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The generalized order statistics (GOS) model is a unified model that contains the
well-known ordered random data such as order statistics and record values. In the
present article, we investigate some stochastic ordering results and aging properties of
the conditional GOS. The results of the article subsume some of the existing results,
which recently are obtained in the literature, on conditional GOS. In particular, our
results hold for the model of progressively type II right censored order statistics
without any restriction on the censoring scheme.

1. INTRODUCTION

In the recent years, several results have appeared in the literature that deal with the
stochastic comparisons and aging properties of the residual lifetime or the inactivity
time of order statistics, record values, and other models of ordered random variables.
Asadi and Bayramoglu [4,5], Li and Zhao [22,23], Asadi [3], Khaledi and Shaked [20],
and Tavangar and Asadi [30] are among the researchers who investigated properties of
conditional order statistics. The stochastic properties of the conditional record values
are studied by several authors such as Khaledi and Shojaei [21], Ragab and Asadi
[26,27], Asadi and Raqab [6], and Tavangar and Asadi [29]. Franco, Ruiz, and Ruiz
[14], Belzunce, Mercader, and Ruiz [9], Hu and Zhuang [17], Hu, Jin, and Khaledi [16],
Xie and Hu [32], Zhao and Balakrishnan [34], and Hashemi, Tavangar, and Asadi [15]
have generalized some ordering results on order statistics and record values to arrive
at the generalized order statistics (GOS) under some restrictions on the parameters of
the model.
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This article is an attempt to generalize some of the existing results in the liter-
ature on GOS to compare the residual lifetime or the inactivity time of GOS under
less restrictions on the parameters of the GOS model. In the process of doing so, we
also provide some results on the aging properties of conditional GOS. As we avoid
restrictions that the previous studies put on the parameters of the GOS model, it will
be shown that our findings yield new results for various useful models of ordered
random variables, such as the sequential order statistics and Pfeifer record model.
Some interesting comparisons on the residual lifetime and the inactivity time of pro-
gressively type II right censored order statistics, with an arbitrary censoring scheme
are also established.

The concept of GOS has been introduced by Kamps [18]. He showed that order
statistics, record values, progressively type Il right censored order statistics, and some
other ordered random variables can be considered as special cases of the GOS. For
more details on properties of these models, readers can refer to Kamps [18], Arnold,
Balakrishnan, and Nagaraja [1,2], David and Nagaraja [13], and Balakrishnan and
Aggarwala [7]. Let F (x) be an absolutely continuous distribution function with density
function f (x). Alsolet F (x) = 1 — F(x) be the survival function. The random variables

X(,n,m, k), X2,n,m,k),...,X(nn,nm,k)
are called the GOS based on F if the joint density function is given by
Sx o X o) (X1« « - 5 Xn)

n—1 n—1
=k []‘[ y,} []_[{F(xi)}'”’f(xi)} {F G} £,
i=1

i=1

FlO)<xi<m<---<x, < F (1),

where ne Nk >0 and my,mp,...,m,_1 € R such that y,=k+n—r+
S mp > 1forallr € {1,2,...,n— 1} and it = (my,ma, ... ,m,_y) if n > 2 (i €

R arbitrary if n = 1). When F is uniform on (0,1), the GOS are denoted by
U(l,n,m,k),UQ2,n,m,k),...,U(n,n,m,k).Itis easy to show that

Ww,n,mk),...,U(n,n,m,k)) g(F(X(l,n, m,k)),...,(FXn,n,mk))), (1)

where < stands for the equality in distribution. The joint density function of the first
r (r < n) GOS based on F is then given by

SXU k), X riinde) (X1 - -5 Xp)
r—1
= |:H{F(Xi)}'"’f(xi):| {F(Xr)}y"_lf(xr),
i=1
F'0) <xy<xmp < <x <F (o), ()

,
where ¢, = [[[_; ;-
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Recently, Tavangar and Asadi [31] have presented an expression for the joint
density function of X (r,n,m, k) and X(s,n,m,k), 1 <r < s <n. Foru € (0,1), we
define &, = 1 and

r—1
£ (u) = / [ —w)™duyduy---du,—y,  r=2,3,....n,

Atz

where A, = {(u,up, -+ ,u,—1) : 0 <uy <--- <u,_; < u}. Then, using (2), we
can obtain the marginal density function of the rth GOS as

Txning) () = cro1f {1 = F)}"§,.(F (x)), —00 < x < 00. 3

Now, the joint density function of X(r,n,m,k) and X(s,n,m,k), 1 <r <s <n,
without any restriction on m can be written as

fX(r,n,ﬁz,k),X(s,n,%,k) (u’ V)

= ¢ {1 = F@)" e (Fu) {1 — F(n)"!

