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The generalized order statistics (GOS) model is a unified model that contains the
well-known ordered random data such as order statistics and record values. In the
present article, we investigate some stochastic ordering results and aging properties of
the conditional GOS. The results of the article subsume some of the existing results,
which recently are obtained in the literature, on conditional GOS. In particular, our
results hold for the model of progressively type II right censored order statistics
without any restriction on the censoring scheme.

1. INTRODUCTION

In the recent years, several results have appeared in the literature that deal with the
stochastic comparisons and aging properties of the residual lifetime or the inactivity
time of order statistics, record values, and other models of ordered random variables.
Asadi and Bayramoglu [4,5], Li and Zhao [22,23],Asadi [3], Khaledi and Shaked [20],
and Tavangar and Asadi [30] are among the researchers who investigated properties of
conditional order statistics. The stochastic properties of the conditional record values
are studied by several authors such as Khaledi and Shojaei [21], Raqab and Asadi
[26,27], Asadi and Raqab [6], and Tavangar and Asadi [29]. Franco, Ruiz, and Ruiz
[14], Belzunce, Mercader, and Ruiz [9], Hu and Zhuang [17], Hu, Jin, and Khaledi [16],
Xie and Hu [32], Zhao and Balakrishnan [34], and Hashemi, Tavangar, and Asadi [15]
have generalized some ordering results on order statistics and record values to arrive
at the generalized order statistics (GOS) under some restrictions on the parameters of
the model.
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This article is an attempt to generalize some of the existing results in the liter-
ature on GOS to compare the residual lifetime or the inactivity time of GOS under
less restrictions on the parameters of the GOS model. In the process of doing so, we
also provide some results on the aging properties of conditional GOS. As we avoid
restrictions that the previous studies put on the parameters of the GOS model, it will
be shown that our findings yield new results for various useful models of ordered
random variables, such as the sequential order statistics and Pfeifer record model.
Some interesting comparisons on the residual lifetime and the inactivity time of pro-
gressively type II right censored order statistics, with an arbitrary censoring scheme
are also established.

The concept of GOS has been introduced by Kamps [18]. He showed that order
statistics, record values, progressively type II right censored order statistics, and some
other ordered random variables can be considered as special cases of the GOS. For
more details on properties of these models, readers can refer to Kamps [18], Arnold,
Balakrishnan, and Nagaraja [1,2], David and Nagaraja [13], and Balakrishnan and
Aggarwala [7]. Let F(x) be an absolutely continuous distribution function with density
function f (x).Also let F̄(x) = 1 − F(x) be the survival function. The random variables

X(1, n, m̃, k), X(2, n, m̃, k), . . . , X(n, n, m̃, k)

are called the GOS based on F if the joint density function is given by

fX(1,n,m̃,k),...,X(n,n,m̃,k)(x1, . . . , xn)

= k

[
n−1∏
i=1

γj

] [
n−1∏
i=1

{F̄(xi)}mi f (xi)

] {
F̄(xn)

}k−1
f (xn),

F−1(0) < x1 ≤ x2 ≤ · · · ≤ xn < F−1(1−),

where n ∈ N, k > 0 and m1, m2, . . . , mn−1 ∈ R such that γr = k + n − r +∑n−1
j=r mj ≥ 1 for all r ∈ {1, 2, . . . , n − 1} and m̃ = (m1, m2, . . . , mn−1) if n ≥ 2 (m̃ ∈

R arbitrary if n = 1). When F is uniform on (0,1), the GOS are denoted by
U(1, n, m̃, k), U(2, n, m̃, k), . . . , U(n, n, m̃, k). It is easy to show that

(U(1, n, m̃, k), . . . , U(n, n, m̃, k))
d=(F(X(1, n, m̃, k)), . . . , (F(X(n, n, m̃, k))), (1)

where
d= stands for the equality in distribution. The joint density function of the first

r (r < n) GOS based on F is then given by

fX(1,n,m̃,k),...,X(r,n,m̃,k)(x1, . . . , xr)

= cr−1

[
r−1∏
i=1

{F̄(xi)}mi f (xi)

] {
F̄(xr)

}γr−1
f (xr),

F−1(0) < x1 ≤ x2 ≤ · · · ≤ xr < F−1(1−), (2)

where cr−1 = ∏r
j=1 γj.
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Recently, Tavangar and Asadi [31] have presented an expression for the joint
density function of X(r, n, m̃, k) and X(s, n, m̃, k), 1 ≤ r < s ≤ n. For u ∈ (0, 1), we
define ξ1 ≡ 1 and

ξr(u) =
∫

Ar−1

r−1∏
i=1

(1 − ui)
mi du1 du2 · · · dur−1, r = 2, 3, . . . , n,

where Ar−1 = {(u1, u2, · · · , ur−1) : 0 ≤ u1 ≤ · · · ≤ ur−1 ≤ u}. Then, using (2), we
can obtain the marginal density function of the rth GOS as

fX(r,n,m̃,k)(x) = cr−1f (x){1 − F(x)}γr−1ξr(F(x)), −∞ < x < ∞. (3)

Now, the joint density function of X(r, n, m̃, k) and X(s, n, m̃, k), 1 ≤ r < s ≤ n,
without any restriction on m̃ can be written as

fX(r,n,m̃,k),X(s,n,m̃,k)(u, v)

