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Abstract
In this paper, we investigate the density function of the time of ruin in the classical risk model with a

constant dividend barrier. When claims are exponentially distributed, we derive explicit expressions

for the density function of the time of ruin and its decompositions: the density of the time of ruin

without dividend payments and the density of the time of ruin with dividend payments. These

densities are obtained based on their Laplace transforms, and expressed in terms of some special

functions which are computationally tractable. The Laplace transforms are being inverted using a

magnificent tool, the Lagrange inverse formula, developed in Dickson and Willmot (2005). Several

numerical examples are given to illustrate our results.
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1 Introduction

Consider a classical risk model in which the surplus process fUðtÞ; t � 0g with initial surplus uZ 0 is

given by

UðtÞ ¼ u þ ct�
XNðtÞ
i¼ 1

Xi ; t � 0 ;

where c is the constant premium rate and fXigi�1 are i.i.d. random variables representing the

individual claim amounts, with common probability distribution function (d.f.) P, density function

p, mean m and Laplace transform (LT) p̂. The counting process fNðtÞ; t � 0g denotes the number of

claims up to time t and is defined as NðtÞ ¼ maxfk :W1 þW2 þ � � � þWk � tg; where the inter-

claim times, fWigi� 1; are assumed to be independent and exponentially distributed random

variables with mean 1/l. That is, fNðtÞ; t � 0g is a Poisson process with parameter l. 0. We further

assume that fWigi� 1 and fXigi� 1 are independent and c .lm so that the loading factor is positive.

Define T ¼ infft � 0 : UðtÞo 0g to be the time of ruin, with T ¼ 1; if UðtÞ � 0 for all tZ0.

Further we define
fdðuÞ ¼ E ½e�dTIðT o1Þ j Uð0Þ ¼ u�; u � 0; ð1:1Þ

to be the Laplace transform of the time of ruin. In particular, when d5 0, fdðuÞ simplifies to the

probability of the time of ruin, denoted by cðuÞ:
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In recent years, there has been considerable interest in finding the density of the time of ruin in the

classical risk model by inverting its Laplace transform; see Drekic and Willmot (2003), Garcia

(2005), Dickson and Willmot (2005), and Dickson (2007). By inverting the bivariate Laplace

transform of the time of ruin and the deficit at ruin in the classical risk model, Dickson (2008) gives

some explicit expressions for their joint distribution. Landriault and Willmot (2009) derive an

explicit expression for the joint distribution of the time of ruin, the surplus prior to ruin, and the

deficit at ruin. The joint distribution of the time to ruin and the number of claims until ruin for the

classical risk model has been investigated by Landriault et al. (2011) and Dickson (2012).

In this paper, a classical risk model with a constant dividend barrier is considered. We apply the

approach developed by Dickson and Willmot (2005) to find explicit expressions for the density

function of the time of ruin and its two components: [1] the density function of the time of ruin

without paying dividends (without the surplus reaching b); [2] the density of the time of ruin with

dividend payments. We give explicit expressions through special functions for the density functions of

the time of ruin in a classical risk model with a constant dividend barrier and exponential claims. It is

worth mentioning that Perry et al. (2005) give an (integral) expression for the density of a general

two-sided first exit time in the compound Poisson process with general claim amount distributions;

their results can be used to derive the density of the time of ruin without dividend payments

mentioned above. For more results and developments on the two-sided first exit time problems

appeared in the applied probability literature, see Perry et al. (2005) and the references therein.

2 Preliminary results

In this section, we review some results that are used for deriving the density functions of quantities

mentioned above under exponential claims.

Gerber and Shiu (1998) show that the following Lundberg’s fundamental equation

l þ d� cs ¼ lp̂ðsÞ ð2:1Þ

has a unique positive solution, denoted as r(d). Further if pðxÞ is sufficiently regular, Eq. (2.1) has a

negative solution, denoted as 2R(d). In the rest of the paper, we write r(d) as r and write R(d) as R.

Dickson and Willmot (2005, p.45) show that if

f̂ ðrÞ ¼
Z 1

0

e�rtf ðtÞdt ¼ ĝðdÞ ¼
Z 1

0

e�dtgðtÞdt;

then function g can be obtained as

gðtÞ ¼ ce�ltf ðctÞ þ
X1
n¼ 1

lntn� 1e�lt

n!

Z ct

0

ypnnðct� yÞf ðyÞdy

¼
X1
n¼ 0

lntn� 1e�lt

n!

Z ct

0

ypnnðct� yÞf ðyÞdy;

ð2:2Þ

as p0nðyÞ ¼ Iðy ¼ 0Þ and
R ct
0 yp0nðct� yÞf ðyÞdy ¼ ctf ðctÞ. In the following sections, we first derive

the Laplace inversion with respect to r (function f), and then obtain the corresponding Laplace

inversion with respect to d (function g) using (2.2).
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Three special functions are used in this paper which are given below.

1. The generalized hypergeometric function with definition

pFqða1; a2; . . . ; ap; b1; b2; . . . ; bq; zÞ ¼
X1
m¼ 0

ða1Þmða2Þm . . . ðapÞm

ðb1Þmðb2Þm . . . ðbqÞm

zm

m!
;

where ðaÞm ¼ Gða þ mÞ=GðaÞ.