< Wy () poro) @
o wf ), u<v,
"\1-Fw)
where
Vi (v) = gm,, (1 —v)
and for{ =2,3,...,
-1
v (v) = / 8m,, (1 —uy) [n ”;nrﬂﬂj| duy ---duj_o duj_y, 5)
B i=1
where B = {(u1,u2,...,uj—1) :v<up_1 <---<wuy <u < 1},andforx € [0, 1),

= L= =0 fen D ifm =1
8m —10g(1 _x)’ 1

Before giving the main results, we first recall some aging concepts and stochastic
orders that are pertinent to the developments of the article.

DEFRINITION 1.1:

(a) A lifetime distribution with survival function F is said to belong to the class
of increasing failure rate (IFR) (decreasing failure rate (DFR)) distributions
if F(x+1) / F(1) is decreasing (increasing) in t for each x > 0. Distributions
with a Lebesgue density belong to the IFR (DFR) class if and only if their
hazard rates \(t) = f(t)/F(t) are increasing (decreasing).
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(b) A lifetime distribution with survival function F is said to be new better than
used (NBU) (new worse than used (NWU)) if for every t,x > 0, we have
F(t+x) = (2)F@OF ().

For more details on these concepts, we refer the reader to Barlow and Proschan [8].

DEFINITION 1.2: Let X and Y be two random variables with density functions f and
g, distribution functions F and G, and survival functions F=1—-FandG=1-0G,
respectively. As the ratios in the following statements are well defined, X is said to be
less than Y in

(a) likelihood ratio order (denoted by X <. Y) if g(x)/f (x) is increasing in x;

(b) hazard rate order (denoted by X <y, Y) ifG(x)/F(x) is increasing in x;

(c) reversed hazard rate order (denoted by X <u, Y) if G(x)/F (x) is increasing
inx;

(d) stochastic order (denoted by X <g Y) if G(x) > F(x).

For a comprehensive discussion on these stochastic orders, we refer the reader to
Shaked and Shanthikumar [28] and Miiller and Stoyan [25]. It is important to mention
that when the supports of X and ¥ have a common left end point, we have the following
chain of implication among the above stochastic orders:

Xferinhr Y(Xfrh Y)ixfst Y.

DEFINITION 1.3: Let X and Y be two n-dimensional random vectors with density
functions f and g, respectively. Then X is said to be smaller than Y in the multi-
variate likelihood ratio order (denoted by X < ,Y) if (A and Vv denote respectively
the minimum and the maximum operations)

f(x17x27 e ,xn)g(YI,yZ’ e ’yn)

SfEAYLX2 A Y, X AY)EXT VYL, X2 VY2, XV Ya)s

forall (x1,x2,...,x,) and (y1,¥y2,...,¥n) in R" (see Shaked and Shanthikumar [28]
and references therein).

DEEINITION 1.4: A nonnegative function h(x,y) is said to be totally positive of order
2 (TP,) (reverse regular of order 2) (RR;)) if for x; < x, and y; < y»,

h(x1,yDh(x2,y2) — h(x1,y2)h(x2,y1) = 0 (< 0).
For more details and applications of these concepts, we refer to Karlin [19].

We have organized the article as follows. Section 2 is devoted to stochastic com-
parisons of residual lifetime and inactivity time of GOS when the sampling is based
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on one population and two populations. In Section 3 we investigate the aging prop-
erties of GOS. It is shown, for example, that when the underlying distribution has an
increasing failure rate, then, under some mild conditions, the residual lifetime of the
GOS are stochastically decreasing in time. We will show that the results of the article
subsume some of the results that have recently been published in the literature.
Throughout the article, “increasing” stands for “nondecreasing” and “decreasing”
stands for “nonincreasing.” Additionally, for any random variable W, fiy and Fy
denote the probability density function and the survival function of W, respectively.

2. STOCHASTIC COMPARISONS

In the following, we first prove a theorem in which in part (a) we given an extended
version of part (a) of Theorem 3.1 in Hu and Zhuang [17] and in parts (b) and (c) we
prove a different version of parts (b) and (c) of Theorem 3.1 of [17]. For our derivation,
which we use in the next section, we consider a parameter vector £ in the GOS that
is different from that used by Hu and Zhuang [17].