= cs−1{1 − F(u)}γr−γs−1ξr(F(u)){1 − F(v)}γs−1

× �s−r−1

(
1 − F(v)

1 − F(u)

)
f (u)f (v), u < v, (4)

where

�1(v) = gmr+1(1 − v)

and for � = 2, 3, . . . ,

�l(v) =
∫

B
gmr+1(1 − u1)

[
l−1∏
i=1

umr+i+1
i

]
du1 · · · dul−2 dul−1, (5)

where B = {(u1, u2, . . . , ul−1) : v ≤ ul−1 ≤ · · · ≤ u2 ≤ u1 < 1}, and for x ∈ [0, 1),

gm(x) =
{[

1 − (1 − x)m+1
]
/(m + 1) if m �= −1

−log(1 − x), if m = −1.

Before giving the main results, we first recall some aging concepts and stochastic
orders that are pertinent to the developments of the article.

Definition 1.1:

(a) A lifetime distribution with survival function F̄ is said to belong to the class
of increasing failure rate (IFR) (decreasing failure rate (DFR)) distributions
if F̄(x + t)/F̄(t) is decreasing (increasing) in t for each x > 0. Distributions
with a Lebesgue density belong to the IFR (DFR) class if and only if their
hazard rates λ(t) = f (t)/F̄(t) are increasing (decreasing).
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(b) A lifetime distribution with survival function F̄ is said to be new better than
used (NBU) (new worse than used (NWU)) if for every t, x ≥ 0, we have
F̄(t + x) ≤ (≥)F̄(t)F̄(x).

For more details on these concepts, we refer the reader to Barlow and Proschan [8].

Definition 1.2: Let X and Y be two random variables with density functions f and
g, distribution functions F and G, and survival functions F̄ = 1 − F and Ḡ = 1 − G,
respectively. As the ratios in the following statements are well defined, X is said to be
less than Y in

(a) likelihood ratio order (denoted by X ≤lr Y) if g(x)/f (x) is increasing in x;

(b) hazard rate order (denoted by X ≤hr Y) if Ḡ(x)/F̄(x) is increasing in x;

(c) reversed hazard rate order (denoted by X ≤rh Y) if G(x)/F(x) is increasing
in x;

(d) stochastic order (denoted by X ≤st Y) if Ḡ(x) ≥ F̄(x).

For a comprehensive discussion on these stochastic orders, we refer the reader to
Shaked and Shanthikumar [28] and Müller and Stoyan [25]. It is important to mention
that when the supports of X and Y have a common left end point, we have the following
chain of implication among the above stochastic orders:

X ≤lr Y ⇒ X ≤hr Y(X ≤rh Y) ⇒ X ≤st Y .

Definition 1.3: Let X and Y be two n-dimensional random vectors with density
functions f and g, respectively. Then X is said to be smaller than Y in the multi-
variate likelihood ratio order (denoted by X ≤ IrY) if (∧ and ∨ denote respectively
the minimum and the maximum operations)

f (x1, x2, . . . , xn)g(y1, y2, . . . , yn)

≤ f (x1 ∧ y1, x2 ∧ y2, · · · , xn ∧ yn)g(x1 ∨ y1, x2 ∨ y2, · · · , xn ∨ yn),

for all (x1, x2, . . . , xn) and (y1, y2, . . . , yn) in R
n (see Shaked and Shanthikumar [28]

and references therein).

Definition 1.4: A nonnegative function h(x, y) is said to be totally positive of order
2 (TP2) (reverse regular of order 2) (RR2)) if for x1 < x2 and y1 < y2,

h(x1, y1)h(x2, y2) − h(x1, y2)h(x2, y1) ≥ 0 (≤ 0).

For more details and applications of these concepts, we refer to Karlin [19].
We have organized the article as follows. Section 2 is devoted to stochastic com-

parisons of residual lifetime and inactivity time of GOS when the sampling is based
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on one population and two populations. In Section 3 we investigate the aging prop-
erties of GOS. It is shown, for example, that when the underlying distribution has an
increasing failure rate, then, under some mild conditions, the residual lifetime of the
GOS are stochastically decreasing in time. We will show that the results of the article
subsume some of the results that have recently been published in the literature.

Throughout the article, “increasing” stands for “nondecreasing” and “decreasing”
stands for “nonincreasing.” Additionally, for any random variable W , fW and F̄W

denote the probability density function and the survival function of W , respectively.

2. STOCHASTIC COMPARISONS

In the following, we first prove a theorem in which in part (a) we given an extended
version of part (a) of Theorem 3.1 in Hu and Zhuang [17] and in parts (b) and (c) we
prove a different version of parts (b) and (c) of Theorem 3.1 of [17]. For our derivation,
which we use in the next section, we consider a parameter vector μ̃ in the GOS that
is different from that used by Hu and Zhuang [17].

