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Abstract  We establish Bohr inequalities for operator-valued functions, which can be viewed as analogues
of a couple of interesting results from scalar-valued settings. Some results of this paper are motivated
by the classical flavour of Bohr inequality, while others are based on a generalized concept of the Bohr
radius problem.
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1. Introduction

The following remarkable result was proved by Harald Bohr [9] in 1914.

Theorem A. Let f(z) =) " an,z" be holomorphic in the open unit disk D and
|f(2)| <1 for all z € D, then

o0
D anlr <1 (1.1)
n=0

for all z € D with |z| =r < 1/6.

This constant r < 1/6 was sharpened to r» < 1/3 by Wiener, Riesz and Schur indepen-
dently, and the inequality (1.1) is popularly known as the Bohr inequality nowadays. This
theorem was an outcome of the investigation on the absolute convergence problem for
Dirichlet series of the form > a,n™%, but presently it has become an independent area
of research. The Bohr radius problem saw a surge of interest from many mathematicians
after it found an application to the characterization problem of Banach algebras satisfy-
ing the von Neumann inequality [14]. A part of the subsequent research in this area is
directed towards extending the Bohr phenomenon in a multidimensional framework and
in more abstract settings (see, for example [3, 4, 8, 19, 23-25]). The Bohr phenomenon
is shown to have connections with local Banach space theory (cf. [12]). Also, the Bohr
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Bohr phenomenon for operator-valued functions 73

inequality is studied in the settings of ordinary and vector-valued Dirichlet series (see f.i.
[5, 13]).

We now give a brief overview of the approaches to extend the Bohr inequality in
two different settings. One of them aims at investigating the Bohr radius problem from
an operator theoretic perspective. To be more specific, the Bohr phenomenon has been
established in [22, Theorem 2.1] using positivity methods for operator-valued holomorphic
functions, i.e. holomorphic functions from D to B(H), where B(H) is the set of bounded
linear operators on a complex Hilbert space H. Suitable assumptions in terms of operator
inequalities are made to replicate the scalar-valued cases. It may be mentioned here
that the inequalities recorded in [22, Theorem 2.1] are operator-valued analogues of the
classical Bohr inequality in Theorem A. In the present article, we prove Bohr inequalities
of similar nature for harmonic functions from D to B(H). It is also worth mentioning that
some other versions of operator-valued Bohr inequality for non-commutative harmonic
functions are available in [24, 25].

Another aspect of the Bohr phenomenon thrives on considering the Bohr radius problem
for a holomorphic map g from D into a domain 2 C C other than D. The key idea to
accomplish that is to identify g as a member of S(f), S(f) being the class of functions
subordinate to f, while f is the covering map from D onto  satisfying f(0) = ¢(0). Here
we clarify that for two holomorphic functions g and f in D, we say that g is subordinate
to f if there exists a function ¢, holomorphic in D with ¢(0) = 0 and |¢(z)| < 1, satisfying
g = f o ¢. Throughout this article, we denote g is subordinate to f by g < f. A suitable
definition for the Bohr phenomenon of g € S(f) was given in [1] to serve the purpose
stated above, which we briefly describe here. Let the Taylor expansions of f and ¢ in a
neighbourhood of the origin be

f(z) = Z anz" (1.2)
n=0
and

k=0

respectively. We will say that S(f) has the Bohr phenomenon if for any g € S(f), where
f and g have the Taylor expansions of the form (1.2) and (1.3), respectively in D, there
isarg, 0 <rg <1 so that

> belrt < d(f(0),09) (1.4)
k=1

for |z] = r < rg. Here d(f(0),09) denotes the Euclidean distance between f(0) and the
boundary of the domain 2 = f(ID). To see that this definition is indeed a generaliza-
tion of the classical Bohr phenomenon, we observe that whenever Q2 = D; d(f(0),99Q) =
1 —1[f(0)|, and in this case (1.4) reduces to (1.1). However, to the best of our knowledge,
no attempt has been made so far to obtain operator-valued analogues of the Bohr phe-
nomenon for complex-valued functions treated according to the aforesaid definition from
[1]. Therefore, another goal of the present article is to find the same under appropri-
ate considerations and necessary restrictions. More precisely, we will consider a function
f from D to B(H), and prove the Bohr inequality when f is holomorphic and satisfies
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certain conditions which, when restricted to the scalar-valued case, coincide with the
situation that f maps I into its exterior, i.e. D° = {z € C: |z| > 1}. Also, we prove the
Bohr phenomenon for any g € S(f), when f is a convex or starlike biholomorphic func-
tion. Here we clarify that, given two complex Banach spaces X and Y and a domain
D cC X, a holomorphic mapping f: D — Y is said to be biholomorphic on D if f(D) is
a domain in Y, and f~! exists and is holomorphic on f(D). A biholomorphic function f
is said to be starlike on its domain D with respect to zg € D if f(D) is a starlike domain
with respect to f(zp), i.e. (1 —1t)f(z0) +tf(z) € f(D) forall z € D and ¢t € [0,1], and f is
called starlike biholomorphic on D if f is starlike with respect to 0 € D and f(0) = 0. Now
a biholomorphic function f defined in D is said to be convezx if f is starlike with respect
to all z € D. In particular, here we will work with D =D, X = C and Y = B(H). It may
be noted that the definition of subordination and the class S(f) for operator-valued holo-
morphic functions can be adopted from the scalar case without any change. Now we fix
some notation for the rest of our discussions. For any A € B(H), ||Al| will always denote
the operator norm of A, and A* is the adjoint of A. The operators Re(A4) := (A + A*)/2,
Im(A) := (A — A*)/2i and |A| := (A*A)'/2 bear their usual meaning, while B'/? denotes
the unique positive square root of a positive operator B. Also, o(A) will be recognized
as the spectrum of A, i.e. the set of all A € C such that A — AI is non-invertible, I being
the identity operator on H.

