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We consider the problem of minimizing the number of edges that are contained in triangles,
among n-vertex graphs with a given number of edges. For sufficiently large n, we prove an
exact formula for this minimum, which partially resolves a conjecture of Fiiredi and Maleki.
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1. Introduction

Mantel [9] proved that a triangle-free graph on n vertices has at most |n?>/4| edges. In
other words, a graph on n vertices with at least [n?/4] + 1 edges contains a triangle. A
natural question arises from this classical result: how many triangles must such a graph
have? And, indeed, Rademacher [11] extended Mantel’s result by showing that any graph
on n vertices with [n?/4] + 1 edges contains at least |n/2] triangles, a bound that can
readily be seen to be best possible (see Figure 1).

Erdos [1] conjectured that a further generalization holds: any graph on n vertices with
at least [n?/4] 4 | edges contains at least [|n/2] triangles, for every 1 <[ < |n/2]. Erdés
[1, 2] proved his conjecture for [ < cn for some constant ¢ > 0. It is not hard to see that
the bound on the number of triangles is best possible. Indeed, this bound can be achieved
by adding [ edges that do not span a triangle to the larger part of the complete bipartite
graph K,,/5| [»/2 (see Figure 2). The bound on [ can also be easily seen to be best possible.

Erdds’s conjecture was resolved by Lovasz and Simonovits [7], who also characterized
[8] the n-vertex graphs with [n?/4] + I edges that minimize the number of triangles, for
every | < cn? and some fixed ¢ > 0. Razborov [12] asymptotically determined the minimal
possible number of triangles in an n-vertex graph with |n?>/4] + I edges where [ = Q(n?).

In this paper we consider a similar problem, concerning the number of edges that
are contained in a triangle (we shall call such edges triangular edges), rather than the
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Figure 1. An n-vertex graph with |n?/4| + 1 edges and |n/2] triangles.

| edges

Figure 2. An n-vertex graph with [n?/4] 4 I edges and [|n/2] triangles.

number of triangles. The first result in this direction was obtained by Erdds, Faudree
and Rousseau [3], who proved that any n-vertex graph with |n?/4] + 1 edges has at least
2|n/2] + 1 triangular edges. This bound is best possible (see Figure 1).

It is very natural, similarly to the question about the number of triangles, to ask how
many triangular edges an n-vertex graph with e edges must have, where e is an integer
satisfying |n?/4] < e < (3). After some thought, a natural example comes to mind. Given
integers a, b, ¢, we let G(a, b, c) denote the graph on n = a + b + ¢ vertices, which consists
of a clique A of size a and two independent sets B and C of sizes b and ¢ respectively,
such that all edges between B and A U C are present, and there are no edges between A
and C (see Figure 3).

Note that the graph G(a, b, c) has (;) + b(a + c) edges and, as longasa > 2 and b > 1,
precisely be of them are non-triangular. We remark that the extremal example (depicted in
Figure 1) for the aforementioned result by Erdés, Faudree and Rousseau [3] is isomorphic
to G(2,|n/2],[n/2] — 2).

Fiiredi and Maleki [4] conjectured that the minimizers of the number of triangular
edges are graphs of the form G(a, b, ¢), or subgraphs of such graphs.
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Figure 3. The graph G(a,b,c) (here a =5,b = 6,c =5).

Conjecture 1.1.  Let n and e > |n*/4| be integers and let G be an n-vertex graph with e
edges that minimizes the number of triangular edges. Then G is isomorphic to a subgraph
of a graph G(a,b,c) for some a,b,c.

The condition that G is isomorphic to a subgraph of a graph G(a,b,c) (rather than
to G(a,b,c) itself) is due to the fact that we specify the exact number of edges, so the
minimizer may be isomorphic to G(a, b, c) with a few edges removed from 4 U B.

The conjecture implies, in particular, that every n-vertex graph with e edges has at least
g(n, e) triangular edges, where g(n, e) is defined by

a

g(n,e)=min{e—bc ca+b+c=n, (2

) +bla+c) > e}.
Fiiredi and Maleki [4] proved an approximate version of the latter statement, which reads
as follows.

Theorem 1.2 (Fiiredi and Maleki [4]). Every n-vertex graph with e edges has at least
g(n,e) — 3n/2 triangular edges.

It is worth noting that, if e > (1/4 + Q(1))n? and e < (1/2 — Q(1))n?, then g(n, e) = Q(n?)
and (5) —g(n,e) = Q(n?). Therefore, Theorem 1.2 is asymptotically sharp in the range
where the edge density is bounded away from 1/2 and 1 by small positive constants.

Our main result is an exact version of Theorem 1.2: we shall prove that an n-vertex
graph with e edges has at least g(n,e) triangular edges, provided that n is large enough.
However, the bound on n does not depend on e, that is, as long as n > ny for some ny,
our theorem holds for any e such that [n?/4] <e < (5).

Before we state our result precisely, we make a few remarks. Firstly, it turns out to be
more convenient to consider the clearly equivalent problem of maximizing the number of
non-triangular edges among n-vertex graphs with e edges. Thus, given a graph G, we let
t(G) denote the number of non-triangular edges in G. Secondly, given n and e, instead
of restricting our attention to n-vertex graphs with exactly e edges, we consider n-vertex
graphs with at least e edges. Since the removal of a triangular edge cannot decrease the
number of non-triangular edges, this slight reformulation does not change the problem,
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and yet it allows us to concentrate on graphs G(a, b, c) without having to consider their
subgraphs.
We are now ready to state our main result.

Theorem 1.3. There exists ny such that, for any graph G on at least ny vertices, there
exists a graph H = G(a, b, c) (for some integers a,b,c) such that |H| = |G|, e(H) > e(G) and
t(H) = t(G).

We note that Theorem 1.3 comes close to proving Conjecture 1.1 (for sufficiently large
n) as it shows that the minimum number of triangular edges is attained by a graph
G(a,b,c) or a subgraph of G(a,b,c). However, we do not prove that such graphs are the
only minimizers.

1.1. Structure of the paper

The proof of our main result, Theorem 1.3, is divided into three parts, according to the
number of edges in the graph G. We treat separately graphs that are close to being
bipartite, that is, whose number of edges is close to n?/4; graphs that are close to being
complete, that is, whose number of edges is close to (g), and the middle range, where the
number of edges is bounded away from both n?/4 and () by a constant factor of n”.

In Section 2 we state Theorems 2.1, 2.2 and 2.3, which are the theorems corresponding
to the aforementioned three ranges, and give an overview of their proofs. In Section 3 we
introduce some notation and describe the tools that we shall use to prove these theorems.
We prove the theorems in Sections 4, 5 and 6. Theorem 2.1, which deals with graphs with
about n?/4 edges, is proved in Section 4; the proof of Theorem 2.2, for the middle range,
which is the most difficult of the three and is the heart of this paper, is given in Section 5;
Theorem 2.3 is proved in Section 6. We conclude the paper with Section 7, where we
make a few remarks and mention some open problems.

2. Overview

We split the proof of Theorem 1.3 into three parts, according to the number of edges in
the graph. We state the theorems corresponding to these three parts here.

The following theorem deals with e that is close to n?/4, that is, e < (1/4 + §)n?, where
o is a sufficiently small constant.

Theorem 2.1.  There exist ny and 6 > 0 such that the following holds. Let G be a graph
with n > ng vertices and e edges, where n>/4 < e < (1/4 + 8)n®. Then there exists a graph
H = G(a,b,c) such that |H| =n, e(H) > e and t(H) > t(G).

The next theorem considers the case where e is bounded away from n?/4 and (),
namely, where (1/4 + §)n’> < e < (1/2 — d)n? for a constant § > 0.
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Theorem 2.2.  For every 6 > 0 there exists no such that the following holds. Let G be a
graph with n > ng vertices and e edges, where (1/4+ 6)n*> < e < (1/2— &)n>. Then there
exists a graph H = G(a, b, ¢) such that |H| =n, e(H) > e and t(H) > t(G).

Finally, we consider the remaining case, where e is close to (g), that is, e > (1/2 — 6)n?
for a sufficiently small constant 6 > 0.

Theorem 2.3. There exist ng and 6 > 0 such that the following holds. Let G be a graph with
n > ng vertices and e edges, where e > (1/2 — 8)n>. Then there exists a graph H = G(a, b, ¢)
such that |[H| =n, e(H) > e and t(H) > t(G).

It is clear that Theorems 2.1, 2.2 and 2.3 imply Theorem 1.3: we first take a small 6 > 0
that works for Theorems 2.1 and 2.3 and then we choose a sufficiently large ny that works
for all three theorems.

We now give some insight into our proofs. The rough plan for the proof of each of the
theorems is the same. Assuming that G is an n-vertex graph with at least e edges that
maximizes the number of non-triangular edges, we first obtain rough information about
the structure of the graph. In each of the cases, we partition the vertices of G into parts
A, B, C, which relate to the three parts in a graph G(a, b, ¢), in a way that will be explained
in the proofs. In the next stage we use lower bounds on the number of non-triangular
edges (coming from examples G(a, b, c)) to estimate the sizes of the sets A, B, C. The final
stage uses the estimates on the sizes and some case-specific arguments to conclude that G
has the required structure, namely, that it is isomorphic to the graph G(|A4], |B|, |C|).

The proofs of the two extremal cases, where e is close to either n*/4 or (), are
considerably easier than that of the middle range. The main reason for this is that in
the extremal cases it is fairly easy to show that the graph G should be close to a graph
G(a, b, c), whereas in the middle range, getting any handle on the structure of the graph is
hard, and the initial structural properties that we find are less restrictive than in the two
extremal cases.

We introduce two tools which will be helpful in the proof of the middle range. The first
one is a process of ‘compression’ that allows us to ‘simplify’ a graph without decreasing
the number of edges or non-triangular edges. The second is the ‘Exchange Lemma’, which
allows us to ‘exchange’ edges with non-triangular edges and vice versa. In other words,
it allows us to replace a graph by another graph with (somewhat) fewer edges, but more
non-triangular edges and vice versa. Both of these tools will be presented and explained
in greater detail in Section 3.

3. Tools

In this section we introduce the tools that we will use throughout the paper. We start by
describing some notation and simple definitions in Section 3.1. We introduce the notion
of weighted graphs in Section 3.2 and list some results by Fiiredi and Maleki [4] that
involve weighted graphs. An important tool in the proof of the middle range is the so-
called Exchange Lemma, Lemma 3.7. We prove Lemma 3.7 and explain its importance in
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Section 3.3. Our last tool is the notion of compressed graphs, which is a class of graphs with
a somewhat restrictive structure. In Section 3.4, we give our definition of a compressed
graph and prove Lemma 3.10, which shows that, in order to prove Theorem 1.3, it suffices
to prove it for compressed graphs.

3.1. Notation

The following notation is standard. Write |G| for the order of a graph G and ¢(G) for the
number of edges in G. We denote the degree of a vertex u of G by deg;(u), or deg(u) if
G is clear from the context. Given a set U of vertices of G, we let G[U] denote the graph
induced by G on U.

We now turn to notation that is more specific to our context. An edge e € E(G) is
called triangular if it is an edge of at least one triangle in G. Similarly, we say that e
is non-triangular if it is not an edge of any triangle. We let ¢#(G) denote the number of
non-triangular edges of G.

Given a vertex u, a vertex v is a triangular neighbour of u if uv is a triangular edge.
Similarly, the triangular neighbourhood of u is the set of triangular neighbours of u, and
the triangular degree of u is the number of triangular edges adjacent to u. The notions
of a non-triangular neighbour, non-triangular neighbourhood and non-triangular degree are
defined similarly. We denote the non-triangular degree of u in G by deg,,,.A(u). A vertex
u is called triangular if deg,,,.o(u) = 0, that is, if all edges adjacent to u are triangular.

We say that a set of vertices U < V(G) is a set of clones if any two vertices in U have
the same neighbourhood in G. In particular, a set of clones is an independent set. For
example, in G(a,b,c) the sets B and C are sets of clones. We remark that the notion of
clones will play an important role in the definition of a compressed graph (which is given
in Section 3.4).

We now introduce the natural notion of an optimal graph.

Definition 3.1. A graph G on n vertices is called optimal if there does not exist a graph H
on n vertices such that either t(H) > t(G) and e(H) > ¢(G) or e(H) > e(G) and t(H) > t(G).

In other words, G is optimal if it maximizes (G) among graphs with n vertices and at
least e(G) edges and, in addition, it maximizes ¢(G) among graphs with n vertices and at
least t(G) non-triangular edges.

It clearly suffices to prove the main result, Theorem 1.3, for optimal graphs. The
following observation is a simple property of optimal graphs.

Observation 3.2. Let G be an optimal graph and let u,v be vertices of G. Then at least
one of deg(u) > deg(v) — 1 and deg,,,.A(u) = deg,,,.Ao(v) — 1 holds.

