effective?

Remark 4.4. When S and @ are nef, the extension F is also nef [17, Proposition 1.15].
Hence we can easily show that E is almost nef if S and @ are almost nef. In particular,
it can be shown that Og(1) is pseudo-effective by [3], but we do not know whether or
not E itself is pseudo-effective. The difficulty is in showing that the image of the non-nef
locus Og (1) to X is properly contained in X. If Problem 4.3 can be affirmatively solved,
the pseudo-effectivity of the tangent bundle of X = 5, is easily obtained, by applying it
to the standard exact sequence of the tangent bundle. In fact, we tried some methods
from [17, 20, 37] to solve Problem 4.3, but did not succeed. This problem seems to be
subtle, since we do not know whether there is a gap between being almost nef and pseudo-
effective.

4.2. On rational surfaces

By the results in subsection 4.1, it is enough for the classification of surfaces to determine
when the blowup of a Hirzebruch surface has pseudo-effective tangent bundle. However, it
seems to be too hard a problem to classify all the blowups completely, since X delicately
depends on the position and number of blowup points. In this subsection, we study only
blowups along general points. A complete classification cannot be achieved even in this
case, but we obtain an interesting relation between the positivity of a tangent bundle and
the geometry of Hirzebruch surfaces. The following proposition gives the requirement for
the blowup having pseudo-effective tangent bundle:

Proposition 4.5. Let ¢ : F, — P! be a Hirzebruch surface and let m : X —
F, be the blowup along the set ¥ of general points on F,. Then we have the
following:

(1) If the tangent bundle Tx of X is generically globally generated, then ¥ < 2.
(2) If the tangent bundle Tx of X is pseudo-effective, then ¥ < 4.

Remark 4.6. The interesting point here is that the conclusion ¥ <2 in (1) is optimal,
and further, that generic global generation and pseudo-effectivity behave differently for
#¥. Indeed, it follows that the tangent bundle Tx in the case where §¥ < 3 is pseudo-
effective but not generically globally generated, from Proposition 4.8.

Proof of Proposition 4.5. (1) Fix a holomorphic vector field & on X. We will define a
holomorphic vector field 6 on P! as follows. Let ¢ be a local holomorphic coordinate on
U cP!. By pulling back dt, we obtain a holomorphic 1-form w*¢*dt on U’ := (m o)1 (U).
Then (&, *¢*dt) is a holomorphic function on U’. Thus it is constant along each fibre and
defines a holomorphic function on U. Now we define the holomorphic vector field 6 on P*
to be

a
QS = (9&—, dt) a_t and (9&’, dt) = (E,ﬂ*¢*dt>.
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Since we assumed that T'x is generically globally generated, we can choose & with 6z # 0
on PL.

We claim that 6; has zeros on the set ¢ (%) C P!. To prove the claim, we take a local
coordinate (¢,s) on F,, centred at a point in ¥ such that t is the pullback of a local
coordinate on P'. If we put v :=t/s, then (v, s) is a coordinate on X. Then we have

(&, %" dt) = (€, d(vs)) = (§, sdv + vds).

The last term vanishes at (v,s) = (0,0), and thus (6, dt) =0 at ¢ = 0. This shows the
claim.

In the case of £X > 3, the vector field 0 has at least three zeros on P!. This contradicts
the fact that deg Tp1 = 2, and thus we have §¥ < 2.

(2) Since Tx is pseudo-effective, we can choose an ample line bundle A and a sequence
of positively curved singular Hermitian metrics h,, on (Sym™ Tx) ® A. Fix a smooth
Hermitian metric hy on A with positive curvature. Then h,, ® hgl is a (possibly not
positively curved) singular Hermitian metric on Sym™ Tx. Define a singular Hermitian
metric g, on w*¢* Tp1 by the mth root of the quotient metric of h,, ® th induced by
the morphism Sym™ Tx — (w*¢* Tp1)®™. Since (h,, ® th) ® hy is positively curved,
the metric ¢ ® hy is also positively curved. The curvature current /=10, of g,
satisfies

1
V=10,, > ——wa.
m

Then by taking a subsequence (if necessary), we can assume that +/—10,, weakly
converges to a positive current T € ¢;(m*¢*Tp1). By a similar argument to (1), we
obtain a d-closed positive (1,1)-current S in ¢;(Tp1) such that T = ¢*n*S. Hence
we have

V=10, = 7¢*S =T € c1(¢p*n* Tp1).
We take a point p € ¥ and put pg := ¢(p). We claim that the bound of the Lelong
number