2. Main results

A function f : D — B(H) is harmonic if and only if
fl2) =" An2"+ > Biz", (2.1)
n=0 n=1

where A,,, B,, € B(H) for all n € NU {0}, and the series converges absolutely and locally
uniformly in D (see, for example [17, Sec. 2.4, p. 352]). Bohr inequalities for complex-
valued harmonic functions have already been obtained in [1, Theorem 2]. The aim of
the first theorem is to derive inequalities of similar nature for operator-valued harmonic
functions. For this purpose, we need to establish the following analogue of the Cauchy—
Schwarz inequality.

Lemma 1. Let {H,}32, be a sequence in B(H) such that Y .-, |H,|* € B(H). Then
for any fixed r € [0,1), and for any fixed non-negative integer k,

0o ’I"k o0 1/2
> | Hulr" < i (Z |Hn|2> . (22)

n=k n=*k

Proof. For any fixed m € N such that m > k, and for any = € H, it is immediately

seen that
m 2
<<Z |Hn|r"> m,x> =
n=~k

< (Zr"ana:l) (2.3)
n=k

m
Z r"|Hy |z
n=~k
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(0]

for any fixed r € [0,1). Now, a use of the Cauchy—Schwarz inequality on the right-hand

side of the inequality (2.3) yields

() =)= (Bmer) (£7)

which implies that

< (zm: |Hn|7~">2 xa:> < < Zm: |Hn|2x,x> 17”_2]12.

n=~k n=~k

Letting m — oo in (2.5) we get

(o9} 2 ’I"Qk o )
S mbe) <o (S ).
n==~k n==k

from which (2.2) will follow (cf. [11, p. 244, Ex. 12]).

We now state the first theorem of this article after all these preparations.

(2.4)

(2.5)

(2.6)

Theorem 1. Let f : D — B(H) be a harmonic function with an expansion (2.1) such

that || f(2)|| <1 for each z € D. Then

(i) [Re(e™Ao)|+ 3202, e An +e "Byl < (VI+3r2/V1—12)I for |z|=r¢€
[0,1), and for any u € R. In particular, if we assume in addition that e A, +
e~ B, is normal for each n € N, then the quantity in the right-hand side of the

above inequality can be replaced by (v1+1r2/y/1—r2)I.

(i) Y07 e A, + e By ||r™ < ||[I — Re(e™ Ag)|| for |z| =r <1/5, and for any u €
R. Moreover, if we take e* A, + e *B,, to be normal for each n € N, then the

above inequality will hold for r < 1/3 instead of r < 1/5.

(if)) >y [Anlr™ + 3200 By lr™ < (1/2)1 for [2] =r < 1/3.

Proof. (i) It is easy to observe that for each z € D, and for any p € R,

[Re(e™ f(2))]* + [Im(e™ f(2))|* = (1/2)(F(2) f(2)" + f(2)" f(2))-

We here note that for any A € B(H), (|A]*x,z) = ||Az||* < ||A]|*(x, z) for any = €
H, i.e. |A|> < ||A|*I. Using this fact, and that ||A|| = |A*|| for any A € B(H), we
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obtain |Re(e® f(2))]? + [Im(e** f(2))|? < || f(2)||*I, and therefore
[Re(e™ f(2))|> < I. (2.7)
Now

Re(e™ f(z)) = Re(e™ Ag) + (1/2) Z P,z" + P'z"), (2.8)

where P, = ¢ A, + e " B,,. Now from (2.7) we can write, for any z = re? € D
and for any x € H,

((Re(e™ f(re')))" (Re(e™ f(re"))z, ) < (z, ).