Proof. Suppose that deg(u) < deg(v) — 2 and deg,,,.A (1) < deg,on.a(v) — 2. Consider the
graph G’ obtained by removing the edges incident with u and adding the edges between
u and the neighbours of v (do not add the loop uu if u,v are adjacent in G). Then
e(G') = e(G) — deg(u) + deg(v) — 1 > e(G) and, similarly, {(G') > t(G), contradicting the
assumption that G is optimal. O
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We shall use big-O notation extensively throughout this paper, so, for the sake of clarity,
we briefly explain how we interpret the symbols O, o and Q. First of all, we always assume
that n is large, so, whenever we write down a statement or an inequality, we only suppose it
to hold for sufficiently large n. We write f(n) = O(g(n)) if there exists an absolute constant
C > 0 such that |f(n)] < Cg(n). In particular, the expression f(n) = g(n) + O(h(n)) consists
of the following inequalities: g(n) — Ch(n) < f(n) < g(n) + Ch(n). Similarly, f(n) = o(g(n))
means that lim,_, [f(n)|/g(n) = 0. Finally, we write f(n) = Q(g(n)) if f(n) > Cg(n) for
an absolute constant C > 0. To ensure this notation makes sense, we will only write
O(g(n)),o(g(n)),Q(g(n)) for functions g(n) which are positive for sufficiently large n. We
remark that Q(g(n)) always denotes a positive quantity, while O(g(n)) and o(g(n)) may
denote positive and negative quantities.

Throughout this paper, we omit integer parts whenever they do not affect the
argument.

3.2. Weighted graphs

Our most basic tool is the concept of a weighted graph, which is a graph whose vertices
have been assigned non-negative real weights. The total weight of a weighted graph G
is the sum of the weights of its vertices and is denoted by |G|. For technical reasons,
throughout this paper we require that the number of vertices of a weighted graph does
not exceed its total weight. Equivalently, we require that the average weight of a vertex
in a weighted graph is at least 1.

For containment purposes, we identify weighted graphs with their underlying graphs.
For instance, given weighted graphs G and H, we say that H is a weighted subgraph of G
if, as graphs, H is an induced subgraph of G. Note that this definition does not impose
any conditions on the weight function of H. In particular, if H is a weighted subgraph of
G then the weight in H of a vertex in H may be larger, or smaller, than its weight in G.
Similarly, an edge of a weighted graph is triangular (non-triangular) if it is a triangular
(non-triangular) edge of the underlying graph. We remark that, unless explicitly stated
otherwise, vertices of zero weight are taken into account when switching to the underlying
graph.

Given a weighted graph G with weight function w : V(G) — R>°, we define ¢(G) to be
the sum of w(u)w(v) over all edges uv of G. Similarly, we define t(G) to be the same sum
over the non-triangular edges of G. Note that any graph G can be seen either as a graph
or as a weighted graph whose every vertex has weight 1, and the definitions of |G|, e(G)
and t(G) are independent of the point of view.

The notions of degree and non-triangular degree of a vertex may be similarly generalized
to weighted graphs. For instance, the degree of a vertex u of a weighted graph is the sum
of weights of the neighbours of u. Note that the degree and non-triangular degree of a
vertex do not depend on the weight of that vertex itself. We use the notation deg(u) and
deg,n.(u) for the degree and the non-triangular degree of a vertex u in a weighted graph.

We now define good weighted graphs (see Figure 4), which are weighted equivalents of
the graphs G(a, b, c) (see Figure 3).
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Figure 4. A good weighted graph.

Definition 3.3.  We call a weighted graph G good if its vertex set can be partitioned into
a set K, which induces a clique, and a pair (u,v) of adjacent vertices such that uv is the
only non-triangular edge in G.

Moreover, if there are no edges between v and K, and if u is adjacent to all vertices
in K, then we say that G is a very good weighted graph. We remark that, according to
this definition, if K consists of a single vertex, then G cannot be very good. On the other
hand, if |K| = 1, then G is good if and only if uv is the only edge in G, in which case we
have e(G) < |G|?/4.

Let G be a good graph with e(G) > |G|>/4 and let {K, {u,v}} be the partition of V(G)
as described above. We know that in this case |K| > 2. Moreover, we may assume that
the weight of v does not exceed the weight of u. Since uv is a non-triangular edge, u and v
do not have common neighbours in K. Therefore, by removing the edges between v and
K and adding all possible edges between u and K, we obtain a very good graph G’ such
that |G'| = |G|, e(G') > e(G) and t(G') = t(G).

We observe that, provided that a > 2, a graph G(a,b,c) can be represented by a very
good weighted graph, by replacing the independent parts of sizes b and ¢ by vertices
of weight b and ¢ respectively. This is an example of the correspondence between an
independent set of clones I and a vertex of weight |I| with the same neighbourhood,
which we shall use on multiple occasions. We remark that, in general, good and very good
weighted graphs may have non-integer weights.

Motzkin and Straus [10] used weighted graphs to give an alternative proof of Turan’s
theorem [13]. They pointed out that Turan’s theorem for weighted graphs is very easy:
given a weighted graph G, there exists a weighted graph H that satisfies |H| = |G| and
e(H) > e(G), and, as a graph, is a complete subgraph of G. Therefore, among K, .-
free weighted graphs with total weight o« > r, e(G) is maximized when G is a complete
graph with r vertices whose every vertex has weight o/r. If o/r is an integer, then
this corresponds to a complete r-partite graph, implying Turan’s theorem. However, if
o/r is not an integer, then this argument gives only an approximate form of Turan’s
theorem, and Motzkin and Straus needed an additional argument to recover the full
theorem.

Fiiredi and Maleki [4] modified the aforementioned observation of Motzkin and Straus
to also give t(H) > t(G) at the cost of making the structure of H more
complicated.
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Lemma 3.4 (Fiiredi and Maleki [4]). Let G be a weighted graph with t(G) > 0. Then G
contains a weighted subgraph H which is a good weighted graph and satisfies |H| = |G|,
e(H) > e(G) and t(H) = t(G).

We will use both this result and the key observation that leads to its proof. We state
and prove this observation next, but we do not present the careful analysis that Motzkin
and Straus perform to complete the proof of Lemma 3.4.

Lemma 3.5 (Fiiredi and Maleki [4]). Let G be a weighted graph and suppose that I is
an independent set of three vertices. Then there exists a weighted graph H, which can be
obtained from G by removing one of the vertices in I and, possibly, changing the weights of
the other two vertices in I, such that |H| = |G|, e(H) > e(G) and t(H) > t(G).

Proof. Denote I = {uy,up,u3}, d; = deg(u;) and t; = deg, . (u;). It is not hard to see that
there exist reals si, s, 53, not all 0, such that sid; + sady + s3d3 = 0, s1t1 + s2tr + 5313 = 0
and s; + s, + 53 = 0. For real 2 we let G, denote the weighted graph obtained by adding
As; to the weight w(u;) of u; for each i € [3]; this definition is valid for the values of A for
which w(u;) + As; > 0 for all i € [3]. Pick 4 > 0 such that w(u;) + 4s; > 0 for i € [3] with
equality for at least one value, say 1. Then |G;| = |G|, e(G;) = e(G) and t(G,) > e(G), so
the weighted graph H = G; \ {u;} satisfies the requirements of the lemma. L]

Fiiredi and Maleki deduce their main result from Lemma 3.4. We present their theorem
with minor modifications, which make it more suitable for our application.

Corollary 3.6 (Fiiredi and Maleki [4]). Let G be a weighted graph G with |G| = n. Then
there exists a graph H = G(a, b, ¢) satisfying |H| = n, e(H) > e(G) and t(H) > t(G) — 5n.

Proof. We begin by recalling that, according to our definition of a weighted graph, G
has at most n vertices. The parameter e¢(G) is maximized when the underlying graph of G
is complete, in which case

2(G) = > wu)n—wm)=n*— Y wi(u).

uelV(G) ueV(G)

By the arithmetic—quadratic mean inequality, the right-hand side is maximized when
w(u) =1 for all u. Therefore, e¢(G) < (g) As a result, we may assume that #(G) > 5n
because otherwise the complete graph K, satisfies the requirements. We may also assume
that e(G) > n?/4 because otherwise G(2, |n/2], [n/2] — 2) works.

Let H be a good weighted graph that satisfies |[H| = n, e(H) > e(G) and t(H) > t(G),
whose existence is ensured by Lemma 3.4. There exists a partition {K,{u,v}} of V(H)
such that K induces a clique and uv is the only non-triangular edge in H. Denote the sum
of weights (in H) of the vertices in K by « and the weights of u and v by  and y; we
may assume that > 9. Trivially, we have t(H) = fy. Moreover, since no vertex in K is
adjacent to both u and v, we also have e(H) < o?/2 + aff + B7.
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We now show that for some integers a, b, ¢ > 0 the graph G’ = G(a, b, ¢) has the desired
properties. It is enough to choose a,b, ¢ so that

a+b+c=n, (3.1)

N p >~ 32
(5) + o=t => %+ 0= (32)
be = fy —5n. (3.3)

Of course, the plan is to set a ~ a,b ~ f§,¢ ~ 7, but there are some tedious details to
check. We set a = [«] 4 2 and, depending on whether 8 > n/2 or < n/2, either b = ||
or b = [f]. Finally, we set ¢ =n— a— b. Note that from the assumption that #(G) > 5n,
it follows that 8,7 > 5. In particular, since ¢ > 7y — 4, c is positive. Now, (3.1) is immediate
from the definition, (3.3) is immediate from the fact thath > f—1>0andc >y —4 >0,
and the only case when (3.2) is not immediate is when (n — 1)/2 < f < (n+ 1)/2. However,
in this case the difference between (n — f)f and (n — b)b is at most 1, and it is compensated
by the difference between (5) and o?/2. O

3.3. Exchange Lemma

The following lemma, Lemma 3.7, will be very useful in the proof of our main result in
the middle range. Roughly speaking, it says that there exists a positive number {, which
we informally call the ‘exchange rate’, with the following property. For any graph G, not
too dense and not too sparse, and any number X, not too big and not too small, we can
exchange x edges of G for at least {x non-triangular edges. That is, there exists a graph
H such that |H| = |G|, e(H) > e(G) — x and t(H) > t(G) 4+ {x. Similarly, we can exchange
x non-triangular edges for at least {x edges.

This tool is very useful to us, because now we can arrive at a contradiction by finding
a graph G for which one of the parameters e(G) or t(G) is too large, even if the other
parameter is slightly smaller than would normally be needed for a contradiction.

For any positive integer n and real e < (g), we let t(n, e) denote the maximum number of
non-triangular edges among n-vertex graphs with at least e edges. Note that if e < |[n?/4],
then t(n,e) = |n*>/4|. Moreover, for any n, the function t(n, e) is a non-increasing function
of e.

Lemma 3.7. For any ¢ > 0 there exist {,e,C > 0 and ny such that the following holds for

any weighted graph G on n > ny vertices and for any real x satisfying Cn < x < en’.

(1) If e(G) > e + x for some real e satisfying n>/4 < e < (1/2 — 6)n?, then t(G) < t(n,e) —
{x.
(2) If t(G) > t(n,e) + x for some real e > (1/4 + 6)n*, then e(G) < e — {x.

Here is a brief overview of the proof of Lemma 3.7. To prove the first statement, we
note that by Lemma 3.4, we may assume that G is good. We shift the weights of the
vertices in G so as to increase t(G) while decreasing e(G) only slightly. An upper bound
on t(G) then follows from Corollary 3.6. The second statement is proved in a similar way.
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Proof of Lemma 3.7. Let ¢ € (0,1/10). To prove the first statement, suppose that n, e, x
satisfy e < (1/2 — d)n? and Cn < x < en® for constants C and & that will be determined
later. Let G be a weighted graph such that |G| = n and e(G) > e + x. We note that t(n,e) >
(63/2/2)n’. Indeed, the graph G(a,b,c) where ¢ = (6/2)n, b = /o n and a = n—b — ¢ has
at least (1/2 —d)n® edges and (6°/2/2)n> non-triangular edges. By taking &,{ to satisfy
el < 0%?/4, we may assume that

532

t(G) > Tn2, (3.4)

because otherwise we get t(G) < t(n,e) — {x for free. By Lemma 3.4, we may assume
that G is a good weighted graph, so V(G) can be partitioned into a clique K and two
adjacent vertices u and v such that uv is the only non-triangular edge. Let o denote the
sum of weights of vertices in K and let f and y be the weights of u and v respectively.
By inequality (3.4), we have B,y > (63/>/4)n. Moreover, the removal of the edges spanned
by K would make G bipartite, so we have e¢(G) < n?/4 + o?/2 < n?/4 + an/2. Recall that
e(G) > e+ x > n*>/4 + x, and hence o > 2x/n.