1
v(S, po) = 7 (4.8)

We fix a local coordinate t near py € PL. Let (¢,s) be a coordinate on F,, centred at p.
As before, since v = t/s, (v,8) is a coordinate on X. Let p’ € X be a point defined by
(v,8) = (0,0). Let C be a (local) holomorphic curve on X defined by {v = s}. We will
denote C :=m(C). The defining equation of C is {t/s = s} = {t = s?}. Then we have

1

Indeed, the function ¢*y is a local potential of ¢*5 for a local potential y of S. Note that
5 is a local coordinate on C' while ¢ = s2 is a local coordinate on P'. By the formula of
Lelong numbers

oy
v(S,po) = liminf log|t|’
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we can obtain

Y 2 ot NS 1 i)
V(@ Slenp) = lmipt = o =

= 2V(S,p()).

This proves equation (4.9). Since the Lelong number will increase after we take the
restriction, we have

v(@*Slzp) =v(Tlc,p) 2 v(T,p).
Lelong numbers will also increase after taking a weak limit of currents, and thus we obtain

v(T,p") = limsupv(v—10y,,,p").

m—>—+00

The local weight of g, is written as

1 * gk m 2
5 log|Gr g (d)™ 2.1, -
Since t = vs on X, we can calculate as follows:

|(7T*¢*(dt))m|i;bl®h14 = |(vds + sdv)mli;}@,m- (4.10)

“1op < Gol- |2, for
m A m

a smooth Hermitian metric hs, and some constant Cp > 0 (both depending on m). Then
the right-hand side of equation (4.10) is bounded as

Since k! is negatively curved and k4 is smooth, it follows that |- |i

m|2
(P AN,
<G| (vds + sdv)mﬁbSm

<Col(v, 5)*"™.
Thus, the Lelong number of +/—10®,, is bounded as

1 Col(v.9)]*™
V=10, p)>—1 f————— =
v gneP) 2 2m (grsl)lgo log | (v, s)|

This proves expression (4.8). By deg Tp1 = 2, the current S has at most four points at
which its Lelong number greater than or equal to 1/2. Therefore, §X < 4. O

We finally prove Proposition 4.8, by applying the following lemma. The lemma is useful
when we compare a vector field on a given manifold with its blowup.

Lemma 4.7. Let 7 : Y — C? be the blowup at (a, B) € C? with the exceptional divisor E,
and let (z,y) be the standard coordinate of C?>. We consider a holomorphic section 6 of
Sym™ T2 and its expansion

m dNk, 9 \m—k
ezkzzofk(x’y)(ﬁ) (@) .
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Then the pullback (7 |y\g)*@ by the isomorphism mw|y\g on Y \ E can be extended to the
holomorphic section of Sym™ Ty if and only if

;Jfk(S-l-a,st—i-lB)(%_é%)k(éi)mk

is holomorphic with respect to (s,t) € C2.

Proof. We first remark that any holomorphic section & of Sym™ Ty determines the
section 0: of Sym™ T2. Indeed, a given section & induces the section 6 of Sym™ T2 on
C?\ {(a,B)} via the isomorphism 7| v\E, which can be extended on C? since the blowup
centre has codimension 2.

We describe Y and E by the coordinates

Y ={(z,y.[2:w]) e C* x P | (z —a)w = (y — B)z),
E={(aB.|z:w)||z: w| e P},

and put the Zariski open set Y’ := Y N{w # 0}. The following map r gives a coordinate
of Y’, and 7|y’ can be written as follows:

r:C? — Y’ Tly Y —  C?
(s,t) = (s+a,st+p,[1:1]), (z,9,[2:0]) = (z,9).

If (7 o r)*@ is holomorphic on C2, then (wly\g)*0 can be extended to the holomorphic
section of Sym™ Ty . Indeed, in this case the section (7|y\g)*0 can be extended to
the holomorphic section of Sym™ T'y-. Hence it can also be extended on Y, since the
codimension of FN{w =0} is 2.

By calculation, we obtain

iia 9 tdNks1l 3 \mk
*92 ’ t (____> <__> ’
(mor) kZ:Ofk(S-i-Ot st+p) ds st s ot

Hence (1 o r)*@ is holomorphic on C? if and only if the right-hand side is holomorphic in
(s,t) € C2, which completes the proof. O

Proposition 4.8. The blowup of the Hirzebruch surface ¥, along one, two or three
general points has pseudo-effective tangent bundle. More precisely, the following are true:

(1) The blowup of the Hirzebruch surface F,, along one or two general points has
generically globally generated tangent bundle.