We plug the expression (2.8) in and fix r € [0,1) in the above inequality, and
thereafter integrating both sides of this inequality over 6 from 0 to 27 we get

oo
(|[Re(e™ Ag) |2z, z) + (1/4) Z ((P:Pyx,x) + (P Prx, x))r*" < (Iz,z).
n=1
Therefore, we conclude
[Re(e™ Ao)[* + (1/4) Y (|1Pa* + [ Pi*) < 1,
n=1

which implies
e .
D Pl? < 4T — [Re(e™ Ag)[?). (2.9)
n=1

Hence, a direct use of Lemma 1 (with H,, = P, k = 1) gives

. < , 2r
Re(e™ Ap)| + eMA, +e "B,|r" <T+

where T' = |Re(e"" Ap)|. The first half of part (i) of our theorem will now follow from
a computation similar to the proof of [22, Theorem 2.1, part 4], applied to (2.10). For
the sake of completeness, we include brief details of the calculation. Considering the
real valued function ¢(z) = z + (2r/v1 — r2)v/1 — 22 on the interval [0, 1], we see
that ¢ attains its maximum at xg = v/1 — r2/v/1 4+ 3r2, and that ¢¥(z) < ¢¥(xg) =
V1+3r2/v/1—r2 for any x € [0,1]. This validates our first assertion. Further, if
we assume that P, is normal for each n € N, then |P,|? = |P}|?, which implies that
the inequality (2.9) can be improved to Y oo, |P,|? < 2(I — |[Re(e™*A4p)|?). Rest of
the proof can be completed by following the similar lines of computation as we did
for the previous one.

(I —T*)%2, (2.10)

(ii) In order to establish the second part of this theorem, we first observe that if K(z) =
e Ay + > 0", P,z", then (2.8) implies that Re(K(z)) = Re(e™ f(z)), and hence
from (2.7), we get |Re(K(z))|| < 1. Now considering K (z) = (K(z)x,z) for any
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fixed z € H with ||z|] = 1, it is easily seen that |[Re(K(z))| < 1. Therefore, K is
holomorphic in D with an expansion

K(z) = (e Apz, z)

HM8
"U
%2
&

which maps D into the vertical strip |Re(z)| < 1. As a consequence,
[(Paz, )] < 2(1 — [Re({e" Aoz, 7))

for all n € N (see, fi. [1, Lemma 3]). Further, using the triangle inequality, we

obtain

[Pz, z)| < 2|{(I — Re(e™ Ag))z,z)|. (2.11)
Taking supremum over x € H with ||z|| = 1 on both sides of the inequality (2.11),
we get

sup |[(Phx,x)| <2|I — Re(ei”Ao)H,

llzll=1

and replacing A by P, in [15, Theorem 1.2], we have

e [(Po, z)| = (1/2)[[Pa]l-

Combining the above two results, we obtain
1Pl < 4]l7 = Re(e™ Ao) | (2.12)

for all n € N. The first half of part (ii) now follows from (2.12). Now it is known that
| Pl = sup{|(P,x,x)| : x € H, ||z|| = 1} whenever P, is normal (cf. [15, p. 266], and
replace A by P,). Hence from (2.11) we obtain || P,|| < 2||I — Re(e?*Ap)||, which
will prove the second assertion of part (ii).

(iii) Finally, since ||f(z)|| <1 if and only if |f(2)|* < I, using methods similar to the
proof of part (i) we are able to deduce

(Ao + ) (|An* + (B} < I. (2.13)
Observing that |A,|? + |B:|? > (1/2)(|A,| + |Bz|)? for all n € N, (2.13) yields
Z |A,| +|B:|)? < 2I. (2.14)

Therefore, applying Lemma 1 (letting H,, = |A,| + |B}|, k = 1) and (2.14) together,
we get

Z|A I +Z|B < <¢“f7ﬂ> 1, (2.15)

from which part (iii) w111 directly follow. O
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Remark. The following observations are made in connection with the above
theorem.

(i) Under the assumption that e A,, + e~ B,, (1 € R) is normal for each n € N, from
part (ii) of Theorem 1, we can write

o0
IRe(e™ Ao)l| + D e An + e~ By [r" < |Re(e™ Ao) | + [[1 — Re(e™ Ao)|

n=1

for r < 1/3. When restricted to the scalar-valued case, this inequality reduces to

|Re(e™ Ag)| + Z le" A, +e "B, |r" < |Re(e Ag)| + |1 — Re(e™Ag)|  (2.16)

n=1

for r < 1/3, where the coefficients Ay, A,,, B,, are complex numbers. Now since
without loss of generality, we may consider Re(e’*Ag) > 0, therefore, the second
part of [1, Theorem 2| follows directly from (2.16).

(ii) Part (iii) of Theorem 1 can be thought of as an operator-valued analogue of the
very recent result from [18, p. 867, Sec. 4.4] which improves the first part of [1,
Theorem 2].

