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Unsteady side loads observed in supersonic nozzles operating in over-expanded regimes
are most often associated with intrinsic unsteadiness of the shock system and separation
line, featuring random motions with mainly broadband low-frequency contributions. A
tonal flow behaviour, rather associated with energy peaks of fluctuating wall pressure in
the middle frequency range, is also found to emerge for particular operating conditions in
a truncated ideally contoured nozzle. The corresponding flow field is here investigated
to understand its origin and show how it modifies side-load properties. The temporal
and spatial organization of wall pressure and jet velocity field are first experimentally
characterized based on synchronized acquisition of both wall pressure along rings of
pressure probes located within the nozzle, and high-rate time-resolved particle image
velocimetry velocity fields measured in a plane section crossing the jet downstream of the
nozzle exit. The external jet aerodynamics and internal wall pressure field are first shown to
be clearly linked, but only at this frequency peak for which a significant coherence emerges
between first azimuthal mode of fluctuating wall pressure and first azimuthal mode of
fluctuating external velocity field. A delayed detached eddy simulation is carried out and
validated against experimental results in order to reproduce this tonal flow dynamics.
The analysis of simulation data shows that the tonal flow behaviour of first azimuthal
mode is indeed more globally felt within the whole flow structure where both upstream
and downstream propagating waves are shown to coexist, even far downstream of the
nozzle exit. The analysis shows that both waves possess support in the jet core and have a
non-negligible pressure signature in the separated region. The spectral proper orthogonal
decomposition of fluctuating pressure field at this tonal frequency reveals that the nature
and intensity of lateral pressure forces is directed by the resonance related to the upstream-
and downstream-propagating coherent structures, which imposes the shock waves network
to respond and modulate the pressure levels on the nozzle internal surface.
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1. Introduction

The efficiency of supersonic nozzles used in the space industry is based above all on the
maximization of the specific impulse. This leads us to consider nozzle geometries for the
main engine delivering an optimal thrust for relatively high altitude where pressure levels
are significantly lower than sea level conditions. Such a nozzle thus necessarily operates
in the over-expanded regime during the start-up of the engine at low altitude levels. In
this case, the adverse pressure gradient issued from the pressure mismatch at the nozzle
outlet causes a contraction of the jet column and leads to the formation of recompression
shocks and flow separation inside the nozzle. Non-axisymmetric fluctuating wall pressure
fluctuations are unavoidably generated in this situation. If such wall pressure fluctuations
yield sufficiently high amplitude levels while remaining sufficiently coherent along the
nozzle, intense side loads may be produced and compromise the integrity of the nozzle
structure. The prediction of side-loads properties thus represents a critical issue to address
in view of improving both performance and safety of space launchers. A comprehensive
physical understanding and detailed modelling framework for side loads is yet still clearly
lacking.

Side-loads features highly depend on nozzle pressure ratio (NPR), nozzle geometry and
external environment effects. These parameters first determine the general flow structure.
In particular, truncated ideal contour (TIC) nozzles only show the free shock separation
(FSS) regime, schematically represented in figure 1(a). In this case, the boundary layer
separates within the nozzle and a large open separation zone is formed through which
the external flow is sucked down into the nozzle along the wall before being swallowed
by the separated jet. The sudden deflection of the upstream flow within the nozzle is
associated with the formation of a separation shock, generally connected to a Mach disk
and a reflected shock. Downstream of this shock structure, the jet looks like an annular
supersonic layer surrounding a subsonic core flow (downstream of the Mach disk) and
surrounded by the counterflowing separation region. Thrust optimized contour (TOC) or
thrust optimized parabolic (TOP) nozzles feature a higher initial divergent angle, leading
to the formation of a so-called internal shock just downstream of the nozzle throat, which
makes the subsequent structure more complex upstream of the separation region. The
FSS regime is also observed for low NPR values in TOC or TOP nozzles. However, for
higher NPR values, these nozzles also exhibit a restricted shock separation (RSS) regime,
schematically represented in figure 1(b). In this last case, the supersonic annular region is
stuck to the wall again downstream of the first separation line and possibly features several
successive small closed recirculation regions. A so-called cap shock pattern is formed with
a far larger Mach disk while the reflected shock now interacts with the separation shock,
leading to a supersonic annular region developing closer to the wall.