Theorem 2.1: Let X(1, n, m̃, k), X(2, n, m̃, k), . . . , X(n, n, m̃, k) be the GOS based on
a continuous distribution function F(x) and assume that μ̃ = (m2, . . . , mn−1), n ∈ N.
Then

(a) X(r − 1, n, m̃, k) ≤∗ X(r, n, m̃, k), r = 2, 3, . . . , n;

(b) X(r, n, m̃, k) ≤∗ X(r, n − 1, μ̃, k), r = 1, 2, . . . , n − 1, if mi ≥ −1 for each
i = 1, 2, . . . , r,

(c) X(r − 1, n − 1, μ̃, k) ≤∗ X(r, n, m̃, k), r = 2, 3, . . . , m,

where the order “≤∗” is “≤lr” if F is absolutely continuous and is “≤hr” or “≤rh”if
F is continuous.

Proof: Let μ̃ = (μ1, . . . , μn−2). For fixed n ∈ N, define

γ
μ̃
j,n−1 = k +

n−2∑
i=j

(μi + 1), 1 ≤ j ≤ n − 2,

γ m̃
j,n = k +

n−1∑
i=j

(mi + 1), 1 ≤ j ≤ n − 1,

and γ
μ̃
n−1,n−1 = γ m̃

n,n = k. Let {Bμ̃
i,n−1, i = 1, 2, . . . , n − 1} and {Bm̃

i,n, i = 1, 2, . . . , n} be

two independent sequences of random variables such that Bμ̃
i,n−1 and Bm̃

i,n have expo-

nential distributions with parameters γ
μ̃
i,n−1 and γ m̃

i,n, respectively. It is easy to show that

γ
μ̃
j,n−1 = γ m̃

j+1,n, j = 1, 2, . . . , n − 1, and γ m̃
j,n = γ

μ̃
j,n−1 + (mj + 1), j = 1, 2, . . . , n − 1.
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Hence, Bμ̃
j,n−1

d= Bm̃
j+1,n, j = 1, 2, . . . , n − 1, and Bm̃

j,n ≤lr Bμ̃
j,n−1, j = 1, 2, . . . , n − 1, if

mj ≥ −1. The first result implies that

r−1∑
j=1

Bμ̃
j,n−1

d=
r∑

j=2

Bm̃
j,n. (6)

Since the exponential distribution has a logconcave density, by Theorem 1.C.9 of
Shaked and Shanthikumar [28], we have

r−1∑
j=1

Bm̃
j,n ≤lr

r∑
j=1

Bm̃
j,n, r = 2, 3, . . . , n − 1, (7)

r∑
j=1

Bm̃
j,n ≤lr

r∑
j=1

Bμ̃
j,n−1, r = 1, 2, . . . , n − 1, if mj ≥ −1

for j = 1, 2, . . . , r, (8)

and
r∑

j=2

Bm̃
j,n ≤lr

r∑
j=1

Bm̃
j,n.

It follows from (6) and the last inequality that

r−1∑
j=1

Bμ̃
j,n−1 ≤lr

r∑
j=1

Bm̃
j,n. (9)

From the fact that the likelihood ratio order implies both the hazard rate order and the
reversed hazard rate order, it is obvious that one can replace the order “≤lr” by the
orders “≤hr” and “≤rh” in relations (7), (8) & (9). Now, the required result follows
from Cramer and Kamps [12] (see also Cramer and Kamps [11]) and the facts that
the likelihood ratio order, the hazard rate order, and the reversed hazard rate order are
closed under increasing transformations (see Theorems 1.C.8, 1.B.2, and 1.B.43 in
Shaked and Shanthikumar [28]). �

It should be mentioned here that part (a) of Theorem 2.1 is proved in Hu and
Zhuang [17] under the assumption that mj ≥ −1 for each j and parts (b) and (c) are
proved by Hu and Zhuang [17] under the condition that μ̃ = (m1, . . . , mn−2). We will
use this theorem in Section 3 to study some aging and monotonicity properties of the
conditional GOS.

Assume that X and Y are two continuous random variables with the distribution
functions F and G, the density functions f and g, and the hazard rates λ1 and λ2,
respectively. Further, let X(r, n, m̃, k) and Y(r, n, m̃′, k′) denote the GOS based on F
and G, with parameters k and mi, and k′ and m′

i, i = 1, 2, . . . , n − 1, respectively. The
following theorem extends a result of Zhao and Balakrishnan [34] under more general
assumptions on the parameters of the model of GOS.
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Theorem 2.2: Let k ≥ k′ and mi ≥ m′
i for all i = 1, 2, . . . , n − 1. Suppose that (a)

mi ≥ 0 or m′
i ≥ 0 for all i = 1, 2, . . . , n − 1 and X ≤lr Y or (b) mi ≥ −1 or m′

i ≥ −1
for all i = 1, 2, . . . , n − 1, X ≤hr Y, and λ2(x)/λ1(x) is increasing in x. Then for
1 ≤ r ≤ s ≤ n and any t ∈ R,

(i) [X(s, n, m̃, k)− t|X(r, n, m̃, k) > t] ≤lr [Y(s, n, m̃′, k′) − t|Y(r, n, m̃′, k′) > t];
(ii) [t − X(r, n, m̃, k)|X(s, n, m̃, k) ≤ t] ≥lr [t −Y(r, n, m̃′, k′)|Y(s, n, m̃′, k′) ≤ t].

Proof: We only prove part (i). The proof of part (ii) can be established similarly. First
note that by Theorem 3.10 in Belzunce et al. [9], we have

(X(1, n, m̃, k), X(2, n, m̃, k), . . . , X(n, n, m̃, k))

≤lr (Y(1, n, m̃′, k′), Y(2, n, m̃′, k′), . . . , Y(n, n, m̃′, k′)).