Let G’ be a weighted graph obtained by increasing the weight of u by x/n and decreasing
the weights of the vertices in K so that the new sum of their weights is o — x/n. Trivially,
e(G') = e(G) —x = e and H(G') = (B + x/n)y > t(G) + (6*/?/4)x. Furthermore, it follows
from Corollary 3.6 that t(G’) < t(n, e) + 5n, and hence

G S §3/2 §32 5
<t - — == )x
t(G) < t(n,e) + 5n ) x < t(n,e) — ( 7] C)x

By taking C large and { small with respect to J, we can ensure that t(G) < t(n,e) —

To prove the second statement, suppose that n,e,x satisfy e > (1/4 + §)n®> and IOn <
x < en? for a sufficiently small constant ¢ > 0. Let G be a weighted graph such that |G| = n
and #(G) > t(n,e) + x. Note that by taking ¢, to satisfy ¢{ < 0/2, we may assume that

e(G) = (i + 2)# (3.5)

because otherwise we can conclude immediately that e(G) < e — {x. Furthermore, by
Lemma 3.4, we may assume that G is a good weighted graph. In fact, since e(G) > n’/4,
we may assume that G is very good. Let {K, {u,v}} be a partition of V(G) into a clique K
and two vertices u,v such that uv is the only non-triangular edge in G, u is adjacent to all
vertices of K and there are no edges between v and K. Moreover, let o be the total weight
of vertices in K and let f and y be the weights of u and v. As before, it follows from
inequality (3.5) that o > f n. Moreover K contains at least two vertices, so in particular
a vertex w € K whose weight does not exceed o/2. Let G’ be the weighted graph obtained
by reducing the weight of v by x/2n (note that fy = t(G) > x, so y > x/n) and increasing
the weight of w by the same amount. Then, since x > 10n,

t(G) = By — x/2n) > t(G) — x/2 > t(n,e) + x/2 > t(n, e) + 5n. (3.6)

Furthermore, since o > /0 n,

eo(G) = e(G)+ — - 2 > o(G) + VO
m 2 4
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By Corollary 3.6 and inequality (3.6), e(G') < e, because otherwise there exists a graph
H with n vertices, at least e edges and more than t(n,e) non-triangular edges, which
contradicts the definition of t(n,e). Thus, e(G) < e — {x for any { < ﬁ/4. U]

3.4. Compressed graphs
We now present the notion of compressed graphs. Many proofs of Turan’s theorem,
including the one given by Motzkin and Straus [10], first show that, among K, -free
graphs on a given number of vertices, the greatest number of edges is achieved by a
complete r-partite graph. As a result, it is enough to solve the problem for complete
r-partite graphs. In this paper the class of compressed graphs will play a role similar to
that of complete r-partite graphs in the proof of Motzkin and Straus. Compressed graphs
have fairly simple structure (though not quite as simple as complete r-partite graphs),
and we shall see from Lemma 3.10 that it suffices to prove Theorem 1.3 for compressed
graphs.

In the following definition, as well as the rest of the paper, the logarithm is taken in
base 2.

Definition 3.8. A graph G on n vertices is called compressed if the following assertions
hold.

(1) Any independent set I = V(G) can be partitioned into at most 3logn sets of clones.
Moreover, this can be done in such a way that at most four of the sets of clones into
which I is partitioned have size larger than 3n!/3.

(2) The set of triangular vertices in G, which we denote by U, induces a clique in G.
Furthermore, the vertices of U all have the same neighbourhood outside of U.

To demonstrate how compressed graphs may be of use to us, we mention the following
observation.

Observation 3.9. Let G be a compressed graph on n vertices and let I be an independent
set of size at least 45n'/3logn. Then I contains a set of clones of size at least |I|/5.

Indeed, let m be the size of the largest set of clones in I. Then condition (1) of
Definition 3.8 implies that |I| < 4m 4 9n'/3logn < 4m + |1|/5, so m > |I|/5.

The following lemma shows that, for the purpose of proving Theorem 1.3, we may
assume without loss of generality that the given graph is compressed.

Lemma 3.10. Let G be a graph on n vertices. Then there exists a compressed graph H such
that |H| =n, e(H) > e(G) and t(H) > t(G).

Proof. Given a graph G on n vertices, we let H be a weighted graph with the following
properties.

o |H|=mn,e(H)>e(G)and t(H) > t(G).
e All vertices of H have integer weights.
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e The number of vertices of H is minimal under the first two conditions.
e The number of vertices of weight at least 3n'/? is minimal under the first three
conditions.

We shall show that the graph, obtained by replacing each vertex of H by a set of clones
of size equal to the weight of the vertex, is compressed. To that end, we show that H
has no independent set of size larger than 3logn, and that the vertices with weight larger
than 3n'/3 do not contain an independent set of size at least five.

We first show that every independent set of H contains at most 3 logn vertices. Suppose
to the contrary that H contains an independent set I of size m > 3logn. For any set
A < I we denote

Sq= Z deg(x), Ty= Z degnon—A(x)'

xeA x€A

Trivially, S4 < n® for every A < I. Since

( m > > zim > LB > n?
m2) > o T
it follows from considering sets of size m/2 that there exist distinct sets A, B = I such that
|A| = |B| and S, = Sp. By replacing A and B by A\ B and B\ 4, we may assume that
AN B = (. Also, without loss of generality, T4 > Tp.

Let w be the minimum weight of a vertex in B. Consider the weighted graph H’,
obtained by increasing the weight of each vertex in A by w and decreasing the weight of
each vertex in B by w (and removing vertices whose weight becomes 0). Then

|H'| = |H|, e(H')=e(H)+w(S4—Sp) =e(H), t(H')=t(H)+w(Ts— Tp) > t(H),

and the number of vertices in H' is smaller than the number of vertices in H, contradicting
the choice of H. It follows that every independent set of H contains at most 3 log n vertices.

We now show that, given an independent set of five vertices {uy,...,us} in H, at least
one of the vertices u; has weight at most 3n'/3. Indeed, suppose that the weight of each
of the vertices exceeds 3n'/3. For any quintuple of non-negative integers k = (ki,...,ks),
we denote

Sk = kydeg(uy) + - -+ + ks deg(us), Ty =k degnon_A(ul) 4+ -+ ks degnon_A(u5).

Consider only the quintuples, k that satisfy k; + - - - + ks = 3n!/3: there are

3t 4) 8Ly
4 ~ 24

such quintuples, and for each of them we have S, < 3n*3. Thus, there exist distinct
quintuples k and I, each of whose coordinates are non-negative integers summing to 3n'/3,
such that Sy = ;. Without loss of generality, we may assume that T > T).

Consider the weighted graph H’, obtained by repeatedly adding k; — [; to the weight of
each vertex u;, as long as all weights remain non-negative (note that this process will end

because k; < [; for some i € [5]). The resulting weighted graph H' has the same number of
vertices as H and satisfies |H'| = |H|, e(H') = e(H) and t(H') > t(H). Furthermore, since
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lki — ;] < 3n'/3, for some i € [5] the weight of u; in H' is smaller than 3n!/3. In particular,
H' has fewer vertices with weight at least 3n!/3 than H. This is, again, a contradiction to
the choice of H. It follows that every independent set in H has at most four vertices with
weight at least 3n!/3,

Recall that H has integer weights, so we may view it as a graph where a vertex of
weight w represents a set of clones of size w. The graph H satisfies condition (1) of
Definition 3.8. Let U denote the set of triangular vertices in H. Adding all edges missing
from H[U] would not form triangles with edges that were previously non-triangular,
so we may assume that U induces a clique in H. Let u € U be a vertex of maximum
degree in H. For every v € U \ {u}, we remove the edges between v and V(H)\ U and
add the edges between v and the neighbourhood of u in V(H)\ U. This process does
not decrease the total number of edges and, moreover, all edges that were previously
non-triangular remain non-triangular. We denote the resulting graph by H’' and note that
it satisfies condition (2). Furthermore, if I = V(H)\ U and v € U are such that I U {v} is
an independent set in H', then I U {u} is an independent set in H. Therefore, H' retains
condition (1), and hence H' is compressed. U]

4. Almost bipartite

In this section we prove Theorem 2.1.

Theorem 2.1. There exist ng and 6 > 0 such that the following holds. Let G be a graph
with n > ng vertices and e edges, where n’>/4 < e < (1/4 + 6)n>. Then there exists a graph
H = G(a,b,c) such that |H| =n, e(H) > e and t(H) t(G).

Once again, some of the statements and inequalities that we write down only hold for
sufficiently large n. Whenever this happens, we assume that n is, indeed, large enough to
satisfy them.

Throughout this section we assume that G is a graph with n vertices and e = (1/4 + &)n’
edges, where 0 < ¢ < 0 for a small positive constant ¢ which we will (implicitly) determine
later. Moreover, we assume that G is optimal (this means that increasing the number
of edges reduces the number of non-triangular edges and vice versa: see Definition 3.1)
and compressed (see Definition 3.8). In fact, for this proof we only need condition (2) of
Definition 3.8, which is much simpler than condition (1).

However, to be able to make the assumptions described above, we have to deal with a
small technicality regarding the condition e(G) < (1/4 + d)n’. Indeed, it is true that given
G it is always possible to find an optimal and compressed graph G’ satisfying |G'| =
n,e(G') > e and t(G') > t(G), but we cannot guarantee that e(G') < (1/4 + d)n> holds. To
deal with this issue, we use the Exchange Lemma (Lemma 3.7). Indeed, if e(G') > e + Q(n?),
then Lemma 3.7 implies that t(G) < t(G') < t(n, e) — Q(n?). If this happens, then we take a
graph H with n vertices and at least e edges, satisfying t(H) = t(n, e). By Corollary 3.6 there
exists a graph H' = G(a, b, c) such that |H'| = n,e(H’) > e and t(H') > t(n,e) — 5n > t(G),
so we are done in this case. Therefore, we may assume that e(G') < e + o(n?), and so
e(G') < (1/4 + 6)n? holds for a relaxed value of .
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To get a rough idea about how large t(G) is, we derive the following lower bound.
Consider the graph G(a,b,c) where a=[\2en]+1, b=[n/2] and c=n—a—b=
|n/2] —[</2¢n] — 1. Then

e(Gla,b,c)) = (;) +(n—b)b > (i + s) %, t(G(a,b,c) = be > (i _ % _0 (i))"z

Since G is optimal, it follows that

t(G) > (i — \/g— 0<’11>)n2. (4.1)

Moreover, we have e > |[n?/4]| + 1, so in fact en®> > 1/2 and therefore 1/n = 0(fe). Tt
follows that

1(G) > (i — O(ﬁ)) n. (4.2)

We would like to make a brief comment regarding the use of big-O notation in (4.1),
(4.2) and other similar inequalities. According to our definition, O(g(n)) stands for a
positive or negative quantity, so —O(g(n)) is exactly the same as +0(g(n)). We usually
choose the sign before the big-O which looks more natural. However, we do not assume
that —O(g(n)) is necessarily negative or that +0O(g(n)) is necessarily positive.

We divide the proof of Theorem 2.1 into four parts, represented by the following four
propositions. In the first of these propositions we prove that G has the following structure
(see Figure 5), which resembles a graph G(a, b, ¢).

Proposition 4.1.  There exists a partition {A,B,C,D} of V(G) satisfying the following
assertions.

(1) All possible edges between B and C are present in G and are non-triangular. Moreover,
Bl,|C| > (1/2 — 0(\/3))71. In particular, B and C are independent sets.

(2) There are no edges between A and C or between B and D.

(3) The induced subgraphs G[A] and G[D] do not have isolated vertices.

(4) Every vertex in AUD is incident with at most O(ﬁn) non-triangular edges of G.
Moreover, the sets A and D do not span non-triangular edges (but there may be non-
triangular edges between A and D).

Here the proof of Theorem 2.1 splits into two cases, ¢ < k/n and ¢ > k/n, where & is
a small absolute positive constant that will be (implicitly) determined later. If ¢ is small,
then we complete the proof directly.

Proposition 4.2.  There exists a constant k > 0 with the property that if ¢ < x/n, then
G = G(a, b, ¢) for some a,b,c.

If ¢ is large, then we first obtain sharp estimates for the sizes of the sets 4, B,C, D.
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Figure 5. The partition {4, B,C,D}.

Proposition 4.3. Let G and A, B, C, D satisfy the conclusions of Proposition 4.1, and sup-
pose that |B| > |C| and that ¢ > k/n for some constant k > 0. Then

|AUD| = (\2¢' + O(e)n,

_(Y_ o
5= (5 -0 )n
IC| = (; — 2+ 0,<(s3/4)) n

Here f(n) = O,(g(n)) means that there exists a constant C, > 0, which depends on «,
such that |f(n)| < C.g(n).
We can now complete the proof of Theorem 2.1 in the case where ¢ is large.

Proposition 4.4. Let « > 0 be a constant. If ¢ > k/n, then G = G(a, b, c) for some a,b,c.
Proposition 4.4 is a typical example of a statement that holds for sufficiently large n.

Proof of Theorem 2.1. Theorem 2.1 immediately follows from Propositions 4.2 and 4.4.
U]

The rest of this section is devoted to the proofs of Propositions 4.1, 4.2, 4.3 and 4.4,
which are presented in separate subsections.

4.1. Structure of an optimal graph

In this subsection we prove Proposition 4.1 (see also Figure 5). Recall that G is a fixed
optimal graph with n vertices and e = (1/4 + ¢)n® edges, where 0 < ¢ < J for a fixed small
constant 6 > 0.

Proposition 4.1. There exists a partition {4, B,C,D} of V(G) satisfying the following as-
sertions.
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(1) All possible edges between B and C are present in G and are non-triangular. Moreover,
Bl,|C| > (1/2 — 0(\/3))71. In particular, B and C are independent sets.

(2) There are no edges between A and C or between B and D.

(3) The induced subgraphs G[A] and G[D] do not have isolated vertices.

(4) Every vertex in AUD is incident with at most O(ﬁn) non-triangular edges of G.
Moreover, the sets A and D do not span non-triangular edges (but there may be non-
triangular edges between A and D).

The first assertion follows fairly easily from the fact that the number of non-triangular
edges is almost n?/4. To complete the proof we use basic properties of optimal graphs.

Proof of Proposition 4.1. Let H be the spanning subgraph of G whose edges are the
non-triangular edges of G. We note that H is a triangle-free graph with close to n?/4
edges, which implies that H is close to being a complete bipartite graph. This enables
us to find independent (with respect to G) sets U and W of size almost n/2 each, such
that H contains almost all of the possible edges between them. This idea is rigorously
implemented in the following claim.