(2) The blowup of the Hirzebruch surface F,, along three general points has generically
globally generated second symmetric power of the tangent bundle.

We first show Proposition 4.8 in the simplest case, n =0.

Proof. (1) In general, for a birational morphism f : ¥ — Z between projective manifolds,
we have the natural inclusion f,Ty C Ty. Since the natural inclusion is of course
generically an isomorphism, the tangent bundle T is generically globally generated if
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the tangent bundle Ty is. Therefore, it is sufficient for the proof to treat only the blowup
7w : X — Fy along two general points py, po.

We take a Zariski open set C x C = Wy C Fy with the local coordinate (z,y). We may
assume that p; = (0,0) and ps = (1,1) by using the action of the automorphism group of
Fo. We define the set of holomorphic vector fields on Wy:

2 2
d 0
T:= {Zakmka—kzbwla—y ‘ ak, by G(C]-
k=0 1=0

We remark that any 6 € 7 can be extended to a global holomorphic section of T%,. From
Lemma 4.7, for a holomorphic vector field 6 := a(x)d/dx + b(y)d/dy € T, the section 6
can be lifted to the holomorphic section of T, if and only if

1
—(— a(s+a)t+ b(st +,3)) is holomorphic with respect to (s, t)
S

for (a, B) = (0,0) and («, B) = (1,1). We choose 6; and 05 in T as follows:

0 0
01 = (2" —2)— and 6 = (y> — y) —.
9z ay

Then we can easily see that 7*6; and 7*05 can be extended to the global holomorphic
sections of Tx. For a point ¢ = (z,y) € Wy such that z #0,1 and y # 0,1, the vectors
01(q) and 62(q) at ¢ give a basis of Ty, 4. Therefore T'x is generically globally generated.

(2) Let w : X — F( be a blowup of Fy along three general points pi, pa, ps. Our goal in
this proof is to show that Sym?(T'x) is generically globally generated. Since py, pa, ps are in
general position, we may assume pi, pa2, p3 € Wp, p1 = (0,0), p2 = (1,1) and p3 = (-1, — 1)
by the action of the automorphism group of Fy.

We define T by

T et (L) bt yl 2 St () b C
= apr” | —) + x ——+ C (—) ‘a, ,Ck €
kg(:) k <8x> 05%:52 KLY 9z dy ; kY dy k> Okl, Ck

It is easy to show that any 6 € T can be extended to a holomorphic global section of
Sym2 T]Fo'
By Lemma 4.7, for a holomorphic section

0= a(az:)(%)2 + b(z, y)%% + c(y)(%)2 eT,

the section  can be lifted to the section of Sym? Tk, if and only if the following are
holomorphic with respect to (s,t) € C x C:

1
;(—Qa(s +a,st+p)t+ b(s +oz,5t+/3)),

1
8—2(a(s+a,st—|—ﬂ)t2 —b(s+a,st+p)t+ c(s+a,st+ﬂ)),

for (o, ) = (0,0),(1,1), (-1, —1).
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Here we set

a 0 d\?2
0, = 222 — 1)L 0 1.2 2_1<_ ’
1=y (z )axayﬂ/(y ) ay)

0 \2 Jd 0
0 =22 = 1)(5-) +o2@ - Do,
b =z(x )833 +2°(y )axay
d 0
0= (x—y)?— 2,
3= (z—y) 07 0y

Then 7*61, %65 and 7*03 can be extended to global holomorphic sections of Sym2 Tx.
For a general point ¢ € Wy, it is easy to see that 6;(q), 62(¢) and 63(q) give a basis of
Sym? Ty, 4. Therefore Sym? Tx is generically globally generated. O

As a preliminary of the proof for F,, we prove the following claim. We regard the
Hirzebruch surface F,, for n > 1 as the hypersurface in P! x P?:

F, = {([X1: Xo],[Yo: Y1 Vo)) e P xP?| V1 XJ' = Yo X'}

We set U ={Y1 #0 or Y; #0}. We first observe the automorphism group of F,, so that
three general points move to specific points, which makes our computation not so hard.

Claim 4.9. Three general points p1,pa,ps € U move to ([1:0],[1:1:0]),(1:1],[1:1:
1, ([1:=1],[1:1: (=D)™]) by the action of the automorphism group of F,,.

