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Recently, in order to mix algebraic and logic styles of specification in a uniform framework,
the notion of a logic labelled transition system (Logic LTS or LLTS for short) has been
introduced and explored. A variety of constructors over LLTS, including usual
process-algebraic operators, logic connectives (conjunction and disjunction) and standard
temporal modalities (always and unless), have been given. However, no attempt has been
made so far to develop the general theory concerning (nested) recursive operations over
LLTS and a few fundamental problems are still open. This paper intends to study this issue
in a pure process-algebraic style. A few fundamental properties, including precongruence
and the uniqueness of consistent solutions of equations, will be established.

1. Introduction

Algebra and logic are two dominant approaches for the specification, verification and sys-
tematic development of reactive and concurrent systems. They take different standpoints
for looking at specifications and verifications, and offer complementary advantages (Peled
2001).

Logical approaches (Pnueli 1977) devote themselves to specifying and verifying abstract
properties of systems. In such frameworks, the most common reasonable properties of
concurrent systems, such as safety, liveness, etc., can be formulated in terms of logic
formulas without resorting to operational details and verification is a deductive or model-
checking activity (Clarke et al. 2000). However, due to their global perspective and abstract
nature, logical approaches often give little support for modular design and compositional
reasoning (Peled 2001).

Algebraic approaches put attention to behavioural aspects of systems, which have
tended to use formalisms in algebraic styles. These formalisms are referred to as process
algebras or process calculi (Bergstra and Klop 1984; Hoare 1985; Milner 1989a). In
such paradigm, a specification and its implementation usually are formulated in terms
of expressions (terms) built from a number of operators, and the underlying semantics
is often defined operationally. The verification amounts to comparing terms, which is
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often referred to as implementation verification or equivalence checking (Aceto et al. 2012).
Algebraic approaches often support compositional construction and reasoning, which
bring us advantages in developing systems, such as, supporting modular design and
verification, avoiding verifying the whole system from scratch when its parts are modified,
allowing reusability of proofs and so on (Andersen et al. 1994). Thus such approaches
offer significant support for rigorous systematic development of reactive and concurrent
systems. However, since algebraic approaches specify a system by means of prescribing in
detail how the system should behave, it is often difficult for people to describe abstract
properties of systems in this paradigm.

To take advantage of these two approaches when designing systems, so-called heterogen-
eous specifications have been proposed, which uniformly integrate these two specification
styles. Based on Biichi automata and labelled transition system (LTS) augmented with a
predicate, a semantic framework for heterogenous system design is given in Cleaveland
and Liittgen (2000, 2002). In this framework, not only usual operational operators but also
logic connectives are considered, and the must-testing preorder presented in Nicola and
Hennessy (1983) is adopted to capture refinement relations. Unfortunately, this setting does
not support compositional reasoning since must-testing preorder is not a precongruence
in this situation. Moreover, the logic connective conjunction in this framework lacks the
desired property that r is an implementation of a given specification p A g if and only if r
implements both p and q.

Recently, Liittgen and Vogler have introduced the notion of a Logic LTS (LLTS),
which combines operational and logic styles of specification in one unified framework
(Liittgen and Vogler 2007, 2010, 2011). In addition to usual operational constructors,
e.g., CSP-style parallel composition, hiding and so on, logic connectives (conjunction and
disjunction) and standard modal operators (always and unless) are also integrated into this
framework. Moreover the drawbacks in Cleaveland and Liittgen (2000, 2002) mentioned
above have been remedied by adopting the ready-tree semantics (Liittgen and Vogler
2007). To support compositional reasoning in the presence of the parallel constructor, a
variant of the usual notion of ready simulation is employed, which has been shown to be
the largest precongruence satisfying some desired properties (Liittgen and Vogler 2010).

Along the direction suggested by Liittgen and Vogler (2010), a process calculus called
CLL is presented in Zhang et al. (2011), which reconstructs their settings in a pure
process-algebraic style. Moreover, a sound and ground-complete proof system for CLL is
provided. In effect, it gives an axiomatization of ready simulation in the presence of logic
operators. However, CLL is lack of the capability of describing infinite behaviour, which
is important for representing reactive systems.

It is well known that recursive operations are widely used in representing objects with
infinite behaviour (see for instance Bergstra et al. (2001)). However, to the best of our
knowledge, as yet no attempt has been made to develop a general theory concerning
recursive operations over LLTS and a few fundamental problems are still open. Since
LLTS involves consideration of inconsistencies, it is far from straightforward to re-
establish existent results concerning recursive operations in this framework. A solid effort
is required, especially for handling inconsistencies. This paper intends to explore recursive
operations over LLTS in a pure process-algebraic style. To this end, a process calculus
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CLLg will be given in this paper, which is obtained by enriching CLL with recursive
operations. Following Baeten and Bravetti (2008), expressions with the form like (X|E)
will be used to denote recursions. We will find that usual SOS rules associated with
recursive operations are insufficient to capture recursions in CLLg. The main theoretical
results obtained in this paper include:

— It is shown that the ready simulation relation presented in Liittgen and Vogler (2010)
is precongruent w.r.t all operators in CLLg.

— Under the hypothesis that X is strongly guarded and does not occur in the scope
of any conjunction in ¢, it is shown that, modulo =gg recalled in the next section,
there exists at most one consistent solution of any given equation X =gg t. Moreover
the process (X|X = t) is indeed the unique consistent solution whenever consistent
solutions exist.

The remainder of this paper is organized as follows. The next section recalls some
related notions. Section 3 introduces SOS rules of CLLg. In Section 4, the existence
and uniqueness of stable transition model for CLLg is demonstrated, and a few of
basic properties of the LTS associated with CLLg are given. In Section 5, a number
of preliminary properties of unfolding and transitions are considered. In Section 6, we
shall show that the variant of ready simulation presented by Liittgen and Vogler is
precongruent in the presence of (nested) recursive operations. In Section 7, a theorem on
the uniqueness of consistent solutions of equations is obtained. Finally, a brief discussion
is given in Section 8.

2. Preliminaries

This section will set up notations and briefly recall the notions of LLTS and ready
simulation presented in Liittgen and Vogler (2010, 2011).

Let Act be the set of visible actions ranged over by letters a, b, etc., and let Act, denote
Act U {t} ranged over by o and f, where t represents invisible actions. AnLTS with a
predicate is a quadruple (P, Act,,—>, F), where P is a set of states, —< P X Act, X P is
a transition relation and F < P.

As usual, we write p = (or, p 7&») if3g € P.p = q (Aq € Pp SN q resp.). Given
a state p, the ready set {o € Act.|p —“>} of p is denoted by Z(p). A state p is stable if
P 7LT—> We also list some useful decorated transition relations: p S q iff p = q and
p.q & F;p = q iff p(—f>)*q, where (—T>)* is the transitive reflexive closure of —;
péqiffﬂr,seP.p:%ri»s:%q;pé|qiffp$q7i>withyGActTU{e};
p = q iff there exists a sequence of t-transitions from p to g such that all states along
this sequence, including p and ¢, are not in F; the decorated transition p —Zop q may be
defined similarly; p == lq (or, p = lq) iff p == q (p s q resp.) and ¢ is stable.

Remark 2.1. Notice that some notations above are slightly different from ones adopted
by Liittgen and Vogler. The notation p =g (or, p $|q) in Liittgen and Vogler (2010,
2011) has the same meaning as p = lg (p = |q resp.) in this paper, while p = lg in
this paper does not involve any requirement on F-predicate.
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Definition 2.1 (Liittgen and Vogler 2010). An LTS (P, Act,,—, F) is an LLTS if, for each
peP,
(LTS1) p € F if 3o € Z(p)Vq € P(p SN q implies q € F);
(LTS2) p € F if 3 € P.p = |q.

Moreover, an LTS (P, Act,,—>, F) is t-pure if, for each p € P, p SN implies Aa €
Act. p -5

Any state p in a t-pure LTS represents either an external or internal choice between its
outgoing transitions. The predicate F is used to denote the set of all inconsistent states.
Intuitively, an inconsistent state represents empty behaviour that cannot be implemented
(Liittgen and Vogler 2011). In the sequel, we shall use the phrase ‘inconsistency predicate’
to refer to F. Compared with usual LTSs, it is one distinguishing feature of LLTS that it
involves consideration of inconsistencies. Roughly speaking, the main motivation behind
such consideration lies in dealing with inconsistencies caused by conjunctive composition.
In classical process-algebraic frameworks, the composition between a process and its
environment is captured by some parallel operator. The conjunction operator presented
in Liittgen and Vogler (2007) offers another pattern to compose a process and its
environment. In this setting, some logical consideration is involved. For example, consider
the process a.0 and its environment b.0, the usual synchronous composition of them is
equivalent to the inactive process 0. In contrast, the conjunction composition of them is
marked as inconsistent since a run of a process cannot begin with both a and b (in other
words, this conjunction composition cannot be implemented nontrivially). Liittgen and
Vogler have proved that this conjunction setting (w.r.t Egg recalled below) indeed satisfies
the expected boolean laws. For more intuitive ideas and motivation about inconsistency,
the reader may refer to Liittgen and Vogler (2007, 2010). The condition (LTS1) formalizes
the backward propagation of inconsistencies, and (LTS2) captures the intuition that
divergence (i.e., infinite sequences of 7-transitions) should be viewed as catastrophic.

In Liittgen and Vogler (2010, 2011), the notion of ready simulation below is adopted
to capture the refinement relation, which is a variant of the usual notion of weak ready
simulation (Bloom et al. 1995; Larsen and Skou 1991). It has been proven that such
kind of ready simulation is the largest precongruence w.r.t parallel composition and
conjunction which satisfies the desired property that an inconsistent specification can only
be refined by inconsistent ones (see Theorem 21 in Liittgen and Vogler (2010)).

Definition 2.2 (ready simulation on LLTS). Let (P, Act,,—, F) be a LLTS. A relation
R < P x P is a stable ready simulation relation, if for any (p,q) € R and a € Act

(RS1) both p and ¢ are stable;

(RS2) p ¢ F implies q ¢ F;

(RS3) p == |p’ implies 3¢'.q ==r |¢’ and (p’,q') € R;

(RS4) p ¢ F implies Z(p) = Z(q).

We say that p is stable ready simulated by ¢, in symbols p — ¢, if there exists a stable
ready simulation relation R with (p,q) € R. Further, p is reaﬁy simulated by ¢, written
p Crs ¢, if Vp'(p =¢ |p/ implies 3¢'(q =r |q' and p/ ERS q")). The kernels of ERS and
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Crs are denoted by ~gs and =gy respectively. It is easy to see that C  is a stable ready
~RS

simulation relation and both — and Cgg are preorder.
~RS

3. Syntax and SOS rules of CLLy

Following Baeten and Bravetti (2008), this paper adopts the notation (X|E) to denote
recursive operations, which encompasses both the CCS operator recX.t and standard way
of expressing recursion in ACP. Let V4 be an infinite set of variables. The terms in CLLg
are defined by BNF:

te=0]L [ @A) V) |(t]at) ] X[ (ZIE)

where X € Vg, o € Act,, A < Act and recursive specification E = E(V) with V < Vg is
a set of equations {X =t|X € V'} and Z is a variable in V' that acts as the initial variable.

As usual, 0 encodes deadlock. The prefix o.t has a single capability, expressed by «;
the process t cannot proceed until ¢ has been exercised. [ is an external choice operator.
|4 is a CSP-style parallel operator, t; |4 t, represents a process that behaves as t; in
parallel with t, under the synchronization set 4. 1 represents an inconsistent process with
empty behaviour. V and A are logical operators, which are intended for describing logical
combinations of processes.

In the sequel, we often denote (X[|{X = tx}) briefly by (X|X = tx). Given a term
(X|E) and variable Y, the phrase ‘Y occurs in (X|E)’ means that Y occurs in tz for some
Z =ty € E. Moreover the scope of a recursive operation (X|E) exactly consists of all t
with Z =tz € E. An occurrence of a variable X in a given t is free if it does not occur
in the scope of any recursive operation (Y |E) with E = E(V) and X € V. A variable X
in term t is a free variable if all occurrences of X in t are free, otherwise X is a recursive
variable in t.

Convention 3.1. Throughout this paper, as usual, we make the assumption that recursive
variables are distinct from each other. That is, for any two recursive specifications E(V;)
and E'(V;) we have Vi NV, = &. Moreover we will tacitly restrict our attention to
terms where no recursive variable has free occurrences. For example we will not consider
terms such as X[(X|X = a.X) because this term could be replaced by the clear term
XO(Y|Y = a.Y) with the same meaning.

In the following, given a term ¢, we use FV(¢) to denote the set of all free variables of t.
As usual, a term ¢ is a process if it is closed, that is FV(t) = . The set of all processes of
CLLg is denoted by T(2cLr,). Unless noted otherwise we use p, g, r to represent processes.
We shall always use t; = t, to mean that expressions t; and t, are syntactically identical.
In particular, (Y |E) = (Y'|E’) means that Y = Y’ and for any Z and tz, Z =t; € E iff
Z =ty € E'.

Definition 3.1. For any recursive specification E(V) and term ¢, we define (t|E) to be
t{{X|E)/X : X € V}, that is, (t|E) is obtained from ¢ by simultaneously replacing all free
occurrences of each X(€ V) by (X|E).
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For example, consider t = XOa.(Y|Y = X OY) and E({X}) = {X =tx} then (¢{|E) =
(X|X = tx)Oa.(Y|Y = (X|X = tx)dY). In particular, for any recursive specification
E(V)and t =X, (t|{E) = (X|E) whenever X € V and ({|{E) =X if X ¢ V.

As usual, an occurrence of X in t is strongly (or, weakly) guarded if such occurrence is
within some subexpression a.t; with a € Act (t.t; or t; Vt; resp.). A variable X is strongly
(or, weakly) guarded in ¢t if each occurrence of X is strongly (weakly resp.) guarded. Notice
that, since the first move of r Vs is a t-transition (see Table 1), which is independent of
r and s, any occurrence of X in r Vs is treated as being weakly guarded. A recursive
specification E(V) is guarded if for each X € V and Z =tz € E(V), each occurrence of
X in tz is (weakly or strongly) guarded.

Convention 3.2. It is well known that unguarded processes cause many problems in many
aspects of the theory (Milner 1983) and unguarded recursion is incompatible with negative
rules (Bloom 1994). As usual, we assume that all recursive specifications considered in the
remainder of this paper are guarded.

We now provide SOS rules to specify the behaviour of processes (i.e., closed terms)
formally. All SOS rules are divided into two parts: operational and predicate rules.

Operational rules Ra;(1 < i < 16) are listed in Table 1, where a € Act, o € Act, and
A < Act. Negative premises in Rules Ray, Ras, Rajz and Rayy give t-transition precedence
over visible transitions, which guarantees that the transition model of CLLg is t-pure.
Rules Rag and Ray illustrate that the operational aspect of ¢ Vt; is same as internal choice
in usual process calculus. Rule Rag reflects that conjunction operator is a synchronous
product for visible transitions. The operational rules of the other operators are as usual.
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Table 2. Predicate rules.

— X1F XlF,XzF
Rpi)— R Rp3)—————
( Pl)J_F ( pZ)oc.xlF ( Ps)xl\/sz

x F X F xF
R Rps)——— Rpg)———
( P4)x1Dx2F ( pS)X1|:|X2F ( p6)X1 ”A x,F

X F x F x, F
Rp;)——— Rpg)——— Rpy)———
( pv)xI e ( ps)xl/\sz ( ps)xl/\sz

X1 L>y1,>€2 7&’,361 A Xa 7L>

a a T
)Xl F=, X0 — Vo, X1 A Xy F—

R R

(Rp1o) X AxoF (Rp11 N A F
xlezi»z,{yF:xl/\xzi>y} {yF:xl/\x2=E>|y}

R R

(Rp12) XL AoF (Rp13) N AGE
(tx|E)F F : (X|E) =y}

R X =ty €E R

Predicate rules in Table 2 specify the inconsistency predicate F. Rule Rp; says that
1 is inconsistent. Hence | cannot be implemented. While O is consistent, which is an
implementable process. Thus 0 and _L represent different processes. Rule Rps reflects that
if both two disjunctive parts are inconsistent then so is the disjunction. Rules Rps — Rpgy
describe the system design strategy that if one part is inconsistent, then so is the whole
composition. Rules Rpigp and Rp;; reveal that a stable conjunction is inconsistent if its
conjuncts have distinct ready sets.

Rules Rpiz; and Rp;s are used to capture (LTS2) in Definition 2.1, which are the
abbreviation of the rules with the format

F 1oy ymz =30 — 31— -~y =yand y /o))
zF
with z = x| A x; or (X|E). Intuitively, these two rules say that if all stable t-descendants
of z are inconsistent, then z itself is inconsistent. Notice that, especially for readers who
are familiar with notations used in Liittgen and Vogler (2010), the transition relation
= | occurring in these two rules does not involve any requirement on consistency (see
Remark 2.1 and notations above it).

Since the behaviour of any process in CLL is finite, each process can reach a stable
state, and Rules Rp; — Rpy; suffice to capture the inconsistency predicate F. In particular,
these rules guarantee that the LTS associated with CLL satisfies (LTS1) and (LTS2) in
Definition 2.1 (Zhang et al. 2011). However, for CLLg, Rules Rp; — Rp;, are insufficient
even if the usual rule for recursive operations (i.e., Rpy4) is added. For instance, consider
processes ¢ = (X|X = 7.X) and p = (X|X = X V0) A a0, it is not difficult to see that
neither gF nor pF can be inferred by using only Rules Rp; — Rpj; and Rpy4, however,
both p and ¢ should be inconsistent due to (LTS2). Fortunately, an inference of pF (or,
qF) is at hand by admitting Rule Rp3 (Rpys resp.).
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In the remainder of this paper, we use Pcrr, to denote the transition system specification
(ZcLig, Actr, {F},Rerr,) for CLLRg, where Xcpp, is the set of all operators of CLLg and
RCLLR = {Ral, cee, Ra16} U {Rpl, ceey Rp15}.

4. Stable transition model of Pcyy,

For process calculi involving only positive SOS rules (e.g., CCS (Milner 1989a), w-calculus
(Milner et al. 1992)), every transition p SN q is justified by an inference, which is a
well-founded tree whose root is the transition itself. Therefore, it is appropriate to prove
properties of transitions by induction on the depth of inference trees. In the framework
of transition system specifications (TSSs), Bol and Groote have observed that such proof
method is also powerful for some process calculi whose SOS rules contain negative
premises. However, in the presence of negative premises, inference rules applied in proof
trees are not SOS rules themselves but their stripped version (Bol and Groote 1996).

Several times in the remainder of this paper we shall need to prove properties of
transitions —> and inconsistency predicate by induction on the depth of proof trees.
This section will give the stripped version of Pcrr, and provide a few basic properties
of the LTS associated with Pcrr,. Here we assume that the notions of transition model,
stable model, TSS and stratification of a TSS (see for instance Bol and Groote (1996))
are already familiar to the reader.