(iii) If we set B,, =0 for all n € N in (2.1), i.e. f is taken to be a holomorphic function
from D to B(H) with an expansion f(z) = - A,2", then (2.13) takes the form
> o|An|? < I. Therefore, an application of Lemma 1 (with H, = A,, k= 0)
yields

S Al < (ﬁ) I, reo,1). (2.17)
n=0

We observe that 1/v/1— 172 < (1+72/(1 —7)?)Y/2, and therefore (2.17) is an improve-
ment over the inequality recorded in [22, Remark 2.2]. Moreover, from the scalar
valued results (compare [10, Theorem 1.1]), we observe that the quantity 1/v1 — 72
in inequality (2.17) is the ‘best possible’, in the sense that for the function f(z)=
((z—1/3v2)/(1 — 2/v/2))I, z € D, equality occurs in (2.17) at r = 1//2.

In the next result, we establish an operator-valued analogue of Bohr’s inequality for
holomorphic mappings from I into the exterior of I, i.e. D = {z € C: |2| > 1} (cf. [2,
Theorem 2.1]). In order to prove this, we now introduce the notions of the spherical and
the Hausdorff distance. Let C = C U {oo} be the extended complex plane. The spherical
distance \ between two points z1, 29 € Cis given by

|21 — 22|
2 2’
e A s

VIF [z

if 21,29 € C,

if Z9 = OQ.
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Also, it is well known that the collection C of compact subsets of C is a metric space with
respect to the Hausdorff distance dj, given by

dn(A, B) = max {sup dist(x, B), sup dist(zx, A)} , A BeC,
z€A zeB

where dist(p, E) := inf{|p —e| : e € E} for any E C C and for any p € C. Now since for

any A € B(H), o(A) € C, we are able to consider the mapping A — o(A) from B(H) to

the metric space(C, d,), which is continuous on the subset of normal operators, equipped

with the operator norm (see f.i. [20]).

Theorem 2. Suppose f : 1D — B(H) is holomorphic with an expansion
fz)= ZAnz", zeD (2.18)

such that |f(z)| > I for all z € D. Also, suppose f(z) is normal for each z € D, f(0) =
Ao > 0 and o(f(z)) does not separate 0 from oo for any z € D. Then

A (Z [An ", |A0||> < A([[Aoll; 1) (2.19)

n=0

for [2| = r < (2(log [| Ao|| /[ 1og Aol[) — 1)/ (2(log [ Aol|/[|log Aoll) + 1).

Proof. Since |f(z)| > I, we have (| f(2)|z,z) > (z,z) for any € H \ {0}, and for each
z € D. A use of the Cauchy—Schwarz inequality exhibits that || f(z)z|| > ||z||, which fur-
ther implies that ||(f(z) — A)x| > (1 —|A])||z|| for any A € C, i.e. f(2) — A is bounded
below for any A € D. As f(z) is normal, o(f(z)) C D¢ for each z € D. Since o(f(z)) does
not separate 0 from oo, it is therefore possible to choose a holomorphic single-valued
branch of complex logarithm on a simply connected domain A, that contains o(f(z)),
but does not contain 0. As a consequence, we are able to define log f(z) as follows:

log £(2) = 5 [ (og€)(e1 ~ f()) e, 2 €D, (220)
i Jp

where [ is a system of closed, positively oriented, rectifiable curves inside A, which

encloses o(f(z)) (cf. [11, pp. 199-201]). Now it is also known that for each fixed

z €D, log f(z) is normal, and (log f(2))* = F(f(2)*), where F(z) =1logZz (see fi. [11,

p. 205, Ex. 7, 8]). As expz is an entire function and exp(logz) = z, it follows that

exp((log f(2))*) = f(2)* (see [11, p. 205, Ex. 4]). As a consequence of these facts, we

obtain exp(2Re(log f(z))) = f(2)* f(z). It is easy to see that for any x € H \ {0},
(exp(2Re(log f(2)))z, ) = (f(2)" f(2)z, ) = | f(2)a|® > ||z,
which, after an application of the Cauchy—Schwarz inequality asserts that
|| exp(2Re(log f(2)))z > [l]].

Therefore, o(exp(2Re(log f(z)))) C D¢, and since the operator exp(2Re(log f(2)))
is positive, we conclude that o(exp(2Re(log f(2)))) C [1,00). Now we know that
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o(2Re(log f(2))) C R, and hence exp(c(2Re(log f(2)))) C (0,00). As a result, choos-
ing the principal branch of complex logarithm over the slit plane C\ (—o0,0], we get
log(exp(2Re(log f(2)))) = 2Re(log f(z)). Now applying the spectral mapping theorem,
we conclude that

o(2Re(log f(2))) = log (o (exp(2Re(log f(2))))) C [0, 00).