Claim 4.5. There exist disjoint non-empty independent sets U, W < V(G) such that every
vertex in U has at least (1/2 — O(e'/*))n non-triangular neighbours in W and vice versa. In
particular, |U|,|W| > (1/2 — 0("/*)n.

Proof. Inequality (4.2) states that e(H) = t(G) > (1/4 — c\/sﬁ)n2 for some absolute con-
stant ¢ > 0. From this we deduce that, writing d = \/? | there are at most 2ds'/*n vertices
in H of degree smaller than (1/2 — de'/*)n. Indeed, suppose that we can find a set §
consisting of exactly 2de!/*n vertices of degree smaller than (1/2 — de'/*)n in H. Since H
is triangle-free, e(H \ S) < (n — |S])?/4. Hence,

e(H) < w + S| <; — d61/4)n

n’ | [S]
/4
= |S|(d£ n— Y >

a contradiction.

Let u € V(G) be any vertex with degy(u) > (1/2 —de'/*)n. Let U denote the set of
vertices in Ny (u) that have at least (1/2 —de'/*)n neighbours in H. Since the edges
of H are non-triangular in G, it follows that U is independent in G. Moreover, |U| >
degy(u) — 2de'*n > (1/2 — O(e"/*)n.

Now let v € U and let W denote the set of vertices in Ny (v) whose degree in H is at least
(1/2 — de'/*)n. As before, W is independent in G and has size at least (1/2 — O(&'/*))n.
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Finally, every vertex in U has at least (1/2 —de'/*)n — (n — |U| — |W]) > (1/2 — O("/*))n
non-triangular neighbours in W, and vice versa. L]

Let U and W be the disjoint independent sets given by Claim 4.5. The following similar
claim allows us to enlarge U and W to obtain sets B and C which will be shown to satisfy
the requirements of Proposition 4.1.

Claim 4.6. There exist disjoint independent sets B,C < V(G), satisfying U < B and W <
Cand |BUC| > (1— 0(\/5))71, such that every vertex in B has at least 2n/5 non-triangular
neighbours in C and vice versa.

Proof. We first show that there are at most O(\/E n) vertices of degree at most 21n/50 in H
(where H, the graph of non-triangular edges of G, was defined in the proof of the previous
claim). To this end we recall inequality (4.2), which states that e(H) = t(G) > (1/4 — c\/E n
for some absolute constant ¢. Importantly, this constant does not depend on J, so we
may choose J to satisfy c\/g < 1/200. Recall that ¢ is an upper bound for ¢, so we have
¢ /e < 1/200.

Suppose that S is a set consisting of exactly 25c\/5n vertices of degree at most 21n/50
in H. Then, similarly to the previous claim,

(n—1S))? 21n
Y
_ n’ S 2n S|
7 '(25 - 4)
1 2
< ( — —c\fe > n’,
4
a contradiction to the choice of c¢. Therefore, there are at most O(\/E n) vertices with
degree at most 21n/50 in H.

Recall that every vertex in U has at least (1/2— O(¢'/*))n > 2n/5 non-triangular
neighbours in W and vice versa. Here we implicitly assume that ¢ is small enough
to make this inequality true, and we shall do so throughout this proof.

Let X denote the set of vertices in V(G) \ (U U W) whose degree in H is at least 21n/50.
We note that no vertex in X has neighbours in both U and W. Indeed, suppose that
v € X is adjacent to u € U and w € W. Since v is not adjacent to any non-triangular
neighbour of either u or w, it has at most O(¢'/#n) neighbours in U and at most O(&'/*n)
neighbours in W, implying that degy(v) < O(¢'/*n), a contradiction to the assumption
that degy(v) > 21n/50.

Let Y be the set of vertices in X that are adjacent to vertices in U and, similarly, let
Z be the set of vertices in X that have neighbours in W. Then every vertex in Y has at
least 21/50n — O(¢'/*n) > 2n/5 non-triangular neighbours in U and no neighbours in W.
In particular, since |U| < n— |W| < 4n/5, any two vertices in Y share a non-triangular
neighbour in U, and hence Y is an independent set in G. Denote B=Y U W and

C =Z UU. Then B and C are independent sets such that every vertex in B has at least
2n/5 non-triangular neighbours in C, and vice versa. Furthermore, V(G) \ (B U C) is the

e(H) <
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set of vertices with fewer than 21n/50 neighbours in H, so [V(G)\ (BUC)| = 0(\/En),
finishing the proof of Claim 4.6. ]

We can now finish the proof of Proposition 4.1. Let B and C be as in Claim 4.6.
Since every vertex in B U C has at least 2n/5 non-triangular neighbours, it follows from
Observation 3.2 and the assumption that G is optimal that every vertex in G has degree
at least 2n/5 — 1. We conclude (similarly to the proof of Claim 4.6) that no vertex in G
has neighbours in both B and C. Indeed, suppose that some v € V(G) is adjacent to some
u € B and w € C. Since u has at least 2n/5 non-triangular neighbours in C, v is adjacent
to at most |C| — 2n/5 vertices in C and, similarly, to at most |B| — 2n/5 vertices in B. It
follows that v has degree at most n/5, a contradiction.

Since no vertex in G is adjacent to a vertex in B and a vertex in C, we may add all
missing edges between B and C without creating new triangles. However, G is an optimal
graph, so in fact all edges between B and C are present in G. Again, since vertices in B
and C do not have common neighbours, all edges between B and C are non-triangular.

We may assume that [B| > |C|. Then |B| > (1/2 — O(\/E))n and hence every vertex in
C has non-triangular degree at least (1/2 — O(\/E ))n. Again, by Observation 3.2, every
vertex in G has degree at least (1/2 — O(\/E))n. Since B is an independent set, it follows
that n — [B| > (1/2 — O(,/¢)n. Therefore |C| = [BUC| — [B| > (1/2 — O( /e))n.

We are now done with the first assertion of Proposition 4.1, and the remaining ones
follow easily. Let 4 be the set of vertices outside of B U C that are adjacent to a vertex in
B and, similarly, let D be the set of vertices outside of B U C that have a neighbour in C.
Then {4, B,C,D} forms a partition of G, because a vertex without neighbours in BU C
would have too small a degree. This establishes the second assertion.

To prove the third assertion, we may assume that every vertex in A has a neighbour in
A: if some u € A has no neighbours in A, then we may add all edges between u and the
vertices in B without creating new triangles and then reassign u to C. Similarly, we may
assume that every vertex in D has a neighbour in D.

By inspecting the degrees, any two vertices in A have a common neighbour in B.
Therefore, there cannot be any non-triangular edges with both ends in A or, similarly,
with both ends in D. It remains to check that every vertex in A U D is incident with at most
O(./en) non-triangular edges. Let u € A and let v € 4 be a neighbour of u. Since u and v
have neighbours only in 4 U D U B and the degree of v is at least (1/2 — O(\/f?))n, it follows
that u has at most [AUD U B| —(1/2 — 0(,/e))n = O( /en) non-triangular neighbours.
The same holds for any vertex in D. This establishes the fourth assertion and completes
the proof of Proposition 4.1. L]

4.2. Completing the proof if ¢ is small
We now prove Proposition 4.2, which completes the proof of Theorem 2.1 in the case
where ¢ is small.

Proposition 4.2. There exists a constant k > 0 with the property that if ¢ < k/n, then G =
G(a,b,c) for some a,b,c.
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Proof of Proposition 4.2. It follows from the assumptions on the sets 4, B,C,D that
|AUD| = 0(/en) and that each vertex in AU D is incident with at most O(,/en) non-
triangular edges. Therefore the number of non-triangular edges with an end in AU D 1is
O(en?®) = O(xkn). We show that, in fact, there are no such edges.

Suppose that uv is a non-triangular edge with u € A U D. Without loss of generality, we
may assume that u € 4 and v € B U D. Observe that the neighbours of u are not adjacent
to v. Let G’ be the graph obtained by adding the edges between v and the neighbours
of u in A, removing the edges between u and A \ {u} and also adding all missing edges
between u and B. Then e(G’) > e(G) and t(G') > t(G) 4+ |B| — O(xn) > t(G), where the last
inequality holds provided that we choose x small enough. However, this contradicts the
optimality of G, so there cannot be such an edge uv.

It is now easy to finish the proof. By what we have just proved, all the missing edges
with both ends in A U D may be added without causing a non-triangular edge to become
triangular, and hence, since G is optimal, G[A U D] is a clique. Similarly, all possible edges
between A and B and between D and C are present in G. We may assume that |B| > |C]|.
Remove the edges between D and C and add all possible edges between D and B. The
resulting graph G’ is isomorphic to G(|4 U D|,|B|,|C|) and satisfies |G'| = n, ¢(G’) > e(G)
and t(G’) > t(G). However, G is optimal, so we must have ¢(G') = e¢(G) and t(G') = t(G).
Therefore, it must be the case that D = () or |B| = |C|. If D is empty, then G = G’ and
we are done. Let us suppose that |[B| = |C|. Since ¢(G') > n?>/4, G' is not bipartite, and
hence |4 U D| > 2. Take any vertex w € 4 U D. If we remove all edges between w and B,
but add all possible edges between w and C, then we obtain a new graph which has the
same number of edges, but more non-triangular edges than G. However, this contradicts
the assumption that G is optimal. Therefore, it must be the case that |B| > |C|, and so we
are done. L]

4.3. Sizes of A, B, C, D
In this subsection we prepare for the proof of Theorem 2.1 in the case where ¢ is large.
In particular, we obtain good bounds for the sizes of the sets A U D, B and C.

Proposition 4.3. Let G and A, B, C, D satisfy the conclusions of Proposition 4.1, and suppose
that |B| > |C| and that ¢ > i/n for some constant ik > 0. Then

|AUD| = (/26 + Oi(e))n,

1
Bl = (2 - o,c(s”“)) n

IC| = G — 26+ OK(83/4)) n

The proof is just a technical calculation, in which the main tool is the lower bound on
t(G) given by inequality (4.1).

https://doi.org/10.1017/50963548317000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000189

600 V. Gruslys and S. Letzter

Proof of Proposition 4.3. Denote a = |4 U D|, b = |B| and ¢ = |C| and write

a= (\/2?+oc)n,

1
(30
c=(;—\/z+ﬁ—oc)n,

where the quantities o and f are defined by these identities. We cannot assume that o
and f are positive, but we have —\/2? o< O(\/.? ), where the second inequality comes
from Proposition 4.1. Since there are at most O(en?) non-triangular edges with an end in
AU D, we have

t(G) < be + O(en?)

L (n—ap

S+ O(en?)
n?  an 5
<——— :
S 7 3 + O(en?)
Combining this with inequality (4.1), which states that t(G) > (1/4 — \/e/2 — O(1/n))n?,
we get
1 & t(G) 1 (J2& +0a)

Therefore, o < O,(¢). Using the fact that b > ¢ and that any vertex in A U D sends edges
to only one of B and C, we obtain the following upper bound on the number of edges
in G:
2
e(G) < b(n—>b)+ >

Combining this with the definition e(G) = (1/4 + &)n?, we get
1 1 (26" + a)?
<[ Z— — A b et
+os(3-8)(5+8)+ %5
1 ) o
= Z - ﬁ +e+ o \/2_8‘ + E .

It follows that 2 < a(~/2e 4 a/2). In particular, « > 0 and f = O,(¢/4), implying the
assertions of Proposition 4.3. L]

1
4

4.4. Completing the proof if ¢ is large
We are now able to complete the proof of Theorem 2.1 under the assumption that ¢ > x/n
for some constant k¥ > 0. Here we will use the assumption that G is a compressed graph.

Proposition 4.4. Let k > 0 be a constant. If ¢ > i/n, then G = G(a, b, c) for some a,b,c.

The proof consists of two stages. In the first stage we use the bounds from Proposi-
tion 4.3 to conclude that D is very small and that very few vertices in A are incident with
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non-triangular edges. In the second stage we show that if D is non-empty or if there exists
a vertex in 4 with a non-triangular neighbour, then G can be manipulated to obtain a
graph with more edges and more non-triangular edges, contradicting the assumption that
G is optimal. It follows that G is isomorphic to a graph G(a, b, ¢).

Proof of Proposition 4.4. We start by showing that the edges between BUD and AU C
form an almost complete bipartite subgraph. We shall be using the estimates on the size
of the sets AU D, B and C from Proposition 4.3. To be able to use Proposition 4.3, we
assume, without loss of generality, that |B| > |C|. Note that x is an absolute constant
(implicitly determined in Proposition 4.2). Thus, we may remove the dependence on x in
the estimates of these sizes.

Claim 4.7. Every vertex in BUD is adjacent to all but O(&¥/*n) vertices in AU C. Fur-
thermore, |D| = O(&¥/*n).

Proof. The non-triangular degree of any vertex in C is at least |B|. Hence, by Obser-
vation 3.2, every vertex in G has degree at least |B| — 1. The vertices in B U D are not
adjacent to any vertex in B. Since |B| > (1/2 — O(¥/*))n, it follows that every vertex in
B U D is adjacent to all but O(¢%/*n) vertices in V(G)\ B = AU C U D. Since there are no
edges between B and D, |D| = O(c3/*n). O

Let T denote the set of triangular vertices in 4 (recall that a triangular vertex is incident
only with triangular edges) and let S = 4\ T. We show that the vertices in S have few
neighbours in A.

Claim 4.8. Every vertex in S has O(¢**n) neighbours in A.