We begin with illustrating the existence and uniqueness of the stable model of Pcry,.
By well-known results obtained in Bol and Groote (1996) and Groote (1993), in order to
demonstrate that Pcrr, has a unique stable model, it is sufficient to give a stratification
function of Pcry,. To this end, a few preliminary notions are introduced. Given a term ¢,
the degree of ¢, denoted by [t], is inductively defined as:

— 0] = |L| = KXI|E)| = 1; |ot] = |t| + 1 with o € Act,;
— |t1 @ 2] = |t1| + |t2] + 1 for each © € {A, OO0, V, || 4}.

Since it does not always hold that |(tx|E)| < |{X|E)|, we cannot afford a stratification by
using only this notion in the presence of Rule Rajs. Fortunately, thanks to Convention 3.2,
the function G defined below will bring us a measurement such that G({tx|E)) < G((X|E)).
The function G : T(2cLr,) — N is defined by:

— G({X|E)) £ 1; G(t; © t2) = G(t1) + G(1) for each © € {A, 0, [ 4};
— G(0) = G(L) = G(at) = G(t, V tp) = 0 with o € Act..

Clearly, given a term ¢, G(t) is the number of unguarded recursive operations occurring in
t. Further, the function Sp.,,, @ T(ZEcLie) X Act: X T(Zcrrg) U T(EcLLg) X {F} — ox2+1
is given below, where o is the initial limit ordinal,

- SPCLJ_R(t _a) t/) = G(t) X w + m:
— Speu, (1F) =wm X 2.

It is trivial to check that Sp,, , is a stratification of Pcri,. Here we only consider Rule
Rayg as an example. It follows from Convention 3.2 that G({tx|E)) = 0 and G({X|E)) = 1,
which implies Sp,, ((tx|E) 5y < Speu, (XIE) 5 y) for any y € T(ZcLL,), as
desired.
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Consequently, Pcrr, has a unique stable transition model. From now on, we use
Mcry, to denote such stable model. In detail, Mcry, consists of all positive liter-
als of the form t — ¢ or tF which are provable in Strip(PcrLi,, McLL,), Where
Strip(PcLig, McrL,) 18 the stripped version of Pcri,, that is, it is the positive TSS
(ZcLLg, Actr, {F}, Strip(ReLL,, McLr,)) with
N {PpreM(r)

Strip(ReLeg, Meri,) = cone(r) | € Retirgroums and Mcrr, = npreFH(r)},

where Rery, ground denotes the set of all ground instances of rules in Rerr,, nprem(r) (or,
pprem(r)) is the set of negative (positive resp.) premises of r, conc(r) is the conclusion of
r and Mcrr, = nprem(r) means that for each ¢ 7&>€ nprem(r), t s ¢ McyL, for any
s € T(ZcLLg)

Definition 4.1. The LTS associated with CLLg, in symbols LT S(CLLgR), is the quadruple
(T(ZcLig), Acts, —>cLLg, FoLig), where p —cpr, p" iff p — p’ € Mcry,, and p € Ferr,
iff pF (S MCLLR~

Therefore, p —“’CLLR p' (o1, p € Feryr,) iff Strip(PeLig, McLr:) F p AN p’ (pF resp.) for
any p, p' and o € Act,. This allows us to proceed by induction on depths of inferences in
Strip(PcLig, McLL,) When demonstrating propositions concerning —crr, and Fcry,.

Convention 4.1. To simplify notation, we shall omit the subscript in labelled transition
relations —a>CLLR. Thus, the notation —> has double utility: predicate symbols in the
TSS Pcrr, and labelled transition relations on processes in LT S(CLLg). Similarly, the
notation Fcpp, will be abbreviated by F. Hence the symbol F is overloaded, predicate
symbol in the TSS Pcrr, and the set of all inconsistent processes within LT S(CLLRg).

In the following, we intend to provide a number of simple properties of LT S(CLLR).
In particular, we will show that LTS(CLLg) is a t-pure LLTS. We begin with a list of
elementary facts.

Lemma 4.1. Let p and g be any two processes. Then
l.pvgqeFiff pgeF.
2.a.p € Fiff pe F for each o € Act,.
3.pOgq € F iff either p€ F or g € F with © € {[J, || 4}.
4. Either p€ F or g € F implies pAq € F.
5.0¢ F and L € F.
6. (X|X =1X)€F.
7.1f Yq(p = |q implies g € F) then p € F.
8. (X|E) € F iff (tx|E) € F for each X with X =ty € E.

Lemma 4.2. For any process p with 7 € Z(p), if p € F then Yq(p SLIN q implies g € F).

Proof. Suppose p 5 q. We may prove g € F by induction on the depth of the inference
of Strip(Pcrig Mcrrg) F p ERIN q. The induction is easy to carry out by distinguishing
several cases based on the form of p. ]
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Theorem 4.1. LTS(CLLg) is a t-pure LLTS.

Proof. (z-purity) Suppose p —». Hence p = q for some ¢q. Then it would be established
by proving that p 7ia—> for any a € Act. It is straightforward by induction on the depth
of the inference of p = q. (LTS1) Suppose o € Z(p) and Vr(p =y implies r € F).
Then p = q for some q. To complete the proof, it suffices to show p € F. It proceeds
by induction on the depth of the inference of p = q. The induction carries out by
distinguishing several cases based on the form of p. It is left to the reader. (LTS2) It
immediately follows from Lemmas 4.1(7) and 4.2. L]

Remark 4.1. It is worth pointing out that Lemma 4.2 does not always hold for LLTS. In
fact, the property ‘p € F implies q € F for each t-derivative q of p’ is logically independent
of Definition 2.1. It is SOS rules adopted in this paper that bring such additional
property. Hence this paper restricts itself to specific LLTSs, which makes reasoning about
inconsistency a bit easier than in the general LLTS setting.

A simple observation on proof trees for Strip(Pcrr,, Mcrr,) F p A qF is given below,
which will be used in establishing a fundamental property of conjunctive compositions.

Lemma 4.3. For any finite sequence pg A qo SN LN PiNG; SN LN [pn Agn(n = 0),
if piAg; € F and p;, q; ¢ F for each i < n, then the inference of pyAqoF essentially depends
on p, A g,F, that is, each proof tree for Strip(Pcrr,, Mcrrg) F po A qoF has a subtree with
root p, N q,F, in particular, such subtree is proper if n > 1.

Proof. We prove the statement by induction on n. For the inductive basis n = 0, it
holds trivially due to po A g0 = pu N ¢, For the inductive step, assume that py A qo SN
P1 A ql(—r>)k|pk+1 A qr+1. Let 7 be any proof tree for Strip(Pcri,, Mcrr,) F po A qoF.
Since pg,qo ¢ F and pg A qo —T>, the last rule applied in 7 is

poAgo —> 1", {rF :py Aqo — 1} or {rF :po A qo == Ir}
po A qoF po A qoF
For the first alternative, since LTS(CLLg) is t-pure, we have o = 7. Then it follows
from py A go — p1 A q; that, in the proof tree 7, one of nodes directly above the root is
labelled with p; A g F. Thus, by IH, 7 has a proper subtree with root pyi1 A qr+1F.
For the second alternative, since py A qo = [Pk+1 A g1, one of nodes directly above
the root of 7 is labelled with pyy1 A gxs1 F, as desired. ]

either

The next three results has been obtained for CLL in a pure process-algebraic style in
Zhang et al. (2011), where the proof essentially depends on the fact that, for any p within
CLL and a € Act,, p is of more complex structure than its a-derivatives. Unfortunately,
such property does not always hold for CLLg. Here we give another proof based on the
well foundness of proof trees.

Lemma 44. If pyC  py,p1 = ps and p; € F then py Ap3 ¢ F.
~RS ~RS

Proof. Let Q ={qAr :pC ¢qpC randp ¢ F}. Clearly, it suffices to prove that
~RS ~RS
FNnQ = . Conversely, suppose that F N Q # . In the following, we intend to prove
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that, for each ¢t € Q, any proof tree of tF has a proper subtree with root t'F for some
t' € Q. This contradicts the requirement on proof trees that they are well founded, and
hence a contradiction arises at this point, as desired. So, to complete the proof, it suffices
to show:

Claim. For any s € Q, each proof tree for Strip(Pcri,, Mcrr,) F sF has a proper subtree
with root s'F for some s’ € Q.

Suppose g A\r € Q. ThenpC ¢q,p r and p ¢ F for some p. Thus it follows that
~RS ~RS
q ¢ F,r¢F and Z(p) =Z(q) = Z(r). (44.1)
Let 7 be any proof tree of g ArF. By (4.4.1), the last rule applied in 7 is

sF:qAr=|s GATr —> s {sF g Nr —> s
or L

ith
cihet qNrF qNrF

Since both g and r are stable, so is ¢ Ar. Then, for the first alternative, the label of the
node directly above the root of 7 is g A rF itself, as desired.
Next we consider the second alternative. In this case, 1 # o € Z(q Ar) and

Vs(g Ar —> s implies s € F). (4.4.2)

Hence o € Z(q) N Z(r). Then o € Z(p) due to (4.4.1). Further, since p ¢ F, by Theorem 4.1,
we get

p —>p p' = |p" for some p’ and p". (4.4.3)

Then it immediately follows from p— g and pC  r that
~RS ~RS

g —F ¢ =>r |q" and p” C s q" for some ¢, q",and (4.4.4)

o €
r—pr =" and p" = " for some r’,¢". (4.4.5)
~Rs

So, g Ar —> ¢/ Ar. Then ¢ Ar € F by (4.4.2). Moreover, we obtain ¢’ = gy —r
e —F |gn = ¢q" for some ¢;(0 < i< n), and 1 = ry ke —p | = 1’ for some
rj(0 < j < m). Then

GNAF = qoATo— ey = Gu ATo — Gp AF1yeeoy— |qn At =" AT (4.4.6)
By Lemma 4.2, it follows from ¢’ Ar' € F that
gi \rj € F for each g; Ar; occurring in (4.4.6). (4.4.7)

It follows from (4.4.3)—(4.4.5) that g, Ar, = q¢" Nr" € Q. Moreover, since one of nodes
directly above the root of 7 is labelled with ¢’ A#'F, by (4.4.6), (4.4.7) and Lemma 4.3, it
follows from ¢q; ¢ F(0 < i< n) and r; ¢ F(0 < j < m) that 7 has a proper subtree with
root g, A\ rpF. |

Remark 4.2. The preceding proof is our first example of reasoning about consistency via
proof trees for the F-predicate. We shall see many other proofs of this type later. The
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soundness of this reasoning manner relies on the fact that the predicate F is interpreted
as the set of all terms p such that Strip(PcriL,, McLr,) F pF. It is not difficult to see that
this fact is equivalent to the statement that Fcrp, is the least set closed under positive
rules with the form like % where r is any ground instance of rules in Table 2 such
that McLL, = nprem(r). Based on the notion of so-called witnesses, Liittgen and Vogler
employ another manner to reason about consistency of states in the frameworks of LLTS.
Such manner depends on the fact that for each operator A over LLTSs considered in
Liittgen and Vogler (2010), the inconsistent set Fn is defined as the least set of states
satisfying analogous closure properties. These two reasoning manners are the same in
spirit and are actually the two sides of the same coin: they both rely on the fact that F is
the least set closed under certain rules but apply it in different style.

Lemma 4.5. If pC gandpC” rthenp” gAT.
~RS ~RS ~RS

Proof. Set R = {(p1,p2 Ap3) :p1 © prand py T ps}. It suffices to show that R
~RS ~R

is a stable ready simulation relation, which is almost immediate by using Lemma 4.4 to
handle (RS2) and (RS3). Ul

We conclude this section with recalling a result obtained in Liittgen and Vogler (2010)
and Zhang et al. (2011) in different style, which reveals that Cgg is precongruent w.r.t the
operators [, |4, V and A. Its proof is not much different from one given in Zhang et al.
(2011). In particular, Lemma 4.5 is applied in the proof for the case © = A.

Theorem 4.2.

1. Foreach © € {O,]|4,A},if pC gqands= rthenpOsC qOT.
~RS ~RS ~RS
2. For each © € {[J, |4, V, A}, if p Crs q and s Cggs r then p © s Crs q O 1.

5. Unfolding, context and transitions

As mentioned in Introduction, reasoning about the F-predicate is a crucial issue in this
paper. The reasoning manner of Lemma 4.4 will be adopted often in the sequel. The
main steps in such reasoning manner include: defining a set Q of processes firstly, and
then arguing that any proof tree of pF with p € Q contains a proper subtree with root
qF for some g € Q. Since the definition of Q often depends on the formats of processes
and SOS rules concerning F-predicate involve predicates % and = |, to carry out
such reasoning, it is necessary to capture the connection between the formats of p and
q for a given transition p —~5 g (or, p = |q). This section will provide a detailed
exposition of this. In Subsection 5.1, we will recall the notion of unfolding, which plays
an important role when describing formats of derivatives in the presence of recursions.
Subsection 5.2 will be concerned with capturing one-step transitions in terms of contexts
and substitutions. A treatment of a more general case involving sequences of t-transitions
will be considered in Subsection 5.3.
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5.1. Unfolding

In the presence of recursions, an a-derivative ¢ of a given process p is not always a
subterm of p. To describe the format of ¢ explicitly, the notion of so-called unfolding is
needed. This subsection will focus on this notion.

Definition 5.1. Let X be a free variable in a given term t. An occurrence of X in ¢ is
unfolded, if this occurrence does not occur in the scope of any recursive operation (Y |E).
Moreover, X is unfolded if all occurrences of X in t are unfolded.

Definition 5.2 (Baeten and Bravetti 2008). A series of binary relations = over terms with

k < w is defined inductively as:

— t=gsift=s;

— t = s if t has a subterm (Y |E) with Y =ty € E which is not in the scope of any
recursive operation, and s is obtained from ¢ by replacing this subterm by (ty|E);

— =41 sif t= ¢ and ¢’ = s for some term ¢’

Moreover == |J =. For any t and s, s is a multi-step unfolding of ¢ if t = .
0<k<w

For instance, consider t = ((X|X = a.XOb.(Y|Y = ¢.Y))0d.0)JZ, we have
t=1 (a(X|X = a.XOb(Y|Y =c.Y))Ob.(Y|Y = ¢.Y))1d.0)0Z,

but it does not hold that ¢t = ((X|X = aXOb.c(Y|Y = ¢.Y))[d.0)OZ because the
subterm (Y |Y = ¢.Y) is in the scope of the recursive operation (X|X = a.XOb(Y|Y =
¢.Y)). As an immediate consequence of Definition 5.2, the simple result below provides
an equivalent formulation of = .

Lemma 5.1. t{ = t; iff there exists a term s and variable X such that

1-. X is a unfolded variable in s,
2_.. X occurs in s exactly once and
35.t1 =s{{Y|E)/X} and 1, = s{{ty|E)/X} for some Y,E with Y =ty € E.

A few trivial but useful results concerning =, are listed in the next lemma. With the
help of Lemma 5.1 and Convention 3.2, its proof is straightforward by induction on n.

Lemma 5.2. For any terms t,s and X € FV(t), if t =, s then,

1.if X is unfolded in ¢ then so it is in s and the number of occurrences of X in s is equal
to that in ¢;

. the number of unguarded occurrences of X in s is not more than that in ¢;

.if X is (strongly) guarded in t then so it is in s;

.FV(s) € FV(t);

.if X occurs in the scope of conjunction in s (that is, there exists a subterm t; A t; of s
such that X occurs in either #; or t;) then so does it in t.

[ SN OS I\S)

Notice that the clause (2) in the above lemma does not always hold for guarded
occurrences. For example, consider t = (X|X = a.X Ab.Y), we have t = a.({X|X =
a.X ANb.Y)ADb.Y, and Y guardedly occurs in the latter twice but occurs in ¢t only once.
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Clearly, the clause (2) strongly depends on Convention 3.2. Moreover the clause (4) cannot
be strengthened to ‘FV(s) = FV(t). Consider t = (X;|{X; = a.0,X, = b.X;0Y}) and
t = a0, then we have FV(t) = {Y} and FV(a.0) = &.

The next result depends on Convention 3.2, which asserts that, for any term ¢, its
all unguarded occurrences of free variables may become unfolded through unfolding
t enough times. For instance, consider t = (Z|Z = a.ZO(Y|Y = b.YOX)), we have
t=1 att(Y|Y = b.YOX) = atO(b.(Y|Y = b.YOX)OX). The proof of this result has
been given in Zhang et al. (2013).

Lemma 5.3. For any term ¢, there exists a term s such that t = s and each unguarded
occurrence of any free variable in s is unfolded.

5.2. Contexts and transitions

To show that Cgg is precongruent, i.e., p Crs g implies Cx{p/X} Crs Cx{q/X} for any
context Cy, we are required to capture the connection between behaviours of Cx{p/X}
and Cx{q/X}. To this end, it is necessary to extract the pattern behind a given transition
Cx{p/X} —2, 1. This subsection intends to explore this issue. In particular, Lemmas 5.6
and 5.7 give general conclusions for this issue in cases o = 7 and o € Act respectively. As
simple applications of these results, Lemmas 5.8 and 5.9 consider two particular instances;
moreover a few of useful properties concerning unfolding are also given in Lemmas 5.10,
5.12 and 5.13.

Definition 5.3 (context). A context Cy is a term whose free variables are in some n-
tuple distinct variables X = (Xt,...,X,) with n > 0. Given p = (pi,...,ps), the term
Ci{pi/X1,....pn/ X0} (C}{ﬁ/)?} for short) is obtained from C; by replacing X; by p; for
each i < n simultaneously. In particular, we use Cy {p/)~( } to denote the result of replacing
all variables in X by p. A context Cy is stable if C;{0/X} 4.

In the remainder of this paper, whenever the expression C;({ﬁ/f( } occurs, we always
assume that [p| = [X| and C{p/X} is subject to Convention 3.1 (recursive variables
occurring in p may be renamed if it is necessary), where |X| is the length of the tuple X.

Definition 5.4 (active). An occurrence of a free variable X in t is active if such occurrence
is unguarded and unfolded. A free variable X in ¢ is active if all its occurrences are active.
A free variable X in t is I-active if X occurs in t exactly once and such occurrence is
active.

For example, X is 1-active in (Y |Y = a.Y)OX. Moreover, it is evident that, for any
context Cg, if there exists an active occurrence of some variable within Cy, then Cy is
not of the form «.By, By V Dy and (Y |E). Applying this fact, the next two lemmas are
almost immediate by induction on the structure of context.

Lemma 5.4. For any C; with 1-active variable X;, and p with p; SN r, Cg{'ﬁ/)? } =
Cx{p[p'/pi] /X } where p[p'/p;,] is obtained from p by replacing p;, by p'.