Proof. Let S, T be variables and P,, be a vector subspace of homogeneous polynomials
of degree n in C[S, T']. The linear group GL(2,C) acts on P,, as follows: for any (Z 2) S
GL(2,C) and any Y, _, ak SkTn=k ¢ P, we define the action by

<Lcl fl) e (Z a, S* Tnik) = XL: ar(aS+bT) (S +dT)" ",
k=0 k=0

This induces the semidirect product G,, := P,, x GL(2,C).

" O

for any ¢ = ([X1: Xo|,[Yo: Y1 : Ya]) € F,y, we define g(q) by

>> c G,, we define the action of IF,, as follows:

([G,Xl + bX2 . CXl + dXQ], [ YoXln + Yl Z alekXQ"_k . Yl(aXl + bXQ)n : Y1(0X1 + dXQ)n])
k=0

if X3 #0 and by

([(I,Xl + bXQ . CX1 + ng], [YoXQn + YQ Z alekX;_k . YQ((IXl + ng)n : YQ(CXl + dXz)n])
k=0

if Xo #0 (see [6, Section 6.1], [15, Theorem 4.10]).
Note that the ruling ¢ : F,, — P! coincides with the first projection. We may assume
that p1, p2, p3 € U, and that their images in P! are different from each other. By the
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action of g = <O, <Z Z)), we obtain

P(g(p)) =[1:0], ¢(g(p2)) =[1:1], ¢ (g(ps))=][1:—1]
if we properly choose g. Therefore we may assume
p1= ([1 . 0], [.fL'l tYr 0]),])2 = ([1 . ].], [()32 LY y2]),p3 = ([1 . —1], [5173 LY3 (_1)ny3])

It follows that yi # 0 for £ =1,2,3, since we have g- U C U for any g € G,,.
In the case of n =1, we set

» Qo a1 = .
v 2y 2y3 2y2 293 oo
Then p1, p2 and ps, respectively, move to ([1:0],[1:1:0]), (J1:1],[1:1:1]) and ([1:

—1],[1:1: —1]) by the action of (aOS +a T, (a € (1, since we may assume z; /1y —

0
Xa/2ys — x3/2ys # 0, since pj, p2, p3 are general points.
In the case of n > 2, we set m =2|n/2],

T1—Y1 T2—Y2 T3t Y3
= 1= 5 Ay, = - -

11— I2—y2+l’3+y3
no AT 2y3 Y1 AT 2y3

and a; =0 for k£ #0,1,m. Then p;, p2 and ps, respectively move to ([1:0],[1:1:0]),
(1:1],[1:1:1]) and ([1: —=1],[1:1: (=1)"]) by the action of (ZZ_O ap SE Tk, (é ?)) €
Gp.
Proof of Proposition 4.8 for F,. (1) We define the Zariski open sets Wj, ZC x C in
F,, for k=1,2,3 as follows:

il : W1 g Fn

(z.y) > (L:z][1:y:2"y),

I W2 — Fn
(u,v) > ([1:u],Jv:1:u"]),

3: Wy — F,
@&m = (¢:nl[L:¢™n ).
We take 6 = a(z,y)d/dzx + b(z,y)d/dy € HO(W, Tw,). The section 6 extends to a

holomorphic global section of Tf, if and only if 6 is holomorphic on W and Wjs, since
the codimension of F,, \ Ug_1.2.3 Wi is 2. A straightforward computation yields

] 9
0 =a(u,1/v)— —v2b(u,1/v)— on WiN W,
Ju dv

/ey @

on Win Ws.
¢ an

el
0= —C2a(1/5.c"m 5+ (nene(1/e.c" )+
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Hence the section 8 can be extended to a global holomorphic section of Tf, if and only
if we define a(zx,y) and b(z,y) to be
a(z,y) = ao+amz+ar?  and  b(z,y) = (b — nazx)y + b (2)y”

for some ag, a1, ag, by € C and some by (z) € C[z] with deg(b;) < n. We define
0 d
T = {(a0+ mz+arz®) o+ (hoy - napzy +biy” +bazy®) 3 | o, . a2 bo.br. by € c}.

Then it can be seen that any 6 € 7 extends to a holomorphic global section of T, .
Let 7 : X — F,, be the blowup of F,, along two general points pi, ps. By Claim 4.9, we
may assume p1,p2 € Wi, p1 = (0,1) and py = (1,1). We choose 6; and 6 in T as follows:

0 0
h=yly—1)— and 6Go=z(xz—1)—+nzy(ly—1)—.
ay ox ay

By Lemma 4.7, the sections 6; and 65 can be lifted to holomorphic global sections of Tx.
For any point ¢ = (z,y) € Wy such that z #0,1 and y #0,1, (61), and (62), give a basis
of Tw, 4. Therefore Tx is generically globally generated.