THEOREM 2.1: Let X(1,n,m, k), X(2,n,m,k),...,X(m,n,m, k) be the GOS based on
a continuous distribution function F (x) and assume that i = (my,...,m,_1),n € N.
Then

(a) X(r — I,n,m, k) <, X(r,n,m, k), r =2,3,...,n;

(b) X(r,n,m,k) <, X(r,n—1,p,k),r=1,2,....,n—1, if mjy > —1 for each
i=1,2,...,r,

(c) X(r — 1,n—1,,k) <, X(r,n,m, k), r =2,3,...,m,

where the order “<,” is “<y.” if F is absolutely continuous and is “<n.” or “<u,”if
F is continuous.

PrOOF: Let it = (i1,...,Uy—2). For fixed n € N, define

n—2
vhoo=k+) (u+1, 1<j<n-2,

i=j

n—1
yih=k+Y (m+1), 1<j<n-—1,

i=j

7 =k.Let{Bl_,, i=12,...,n— }and{B7,, i = 1,2,...,n}be
I

it
in_1 and B}, have expo-

and ynu—l,n—l =
two independent sequences of random variables such that B
nential distributions with parameters yi’;l_l and yif;,‘l, respectively. It is easy to show that

le,;q :Jﬁﬁl,,l,jz ,2,....n— l,andyj’;'lzyjffkl—i—(mj—i—l),j: 1,2,...,n—1.
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. :
=B\, j=12....,n— 1 and B}, <\ B}

i
Hence, B in =Ic By 1o

jn—1
m; > —1. The first result implies that

j=12...,n—1,if

r—1

)
Y BhL1=) B 6)
=2

j=1

Since the exponential distribution has a logconcave density, by Theorem 1.C.9 of
Shaked and Shanthikumar [28], we have

r—1 r
D BL <k ) B, r=23...n-1, )
j=1 =1

,
Bl <Y B, r=12...n—1 ifm>-1
j=1

forj=1,2,...,r, 8)

and
r r
il il
> B <i) B
Jj=2 Jj=1

It follows from (6) and the last inequality that

r—1 r
> Bl <k ) B )
j=1 j=1
From the fact that the likelihood ratio order implies both the hazard rate order and the
reversed hazard rate order, it is obvious that one can replace the order “<;.” by the
orders “<jp,” and “<y,” in relations (7), (8) & (9). Now, the required result follows
from Cramer and Kamps [12] (see also Cramer and Kamps [11]) and the facts that
the likelihood ratio order, the hazard rate order, and the reversed hazard rate order are
closed under increasing transformations (see Theorems 1.C.8, 1.B.2, and 1.B.43 in
Shaked and Shanthikumar [28]). |

It should be mentioned here that part (a) of Theorem 2.1 is proved in Hu and
Zhuang [17] under the assumption that m; > —1 for each j and parts (b) and (c) are
proved by Hu and Zhuang [17] under the condition that &t = (my, ..., m,_). We will
use this theorem in Section 3 to study some aging and monotonicity properties of the
conditional GOS.

Assume that X and Y are two continuous random variables with the distribution
functions F and G, the density functions f and g, and the hazard rates A; and A,,
respectively. Further, let X(r,n,m, k) and Y (r,n,m’, k') denote the GOS based on F
and G, with parameters k and m;, and k" and m;,i = 1,2,...,n — 1, respectively. The
following theorem extends a result of Zhao and Balakrishnan [34] under more general
assumptions on the parameters of the model of GOS.
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THEOREM 2.2: Let k > k' and m; > m] for all i = 1,2, ...,n — 1. Suppose that (a)
m; > 0orm;>0foralli=1,2,....n—1andX < Y or (b)m; > —1 orm} > —1
foralli=1,2,...,n—1, X <y Y, and Ay(x)/1(x) is increasing in x. Then for
l<r<s<nandanyt € R,
(i) [X(s,n,m, k) —t|X(r,n,m, k) > t] <y [Y(s,n,m', k') — t|Y(r,n,m', k') > t];
(ii) [t = X (r,n,m, k)| X (s,n,m, k) < t] =y [t =Y (r,n,m', k)Y (s,n,m’, k') < 1].