Lemma 5.5. For any p and Cx with 1-active variable X, if p € F then Cx{p/X} € F.
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Notice that Lemma 5.4 does not always hold for visible transitions. For instance,
consider Cx = XUr.r and p = a.q, although p SN q and X is l-active in Cy, it is false
that Cx{p/X} —>.

To prove that Cgg is still precongruent in the presence of recursive operations, it
is necessary to formally describe the contribution of C; and p for a given transition
C;({'ﬁ/)N( } —, r. In the following, we provide a few of results concerning this.

We begin with considering t-transitions. Before giving the next lemma formally, we
illustrate the intuition behind it by means of an example. Consider Cx = (a.0 vV X)X,
By = (Y|Y = Xb.Y)Oc.0, p = 7.0 and g = d.0, then we have two t-transitions

Cx{q/X} — a.00d.0

and

Bx{p/X} — (0O0b.(Y|Y = 7.000b.Y ))c.0.
It is not difficult to see that these two t-transitions depend on the capability of Cx and p
respectively. For the former, no matter what ¢’ is, the corresponding t-transition still exists
for Cx{q'/X}. Moreover the target has the same pattern. That is, Cx {q'/ X} SN Ci{qd'/X}
for any ¢’, where Cy = a.00X. To gain more intuition, we consider the proof tree of the
second t-transition:

70— 0
7.00b.(Y|Y =7.00b.Y) — 00b.(Y|Y = 7.000b.Y)
(Y|Y =7.00b.Y) — 00b.(Y|Y = 1.000b.Y)
Bx{p/X} = (Y|Y = .00b.Y)Oe.0 — (00b.(Y |Y = z.00b.Y ))c.0

It is evident that, although the free variable X occurs in By only once, the term p(= 1.0)
occurs twice in the unfolding (z.00b.(Y|Y = t.00b.Y))Tc.0 (of Bx{p/X}). It is the
leftmost occurrence of 7.0 that causes this z-transition. For any p’ with p’ SN p’, we
can get the proof tree of the t-transition Bx{p'/X} - (p"Ob.(Y|Y = p'Ob.Y ))Oc.0
by modifying the tree above in an obvious way. In order to illustrate that these two
t-derivatives (00b.(Y|Y = 7.00b.Y))dc.0 and (p"0Ob.(Y|Y = p'00b.Y))dc.0 have the
same pattern, we may set By, = (ZOb(Y|Y = XOb.Y))Oc.0 with Z # X. Clearly,
(0Ob(Y|Y = 7.00b.Y))Oe0 = By ,{t.0/X,0/Z} and (p"Ob(Y|Y = p'00b.Y))0c0 =
B ,{p'/X,p"/Z}. Here the fresh variable Z is used to indicate the place where p”(or 0)
is introduced.

We capture the preceding observation formally as follows, where two clauses concern
themselves about z-transitions exited by contexts and substitutions respectively; moreover
some simple properties on contexts are also listed in (C-t-3) which will be used in the
sequel.

Lemma 5.6. For any C; and p, if C;({'ﬁ/}? } — ¥ then one of conclusions below holds.
1. There exists C;? such that
(Cr-1) r = C (5/X); i i
(C-t-2) for any processes ¢, C3{q/X} SN C}({“q'/X};
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(C-1-3) for each X € X,
(C-1-3-i) if X is active in C; then so it is in C;N( and the number of occurrences of
X in C;N( is equal to that in Cs;
(C-1-3-ii) if X is unfolded in C5 then so it is in C;? and the number of occurrences
of X in C%, is not more than that in Cy;
(C-1-3-iii) if X is strongly guarded in Cs then so it is in C;N(;
(C--3-iv) if X does not occur in the scope of any conjunction in Cy then neither
does it in C;?.
2. There exist Cg{, C%z with Z ¢ X and i < |X| such that
(P--1) C; = C;N(, in particular, if X; is active in C5 then C;? =Cy;
(P-t-2) pi —> p/ and r = C%Z{ﬁ/f(, p'/Z} for some p’;
(P-t-3) €}, (Xi/Z} = C and Z is l-active in ey

(P-1-4) Cg{'qv/)?} = C%,Z {'cj/f(, q'/Z} for any processes g with ¢; ¢

Proof. Tt proceeds by induction on the depth of the inference of Cg{ﬁ/)?} S Itis
easy to carry out based on the form of Cs. In particular, Lemma 5.2 is used to handle
the case Cy = (X|E). The details may be found in Zhang et al. (2013). U]

In the following, we intend to provide an analogue of Lemma 5.6 for visible transitions.
To explain intuition behind the next result clearly, it is best to work with an example.
Consider Cx, x, = (X1 A(Y[Y = a.Y))0a.b.0) | (X1 AX3), pi = a0 and py = a.c.0, we
have three a-transitions

Cx,x, (p1/ X1, 02/ X2} —> (OA(Y|Y = a.Y)) |l (a0 A a.cO),

Cx,x 11/ X1, 02/ X2} = b0 Iy (a.0 A a.c.0),
and
Cx, {1/ X1, 2/ X2} —— (@O A (Y]Y = a.Y))Ta.b.0) [l (0 A c0).

These visible transitions starting from Cy, x,{p1/X1,p2/X>} are activated by three distinct
events. Clearly, both the context Cy, x, and the substitution p; contribute to the first
transition, while two latter transitions depend merely on the capability of Cyx, x, and p;,
respectively. These three situations may be described uniformly in the lemma below. Here
some additional properties on contexts are also listed in (CP-a-4).
Lemma 5.7.~ Foi any a € Act, Cy and p, if Cj({'ﬁ/f( } =5 r then there exist C%, C;N(j and
C;%? with X N'Y = ¢J satisfying the conditions:
(CP-a-1) C; = C%;
(CP-a-2) for each Y € Y, Y is l-active in C)’? 7 and C;%?;
(CP-a-3) there exist iy < |)~(| for each Y € Y such that

(CP-a-3-i) C}( ?{X,»Y/Y} = C)L(;

(CP-a-3-ii) for each Y € Y, p;, — ply for some py, and r = Cg?{'ﬁ/)?,;;/?};
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(CP-a-3-iii) for any ¢ with |g] = |X| and (; such that |c;| = |17| and g, SN q’y for each
Y €Y, if Cy{g/X} is stable then C3{g/X} — C% ~{q/x qy /Y
(CP-a-4) for each X € X,

(CP-a-4-i) the number of occurrences of X in C - is not more than that in C)? 75

(CP-a-4-ii) if X is active in C < then $0 it is in Y;

(CP-a-4-iii) if X does not occur in the scope of any conjunction in Cy then neither
does it in Céé,i"

Proof. By induction on the depth of the inference of Cg({’ﬁ/)? } 5k A full proof is
given in Zhang et al. (2013). ]

Intuitively, whenever all free variables occurring in C; are guarded, any transition
starting from Cy{p/X} must be performed by Cj itself. Formally, we have the following
result whose proof is a simple application of Lemmas 5.2, 5.6 and 5.7.

Lemma 5.8. Let X be guarded in Cy for each X € X.If Cj({'ﬁ/)N( } =5 r then there exists
By such that r = By {p/X} and C;3{q/X} — B;{q/X} for any .

The next lemma is another particular instance of Lemmas 5.6 and 5.7, which considers
the case where the substitution is of the form (Y |E) or (ty|E). Its argument is splitted
into two cases o = 7 or o € Act, and uses Lemmas 5.2, 5.6 and 5.7. Its full proof is also
contained in Zhang et al. (2013).

Lemma 5.9. For any Y, E with Y =ty € E and context Cy with at most one occurrence
of the unfolded variable X, if Cx{(Y|E)/X} —%, ¢ then there exists By such that
q = Bx{(Y|E)/X}, Cx{{ty|E)/X} = Bx{{ty|E)/X}, and X occurs in By at most once
and such occurrence is unfolded. Moreover the statement still holds if we replace (Y |E)
and (ty|E) by (ty|E) and (Y |E) respectively.

Based on the results obtained so far, we shall give a few further properties of unfolding.
We first want to indicate some simple properties.

Lemma 5.10. The relation = satisfies the forward and backward conditions, that is, p = ¢
implies that, for any ~»€ {i», = =|:0€ Act.},

1.if p~» p’ then g ~» ¢’ and p' = ¢’ for some ¢';

2.if g ~» ¢q' then p ~» p’ and p’ = ¢’ for some p'.

Proof. 1t follows from p = ¢ that p =, ¢ for some n. In case r=—"5 the proof is
straightforward by induction on n and using Lemmas 5.1 and 5.9. Moreover the arguments
of other cases are also immediate by applying the conclusion for SN finitely often. [

In fact, it is to be expected that p = ¢ implies p =gs q. To verify it, we need to prove
that p € F iff ¢ € F. The next lemma will serve as a stepping stone in proving this.

Lemma 5.11. For any Y,E with Y =ty € E and context Cy with at most one occurrence
of the unfolded variable X, Cx{(Y |E)/X} € F iff Cx{(ty|E)/X} € F.
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Proof. With the help of Lemma 5.9, both implications can be readily proved by induc-
tion on the depth of the inference of Cx{(Y|E)/X}F and Cx{(ty|E)/X}F respectively.
U]

By Lemmas 5.1 and 5.11, it is not difficult to get the following result, which asserts that
the relation = preserves and respects the inconsistency.

Lemma 5.12. For any p,q, if p= ¢, thenp € F iff g € F.
We now have the assertion of the equivalence of p and ¢ modulo =gg whenever p = gq.
Lemma 5.13. If p; = p; then p; =gs ps, in particular, p; ~gs p» whenever p; 7L>

Proof. We only prove p;y —  p, whenever p; 7L> Set R ={(p,q) :p=gqandp 7/T—>}
It suffices to prove that R ﬁsa stable ready simulation relation. Let (p,q) € R. By
Lemmas 5.10 and 5.12, it is evident that such pair satisfies (RS1), (RS2) and (RS4). For
(RS3), suppose p = |p/. Then p —>p p” = |p/ for some p”. By Lemmas 5.10 and
5.12, there exists ¢” such that ¢ —>p ¢” and p” = ¢". Further, by Lemmas 4.2, 5.10 and
512, p' = ¢’ and q” == |¢’ for some ¢'. Moreover (p',q') € R, as desired. O

5.3. t-transition sequences and canonical evolution paths

We have considered the pattern behind a given transition C)?{’ﬁ/)? } —~, r. However, it is
insufficient for the aim of this paper. The transitions with the form like C;({'ﬁ/)? } =
play a central role when arguing consistency and behaviour of processes. Thus, this
subsection will generalize Lemma 5.6 to the situation involving a sequence of t-transitions
(see Lemma 5.14). Moreover two kinds of canonical evolution paths for a given transition
C;{p/X} = |r will be given in Lemmas 5.17 and 5.18.

Given a process Cg{'ﬁ/f(}, by Lemma 5.6, any t-transition starting from Cg{'ﬁ/f(}
may be caused by Cy itself or some p;. Thus, for a sequence of t-transitions, these two
situations may occur alternately. Based on Lemma 5.6, we can capture this as follows.

Lemma 5.14. If C;({'ﬁ/f(} == r then there exist C;Nﬁ, iy <|X| and py for Y € Y such

that L _

(MS-7-1) XNY = ¢ and Y is 1-active in C;N“? foreach Y € Y;

(MS-1-2) p;, —> Dy forf:\e/wh Y €Y andr= C;?,?{ﬁ/)?,;);/?};

(MS-7-3) for any ¢ and ¢} with [g| = \X\Nand Yev, N o
(MS-1-3i) if g;, == g for cach Y € Y then C3{q/X} == Cl, . {q/X. 4y /Y };
(MS-t-3-ii) if i, == ¢ for cach Y € ¥ then Cy{q/X} == C% _{q/X.qy /Y };

(MS-7-4) if Cy is stable tl:en S0 is C}(,? and C;({ﬁ/)?} = C;?y (G/X,q,/Y)} for any g;

(MS-7-5) for each X € X, if X is strongly guarded in Cj then so it is in C% - and

~ Xy
X #X;, foreach Y € Y;
(MS-1-6) for each X € X (or, Y € Y), if X (X;, resp.) does not occur in the scope of any

conjunction in Cs then neither does X (Y resp.) in C;? 75

(MS-7-7) if r is stable then so are C)’? ¥ and p, foreach Y € Y.
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Proof. Suppose C;({ﬁ/)?}(—r>)”r(n > 0). We proceed by induction on n. For the
inductive base n = 0, the conclusion holds trivially by taking C;? 7 =Cy with Y = @&,

For the inductive step, assume Cy{p/X }(—T>)ks — r for some s. For the transition
{p/x (—>)ks, by IH, there exist Chgiv < < |X|and p, for Y € Y that realize (MS-t-I)
(1 <1< 7). In particular, we have s = C~ ~{p/X pY/Y} due to (MS-t-2). Then, for the

transition s —> r, either the clause (1) or (2) in Lemma 5.6 holds. The argument splits
into two cases.
Case 1. For the transition s — r, the clause (1) in Lemma 5.6 holds.

That is, for the transition C ~{p/X pY/Y} = s —> r, there exists %5, satisfying

(C-1-1,2,3) in Lemma 5.6. We shall check that C% 7 iy and pY realize (MS-z-1) - (MS-7-7)

w.rt Cx{p/X }(—)+r N

Since C)’? 7 satlsﬁes (MS-T-1,5,6), it follows that C;é 7 and iy realize (MS-t-1), (MS-1-5)
and (MS-7-6) due to (C-t-3-i), (C-t-3-iii) and (C-t-3-iv) respectively. Moreover, as C”
satisfies (C-t-1) it follows immediately that (MS-z-2) holds. Since C% %7 satisfies (C-1- 2)
by Lemma 5.6, Ci - is not stable. Then neither is Cy because C% X7 satisfies (MS-1-4).
Thus C)? 7 satlsﬁes (MS -1-4) trivially. Next we verify (MS-z-3). Let § q be any processes
with |3 = |X| and ¢;, = ¢/, for each Y € Y.

(MS-t-3-i) Since Cj ; satisfies (MS::-3-i), C3{q/X) = i = Cy;{a/X.qy/Y} for
some t. Moreover we have C;~“~, {9/X.,4y/Y} — C;lm? {ﬁ/)iq’,,/Y} due to (C-1-2). Then
it follows from Lemma 5.10 that 1 —> ' = %9{5/)(, qy/Y} for some t'. Therefore
Clg/X) =t = Ciy (G/X.q, Y}, as desired.

(MS-7-3-ii) Straightforward as CL - satisfies (MS-z-3-ii) and Cﬂ - satisfies (C-1-2).

(MS-t-7) Suppose r = Cf ~{p/X pY/Y} +/~. Then, since Cff . satlsﬁes (MS-1-1), by
Lemmas 5.4 and 5.6, it is easy to see that both Cf - and py are stable.

Case 2. For the transition s — r, the clause (2) in Lemma 5.6 holds.
Then there exist iy < |X| + |Y]|, C;N;?(E CYixoye oy ) and CY. (=

IR © S XX X|+Y]| XYz
CY. X Y Yy z) with Z ¢ X UY satistying (P-t-1) - (P-t-4). By (P-1-3),
Ve Xa/Z) i 1< o < 1X;
" p—
XY - " v v
X/YZ\LYZO/Z} lf‘X‘—i_l |X|+‘Y|

In case |X|+1<iy < |X|+1|Y], by (P-7-2), there exists p’ such that p’yy_0 SN p andr =

C%’?Z{p/)?,;);/? p'/Z}. Moreover, since Y;, is 1l-active in C’~~ by (P-1-1), we have

! " " " " ) b :
Ciy = Gy Further, since Z is l-active in vz and Ciy = CXYZ{Y,O/Z} it is

easy to see that Y;, does not occur in C”’ . Hence r = CQ N{p/X Py [p//py 1/Y }
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Xy’
iy realize (MS-7-I)(1 <1< 7) w.r.t the transition CX{p/X} — )1y, as desired.
In case 1 < iy < \X |, by (P-t-2), there exists p” such that p SN p’ and r =

= CL Nlp/X Py [p//py ]/Y} Then it is not difficult to check that C% p’Y [p//p’yio] and

C;{?Z{p/)?,ﬁ;/f’,p”/Z}. Set iz =iy and p, = p”. In the following, we intend to verify

that ng?z’ iv (UeYU {Z}) and |Y| + 1-tuple I;Z with U € Y U {Z} realize (MS-t-1) -
(MS-2-7) w.r.t C3{p/X }(—)+r.

(MS-1-1) By (P-7-1), we have C’~ . CZ ~. Moreover, since C~% %7 satisfy (MS-z-1), by
Lemma 5.2(1), Y is 1-active in C~ . for each Y € Y. Further, by (P-t-3), each Y (€ 17) and
Z are l-active in C¥ - (MS- 1-2) It is straightforward. (MS-7-4) Assume Cj is stable.
By (MS-1-4), C;N(y is stable and for any ¢, X{q/X} = C; ~{q/X @, /Y}. Then, by
Lemma 5.10, it follows from C§ o = Cf 5 (ie., (P-t-1)) and Cﬂ’~ {X,Z /Z} = Cﬂ ; (P

3)) that C’” , is stable and C% ~{q/X qu/Y} = {5 {q/X q,y/Y qi,/Z}. (MS -1-5,6)
By Lemma 5 2(3)(5) they 1mmed1ately follow from the fact that C < satlsﬁes (MS-1-5,6)
and C’” satlsﬁes (P-7-1,3). (MS-1-7) Immediately follows from (MS -1-1), (MS-7-2) and

Lemmas 54 and 5.6. In the following, we check (MS-7-3). Let ¢ be any processes with
gl = |XI.
(MS-t-3-i) Suppose ¢;, —> q), for each U € Y U {Z}. Since C~ - satisfies (MS-1-3-i),

we have C}{q/X} == C)?,IN/ {q/X,qY/Y} for some ¢. It follows from qi, = q’, that

qiz(_f>);anz for some m = 0. We shall distinguish two cases based on m.
In case m = 0, we get ¢;, = ¢,. Since C%’y 5 satisfies (P-z-1) and (P-t-3), we have

CN N{Q/X qY/Y} = nylq/Xaq,Y/?} = ;é/yz{q/)?aq/Y/i;’q/Z/Z}

Therefore, Cx {q/X} == t=> C§ . {@/X.qy/Y} = C¥y @/ X.dy /Y . d;/Z}.

In case m > 0, i.e., q;, g = q, for some q”, by (P-t-4), we obtain
L la/Xdy /Y 5 O /Xy /Y 0"/ Z).

Moreover, since Z is l-active, C”’ {q/X qY/Y q"/Z} = C;’YZ{q/)?,q/Y/f’,q’Z/Z}

by Lemma 5.4. Then, by Lemma 5.10, it follows from t = CX?{q/X,E/f’} that there

exist ¢ such that t = ¢/ = C;’Y Z{q/)?, q/y/?,q’z/Z}. Consequently, C;({’cj/)?} ==

v EC’” ZLQ/X qY/Y q5/Z}.