Proof. Let u € S and let v be a non-triangular neighbour of u. Then v € B U D, because
there are no edges between 4 and C, and there are no non-triangular edges with both
ends in A. Recall that, by Claim 4.7, v is adjacent to all but O(¢¥/*n) vertices in A. Since
uv is non-triangular, u and v have no common neighbours, implying that u has O(c%/*n)
neighbours in A. |

We conclude that almost all of the vertices in 4 are triangular.
Claim 4.9. |T|> (\/2¢ — O(e¥/*)n.
Proof. By removing the edges with both ends in A or both ends in D from G, we
remain with a bipartite graph, so (1/4 + &)n> = ¢(G) < n?/4 + e(G[A]) + e(G[D]). Since

ID| = O(¢3/*n), we have e(G[D]) = O(¢3/?>n?), and hence e(G[A]) > (e — O(¥/?))n>.
Claim 4.8 implies that

e(G[A]) — e(G[T1) < O(IS|e**n) < O(|Ale*n) < 0(e¥*n?),
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where the rightmost inequality is a consequence of Proposition 4.3. Therefore, e(G[T]) >
(e — O(*)n?, and so |T| > (126 — O(e¥/*))n, as required. O

Since G is compressed, T induces a clique, and any two vertices in T have the same
neighbourhood outside of T. In particular, if a vertex v € S is adjacent to a vertex in T,
then v is adjacent to all vertices in T. However, this cannot happen since, by Claim 4.8,
v has at most O(¢**n) neighbours in A, while, by Claim 4.9, there are at least Q(,/zn)
vertices in T. Therefore, there are no edges between T and S.

In the following claim we deduce that, in fact, all vertices in 4 are triangular. The key
observation is that a pair of adjacent vertices in S can be replaced by one vertex in C and
one in T, increasing both the number of edges and the number of non-triangular edges.

Claim 4.10. The set S is empty.

Proof. Suppose that S contains a vertex u. By Proposition 4.1, u has a neighbour
v € A. Since there are no edges between T and S, we conclude that v € S. In particular,
u and v have no neighbours in T. Now let H be the graph obtained from G by
removing the vertices u and v and adding new vertices x and y, where x is joined by
edges to all of B and y is joined to all of BU T. It follows from Claims 4.7, 4.8 and 4.9
that e(H) > e(G) — 0(e¥/*n) + (\/2¢' — 0(¢¥/*))n > e(G). Recall that, by Proposition 4.1,
the non-triangular degree of any vertex in 4 is at most 0(\/5 n), implying that (H) >
t(G) — 0(\/5 n) + |B| > t(G). Therefore, H has more edges and more non-triangular edges
than G, contradicting the optimality of G. Thus, S is empty. L]

Similarly, we prove that D is empty. The trick here is to replace two adjacent vertices
in D by one vertex in C and one in A.

Claim 4.11. The set D is empty.

Proof. Suppose that D is non-empty, so we may pick adjacent vertices u,v € D. Consider
the graph H, obtained by removing the vertices u and v and adding new vertices x and
y with x joined to all of B and y joined to all of 4 U B. It follows from the bounds
given by Propositions 4.3 and 4.7 that e(H) > e(G) + (1/2¢ — 0(¢/*))n > ¢(G). Moreover,
sincc A = T is a clique of triangular vertices, the addition of x and y does not destroy
any non-triangular edges in G \ {u,v}. Since u and v have at most O(\/En) non-triangular
neighbours, we have t(H) > t(G) 4+ (1/2 — 0(\/5))71 > t(G), contradicting the assumption
that G is optimal. ]

Now the proof of Proposition 4.4 is complete. Indeed, we know from Claim 4.10 that
A = T. This means that A induces a clique and that every vertex in A is adjacent to every
vertex in B. Therefore, G = G(|A4], |B|,|C)). ]
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5. Middle range

In this section we prove Theorem 2.2, in which we consider the case where the graph is
neither close to being complete nor close to being complete bipartite. Out of the three
ranges, the middle range turns out to be the hardest to prove. One of the main difficulties
that arises here is that, unlike in the other two ranges, we cannot directly conclude that
the graph G has structure similar to that of G(a, b, ¢).

Theorem 2.2. For every 6 > 0 there exists ny such that the following holds. Let G be a
graph with n > ny vertices and e edges, where (1/4 4 6)n> < e < (1/2 — 6)n?. Then there
exists a graph H = G(a, b, c) such that |[H| =n, e(H) > e and t(H) > t(G).

Fix 6 > 0. Throughout this section we assume that G is a compressed and optimal
graph with n vertices and e edges, where (1/4 4 6)n> < e < (1/2 — 6)n’. As in the rest of
the paper, the statements that we write down hold for sufficiently large n. Moreover, since
o0 is fixed, the constants implied by big-O notation may depend on J.

We split the proof of Theorem 2.2 into four stages, as described by the following four
propositions. In the first stage we show that G has many triangular vertices (that is,
vertices that are incident only with triangular edges).

Proposition 5.1. G has Q(n) triangular vertices.

In the second stage we conclude that G admits the following structure (see Figure 6).
Although Proposition 5.2 gives much less information than Proposition 4.1 from Section 4,
it still shows that G vaguely resembles a graph G(a, b, ¢).

Proposition 5.2.  There exists a partition {A,B,C} of V(G) such that all parts have size
Q(n) and the following properties are satisfied.

(1) A is the set of triangular vertices in G, it spans a clique and its vertices are adjacent to
all of B and none of C.

(2) B may be partitioned into O(1) sets of clones and a remainder of size O(ﬁlog n).

(3) C may be partitioned into O(1) sets of clones, each having Q(n) non-triangular neigh-
bours in B, and a remainder of size O(n'/>logn).

In the third stage we show that the number of edges (and non-triangular edges) in G
is close to the number of edges (and non-triangular edges) in G(|A4|,|B|,|C]).

Proposition 5.3. Let A,B,C be as in Proposition 5.2 and denote a = |A|,b = |B|,c = |C]|.
Then

2
e(G) = % +ab+ b+ 0m*\/logn), (G) = be+ 0n"*\/logn).

In the fourth and final stage we complete the proof of Theorem 2.2.
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remainder

O(v/nlogn)

O(1) sets of clones

remainder

O(v/nlogn)

O(1) sets of clones

Figure 6. The partition {4, B, C}.

Proposition 54. G = G(a, b, ¢) for some a,b,c.

Proof of Theorem 2.2. The proof is immediate from Propositions 5.1, 5.2, 5.3 and 5.4.
The only slight technicality is that when we replace a graph with at most (1/2 — &)n?
edges by an optimal and compressed graph, the number of edges may increase and exceed
this bound. However, Lemma 3.7 implies that this condition is still satisfied for a relaxed
value of 0. L]

We now turn to the proofs of Propositions 5.1, 5.2, 5.3 and 5.4. We present them in
separate subsections.

5.1. Many triangular vertices
In this subsection we prove Proposition 5.1.

Proposition 5.1. G has Q(n) triangular vertices.

The main ingredients of this proof are a somewhat unexpected application of Lemma 3.7
and the assumption that G is compressed. First, we conclude from Lemma 3.4 that G has
a large clique. Then, we partition the graph into fairly large independent sets of clones
and a very dense part, using the fact that G is compressed. It is then possible to conclude
that only a few of the vertices of the clique are incident with non-triangular edges.

Proof of Proposition 5.1. Our first aim is to show that G has a clique of size at least
Q(n). This can be done fairly easily, as shown in the proof of the following claim.
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Claim 5.5. G has a clique of size Q(n).

Proof. By Lemma 3.4, there exists a good weighted subgraph H of G satisfying |H| =
|G| =n, e(H) > e(G), t(H) > t(G) (see Definition 3.3 for the definition of a good weighted
graph). Let {K,{u,v}} be a partition of V(H) into a clique K and an edge uv, which is
the only non-triangular edge of H.

Let o be the sum of the weights of vertices in K and let m be the number of vertices in
K. Let f and y be the weights of u and v and suppose that f > y. Note that o+ ff + 7 = n.
By the Cauchy—Schwarz inequality, the contribution of the edges in K towards e(H) is
maximized if all of these vertices have weight o/m. Therefore this contribution does not
exceed (a/m)* () = (1 — 1/m)o? /2. Moreover, since no vertex is adjacent to both u and
v, the contribution of the edges between K and {u,v} towards e(H) is maximized when
every vertex in K is adjacent to u, but not v. Hence,

e(G)<e(H) < (1 — 1) a—z +af + fy. (5.1)
m) 2

In particular, since iy < n?/4, we have e(G) < n?/4 + an. Recall that e(G) > (1/4 + 6)n®
It follows that o > on.

Denote b =[], ¢=[y] and a=n—b—c and consider the graph F = G(a,b,c).
Note that #(G) < t(H) = fy < bc = t(F). Since G is optimal, it follows that e(G) > e(F).
Therefore,

e(G) = e(F) = (;) + ab + bc

>w+(a_2)ﬁ+ﬁy

> —+oaf+pfy—25n

OC
2
( ) +af + By.

Comparing this with (5.1), we have m > o?/(5n) > 6°n/5. It follows that G has a clique
of size at least 6n/5. O

Recall that G is compressed. Hence, by Observation 3.9, every independent set of size
5 /n"in G contains a set of clones of size |/n"

We construct a set U < V(G) as follows. We start with U = (. At each stage, if the
complement U® = V(G) \ U contains an independent set I of size 5\/77 , then I contains
a set of clones of size at least \/77 . We add this set of clones to U and continue until U°
has no independent set of size 5\/17 . Observe that the resulting set U is a disjoint union
of sets of clones each of size at least ,/n’, while the complement U® has no independent
set of size 5. /n’ (see Figure 7).

In the following claim we deduce from Lemma 3.7 that G[U®] is very dense.

Claim 5.6. G[U®] has O(n*/?) non-edges.
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independence

number < 5y/n

sets of clones

of size > /n

Figure 7. The sets U, W and K'.

Proof. Since G[U®] has no independent set of size at least 5\/r7 , every vertex in G has
at most 5\/17 non-triangular neighbours in U°®. It follows that there are at most 5n%/?
non-triangular edges with at least one end in U°.

Let [ denote the number of non-edges in G[U®]. By adding these edges to G we obtain
a graph G’ with n vertices and e(G) + | edges such that t(G') > t(G) — 5n*/2. It follows
from Lemma 3.7 that [ = O(n*/?). O

Let K be a largest clique in G, so |[K| = Q(n) by Claim 5.5. Let K’ = K \ U and denote
W = U°\ K’ (see Figure 7). Note that, since U contains no clique of size greater than
Jn's we have [K'| > |[K| — /n"= Q(n). In the following claim we use the structure of U
and Claim 5.6 to deduce that almost all vertices in K’ are triangular.

Claim 5.7.  All but O(,/n’) vertices in K" are triangular.

Proof. Since K’ is a clique, any vertex in the complement V(G)\ K’ sends at most one
non-triangular edge to K'. In fact, if u € V(G) \ K’ has a non-triangular neighbour in K’,
then u has no other neighbours in K'.

Let m denote the number of vertices in W that have a non-triangular neighbour in
K’. Then the number of missing edges in G[U®] is at least m(|K'| — 1) = Q(mn). From
Claim 5.6 we conclude that m = O(\/rT ). Therefore, there are 0(\/r7 ) vertices in K’ with a
non-triangular neighbour in U°.

Finally, U is a union of at most \/17 sets of clones, and any one set of clones can send
non-triangular edges to at most one vertex in K’. Therefore, there are at most \/rT vertices
in K’ that have a non-triangular neighbour in U. L]

The proof of Proposition 5.1 is complete. Indeed, K’ consists of Q(n) vertices and all
but 0(\/r7 ) of them are triangular. ]
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5.2. Structure

In this subsection we build on the fact that G has Q(n) triangular vertices and prove that,
in terms of structure, G has some similarities to a graph G(a, b, c). In particular, we prove
that the vertices of G can be partitioned into three linearly sized sets A, B, C such that 4
is a clique and all edges between A and B are present in G, while all edges between A and
C are missing. We do not yet prove that the sets B, C are independent, but we show that
both of them can be partitioned into a small number of independent sets (see Figure 6).
Our main tool in this subsection is the assumption that G is compressed, and we also use
Lemma 3.7.

Proposition 5.2. There exists a partition {A,B,C} of V(G) such that all parts have size
Q(n) and the following properties are satisfied.

(1) A is the set of triangular vertices in G, it spans a clique and its vertices are adjacent to
all of B and none of C.

(2) B may be partitioned into O(1) sets of clones and a remainder of size O(ﬁlog n).

(3) C may be partitioned into O(1) sets of clones, each having Q(n) non-triangular neigh-
bours in B, and a remainder of size O(n'/>logn).

Proof of Proposition 5.2. Let A denote the set of triangular vertices in G. Since G
is compressed, 4 induces a clique and the vertices of A have the same neighbourhood
outside of A. Denote this neighbourhood by B and let C = V(G) \ (AU B). Property (1)
follows.

Note that the graph G(a,b,c), where ¢ =on/2, b= ﬁn and a=n—>b —¢, has at
least (1/2 — 8)n® edges and 63/?n%/2 non-triangular edges. Hence, since G is optimal and
e(G) < (1/2 — &)n?, it follows that t(G) = Q(n?).

By Proposition 5.1 we have |4| = Q(n). Note that there are no non-triangular edges
with both ends in AU B, and so the number of non-triangular edges in G is at most
|C|n. Since t(G) = Q(n?), it follows that |C| = Q(n). We will deduce that |B| = Q(n) from
a stronger statement that almost all vertices in C have Q(n) non-triangular neighbours
in B.