2. A special confluent hypergeometric series in two variables (see, for example, Srivastava and

Karisson, 1985, p.25, (17)) with definition:

F2ðc; z1; z2Þ ¼
X1

m1 ;m2 ¼ 0

1

ðcÞm1 þm2

zm1

1 zm2

2

m1!m2!
: ð2:3Þ

3. A special confluent form of Lauricella series Fð3Þ2 (see, Erdélyi 1937, p.446) with definition:

Fð3Þ2

z1

b; c; z2

z3

0
B@

1
CA ¼ X1

m1 ;m2 ;m3 ¼ 0

ðbÞm2

ðcÞm1 þm2 þm3

zm1

1 zm2

2 zm3

3

m1!m2!m3!
: ð2:4Þ

Remarks:

1. As ðcÞm1 þm2
¼ ðc þ m1Þm2

ðcÞm1
, F2 in (2.3) can be rewritten as

F2ðc; z1; z2Þ ¼
X1

m1 ¼ 0

1

ðcÞm1

0F1ð; c þ m1; z2Þ
zm1

1

m1!
:

2. Similarly, Fð3Þ2 in (2.4) can be expressed as

Fð3Þ2

z1

b; c; z2

z3

0
B@

1
CA ¼ X1

m2 ¼ 0

ðbÞm2

ðcÞm2

F2ðc þ m2; z1; z3Þ
zm2

2

m2!
:

Consider that claim amounts are exponentially distributed with pðxÞ ¼ be�bx; x4 0. It is shown in

Gerber and Shiu (1998, p.63, (5.38)) that

fdðuÞ ¼
b�R

b
e�Ru; u � 0; ð2:5Þ

where 2R is the negative root of the Lundberg’s fundamental equation

cs2 þ ðcb� l� dÞs� db ¼ 0: ð2:6Þ

Both r and 2R play important roles in studying the ruin-related quantities for the classical risk

model in the ruin theory, especially in finding the probability density functions in this paper.

Note that (2.6) implies

R� r ¼ b�
l þ d

c
: ð2:7Þ
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Since r satisfies (2.6), it is not difficult to obtain the following two equations which are crucial in

our derivations:

l þ d
c
¼ r þ

lb
c

r þ b
; R ¼ b�

lb
c

r þ b
: ð2:8Þ

A particular form of f̂ ðrÞ is seen frequently throughout this paper when claims are exponentially

distributed with paraneter b, and hence we present its corresponding expressions of f(t) and g(t)

below as a lemma.

Lemma 1 If f̂ ðrÞ is of the form

f̂ ðrÞ ¼
e

m
rþ b

ðr þ bÞn
e�yr

rk
; m; y � 0; n; k40; ð2:9Þ

then

f ðtÞ ¼
X1
i¼ 0

miðt� yÞiþ nþ kþ 1

i!Gði þ nÞGðkÞ

Z 1

0

e�bðt� yÞyð1� yÞk�1yiþ n� 1dy; t4 y; ð2:10Þ

and

gðtÞ ¼ e�ðlþ bcÞtþ by ðct� yÞnþ k� 1

Gðn þ kÞ
cFð3Þ2

lbtðct� yÞ

k; n þ k; bðct� yÞ

mðct� yÞ

0
BBB@

1
CCCA

2
6664

�
lbðct� yÞ2

ðn þ kÞðn þ k þ 1Þ
Fð3Þ2

lbtðct� yÞ

k; n þ k þ 2; bðct� yÞ

mðct� yÞ

0
BBB@

1
CCCA
3
7775; t4

y
c
;

ð2:11Þ

where function Fð3Þ2 is defined in (2.4).

Proof. First note the Laplace transform formula below (see, Abramowitz and Stegun (1972,

page 1026, 29.3.81))

e
m

rþ b

ðr þ bÞn
¼

Z 1
0

e�rt e�bttn� 1
X1
i¼ 0

mtð Þi

i!Gði þ nÞ

 !
dt; m � 0; n40;

e�yr

rk
¼

Z 1
0

e�rt ðt� yÞk� 1

GðkÞ
Iðt4 yÞ

 !
dt; y � 0; k40:

ð2:12Þ

Then the Laplace inversion of f̂ ðrÞ with respect to r is obtained in terms of the convolution as

f ðtÞ ¼

Z t

0

ðt� x� yÞk� 1

GðkÞ
Iðt� x4 yÞ

 !
e�bxxn� 1

X1
i¼ 0

mxð Þi

i!Gði þ nÞ

 !
dx

¼
X1
i¼ 0

mi

i!Gði þ nÞGðkÞ

Z t� y

0

e�bxðt� x� yÞk� 1xiþ n� 1dx; t4 y:

ð2:13Þ

With the variable change x ¼ ðt� yÞy, we obtain (2.10).
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Note that the n-fold convolution of p(x), pnnðxÞ, is the density function of Erlang (n) distribution

with scale parameter b, given by

pnnðxÞ ¼
bnxn� 1e�bx

GðnÞ
; x4 0:

Then by (2.2) and (2.13), we have, for t4 y=c,

gðtÞ ¼
X1
n¼ 0

ðlbÞntn� 1e�lt

n!