(MS- 1-3 ii) Suppose g;, —= qy for each U € YU {Z}. Since C < satlsﬁes (MS-7-3-ii),
we have CX{q/X} - C’~~{q/X qY/Y} Moreover, g, =g = q, for some ¢q”
because of ¢;, —> ¢/,. Hence, Cs ~{q/X,qY/Y} = v, {q/X, qY/Y,q”/Z} by (P-t-

Xy.z
4). Further, since Z is 1-active, Cg’(’?z{q/X,q’y/Y,q”/Z} = C%;Z{Q/Xaqu/Yaqlz/Z}
by Lemma 5.4. Consequently, X{q/X} = C%”?’Z {q/X, q’,,/Y,qZ /Z}, as desired. U]
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Lemma 515 For any p and stable context Cy, if, for each i < |)~(|, Di = |p; then
X{p/X} |g for some q.

Proof. By Lemmas 5.3 and 5.2(4), Cy = C;? for some C;? such that each unguarded
occurrence of any free variable in C;? is unfolded. Moreover, since Cy is stable, so is C;?

by Cx{0/X} = C.{0/X} and Lemma 5.10.

Let C;} 7 be the context obtained from C}( by replacing simultaneously all unguarded
and unfolded occurrences of free variables in X by distinct and fresh variables Y. Here
distinct occurrences are replaced by distinct variables. Clearly, we have

1. for each Y € Y, there exists exactly one iy < \Xl such that C/ = C’~ ~{X,Y/Y}

2. all variables in Y are l-active in C;ﬁ and
!/ . ’
3. C)?,? is stable.

Then C;({ﬁ/)?} = C% {5/5(} = C~~{p/X p,y/Y} and by Lemma 5.4, we obtain
CNN{p/X Y = CLN{p/X ply/Y} Further, since C/~~ and pl are stable and
Y contains all unguarded occurrences of variables in ny, 3“7 {p/X , piy/ Y} 7L> by
Lemma 5.6. So, by Lemma 5.10, C;({p/X} = g = C)?y {p/X,pgy/Y} for some q. O

Now we turn to considering ‘canonical’ paths. Given Cy {5/)? } = |r, in general there
exist more than one evolution paths from Cy {5/5( } to r. Since each t-transition in CLLg
is activated by a single process, a natural conjecture arises at this point that there exist
some ‘canonical’ evolution paths from Cy {ﬁ/)N( } to r in which the context Cy first evolves
itself into a stable context then p; evolves. Clearly, if such canonical path indeed exists, by
Lemma 4.2, each process along this path is not in F whenever r ¢ F. A weak version of
this conjecture will be verified in Lemma 5.17. To this end, a preliminary result is given
below. Its proof is a tedious but straightforward induction on ¢, and hence is omitted.

Lemma 5.16. Let t1,, be two terms and X a tuple of variables such that any recursive
variable occurring in t;(i = 1,2) is not in X, and let ay.0 be a tuple of processes, where
ay is a fresh visible action for each X € X. Then

1.1if tl{aX O/X} = tz{aX O/X‘k then t; = t;
2.if tl{aX O/X1 = tz{aX O/X} then tl{r/X} = tg{r/X} for any 7.

Having disposed of this preliminary step, we can now verify a weak version of the
conjecture mentioned above, which is sufficient for the aim of this paper.

Lemma 5.17. If C;({'ﬁ/)?} :€> |r then there exists a stable context Dy such that
1. Cy lp/XI = DX{p/X} |¥" = r for some r' and
2.C31q/X} = D3{q/X} for any g with [g| = |X|.

Proof. Suppose C; {ﬁ/)N( }(—T>)"|r. It proceeds by induction on n. For the inductive base

n = 0, it follows from C;{p/X} = r #— that Cy is stable by Lemma 5.6. Then it is
straightforward to verify that Cy itself is exactly what we seek. For the inductive step,
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assume Cy {5/;{} s {(—>)*|r for some t. Then, for C;({ﬁ/)?} —5 ¢, either the clause (1)
or (2) in Lemma 5.6 holds. The first alternative is easy to handle and is thus omitted. Next
we consider the second alternative. In this situation, there exist C)’?, C% . with Z ¢ X and

io < |X| that satisfy (P-t-1) — (P-t-4). By (P-7-2), we have
t= C§,Z (p/X.,p'/Z)} for some p’ with p;, —> p'.

Then, for C;l(z{'ﬁ/f(, p'/Z}(—)k|r, by IH, there exists a stable context D%, such that

C%Z{’ﬁ/)?,p//Z} = D;?’Z{'ﬁ/)?,p//Z} = |/ = r for some r’ (5.17.1)
and for any ¢’ and ¢, we have

4 ~ /v ) € / ~ v )
Ci24/X.4'/2} = D3 ,{4/X.4'/Z}. (5.17.2)

In particular, we have C%Z{a}j)/f(, az.0/Z} = D’)?Z{a}j)/f(, az.0/Z} where distinct
visible actions ax and az are fresh. For this transition, applying Lemma 5.6 finitely often

(notice that, in this procedure, since ax.0 and az.0 are stable, the clause (2) in Lemma 5.6
is always false), then by clause (1) in Lemma 5.6, we get the sequence

Cy {ax0/X,az.0/Z} = C} {ax.0/X,a7.0/Z} — C} ,{ax0/X,az.0/Z} —
= €% {ax0/X,a7.0/Z} = D} {ax.0/X,a,.0/Z}.

Here, n > 0 and C;N(Z satisfies (C-7-1,2,3) for each 1 < i < n. Moreover, since Z is 1-active

. . . . o
in C)?Z’ by (C-1-3-1), so is Z in C;l(,z. We also have C;l(,z = D)?,z by Lemma 5.16. Hence

we can conclude that
Z is 1-active in D,)?,z' (5.17.3)
Since C;? and C%z satisfy (P-z-1) and (P-t-3), for any 5, we get

Cy(3/X} = CL(5/X} = G}, (3/X,5:,/Z}. (5.17.4)

In order to complete the proof, it suffices to find a stable context Dy satisfying conditions
(1) and (2). In the following, we shall use ax.0 again to obtain such context.
are stable, by (5.17.2), we get C%Z{aX.O/X, ax,-0/Z} = |

Since ay.0 and D;?Z
D%(’Z{m/)?,axio.O/Z}. Moreover we have C;N({af):()/f(} = C§,Z{m/)~(,axio.0/l} by
(5.17.4). Thus C;?{aX.O/X} = |D;~(Z{aX.O/X, ax,-0/Z}. Then, since ax.0 are stable, by
Lemma 5.14, there exists a stable context By such that
Bylax.0/X} =D, {ax.0/X,ay, 0/Z} (5.17.5)
and
C,{5/X} = By{5/X} for any5. (5.17.6)
In addition, by (5.17.4) and Lemma 5.10, we have C;({af);.f)/)?} = C;?{af);.f)/)?} and

C;({af;)/)?} = It = D;?Z{a;j)/)?, ax, .0/Z} for some t'. Further, since ax.0 are stable,
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by Lemma 5.14, there exists a stable context D such that
(' = Dy{ax.0/X} = D}, {ax.0/X,ax, 0/Z} (5.17.7)
and
C;{3/X} = D3 {5/X} for any 5. (5.17.8)
Notice that, (5.17.8) follows from (MS-z-3-ii) with Y = . In the following, we intend to
prove that Dy is what we seek. It immediately follows from (5.17.8) that Dy meets the

requirement (2). We are left with the task of verifying that D5 satisfies the condition (1).
So far, for any 5, we have the diagram below, where the first line follows from (5.17.4),

C3{5/X} = CL{3/X} = CY_(3/X.5,/Z}
Je by (5.17.8) le by (5.17.6) Je by (5.17.2)
Dy 5/X} = B;{5/X)} = D}, {5/X.5,/Z}.

Here the last line in the above follows from (5.17.7) and (5.17.5) using Lemma 5.16.
Further, by Lemma 5.4 and p;, SN P/, it follows from (5.17.1) and (5.17.3) that

By (p/X} = D ,{B/X.pi/Z} — Dy, {B/X.0//Z} = ¥ = .

Finally, since D}{ﬁ/)?} = Bg{i)’/)?}, by Lemma 5.10, we get D}{ﬁ/)?} = |=>r=>r
for some r”, which, together with Cy {5/5( } = D;({ﬁ/)? 1, implies that the stable context
D5 also meets the requirement (1), as desired. ]

The result below asserts that there exist another ‘canonical’ evolution paths from
Cs{p/X) to a given stable 7-descendant r. For these paths, an unstable p; evolves first
av4 g p P
provided that such p; is located in an active position.

Lemma 5.18. If C;({ﬁ/)?} = |¢ and X; is 1-active in Cy for some i < |X|, then there
exists p’ such that p; = |p’ and C;({'ﬁ/)?} = Cy{p [p’/pi]/)~(} =|q.

Proof. Suppose C;({ﬁ/)?}(—f>)”|q for some n = 0. We shall prove it by induction on n.
For the inductive base n = 0, we have p; 7LT—> by Lemma 5.4, and hence it holds trivially
by taking p’ = p;. For the inductive step n = k 4 1, suppose C3{p/X} = r(—T>)"\q for
some r. For C;({'ﬁ/)?} —5 r, either the clause (1) or (2) in Lemma 5.6 holds. For the first
alternative, there exists a context C;N( such that

1.1. X; is l-active in C;~( (by (C-1-3-1)),

1.2.r= C;z{fﬁ/X} and ~

1.3. C3{5/X} = C;{5/X} for any s.

By (1.1), we can apply IH for the transition r = C;N({”ﬁ/)?}(—rﬂﬂq, and hence there exists
p’ such that p; = |p’ and C;?{ﬁ/f(} = C;?{Zi [p’/pi]/)?} = |q. Moreover, since X; is
l-active in Cy and p; = |p/, we have C;({Zi/)?} = Cy{p [p’/pi]/)N(} by Lemma 5.4.
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We also have Cy{p[p'/pl/X} — C.{plp'/pil /X} by (1.3). Therefore, C {p/X} =
~ > T ~r > € .
Cxp0'/pl/X} — CL{P[P'/p]/X} = |q, as desired.
For the second alternative, there exist C;?, C% and ip < |X | such that
. e
2.1. Z is l-active in C}?,Z’
22.r = Cﬂ {ﬁ/X pi,/Z} for some p; with p;, SN pj, and
2.3. CX{E/X} C” {'SV/X §'/Z} for any 5§ and s with s;, BN
In case iy = i, we have Cy = C)? by (P-7-1), and hence r = C3{p [ pio/pi]/)N(} by (2.2) and
(P-t-3). For the transition r = Cx{p [p;,/pi] /)N(}(—T>)"|q, by IH, there exists p” such that
pl, = " and Cx{p[p} /pil/X} = Cx{pp"/pil/X} = |q. Hence pj, — p}, = |p"
and Cy{p/X} = Cy{p [p;()/pi]/x} = P /pil/ X} = |g. Next we consider the
other case iy # i. Then for the transition r = C%Z{'ﬁ/)?,pgo/Z}(—r>)k\q, by IH, there exists
p such that p; = |p’ and

ClB/X.0,/Z) = CL 50 /p1/X. 1/ Z} = 1a.

In addition, since X; is l-active in C; and p; = |p’, by Lemma 5.4, we obtain
Cy{p/X} = Cy{p[p'/pil/X}. Morcover Cg{'ﬁ p'/p/X}y — C% B /p)/X. P,/ Z)
by (23). Thus Cy{p/X} = C3 B/ /pl/X} — C4 (B0 /pl/ X0, /Z} =l¢. O

6. Precongruence

This section intends to establish a fundamental property that Cgg is a precongruence.
Its proof is far from trivial and requires a solid effort. As mentioned in Section 1, a
distinguishing feature of LLTS is that it involves consideration of inconsistencies. It is the
inconsistency predicate F that makes everything become quite troublesome. A crucial part
in carrying out the proof is that we need to prove that Cx{q/X} € F implies Cx{p/X} € F
whenever p Cgrg ¢. Its argument will be divided into two steps. First, we shall show that,
for any stable process p, Cx{t.p/X} € F iff Cx{p/X} € F (see Lemmas 6.2 and 6.4).
Second, we intend to prove that Cx{q/X} € F implies Cx{p/X} € F whenever p and ¢
are uniform w.r.t stability and p Crg ¢ (see Lemma 6.6).

Definition 6.1 (uniform w.r.t stability). Two tuples p and ¢ with |q| = |p| are uniform w.r.t
stability, in symbols p > g, if for each i < [p|, p; is stable iff ¢; is stable.

Notation. For convenience, given tuples p and g, for R € {Cgs, ,:E> |, =}, the notation
~RS
PRq means that [p| = |¢] and p;Rgq; for each i < |p|.

Lemma 6.1. For any Cy, p and Zj with p Crs ¢, if CX{}?/SN and CX{ﬁ/)?} are stable and
X{p/X ¢ F, then CX{p/X} L iff CX{ﬁ/X} —%, for any a € Act.

Proof. We give the proof only for the implication from right to left, the same argument
applies to the other implication. Assume Cy{q/X} —2, 4. Then there exist CL, C;? ; and
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C;é? with XNY = & that satisfy (CP-a-1) — (CP-a-4) in Lemma 5.7. Hence, due to
(CP-a-1) and (CP-a-3-i), there exist iy < |X|(Y € Y) such that for any 7 with /| = |X|

Cx {7/ X} = CRF/X} = Cyy 7/ X7, /Y ). 6.1.1)

In particular, by Lemma 5.10, it follows from CX{Z;'/)?} 4+~ and Cx{a/)?} 7L> that
both C% ~{p/X p,Y/Y} and C% ~{q/X q,Y/Y} are stable. Then, for each Y € Y, both

Diy and q,y are stable by Lemma 5.4 and (CP-a-2). Moreover, by (6. 1~1) with ¥ = p and

Lemmas 5.12 gnd 5.5, we have p;, ¢ F for each Y € Y due to C3{p/X} ¢ F. Therefore,

for each Y € Y, it follows from p Cgg ¢ that p;, —  g¢;,, and Z(p;, ) = Z(g;, ) because of
~RS

piy & F. Hence C5{p/X} — by (CP-a-3-ii). O

Convention 6.1. The arguments in the remainder of this paper often proceed by distin-
guishing several cases based on the last rule applied in an inference. For such argument,
since rules associated with operations A, V, |4 and O are symmetric w.r.t their two
operands, we shall consider only one of two symmetric rules and omit the other one.

In the following, we intend to show that Cx{p/X} € F iff Cx{t.p/X} € F for any stable
p, which falls naturally into two parts: Lemmas 6.2 and 6.4.

Lemma 6.2. For any Cy and stable p, Cx{p/X} ¢ F implies Cx{t.p/X} ¢ F.
Proof. Let p be any stable process. Set
Q= {Bx{t.p/X} : Bx{p/X} ¢ F and By is a context}.

Similar to Lemma 4.4, it suffices to prove that for any t € Q, each proof tree of tF has a
proper subtree with root sF for some s € Q. Suppose that Cx{t.p/X} € Q and 7 is any
proof tree of Strip(Pcrig, Mcri,) b Cx{t.p/X}F. Hence Cx{p/X} ¢ F. The rest of the
proof runs by distinguishing cases based on Cy. Here we handle only two cases.

Case 1. Cx = (Y |E). Then the last rule applied in 7 is

(ty|E){t.p/X}F {rF :(Y|E){z.p/ X} = |r}
(Y|E){t.p/X}F (Y|E){t.p/X}F

For the first alternative, since Cx{p/X} = (Y|E){p/X} ¢ F, by Lemma 4.1(8), we get
(ty|E){p/X} ¢ F. Hence (ty |E){t.p/X} € Q. For the second alternative, since Cx{p/X} ¢

F, we get Cx{p/X} == |q for some ¢q. Moreover, by Lemma 5.14, it follows from p +—
that there exists a stable context C such that

either with Y =ty € E or

q=Ciy{p/X}and Cx{t.p/X} = Cy{t.p/X}. (6.2.1)
Further, by Lemma 5.15 and t.p SN Ip, we get
Ci{t.p/X} = |s for some s. (6.2.2)

So, by Lemma 5.14 again, there exists C;Z with X ¢ Z such that s = C;Z{r.p/X,p/Z}
and Cy{p/X} = C;’Z{p/X,p/Z}. Thus, by Lemma 5.12, C;Z (p/X.,p/Z} ¢ F because of
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q=Ci{p/X} ¢ F.Set C} £ C}, . {p/Z}. It follows from CY {p/X} = C| {p/X.p/Z} & F
that s = C¥{t.p/X} € Q. Moreover 7 contains a proper subtree with root sF due to
(6.2.1) and (6.2.2).

Case 2. Cxy = Bx A Dy.

Clearly, if the last rule applied in 7 is Rule Rps then it is immediate that By {t.p/X} € Q,
as desired. Moreover, similar to the second alternative in Case 1, we can deal with the
case where Rule Rpq; is the last rule employed in 7. We now turn to the other cases.
Case 2.1. % with Dy{t.p/X} 4~ and Cx{t.p/X} 4.

In this situation, Bx{t.p/X}, Cx and By are stable. Moreover, since p is stable, so is
Bx{p/X}. Due to Cx{p/X} ¢ F, we obtain Bx{p/X} ¢ F. Then, by Lemma 6.1, it follows
from p =gs 7.p and By {t.p/X} 5 that

Bx{p/X} 5 1y for some ry. (6.2.3)

Similarly, it follows from Dy {t.p/X} 4 that

Dx{p/X} 4> . (6.2.4)
In addition, since Bx A Dy and p are stable, so is Bx{p/X} A Dx{p/X}. Clearly, the rule
%&}_ﬁ” is a ground instance of the rule %m; moreover it is in Strip(ReLrg, McLL,)

because of (6.2.4) and Cx{p/X} /5. So, we get Cx{p/X} = Bx{p/X} \Dx{p/X} € F by
(6.2.3), which contradicts that Cx{t.p/X} € Q. Hence this case is impossible.

Cx{t.p/X ) —>s.{rF:Cx{t.p/X}—r}
Case 2.2. Cxlep X IF .
The argument splits into two cases based on o.

Case 2.2.1. « = 7. We distinguish two cases depending on whether Cy is stable.
Case 2.2.1.1. Cy is not stable.

Since Cx {p/X} ¢ F, we have Cx{p/X} == |p’ for some p'. Moreover, by Lemma 5.17,
there exist p” and stable C} such that Cy{p/X} = Cy{p/X} = |p" = p' and
Cx{t/X} = C3{t/X} for any t. Further, since Cy is not stable and p +—, by Lemma 5.6,
there exists C such that

Cx{p/X} — Ci{p/X} = Cx{p/X} and Cx{r.p/X} —> Ci{tp/X}.