Claim 5.8. All but O(1) vertices of C have Q(n) non-triangular neighbours in B.

Proof. Let ¢ >0 and k € N be constants. Suppose that there is a set Z = C of size k
whose every vertex has at most cn non-triangular neighbours in B. Our aim is to show
that if ¢ is sufficiently small and k is sufficiently large, then the existence of such a set Z
would lead to a contradiction.

Consider the graph G', obtained from G by adding the edges between Z and A. Then

o(G) = e(G) +klAl, 1G> (G) — ckn — (’;

Provided that k is sufficiently large, Lemma 3.7 implies that 1(G') < t(G) — (k|A| for some
constant { > 0 that does not depend on c¢ or k. Therefore, {|4]| < 2cn must hold. However,
we may choose ¢ small enough to make this false, thus obtaining a contradiction. U]

) > t(G) — 2ckn.
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The previous claim provides us with a set C' = C such that |C \ C’| = O(1) and every
vertex in C’ has Q(n) non-triangular neighbours in B. The following claim implies that C’
may be partitioned into O(1) independent sets.

Claim 5.9. There exists a set S < B of size O(1) such that every vertex in C' has a non-
triangular neighbour in S.

Proof. We construct S = {uy,...,u;} by choosing the elements uy,...,ux € B and certain
corresponding subsets Iy,...,Iy = B in the following way. Suppose that uy,...,u; and
Ii,...,I; have been chosen, where j > 0. Let U; be the set of vertices in C’ that have a
non-triangular neighbour in {uy,...,u;} (so, in particular, Uy = 0). If U; = C’, we stop
the process. Otherwise, pick a vertex v € C'\ U; and consider the set N consisting of
the non-triangular neighbours of v in B. By the definition of C’, we have |N| = Q(n).
Moreover, since N is independent and G is compressed, N contains a set of clones of size
at least |[N|/5. Denote this set of clones by I, and pick ujy € I arbitrarily.

It is clear that when the process terminates, every vertex in C’ has a non-triangular
neighbour in the resulting set S. It remains to check that the process stops after O(1)
steps. Indeed, suppose that it ran for k steps. The sets Iy,...,I; are pairwise disjoint and
have size at least Q(n) each, whence k = O(1). ]

The non-triangular neighbourhoods of the vertices in S cover C’. Therefore, C’ can be
partitioned into O(1) independent sets. Since G is compressed, each independent set can
be partitioned into O(logn) sets of clones, all but at most four of which have size O(n'/?).
By combining the sets of clones of size O(n'/3) into one set, we get a partition of C’ into
O(1) sets of clones and a remainder of size O(n'/3logn). Note that, by definition, every
vertex in C’ has Q(n) non-triangular neighbours in B. Now, throw all of the O(1) vertices
of C \ C' into the remainder to get a partition of C that satisfies property (3).

It remains to prove property (2). Partition C into sets Z,C” where |Z| = O(n'/?logn)
and C” is a union of O(1) sets of clones. Let Y be the set of vertices in B that do not
have non-triangular neighbours in C” and denote B = B\ Y. First, we will show that B’
can be partitioned into O(1) independent sets. Indeed, B’ is covered by the non-triangular
neighbourhoods of vertices in C”, and each of them is an independent set. Moreover, C”
is a union of O(1) sets of clones, and so there are O(1) distinct such neighbourhoods.
Second, we will prove that |Y | = O(,/n'logn).

Claim 5.10. |Y|= O(/n'logn).

Proof. Recall that A is the set of triangular vertices in G. Since Y is disjoint from A4,
every vertex in Y has a non-triangular neighbour, and that neighbour must be in Z. That
is, the non-triangular neighbourhoods of vertices in Z cover Y. Since Z is a union of
O(logn) sets of clones, Y can be partitioned into O(logn) independent sets. In particular,
Y contains an independent set I of size Q(|Y |/ logn).
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Let G’ be the graph obtained from G by adding all possible edges spanned by |I|. Then

I

e(G') = e(G) + <2), (G') > 1(G) — |I||Z]| = t(G) — O(|I|n'* log n).
This is a contradiction to Lemma 3.7 unless (")) = O(n) or (') = 0(/I|n'/* log n). In either

case |I| = O( /n), and so |Y| = O(,/n'logn), as required. U]

The proof of Proposition 5.2 is now complete. We have already proved properties (1)
and (3) and that A4,B,C are all of size Q(n). To prove property (2), recall that B is
partitioned into a set Y of size O(ﬁ logn) and a set B’ which is a union of O(1)
independent sets. As argued above, it follows that B’ can be partitioned into O(1) sets
of clones and a remainder of size O(n'/?logn). Assigning Y to this remainder gives the
desired partition of B. L]

5.3. Sizes

In the previous subsection we proved that V(G) can be partitioned into sets A, B, C that
correspond to the three parts of the graph G(|A4|,|B]|,|C]|). In this subsection we consider
the sizes of the sets A, B, C. We show that the number of edges (and non-triangular edges)
of G is very close to the number of edges (and non-triangular edges) of G(|A4|,|B],|C|).

Proposition 5.3. Let A,B,C be as in Proposition 5.2 and denote a = |A|,b = |Bl,c = |C]|.
Then
2

o(G) = % Fab+be+ 0"\ /logn), HG) = be+ 0n’*\/logn).

In the proof of this proposition we revisit Fiiredi and Maleki’s [4] proof of Theorem 1.2,
which is an approximate version of our main theorem. In their proof, Fiiredi and Maleki
repeatedly apply Lemma 3.5, which eliminates one vertex at a time from any independent
set of size 3. Here, we will do the same thing, but we will keep tight control on the
independent sets to which we apply this lemma.

Proof of Proposition 5.3. Recall that by Proposition 5.2 both sets B and C can be
partitioned into O(1) sets of clones and a remainder of size O(\/VT logn). Let G’ be the
graph obtained by removing the edges incident with vertices in this remainder. Then
e(G') > e(G) — O(n*/*logn) and t(G') > t(G) — O(n**logn).

The following claim is a variation of Lemma 3.4. It allows us to approximate G’ by a
weighted subgraph whose intersection with C induces a clique.

Claim 5.11. There is a weighted subgraph H of G’ such that |H| = n, e(H) > e(G') and
t(H) > t(G'), which has the following properties.

o At least two vertices in A are present in H. Moreover, with at most one exception, the
vertices in A that are present in H have weight 1.
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e All vertices in B are present in H and have weight 1.

e The vertices in C that are present in H induce a clique.

Proof. We perform the following process to obtain the weighted graph H. Initially, we
set H to be G’ with every vertex having weight 1. Then we perform multiple steps, during
which we modify the weights of the vertices in 4 U C (and remove some of these vertices)
so that, at any given time, 4 has at most one vertex with weight not equal to 1. At each
step we select vertices u € A and v,w € C. We take u to be the unique vertex in A of
weight not equal to 1, and if there is no such vertex, then we take it to be an arbitrary
vertex remaining in 4. We take v and w to be any pair of non-adjacent (in G’) vertices in
C. If choosing u,v,w according to these rules is impossible, then we terminate the process.

Suppose that we successfully selected the vertices u, v, w. They form an independent set,
and so by Lemma 3.5 it is possible to remove one or two of these vertices and redistribute
their weight on the remaining ones so that the new weights are positive, the total weight
does not change and e(H),t(H) do not decrease.

It is clear that this process terminates, because each step decreases the number of
vertices remaining in H. Let us consider the resulting weighted graph H. Since the process
terminated, either no vertices of 4 are present in H, or the remaining vertices of C induce
a clique. We show that, in fact, at least two vertices remain in 4, and so the latter condition
must hold.

Suppose that fewer than two vertices in 4 remain in H. Let m denote the size of
the largest clique that can be formed from vertices remaining in H. Since the vertex set
of G’ can be partitioned into A and O(1) independent sets, we have m = O(1). Apply
Lemma 3.4 to obtain a good weighted subgraph F of H, with xy being its only non-
triangular edge, such that |F| =n, e(F) > e(G') and ¢(F) > t(G'). Let f and 7 be the
weights of x and y in F and suppose that ff > y. Then « =n—f —v is the sum of
the weights of the other vertices in F. We have ¢(F) = fy and, as in inequality (5.1)
from Claim 5.5, e(F) < (1 — 1/m)e?/2 4+ aff + By. It follows that t(G) < By + O(n*/? logn)
and e(G) < «?/2 + af + By — Q(n?). Consider the graph G” = G(n— [B] — [71.[B1. [7])-
It is easy to check that t(G”) > t(G) — O(n**logn) and e(G") > e(G) + Q(n?). This is a
contradiction to Lemma 3.7, since G is optimal. Therefore, at least two vertices in 4 are
present in H.

It follows that the set of vertices in C that are present in H induces a clique. Hence,
the weighted graph H satisfies the requirements of Claim 5.11. ]

Let H be a weighted graph as given by Claim 5.11, so in particular, e(H) > e(G) —
O(n*/*logn) and t(H) > t(G) — O(n*/* logn). By Lemma 3.7, since G is optimal,
e(H) = e(G) + O(n**logn), t(H) = t(G) + O(n**logn). (5.2)

We remark that these two equations express both upper and lower bounds for the
quantities e(H) and t(H). In the following claim we prove that, in fact, only one vertex of
C is present in H.
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Claim 5.12.  Exactly one vertex of C is present in H. Moreover, all but at most
o(n’/* flogn) vertices in B are non-triangular neighbours of that vertex.

Proof. Let uy,...,u, denote the vertices in C that are present in H, and let Ny,...,N,, be
their non-triangular neighbourhoods in B. Since the set {uy,...,u,} forms a clique, there
are no edges between u; and N; for i # j. In particular, the sets Ny,..., N, are pairwise
disjoint.

Let Z = B\ (N; U---U N). Since the intersection of H with 4 induces a clique on at
least two vertices and since all edges between B and the intersection of H with A are
present in H, the vertices in Z are not incident with any non-triangular edges in H. We
will show that [Z| = O(n*/*,/Togn)). Indeed, recall that B is the union of O(1) independent
sets and a remainder of size at most O(,/n'logn). Thus, provided that |Z| > C /n'logn
for a sufficiently large constant C, there exists an independent set I = Z of size Q(|Z]).
Consider the weighted graph H' obtained from H by adding the edges spanned by I.
Then

e(H') = e(H) + Q(|Z*) > e(G) — O(n**logn) + Q(|Z ),
t(H') = t(H) > t(G) — 0(n*/* log n).

It follows from Lemma 3.7 that |Z| = O(n*/* /logn).

Our aim is to prove that m = 1. We assume for contradiction that m > 2. In particular,
since by Proposition 5.2 and the definition of G, in G’ every vertex in C is either isolated
or has Q(n) non-triangular neighbours in B, the vertices uj,..., u, have the latter property.
In other words, |N;| = Q(n) for every i.

For each i, let y; denote the weight of u; in H. We will show that y; = Q(n) for every i.
Indeed, fix any i. Let H; denote the weighted graph obtained from H by adding all edges
spanned by N;. Since N; is an independent set in H, we have

e(H;) > e(G) + Q(n*),  t(H;) > t(G) — [Nilyi — O(n** log n).

By Lemma 3.7, y; = Q(n).

Write f5; = |[N;|. Construct a weighted graph F, starting from H and carrying out the
following steps. Firstly, remove all edges with an end in Z. Secondly, replace each set N;
by a vertex v; of weight ;. Finally, connect each vertex v; to all of the vertices in A (that
are present in H) as well as to u; and v; for every j # i (see Figure 8). We have

e(F) = e(H)—|Z|n > e(G) — O(n”*\/logn), t(F) > t(H) > t(G) — O(n**logn).

Pick any real 2 such that || < min{fy, f2,71,72}. Let F, be the weighted graph obtained
from F by adding 2 to the weights of u; and v; and subtracting 4 from the weights of u,
and v,. Clearly, |F;| = |F| = n and it is easy to check that e(F;) = e(F).

If m > 3, then the only non-triangular edges in F are u;v;. Hence, in this case,

tF;) = t(F) — (Biyt + Pay2) + (B1 + (1 +A) + (B2 — (2 — 4)
=t(F) + (B1 + y1 — B2 — 12)A + 2%
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O(\/ﬁlog n)

+A =) ——
T )
Uy L) us Uy

0

U1 V2 U3 V4
+A =

O(n3/4\ /logn )

Figure 8. The graph F.

If Bi4+7y1>p2+7y2, then take A= min{f,71,f272}. Otherwise, take 1=
—min{f1,71, B2, y2}. In either case, |1 =Q(n) and t(F;) > t(F) + Q(n?) > t(G) + Q(n?),
contradicting Lemma 3.7.

This calculation is slightly different in the case when m = 2, because then we have to
account for the edge u;juy, which is also non-triangular. In this case

t(F;) = t(F) — Byt + Bava +7122) + (Br + D1 + ) + (B2 — D2 — ) + (31 + (2 — )
= ((F) + (B1 — Po)A+ 77,

We may reach a contradiction to Lemma 3.7 by choosing 4 of the same sign as fi; — 5,
and with || = min{fy, f2,71,72}. We conclude that m = 1, completing the proof of the
claim. L]

Recall that, among the vertices in 4 that are present in H, at most one has weight not
equal to 1. In the following claim we show that this weight cannot be very large.

Claim 5.13. The weight in H of any vertex in A is O(n*/* /logn).