Z ct

0

y
ðct� yÞn� 1e�bðct� yÞ

GðnÞ
f ðyÞdy

¼
X1
n¼ 0

ðlbÞntn� 1e�ðlþ bcÞt

n!GðnÞ

X1
i¼ 0

mi

i!Gði þ nÞGðkÞ

�

Z ct

y
yðct� yÞn� 1eby

Z y� y

0

e�bxðy�x� yÞk� 1xiþ n� 1dx

� �
dy

¼
X1
n¼ 0

ðlbÞntn� 1e�ðlþ bcÞtþ by

n!GðnÞ

X1
i¼ 0

mi

i!Gði þ nÞGðkÞ

�

Z ct

y
yðct� yÞn� 1

ðy� yÞiþ nþ k� 1

Z 1

0

ebðy� yÞxxk� 1ð1� xÞiþ n� 1dx

� �
dy:

Now using

Z 1

0

eryyp� 1ð1� yÞq� p� 1dy ¼ 1F1ðp; q; rÞ
GðpÞGðq� pÞ

GðqÞ
; p; q; r4 0

we can further write g(t) as

gðtÞ ¼
X1
n¼ 0

ðlbÞntn� 1e�ðlþ bcÞtþ by

n!GðnÞ

X1
i¼ 0

mi

i!Gði þ n þ kÞ

�

Z ct

y
yðct� yÞn� 1

ðy� yÞiþ nþ k� 1
1F1ðk; i þ n þ k; bðy� yÞÞdy

¼
X1
n¼ 0

ðlbÞntn� 1e�ðlþ bcÞtþ by

n!GðnÞGðkÞ

X1
i¼ 0

mi

i!

X1
m¼ 0

bmGðm þ kÞ
m!Gðm þ i þ n þ kÞ

�

Z ct

y
yðct� yÞn� 1

ðy� yÞmþ iþ nþ k� 1dy:

ð2:14Þ

With the help of

Z x

0

yp� 1ðx� yÞq� 1dy ¼ xpþ q� 1 GðpÞGðqÞ
Gðp þ qÞ

; p; q4 0;

it is not difficult to obtain the following expression for the integral in (2.14) as

Z ct

y
yðct� yÞn� 1

ðy� yÞmþ iþ nþ k� 1dy

¼ ðct� yÞnþmþ iþ nþ k� 1 GðnÞGðm þ i þ n þ kÞ
Gðn þ m þ i þ n þ k þ 1Þ

½ctðn þ m þ i þ n þ kÞ� nðct� yÞ�;
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and hence g(t) can be written as

gðtÞ ¼ e�ðlþ bcÞtþ byðct � yÞnþ k� 1
X1
n¼ 0

½lbtðct � yÞ�n

n!

X1
i¼0

½mðct � yÞ�i

i!

�
X1
m¼ 0

cðkÞm
Gðn þ m þ i þ n þ kÞ

�
lbðct � yÞ2ðkÞm

Gðn þ m þ i þ n þ k þ 2Þ

 !
½bðct � yÞ�m

m!

¼ e�ðlþ bcÞtþ by ðct � yÞnþ k� 1

Gðn þ kÞ

� c
X1

n;m;i¼ 0

ðkÞm
ðn þ kÞnþ iþm

½lbtðct� yÞ�n

n!

½bðct� yÞ�m

m!

½mðct� yÞ�i

i!

 

�
lbðct� yÞ2

ðn þ kÞðn þ k þ 1Þ

X1
n;m;i¼ 0

ðkÞm
ðn þ k þ 2Þnþ iþm

½lbtðct� yÞ�n

n!

½bðct� yÞ�m

m!

½mðct� yÞ�i

i!

!
:

We then immediately obtain (2.11) in terms of function Fð3Þ2 . &

Corollary 1 Two particular results of Lemma 1:

1. If y ¼ k ¼ 0 in (2.9), then, for t . 0,

f ðtÞ ¼ e�bt
X1
i¼ 0

mitiþ n� 1

i!Gði þ nÞ
; ð2:15Þ

gðtÞ ¼ e�ðlþ bcÞt ðctÞn� 1

GðnÞ
cF2ðn; lbct2; mctÞ �

lbðctÞ2

nðn þ 1Þ
F2ðn þ 2; lbct2;mctÞ

 !
: ð2:16Þ

2. If k 5 0 in (2.9), then,

f ðtÞ ¼ e�bðt� yÞ
X1
i¼ 0

miðt� yÞiþ n� 1

i!Gði þ nÞ
; t4 y; ð2:17Þ

gðtÞ ¼ e�ðlþ bcÞtþ by ðct� yÞn� 1

GðnÞ

�
cF2ðn; lbtðct� yÞ; mðct� yÞÞ

�
lbðct� yÞ2

nðn þ 1Þ
F2ðn þ 2; lbtðct� yÞ; mðct� yÞÞ

!
; t4

y
c
;

ð2:18Þ

where F2 is defined in (2.3).