As 2Re(log f(z)) is self adjoint, 2Re(log f(z)) > 0. Moreover, as Ay > 0, o(Ag) C [1, 00).
Hence to define log Ay from (2.20), we choose, in particular, the principal branch
of complex logarithm on the simply connected domain Ay = C\ (—o00,0] containing
o(A§) = o(Ap). Now as F(z) =logz over [1,00), F(z) =logz, z € C\ (—00,0]. There-
fore, (log Ag)* = log A} = log Ay, which in turn gives log Ay > 0. Our aim is now to show
that log f(z) is holomorphic at each z € D. As f(z) is holomorphic, and therefore con-
tinuous on D, limy_¢ || f(z + k) — f(2)|| = 0. Since f(z) is also normal for each z € D, we
have

lim dy (0 /(= + 1)), 0(f())) = 0.

Thus, we infer that for any h € C with |h| small enough, o(f(z + h)) is enclosed by I"
again. As a result, we are able to show that the limit

i 1
11m
h—0 27ih

/F (log&)((€1 — f(z + h)™ — (€1 — £(2))"1) de

exists and is equal to
L /(10 OEL = F(2) ' (2)(El — f(2))1d¢
omi 08 ’

thereby proving that log f(z) is holomorphic in D. In view of the above discussion, there
exist a Hilbert space K, a unitary operator U on K and a bounded linear operator
V :H — K such that 2log Ag = V*V and C,, = V*U"V for all n > 1, where log f(z2) =
log Ag + 300 Cpz™, z € D (see £i. [21, Ex. 3.15, 3.16, 4.14]). Hence for any z € D, we
have

2log f(2) = V*(I + 2U)(I — 2U)" 'V,
which immediately gives
f(z) =exp ((1/2)V*(I +2U)I — 2U)"'V). (2.21)
From (2.21), it can be observed that all the ‘A,’s are the combinations of U,V and V*,
associated with non-negative real constants only. Therefore, a use of the triangle inequal-

ity will provide the upper bounds for ‘|| 4,|’s, which are the combinations of ||U]| = 1,
V]| = ||IV*||, associated with the same constants. Hence after appropriate rearrangement,
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we find that
o0 o0 n
1 /IVIP1+r IVI21+r
E A llr™ < E ——— = —_ 2.22
n:OH Ir _n_on!< 2 1-r P 2 1-r (2.22)

for any |z| = 7. As ||[V||? = 2| log Ag||, we therefore get

D I An]r™ < exp(2log || Ao)) = [ 4o]1%, (2.23)
n=0

whenever 1 < rg:= (2(log||A4o||/||log Aol|) — 1)/(2(log || Aol|/|| log Agl]) + 1). Now if
«, 3, are non-negative real numbers satisfying v < a < 3, then it is easily seen that
(@=7)*(1+5%) = (B -1 +a?) = (a=B)((a—=)+(6~-7)
+ay(B—7)+Bv(a—7)) 0.

As a consequence, (o —7v)/vV1+a? < (8 —7)/v/1+ 52, which readily gives

AMa, ) < A8, 7). (2.24)

Setting a = > _o7 o |4, [|r™, B =||Ao||* and v = ||Ag]|, we observe that v < a < g if r <
ro, and therefore from (2.24), we get

A (Z [[Anllr", IIAo||> < A (114l 114o]l)

n=0

for r < rg. A little computation using the AM-GM inequality yields

A1 4ol1%, [ 4oll) < Aol (1 4ol — 1)/ (v/1 + [[Aol2V2]| Aol])
= ([l 4o]l = 1)/(V2y/1 + [[A0[?) = A(]| o]l 1).

It is now clear that an application of the above inequality upon the right-hand side of
the previous one will complete the proof. (I

Remark. It does not seem plausible that we can get a uniform bound on |z| which
is not dependent on Ay and will still imply (2.19). Nevertheless, if f is taken to be
scalar valued, then since it is always possible to assume that f(0) > 0, the quantity
(2(log || Aol /|| log Apll) — 1)/(2(log || Aol /]| log Ao]]) + 1) converts to the constant 1/3, and
M| 4o, 1) = A(Ag, 89Q), Ay being an element of C and dQ being the boundary of D°.
Therefore, Theorem 2 provides an operator-valued analogue of [2, Theorem 2.1]. It is
interesting to note that here one has to consider the spherical distance between complex
numbers to obtain the Bohr inequality instead of the Euclidean distance used in (1.4).