Proof. Let u be a vertex of A of maximal weight in H, and let w be its weight. Suppose
that w > 1, in which case all other vertices in 4 have weight 1 in H.

Replace the vertex u by a clique of size |w| whose vertices have weight @/|w]| and
are adjacent to all of (4 \ {u})U B, and denote the resulting weighted graph by H'. We
have to check the technical condition that the average weight of a vertex in H’ is at least
1. However, this can be easily verified, since the total weight of H' is an integer and H’
has at most one vertex whose weight is smaller than 1 (namely, the only vertex of C that
remains in H').
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By replacing u with a clique, we create new edges inside the clique, and these edges
contribute (Lé’J)(w /|lw])? = Q(w?) towards e(H’). Therefore, we have

t(H') = t(H) > t(G) — 0(n**logn), e(H') = e(H)+Q(w?) > e(G) — O(n*'? log n)+Q(w?).
It follows from Lemma 3.7 that o = O(n¥/* flogn). O

Recall that a, b, ¢ are the sizes of the sets 4, B, C in the original graph G. Let o, f§,7 be
the sums of weights (in H) of the vertices in these sets, summing over vertices present in
H. So, for example, f = b and 7y is the weight of the single vertex in C that is present in H.
Clearly, o 4+ y = a + ¢, because both sides are equal to n — b. Now, we use the properties
of H that we have proved to get good bounds on e(H) and t(H) in terms of o, f3, 7.

Recall that the set 4 induces a clique in G, so its remainder induces a clique in H.
Combined with Claim 5.13, this implies that the contribution of the edges within 4 to
e(H) is o*>/2 — O(n*/*logn). By Claim 5.12, the set B contains an independent set of size
at least |B| — O(n*/*,flogn’). Therefore, the contribution of the edges within B to e(H)
(and in particular to t(H)) is O(n"/ 4\/10W ). Moreover, Claim 5.12 implies that the edges
between B and C contribute fy —O(n"/* /logn) to both e(H) and t(H). Putting this
together, we get

e(H)=o?/2+af + By +0n"*/logn), t(H)=py+0m"*\/logn).  (53)

Again, we remark that these are both upper and lower bounds for the quantities e(H)
and t(H). We deduce that o almost equals a and y almost equals c.

Claim 514. o« =a+ 0m/* flogn) and y = ¢ + O(n’/* Jlogn).

Proof. We can read the inequality « < a+ O(n** /logn’) off Claim 5.13. To get the
corresponding lower bound on «, we consider the quantity e(H) — t(H). On one hand, the
inequalities in (5.3) give

e(H) — t(H) = «* /2 + af + O(n"*\/logn).
On the other hand, we can use the inequalities in (5.2) to get
e(H) —t(H) = e(G) — t(G) + 0(n** log n)
> a*/2 + ab 4 0(n** logn),

where the latter inequality comes from the fact that the quantity e(G) — t(G) counts the
triangular edges in G, and all vertices in 4 are triangular. Recall that b = . Combining the
two inequalities for e(H) — t(H) we get o > a — O(n*/* Jlogn’), so « = a+ O(n’/* Jlogn).
To complete the proof of the claim, note that a + ¢ = o« + 7. U]

Proposition 5.3 follows from the last claim and the inequalities in (5.2) and (5.3). U]

5.4. End of the proof
We are now ready to complete the proof of Theorem 2.2.
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Proposition 54. G = G(a, b, c) for some a,b,c.

We gradually get closer to proving that G = G(a, b, c). We start by showing that b is
much bigger than ¢, which leads to the conclusion that C spans no non-triangular edges.
This implies that almost all possible edges between B and C are present in G and are
non-triangular, by Proposition 5.3. In fact, using the fact that G is compressed, we deduce
that there are large subsets of B and of C that span a complete bipartite graph consisting
of non-triangular edges. With some more effort, using the optimality of G, we conclude
that B and C themselves induce a complete bipartite graph, thus completing the proof.

Proof of Proposition 5.4. Let {4, B, C} be the partition of V(G) given by Proposition 5.2.
As in the statement of Proposition 5.3, write a = |4], b = |B|, ¢ = |C|. We start by showing
that b is significantly larger than c.

Claim 5.15. We have b > ¢ + Q(n).

Proof. Suppose to the contrary that b < ¢ + o(n). Thenwe haven=a+4+b+c > 2b+a—
o(n), and hence b < (n — a + o(n))/2. Since a = Q(n), we can conclude that b < n/2 — Q(n).
Consider the graph H = G(a, b, ¢). Proposition 5.3 implies that

e(H) = e(G) + 0(n"*\/logn), t(H)=t(G)+ O(n"*\/logn).

Consider also the graph H' = G(a,b +d,c —d), where d =n""°. Note that b+d <
n/2 — Q(n). Therefore, from the expression e(H) = (}) + (n — b)b and the corresponding
expression for e(H’), we can see that e(H') > e(H) + Q(dn) = e(G) + Q(dn). Similarly,
t(H') = (b+ d)(c —d) > bc — o(dn), and so t(H") > t(H) — o(dn) = t(G) — o(dn). However,
this contradicts Lemma 3.7. Therefore, b > ¢ + Q(n). ]

In the following claim we conclude that C spans no non-triangular edges.
Claim 5.16. There are no non-triangular edges with both ends in C.

Proof. By Proposition 5.3 there are hc + o(n?) non-triangular edges in G, and each
one of them is incident with a vertex in C. Therefore, some vertex in C has at least
b — o(n) non-triangular neighbours. Thus, by Observation 3.2, every vertex in C has
degree at least b — o(n), and so the sum of the degrees of any two vertices in C is at least
2b —o(n) > b+ c = |B U C|, where the latter inequality comes from the previous claim.
Since the vertices in C have neighbours only in B U C, it follows that any pair of vertices
in C have a common neighbour, and hence they cannot be joined by a non-triangular
edge. ]

Recall that by Proposition 5.2 both sets B and C can be partitioned into O(1) sets of
clones and a remainder of size O(\/IT logn). In such a partition of B consider the sets of
clones of size at least n°/!1° and let B’ be their union. Similarly, let C’ be the union of the
sets of clones in the partition of C that have size at least n°/!© and denote Z = C \ C’
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and Y = B\ B’. Then |Y| = 0(n”/'°) and |Z| = O(n®/'°). We show that all possible edges
between B’ and C’ are present in G and are non-triangular.

Claim 5.17. All possible edges between B’ and C' are present in G and are non-triangular.
In particular, B’ and C' are independent sets.

Proof. From the previous claim we know that every non-triangular edge in G has one
end in B and one end in C. Suppose that there exists a pair of vertices, one in B" and one
in C’, that are not joined by a non-triangular edge. Then there are two sets of clones of
size at least n°/1°, one contained in B’ and the other in C’, between which there are no
non-triangular edges. But then t(G) < bc — n?/3, contradicting Proposition 5.3. U]

In the following claim we obtain additional information about Y and Z, which brings
us closer to showing that B and C induce a complete bipartite graph.

Claim 5.18. There are no edges between B’ and Y and between C' and Z. Moreover, every
vertex in B has at least ¢ — o(n) neighbours in C, and every vertex in C has at least b — o(n)
neighbours in B.

Proof. Any vertex in C’ has at least |B’| =b — o(n) non-triangular neighbours, so
Observation 3.2 implies that every vertex in G has degree at least b — o(n). Claim 5.15
implies that |C| + |B \ B’|, which does not exceed ¢ + o(n), is smaller than this quantity,
and hence every vertex in C has a neighbour in B’. Therefore, because all possible edges
between B’ and C’ are present in G and are non-triangular (by Claim 5.17), there are no
edges between C’ and Z. In particular, every vertex in C has at most o(n) neighbours in
C, so it has at least b — o(n) neighbours in B.

Pick any vertex u € Y. Since u is not in A, u has a non-triangular neighbour v € C.
We have just proved that v has at least b — o(n) neighbours in B’. Therefore, u has at
most o(n) neighbours in B. Now suppose that u is adjacent to a vertex in B’. Then u has
no neighbours in C’. Hence, u has at most a + o(n) neighbours, of which at most o(n)
are non-triangular. However, any vertex of B’ has at least a + ¢ — o(n) neighbours and at
least ¢ — o(n) of them are non-triangular. This contradicts Observation 3.2. Therefore, u
has no neighbours in B'.

It remains to verify that every vertex in Y has at least ¢ — o(n) neighbours in C. Let us
again consider u € Y and let d denote the number of its neighbours in C. Then the degree
of u is at most a + d + o(n) and its non-triangular degree is at most d. By Observation 3.2,
applied to u and any vertex in B’, we know that a+d > a+c—o(n) or d = ¢ — o(n). In
either case d > ¢ — o(n). U]

In the following claim we prove that no edges are spanned by Z. We use a trick that
we have used several times before, replacing a pair of adjacent vertices in Z by copies of

vertices in A and B’, increasing the number of both edges and non-triangular edges.

Claim 5.19. The set Z is independent.
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Proof. Suppose to the contrary that Z contains a pair of adjacent vertices u,v. Then the
non-triangular neighbours of u are all in B and they are not adjacent to v. By Claim 5.18,
v has b — o(n) neighbours in B, and hence u has at most o(n) non-triangular neighbours.
Likewise, v has at most o(n) non-triangular neighbours.

Consider the graph G’ obtained from G by removing u,v and adding new vertices x
and y, where x is joined by edges to all vertices in A U B, and y is joined to all vertices
in B’. We have e(G') > e(G) + a — o(n) and t(G') > t(G) + b — o(n). This contradicts the
optimality of G, because a = Q(n) and b = Q(n). ]

A similar trick enables us to conclude that Y spans no edges. Here we replace two
adjacent vertices in Y by copies of vertices in A and B’.

Claim 5.20. The set Y is independent.

Proof. Suppose that there exists a pair of adjacent vertices u,v € Y. Let G’ be the graph
obtained from G by removing u,v and adding new vertices x,y with x joined to all of
AU B’ and y joined to all of AU C".

Let us compare ¢(G’) and t(G') with ¢(G) and #(G). By Claim 5.18, there are no edges
in G between {u,v} and B’. Therefore, the removal of u,v removes at most 2(a + ¢ + o(n))
edges. On the other hand, the addition of x,y creates 2a+ b+ ¢ — o(n) new edges.
Therefore, e(G') > e(G) + b — ¢ — o(n) > e(G). Furthermore, since u, v have at least ¢ — o(n)
neighbours in C each, there are at most o(n) vertices in C that are adjacent to precisely
one of u,v. As a result, u,v are incident with at most o(n) non-triangular edges in G.
Since the addition of x,y creates ¢ — o(n) new non-triangular edges, we have t(G') >
t(G) 4+ ¢ — o(n) > t(G). This contradicts the optimality of G, because ¢ = Q(n). L]

Proposition 5.4 easily follows from Claims 5.17, 5.18, 5.19 and 5.20. Indeed, these claims
together imply that B and C are independent sets in G. Therefore, if there were any
missing edges between B and C, we could add them to G without creating new triangles.
Since G is an optimal graph, all possible edges between B and C are present. It follows
that G = G(|4,|B|,|C)). Ul

6. Almost complete

In this section we prove Theorem 2.3.

Theorem 2.3. There exist ny and 6 > 0 such that the following holds. Let G be a graph with
n > ng vertices and e edges, where e > (1/2 — 8)n>. Then there exists a graph H = G(a, b, ¢)
such that |[H| =n, e(H) > e and t(H) > t(G).

The proof in this range is easier than in the other two ranges, though far from immediate.
We start by making the usual assumption that G is an optimal and compressed graph,
even though we do not use the full strength of the latter assumption: we only need
condition (2) from Definition 3.8.
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If very few (namely, 2n —8 or fewer) edges are missing from G, then we directly
prove that G = G(a,b,c) for some a,b,c. For the remaining range, we partition the
vertices of G, according to their degrees, into sets 4, B, C, with the aim of showing that
G = G(]A],|B|,|C]). We first prove that the sets have the correct orders of magnitude using
a rough lower bound on t(G). We are then able to prove better estimates for the sizes of
the sets, and, finally, we deduce that G has the required structure.

Proof of Theorem 2.3. Fix a sufficiently small constant 6 > 0 (whose value can be
determined from the proof) and let G be an optimal and compressed graph with n vertices
and (}) — en” edges, where 0 < ¢ < 6. We first consider the case ¢(G) > (3) — (2n—9).

Claim 6.1. If e(G) > (g) —(2n—9), then G = G(a, b, c) for some a,b,c.

Proof. If G has no non-triangular edges, then it is a clique by optimality, so we are
done. We claim that G does not have two independent non-triangular edges. Indeed, if
uv and xy are such edges, then for any other vertex w one of the two possible edges uw
and vw is missing, as well as one of xw and yw. Therefore, G has at least 2n — 8 missing
edges, contradicting our assumption. Therefore, since the triangle-free edges cannot form
a triangle, they form a star. Let uvy,...,uv, be the non-triangular edges. Then the set
A=V (G)\ {u,vy,...,v} is the set of triangular vertices in G, so A induces a clique and
all of the vertices in A4 have the same neighbourhood in V(G)\ A. Now, there are two
possibilities: either u is adjacent to all of A, or u is not adjacent to any vertex in 4. In the

former case, there are no edges between A and {uy,...,u}, and so G = G(|A4], 1,k). In the
latter case, optimality of G implies that all possible edges between A and {uy,...,ux} are
present in G, and so G = G(|4],k, 1). L]

From this point onwards we assume that e(G) < (g) — (2n —8). In particular, & >
(2—o0(1))/n. We wish to prove that G is isomorphic to the graph G(a,b,c) for some
parameters a, b, c. To get some idea on how large these parameters should be, we observe
that a ~ n, because the number of missing edges is small. Now, the number of missing
edges, ac + (g) + (;), can be reasonably approximated by cn + b%/2. Subject to b,c being
non-negative reals such that cn+ b?/2 < en, the quantity bc is maximized when b =
\/2¢/3n,¢c = (2¢/3)n. Therefore, we expect G to be isomorphic to G(a,b,c) with b ~
v/2¢/3n and ¢ ~ (2¢/3)n. We can use this conclusion to get a lower bound on t(G).