PrOOF: We only prove part (i). The proof of part (ii) can be established similarly. First
note that by Theorem 3.10 in Belzunce et al. [9], we have
X(,n,m,k),X(2,n,m,k),...,X(n,n,mk))
Elr (Y(17 n’ ﬁ/l/? k/)7 Y(2, n’ ﬁ1/7 k/), A Y(n’ n? ﬁ/l/’ k/))'

Since multivariate likelihood ratio order is closed under marginalization (see
Theorem 6.E.4 in Shaked and Shanthikumar [28]), we get, for 1 <r <n,

X(r,n,m, k) <y Y(r,n,m’, k")
andforl <r <s <n,
X(r,n,m,k),X(s,n,m, k), <y Y(r,n,m',k),Y(s,n,m' k')
The first result implies that
X(r,n,m, k)| X(r,n,m k) > t] <y [Y(r,n,m, k)Y (r,n,m', k") > t]

(see Theorem 1.C.6 in Shaked and Shanthikumar [28]), whereas the second one
implies that

(X (s, n, i, k)X (r,n, i, k) > 1] <y [Y(s,n, i, K)|Y (r,n, i k') > 1]

(see Theorem 6.E.1 in Shaked and Shanthikumar [28] from which the required result
follows immediately. n

REMARK 2.3: The condition that A, (x)/A;(x) be increasing in Theorem 2.2 arises in
reliability theory naturally. Consider a series system with two independent compo-
nents. If X and Y denote the lifetimes of the components, then clearly the lifetime of the
system is 7 = min(X, Y). Cha and Mi [10] have considered the probability function
p(t) = P(Y = T|T = t)—the probability that component Y causes the system failure
given that the system fails at time z. They showed that A, (x) /A (x) is increasing if and
only if p(¢) is increasing function of ¢. If we define R(t) = P(Y = T|T > t), then R(¢)
shows the probability that the component with lifetime Y causes the system failure
given that the system has survived up to time ¢. Zardasht and Asadi [33] showed that
if A2(x)/A1(x) is increasing, then R(¢) is increasing in ¢.
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The next corollary follows from Theorem 2.2.

COROLLARY 2.4: Letk > k'andm; > m; foralli = 1,2,...,n — 1. Suppose thatm; >
—lorm;> —1foralli=1,2,....,n—1.Thenfor| <r <s<nandanyt € R,

(a) [X(s9 n, ”;l, k) - t|X(r5 n, ﬁ/l, k) > t] =Ir [X(s9 n, ﬁ1/, k/) - t|X(r’ n, ﬁ/l/7 k/) > t];
(b) [t —X(V,n,r;l,kﬂX(S,n,lﬁ,k) =< t] > [t _X(r,n,f;l,,k/)|X(S,n,}’;l/,k,) =< t]'

Our assumptions on the parameters of GOS model enable us to get a result for
progressively censored data, as a corollary to Theorem 2.2, which we have not seen
in the literature so far. Progressive censoring is an important mechanism of data
collection in reliability. Let X;, X», ..., X,, denote the failure times of n independent
and identically distributed (i.i.d.) items that are placed on a life test. Suppose that
R, R, ..., R, are some fixed nonnegative integers such that Z:”z 1Ry =n—m.lItis
planned that only m failures will be observed and the remaining n — m lifetimes will
be censored progressively according to the censoring scheme R = (R, Rz, ..., Ry).
More specifically, at the time of the ith failure, R;,i = 1,2,...,m, surviving items
will be randomly withdrawn from the experiment. The resultlng ordered observed
failure times, denoted by XX Xfm e ,X,’;:m:n, are called the progressively type 11
right censored order statistics of size m from a sample of size n with progressive
censoring scheme R. These ordered random variables form a special case of GOS if
wesetn =m,m; =R;,i=1,2,...,m—1,and k = R,, + 1 (in the model of GOS).
We refer the reader to Balakrishnan and Aggarwala [7] and references therein for a
comprehensive discussion and inferential procedures based on progressive censoring.

Consider an experiment with arbitrary censoring scheme R. For reliability engi-
neers and survival analysts, it would be of interest to get information on the stochastic
properties of the residual life of the items that are alive at time ¢. For this reason, one
can consider the conditional random variable

X}

m,,—tl > 1], l<r<s<m=<n,

rmn —

which is the residual life to the next sth failure time given that at most (r — 1) failures
occurred at or before time 7. From Theorem 2.2 we obtain the following corollary on
the residual lifetimes and the inactivity times of progressively type II right censored
order statistics.