Since multivariate likelihood ratio order is closed under marginalization (see
Theorem 6.E.4 in Shaked and Shanthikumar [28]), we get, for 1 ≤ r ≤ n,

X(r, n, m̃, k) ≤lr Y(r, n, m̃′, k′)

and for 1 ≤ r < s ≤ n,

(X(r, n, m̃, k), X(s, n, m̃, k)), ≤lr (Y(r, n, m̃′, k′), Y(s, n, m̃′, k′))

The first result implies that

[X(r, n, m̃, k)|X(r, n, m̃, k) > t] ≤lr [Y(r, n, m̃′, k′)|Y(r, n, m̃′, k′) > t]
(see Theorem 1.C.6 in Shaked and Shanthikumar [28]), whereas the second one
implies that

[X(s, n, m̃, k)|X(r, n, m̃, k) > t] ≤lr [Y(s, n, m̃′, k′)|Y(r, n, m̃′, k′) > t]
(see Theorem 6.E.1 in Shaked and Shanthikumar [28] from which the required result
follows immediately. �

Remark 2.3: The condition that λ2(x)/λ1(x) be increasing in Theorem 2.2 arises in
reliability theory naturally. Consider a series system with two independent compo-
nents. If X and Y denote the lifetimes of the components, then clearly the lifetime of the
system is T = min(X , Y). Cha and Mi [10] have considered the probability function
p(t) = P(Y = T |T = t)—the probability that component Y causes the system failure
given that the system fails at time t. They showed that λ2(x)/λ1(x) is increasing if and
only if p(t) is increasing function of t. If we define R(t) = P(Y = T |T > t), then R(t)
shows the probability that the component with lifetime Y causes the system failure
given that the system has survived up to time t. Zardasht and Asadi [33] showed that
if λ2(x)/λ1(x) is increasing, then R(t) is increasing in t.
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The next corollary follows from Theorem 2.2.

Corollary 2.4: Let k ≥ k′ and mi ≥ m′
i for all i = 1, 2, . . . , n − 1. Suppose that mi ≥

−1 or m′
i ≥ −1 for all i = 1, 2, . . . , n − 1. Then for 1 ≤ r ≤ s ≤ n and any t ∈ R,

(a) [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] ≤lr [X(s, n, m̃′, k′) − t|X(r, n, m̃′, k′) > t];
(b) [t − X(r, n, m̃, k)|X(s, n, m̃, k) ≤ t] ≥lr [t − X(r, n, m̃′, k′)|X(s, n, m̃′, k′) ≤ t].

Our assumptions on the parameters of GOS model enable us to get a result for
progressively censored data, as a corollary to Theorem 2.2, which we have not seen
in the literature so far. Progressive censoring is an important mechanism of data
collection in reliability. Let X1, X2, . . . , Xn denote the failure times of n independent
and identically distributed (i.i.d.) items that are placed on a life test. Suppose that
R1, R2, . . . , Rm are some fixed nonnegative integers such that

∑m
v=1 Rv = n − m. It is

planned that only m failures will be observed and the remaining n − m lifetimes will
be censored progressively according to the censoring scheme R̃ = (R1, R2, . . . , Rm).
More specifically, at the time of the ith failure, Ri, i = 1, 2, . . . , m, surviving items
will be randomly withdrawn from the experiment. The resulting ordered observed
failure times, denoted by XR̃

1:m:n, XR̃
2:m:n, . . . , XR̃

m:m:n, are called the progressively type II
right censored order statistics of size m from a sample of size n with progressive
censoring scheme R̃. These ordered random variables form a special case of GOS if
we set n = m, mi = Ri, i = 1, 2, . . . , m − 1, and k = Rm + 1 (in the model of GOS).
We refer the reader to Balakrishnan and Aggarwala [7] and references therein for a
comprehensive discussion and inferential procedures based on progressive censoring.

Consider an experiment with arbitrary censoring scheme R̃. For reliability engi-
neers and survival analysts, it would be of interest to get information on the stochastic
properties of the residual life of the items that are alive at time t. For this reason, one
can consider the conditional random variable

[XR̃
s:m:n − t|XR̃

r:m:n ≥ t], 1 ≤ r ≤ s ≤ m ≤ n,

which is the residual life to the next sth failure time given that at most (r − 1) failures
occurred at or before time t. From Theorem 2.2 we obtain the following corollary on
the residual lifetimes and the inactivity times of progressively type II right censored
order statistics.

Corollary 2.5: Let XR̃
1:m:n, XR̃

2:m:n, . . . , XR̃
m:m:n be m progressively type II right cen-

sored order statistics arising from n i.i.d. nonnegative random variables distributed as
X, and similarly let Y S̃

1:m:N , Y S̃
2:m:N , . . . , Y S̃

m:m:N be m progressively type II right censored
order statistics arising from N i.i.d. nonnegative random variables distributed as Y. Let
Ri ≥ Si for all i = 1, 2, . . . , m − 1 and X ≤lr Y. Then, for 1 ≤ r ≤ s ≤ m ≤ min{n, N}
and t ∈ R+,

(a) [XR̃
s:m:n − t|XR̃

r:m:n > t] ≤lr [Y S̃
s:m:N − t|Y S̃

r:m:N > t];
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(b) [t − XR̃
r:m:n|XR̃

s:m:n ≤ t] ≥lr [t − Y S̃
r:m:N |Y S̃

s:m:N ≤ t].
The next result reveals that, without any restrictions on the parameter vector

m̃, [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] is decreasing in k in the sense of likelihood
ratio order and [t − X(r, n, m̃, k)|X(s, n, m̃, k) ≤ t] is increasing in k in the sense of
likelihood ratio order. Before proving the theorem, we need the following lemma.