As a function of the flow regime and nozzle geometry, various sources of unsteadiness
can predominate. A summary of the various mechanisms identified in the literature is
proposed (with red legends) in figure 1. Among these various possible sources, the
shock–boundary layer interaction (known as SWBLI) has led to many studies aimed at
identifying the (upstream or downstream) possible mechanisms behind the generation of
local unsteady motions of the recirculation bubble and associated shock system which are
formed locally in this case (see Clemens & Narayanaswamy (2014) for a recent review).
For sufficiently strong shocks, canonical shock–boundary layer interaction cases feature
the local formation of a closed separation region, extending over long distances of several
boundary layer thicknesses and breathing in a range of frequencies which are particularly
low with respect to the characteristic high-frequency range characterizing supersonic
boundary layers upstream of the separation. By analogy, the asymmetry of the separation
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Figure 1. Schematic of various physical phenomena and potential sources of unsteadiness in over-expanded
jets. (a) Free shock separation regime in a TIC; (b) RSS regime in a TOC nozzle.

line and separation shock observed in supersonic nozzles is often considered as possibly
resulting from such an intrinsic local source of unsteadiness. Most simplified models for
side loads, as proposed by Schmucker (1973b) or Dumnov (1996) are, indeed, based only
on the consideration of such local oscillations of the separation shock, driven by local
flow properties around the shock. Unsteady numerical simulations of such complex flow
fields have also clearly revealed the fundamental role of convective instabilities developing
in the jet shear layer (Deck & Guillen 2002), contributing to most parts of the higher
frequency contributions to wall pressure fluctuations. It is worth noting that the whole
shock structure and separation line gradually shift downstream for increasing NPR so
that the initial conditions driving the conditions of mixing layer development change.
As a function of NPR, various types of dominant shear instabilities could be expected.
Preliminary observations of such variable instabilities have been numerically observed in
the FSS regime in a TOC nozzle (Shams, Lehnasch & Comte 2011) yet without showing
strong evidence of significant change of the side-loads behaviour in this case. In addition to
these, probably the most common and dominant mechanisms, other phenomena have been
shown to play a non-negligible role in more particular situations. For example, following
Stark & Wagner (2009), the asymmetry of the separation/shock system might sometimes
be related to the non-homogeneity of the upstream laminar-to-turbulent boundary layer
transition at relatively low NPR (thus also corresponding to low Reynolds numbers).
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In the FSS regime, for increasing NPR, the global structure shifts downstream and
appears more radially extended. The greater proximity of the shear layer to the nozzle
wall observed for certain values of NPR indeed allows enhanced levels of seeding of
pressure perturbations coming from the shear layer into the recirculation region, and even
sometimes leads to random intermittent impingement of the separated shear layer on the
nozzle wall (Verma & Haidn 2014). For a separation point sufficiently close to the nozzle
exit, the shape of the recirculation region tends to change from a rather cylindrical shape
to a conical one. An asymmetric change can exacerbate the fluctuations of momentum
difference between the core flow downstream of the Mach disk and the surrounding
flow downstream of the separation shock, thus leading to enhanced flow unsteadiness
(Verma, Hadjadj & Haidn 2017). As a function of the exact geometry of the nozzle lip
and external environment configuration driving the coflowing conditions, the formation
of a small secondary recirculation zone can also be observed within the nozzle close to
the nozzle exit (Hadjadj, Perrot & Verma 2015). This may contribute to modulating the
forcing of external pressure fluctuations through the separation zone due to the proximity
of jet mixing layers to the wall (Georges-Picot, Hadjadj & Herpe 2014). In TOC nozzles
featuring the RSS regime, a far larger Mach disk is produced with more pronounced
curvature levels, leading to the generation of a large recirculating region in the subsonic
core of the jet downstream of this Mach disk. This large recirculation bubble presents
an intrinsic complex three-dimensional dynamics (Shams et al. 2013). For this regime,
the position of the restricted separation regions close to the wall move downstream as the
NPR increases, so that they can intermittently open to the ambient atmosphere at particular
NPR values. This so-called ‘end-effect regime’ is known to be associated with particularly
significant levels of unsteadiness and the generation of particularly intense lateral forces
(Nguyen et al. 2003; Deck 2009). The integral of the pressure forces resulting from the
contribution of all these potential sources of instability then generally presents a random
character, mostly dominated by low-frequency side-loads activity (Deck & Guillen 2002;
Shams et al. 2013).