Proof. Note that since (2.12) is valid only when k . 0, results in Lemma 1 can not be reduced

directly to the corresponding ones in this corollary. However, the proof is straightforward and

similar to the proof of Lemma 1. We hence do not show details here. &

Note that by the property in Srivastava and Karlsson (1985, p.28, 30), we may further write g(t) in

Corollary 1 in terms of function 0F1; for example, (2.16) can be rewritten as

gðtÞ ¼ e�ðlþ bcÞt ðctÞn� 1

GðnÞ
c 0F1ð; n; ctðlbt þ mÞÞ �

lbðctÞ2

nðn þ 1Þ
0F1ð; n þ 2; ctðlbt þ mÞÞ

 !
:
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3 Density functions of the time of ruin in presence of a constant
dividend barrier

In this section, we introduce a constant dividend barrier to the classical risk model, that is, whenever

the surplus reaches the level b, the premium is paid as dividends so that the surplus stays at level b

until a claim makes it drop below b.

Let fUbðtÞ; t � 0g be the corresponding surplus process with initial surplus Ubð0Þ ¼ u under a

constant barrier (level b) dividend strategy. Then fUbðtÞ; t � 0g can be expressed as

dUbðtÞ ¼
cdt� dSðtÞ; UbðtÞo b

�dSðtÞ; UbðtÞ ¼ b

�
: ð3:1Þ

Let Tb ¼ infft : UbðtÞo0g be the time of ruin (with Tb ¼ 1 if ruin does not occur) for the

modified surplus process in (3.1). It is well-known that ruin is certain for this model and we are

interested in finding the probability density function of the time of ruin Tb.

Define

fb;dðuÞ ¼ E e�dTb IðTb o1Þ
� �

¼ E e�dTb
� �

; 0 � u � bo1;

to be the Laplace transform of Tb with f1;dðuÞ ¼ fdðuÞ. In the first subsection, we aim to find an

explicit expression for the density function of the time of ruin by inverting fb;dðuÞ. By a similar

approach, we derive the density function of the time of ruin without dividend payments. We then

numerically compare these two sets of probability density functions in Section 4.

3.1 The density function of the time of ruin

If claim amounts are exponentially distributed with mean 1/b, Lin et al. (2003, Eq. (6.3)) show that

fb;dðuÞ ¼
b�R

b
e�Ru þ

b�R

b
Re�Rb ðr þ bÞeru� ðb�RÞe�Ru

ðr þ bÞrerb þ ðb�RÞRe�Rb
; 0 � u � b: ð3:2Þ

First, we derive the density function of fdðuÞ given in (2.5). Using the expressions (2.7) and (2.8) we

can rewrite fdðuÞ as

fdðuÞ ¼
b�R

b
e�Ru ¼

l
c

e�bu e
lb
c u

rþ b

r þ b
:

Let zðt; uÞ be the density of the time of ruin for the classical risk model and �zðt; uÞ be a function

such that

fdðuÞ ¼

Z 1
0

e�dtzðt; uÞdt ¼

Z 1
0

e�rt �zðt; uÞdt:

Following (2.15) and (2.16) in Corollary 1 with m ¼ lb
c u and n ¼ 1, we can easily get for t . 0 that

�zðt; uÞ ¼
e�bðuþ tÞ

b

X1
i¼ 0

lb
c

� �iþ 1
ðutÞi

i!Gði þ 1Þ
;

zðt; uÞ ¼ le�ðlþ bcÞt� bu F2ð1; lbct2; lbutÞ �
lbct2

2
F2ð3; lbct2; lbutÞ

� �
:

ð3:3Þ

Note that equation (3.3) in another format is given in Drekic and Willmot (2003).
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Now let zðt; u; bÞ be the density of the time of ruin for the classical risk model with a constant

dividend barrier b, and �zðt; u; bÞ be a function such that

fb;dðuÞ ¼

Z 1
0

e�dtzðt; u; bÞdt ¼

Z 1
0

e�rt �zðt; u; bÞdt:

Note that the inverse of the first term of fb;dðuÞ in (3.2) with respect to d is given by (3.3). Hence, we

only consider below the second term in (3.2), denoted by (II). We write

ðIIÞ ¼
1

b
ðb�RÞRe�Rb

ðr þ bÞrerb

ðr þ bÞeru� ðb�RÞe�Ru

1 þ ðb�RÞRe�Rb

ðrþ bÞrerb

¼
1

b
ðr þ bÞeru�ðb�RÞe�Ru
� �X1

k¼ 0

ð�1Þk

k!