Since p’ ¢ F and p” = p/, by Lemma 5.12, we get p” ¢ F. Together with the transitions
Cyip/X) = Cy{p/X} = |p’, by Lemma 4.2, this implies Cy{p/X} ¢ F. Hence
Cy{tp/X} € Q, and T has a proper subtree with root Cy{t.p/X}F.
Case 2.2.1.2. Cy is stable.

Due to Cx{t.p/X} —Z» s, either the clause (1) or (2) in Lemma 5.6 holds. Since Cy is
stable, by (C-7-2) in Lemma 5.6, it is easy to see that the clause (1) does not hold, and
hence the clause (2) holds, that is, there exists Cy , with X # Z such that

Cx{tp/X} —> Ckx{tp/X,p/Z} and Cx{p/X} = Ckx,{p/X.p/Z}.

Set Cy = Cy,{p/Z}. Hence T has a proper subtree with root Cy{7.p/X}F. Moreover,
by Lemma 5.12 and Cx{p/X} ¢ F, we have Cx ,{p/X,p/Z} ¢ F. Thus Cy{tp/X} =
Cy itp/X,p/Z} € Q, as desired.
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Case 2.2.2. « € Act.

Then both Cy and Cx{p/X} are stable. Moreover, since Cx{t.p/X} = T.p =Rs P
and Cx{p/X)} ¢ F, by Lemma 6.1, we get Cx{p/X} —>. Further, by Theorem 4.1,
it follows from Cx{p/X} ¢ F that Cx{p/X} ¢ g for some ¢. For this transition,
by Lemma 5.7, there exist Cy, C;(,Z and C;,Z with X ¢ Z that realize (CP-a-1,2,3,4).

To complete the proof, we intend to prove that Z = . On the contrary, suppose
Z # 4. Then, by (CP-a-2) and (CP-a-3-i), there exists an active occurrence of the
variable X in C}. So, by Lemma 5.4, Ci{t.p/X} —. Then, by Lemma 5.10, it follows
from Cx{t.p/X} = Cy{tp/X} (ie., (CP-a-1)) that Cx{t.p/X} —%,, which contradicts
Cx{r.p/X} —>. Thus Z = ¢, and hence g = C'/ 5 p/X} by (CP-a-3-ii). Since Cx{z.p/X}

is stable, by (CP-a-3-iii), we get Cx{t.p/X} =, Y ~{r p/X}. Thus, T contains a proper
subtree with root C” {r p/X}F; moreover C” {r p/X} € Q due to C;’(Z{p/X} =q¢F.
’ O

To show the converse of the above result, the preliminary result below is given. Here,
for any finite set S of processes, by virtue of the commutative and associative laws of
external choice (Zhang et al. 2011), we may introduce the notion of a generalized external
choice (denoted by Esp) by the standard method.

Lemma 6.3. Let t1,t, be two terms and {X} U 7 a tuple of variables such that none of
recursive variable occurring in ;(i = 1,2) is in {X} U Z. Suppose that Z is active in ty, 1,
for each Z € Z. Given a € Act and distinct fresh visible actions ay and az, we put

O aaz 0 ifZ + &;

zeZ
A
T, =

ax.0 otherwise.

Then, for any p and ¢,

Lty{T,/X,az. O/Z} = 0{T,/X,az. O/Z} implies t,{p/X.q/Z} = t{p/X.G/Z};
2.04{T/X,az. O/Z} = {T,/X,az O/Z} implies 11{p/X,q/Z} = t2{p/X.G/Z}.

Proof. (1) If FV(t;) N ({X} U Z) = & then (1) holds trivially. In the following, we
consider the other case FV(t;) N ({X} U Z) =+ . It proceeds by induction on t;. We give
the proof only for the case t; = s;0s,, the others are left to the reader.

In this case, the topmost operator of ,{7T,/X, 6?27)/2 } is an external choice O. Clearly,
such operator comes from either t, or T,. For the former, we get t, = s)s, for some &)
and s, and the proof is easy to carry out by using IH. Next we shall show that the latter
case is impossible. In this situation, we have t; = X and 1Z| > 1 (otherwise, T, does not
contain any operator [ at all). Clearly, az.0 is guarded in T, for each Z € Z. Moreover,
since each Z in Z is active in t; and t{Ta/X,az O/Z} = 6{T.,/X, az O/Z} =T, we
get FV(1;)NZ = . Hence it follows from the assumption FV(t) N ({X} UZ) +
that X € FV(t;). Then t,{T,/X,a;.0/Z} = s;{T./X,a7.0/Z}0s,{Ts/X,a70/Z} # T, =
t2{Ta/X, cgf)/Z} due to X € FV(s;) U FV(s)(= FV(t1)), a contradiction, as desired.
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(2) If FV(t;) N Z = ¢, it follows by Lemma 5.16. Next we consider the other case

FV(ty) NZ #+ &. It proceeds by induction on t;. Since Z is active in t; for each Z € Z, we

get either t; = Z or t; = s; O s, for some s; and s,, where Z € Zand © € (N 4,0} We

give the proof only for the case t; = s;0s,, and the remaining cases are straightforward.
It follows from t; = s1Us, that

t1{Tu/X,az.0/Z} = 51{Tu/X,a7.0/Z\05,{Ts/X,a7.0/Z} =1 2{Ts/X,a7.0/Z}.

So the topmost operator of t2{T,/X, a’ZY)/Z } is an external choice [ which comes from
either T, or t,. Similar to Case t; = s;[s; in item (1), we can conclude that there
exist s{,s, such that t, = s;[0s,. Moreover, it is easily seen that either s;{7T,/X,az O/Z}
or s2{T,/X,az. O/Z1 triggers the unfolding from #{T./X,az. O/Z} to r{T,/X,az O/Z}
W.lo.g, we consider the first alternative. Then s;{T,/X,az O/Z} = $i{Ta/X,az O/Z}
and sz{Ta/X,az.O/Z} = sz{TL,/X,aZ.O/Z}. Hence, by IH and item (1), for any p and
4, we have si{p/X,q/Z} =1 $\{p/X.q4/Z} and s:{p/X,q/Z} = s3{p/X.4/Z}. Thus
AP/ X.G/Z) = si(p/X.4/Z}02{p/ X, 4/ Z} =1 t2{p/ X,/ 2}, O

The intuition, which is captured by the above result, is obvious. Since both T, and az
contain fresh actions, none of them occurs in t;(i = 1,2). We may take t;{T,/X, afZT)/Z}
to be the ‘open’ term obtained from ¢; by renaming its holes using T, (or afz\f)) instead of
X (Z resp.). Based on this intuition, the clause (1) is nothing but the statement that the
relation = is preserved under substituting. For the clause (2), since T, and az. 17.0 contain no
recursive operators, the unfolding from #,{7T,/X, az. O/Z} to tr{T,/X,az. O/Z} is excited
by t1. Then the clause (2) merely asserts that such unfolding is preserved after substituting.
One might wonder why the term T, is put in such form. It is really due to the application
of Lemma 6.3. Roughly speaking, in the argument of the next lemma, we need a stable
term Q satisfying the following conditions:

i. for each Z eZ Q—»QZ for some Q7 ; .
ii. By 7{0/X, QZ/Z} = C;’?Z{Q/X 0/Y, QZ/Z} implies By z{t.p/X.p;/Z} =
C;/?er.p/X,r.p/Y,pz/Z}.

Clearly, T, is of the most simple scheme so that (i) holds, while Lemma 6.3 just asserts
that it also realizes (ii).

Lemma 6.4. For any Cy and stable process p, Cx{t.p/X} ¢ F implies Cx{p/X} ¢ F.
Proof. Let p be any stable process. Set
Q= {Bx{p/X} : Bx{t.p/X} ¢ F and By is a context}.

Assume t € Q. Then t = Cx{p/X} for some Cy such that Cx{t.p/X} ¢ F. Let 7 be any
proof tree of Strip(PcLiy, McrL,) F Cx{p/X}F. Similar to Lemma 6.2, it is sufficient to
prove that 7 has a proper subtree with root sF for some s € Q, which is a routine case
analysis based on the last rule applied in 7. We treat only three cases.

Case 1. % with Cx = (Y |E).

Since, Cx{t.p/X} ¢ F, we get Cx{t.p/X} == |q for some g. By Lemma 5.14, for this
transition, there exists a stable context C;( 7 satisfying (MS-1-1) — (MS-t-7). In particular,
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since p and ¢ are stable, by (MS-1-2,7), we have q = C;(Z{r.p/X,p/Z} ¢ F. Moreover,
since each Z (e Z) is 1-active in C;(Z (i.e., (MS-z-1)) and 7.p = p, by Lemma 5.4, we get
C;(,Z{r.p/X, A C;(’Z{r.p/X,p/Z} =g ¢ F, which, by Lemma 4.2, implies

Ciylwp/X,tp/Z} ¢ F. (6.4.1)

Let ay be any fresh visible action. By (MS-1-3-1), it follows from ax.0 — lax.0 that there
exists s such that

Cx{ax.0/X} = s= C,, slax.0/X, ax.0/Z}. (6.4.2)

Since ay.0 and C’ vz are stable, so is C’ ~{aX 0/X,ay. O/Z} by Lemma 5.6. Then, by
Lemma 5.10, s is stable. Thus, for the transmon in (6.4.2), by Lemma 5.14, there exists a
stable context Cy such that

s= Cy{ax.0/X)} and Cx{r/X} => Cy{r/X} for any r. (6.4.3)

Then, by Lemma 5.16, it follows from s = Cy{ax.0/X} = C;,Z{aX.O/X,aX.O/Z} that
Cylrp/X) = C;(’Z{’E.p/X,’E.p/Z}. Hence Cy{t.p/X} ¢ F by (6.4.1) and Lemma 5.12,
which implies Cy{p/X} € Q. Moreover, since Cy and p are stable, so is Cy{p/X}, which
implies Cx{p/X} = |ICx{p/X} by (6.4.3). Therefore 7 has a proper subtree with root
Cxip/X}F.

Case 2. % with Cy = By A Dy, Dx{p/X} /% and Cx{p/X} 45,

Clearly, in this situation, both By and Dy are stable. Since Cx{t.p/X} ¢ F, we have
Cx{tp/X} == |q for some g. So, there exist s and ¢ such that g = sAt, Bx{tp/X} = s
and Dy{t.p/X} ey |t. Then, for these two transitions, by Lemma 5.14, there exist B/
and D’ Yz satisfying (MS-7-1) — (MS-7-7) respectively. In particular, since p, By and DX
are stable by (MS-1-2,4,7), we have

l.s= BX,?{r.p/X,p/IN’} and Bx{p/X) = B;(,-Yv{p/X,p/i’l;
2.t= D'Xz{r.p/X,p/Z} and Dx{p/X} = D'X’Z{p/X,p/Z}.

y (1) and Lemma 5.10, it follows from Bx{p/X} —> that B;(?{p/X,p/f/} —
Then, since B;(?{p/X,p/§} and B;(?{r.p/X,p/?} are stable, by Lemma 6.1, it follows
from t.p =gs p and s = B;d,{r.p/X,p/I?} ¢ F that B;(’i,{r.p/X,p/)N’} 5 1 for
some ry. Similarly, we also have D;{i{p/X,p/Z} +%> and then D’XZ{r.p/X,p/Z} 45

B\ {vp/Xp/Y =i
B {vp/X.p/YIAD'  {tp/X.p/Z}F
moreover it is in Strip(ReLig. ML) due to B ~{‘L’.p/X p/Y}AD -{tp/X,p/Z} VAN
and D’ {rp/X p/Z} /%5 Then ¢ = sAt € F due to B’ {r.p/X,p/f’} %y, a
contradlctlon Thus this case is impossible.

Case 3, ST GIINI yih Cy = By A Dy

pprem(Rpio) .
conc(Rpro)

Clearly, the rule is a ground instance of the rule
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Since Cx{t.p/X} ¢ F, we have
Cx{t.p/X} = |q for some q. (6.4.4)

Next we distinguish two cases based on o.
Case 3.1. . =7.

By (6.4.4) and Lemma 5.17, there exist ¢ and stable context Cy such that Cx{p/X} =
Cx{p/X} and Cx{tp/X} = Cx{rp/X} = |t = q ¢ F. Moreover, since p /— and
T € I(Cx{p/X}), by Lemma 5.6, there exists a context C} such that Cx{p/X} —
Cyip/X} = Cx{p/X} and Cx{t.p/X} SN Ci{rp/X} = Cil{tp/X} = = |t. Further,
by Lemma 5.12, it follows from g ¢ F and t = ¢ that t ¢ F. Then Cy{t.p/X} ¢ F by
Lemma 4.2. Hence Cy{p/X} € Q and one of nodes directly above the root of 7 is labelled
with Ci{p/X}F, as desired.

Case 3.2. o € Act.

In this case, Cy is stable by Lemma 5.6. By (6.4.4) and Lemma 5.14, there exists

a stable context C’ - with X ¢ Y that satisfies (MS-7-1) — (MS-t-7). Then we have

= C’ ~{r p/X, p/Y} due to p 7L> and (MS-1-2). Moreover, since Cx is stable, by
MS-1 ) we have
Cx{r/X}= Cl ;. {r/X,r/Y} for any r. (6.4.5)

Then, by Cx{p/X} — and Lemma 5.10, we get

Cy5p/X, p/Y} . (6.4.6)

Further, by Lemma 6.1, we also have C’ ~{r p/X, p/l?} —*, because of 7.p =gs p and

q=C,5 {rp/X p/Y} ¢ F. Thus, by Theorem 4.1, we obtain Cy ~{rp/X p/Y} —pt

" n
1% CX?Z and C T Z with

({X}Iu Y)NZ = that realize (CP-a-1,2,3,4). In particular, due to t.p 4% and (CP-a-3-ii),
there exist p,,(Z € Z) such that

for some ¢. For this transition, by Lemma 5.7, there exist C”

p—pl, foreachZ € Z and t = C;?Z{r.p/X,p/IN/,p’Z/Z} ¢ F. (6.4.7)

Moreover, by (CP-a-3-iii), for any r,s and s, (Z € Z) such that s — s, for each Z € Z,
we have

c;ﬁ{r/x,s/? - Cyy7r/X, s/Y,s,/Z} whenever c;(j{r/x,s/? 1 is stable. (6.4.8)

For each Z € Z U {X}, we fix a fresh and distinct visible action az and set

O oaz.0, if Z + &;
T N ZeZ

ax.0, otherwise.

Since, T, and C' - are stable, so is C' - {T“/X Tx/f/} by Lemma 5.6. Then, by (6.4.8), we
have C;(?{TI/X, Tx/?} = C”/N ~{T“/X Ta/Y az. O/Z} So, by Lemma 5.10, it follows
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from (6.4.5) that there exists ¢’ such that

Cx{T,/X} >t and = C". . {T,/X,T,/Y,az.0/Z). (6.4.9)

XY Z

Then, by Lemma 5.7, it is not difficult to see that there exists a context By > that satisfies
the conditions:

a.t =By ;{T.,/X,az.0/Z};

b. none of ay with Z € Z occurs in By :
c. for any s and s,(Z € Z) such that s — s, for each Z € Z,

Cx{s/X} = By 1s/X, STZ/Z} whenever Cx{s/X} is stable.

Now we obtain the diagram

by (6.4.5)
Cx{p/X} = Cyyip/X.p/Y}
1 a by (c) | o by (6.4.6) and (6.4.8)
by (6.4.9), (a) and Lemma 6.3
Bx,Z{p/Xaplz/Z} = C;,?,Z{p/X,p/Y,p’Z/Z}.
By Lemma 6.3, we also have
By 7 {tp/ X0y /Z} = Cy 5/ X, wp/ Y 0y [ Z}. (6.4.10)

For each Y € Y, since Y is l-active in C;( 7> by Lemma 5.2(1)(2) and C;ﬁ = C; ; (e,
(CP-a-1)), so it is in C; - Moreover, by (CP-a-4-i,ii), for each Y € YN FV(C;’? Z)’ Y is
1-active in C;’? 5 Then, by Lemma 5.4, we have

Cyy 7w/ X p/Y py /2y = CY 5 o {wp/X.p/Y 1/ Z}

which, together with (6.4.7), implies c;gﬁ{f.p/x,f.p/?,;g/i} ¢ F by Lemma 4.2.
Hence, by Lemma 5.12, it follows from (6.4.10) that BX,Z{r.p/X,;J;/Z} ¢ F. Thus,
BX’Z{p/X,I/);/Z} € Q; moreover 7 has a proper subtree with root BX’Z{p/X,I;E/Z}F
due to (c) and (6.4.7). ]

Hitherto we have completed the first step mentioned at the beginning of this section. We
now turn to the second step. The argument of Lemma 6.6 will carry out by distinguishing
several cases based on the form of C;. In particular, in case Cy; = By A Dy, a common
reasoning pattern is adopted to deal with two subcases. To shorten the argument of
Lemma 6.6, we extract this pattern and describe it first in a separate lemma as follows.

Lemma 6.5. Let Cy; be any context such that for each Z € Z, Z is active and

occurs at most once. If p, ¢, t, 5 and 7 are any processes such that (a) p Cgrs ¢,
(b) pq, () F=>|t, d) 5T 1 and (e) C3;{p/X,5/Z} ¢ F, then, for any
~RS ’

proof tree T for Strip(PcLiy, McLL:) F C;(’Z{'cj/)?,'f/Z}F, there exist C;(,Z,?’ py and
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" for Y € Y such that (1) 7 has a subtree with root C~~N{q/X 1/Z, q% /Y}F
Ci 75 P/X5/Z.p}/Y} ¢ Fand (3) py Y.

Proof. 1t proceeds by induction on the depth of 7. We distinguish several cases
depending on the form of C5 5. Here we give the proof only for two cases, the other cases
are left to the reader. ,

Case 1. C; 5 is closed or C; 5 = X; or Cyz =2 for some i < \X\ and j < |Z|

It is stréightforward to show that this lemma holds trivially for such case. As an

example, we consider the case Cy ; = Z;. Since Cy {5/)?,?/2} =sj¢Fands ERS 1, we

have t; ¢ F. Hence r; —r |t by Lemma 4.2. So C;(’Z{Z]V/)?,F/Z} =r; ¢ F. That is, there
is no proof tree of Strip(Pcrr,, McLr,) F C}Z{Zj/)?,?/Z}F. Thus the conclusion holds
trivially. ’
Case 2. sz— > A\D3 3

The argument splits into four cases based on the last rule applied in 7. For the case
where the last rule is Rpg, the proof is straightforward by applying IH. In the following,

we deal with other cases.

Case 2.1. % with Dy ~{q/X r/Z} +% and Cx {E/)?,?/Z} Vil

For any Z(€ Z) occurring in Cx 3, since Z is active and Cy 3 (G/X,7/Z} 4, by
Lemma 5.4, we have r, +—, and hence r; = t, because of (c). So, C;(’i{Zj/)?J/Z} =
C;(’Z{“q'/f(,?/z }. Hence 7 has the root labelled with C;(’Z{“q'/f(,?/z }F. Clearly, the
conclusion holds by setting Ci . é Cy 7 with Y = .