COROLLARY 2.5: Let X7, mn,Xfm oo o> Xppmen b€ m progressively type II right cen-
sored order statistics arising fromn i..i. d nonnegatlve random variables distributed as
X, and similarly let Yl N stm N m -y be m progressively type Il right censored
order statistics arising from N i.i.d. nonnegatzve randomvariables distributed as Y. Let
R; > Siforalli=1,2,...,m— landX <y Y.Then,for1 <r <s <m < min{n, N}
andt € Ry,

(a) [ simin | rmin = 1] <i [ngzN - t|Y;S;m:N > 1]
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(b) [t _Xf:m:n|X.§m:n =t] =y [t - Y;s:m:N|Ys$:m:N =1]

The next result reveals that, without any restrictions on the parameter vector
m, [X(s,n,m,k) — t|1X(r,n,m,k) > t] is decreasing in k in the sense of likelihood
ratio order and [t — X (r,n,m, k)|X(s,n,m,k) < t] is increasing in k in the sense of
likelihood ratio order. Before proving the theorem, we need the following lemma.

LEMMA 2.6: Let X be a random variable with absolutely continuous survival fucntion
F(x). Then W (F(x)/FW)) is TPy in (u,x) e R%, £ =1,2,...,n— 1 where ¥, is
defined in (5).

PrROOF: We prove the result by an inductive argument. In the case for which £ = 1,
after some algebra, one can show that

v (@) _g (1 _ @)
"\ Fa) e F(u)

is TP, in (1, x) € R?. Now, assume that W,_, (F (x)/F (u)) is TP, in (1, x) € R?. After
some manipulations, we can obtain the following recurrence relation:

v, (}—;ﬂ) = / I{ufwfx} (M> r W g <M> ji(W) dw,
F(u) R Fu) F(u) ) F(u)

where f (x) is the density function corresponding to F(x) and I denotes the indicator
function. It is easy to verify that /(,<,<y is TP, in each pairs of its arguments when
the third argument is fixed. By applying Theorem 5.1 of Karlin [19, p. 123], it follows
that W, (F (x)/F(u)) is TP, in (u,x) € R? and hence we obtain the desired result. H

THEOREM 2.7: For1 <r<s<mk>k >1,me R andanyt € R,

(a) [X(s,n,m, k) —t|X(r,n,m, k) > t] < [X(s,n,m, k") — t|X(r,n,m, k") > t];
(b) [t _X(r’n7ﬁ13k)|x(s$n9ﬁ15k) = t] > [t _X(r’n3ﬁ1ak/)|x(s>n’ﬁ/l,k/) = t]'

PrROOF: We first prove part (a). Clearly, we only need to prove that
(X (s, n, 1, k)X (ryn, i, k) > 1] <ie [X(s, .0, KX (ryn, i, K') > 1]

for 1 <r<s<nk>k, and any tr € R. To this end, it is enough to show
that the conditional density function of [X(s,n,m,k)|X(r,n,m,k) > t] is RR, in
(k,x) € Ry x R. In the case for which r =s, from (3) the density function of
[X(r,n,m,k)|X(r,n,m,k) > t] can be written as

JSxenmb X g > X)
_ Cr—1
P{X(r,n,m,k) > t}

From the fact that {F(x)}"! is RR, in (k,x) € Ry x R, it follows that
Sixenmo X enmpo=n(x) is also RRy in (k,x) € R, x [t, 00). For the case r < s, from

(FEYEFQ@f @, x>t
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(4) the density function fix (s um.k)x (- nmk) > (X) can be expressed as

ﬁX(x,n,ﬁl,k) | X (r,numk)>t] ()C)
- Cs—1
P{X(r,n,m,k) > t}

FOOLF )t

X / I{tSqu}Er(F(u))f(u){F(u)}%_yY_l\Ijs—r—l (@> du
R F(u)
for x > t. Note that the integral on the right-hand side does not depend on k and that
{F(x)}» 1isRRyin (k,x) € R x R. We conclude that fix s,nm.k) X (-, 0> () 15 RRy
in (k,x) € Ry X [t,00) and this proves part (a).
To prove part (b), note that, using (4), the conditional density of
[X(r,n,m,k)|X(s,n,m, k) < t] can be expressed as

Jx e nmolx k)< ()
Cs—1

= F —ys—1
= P Gomn k) <) OEETTE )

; F(u
< [ B @ F @Y,y (Q) du. 10)