The present study more particularly focuses on the unsteady mechanisms encountered
in the FSS regime in the presence of tonal flow behaviour. It aims at identifying the
hidden global flow structure responsible for this particular behaviour and inferring its
potential consequences in the generation of lateral aerodynamic forces. A TIC nozzle
is considered, with a full flowing design Mach number equal to Md = 3.5 and some
operating conditions corresponding to an equivalent perfectly expanded jet Mach number
Mj = 2.09. The non-dimensionalization retained for this study is based on the nominal
conditions. A given NPR is set from the prescription of an upstream total pressure Pj
and fixed external quiescent atmosphere in standard conditions. The NPR and the nozzle
geometry thus determine the equivalent perfectly expanded Mach number Mj, exit jet
velocity Uj and jet diameter Dj of this equivalent perfectly expanded jet at Mach Mj.
The particular evolution of spatio-temporal structure of internal wall pressure field in
the present TIC nozzle has been described in detail in Jaunet et al. (2017) for a large
range of NPR values. In addition to the expected broadband low-frequency contributions
due to shock/separation line movement and high-frequency contributions easily associated
with advection of coherent structures in the mixing layer, discrete energy peaks of high
amplitude have been identified in the intermediate frequency range. Through the use of
rings of Kulite sensors, allowing azimuthal decomposition of pressure fluctuations, it has
been shown that each peak corresponds to the activity of a particular azimuthal mode.
The peak of highest amplitude corresponds to the first non-symmetric azimuthal mode
m = 1 which is of most interest for its unique role in the possible generation of side loads
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(Dumnov 1996). In a relatively narrow range of operating conditions, whatever the probe
location considered in the streamwise direction, the amplitude of the energy peak has been
shown to emerge far more greatly in a particularly narrow range of operating conditions,
around Mj = 2.09, and at a Strouhal number St = fDj/Uj = 0.2, where f stands for the
frequency. This working condition is here retained accordingly for the present study to
focus on the tonal dynamical behaviour of TIC nozzle flow.