Cy 2@/ X7/ 2}, {rF:C5; 1q/Xr/Z}-»r,
Case 2.2. “{q/x r/Z}F
If o € Act, the argument is similar to one of Case 2.1 and omitted. In the following, we

handle the case o = 7. If 1, 7L> for any Z (e Z) occurring in Cy 3, then the conclusion

holds trivially by putting C;(,Z?’ = Cyz with Y = . Next we consider the other case
where rz, — for some Zo(€ Z) occurring in Cxz- Then rg, S = |tz, for some r'
by (c); moreover Zg is l-active in Cg ;. Thus Cy 3 {q/X.7/Z} — Cy 3 {G/X.F[r' /r2,)/Z}
by Lemma 5.4. So, 7 has a proper subtree 7’ with root ng{ﬁ/f(,'f[r’/rzo]/Z}F.
Since 7 [t'/rz,] = = [ and C~~{Z)'/)~( E/Z} ¢ F, by IH, 7’ has a subtree with root
Cy5 ~{q/X z/z 4} /Y F for some Cy 53+ Py and ¢j such that c;(ﬁ{ﬁ/)?,s/i,ﬁ/?}gz
F and p R qy.
214/XF/Z}==Ir}
xz{q/X F/Z}F
It follows from C)N(Z{p/X E/Z} ¢ F that Cj(z{'ﬁ/)? E/Z} =p |p’ for some p’. Then,

Case 2.3. r:Cy

by Lemma 5.14, for such transition, there exist a stable context C’~ . and iv,py(Y € Y)
that realize (MS-t-1) — (MS-z-7). In partlcular since each s(e A) is stable, by (MS-
1-2,7), for each Y € Y, we have iy < |X| and pi, = |py for some pYy, and p’

CL %2 Wp/X s/Z p’”/Y} ¢ F. Then, by Lemma 5.5, it follows from (MS-1-1) that, for each
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i

Yevy, py ¢ F and hence p;, = |[pY by Lemma 4.2. Further, since p > ¢ and p Cgs ¢,

there exist gy (Y € Y) such that iy = |y and py T ¢y foreach Y € Y. Then, by
(MS-1-3-ii), it follows that
Cy710/X.1/Z} = 1 AG/XT/Z.q7)Y ). (6.5.1)

Moreover, since Z is active and occurs at most once in Cy5 for each Z € Z, by

Lemma 5.4, it follows from 7 =7 that

Cyz{@/X.F/Z} = Cxz{d/X.1/Z}. (6.5.2)

Since p < ?j,EI: tand p’Y” |: q’;’, by p = CL 5 ~{p/X 3/Z, p’”/Y} 4+~ and Lemma 5.6,
we can conclude that Ci . ~{q/X 1z, q’”/ Y} is stable. Hence 7 has a proper subtree
with root C~ . ~{q/X t/Z q’”/YIF by (6.5.1) and (6.5.2); moreover we also have p' =

Ci . {p/X s/Z p’“/Y} ¢ F and p”’ ”’ . Consequently, C% %79 P ”/ and q/” are what
~RS

we seek L]
Lemma 6.6. If 7 xS and 7 Cgs 3, then Cy{?/)?} ¢ F implies C;({E/)?} ¢F.

Proof. Set Q = {B}{a/)?} :p<iq, pCrs 4, B;({ﬁ/)?} ¢ F and By is a context}. Let
CX{’CI/)NK} € Q and 7 be any proof tree of Strip(PcLr,, McLL,) F Cg{fj/)?}F. Similar to
Lemma 6.2, it suffices to show that 7 has a proper subtree with root sF for some s € Q.
The proof proceeds by distinguishing several cases based on the form of C;. We handle
two nontrivial cases.

Case 1. C; = (Y |E). Clearly, the last rule applied in 7 is

(W IENQ/XVF oy o op UFYVIEN@/X) = I}

either = =
(Y|E){q/X}F (Y|E){q/X}F

For the first alternative, we have (ty|E) {p/X} ¢ F because of CX{p/X} ¢ F, and
hence ( tylE {G/X) € Q. For the second alternative, due to CX{p/X} ¢ F, we get

X{p/X} =1 |s for some s. For this transition, by Lemma 5.14, there exist C;?Z’ iy <|X]|

and pj, for Z € Z that realize (MS-1-1) — (MS-7-7). Amongst them, by (MS-z-2,7), we
have

pi, = |p, for each Z € Z and s = C;?’Z{ﬁ/)?,;);/Z} ¢ F. (6.6.1)

Thus, for each Z € Z, by (MS-7-1) and Lemma 5.5, it follows that p’, ¢ F, and hence
i, = |p’, by Lemma 4.2. Further, since p b ¢, it follows from p Cgg g that

for each Z € Z, q;, = |q,, and p,, = ¢, for some g,. (6.6.2)
~RS

Then CX{q/X} CNN{q/X qZ/Z} by (MS-t-3-ii). In addition, since p > ¢, Pz
~RS

qZ and s = ng{p/X,pZ/Z} +, by Lemma 5.6, we get Cg,z{Q/X»qz/Z} Vil
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Therefore C;({ﬁ/)?} = |CL {E/)?,c?;/Z}. Hence 7 has a proper subtree with root

C 5 (@/X. q,/Z}F; moreover L ~{q/)~(,c}§ /Z)} € Q due to (6.6.1) and (6.6.2).
Case 2. Cy =By ADy

By Lemmas 5.6 and 6.1, it is not difficult to show that Rule Rpjo cannot be applied in
the last inferring step of 7. Hence the argument splits into three cases depending on the
last rule & applied in 7. If & is Rule Rpg, the proof is straightforward. In case ¢ = Rpy3,
the proof is similar to the second alternative in Case 1 and omitted. In the following, we
handle the case £ = Rpy, by considering two subcases.

4/ X = (rF:C {4/ X} —r)
Case 2.1. &xl4 X )
CX{q/XlF

It follows from Cg({b'/)w(} ¢ F that

Cy {f)/)}} == |s for some s. (6.6.3)

Since p <1 ¢ and C;({'qv/)?} —», by Lemma 5.6, we get C;({'ﬁ/)?} —>. Then, by (6.6.3),
we have C;({'IE/)N(} — 5 t = |s for some t. For the t-transition leading to ¢, either the
clause (1) or (2) in Lemma 5.6 holds.

For the forTer, there exists C% such that t = C% {p/X} and C3{q/X} — Ci{q/X}.
Hence C}( {q/X}F is one of premises of the last inferring step in 7. Moreover it is evident
that C,{G/X} € Q.

For the latter, there exist C;?, C% . with Z ¢ X and iy < \)N( | that realize (P-7-1,2,3,4). In
particular, by (P-t-2), we have t = C%Z{’ﬁ/;{,p//Z} for some p’ with p;, SLIN p'. Further,
since t =y |s and Z is l-active in C% ,» by Lemmas 5.18 and 4.2, there exists p” such
that p = |p” and t = Cg’z{ﬁ/)?,p’/Z} = Cg,z{ﬁ/)?,p”/Z} = |s. Moreover p” ¢ F
by Lemma 5.5. Hence p;, — 5 p/ =>p |p” by Lemma 4.2. Since p = ¢, it follows from
p Crs ¢ that

4, —r ¢ = |¢" and p" = q" for some ¢’ and ¢". (6.6.4)
~RS

Then C}{ﬁ/)?} = C)L;Z{Ej/)?, q'/Z} by (P-1-4). Therefore 7 contains a proper subtree
T’ with root C%Z{ﬁ/;(, q'/Z}F. In order to complete the proof, it is sufficient to show

that 7’ contains a node labelled with s'F for some s € Q. Since Z is 1-active, p Cgs ¢,

p<q,q =|q", p" ERS q" and C;l(,z {p/X,p"/Z} ¢ F, by Lemma 6.5, there exist C)?Z T

qy and py for Y € Y such that
a.l. 7’ has a subtree with root C}?Z Y{q/X q"/Z, q”’/Y}F,
a2. Ci Ylp/X 'z, p”’/Y} ¢ F, and

/// ///

a.3. PYE qy-

Clearly, C)? 27

X{q/X}*»r ,JF:CX{q/XI*»r} )
Case 2.2. LRI (a € Act).

{q/X q"/Z, q’”/Y} € Q due to (a.2), (a.3) and (6.6.4), as desired.
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Since p < ¢, by Lemma 5.6, it follows from Cg{a/)?} 5 that C;({ﬁ/)?} is stable.
Further, since p Cgs ¢ and Cx{ﬁ/;(} ¢ F, we get C}{ﬁ/)?} - by Lemma 6.1. So, by
Theorem 4.1 and Cy lp/XI ¢ F, we have

C}{ﬁ/)?} s t = |s for some ¢ and s. (6.6.5)

On the one hand, for the a-transition in (6.6.5), by Lemma 5.7, there exist C;?, C;?y
and C;éj, that satisfy (CP-a-1) — (CP-a-4). In particular, by (CP-a-3-ii), there exist iy <
\)~(|,p’Y(Y € Y) such that Diy SN py for each Y € Y and t = C/ ~{p/X pY/Y}
Moreover, by (CP-a-1) and (CP-a-3-i), C;({'ﬁ/)?} = C;?{'ﬁ/)?} = C;?j {p/X, piv /Y ). Hence
C;?,? {(p/X.pi, /Y } ¢ F by C3{p/X} ¢ F and Lemma 5.12. Further, for each Y € Y, since
Y is l-active in C;?j, (i.e., (CP-a-2)), by Lemma 5.5, p;, ¢ F.

On the other hand, for the transition t = C%i {ﬁ/)?,[?;/f’} = |s in (6.6.5), since Y
is 1-active in C%i for each Y € Y (ie., (CP-a-2)), by Lemma 5.18, there exist p} such
that ply = |p} foreach Y € Y and t = CQ~{5/)~( 1;;/17} = CQ~{p/X py /Y} = |
s. Then, by Lemma 4.2, it follows from s ¢ F that Cﬂ < lp/X Py /Y1 ¢ F, which implies
that py ¢ F for each Y € Y due to Lemma 5.5. Thus pi, —F py =>r |p} for each
Y € Y. Since p ¢, it follows from p Cgg ¢ that,

foreach Y € Y, qi, —F ¢y =>r |¢% and p} © ¢ for some ¢}y and ¢y.  (6.6.6)
~RS

Then C)?{ﬁ/)?} SN C%i {5/)?,(/1;/17} by (CP-a-3-iii). Hence 7 has a proper subtree 7’
with root C;; ?{6/5(, q’y/1~/}F. In order to complete the proof, it suffices to show that 7’

contains a node labelled with s'F for some s’ € Q. Since each Y (€ Y) is 1-active in C% s
PCrs ¢, P4, qY \qy, pY C, qY and C;é?{ﬁ/)?,;;/?} ¢ F, by Lemma 6.5, there
exist C~ v2 qy and p for Z € Z such that

b.2. Cg;z{l’/xl) /Y, P”'/Z}ifF, and

b.3. p’Z”IZ q%’

Obviously, C;(?Z{Q/X,q /Y.q7/Z} € Q due to (b.2), (b.3) and (6.6.6), as desired. [

Before proving that Cgg is indeed precongruent, let us first recall an equivalent
formulation of Cgs due to Van Glabbeek (Liittgen and Vogler 2010).

Definition 6.2. A relation R = T(Zcrr,) X T(ZcLL,) is an alternative ready simulation
relation, if for any (p,q) € R and a € Act

(RSi) p = |p’ implies 3¢'.qg =>r |¢’ and (p’,q') € R;

(RSiii) p == |p’ and p, ¢ stable implies 3¢'.g =>r |¢’ and (p,q) € R;

(RSiv) p ¢ F and p, q stable implies Z(p) = Z(q).
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We write p T4 ¢ if there exists an alternative ready simulation relation R with
(p.q) € R.

Proposition 6.1 (Liittgen and Vogler 2010). Crs=0C 4, 7.

One advantage of Definition 6.2 is that, given p and ¢, we can prove p Crs g by means
of giving an alternative ready simulation relation relating them. It is well known that
up-to technique is a tractable way for such coinduction proof. Here we introduce the
notion of an alternative ready relation up to ERS as follows.

Definition 6.3 (ALT up to
~R
ready simulation relation up to = , if for any (p,q) € R and a € Act
~RS

S). A relation R € T(Zcrr,) X T(ZcLL,) is an alternative

(ALT-upto-1) p = |p implies 3¢’.q =rldandpC RC ¢
~RS  ~RS

!

(ALT-upto-2) p = |p’ and p, ¢ stable implies 3¢’.q N | andp = R ¢
~RS  ~RS
(ALT-upto-3) p ¢ F and p, q stable implies Z(p) = Z(q).
As usual, given a relation R satisfying the conditions (ALT-upto-1,2,3), in general, R

in itself is not an alternative ready simulation relation. But simple result below ensures
that up-to technique based on the above notion is sound.

Lemma 6.7. If R is an alternative ready simulation relation up to — then R SCgs.
~RS

Proof. By Proposition 6.1, it is sufficient to prove that the relation Cgg R Cgg is an
alternative ready simulation. We leave it to the reader. U]
Remark 6.1. If we adopt the binary relation Cgg R Cgs instead of T R T in the

clauses (ALT-upto-1,2) of Definition 6.3, then it is easy to see that the plrzégcedinéz Sresult is
no longer true by considering the counterexample R = {(r.a.0,0)}. In fact, this failure is
similar to one occurring in Milner’s first attempt to define the notion of weak bisimulation
up-to (Milner 1989a).

Now we are ready to prove the main result of this section: Cgg is precongruent w.r.t
all operations in CLLg. We shall divide the proof into the next two lemmas.

Lemma 6.8. Cx{p/X} =rs Cx{t.p/X} for any context Cx and stable process p.

Proof. Let p be any stable process. First, we show that Cx{p/X} Crs Cx{t.p/X}. Set
R = {(Bx{p/X},Bx{t.p/X}) : Bx is a context}. By Proposition 6.1 and Lemma 6.7, it
is sufficient to prove that R is an alternative ready simulation relation up to — . Let

~RS

(Cx{p/X},Cx{tp/X}) € R.
(ALT-upto-1) Assume that Cx{p/X} == |p’. For this transition, since p is stable, by
Lemma 5.14, there exists a stable context C such that

P = Cy{p/X} and Cx{t.p/X} = Cy{t.p/X). (6.8.1)
Moreover, by Lemma 5.15, it follows from z.p = |p that

Cy{t.p/X} = |r for some r. (6.8.2)
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For this transition, by Lemma 5.14, there exists a context C;? with X ¢ Y such that
r= C;;y {‘c.p/X,p/}N’} and

p'=Cyip/X} = Cyy{p/X.p/Y ). (6.83)
Since p' ¢ F, by Lemma 5.12, we get C;;?{p/X,p/f’} ¢ F. Further, by Lemma 6.2,

r=CJ 17{'c.p/X,p/f’} ¢ F.So, by (6.8.1), (6.8.2) and Lemma 4.2, we have Cx {t.p/X} =]
Cy ?{r.p/X,p/?}. Moreover, by Lemma 5.13, it follows from (6.8.3) that

P'C  Cxyp/X.p/YIRCy 5 {tp/X.p/Y .

(ALT-upto-2) Assume that Cx{p/X} £, Cx{t.p/X} 4~ and Cx{p/X} == |p. Then
Cx{p/X} —p r ==y |p’ for some r. Moreover, by Lemma 6.2 and Cx{p/X} ¢ F, we
have

Cx{tp/X} & F. (6.8.4)

For the transition Cx{p/X} N, by Lemma 5.7, there exist Ck, C;“? and C;? that
realize (CP-a-1) — (CP-a-4). By (CP-a-1) and (CP-a-3-i), we have ’

Cx{tp/X}= Cylrp/X} = C;(y {tp/X,tp/Y}.
If Y # ¢ then, by (CP-a-2) and Lemma 5.4, we have C;(,? {t.p/X,t.p/Y} —>, and hence
Cx{t.p/X} — by Lemma 5.10, which contradicts that Cx{t.p/X} is stable. Thus Y =@
So, r = C;i {p/X} by (CP-a-3-ii) and
Cx{tp/X} -5 Cy 3 {T.p/X} by (CP-a-3-iii) and Cx {z.p/X} VAN (6.8.5)
Moreover, by (ALT-upto-1), it follows from (C;,? {p/X},C;i {tp/X}) € R and r =
C;i {p/X} = |p/ that C;/(,IN/ {t.p/X} = |q and p’ IERS R IERS q' for some ¢'. Finally,

we also have Cx{t.p/X} == |q’ due to (6.8.4) and (6.8.5), as desired.
(ALT-upto-3) Immediately follows from Lemma 6.1.

Next we intend to prove Cx{t.p/X} Crs Cx{p/X}. Set

R = {(Bx{t.p/X},Bx{p/X}) : Bx is a context}.

Similarly, it is sufficient to prove that R is an alternative ready simulation relation up to
C . Let(Cx{t.p/X},Cx{p/X}) € R. (ALT-upto-3) immediately follows from Lemma 6.1.
s

fn the following, we prove the other two conditions.
(ALT-upto-1) Assume that Cx{z.p/X} == |p’. For this transition, by Lemma 5.17,
there exist r and stable context Cj such that Cx{p/X} = C5{p/X} and

Cx{tp/X} = Cy{tp/X} = |r=J. (6.8.6)

Moreover, since p is stable, so is Cy{p/X} by Lemma 5.6. Due to r = p’ and p' ¢ F,
by Lemma 5.12, we get r ¢ F. Hence Cy{t.p/X} ¢ F by (6.8.6) and Lemma 4.2.
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Then Cy{p/X} ¢ F by Lemma 6.4. Thus Cx{p/X} =>p |C3{p/X}. It remains to

prove that p = R = Ci{p/X}. For the transition C}{r.p/X} = |r in (6.8.6), by
~RS  ~RS _

Lemma 5.14, there exists a stable context C'; - such that r = CY/ ?{r.p/X,p/Y} = p’ and

Cxip/X} = C;f,{p/X,p/?}, which, by Lemma 5.13, implies

= Cy 3w/ X.p/YYRCy 5 {p/X,p/Y} C, Cilp/X}.