(2) Let w : X — F,, be a blowup of IF,, along three general points p1, p2, p3. We show that
Sym?(Ty) is generically globally generated. By Claim 4.9, we may assume p1, pa, ps € Wi,
p1=(0,1), po=(1,1) and p3 = (-1, - 1).

We take

9=a(:r,y)(aa) +b@.y) - i+c(ag y)( y) € HO(Wy, Sym? Ty,).

First we investigate the condition when 6 extends to a global holomorphic section of
Sym? Ty, . We have

0 \2 0 0 0 \2
Gza(u,l/v)(ﬁ) —v2b(u,1/v)£5+v4c(u,1/v)(—) on WiN Wy and,

b(¢.¢ n))—i

a 2
9=C4a(1/4“,§”n)(&) +(—2nc3na(1/:,<:”n>— a{ ;

4—( 2
In the case of n = 1, the section 6 extends to a global holomorphic section of Sym? Ty,
if we have

;-77, 2
re/z.emm) (5 )2 on Win Ws.

2 2

a(z,y) = ap+ a1z + a2z? + agz> + asz?,

b(x,y) = (bo+brx+ box2 — 2a4x3)y + (b3 + baz + bsz2 + b5$3)y2,

c(z,y) = (co— (a3 +b2) T+ asz?)y? + (c1+ coz — bz y> + (c3+ ca + ez + ez +
45,4

ey,

where all coefficients are constant. Here we set

) 9
. elzm(x2_1)(a ) +y(—322 + y(2® + 22 ”_1)“)37:3_

F2Qr 4 2@+ 1) —y(z+ 1)2)(%)2,
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9 \2 a 0 3 \2

° 92:x2(—x2+1)(—) +2x2y(:z7—y)——+:L’2y2(y2—1)(—) ,
9z dz dy ay

9 3 \2 9 9 a d

o 03=x(—z +1)<—) FyBr +y(—2? =22 +1) — H— L

ox az dy

2/ 2 _ i 2
(=22 4422z 1)+1)(8y) .

Then using Lemma 4.7 again, the sections 7*0;, 7*0 and 7*63 extend to holomorphic
global sections of Sym? T'x. For a general point ¢ € Wi, 61(q), 62(q) and 85(g) give a basis
of Sym? Tw,,q- Therefore Sym? Tx is generically globally generated.
In the case where n > 2, the section 6 extends to a holomorphic global section of
Sym? T, if
a(z,y) =a+ a1z + arz?+ agx?’ + a4ac4,
b(z,y) = (bo+ b1z + baz? — 2nasz®)y + (b + byz + bsz2 + bgz3)y2,
c(z,y) = (co — (n*az+nba)z+n*agz?)y® + (c1+ c2a+ c32?)y* + (ca+ es 2+ coa® +
crad + gy,

where all coefficients are constant. We set

a 0 9 \2
o 6 :a:yQ(JUQ—l)ﬁﬂ+y3(—3m2+y(—x4+2m3+2x2—1)—1—1)(@) :

a d 9 \2
° 92=a:yz(arz—1)——+y2(xy2(:v—|—2)—y(m+1)2+1)(—> s
dzr 0y Yy
9 \2
° 93:53(:53—2:1:2—:54—2)(—)
ox

3 0
+y(—2m;3+6:r2+2x(n—1)—2+y(nx(n—6)+x3(—n2+6n—4)+2))8—8—
z dy
0 \2
+yQ(nz(nz+2n—6)+2n+1+y(—n2($+1)2+y(n2+6nz—2n—1)))<@) .

Then 7*0;, w*02 and 7*03 extend to holomorphic global sections of Sym2 Tx. For a
general point ¢ € Wy, 61(q), 62(¢) and 63(q) give a basis of Sym? Twy,q. Therefore
Sym? T is generically globally generated. O

All surfaces with pseudo-effective tangent bundle can be classified except for the blowup
of Hirzebruch surfaces at special points if the following problem is solved:

Problem 4.10. Does the blowup of Hirzebruch surfaces at four general points have
pseudo-effective tangent bundle?

Remark 4.11. Héring, Liu and Shao found some examples of pseudo-effective tangent
bundles in [22], by a method based on varieties of minimal rational tangents, which is
rather different from our method. Note that their definition of a pseudo-effective tangent
bundle is weaker than ours.
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