It should be recalled that the emergence of that kind of discrete acoustical tone in
nozzles has already been related in various studies to transonic resonance. It appears
to be more often observed in nozzles yielding relatively low area ratio, like in conical
nozzles with low divergent angle (Zaman et al. 2002). The emergence of a similar acoustic
tone has yet also been reported for a TOP nozzle featuring a far higher exit-to-throat
area ratio, at high NPR in the RSS regime (Donald et al. 2014), leading the authors to
speculate that a transonic resonance or a screech loop could be present. This mechanism
of transonic resonance indeed involves the formation of a standing pressure wave between
the nozzle exit and separation shock (Zaman et al. 2002) corresponding to a well-defined
feedback loop established through perturbations travelling downstream in the shear layer
from the interaction zone between the separation shock–boundary layer interaction zone
and upstream propagating waves travelling in the central subsonic zone downstream of
the shock (Olson & Lele 2013). A staging behaviour is likely to be observed, with a
switch from high-frequency odd-harmonic modes to the lower frequency fundamental
mode associated with the distance between the shock and the nozzle exit. An important
aspect is, however, that the mechanism appears to be essentially axisymmetric and only
the behaviour of the axisymmetric mode was experimentally found to be affected by the
transonic resonance. In addition, Lárusson, Andersson & Östlund (2017) have carried
out a dynamic mode decomposition (known as DMD) analysis, just based on snapshots
obtained from perturbed unsteady Reynolds-averaged Navier–Stokes computations in
axisymmetric formulation. These authors have shown that it can already enable the
identification of dominant modes and frequencies in fair agreement with the standing wave
experimentally observed (Loh & Zaman 2002). Such observations thus support the idea
that this mechanism probably might not be the main reason responsible for tonal behaviour
of the non-symmetric mode m = 1 and may not be expected to contribute directly to
side-loads generation. Following a previous analysis carried out on the present TIC nozzle
(Jaunet et al. 2017), it is indeed more clearly demonstrated that the peak frequency cannot
be simply explained by transonic resonance. Due to the shift of the whole shock structure
towards the nozzle exit when NPR is increased, the transonic resonance mechanism is
indeed naturally expected to produce resonances at higher frequencies when NPR is
increased. However, by tracking the peak frequency of internal wall pressure in a relatively
wide range of NPR where this peak could be observed (even with lower amplitude than
the amplitude observed at Mj = 2.09), the evolution of the frequency peak was shown
to follow an opposite trend. In addition, no staging behaviour could be observed in that
case. The trend of the frequency evolution with respect to the NPR was indeed rather
reminiscent of a screech behaviour (Tam, Seiner & Yu 1986) (with a decrease of this
frequency with Mj). Surprisingly, it has not been possible to identify any tonal component
in the radiated sound during the experiment, as should be the case in the presence of
screech. A possible pseudo-screech mechanism, more related to the internal subsonic core
of jet flow (with a possible masking effect by the surrounding supersonic shear layers)
has been suggested accordingly in Jaunet et al. (2017). As expected, internal wall pressure
fluctuations were also found to have mainly positive phase velocities, thus corresponding
to perturbations advected in the downstream direction. It was also checked that these
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internal fluctuations were largely uncorrelated with external velocity fluctuations for
most frequencies, due to the rapid development of turbulence. However, at the particular
tone frequency St = 0.2, the mode m = 1 exhibited a negative phase velocity of wall
pressure fluctuations while the amplitude of the transfer function between internal pressure
functions and external velocity fluctuations has been shown to be significantly increasing.
This study thus suggests for the first time a possible synchronization of upstream- and
downstream-propagating waves. This idea has partially been supported by some recent
numerical delayed detached eddy simulation (DDES) observations of the flow in another
TIC nozzle featuring a similar tonal behaviour, at intermediate frequency peak, associated
with non-symmetric pressure mode, by Martelli et al. (2020). In this study, the authors
propose a possible loop scenario, in which the intermittent passage of turbulent structures
of the detached shear layer interact with the triple point, causing a significant distortion
of the Mach disk and the formation of intense vortex shedding in the central subsonic
core of the jet. The interaction of these vortical structures advected downstream with the
secondary shock structure would lead to the emission of acoustic waves travelling back
upstream through the outer subsonic region up to the separation line to trigger new shear
layer instabilities.

The present paper aims at reviewing some recent studies carried out to further
investigate this jet configuration and the resonance mechanism observed in the present
TIC nozzle at Mj = 2.09 for St = 0.2. An experimental set-up has been designed in order
to assess more directly the effective correlation between internal and external azimuthal
modes of fluctuating fields. The whole set of experimental data has allowed a fine tuning of
a DDES then used to reproduce the phenomenon, and educe the coherent content related
to the resonance loop.