Lemma 2.6: Let X be a random variable with absolutely continuous survival fucntion
F̄(x). Then ��(F̄(x)/F̄(u)) is TP2 in (u, x) ∈ R

2, � = 1, 2, . . . , n − 1 where �� is
defined in (5).

Proof: We prove the result by an inductive argument. In the case for which � = 1,
after some algebra, one can show that

�1

(
F̄(x)

F̄(u)

)
= gmr+1

(
1 − F̄(x)

F̄(u)

)

is TP2 in (u, x) ∈ R
2. Now, assume that ��−1(F̄(x)/F̄(u)) is TP2 in (u, x) ∈ R

2. After
some manipulations, we can obtain the following recurrence relation:

��

(
F̄(x)

F̄(u)

)
=

∫
R

I{u≤w≤x}
(

F̄(w)

F̄(u)

)mr+�

��−1

(
F̄(w)

F̄(u)

)
f (w)

F̄(u)
dw,

where f (x) is the density function corresponding to F̄(x) and I denotes the indicator
function. It is easy to verify that I{u≤w≤x} is TP2 in each pairs of its arguments when
the third argument is fixed. By applying Theorem 5.1 of Karlin [19, p. 123], it follows
that ��(F̄(x)/F̄(u)) is TP2 in (u, x) ∈ R

2 and hence we obtain the desired result. �

Theorem 2.7: For 1 ≤ r ≤ s ≤ n, k ≥ k′ ≥ 1, m̃ ∈ R
n−1, and any t ∈ R,

(a) [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] ≤lr [X(s, n, m̃, k′) − t|X(r, n, m̃, k′) > t];
(b) [t − X(r, n, m̃, k)|X(s, n, m̃, k) ≤ t] ≥lr [t − X(r, n, m̃, k′)|X(s, n, m̃, k′) ≤ t].

Proof: We first prove part (a). Clearly, we only need to prove that

[X(s, n, m̃, k)|X(r, n, m̃, k) > t] ≤lr [X(s, n, m̃, k′)|X(r, n, m̃, k′) > t]
for 1 ≤ r ≤ s ≤ n, k ≥ k′, and any t ∈ R. To this end, it is enough to show
that the conditional density function of [X(s, n, m̃, k)|X(r, n, m̃, k) > t] is RR2 in
(k, x) ∈ R+ × R. In the case for which r = s, from (3) the density function of
[X(r, n, m̃, k)|X(r, n, m̃, k) > t] can be written as

f[X(r,n,m̃,k)|X(r,n,m̃,k)>t](x)

= cr−1

P{X(r, n, m̃, k) > t} {F̄(x)}γr−1ξr(F(x))f (x), x ≥ t.

From the fact that {F̄(x)}γr−1 is RR2 in (k, x) ∈ R+ × R, it follows that
f[X(r,n,m̃,k)|X(r,n,m̃,k)>t](x) is also RR2 in (k, x) ∈ R+ × [t, ∞). For the case r < s, from
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(4) the density function f[X(s,n,m̃,k)|X(r,n,m̃,k)>t](x) can be expressed as

f[X(s,n,m̃,k)|X(r,n,m̃,k)>t](x)

= cs−1

P{X(r, n, m̃, k) > t} f (x){F̄(x)}γs−1

×
∫

R

I{t≤u≤x}ξr(F(u))f (u){F̄(u)}γr−γs−1�s−r−1

(
F̄(x)

F̄(u)

)
du

for x > t. Note that the integral on the right-hand side does not depend on k and that
{F̄(x)}γs−1 is RR2 in (k, x) ∈ R+ × R. We conclude that f[X(s,n,m̃,k)|X(r,n,m̃,k)>t](x) is RR2

in (k, x) ∈ R+ × [t, ∞) and this proves part (a).
To prove part (b), note that, using (4), the conditional density of

[X(r, n, m̃, k)|X(s, n, m̃, k) ≤ t] can be expressed as

f[X(r,n,m̃,k)|X(s,n,m̃,k)≤t](x)

= cs−1

P{X(s, n, m̃, k) ≤ t} f (x){F̄(x)}γr−γs−1ξr(F(x))

×
∫

R

I{x≤u≤t}f (u){F̄(u)}γs−1�s−r−1

(
F̄(u)

F̄(x)

)
du. (10)

We only need to show that f[X(r,n,m̃,k)|X(s,n,m̃,k)≤t] is RR2 in (k, x) ∈ R+ × (−∞, t] for
1 ≤ r ≤ s ≤ n and any t ∈ R. The result for the case r = s is easy to verify. For the
case r < s, consider the conditional density function in (10). Upon noting that γr − γs

does not depend on k, we just need to show that

V(k, x) =
∫

R

I{x≤u≤t}f (u){F̄(u)}γs−1�s−r−1

(
F̄(u)