(ALT-upto-2) Assume that Cy{t.p/X} +—, Cx{p/X} +— and Cx{tp/X} =F | p'.
Hence Cx{t.p/X} ¢ r == |p for some r. Moreover, by Lemma 6.4 and Cx{tp/X} ¢
F, we have Cx{p/X} ¢ F. For the a-transition Cx{t.p/X} —p r, by Lemma 5.7
and t.p 4>, it is not difficult to see that there exists Cy such that Cx{r.p/X} —
Ci{tp/X} =r and Cx{p/X} — C};{p/X}. Moreover, by (ALT-upto-1), it follows from
(Cx{ep/X},Cx{p/X}) € R and r = Cy{ep/X} = |p' that Ci{p/X} = |¢’ and

P R ¢ for some ¢q'. Clearly, we also have Cx{p/X} == lq’, as desired. O
~RS  ~RS

Lemma 6.9. If pr< g and p Cgg g then C)?{’ﬁ/)?} Crs C;({ﬁ/)N(} for any Cy.
Proof. Set R = {(Bg({’ﬁ/)?}, B)}{'cj/)?}) :p<q,p Crs g and By is a context}. Similarly,
it suffices to prove that R is an alternative ready simulation relation up to . Suppose
~RS

(CX{Z)'/)N( }, CX{?QV/JN( }) € R. Then, by Lemma 6.1, it is obvious that such pair satisfies the
condition (ALT-upto-3). Next we consider the other conditions in turn.

(ALT-upto-1) Assume that C;({ﬁ/f( } == |s. For this transition, by Lemma 5.14, there
exist C;(’?, iy <|X| and py for Y € Y that satisfy (MS-t-1) — (MS-z-7). In particular, by

(MS-7-2,7), we have p;, —= Ipy foreach Y € Y and s = C;?j, {ﬁ/)?,[f);/f’} ¢ F. Then, by

(MS-7-1) and Lemma 5.5, p}, ¢ F and hence p;, =y I[Py by Lemma 4.2 for each Y € Y.
Since p < ¢, it follows from p Cgg ¢ that there exist ¢ (Y € Y) such that

4i, = |q and pY = gy foreach Y €Y. (6.9.1)

So C;({ﬁ/)?} = C}(?{Zj/)?,c?;/f’} by (MS-1-3-ii). Moreover, by Lemma 5.6, it follows
from s = C;?y{’ﬁ/)?, Py /Y ) 4>, paq and ply C . dy that c;d{'q“/)?, ¢y /Y} 4. In
addition, by Lemma 6.6 and C;?,? {’13/5(, p’y/?} ¢ F, we get C;?j {Zj/)?, q’,,/f’} ¢ F. Hence,
by Lemma 4.2, we obtain Cx{g/X} =r |C} ;{G/X.q} /Y }. Clearly, by (6.9.1) and the
reflexivity of . (C s (p/X.py /Y, c;(j{zj/)?, dy/Y}) ec RC

~RS
(ALT-upto-2) Let C3{p/X} and C3{q/X} be stable and C5{p/X} == |s. Then

C;({Zi/)?} s r = |s for some r. (6.9.2)
Moreover, by Lemma 6.6, it follows from p > g, p Egs ¢ and C;({'ﬁ/)?} ¢ F that
C;{q/X) ¢ F. (6.9.3)
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For the transition C;({ﬁ/)?} 4, r, by Lemma 5.7, there exist C;?, C;?,?Nand C%i that
satisfy (CP-a-1) — (CP-a-4). In particular, by (CP-a-3-ii), there exist iy < |X|,p}y such that
Diy SN py foreach Y € Y and r = CZ N{'ﬁ/)N( p’y/171 Moreover, by (CP-a-1) and (CP-
a-3-i), we have Cy{p/X} = CL{p/X} = Chy o {p/X.piy /Y }. Hence 45 AP/ X.pi /[Y} & F

by C;({ﬁ/)N(} ¢ F and Lemma 5.12. Further, since each Y (€ Y) is 1 active in C% 5, by
Lemma 5.5, we get ’

pi, ¢ FforeachY € Y. (6.9.4)
For the transition r = C;NQ ?{ﬁ/)?,;;/?} = |s in (6.9.2), by Lemma 5.18, it follows that
for each Y € Y, there exists py such that p} = | py and

vy p/X, Py/Y) =% lp/Xp /Y =s.

Then Cf ~{p/X Py /Y} ¢ F due to s ¢ F and Lemma 4.2, and hence py ¢ F for each

Y ey by Lemma 5.5. Therefore, by (6.9.4) and Lemma 4.2, we have p;, r pY ==y |
v foreach Y € Y. Then it follows from pi<q and p Cgs ¢ that for each Y € Y, there
ex1st qy and g% such that g;, L qy = lgy and p} T g¢y. By (CP-a-3-iii),
~RS

Cxla/X} — Cy 3 {a/X.45 /Y ). (6.9.5)
Further, by Lemma 5.4 and (CP-a-2), we obtain
Yo la/ X dy /Y == Cy (@/X.qy /Y ). (6.9.6)

Clearly, (C}, ; (/ X0} /Y },CY 1@/ X.d7 /Y }) € R. So, by C4 {B/X.p}y /Y } =>F |s and

(ALT-upto-1), there exists ¢ such that Cﬁ ~{q/X qy /Y} == [t and s C RC &
RS ~RS

moreover Cg{q/X} = [t due to (6.9.3), (6.9.5), (6.9.6) and Lemma 4.2. ]
We are now in a position to state the main result of this section.
Theorem 6.1 (precongruence). If p Crs g then Cx{p/X} Cgrs Cx{q/X}.

Proof. Immediately follows from 7.p =gs p Crs ¢ =grs 7.q by Lemmas 6.8 and 6.9. []

7. Unique solution of equations

The main conclusion we reach in this section is that any equation X =gg tx has at most
one consistent solution modulo =gs provided that X is strongly guarded and does not
occur in the scope of any conjunction in ty; moreover the process (X|X = ty) is indeed
the unique consistent solution whenever such equation has a consistent solution. The
proof of this result (Theorem 7.1) will be divided into two lemmas: Lemmas 7.3 and 7.4.
The former considers a particular instance of Theorem 7.1, which asserts the uniqueness
of consistent solutions that are uniform w.r.t stability. The latter ensures that (X|X = tx)
is consistent whenever a given equation X =gg ty has some consistent solutions.
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This section is developed under the hypothesis that X does not occur in the scope of any
conjunction in ty. This hypothesis is essential to the proof of Lemma 7.3: first, we cannot
generalize its present argument to deal with the case Cy = Bx A Dy. Second, Lemma 7.2
is applied to cope with the other cases in the proof of Lemma 7.3, which is no longer
valid without this hypothesis. To relax this restriction of Lemma 7.3 (and Theorem 7.1),
it is sufficient to verify the proposition that ‘for any p,q ¢ F with p< g, if p =gs tx{p/X}
and g =gs tx{q/X} for some tx with strongly guarded X, then Cx{p/X} ¢ F implies
Cx{q/X} ¢ F for any Cx’. Unfortunately, at present, we do not know whether it is true.

Lemma 7.1. For any stable processes p,q ¢ F and context Cx such that X does not occur
in the scope of any conjunction, if Cx{p/X} € F then Cx{q/X} € F.

Proof- We consider only the nontrivial case where Cx is not closed. Assume that
Cx{p/X} € F and T is any proof tree of Strip(PcLrL,, McLL,) F Cx{p/X}F. We proceed
by induction on the depth of 7. The argument is a routine case analysis on Cy. Moreover,
since X does not occur in the scope of any conjunction, the form of Cy is one of the
following: X, a.Bx, By © Dx with © € {V,0[, | 4} and (Y |E). Here, we give the proof only
for the case Cx = (Y |E), the other cases are straightforward and omitted.

In case Cx = (Y |E), the last rule applied in 7 is

(tv|E){p/X}F UF (Y |E)(p/X}) = Ir}
(YIE)p/X}F (YIE){p/X}F '

For the first alternative, we have (ty|E){q/X} € F by IH, and hence Cx{q/X} =
(Y|EY{q/X} € F. For the second alternative, assume (Y |E){q/X} = |s. Since ¢ is stable,
by Lemma 5.14, s = C{q/X} for some stable C such that X does not occur in the scope
of any conjunction in Cy and (Y |E){p/X} = Ci{p/X}. Moreover, since p is stable, so
is Cy{p/X}. Thus there exists a proper subtree of 7 with root Ci{p/X}F. So, by IH,
s=C4%{q/X} € F. Hence Cx{q/X} € F by Theorem 4.1, as desired. O

with Y =ty € E or

either

This result is of independent interest, but its principle use is that it will serve as an
important step in demonstrating the next lemma, which reveals that the above result
still holds without the hypotheses that ¢ and p are stable. Notice that the next lemma
cannot be true for all Cy. In the case where Cy is a.0 A X, for example, a.0 A a.0 ¢ F but
aONDO€EF.

Lemma 7.2. For any processes p,q ¢ F and context Cx such that X does not occur in
the scope of any conjunction, if Cx{p/X} € F then Cx{q/X} € F.

Proof. Suppose that Cx{p/X} € F. We proceed by induction on the depth of the proof
tree 7 of Strip(PcrLig, Mcrrg) B Cx{p/X}F. Similar to the preceding lemma, we handle
only the case Cx = (Y |E). In this situation, the last rule applied in 7 is

(ty|EY{p/X}F {rF 1 (Y|E){p/X} = |r}
(YIE)p/X}F (YIE)p/X}F '

The argument for the former is the same as the one in Lemma 7.1 and omitted. In the
following, we consider the latter and suppose (Y |E){q/X} = |s. By Theorem 4.1, to

either with Y =ty € E or
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complete the proof, it suffices to prove that s € F. By Lemma 5.17, there exist ¢t and stable
C}, such that (Y |E){q/X} = Ci{q/X} = |t= s and

(Y|E){r/X} = Cy{r/X} for any r. (7.2.1)

In particular, we have (Y |[E){ax.0/X} == Cy{ax.0/X} where ay is a fresh visible action.
For this transition, applying Lemma 5.6 finitely many times (notice that, in this procedure,
since ay.0 is stable, the clause (2) in Lemma 5.6 is always false), and by the clause (1) in
Lemma 5.6, we get the sequence

(Y|E){ax.0/X} = C%{ax.0/X} - Ci{ax.0/X} -

5 Ch{ax.0/X) = Cylax.0/X).
Here n > 0 and for each 1 < i < n, Ci satisfies (C-7-1,2,3) in Lemma 5.6. Since X does
not occur in the scope of any conjunction in (Y |E), by (C-t-3-iv), neither does X in C¥%.
Moreover we have C§ = Cy by Lemma 5.16. Hence X does not occur in the scope of
any conjunction in Cy.

If p is stable then so is Cy{p/X} by Lemma 5.6. Thus, by (7.2.1), Cx{p/X}F is one of
premises in the last inferring step in 7. Hence Cy{q/X} € F by applying IH. Then t € F
by Lemma 4.2. Further, by Lemma 5.12, it follows from ¢t = s that s € F.

Next we consider the other case where p —2. In this situation, due to p & F, we have

p==r |p" for some p". (7.2.2)

In the following, we distinguish two cases based on whether ¢ is stable.
Case 1. g is stable.

Then, for the transition (Y |E){q/X} = |s, by Lemma 5.14, we have s = Cy{q/X}
for some stable Cy such that X does not occur in the scope of any conjunction and
Cx{p/X} = Cx{p/X}. Moreover, by Lemma 5.15, it follows from (7.2.2) that

Cy{p/X} = |p' for some p'.
For this transition, by Lemma 5.14, there exist a stable context C;’? and stable processes
py for Y € Y that realize (MS-1-1) — (MS-1-7). In particular, by (MS-7-3-ii) it follows
from (7.2.2) that Cy{p/X} = C;,? {p/X,p*/?}. Then, since C;’f,, p and p” are stable,
by Lemma 5.6, so is C;?{p/X,p*/Y}. Thus, C;?{p/X,p*/Y}F is one of premises of the
last inferring step in 7. ’Moreover p= C;y {p/)’(,;};/?} by (MS-1-2). Then, by (MS-7-6)
and TH, we obtain C;j,{q/X, p*/Y} € F. Further, by (MS-7-6) and Lemma 7.1, we get
C;y {q/X,q/Y} € F. Finally, due to the stableness of Cj, by (MS-t-4), we also have

Cylq/X} = C;?{q/X,q/YN’}. Hence s = C{q/X} € F by Lemma 5.12, as desired.
Case 2. q is not stable.
By Lemma 5.14, for the transition (Y |E){q/X} = |s, there exist a stable context C.5

and ¢, for Z € Z that satisfy (MS-t-1) — (MS-1-7). Amongst them, by (MS-t-2,7),

q = |q, foreach Z € Z and s = C)/(’Z{q/X, q’Z/Z} (7.2.3)
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If ¢, € F for some Z € Z then by Lemma 5.5, we get s € F (notice that each Z in Z is
1-active), as desired. In the following, we handle the other case where

qy ¢ FforeachZ € Z. (7.2.4)

By (MS-t-3-ii), it follows from (7.2.2) that Cx{p/X} = C o/ X.p" /Z}. Since p —,
q -5, p* 45, q, 4 for each Z € Z and s = C;(’Z{q/X,c?Z//Z} 4, by Lemma 5.6,
C;(,Z {p/X,p"/Z} is stable. Hence 7 has a proper subtree with root C;(,Z {p/X,p"/Z}F.
Then C;(’Z{q/X,p*/Z} € F by (MS-1-6) and IH. Further, by Lemma 7.1, it follows from
(7.2.3) and (7.2.4) that s = C;(’Z{q/X, q5/Z} € F, as desired. U]

We shall use Dep(7) to denote the depth of a given proof tree 7. Given p, q and
o € Act,, for any proof tree 7 of Strip(Pcrr,, McLr,) F P N q, it is evident that 7
involves only rules in Table 1. Moreover, since each rule in Table 1 has only finitely many
premises, it is not difficult to show that Dep(7) < w by induction on the depth of 7. This

makes it legitimate to use arithmetical expressions with the form like > Dep(7) where
TeQ

Q is a finite set and each 7 € Q is a proof tree for some transition p =

Definition 7.1. Given p = ¢ and a finite set Q of proof trees, we say that Q is a proof
forest for p = q if there exist p;(0 < i < n) such that

L.p=po—p1—> — pa =4, .

2. for each i < n, Q contains exactly one proof tree for p; — p;+1 and

3.for each 7 € Q, 7T is a proof tree for p; SN pi+1 for some i < n.

In this case, we also say that Q is a proof forest for the sequence py 5 PLe Puet — Da.

The depth of Q is defined as Dep(Q) = > Dep(7). Similarly, we may define the notion
TeQ

of a proof forest for p - q.

The following lemma will prove extremely useful in establishing the main result in this
section and its proof involves induction on the depths of proof forests.

Lemma 7.3. Let Cx be any context where X is strongly guarded and does not occur in
the scope of any conjunction. For any processes p,q ¢ F with p < g, if p =gs Cx{p/X}
and g =gs Cx{q/X} then p =gs q.

Proof. Suppose p,q ¢ F with p > g, p =gs Cx{p/X} and q =gs Cx{q/X}. It is
sufficient to prove that p Cgrg ¢g. Put

R = {(Bx{p/X},Bx{q/X}) : X does not occur in the scope of any conjunction in By}.

By Proposition 6.1 and Lemma 6.7, it suffices to prove that R is an alternative ready
simulation relation up to — . Let (Bx{p/X},Bx{q/X}) € R.
~RS

(ALT-upto-1) Assume that Bx{p/X} = |p. Hence Bx{p/X} = po —p p1 —
e Pnot N |pn = p’ for some p;(0 < i < n). Then, for each 0 < i < n, there exists a proof
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tree 7; for Strip(Pcrig, Mcrr,) F pi SN pit1- Let Q be the set of all these proof trees 7;.
Clearly, it is a proof forest of py BN LN pn. We intend to prove that there exists ¢’
such that Bx{q/X} = |¢ and p' IERS R IERS q' by induction on Dep(Q). It is a routine
case analysis on By. We treat only three cases as examples.

Case 1. By = X.

Then By{p/X} = p = |p’. Since p =gs Cx{p/X}, it follows that Cy{p/X} = | s
and p' C_ s for some s. Since X is strongly guarded and does not occur in the scope
of any cgrsljunction in Cy, by Lemma 5.14, there exists a stable context Cj such that
(a.l) s = Cy{p/X}, (a2) X is strongly guarded and does not occur in the scope of
any conjunction in Cj, and (a.3) Cx{q/X} = Ci{q/X}. Since s = Cy{p/X} £, we
have Ci{q/X} /4~ by (a.2) and Lemma 5.8. Moreover, by Lemma 7.2, Cilq/X} ¢ F
follows from C}{p/X} ¢ F and p,q ¢ F. Hence Cx{q/X} =>F |Cy{q/X} by (a.3) and
Lemma 4.2. Further, it follows from ¢ =gs Cx{q/X} that q = |¢’ and Cilq/X} ERS q

for some ¢'. Therefore Bx{q/X} =¢q =;ldandpC s= Ci{p/X}RCY{q/X} T (.
~RS ~RS

Case 2. By = (Y |E).

If (Y|E){p/X} is stable then so is (Y |E){q/X} by p >t ¢ and Lemma 5.6. By Lemma 7.2,
(Y|E){q/X} ¢ F because of (Y|E){p/X} ¢ F. Hence (Y |E){q/X} =>¢ | (Y|E){q/X)}
and ((Y|E){p/X},(Y|E){q/X}) eC R © due to the reflexivity of |: . Next we

~RS ~RS

handle the other case where (Y |[E){p/X} is not stable. Clearly, the last rule applied in

Ty 18 % with Y =ty € E. Thus, 7y contains a proper subtree, say 7, which
{r —P1

is a proof tree of Strip(PCLLR,MCLLR) F (ty|EY{p/X} — p; and Dep(7;) < Dep(Tp).
Thus Q= {76’, ;11 <i<n—1}is a proof forest for (ty|E){p/X} — p; —>
P> ELERLIN Pn = p moreover Dep(QY) < Dep(Q). Then, by Lemma 5.2(5) and IH, we
have (ty|E){q/X} =5 |g" and p’ ERS R IERS q for some ¢’. Moreover we also have

Bx{q/X} = (Y|E){a/X} =5 |d"
Case 3. By = Dx[DJ,.

If Bx{p/X} is stable then we can proceed analogously to Case 2 with (Y |E){p/X} +—.
In the following, we consider the case Bx{p/X} —

For the transitions Dx{p/X}OD%{p/X} = po - —Sp Ipa = p'(n = 1), there exist
two sequences of processes to(= Dx{p/X}),....tn and so(= D%{p/X}),...,s, such that
t., sy are consistent and stable, p, = t,[Js,, and for each0<i<n, p = tDs, and the last
rule applied in 7; is

T T
. ti —> tip Si —> Sipt
either — or — .
t0s; — tip Osiy 0s; — £ 0sipy

For the former, s;11 = s; and 7; contains a proper subtree 7; which is a proof tree for

t —> tir1. We use Q; to denote the (finite) set of all these proof trees 7. Similarly,

for the latter, t;1; = t; and 7; contains a proper subtree 7;” which is a proof tree for

S BN si+1. We use Q, to denote the (finite) set of all these proof trees 7,”. Clearly, Q;
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is a proof forest for Dx{p/X} = {,; moreover Dep(Qq) < Dep(Q). Thus, by IH, we

have Dx{q/X} i lg; and t, = R T q; for some g;. Similarly, for the transition
~RS  ~RS

Dy {p/X} = |sn, we also have D {q/X} = lgb and s, = R T ¢ for some g¢j.
~RS_ ~RS
Then, by Theorem 4.2, it is easy to check that p’ =t,00s, C R T ¢;0Oq5. Moreover
~RS  ~RS

we also have Bx{q/X} = Dx{q/X}OD,{q/X} = lg10q5.