R F(x)
We only need to show that fix - nik)x sk < 18 RR in (k,x) € Ry x (=00, t] for
1 <r <s <nandany ¢ € R. The result for the case r = s is easy to verify. For the
case r < s, consider the conditional density function in (10). Upon noting that y, — y;

does not depend on &, we just need to show that
_ F
Vi) = [ Ducucaf @F @00,y (ﬂ> du
R F(x)

is RR, in (k,x) € R, x (—o0,t]. By Lemma 2.6, W,_,_;(F(u)/F(x)) is TP, in
(u, x) € R?. 1t is not difficult to show that Iie<u<qy 1s TPy in (x,u) € Ry x [x,1]
and {F(u)}»~ ' is RR, in (k,u) € Ry x [x,¢]. This implies that V(k,x) is RR, in
(k,x) € Ry x (—00,1) (see Karlin [19] or Lemma 2.3 in Zhao and Balakrishna [34]).
The proof is complete. ]

3. AGING PROPERTIES

In this section we obtain some aging properties of conditional GOS
[X(s,n,m, k) —t|X(r,n,m, k) > t], l<r<s<n. 11

Fort € R, let F;(x) = 1 — F(t + x)/F(t),x > 0, denote the distribution function of
the residual life random variable X; = [X — ¢|X > ¢]. First, we prove the following
lemma.
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LEMMA 3.1: For1 <r <nandt € R,

(X (r,n,m, k) —t|1X(1,n,m, k) > t] gX,(r, n,m,k),
where X;(r,n,m, k) is the rth GOS of sample size n based on the distribution F;(x).
PrOOF: From the joint density function in (2) it follows that

P{X(r,n,m, k) —t < x|X(1,n,m,k) > t}
_ P{F(t) <U(,n,m, k) < U(r,n,m, k) < F(t + x)}
N P{U(1,n,m, k) > F(1)}

r—1

- {FC(r;}m /B {H(l - Mi)mi} (1 —u,)" " duy duy - - - du,,

i=1

where B = {(uy,--- ,u,) : F() <uy <up <--- <u, < F(t+x)}. Upon making
the transformation u; = F(¢t) + F(t)v;,i = 1,2, - -, r, which maps the domain 5 into
C={(vi,---,v):0<v <y <--- <, < Fi(x)}, we obtain

PX(r,n,m, k) —t < x|X(1,n,m, k) > t}

r—1

=Cr-1 / {H(l - Vi)mi} (I =y tdvydvy - -dv,
c

i=1
= P{U(r,n, i, k) < F,(x)}
= P{X;(r,n,m, k) < x}

This completes the proof. |

In the following theorem, we give a mixture representation for the survival func-
tion of conditional random variable in (11). The result of the theorem is a useful tool
in establishing the main results of this section.

THEOREM 3.2: The_syrvival function of [X(s,n,m, k) — t|X(r,n,m,k) >1t],1 <r <
s < n, denoted by H" , .(x), can be represented as

1 =
Z;:o Yir X G+ Ly (O Fx, (s—j.n—j iy oy (X)

r,s,n. I( ) r— —
58,51, 1
Zj_—o )/j+ fx (j+1,ll,”l,k)( )

; 12)

where [i; = (L1, 5 fhn—j—1) = (Mjy1,- -+, Mpy_1).
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PrOOF: From (1) and (2) we obtain

r—1
P{X(r,n,m,k) >t} = ZP{X(]',n,ﬁLk) <t<X@G+ L,n,m,k)}

Jj=0
r—1

=Y P{UG.n k) < F(t) < UG+ 1,n,im,k)}
j=0
r—1 J

= ZC_// {n(l - Mi)m"} (1 — uj)" " duy dus - - - duj iy
=0 B Li=i
r—1

= Z —{F(l)}y’“é,ﬂ(F(l)) 13)
j=0 Vi1

where U(0,n,m, k) =0,X(0,n,m, k) = —oco and By = {(u1,u2, -+ ,uj41) : 0 <
up < --- <uj < F(t) < uj11}. In a similar way, we obtain
P{t < X(r,n,m, k) < X(s,n,m, k) <t+x}
=P{F@) < U(r,n,m,k) < U(s,n,m, k) < F(t +x)}
r—1

= ZP{U(j,n,ﬁi,k) <F@) <UG+ 1,n,mk) < U(s,n,mk) < F(t +x)}
j=0

—ch 1§01 (F(1) / H(l—u)'"f (1 —u)" gy -~ dus, (14)

i=j+1

where Ciy1 = {(Wjr1,- -+ ,u5) : F(t) < ujy1 < -+ <uy < F(t+x)}. Note that the
integral on the right-hand side of (14) can be written as