Claim 62. t(G) = Q(3/2n2).

Proof. Let G' = G(a,b,c), where b = |\/2¢/3n], ¢ = |(2¢/3)n] and a = n — b — c. There
are at most cn + b?/2 < en edges missing from G', so ¢(G') > e(G). We now find a lower
bound for t(G’) by a simple computation, but we have to be careful with rounding errors.

We have en’ > 2n—9, implying that (2¢/3)n > 1, and hence ¢ = [(2¢/3)n] = Q(en).
Similarly, b = Q(,/&n). It follows that ((G') = bc = Q(¢*/*n?). Since G is optimal, we have
t(G) > t(G') = Q(3/*n?). L]

https://doi.org/10.1017/50963548317000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000189

618 V. Gruslys and S. Letzter

We now define three sets 4, B, C = V(G) that correspond to the three parts of a graph
G(a,b,c). Let C be the set of vertices of degree at most 3n/4, let B be the set of vertices
in V(G)\ C that have a non-triangular neighbour in C, and let 4 = V(G)\ (BUC).
Since any two vertices in 4 U B have at least n/2 common neighbours, there are no
non-triangular edges with both ends in A U B. Therefore, all vertices in 4 are triangular,
so A induces a clique and its vertices have the same neighbourhood in V(G) \ A.

The next step is to obtain tight bounds for the sizes of 4, B, C. First, we determine the
order of magnitude of |B| and |C].

Claim 6.3. |B| = @(\/En) and |C| = ©(en). Moreover, every vertex of B is an end on(\/En)
missing edges.

Proof. By definition, every vertex in C is an end of at least n/4 non-edges. Since there
are en’ non-edges in total, we have |C| = O(en). We know from the previous claim that
there are at least Q(¢3/>n?) non-triangular edges. All of these edges have at least one end
in C, and so some vertex in C has at least Q(\/E n) non-triangular neighbours. Therefore,
by Observation 3.2, every vertex in G has at least Q(\/E n) neighbours.

Pick any v € B. By the definition of B, v has a non-triangular neighbour u € C. This
means that v is not adjacent to any neighbours of u, and so v is an end of at least Q(\/En)
non-edges. Therefore, |B| = 0(\/5 n). Moreover, since every non-triangular edge has both
ends in C, or one in B and one in C, we have |B||C| + |C|>/2 > Q(¢%/*n?), which implies
that [B| = Q(,/e'n) and [C| = Q(en). L]

An immediate consequence of the previous claim is that [4] = (1 — 0(\/5 ))n. Recall
that all vertices in A have the same neighbourhood in V(G) \ 4. In particular, each vertex
in BU C is adjacent either to all vertices in A or to none of them. Since the vertices in
B have degree at least 3n/4, they are all adjacent to all of 4, and, similarly, there are no
edges between A and C. We can use this fact to give a better upper bound on |C|.

Claim 6.4. There exists a constant & > 0 such that |C| < (1 — &)en.

Proof. Every vertex in B is an end of Q(\/En) missing edges and |B| = ®(\/En), so there
are Q(en?) missing edges with an end in B. Since all edges between 4 and C are missing,
we have (1 — 0(/2))n|C| 4 Q(en?) < en. Therefore, |C| < (1 —Q(1))en/(1 — O(/2)), and
the claim follows provided that ¢ is sufficiently small. ]

It is now possible to accurately relate the sizes of B and C. Write |C| = yen, where

Q1) =9y <1—=_¢. Define f = /2(1 —y) and note that f = O(1).

Claim 6.5.  [B| = f./en+ O(en). Moreover, there are at least |B||C|—O0(e*n?)
non-triangular edges between B and C.
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Proof. Let G’ be the graph G(a,b,c), where ¢ =|[C|, b= |f fen| and a=n—b—c.
It is easy to see that b?/2+4 cn < en’. In particular, we have e(G') > (5) — en® = e(G).
Therefore, since G is optimal, t(G) > t(G') = bc.

Let us come back to the graph G. Since every non-triangular edge has an end in C,
some vertex in C has at least b non-triangular neighbours. It follows from Observation 3.2
that every vertex in G has degree at least b — 1. Moreover, since vertices in C are adjacent
only to vertices in BUC, we have |[B| >b—c—1=>b—0(en).

Every vertex in B has a non-triangular neighbour, and therefore is an end of at least
b — 1 missing edges. Hence, there are at least |B|(b — 1)/2 missing edges with an end in
B. Since there are no edges between 4 and C, we have

%|B\(b — 1)+ (1 = 0(J&))en < en* < %bz + cn+ 0( Jen),

where the latter inequality follows from the definition of b. It follows that |Blb < b* +
0(\/Ecn), and hence |B| < b + O(en). To finish the proof, observe that t(G) > bc = |B||C| —
O(&’n?) and recall that the non-triangular edges of G are either spanned by C (there are
0(&?n?) such edges) or they have one end in B and the other in C. O

A standard trick of replacing two vertices by copies of other vertices, which we have
been using throughout the paper, allows us to conclude that C is an independent set.

Claim 6.6. The set C is independent. Moreover, every vertex in C is adjacent to all but at
most O(en) vertices in B.

Proof. The second conclusion of Claim 6.5 implies that some vertex in C has at least
|B| — O(en) non-triangular neighbours in B. As a consequence, B contains an independent
set I of size |B| — O(en). Moreover, Observation 3.2 implies that every vertex in C is
adjacent to all but at most O(en) vertices in BU C.

Suppose that C contains a pair of adjacent vertices u,v. Let G’ be the graph obtained
from G by removing the vertices u and v and adding new vertices x and y, where x is
adjacent to all of A U B, and y is adjacent to all of I. The removal of u and v decreases the
total number of edges by at most 2(|B| + |C|) = 0(\/§n), while the addition of x and y
increases this number by at least [4| = (1 — 0(\/5))11. Therefore, e(G') > e(G). Moreover,
since u and v are adjacent, they do not form non-triangular edges with their common
neighbours. Hence, u and v have at most O(en) non-triangular neighbours in total. On the
other hand, the addition of x and y adds |I]| = Q(\/E n) non-triangular edges. Therefore,
t(G') > t(G), a contradiction to the optimality of G. U]

Finally, we prove that B is an independent set.
Claim 6.7. The set B is independent.

Proof. Suppose that u,v € B are adjacent. There are at most |C| non-triangular edges
with an end in {u,v}, because every vertex can only be a non-triangular neighbour of
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at most one of u and v. Moreover, by definition, every vertex in B has a non-triangular
neighbour. Let w € C be a non-triangular neighbour of u. Since the edge uw is non-
triangular, it follows that u is not adjacent to any of the neighbours of w. By Claim 6.6,
w is adjacent to all but at most O(en) vertices in B. Therefore, u has at most O(en)
neighbours in B and, likewise, so does v.

Let G’ be the graph obtained by replacing u and v with new vertices x and y, where x is
adjacent to all of 4 U C and y is adjacent to all of (A U B) \ {u,v}. We have t(G’) > t(G) and
e(G") = e(G) + |B| — 2 —2|C| — O(en) > e(G), contradicting the optimality of G. Therefore,
B is independent, as required. ]

We have proved that B and C are independent, A is complete, and its vertices are
adjacent to all of B and none of C. We may add any missing edges between B and C
without creating new triangles, so by the optimality of G, there are in fact no missing
edges between B and C. Therefore, G is isomorphic to G(|A4|,|B|,|C|), completing the
proof of Theorem 2.3. ]

7. Concluding remarks

We note that we have not fully resolved Conjecture 1.1.

Conjecture 1.1.  Let n and e > |n’>/4] be integers and let G be an n-vertex graph with e
edges that minimizes the number of triangular edges. Then G is isomorphic to a subgraph
of a graph G(a,b,c) for some a,b,c.

Theorem 1.3 shows that the minimum number of triangular edges among n-vertex
graphs with e is attained by (a subgraph of) a graph G(a,b,c). However, we have not
shown that such graphs are the only minimizers. Nevertheless, we believe that this fact
can be proved (for sufficiently large n) by retracing our proofs. Since our paper is already
quite long, we spare the reader any further details. In any case, our result only holds for
sufficiently large n, and it would be interesting to extend it to work for all n.

We have not specified explicitly how large n should be in order for our proof to work,
mainly because, due to the complexity of the proof, it is quite hard to find such an explicit
bound. Nevertheless, we expect this bound to be ‘reasonably small’: say, much smaller
than a bound that may arise from the use of the regularity lemma, because the inequalities
we need to hold are polynomial in n.

The following question arises from Conjecture 1.1, by considering edges on K, for r > 4.
To simplify the notation, for any graph H and an edge e of some other graph G, we say
that e is an H-edge if it is contained in a subgraph of G isomorphic to H.

Problem 7.1. What is the smallest number of K,-edges that a graph with n vertices and e
edges may have? Which graphs with n vertices and e edges minimize this quantity?

It seems reasonable to believe that the extremal examples are analogues of graphs
G(a,b,c), namely, they may be formed by adding a clique to one of the parts of a
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complete (r — 1)-partite graph with n vertices. We believe that the methods used in this
paper may be useful when tackling this more general problem.
There is another natural generalization, where we consider odd cycles instead of cliques.

Problem 7.2. What is the smallest number of Cy.1-edges that a graph with n vertices and
e edges may have? Which graphs minimize this quantity?

It turns out that the case k > 2 is quite different from k = 1 (that is, where the odd
cycle is a triangle). Erdés, Faudree and Rousseau [3] proved that, for any fixed k > 2,
any graph with n vertices and |n”>/4| + 1 edges has at least 11n>/144 + O(n) Cy,1-edges.
In contrast, the number of triangular edges can be as small as 2|n/2] + 1, as mentioned
in the Introduction. So, the jump in the number of Cyyi-edges (for k > 2) is very sharp,
while the jump in the number of triangular edges is much smoother.

In the same paper, Erdds, Faudree and Rousseau conjectured a stronger statement:
they conjectured that, for any fixed k > 2, any graph with n vertices and |[n>/4] + 1 edges
has at least 2n?/9 4+ O(n) Cay41-edges. This bound can be attained by (a subgraph of) the
union of a complete graph on roughly 2n/3 vertices and a balanced complete bipartite
graph on the remaining vertices. However, an example by Fiiredi and Maleki [4] shows
that the conjecture is false: they constructed n-vertex graphs with |n?/4] 4+ 1 edges and
(0.213... 4 o(1))n* Cs-edges. The example is somewhat similar to a graph G(a,b,c): here
we have four sets 4, B,C, D such that 4 induces a clique and all possible 4 — B, B—C
and C — D edges are present. The C — D edges are not Cs-edges, but all other edges are.
The aforementioned bound is obtained by optimizing the sizes of 4, B, C,D. Fiiredi and
Maleki also calculated, asymptotically, the minimum possible number of Cy4i-edges (for
k > 2) in n-vertex graphs with e edges, where e = yn® for any fixed constant 1/4 <7y < 1/2.
Their findings provided supporting evidence that the conjecture of Erdds, Faudree and
Rousseau should be true for k > 3.

Very recently, more progress on Problem 7.2 was made by Grzesik, Hu and Volec [6].
For any fixed k > 2, they obtained asymptotically sharp bounds for the smallest possible
number of Cy;-edges in a graph with n vertices and at least |n?/4] + 1 edges, using the
method of flag algebras. In particular, they almost confirmed the conjecture of Erdss,
Faudree and Rousseau for k > 3 (with an error term of o(n?) instead of O(n)) and proved
that the construction of Fiiredi and Maleki is asymptotically best for k = 2.

We believe that the method of Grzesik, Hu and Volec [6] should be sufficient to give the
exact smallest number of Cy1-edges in a graph with n vertices and e edges, for any fixed
k > 2, provided that n is sufficiently large. Furthermore, their stability result should be
sufficient to establish that, for sufficiently large n, the construction described earlier is the
unique extremal construction. However, Grzesik, Hu and Volec do not claim these results
in their paper, and many technical details would have to be checked to make sure that
these results could indeed be proved. Answering these questions without the assumption
that n is large is an interesting problem, which is still open.

Finally, we mention that all aforementioned problems are special cases of the following
very general problem.

https://doi.org/10.1017/50963548317000189 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000189

622 V. Gruslys and S. Letzter

Problem 7.3. Fix any graph F. What is the smallest possible number of F-edges in a graph
with n vertices and e edges? What are the extremal examples?

Fiiredi and Maleki [5] calculated this minimum, asymptotically, for 3-chromatic graphs
F and for e = yn> where 7 is fixed and satisfies 1/4 <y < 1/2. For any other F, this
problem is wide open. Finally, we note that it is possible to go even further and generalize
the problem to the context of hypergraphs.
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