The paper first describes the experimental set-up and the main ingredients of the
simulation tools in § 2. The main features of the average flow and spatio-temporal
organization of fluctuations are summarized in § 3. The coherent structure eduction
through the spectral proper orthogonal decomposition (SPOD) method and the link
between this coherent structure and the generation of lateral forces are then presented
in §§ 5 and 6 before summarizing the main conclusions of the study in § 7.

2. Investigation tools

2.1. Experimental set-up
The experimental campaign is conducted in the S150 supersonic wind tunnel at Institut
Pprime. A rigid subscale TIC nozzle is considered with a divergent length L = 0.1827 m,
a throat diameter Dt = 0.038 m and an outlet diameter D = 0.097 m, which leads to a
full-flowing flow condition with a Mach number M = 3.5. Its geometry has been designed
by combining the standard method of characteristics (known as MOC) in axisymmetric
formulation and a correction to account for the boundary layer development estimated by
an integral approach. The nozzle is supplied with cold (total temperature around 260 K)
and desiccated high-pressure air flow with low turbulence level to reach a condition of
NPR corresponding to a fully expanded Mach number Mj = 2.09. In the following, the
fully expanded jet velocity Uj and jet diameter Dj corresponding to this value of Mj are
used to define a non-dimensional time t∗ = tUj/Dj and a Strouhal number St = fDj/Uj
based on time t or frequency f , respectively. For the regime considered at Mj = 2.09, the
Reynolds number of the jet is around Ret = 6.1 × 106 based on throat conditions, and
Rej = 6.7 × 106 based on fully expanded conditions.

919 A32-6

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

35
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.351


Jet resonance in truncated ideally contoured nozzles

x/D = 3.63

x/D = 1.25

x/D = 1.6 x/D = 0.9

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4

y

x
z

M

Figure 2. Positions of rings of wall pressure Kulite sensors and PIV plane.

Synchronized time-resolved stereo particle image velocimetry (PIV) and wall pressure
measurements are carried out. Wall pressure fluctuations are acquired using sensors placed
inside the nozzle, whereas velocity samples are obtained in an external plane orthogonal to
the streamwise direction. The measurement locations are illustrated in figure 2. The nozzle
is equipped with 18 flush-mounted Kulite XCQ-062 pressure transducers, distributed along
three rings of six transducers placed equidistantly along the circumference. The first ring
is located at x/D = 0.90 where x is the axial distance from the nozzle throat. It is thus
located close to the separation shock occurring here at the middle of the nozzle in this
case (whose length is approximately 1.8D). The two other rings are in the recirculation
zone at x/D = 1.25 and x/D = 1.60. The pressure is measured during 105t∗ with a sample
rate corresponding to St = 20. Note that a low-pass filtering has also been applied on wall
pressure signals to fit the lower resolution limit of the PIV system before computing the
correlation between the pressure and velocity signals.