J

J i=1

s—j—1
{ 1_[ (1- vl-)’""*f] (1— vs,j)”‘_l dvidvy -+ -dvs_j
+1

s—j—1

- / { [Ta- w)""} (1= vyy)"ons ™ dvy dvy - - vy
Cj+1

i=1

1
=——Plt<X(,n—j k) <X(s—j,n—j k) <t+x},
Cs—j-1

where y, =k + Yot i 1(/1,, +Dand ¢t . =[] yl *—;- One can easily show
that Vefn = Yi4jn and ¢;_ o1 = G 1/¢j—1. On the other hand,

P{X(1,n—j, fij,k) > t} = {F())'s = {F(1)}.
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Taking into account these observations, the integral on the right-hand side of (14) can
be rephrased as

Ci—1

P{X(s—j,n—j, i, k) —t <x|X(1,n—j, 1, k) > z}{F(t)}’/f+1
Cs—1
Cji - = i
= ——{Foy+{1 - H}_, ;,®}. 15)
Cs—1Yj+1

Substituting (15) in (14) and using (13), we get
P{X(s,n,m, k) —t <x|X(r,n,m, k) > t}

Y v iF O G0 F@) — B, ()
S0 6/ Vi IF (Y5 £ (F(2)

and hence
—1 = . =
_ i—0 G/ Vit \F@OY & (FO)H (%)
) = 2 90 - L (16)
Y ico Gl Vin AF @)Y &1 (F (1))
On applying Lemma 3.1, it is seen that A", ,(x) can be rewritten as (12). [ |

REMARK 3.3: The representation (12) shows that the survival function of
[X(s,n,m, k) —t|X(r,n,m, k) > t] is a mixture of the survival functions of the
residual random variables corresponding to GOS X;(s —r + 1,n —r + 1, fi,—1, k),
X(s—r+2,n—r+2,A,-2,k), -+ ,X;(s,n,m, k). This representation generalizes
the result of Lemma 2.2 of Hu et al. [16] to the case of arbitrary parameter vector .
Some specialized versions of this representation for order statistics and record values
have also been already obtained by Asadi and Bayramoglu [4], Li and Zhao [22], and
Raqab and Asadi [27].

We will now focus on aging properties of [X (s, n, m, k) — t|X(r,n,m, k) > t] with
respect to ¢. The following lemma will be useful in proving the next result.

LEMMA 3.4: For any integer r such that 1 < r < n,[X(r,n,m, k) —t|X(1,n,m, k) >
t] is stochastically decreasing (increasing) in t € R, if and only if X is IFR (DFR).

PrROOF: By definition, X is IFR (DFR) if and only if F; (x)_is~ increasing (decreasing) in
t € R,;.Using Lemma 3.1, and (1), the survival function H 1.z (X) can be expressed as

A, ,(0) = PLU(r,n,in k) > Fi(x)).

Thus, X is IFR (DFR) if and only if H}", ,,(x) is decreasing (increasing) in 7 € R.
This completes the result. n
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THEOREM 3.5: For any two integers r and s such that 1 <r < s < n and arbitrary
in € R"™ the following hold:

(a) If X is IFR, then [X (s,n,m, k) — t|X(r,n,m, k) > t]is stochastically decreas-
ingint e R,.

(b) If [X(s,n,m, k) — t|X(r,n,m, k) > t] is stochastically increasing in t € Ry,
then X is DFR.

Proor: First note that, by representation (12), the survival function H, g (X) can be
rewritten as

H',, () = E{y(U,n)},
where {Y (j, 1)} = 1 Y in—j.(x) and the distribution function of the random variable

U belongs to the famlly P ={H(-|t),t € R, } with densities

J/,+11fxq+1 0]
Z, -0 V]+1fX(/+1 iy (1)

h(jlt) = j=0,1,--,r—1

(a) Let X be IFR. Then, by Lemma 3.4 v/ (j, ) is decreasing in t € R, for all j.
From part (c) of Theorem 2.1, we have

Xi(s—j—Lin—j— 11, k) <s Xi(s —j,n —J, f4j, k).