We will now discuss the operator-valued analogues of the Bohr radius problem for
the subordination classes of functions which belong to well-known subclasses of scalar-
valued univalent functions. We therefore consider f to be biholomorphic for our purpose.
Now it is possible to carry out further investigation if we restrict f to some subclass
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of biholomorphic functions. In particular, we intend to establish Bohr inequalities for
g € S(f) where f: D — B(H) is a convex or starlike biholomorphic function. Apart from
the definitions given in the introduction, the reader is urged to glance through [16] for a
rich exposition of Banach space valued starlike and convex biholomorphic functions. For
our purpose, we suppose that g € S(f) has an expansion

oo
g(z) = ZBkzk, zeD. (2.25)
k=0

Also, we mention that for any scalar-valued univalent function F defined on D, the
Euclidean distance between F'(0) and the boundary 0Q of Q= F(D) is given by
d(F(0),09Q) = liminf|,|_,_ [F(z) — F(0)|, which will be used frequently in our forthcom-

ing discussions.

Theorem 3. Let f:D — B(H) be a convex biholomorphic function and g € S(f)
with expansions (2.18) and (2.25), respectively. Then for |z| = r < 1/(1 + 2| A1||| A7),
we have

S 1Bl < timint 17() - O] (2.26)
k=1
Also, for |z| = r < 1/3 we have

DBt < (1/2)]A4]. (2.27)
k=1

Proof. We observe that the well-known argument used in proving [26, Theorem X]
can be used in a similar fashion for g € S(f), where f is an operator-valued convex
biholomorphic function. Thus, we have By, = ¢'(0)f/(0), k > 1 for some holomorphic map
¢:D — D with ¢(0) = 0. Therefore, we immediately see ||Bg| < ||A1] and hence the
following inequality will hold:

Do IBelrt < (r/1=r)[|Adll. (2.28)
k=1
Now for any fixed a € D, we construct the familiar Koebe transform as follows:
G(z) =1 —l|a>) " (f'(a)™! (f ((z+a)(1 —i—az)_l) - f(a)) ,z €D. (2.29)

We see that G(z) is convex biholomorphic with the normalization G(0) = 0 and G'(0) = I
From [16, Theorem 6.3.5], we get that G satisfies

2G"(2) + G'(2) = p(2)G (2),

where p : D — C is holomorphic with Re(p(z)) > 0 for all z € D and p(0) = 1. Therefore,
for any fixed x € H with ||z|| = 1, the function G : D — C defined by

G(z) = (G(2)x, )
satisfies G(0) = G/(0) —1 =0 and 2G"(2) 4+ G/(z) = p(2)G'(2), which together imply

that G(z) is a complex valued normalized convex univalent function (see
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(16, Theorem 2.2.3]). As a consequence, liminf|,|_;_ |G(2)| > 1/2 (cf. [16, Theorem
2.2.9]), which, after an application of the Cauchy—Schwarz inequality for inner product
yields

liminf |[(1 = |a|*) 7' (f"(a)) 7" (f (z + )1 +@z)"") = f(a)| = 1/2. (2.30)

|z|—1—
Now inequality (2.30) will further give
tmint || (f ((: + (1 +a2)7) = F@)]| = A [aP)/@IF @), (231

|zl —1—
In particular, for a = 0 we get

limin [(2) = F(0)] > 1/247"]. (232)

From (2.28) and (2.32), a little computation reveals that (2.26) will hold if
(r/1 —r)||Ay]| < 1/2||ATY|,  or equivalently if = < 1/(1 4 2||A1||[|A7*])-

Now going back to the relation By = ¢'(0)f’(0), it is readily seen that |By| < |A;]| for
any k > 1, and therefore

(o)
> IBklr* < (r/1—1)|Aql. (2.33)
k=1

It is easy to see that for r < 1/3, (2.33) is converted to (2.27). O

Remark. We make the following observations related to Theorem 3.

(i) The quantity 1/(1 + 2||A;]/||A;"||) in Theorem 3 will turn into 1/3 for scalar-valued
functions, as whenever A; is a scalar, ||A;||| A7 || = 1. Therefore, (2.26) gives an
operator-valued analogue of the Bohr phenomenon for the subordinating family of
a complex-valued convex univalent function defined on D (compare [1, Remark 1]).

(ii) The right-hand side of the inequality (2.27) can be further estimated to observe
(1/2)|A1] < d(f(0),09) when scalar-valued functions are being considered (see [1,
Lemma 3]), 092 being the boundary of 2 = f(ID). Due to this fact, it can be thought
of as a generalization of the Bohr phenomenon mentioned in [1, Remark 1].

Before we proceed further, we prove the following lemma which will be required to
establish the subsequent results.