ðb�RÞR

ðr þ bÞr

	 
kþ 1

e�ðkþ1ÞðRþ rÞb:

ð3:4Þ

As both r and 2R are roots of equation (2.6), and by (2.8), we further have

ðb�RÞR

ðr þ bÞr
¼

lb
c

ðr þ bÞ2r
b�

lb
c

r þ b

 !
;

and thus

ðb�RÞR

ðr þ bÞr

	 
kþ 1

¼

lb
c

� �kþ1

rkþ 1ðr þ bÞ2ðkþ 1Þ

Xkþ 1

i¼ 0

k þ 1

i

� �
� l

c

� �i
bkþ 1

ðr þ bÞi
: ð3:5Þ

Now by (2.8) and (3.5), (3.4) becomes

ðIIÞ ¼
1

b
ðr þ bÞeru�

lb
c

r þ b
e
� b�

lb
c

rþ b

� �
u

" #

�
X1
k¼ 0

ð�1Þk

k!

lb2

c

� �kþ 1

rkþ 1ðrþ bÞ2ðkþ 1Þ

Xkþ 1

i¼ 0

k þ 1

i

 !
� l

c

� �i

ðr þ bÞi
e
�ðkþ1Þ rþ b�

lb
c

rþ b

� �
b

¼
1

b

X1
k¼ 0

ð�1Þk

k!

lb2

c

 !kþ 1

e�ðkþ 1Þbb
Xkþ1

i¼0

k þ 1

i

 !
�
l
c

� �i

�
e�½ðkþ 1Þb� u�r

rkþ 1

e
ðkþ 1Þb

lb
c

rþ b

ðr þ bÞ2kþ iþ 1
�

lb
c

e�bu e�ðkþ 1Þbr

rkþ 1

e
½uþ ðkþ 1Þb�

lb
c

rþ b

ðr þ bÞ2kþ iþ 3

2
4

3
5:

Define

Yðr; u; bÞ ¼
1

b

X1
k¼ 0

ð�1Þk lb2

c

� �kþ 1
e�ðkþ 1Þbb

k!

Xkþ1

i¼0

k þ 1

i

� �
�
l
c

� �i e
lb
c ðkþ 1Þb

rþ b

ðr þ bÞ2kþ iþ1

e�½ðkþ 1Þb� u�r

rkþ 1
;

Zðr; u; bÞ ¼
1

b2

X1
k¼0

ð�1Þk lb2

c

� �kþ 2
e�½uþ ðkþ 1Þb�b

k!

Xkþ 1

i¼ 0

k þ 1

i

� �
�
l
c

� �i e
lb
c ½uþ ðkþ1Þb�

rþ b

ðr þ bÞ2kþ iþ 3

e�ðkþ 1Þbr

rkþ 1
:

Then

ðIIÞ ¼ Yðr; u;bÞ�Zðr; u; bÞ:
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Furthermore, we let

Yðr; u; bÞ ¼
Z 1

0

e�rt �yðt; u; bÞdt ¼

Z 1
0

e�dtyðt; u; bÞdt;

Zðr; u; bÞ ¼
Z 1

0

e�rt �zðt; u;bÞdt ¼

Z 1
0

e�dtzðt; u; bÞdt:

Recognizing the parameters for terms in Yðr; u; bÞ are m ¼ lb
c ðk þ 1Þb, n ¼ 2k þ i þ 1,

y ¼ ðk þ 1Þb� u, k ¼ k þ 1, and for terms in Zðr; u; bÞ are m ¼ lb
c ½u þ ðk þ 1Þb�,

n ¼ 2k þ i þ 3, y ¼ ðk þ 1Þb, and k ¼ k þ 1, and using (2.10), we get

�yðt; u; bÞ ¼
1

b

Xtþ u
b
�1b c

k¼ 0

ð�1Þk lb2

c

� �kþ 1
e�ðkþ 1Þbb

k!

Xkþ 1

i¼0

k þ 1

i

 !
�
l
c

� �i

�
X1
j¼ 0

lb
c ðk þ 1Þb
h ij

t þ u� ðk þ 1Þb½ �
jþ 3kþ iþ 3

j!Gðj þ 2k þ i þ 1ÞGðk þ 1Þ

�

Z 1

0

e�b tþ u� ðkþ 1Þb½ �yð1� yÞkyjþ 2kþ idy; t4b� u;

�zðt; u; bÞ ¼
1

b2

Xtb�1b c

k¼ 0

ð�1Þk lb2

c

� �kþ 2
e�½uþ ðkþ 1Þb�b

k!

Xkþ 1

i¼0

k þ 1

i

 !
�
l
c

� �i

�
X1
j¼ 0

lb
c ½u þ ðk þ 1Þb�
h ij

t� ðk þ 1Þb½ �
jþ 3kþ iþ 5

j!Gðj þ 2k þ i þ 3ÞGðk þ 1Þ

�

Z 1

0

e�b t� ðkþ 1Þb½ �yð1� yÞkyjþ 2kþ iþ 2dy; t4 b;

where bxc is the integer part of real number x.

Then using (2.11), we further get for t4 b� u
c that

yðt; u; bÞ ¼
e�ðlþ bcÞt� bu

b

Xctþ u
b
� 1b c

k¼ 0

ð�1Þk lb2

c

� �kþ 1

k!