F̄(x)

)
du

is RR2 in (k, x) ∈ R+ × (−∞, t]. By Lemma 2.6, �s−r−1(F̄(u)/F̄(x)) is TP2 in
(u, x) ∈ R

2. It is not difficult to show that I{x≤u≤t} is TP2 in (x, u) ∈ R+ × [x, t]
and {F̄(u)}γs−1 is RR2 in (k, u) ∈ R+ × [x, t]. This implies that V(k, x) is RR2 in
(k, x) ∈ R+ × (−∞, t) (see Karlin [19] or Lemma 2.3 in Zhao and Balakrishna [34]).
The proof is complete. �

3. AGING PROPERTIES

In this section we obtain some aging properties of conditional GOS

[X(s, n, m̃, k) − t|X(r, n, m̃, k) > t], 1 ≤ r ≤ s ≤ n. (11)

For t ∈ R+, let Ft(x) = 1 − F̄(t + x)/F̄(t), x > 0, denote the distribution function of
the residual life random variable Xt = [X − t|X > t]. First, we prove the following
lemma.
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Lemma 3.1: For 1 ≤ r ≤ n and t ∈ R,

[X(r, n, m̃, k) − t|X(1, n, m̃, k) > t] d= Xt(r, n, m̃, k),

where Xt(r, n, m̃, k) is the rth GOS of sample size n based on the distribution Ft(x).

Proof: From the joint density function in (2) it follows that

P{X(r, n, m̃, k) − t ≤ x|X(1, n, m̃, k) > t}

= P{F(t) < U(1, n, m̃, k) ≤ U(r, n, m̃, k) ≤ F(t + x)}
P{U(1, n, m̃, k) > F(t)}

= cr−1

{F̄(t)}γ1

∫
B

{
r−1∏
i=1

(1 − ui)
mi

}
(1 − ur)

γr−1 du1 du2 · · · dur ,

where B = {(u1, · · · , ur) : F(t) < u1 ≤ u2 ≤ · · · ≤ ur ≤ F(t + x)}. Upon making
the transformation ui = F(t) + F̄(t)vi, i = 1, 2, · · · , r, which maps the domain B into
C = {(v1, · · · , vr) : 0 < v1 ≤ v2 ≤ · · · ≤ vr ≤ Ft(x)}, we obtain

P{X(r, n, m̃, k) − t ≤ x|X(1, n, m̃, k) > t}

= cr−1

∫
C

{
r−1∏
i=1

(1 − vi)
mi

}
(1 − vr)

γr−1 dv1 dv2 · · · dvr

= P{U(r, n, m̃, k) ≤ Ft(x)}
= P{Xt(r, n, m̃, k) ≤ x}

This completes the proof. �

In the following theorem, we give a mixture representation for the survival func-
tion of conditional random variable in (11). The result of the theorem is a useful tool
in establishing the main results of this section.

Theorem 3.2: The survival function of [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t], 1 ≤ r ≤
s ≤ n, denoted by H̄m̃

r,s,n,t(x), can be represented as

H̄m̃
r,s,n,t(x) =

∑r−1
j=0 γ −1

j+1fX(j+1,n,m̃,k)(t)F̄Xt(s−j,n−j,μ̃j ,k)(x)∑r−1
j=0 γ −1

j+1fX(j+1,n,m̃,k)(t)
, (12)

where μ̃j = (μ1, · · · , μn−j−1) = (mj+1, · · · , mn−1).
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Proof: From (1) and (2) we obtain

P{X(r, n, m̃, k) > t} =
r−1∑
j=0

P{X(j, n, m̃, k) ≤ t < X(j + 1, n, m̃, k)}

=
r−1∑
j=0

P{U(j, n, m̃, k) ≤ F(t) < U(j + 1, n, m̃, k)}

=
r−1∑
j=0

cj

∫
Bj+1

{
j∏

i=1

(1 − ui)
mi

}
(1 − uj+1)

γj+1−1 du1 du2 · · · duj+1

=
r−1∑
j=0

cj

γj+1
{F̄(t)}γj+1ξj+1(F(t)), (13)

where U(0, n, m̃, k) = 0, X(0, n, m̃, k) = −∞ and Bj+1 = {(u1, u2, · · · , uj+1) : 0 <

u1 ≤ · · · ≤ uj ≤ F(t) < uj+1}. In a similar way, we obtain

P{t < X(r, n, m̃, k) < X(s, n, m̃, k) ≤ t + x}
= P{F(t) < U(r, n, m̃, k) < U(s, n, m̃, k) ≤ F(t + x)}

=
r−1∑
j=0

P{U(j, n, m̃, k) ≤ F(t) < U(j + 1, n, m̃, k) < U(s, n, m̃, k) ≤ F(t + x)}

=
r−1∑
j=0

cs−1ξj+1(F(t))
∫

Cj+1

⎧⎨
⎩

s−1∏
i=j+1

(1 − ui)
mi

⎫⎬
⎭ (1 − us)

γs−1 duj+1 · · · dus, (14)

where Cj+1 = {(uj+1, · · · , us) : F(t) < uj+1 ≤ · · · ≤ us ≤ F(t + x)}. Note that the
integral on the right-hand side of (14) can be written as