Lemma 2. Let f:D — B(H) be holomorphic and g € S(f) with expansions (2.18)
and (2.25), respectively. Then for |z| = r < 1/3 we have

(1) 3ol 1Brlr® < (202 1 Anllr)1.
(i) 32ty IBrlir® < 3207 [[Anlr™
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Proof. Since g < f, there exists a function ¢, holomorphic in D, satisfying ¢(0) =0
and ¢(D) C D such that

g=/fo¢. (2.34)
Since ¢ is holomorphic, the Taylor expansion of the tth power of ¢, where ¢t € N, can be
written as
P (2) = Z a2t (2.35)
1=t

Now we plug equality (2.35) into (2.34), and equating the coefficients for z* from both
sides we have, for any k£ > 1:

k
Bk: = Z Oé](cn)An
n=1

Now we see that

m m k
D IBelrt =30 D 0 i An ot
k=1 k=1 In=1
m k m k
< (Z > oA, r‘f) I< (ZZ |a§;")||An||r‘“> I
=1 ||ln=1 k=1n=1

We observe that the rightmost term of the above inequality can be written as
oo ||AnHM7(,:L)(7‘))I, where M,(,?)(r) =y, |a,(€n)|r””. The proof of part (i) can now
be completed by adopting the techniques similar to the proof of [6, Lemma 1] hereafter.
Further, part (ii) can be proved by directly following the same line of computations as in
the proof of [6, Lemma 1]. O

We now state and prove a theorem including the Bohr phenomenon for S(f), where f
is an operator- valued normalized starlike biholomorphic function. It may be mentioned
that the known techniques to find out the coefficient bounds for functions subordinate
to a complex-valued normalized starlike univalent function do not seem to be directly
applicable in this situation, while a use of Lemma 2 will prove the following theorem.

Theorem 4. Let f : D — B(H) be a normalized starlike biholomorphic function with
an expansion f(z) =zl +> ", A,2™ and g € S(f) with an expansion (2.25). Then for
|z| = r < 3 —2v/2 we have

(i) 25y I Brllr® < liminfp i || f(2)]-
(ii) 32ty [Belr® < (1/4)1.

Proof. From [16, Theorem 6.2.6], it is seen that a starlike biholomorphic function
f : D — B(H) normalized by f(0) = f’(0) — I = 0 satisfies

2f'(2) = p(2)f(2),2 € D, (2.36)

where p : D — C is holomorphic with Re(p(z)) > 0 for all z € D and p(0) = 1. Here we
mention that a holomorphic function f:D — C, normalized by f(0) = f'(0) —1 =10 is
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starlike univalent if and only if (2.36) holds. Now a standard method based on induc-
tion (see f.i. [16, Theorem 2.2.16]) yields ||A,| <n for all n > 2. As a consequence,
S0 AP < 7/(1—7r)?, where Ay = I. Now let us define G : D — C by

G(z) = (f(2)z, z),

where x € H with ||z|| = 1. Tt is easy to see that G(0) = G’(0) — 1 = 0. Therefore, follow-
ing the similar lines of argument as in the proof of Theorem 3, (2.36) implies that G is a
starlike univalent function. Hence liminf|,|_,_ |G(2)| > 1/4 (see [16, Theorem 1.1.5], and
observe that the Koebe function k(z) = z/(1 — 2)? which skips the value —1/4 is star-
like univalent), and as a result the Cauchy—Schwarz inequality for inner product gives
liminf|,__ || f(2)|| > 1/4. From a direct calculation, we get that > ° | [|A,[r™ < 1/4
for |z =r <3-— 21/2, which is less than 1/3. By virtue of the Lemma 2, our proofs for
both part (i) and (ii) will be complete. O

Remark. We end the article with the following observations.

(i) Tt is immediately seen that for a complex-valued function f, part (i) of the Theorem
4 converts to the Bohr inequality for S(f), where f is a normalized starlike univalent
function. Again, if f is a complex-valued normalized starlike univalent function
defined on D, then the right-hand side of the inequality in part (ii) is converted to
1/4 which is known to be less than or equal to d(f(0),0%2), 92 being the boundary
of Q = f(D). This shows that part (ii) can also be considered as an operator-valued
analogue of the Bohr phenomenon for S(f). We note that the scalar-valued result
is a direct consequence of [1, Theorem 1].

(ii) In view of Theorems 3 and 4, it is a natural question to ask if the inequality
(2.26) holds for |z| = r < r( for some rg > 0, where f is any function in the entire
family of biholomorphic functions from I to B(H) and g € S(f). The Bohr radius
1/(1 +2|| Ay ||| ATY|)) determined in the first part of the Theorem 3 is not bounded
below by a positive constant if we allow A; to be any invertible operator from B(H),
‘H varying on the family of complex Hilbert spaces. Therefore, we remark that the
answer of the aforesaid question could possibly be negative, even when f is convex
biholomorphic, and that this can be an interesting problem for future research.
However, a similar problem for Banach space valued holomorphic functions in ID has
already been settled (cf. [7, Theorem 1.2]), where the notion of the Bohr inequality
is analogous to (1.1).

Acknowledgments. The authors are thankful to the editor and the anonymous ref-
eree for their helpful suggestions. The first author of this article would like to thank SERB,
DST, India (Ref.No.- MTR/2018/001176) for its financial support through MATRICS
grant.