Xkþ 1

i¼ 0

k þ 1

i

 !
� l

c

� �i
ct þ u� ðk þ 1Þb½ �

3kþ iþ 1

Gð3k þ i þ 2Þ

� cFð3Þ2

lbt½ct þ u� ðk þ 1Þb�

k þ 1; 3k þ i þ 2; b½ct þ u� ðk þ 1Þb�

lb
c ðk þ 1Þb½ct þ u� ðk þ 1Þb�

0
BB@

1
CCA

2
664

�
lb½ct þ u� ðk þ 1Þb�2

ð3k þ i þ 2Þð3k þ i þ 3Þ

� Fð3Þ2

lbt½ct þ u� ðk þ 1Þb�

k þ 1; 3k þ i þ 4; b½ct þ u� ðk þ 1Þb�

lb
c ðk þ 1Þb½ct þ u� ðk þ 1Þb�

0
BB@

1
CCA
3
775;

ð3:6Þ
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and for t4 b
c that

zðt; u; bÞ ¼
e�ðlþbcÞt� bu

b2

Xct
b
�1b c

k¼ 0

ð�1Þk lb2

c

� �kþ 2

k!

Xkþ 1

i¼ 0

k þ 1

i

 !
� l

c

� �i
ct� ðk þ 1Þb½ �

3kþ iþ 3

Gð3k þ i þ 4Þ

� cFð3Þ2

lbt½ct� ðk þ 1Þb�

k þ 1; 3k þ i þ 4; b½ct� ðk þ 1Þb�

lb
c ðk þ 1Þb½ct�ðk þ 1Þb�

0
BB@

1
CCA

2
664

�
lb½ct� ðk þ 1Þb�2

ð3k þ i þ 4Þð3k þ i þ 5Þ

� Fð3Þ2

lbt½ct�ðk þ 1Þb�

k þ 1; 3k þ i þ 6; b½ct�ðk þ 1Þb�

lb
c ðk þ 1Þb½ct� ðk þ 1Þb�

0
BB@

1
CCA
3
775:

ð3:7Þ

Finally, we obtain the density of the time of ruin for the classical risk model with a constant

dividend barrier b as

zðt; u; bÞ ¼

zðt; uÞ; 0 � t � b�u
c ;

zðt; uÞ þ yðt; u; bÞ; b� u
c o t � b

c ;

zðt; uÞ þ yðt; u; bÞ� zðt; u; bÞ; t4 b
c ;

8><
>: ð3:8Þ

where zðt; uÞ, yðt; u; bÞ and zðt; u;bÞ are given by (3.3), (3.6) and (3.7), respectively.

3.2 The decompositions of the density of the time of ruin

For the risk model with a constant dividend barrier, there are two possibilities for ruin occurring:

[1] ruin occurs without dividend payments (without the surplus reaching the dividend barrier); [2]

ruin occurs with dividend payments. Therefore, the density obtained in Section 3.1 can be

decomposed into two parts: [1] density of the time of ruin without dividend payments, denoted as

xðt; u; bÞ; [2] density of the time of ruin with dividend payments. In what follows, we derive

xðt; u; bÞ, and the density of the time of ruin with dividend payments is zðt; u; bÞ� xðt; u; bÞ.

For 0 � u � b; define

Tb
u ¼ infft � 0 : UðtÞ ¼ bg

to be the first time that the surplus process reaches b from u. Let H(u; b) be the Laplace transform of

the first time of hitting b without ruin occurring, and L(u; b) be the Laplace transform of the time of

ruin without surplus reaching b, namely,

Hðu; bÞ ¼ E e�dTb
u IðTb

u oTÞ
h i

; ð3:9Þ

Lðu; bÞ ¼ E e�dTIðT oTb
u Þ

h i
: ð3:10Þ
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For the classical risk model, by distinguishing whether or not the surplus hitting level b before the

time of ruin, we have

fdðuÞ ¼ Lðu; bÞ þ Hðu; bÞfdðbÞ; 0 � uob; ð3:11Þ

where fdðuÞ is defined in (1.1), representing the Laplace transform of the time of ruin T with respect

to d. It follows that

Lðu; bÞ ¼ fdðuÞ�Hðu; bÞfdðbÞ: ð3:12Þ

Let xðt; u; bÞ and �xðt; u; bÞ be two functions such that

Lðu; bÞ ¼

Z 1
0

e�dtxðt; u; bÞdt ¼

Z 1
0

e�rt �xðt; u; bÞdt:

We aim to find an explicit expression of xðt; u; bÞ by the similar inversion technique used in previous

subsection.

Remark: When d ¼ 0, it follows from Dickson and Gray (1984) thatZ 1
0

xðt; u; bÞdt ¼ P T oTb
u

� �
¼

cðuÞ�cðbÞ
1�cðuÞ

o1;

implying that xðt; u; bÞ is a defective density function.

Gerber and Shiu (1998) show that

Hðu; bÞ ¼
eru�c1ðuÞ

erb�c1ðbÞ
; 0 � u � b; ð3:13Þ

where c1ðuÞ is the Laplace transform of the time of recovery with respect to d, and the time of

recovery refers to the first time that the surplus reaches zero after ruin. Further when claims are

exponentially distributed with parameter b using expressions (2.7) and (2.8) we have

c1ðuÞ ¼
b�R

b þ r
e�Ru ¼

lb
c

e�bu e
lb
c u

rþ b

ðr þ bÞ2
; ð3:14Þ

where r and 2R are positive and negative solutions to equation (2.6).