∫
Cj+1

{
s−j−1∏

i=1

(1 − vi)
mi+j

}
(1 − vs−j)

γs−1 dv1 dv2 · · · dvs−j

=
∫

Cj+1

{
s−j−1∏

i=1

(1 − vi)
μi

}
(1 − vs−j)

γ ∗
s−j,n−j−1 dv1 dv2 · · · dvs−j

= 1

c∗
s−j−1

P{t < X(1, n − j, μ̃j, k) < X(s − j, n − j, μ̃j, k) ≤ t + x},

where γ ∗
�,n−j = k + ∑n−j−1

i=� (μi + 1) and c∗
s−j−1 = ∏s−j

i=1 γ ∗
i,n−j. One can easily show

that γ ∗
�,n−j = γ�+j,n and c∗

s−j−1 = cs−1/cj−1. On the other hand,

P{X(1, n − j, μ̃j, k) > t} = {F̄(t)}γ ∗
1,n−j = {F̄(t)}γj+1 .
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Taking into account these observations, the integral on the right-hand side of (14) can
be rephrased as

cj−1

cs−1
P{X(s − j, n − j, μ̃j, k) − t ≤ x|X(1, n − j, μ̃j, k) > t}{F̄(t)}γj+1

= cj

cs−1γj+1
{F̄(t)}γj+1{1 − H̄

μ̃j

1,s−j,n−j,t(x)}. (15)

Substituting (15) in (14) and using (13), we get

P{X(s, n, m̃, k) − t ≤ x|X(r, n, m̃, k) > t}

=
∑r−1

j=0 cj/γj+1{F̄(t)}γj+1ξj+1(F(t)){1 − H̄
μ̃j

1,s−j,n−j,t(x)}∑r−1
j=0 cj/γj+1{F̄(t)}γj+1ξj+1(F(t))

,

and hence

H̄m̃
r,s,n,t(x) =

∑r−1
j=0 cj/γj+1{F̄(t)}γj+1ξj+1(F(t))H̄

μ̃j

1,s−j,n−j,t(x)∑r−1
j=0 cj/γj+1{F̄(t)}γj+1ξj+1(F(t))

. (16)

On applying Lemma 3.1, it is seen that H̄m̃
r,s,n,t(x) can be rewritten as (12). �

Remark 3.3: The representation (12) shows that the survival function of
[X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] is a mixture of the survival functions of the
residual random variables corresponding to GOS Xt(s − r + 1, n − r + 1, μ̃r−1, k),
Xt(s − r + 2, n − r + 2, μ̃r−2, k), · · · , Xt(s, n, m̃, k). This representation generalizes
the result of Lemma 2.2 of Hu et al. [16] to the case of arbitrary parameter vector m̃.
Some specialized versions of this representation for order statistics and record values
have also been already obtained by Asadi and Bayramoglu [4], Li and Zhao [22], and
Raqab and Asadi [27].

We will now focus on aging properties of [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] with
respect to t. The following lemma will be useful in proving the next result.

Lemma 3.4: For any integer r such that 1 ≤ r ≤ n, [X(r, n, m̃, k) − t|X(1, n, m̃, k) >

t] is stochastically decreasing (increasing) in t ∈ R+ if and only if X is IFR (DFR).

Proof: By definition, X is IFR (DFR) if and only if Ft(x) is increasing (decreasing) in
t ∈ R+. Using Lemma 3.1, and (1), the survival function H̄m̃

1,r,n,t(x) can be expressed as

H̄m̃
1,r,n,t(x) = P{U(r, n, m̃, k) > Ft(x)}.

Thus, X is IFR (DFR) if and only if H̄m̃
1,r,n,t(x) is decreasing (increasing) in t ∈ R+.

This completes the result. �
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Theorem 3.5: For any two integers r and s such that 1 ≤ r ≤ s ≤ n and arbitrary
m̃ ∈ R

n−1, the following hold:

(a) If X is IFR, then [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] is stochastically decreas-
ing in t ∈ R+.

(b) If [X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] is stochastically increasing in t ∈ R+,
then X is DFR.

Proof: First note that, by representation (12), the survival function H̄m̃
r,s,n,t(x) can be

rewritten as

H̄m̃
r,s,n,t(x) = Et{ψ(U, t)},

where {ψ(j, t)} = H̄
μ̃j

1,s−j,n−j,t(x) and the distribution function of the random variable
U belongs to the family P = {H(·|t), t ∈ R+} with densities

h(j|t) = γ −1
j+1fX(j+1,n,m̃,k)(t)∑r−1

j=0 γ −1
j+1fX(j+1,n,m̃,k)(t)

, j = 0, 1, · · · , r − 1.

(a) Let X be IFR. Then, by Lemma 3.4 ψ(j, t) is decreasing in t ∈ R+ for all j.
From part (c) of Theorem 2.1, we have

Xt(s − j − 1, n − j − 1, μ̃j+1, k) ≤st Xt(s − j, n − j, μ̃j, k).