References

1. Y. ABU MUHANNA, Bohr’s phenomenon in subordination and bounded harmonic classes,
Complex Var. Elliptic Fqu. 55(11) (2010), 1071-1078.

https://doi.org/10.1017/50013091520000395 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000395

86

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

B. Bhowmik and N. Das

Y. ABU MUHANNA AND R. M. AvLl, Bohr’s phenomenon for analytic functions into the
exterior of a compact convex body, J. Math. Anal. Appl. 379(2) (2011), 512-517.

L. AIZENBERG, Multidimensional analogues of Bohr’s theorem on power series, Proc. Amer.
Math. Soc. 128(4) (2000), 1147-1155.

L. AIZENBERG, A. AYTUNA AND P. DjAKOV, An abstract approach to Bohr’s phenomenon,
Proc. Amer. Math. Soc. 128(9) (2000), 2611-2619.

R. BALASUBRAMANIAN, B. CALADO AND H. QUEFFELEC, The Bohr inequality for ordinary
Dirichlet series, Studia Math. 175(3) (2006), 285-304.

B. BHOwWMIK AND N. Das, Bohr phenomenon for subordinating families of certain
univalent functions, J. Math. Anal. Appl. 462(2) (2018), 1087-1098.

O. BrLAsco, The Bohr radius of a Banach space, in Vector measures, integration and related
topics (eds G. P. Curbera, G. Mockenhaupt and W. J. Ricker), pp. 59-64, Operator Theory:
Advances and Applications, Volume 201 (Birkhauser Verlag, Basel, 2010).

H. P. Boas AND D. KHAVINSON, Bohr’s power series theorem in several variables, Proc.
Amer. Math. Soc. 125(10) (1997), 2975-2979.

H. BOHR, A theorem concerning power series, Proc. Lond. Math. Soc. 13(2) (1914), 1-5.
E. BOMBIERI AND J. BOURGAIN, A remark on Bohr’s inequality, Int. Math. Res. Not.
2004(80) (2004), 4307-4330.

J. B. Conway, A Course in Functional Analysis, 2nd ed., Graduate Texts in Mathematics,
Volume 96 (Springer-Verlag, New York, 1990).

A. DEFANT, D. GARCiA AND M. MAESTRE, Bohr’s power series theorem and local Banach
space theory, J. Reine Angew. Math. 557 (2003), 173-197.

A. DEFANT, D. GARcia, M. MAESTRE AND D. PEREz-GARCiA, Bohr’s strip for vector
valued Dirichlet series, Math. Ann. 342(3) (2008), 533—-555.

P. G. DixoN, Banach algebras satisfying the non-unital von Neumann inequality, Bull.
London Math. Soc. 27(4) (1995), 359-362.

M. GOLDBERG AND E. TADMOR, On the numerical radius and its applications, Linear
Algebra Appl. 42 (1982), 263-284.

I. GRAHAM AND G. KOHR, Geometric function theory in one and higher dimensions, Mono-
graphs and Textbooks in Pure and Applied Mathematics, Volume 255 (Marcel Dekker,
Inc., New York, 2003).

W. HENSGEN, On the dual space of HP(X), 1 <p < oo, J. Funct. Anal. 92(2) (1990),
348-371.

I. R. KavyuMov AND S. PONNUSAMY, Bohr’s inequalities for the analytic functions with
lacunary series and harmonic functions, J. Math. Anal. Appl. 465(2) (2018), 857-871.

T. Liu AND J. WANG, An absolute estimate of the homogeneous expansions of holomorphic
mappings, Pacific J. Math. 231(1) (2007), 155-166.

J. D. NEWBURGH, The variation of spectra, Duke Math. J. 18 (1951), 165-176.

V. 1. PAULSEN, Completely bounded maps and operator algebras, Cambridge Studies in
Advanced Mathematics, Volume 78 (Cambridge University Press, Cambridge, 2002).

V. I. PAULSEN AND D. SINGH, Extensions of Bohr’s inequality, Bull. London Math. Soc.
38(6) (2006), 991-999.

V. I. PAULSEN, G. PoPEscu AND D. SINGH, On Bohr’s inequality, Proc. London Math.
Soc. 85(2) (2002), 493-512.

G. Poprescu, Multivariable Bohr inequalities, Trans. Amer. Math. Soc. 359(11) (2007),
5283-5317.

G. PopEscu, Bohr inequalities for free holomorphic functions on polyballs, Adv. Math.
347 (2019), 1002-1053.

W. ROGOSINSKI, On the coefficients of subordinate functions, Proc. Lond. Math. Soc. 48
(1943), 48-82.

https://doi.org/10.1017/50013091520000395 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091520000395

	1 Introduction
	2 Main results
	References