Now by the Taylor expansion and (3.14), H(u; b) in (3.13) can be re-expressed as

Hðu; bÞ ¼ erðu� bÞ 1�c1ðuÞe
�ru

1�c1ðbÞe
�rb

¼erðu� bÞ 1�c1ðuÞe
�ru

� �X1
k¼ 0

½c1ðbÞ�
k

k!
e�kbr

¼e�rðb� uÞ þ
X1
k¼ 1

lb
c

� �k
e�kbb

k!

e
lb
c kb

rþ b

ðr þ bÞ2k
e�½ðkþ1Þb� u�r

�e�bu
X1
k¼ 0

lb
c

� �kþ 1
e�kbb

k!

e
lb
c ðuþ kbÞ

rþ b

ðr þ bÞ2kþ 2
e�ðkþ 1Þbr:

ð3:15Þ
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Using (3.15) and (2.5), we can write the second term in (3.12) as

Hðu; bÞfdðbÞ ¼
1

b

X1
k¼ 0

lb
c

� �kþ 1
e�ðkþ 1Þbb

k!

e
lb
c ðkþ1Þb

rþ b

ðr þ bÞ2kþ 1
e�½ðkþ 1Þb� u�r

�
e�bu

b

X1
k¼ 0

lb
c

� �kþ 2
e�ðkþ1Þbb

k!

e
lb
c ½uþ ðkþ 1Þb�

rþ b

ðr þ bÞ2kþ 3
e�ðkþ 1Þbr;

¼Vðr; u; bÞ�Wðr; u; bÞ:

Let

Vðr; u;bÞ ¼
Z 1

0

e�dtvðt; u; bÞdt; Wðr; u; bÞ ¼
Z 1

0

e�dtwðt; u; bÞdt:

Noticing the parameters for Vðr; u; bÞ are m ¼ lb
c ðk þ 1Þb, n ¼ 2k þ 1, y ¼ ðk þ 1Þb� u, k 5 0,

and for Wðr; u;bÞ are m ¼ lb
c ½u þ ðk þ 1Þb�, n ¼ 2k þ 3, y ¼ ðk þ 1Þb, and k 5 0, and using

(2.18), we get for t4 b� u
c that

vðt; u; bÞ ¼
e�ðlþ bcÞt� bu

b

Xctþ u
b
� 1b c

k¼ 0

lb
c

� �kþ 1

k!

½ct þ u�ðk þ 1Þb�2k

Gð2k þ 1Þ

�

	
cF2 2k þ 1; lbt½ct þ u� ðk þ 1Þb�;

lb
c
ðk þ 1Þb½ct þ u� ðk þ 1Þb�

� �

�
lb½ct þ u� ðk þ 1Þb�2

ð2k þ 1Þð2k þ 2Þ

� F2 2k þ 3; lbt½ct þ u� ðk þ 1Þb�;
lb
c
ðk þ 1Þb½ct þ u� ðk þ 1Þb�

� �

;

ð3:16Þ

and for t4 b
c that

wðt; u; bÞ ¼
e�ðlþbcÞt� bu

b

Xct
b
� 1b c

k¼ 0

lb
c

� �kþ 2

k!

½ct� ðk þ 1Þb�2kþ 2

Gð2k þ 3Þ

�

	
cF2 2k þ 3; lbt½ct�ðk þ 1Þb�;

lb
c
½u þ ðk þ 1Þb�½ct� ðk þ 1Þb�

� �

�
lb½ct� ðk þ 1Þb�2

ð2k þ 3Þð2k þ 4Þ

�F2 2k þ 5; lbt½ct� ðk þ 1Þb�;
lb
c
½u þ ðk þ 1Þb�½ct� ðk þ 1Þb�

� �

:

ð3:17Þ

Finally, we have the density function for the time of ruin without paying dividends as

xðt; u; bÞ ¼

zðt; uÞ; 0 � t � b� u
c ;

zðt; uÞ� vðt; u; bÞ; b� u
c o t � b

c ;

zðt; uÞ� vðt; u; bÞ þ wðt; u; bÞ; t4 b
c ;

8><
>: ð3:18Þ

where zðt; uÞ, v(t; u; b) and w(t; u; b) are given by (3.3), (3.16) and (3.17), respectively.
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4 Numerical illustrations

In this section, we illustrate some results derived in previous sections numerically. The probability

density function of the time of ruin and its two components are evaluated and compared. The

probabilities of ruin in finite time in the classical risk model with and without a constant dividend

barrier are calculated and compared for exponential claims.

Example 1 We set c 5 1.1, l5 1, b5 1 and b 5 15. In Table 1, xðt; u; 15Þ (upper rows, Roman

font) and zðt; u; 15Þ (lower rows, Italic font) are calculated and tabulated for u 5 2, 4,y ,14 and

some t values (1r tr 20).