(ALT-upto-2) Suppose that Bx{p/X} and By{q/X} are stable. Let By{p/X} == |
p'. So, there exist po,...,ps(n = 1) such that Bx{p/X} = po —a>F 12 g o —sp |
pn = p'. Then there exists a proof tree 7; for p; BN pi+1 for i < n, where o9 = a and
oj = 7(1 < j < n). Let Q be the set of all these proof trees 7;. Clearly, it is a proof forest
for Bx{p/X} = po - p = -+ =5 p, = p'. In the following, we want to prove that
there exists ¢’ such that By{q/X} == |q’ and p' IERS R IERS ¢’ by induction on Dep(Q).
Since Bx{p/X} is stable and X does not occur in the scope of any conjunction in By, the
topmost operator of By is neither disjunction nor conjunction. Thus, we distinguish five
cases based on the form of By.

Case 1. By = X.

Due to Bx{p/X} =p ==p |p/, we have p & F. Moreover, since p(= Bx{p/X}) is stable,
we get p == |p. Hence it follows from p =gs Cx{p/X} that Cx{p/X} = |sand p IERS s
for some s. Further, since X is strongly guarded and does not occur in the scope of any
conjunction in Cx, by Lemma 5.14, there exists a stable C} such that (b.1) X is strongly
guarded and does not occur in the scope of any conjunction in Ck, (b.2) s = Cy{p/X} and
(b.3) Cx{q/X} = C}{q/X}. Then it follows from p C.. 5= Ciip/X} and p = |p/
that Cy{p/X} —p |s" and p’ C s’ for some s'. Since p 7L>, by (b.1), Lemmas 5.8
and 5.14, there exists a stable colrzfgtext C% such that (c.1) ' = Cy{p/X}, (c.2) X does
not occur in the scope of any conjunction in Cy and (c.3) Ci{q/X} —>== C4{q/X}.
Moreover, since g(= Bx{q/X}) is stable, so is Cx{q/X}. Then, by (b.3) and (c.3), we
have Cx{q/X} — ICy{q/X} N |C%{q/X}. By Lemmas 7.2 and 4.2, it follows from
P-4, Cx{p/X}, Cy{p/X},Cx{p/X} & F that

Cx{q/X} =>r |Cy{q/X} =F |C%{q/X}. (7.3.1)

Then, since Cx{q/X} =gs q and q +—, we get Cy{q/X} © q. Further, due to (7.3.1),
~RS

it follows that Bx{q/X}(= q) = |¢’ and Cj{q/X} ERS q' for some ¢'. Moreover
p C s s = Cy{p/X}RCY{q/X} = q', as desired.
Case 2. By = a.Dy.

So o = a and Dy{p/X} = |p'. Clearly, (Dx{p/X},Dx{q/X}) € R. By (ALT-upto-1),
there exists ¢’ such that Dy{q/X} =>r |q’ and p’ ERS R ERS q'. Moreover it is evident

that «.Dx {q/X} =1 |q.
Case 3. By = Dx[1D.
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W.lo.g, we assume that the last rule applied in 7; is Dulp/Xj—=m _ yith
Dy {p/X}OD\{p/X}—pi

Dy {p/X} /=, Then 7y has a proper subtree, say 7, which is a proof tree for the
transition Dx{p/X} — p;.Clearly, @ = {7/,7 : 1 < i < n—1} is a proof forest for
Dx{p/X} == p' and Dep(QY) < Dep(Q). Moreover, since Bx{q/X} is stable, so are

Dx{q/X} and Dy{q/X}. Then, by IH, we have Dx{q/X} = |¢' and p’ C ks RLC S q
~R
for some ¢'. Moreover, Dy {p/X} ¢ F because of Bx{p/X} ¢ F, which, by Lemma 7.2,

implies Dy {q/X} ¢ F. Hence Bx{q/X} = Dx{q/X}0D%{q/X} ¢ F, and Bx{q/X} =
Dx{q/X)0OD}{q/X} =>F |¢', as desired.
Case 4. By = Dy |4 DY.

Then the last rule applied in 7y is one of the following three formats:

Dy {p/X}—511,Dy (p/X )51

. 7 withaeAandplztl |4 S1;
Dx{p/X}|laDy{p/X}—t1] 451 ’

Dy {p/X}—11 ith D, {p/ X} A =t D {p/X} and A;
. Dx{p/X}HAD/X{p/X}—Hﬂl AT Yip/X} 4=, p1 =t |4 Dy{p/X} and a ¢ 4;
Dy {p/X}—s1 with Dy{p/X} =, pi = Dx{p/X} |4 s1 and a ¢ A.

" Dx{p/X}aD {p/X}—>Dx {p/X} 451
We treat the first one, and the proof of the later two runs as in Case 3. Clearly, 7y has two
proper subtrees 7; and 7', which are proof trees for DX{p/X} 5t and Dy {p/X} s
respectively. Moreover, for the transitions p; SR —> |pn, there exist two processes
sequences tiy,...,t, and si,...,s, such that t,,s, are stable, p, = t, |4 sy, and for each
1<i<n, pi=t; |4 s; and the last rule applied in 7; is
T T
either il T—> fit or &l T_) Sl .
tillasi—> tigt lasier tillasi—> tigr [la Siva

For the former, s;3; = s; and 7; contains a proper subtree 7, which is a proof tree for

t; = tir1. We use Q; to denote the (finite) set of all these proof tree 7;. Similarly,

for the latter, t;y; = t; and 7; contains a proper subtree 7;” which is a proof tree for

5 —> Sit1. We use Q, to denote the (finite) set of all these proof tree 7.”. Clearly,
Q£ {7/} UQ is a proof forest for Dx{p/X} == ¢, and Dep(Q) < Dep(Q). Thus, by IH,
we have Dx{q/X} = lg; and ¢, |: R IZ q/1 for some ¢f. Similarly, for the transition
w{p/X} == |sn, we also have D/ {q/X} = lgb and 5, T R T ¢ for some gj.
~R ~RS
Therefore we obtain p' =1t, |4 s, T R T ¢} |4 g5 by Theorem 4.2. Moreover it is
~RS  ~RS

not difficult to see that Bx{q/X} = Dx{q/X} |4 Dx{q/X} —=>p lg] ll4 g5 because of
Bx{q/X} +—, Dx{q/X} =>r |q; and D {q/X} =>r |}.
Case 5. By = (Y |E).

Clearly, the last rule applied in 7; is Gy [E)p/X)—p

(YIE) (p/X}—p1
subtree, say 77, which is a proof tree for Strip(PcLL,, McLL,) F (ty [E){p/X} - p; and
Dep(7y) < Dep(Tp). So, Q = {7,,7; : 1 <i<n} is a proof forest for (ty|E){p/X} = p

and Dep(QY) < Dep(Q). Then, by IH, we have (ty |[E){q/X} = |¢ and P = RC ¢
~RS ~RS

. Hence 7, contains a proper

for some ¢'; moreover Bx{q/X} = (Y |E){q/X} == |q, as desired.
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(ALT-upto-3) Let By{p/X} and Bx{q/X} be stable and Bx{p/X} ¢ F. We shall prove
I(Bx{p/X}) =2 Z(Bx{q/X}), the converse inclusion may be proved in a similar manner
and is omitted. Assume that Byx{q/X} —a>g/. Then, for this transition, by Lemma 5.7,
there exist B, B;”; and B;? with X ¢ Y that satisfy (CP-a-1) — (CP-a-4). In case
Y =, it immediately follows from (CP-a-3-iii) that By{p/X} — B _ {p/X}. Next we

handle the other case Y #+ &. In this situation, by (CP-a-3-iii), to complete the proof, it
suffices to prove that Z(p) = Z(q). By (CP-a-1) and (CP-a-3-i), we have

Bx{r/X} = B;ﬁ{r/X,r/f’} for any r.

Then, since Bx{p/X} and Byx{q/X} are stable, by Y # (&, (CP-a-2) and Lemmas 5.10
and 54, it follows that both p and ¢ are stable. Hence p = [p by p ¢ F. Then,
due to p =gs Cx{p/X}, we have Cx{p/X} =>p |s and p IERS s for some s. For this
transition, since X is strongly guarded in Cyx, by Lemma 5.14, there exists a stable
context Dy such that (d.1) s = Dx{p/X} 7LT—>, (d.2) X is strongly guarded and does

not occur in the scope of any conjunction in Dy, and (d.3) Cx{q/X} = Dx{q/X}.
Hence Z(p) = Z(Dx{p/X}) by (d.1), p = s and p ¢ F. Moreover, by (d.1), (d.2)
~RS

and Lemma 5.8, we have Dx{q/X} /> and Z(p) = I(Dx{p/X}) = Z(Dx{q/X}). By
Lemma 7.2, we also get Dx{q/X} ¢ F dueto p ¢ F, q ¢ F and s = Dx{p/X} ¢ F.
So, Cx{q/X} = |IDx{q/X} by Lemma 4.2. Further, it follows from ¢ =gs Cx{q/X}
and g /> that Dx{q/X} IERS q. Hence Z(Dx{q/X}) = Z(q) because of Dx{q/X} ¢ F.
Therefore Z(p) = Z(Dx{p/X}) = Z(Dx{q/X}) = Z(q), as desired. U]

The next lemma is the crucial step in the demonstrating the assertion that (X|X = rx)
is a consistent solution of a given equation X =gg ty whenever consistent solutions exist.

Lemma 7.4. For any term ty where X is strongly guarded and does not occur in the
scope of any conjunction, if ¢ =gs tx{q/X} for some q ¢ F then (X|X =1tx) ¢ F.

Proof. Assume p =gs tx{p/X} for some p ¢ F. Then tx{p/X} ¢ F. Set

B Y F and Y does not occur in the scope of
Q= {BY{(XthX)/Y}  Brin/Yié " p }

any conjunction in By

It is obvious that (X|X = ty) € Q by taking By = Y. Thus we intend to show
that QN F = . Assume Cy{{X|X = tx)/Y} € Q. Let T be any proof tree for
Strip(PcLig, ML) B Cy {{X|X = tx)/Y }F. Similar to Lemma 6.2, it is sufficient to
prove that 7 has a proper subtree with root sF for some s € Q, which is a routine case
analysis based on the last rule applied in 7. Here we treat only two cases.
Case 1.Cy =Y.

Then Cy {{X|X =tx)/Y} = (X|X = tx). Clearly, the last rule applied in 7 is

(tx|X = tx)F . (rF 1 (X|X = ty) = |r}.

ith
XX = i)F ° (XX = tx)F
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For the former, 7 has a proper subtree with root (tx|X = tx)F; moreover {ty|X =ty) =
tx{(X|X = tx)/X} € Qdue to ty{p/X} ¢ F, as desired. For the latter, if (X|X = ty) 4>,
then, in 7, the unique node directly above the root is labelled with (X|X = tx)F;
moreover (X|X = tx) € Q, as desired. In the following, we consider the nontrivial case
(X|X = ty) —>. Since tx{p/X} ¢ F, by Theorem 4.1, we get tx{p/X} = |p’ for some
p'. For this transition, since X is strongly guarded and does not occur in the scope of
any conjunction, by Lemma 5.14, there exists a stable context By such that (a.1) X is
strongly guarded and does not occur in the scope of any conjunction, (a.2) p’ = Bx{p/X}
and (a.3) tx {(X|X = tx)/X} = Bx{{X|X =tx)/X}. Since p' = Bx{p/X} /5, by (a.l)
and Lemma 5.8, Bx {(X|X = tyx)/X} +—. Then it follows from (a.3) and (X|X = ty) —
that (X|X = ty) —> |Bx{(X|X = tx)/X). Hence 7 has a proper subtree with root
Bx{(X|X = tx)/X}F;moreover Bx{(X|X =tx)/X} € Qbecause of p’ ¢ F, (a.1) and (a.2).
Case 2. Cy = (Z|E).

Then Cy {(X|X =tx)/Y} = (Z|E{{X|X =tx)/Y}). The last rule applied in 7 is

(il EY(X|X = tx)/Y }F rFZIE){(XIX = 1x)/Y } = Ir}
(ZIEY(X|X =tx)/Y}F (ZIEW(XIX = tx)/Y }F

For the first alternative, by Lemma 4.1(8), it follows from (Z|E){p/Y} ¢ F that
(tz|E){p/Y} ¢ F. Since Y does not occur in the scope of any conjunction in (Z|E), by
Lemma 5.2(5), neither does it in (tz|E). Therefore (tz|E){(X|X =1tx)/Y} € Q.

For the second alternative, since (Z|E){p/Y} ¢ F and p =gs tx{p/X}, we get
(Z|E){tx{p/X}/Y} ¢ F by Theorem 6.1. So (Z|E){tx{p/X}/Y} =F |p/ for some
p'. Then, for this transition, by Lemma 5.14, there exist processes qy for W € W and a
context Dy j with Y ¢ W such that

either

(ZZIZ EE)OI'

b.l. tx{p/X} == |qw for each W € W and p/ = DY,;V{IX{p/X}/Y,(jVVV//VIV/},

b.2. none of Y and W occur in the scope of any conjunction in Dy j and

b.3. (Z|E){r/Y} = DY’VV{r/Y,rAVE//W/} for any r and ry (W € W) such that r = ry
for each W € W.

Then, since X is strongly guarded and does not occur in the scope of any conjunction in ty,
by Lemmas 5.14 and 5.8, for each transition tx{p/X} = |qgw, there exists a stable context
t¥ such that (c.1) X is strongly guarded and does not occur in the scope of any conjunction
int?, (c2) qw =1 {p/X) and (c.3) tx {(X|X = tx)/X} = [t} {(X|X = tx)/X}. For the
simplicity of notation, we let Qy stand for t¥ {(X|X = tx)/X} for each W € W. So, by
(¢.3), (X|X = ty) => |Qw for each W € W. Hence, by (b.3),

(ZIEY{(X|X = 1x)/Y} == Dy 3 {(X|X = tx)/Y,Quw /W }. (74.1)

By (b.2) and (c.1), it is not difficult to see that X is strongly guarded and does not occur
in the scope of any conjunction in DY’VV{IX/Y,t}’(V/W}. So, by Lemma 5.8 and p’ =
Dy s ltx/Y . /W H{p/X} #5, we get Dy 5 ltx /Y, 1% /WH(X|X = ty)/X} #—. Hence
Dy {(X|X = ty)/Y,Qw/W} #= by Lemma 5.6 and Z((X|X = ty)) = Z(tx {(X|X =
tx)/X}). So, by (7.4.1), T has a proper subtree with root Dy 5 {{(X|X = tX)/Y,é;/W}F.
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Moreover, by Theorem 6.1 and p =gs tx{p/X}, it follows from p' = Dy g ltx{p/X}/Y,
tf{{p/X}/W} ¢ F that DY’VV{p/Y,t)V(V{p/X}/fVIV/} ¢ F. Therefore Dy 5 {((X|X = tx)/Y,
Ow/W} =Dy {(X|X =ty)/Y} € Qby setting D}y = Dy 5 {(t¥{Y/X}/W}. O

Theorem 7.1 (unique solution). For any p,q ¢ F and tx where X is strongly guarded and
does not occur in the scope of any conjunction, if p =gs tx{p/X} and q =gs tx{q/X}
then p =gs q. Moreover (X|X = tyx) is the unique consistent solution (modulo =gg) of
the equation X =gg ty whenever consistent solutions exist.

Proof. 1f p b« g then p =gy ¢ follows from Lemma 7.3, otherwise, w.l.0.g, we assume that
p is stable and ¢ is not. By Theorem 6.1, t.p =gs p =rs tx{p/X} =rs tx{t.p/X}. Then,
by Lemma 7.3, it follows from t.p,q ¢ F, t.p < q, t.p =gs tx{t.p/X} and q =gs tx{q/X}
that 7.p =gs ¢q . Hence p =gs q.

Suppose that X =pgg ty has consistent solutions. It is obvious that (X|X = tx) =gs
[X{<X‘X = Ix>/X} due to <X|X = tx> =1 <Ix‘X = t)(> = tx{<X|X = tx>/X} and
Lemma 5.13. Further, by Lemma 7.4, (X|X = ty) is the unique consistent solution of the
equation X =gg ty. ]

Corollary 7.1. For any term ty where X is strongly guarded and does not occur in
the scope of any conjunction, then the equation X =pgg tx has consistent solutions iff
(XIX =tx) ¢ F.

We provide a brief discussion to end this section. For Theorem 7.1, the condition that X
is strongly guarded cannot be relaxed to that X is weakly guarded. For instance, consider
the equation X =gs 7.X, it has infinitely many consistent solutions. In fact, for any p, it
always holds that p =gg 7.p. Moreover the condition that p,q ¢ F is also necessary. For
example, both (X|X = a.X) and L are solutions of the equation X =gg a.X, but they are
not equivalent modulo =gg.

8. Conclusions and future work

This paper considers recursive operations over LLTSs in a pure process-algebraic style.
We show that the behavioural relation Cgg is precongruent w.r.t all operations in CLLkg,
which reveals that this calculus supports compositional reasoning. Moreover, we also
provide a result on the uniqueness of consistent solution of a given equation X =gs tx
where X is required to be strongly guarded and does not occur in the scope of any
conjunction in ty.

We conclude this paper by giving several possible avenues for further work. First, it
would be desirable to relax the restriction of Theorem 7.1, that is, establish the uniqueness
of consistent solution without the hypothesis that X does not occur in the scope of any
conjunction. Second, it is well known that the operator hiding is useful in specifying
systems. In Liittgen and Vogler (2010), such operator has been considered. To preserve
T-purity, Liittgen and Vogler give a complicated setting to introduce it in the framework
of LLTS. As a future work, we plan to enrich CLLg by adding this operator. Although it
is relatively easy to capture Liittgen and Vogler’s setting in terms of SOS rules, it seems
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nontrivial to reason about F-predicate in the presence of both recursion and hiding as
the operator hiding may lead to divergence and hence introduce inconsistency because of
Condition (LTS2), for instance, considering the process (X |X = a.X)/a. Third, it would be
interesting to find a (ground) complete proof system for regular processes in CLLg along
lines adopted in Baeten and Bravetti (2008) and Milner (1989b). Here a process is regular
if its LTS has only finitely many states and transitions. To this end, it is necessary to
adopt the restriction that recursive variables do not occur in the scope of any conjunction
in recursive specifications. Otherwise, non-regular expressions would occur, for instance,
consider the process (X|X = a.X At.a.X). Thus we think that Theorem 7.1 may be enough
for this aim.
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