This, in turn, implies that ¥ (j + 1,7) < ¥ (j,t) and hence ¥ (j, t) is decreasing
injforallz € Ry .Itfollows from part (a) of Theorem 2.1 that h(j + 1|7) /h(j|t)
isincreasingint € R.. Thus, A(j|t) isTPin (j,¢) € {0,1,--- ,r — 1} x Ry,
which, in turn, implies that H(j|t;) < H(j|t2),j =0, 1,. — 1, whenever
t| < t,. Taking into account these observations, from Lemma 2.2 in Misra
and van der Meulen [24] we can conclude that E, {1/ (U, t)} is a decreasing
function of ¢, from which the result of part (a) of the theorem follows.

(b) If E, {4y (U, 1)} is increasing in t € R , then we must have ¥ (j, t) is increas-
ing in r € Ry for some j € {O,],...,r— 1}. Hence, there exists some
j€{0,1,...,r — 1} such that Hl =i, n_]t(x) is increasing in ¢t € R, which,
by Lemma 3.4 implies that X is DFR. The proof of the theorem is then
complete. u

THEOREM 3.6: For any two integers r and s such that 1 <r < s < n and arbitrary
m € R"! we have the following results:

(a) If X is NBU, then

[X(s,n,m, k) —t|X(r,n,m, k) > t] <4 X(s,n,m, k)
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fort € Ry, and if X is NWU, then

[X(S,n’ﬁ/l,k) _t|X(r,n,"h,k) > t] >St X(S_r+ l,n_r+ l’ﬁr—lak)

fort e R,.

(b) If
[X(s,n,m, k) —t|X(r,n,m, k) > t] >4 X(s,n,m,k) a7

fort € Ry, then X is NWU, and if
[X(s,n,m k) —t|X(ryn,mk) > t] <¢ X(s—r+1,n—r+1,i,_1,k)
(18)
fort € Ry, then X is NBU.

PROOF:

(a) For 1 <r <n,let H" (x) denote the survival function of X (r, n, i, k). If X

r.n

is NBU (NWU), then F;(x) > (<) F(x) and hence
Ay, () = P{U(s.n,in, k) > F,(x)}
< (P(U(s,n i, k) > F(x)} = H (x).
According to Theorem 2.1 (c) we have

i i i
Z4S W <HY @ <H.,

Ls—r4+1ln—ryi;

for 0 <j <r—1. If we multiply the terms of the above inequalities by
¢j/vi+{F @)} &1 (F(t)) and add the terms from O to r — 1, then using
(16) we get the following inequalities:

ryir—1 [ym [y
Hl,s—r+1,n—r+l,t(‘x) = Hr,s,n,t(‘x) = Hl,s,n,t(x)'

By combining these results, we obtain A", (x) < H” (x) when X is NBU

and H™ (x) > ﬁsﬁf‘ {(x) when X is NWU. These prove part (a) of

7,81, r+ln—r+
the theorem.

(b) Let (17) hold for t € R,.. Then
H], (0 < B, (0 < B, (0,
which implies that
P{U(s,n,m, k) > F(x)} < P{U(s,n,m, k) > F;(x)}.

This means that F,(x) < F(x) for all 7, x € R; that is, X is NWU. If (18)
holds for r € R, then

ryir—1 ryim ryir—1
Hl,s—r+l,n—r+l,t(x) = Hr,s,n,t(x) = Hs—r+1,n—r+l(x)
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and, hence,

PlUs—r+1L,n—r+1,j,_1,k) > Fi(x)}
<PlUs—r+1l,n—r+1,0,_1,k) > F(x)}.

Thus, F(x) < F;(x) forallz,x € R, and X is NBU. Hence, the result follows.

Now, we can apply Theorems 3.5 and 3.6 to obtain the following corollary regard-
ing the residual life of progressively type II right censored order statistics defined
above.

COROLLARY 3.7: For any wo integers v and s such that 1 <r <s <m <n and
arbitrary censoring scheme R, we have the following results:
(a) If F is IFR, then [Xfm:n - t|X§m:n > t]is stochastically decreasing int € R..
(b) If F is NBU, then
(XE ., —t1XE ., > 1] <. XE

simn s:m:n’

and if F is NWU, then

[XR _ t|Xié > t] Zs[ X(RraRrJr]»"'va)

sim:n rimn — s—r+lm—r+1l:y,*

REMARK 3.8: Using the results of this article one can also establish some stochastic
orderings and aging monotonicity results for other models of ordered random variables
such as Pfeifer records and sequential order statistics based on general distributions
Fi,F,,--- ,F,, which are special cases of the GOS model. We refer the reader to
Kamps [18] for the definition of these models.
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