This, in turn, implies that ψ(j + 1, t) ≤ ψ(j, t) and hence ψ(j, t) is decreasing
in j for all t ∈ R+. It follows from part (a) of Theorem 2.1 that h(j + 1|t)/h(j|t)
is increasing in t ∈ R+. Thus, h(j|t) is TP2 in (j, t) ∈ {0, 1, · · · , r − 1} × R+,
which, in turn, implies that H̄(j|t1) ≤ H̄(j|t2), j = 0, 1, . . . , r − 1, whenever
t1 < t2. Taking into account these observations, from Lemma 2.2 in Misra
and van der Meulen [24] we can conclude that Et{ψ(U, t)} is a decreasing
function of t, from which the result of part (a) of the theorem follows.

(b) If Et{ψ(U, t)} is increasing in t ∈ R+ , then we must have ψ(j, t) is increas-
ing in t ∈ R+ for some j ∈ {0, 1, . . . , r − 1}. Hence, there exists some

j ∈ {0, 1, . . . , r − 1} such that H̄
μ̃j

1,s−j,n−j,t(x) is increasing in t ∈ R+, which,
by Lemma 3.4 implies that X is DFR. The proof of the theorem is then
complete. �

Theorem 3.6: For any two integers r and s such that 1 ≤ r ≤ s ≤ n and arbitrary
m̃ ∈ R

n−1 we have the following results:

(a) If X is NBU, then

[X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] ≤st X(s, n, m̃, k)
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for t ∈ R+, and if X is NWU, then

[X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] ≥st X(s − r + 1, n − r + 1, μ̃r−1, k)

for t ∈ R+.

(b) If

[X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] ≥st X(s, n, m̃, k) (17)

for t ∈ R+, then X is NWU, and if

[X(s, n, m̃, k) − t|X(r, n, m̃, k) > t] ≤st X(s − r + 1, n − r + 1, μ̃r−1, k)

(18)
for t ∈ R+, then X is NBU.

Proof:

(a) For 1 ≤ r ≤ n, let H̄m̃
r,n(x) denote the survival function of X(r, n, m̃, k). If X

is NBU (NWU), then Ft(x) ≥ (≤) F(x) and hence

H̄m̃
1,s,n,t(x) = P{U(s, n, m̃, k) > Ft(x)}

≤ (≥)P{U(s, n, m̃, k) > F(x)} = H̄m̃
s,n(x).

According to Theorem 2.1 (c) we have

H̄ μ̃r−1
1,s−r+1,n−r+1,t

(x) ≤ H̄
μ̃j

1,s−j,n−j,t(x) ≤ H̄m̃
1,s,n,t(x)

for 0 ≤ j ≤ r − 1. If we multiply the terms of the above inequalities by
cj/γj+1{F̄(t)}γj+1ξj+1(F(t)) and add the terms from 0 to r − 1, then using
(16) we get the following inequalities:

H̄ μ̃r−1
1,s−r+1,n−r+1,t(x) ≤ H̄m̃

r,s,n,t(x) ≤ H̄m̃
1,s,n,t(x).

By combining these results, we obtain H̄m̃
r,s,n,t(x) ≤ H̄m̃

s,n(x) when X is NBU

and H̄m̃
r,s,n,t(x) ≥ H̄ μ̃r−1

s−r+1,n−r+1(x) when X is NWU. These prove part (a) of
the theorem.

(b) Let (17) hold for t ∈ R+. Then

H̄m̃
s,n(x) ≤ H̄m̃

r,s,n,t(x) ≤ H̄m̃
1,s,n,t(x),

which implies that

P{U(s, n, m̃, k) > F(x)} ≤ P{U(s, n, m̃, k) > Ft(x)}.
This means that Ft(x) ≤ F(x) for all t, x ∈ R+; that is, X is NWU. If (18)
holds for t ∈ R+, then

H̄ μ̃r−1
1,s−r+1,n−r+1,t(x) ≤ H̄m̃

r,s,n,t(x) ≤ H̄ μ̃r−1
s−r+1,n−r+1(x)
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and, hence,

P{U(s − r + 1, n − r + 1, μ̃r−1, k) > Ft(x)}
≤ P{U(s − r + 1, n − r + 1, μ̃r−1, k) > F(x)}.

Thus, F(x) ≤ Ft(x) for all t, x ∈ R+ and X is NBU. Hence, the result follows.

�

Now, we can apply Theorems 3.5 and 3.6 to obtain the following corollary regard-
ing the residual life of progressively type II right censored order statistics defined
above.

Corollary 3.7: For any two integers r and s such that 1 ≤ r ≤ s ≤ m ≤ n and
arbitrary censoring scheme R̃, we have the following results:

(a) If F is IFR, then [XR̃
s:m:n − t|XR̃

r:m:n ≥ t] is stochastically decreasing in t ∈ R+.

(b) If F is NBU, then

[XR̃
s:m:n − t|XR̃

r:m:n ≥ t] ≤st XR̃
s:m:n,

and if F is NWU, then

[XR̃
s:m:n − t|XR̃

r:m:n ≥ t] ≥st X(Rr ,Rr+1,··· ,Rm)

s−r+1:m−r+1:γr
.

Remark 3.8: Using the results of this article one can also establish some stochastic
orderings and aging monotonicity results for other models of ordered random variables
such as Pfeifer records and sequential order statistics based on general distributions
F1, F2, · · · , Fn, which are special cases of the GOS model. We refer the reader to
Kamps [18] for the definition of these models.
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