Figure 1 graphically compares xðt; u; 15Þ (solid lines) and zðt; u; 15Þ (dashed lines) for u 5 8,10,12,14

(from top to bottom). It can be observed that when both u and t are small, values of both density

functions xðt; u; 15Þ and zðt; u; 15Þ are very close to each other (same the first six decimals), that is to

say, the density of time of ruin with dividend payments is very small. When u or t becomes large,

zðt; u; 15Þ� xðt; u; 15Þ; the density of the time of ruin with dividend payments are significantly larger

than zero, implying the dividend barrier affects the ruin probability significantly. Furthermore, all

densities are decreasing in u.

Example 2 We set u 5 10, l5 10/11, b5 1, c 5 1 so that the loading factor is 10%. In this

example, we compute some finite-time ruin probabilities for the classical risk model with a constant

dividend barrier, denoted by cðt; u; bÞ. They can be calculated by

cðt; u; bÞ ¼
Z t

0

zðs; u; bÞds; t4 0; 0 � u � b;

where zðs; u; bÞ is given by (3.8).

Table 2 displays values of cðt; 10; bÞ for some t (5r tr100) and b 5 15,25,40, as well as values

when b 5N, where cðt; 10;1Þ are the probabilities of ruin in finite time in the classical risk model

with exponential claims; see for example formula (1.6) in Asmussen and Albrecher (2010, Chapter

V, Proposition 1.3 on page 118). Values of cðt; 10;1Þ are calculated using the mathematical

computing software Maple. The values of cðt; 10; bÞ in the table are calculated numerically by the

composite Simpson’s rule with a step length h 5 t% using R. To show that the accuracy of the

numerical integration depends on h, we also provide approximated values of cðt; 10;bÞ for b 5 50

and h 5 (t/2)%.

We observe from Table 2 that for fixed b, these probabilities of ruin in finite time increase as t

increases. While for fixed t, these values increase as b increases and very close to the corresponding

ones without a constant dividend barrier (b 5N case) as expected. For b 5 50 case, the set of

probabilities with h 5 (t/2)% are more closer than those with h 5 t% to the set of probabilities when

b 5N. Furthermore, it is confirmed that cð5000; 10;1Þ ¼ 0:3662639, which is the same as

cð10Þ ¼ cð1; 10;1Þ in first seven decimals, here cð10Þ is the ultimate ruin probability in the

classical risk model with initial surplus u 5 10 and exponentially distributed claim amounts with

mean 1, and cð10Þ ¼ ð10=11Þe�ð10=11Þ for this example.
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Table 1. Probability density function xðt;u; 15Þ and zðt; u; 15Þ values for u 5 2,4,y,14 and some t values

(1r tr 20) with c 5 1.1, l5 b5 1*

t u 5 2 u 5 4 u 5 6 u 5 8 u 5 10 u 5 12 u 5 14

1 .101451 .034552 .009969 .002607 .000638 .000148 .000033

.101451 .034552 .009969 .002607 .000638 .000148 .000033

3 .054324 .033009 .015531 .006281 .002289 .000771 .000208

.054324 .033009 .015531 .006281 .002289 .000771 .000242

5 .034138 .026610 .015855 .008032 .003631 .001491 .000427

.034138 .026610 .015855 .008032 .003631 .001506 .000450

7 .023817 .021377 .014705 .008599 .004475 .002068 .000609

.023817 .021377 .014705 .008599 .004481 .002110 .000743

10 .015628 .015906 .012525 .008423 .005017 .002565 .000770

.015628 .015906 .012525 .008429 .005059 .002722 .001323

13 .011212 .012319 .010568 .007770 .005020 .002709 .000821

.011212 .012320 .010574 .007805 .005145 .003047 .001691

16 .008521 .009855 .008958 .006983 .004742 .002638 .000804

.008522 .009860 .008985 .007076 .004982 .003153 .001862

20 .006276 .007595 .007258 .005937 .004191 .002385 .000729

.006283 .007622 .007344 .006144 .004597 .003092 .001919

*Roman font for xðt;u;15Þ and Italic font for zðt; u;15Þ

Figure 1. Density functions of the time of ruin without dividend payments (solid lines) and density
of the time of ruin with b 5 15 (dashed lines) for u 5 8,10,12,14 (from top to bottom) with c 5 1.1,
l5 b5 1.

Shuanming Li and Yi Lu

76

https://doi.org/10.1017/S1748499513000110 Published online by Cambridge University Press

https://doi.org/10.1017/S1748499513000110


5 Concluding remarks

In this paper, we give an explicit formula for the density function of the time of ruin and its

decompositions in the classical risk model with a constant dividend barrier and exponential claims.

Our techniques and results can stimulate further research such as obtaining the density function of

the time of ruin for the classical risk model with a threshold dividend payment strategy. Our

expressions for the densities are computationally tractable as they are expressed in terms of special

functions that are readily available in most computational software packages. It seems that it is

unlikely to obtain the densities for these quantities under other distributions for claim sizes.

However, our results may be used to approximate these densities under other claim size

distributions by using the De Vylder’s approximations (De Vylder, 1978).
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