Stereo-PIV measurements are carried out with a diode pumped 527 nm 30 mJ
Continuum MESA-PIV laser and high repetition rate Photron cameras, synchronized with
the wall pressure acquisition system. The flow was seeded using SiO2 particles whose
mean diameter has been estimated to 0.3 μm and their relaxation time to 0.019 ms
(Lammari 1996). This is sufficient for the time scales of interest in this paper. The flow
was seeded internally, via a seeding cane placed inside the resting chamber, and externally,
with a seeding cane aligned with the jet axis. Note that it was checked that the flow was not
affected by the seeding system by comparing wall pressure measurements with and without
the seeding canes. The velocity data analysed for this study are extracted in a plane normal
to the jet axis and located at x/D = 3.63 with a field of view of approximately two nozzle
diameters. This particular position of the measurement plane is chosen a priori in order to
favour the detection of any possible link between internal and external fluctuations which
is likely to be rapidly masked by the development of turbulence in mixing layers. In the
present case, it nearly coincides with the end of the pseudo-potential core of the supersonic
jet and corresponds to the position where the maximal amplitude of the transfer function
between internal and external fluctuating fields has previously been detected (Jaunet et al.
2017). The initial post-processing of PIV images (of size equal to 1024 × 1024 pixels)
was done with decreasing window size from 128 × 128 to 32 × 32 pixels. A total of
three passes with a 50 % window overlap was used. The first pass was performed using
square windows and an adaptive PIV algorithm (Scarano 2001) was used thereafter.
Vectors were validated using a universal outlier detection (Westerweel & Scarano 2005)
together with the standard correlation peak-ratio criterion. Only the validated vectors
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were used in the following processing stages while the other wrong vectors were flagged.
A few images unavoidably contained some spurious vectors, due to the difficulties of
ensuring a perfectly homogeneous seeding during the whole time sequence of data
acquisition. In the present case, the erroneous vectors yet remained small enough in
number and sufficiently dispersed in the images to consider an a posteriori spatial data
reconstruction. A spatial interpolation (third-order Lagrange polynomials) has thus been
used to rebuild the local lacking information. Around 21 000 successive PIV images
have been retained for the present case at Mj = 2.09, corresponding to a period of
2.1 × 104t∗ with a sampling rate of St = 1. After the application of the PIV correlation
algorithms, Lagrange interpolation has also been applied to interpolate the velocity data
on a cylindrical grid suitable for the extraction of azimuthal Fourier modes of velocity
fluctuations. Note that it has been verified a priori, based on other sets of perfectly reliable
reference velocity data, that this whole numerical treatment only marginally biases the
spectral content of the azimuthal modes of interest in the spectral range considered in the
study.

2.2. Numerical set-up
The over-expanded jet in the present TIC geometry is numerically reproduced by carrying
out a DDES with the in-house code PHOENIX developed at Institut Pprime. Simulation
of unsteady flow features of such supersonic nozzle flows is particularly challenging.
A sufficiently high resolution is required both near walls to capture attached boundary
layers, and farther downstream when unsteady turbulent structures develop. This leads
to very restrictive time steps while a long simulation time is required to capture the
expected low-frequency features of integrated wall pressure forces. While this kind of
nozzle flow configuration has been widely studied with Reynolds-averaged Navier–Stokes
(RANS) simulations, it is worth recalling that, until very recently, only very few unsteady
simulations with hybrid approaches, similar to the one adopted in the present study, have
been attempted. Such unsteady simulations have been carried out in the case of planar
nozzle configuration (Martelli et al. 2019) or truncated ideally contoured nozzles (Deck
2009; Shams et al. 2013). The first hybrid simulations of TIC nozzle flow have more
recently been reported in Goncalves, Lehnasch & Herpe (2017) and then in Martelli et al.
(2020).

The main numerical ingredients used for the present study are summarized as follows.
The whole internal TIC geometry considered for the experiment (including the end of
the convergent part of the nozzle) is meshed with a five-blocks butterfly mesh topology
for the internal part of the flow field, surrounded by an additional ring of four blocks
added to improve the control of the distribution of mesh points near the wall. The
resulting mesh topology is illustrated in figure 3. This meshing strategy a priori allows
a better control of mesh sizes distribution compared with the case where two-dimensional
meshes are simply extruded in the azimuthal direction. In this last case, the exaggerated
disparity in mesh sizes in the azimuthal direction between the axis and the nozzle wall
may lead to artificial numerical oscillations or artefacts, in particular close to the axis.
The last slice of the mesh at the nozzle exit is extruded in the streamwise direction
over a distance of 28D in the external domain by applying a rapid stretching. This
central mesh region downstream of the nozzle exit is surrounded by an additional four
blocks annular mesh layer extending up to 5D in the radial direction. Non-reflective open
boundary conditions are applied at these far-field boundaries, according to the classical
characteristic theory. Local one-dimensional analysis of characteristic wave propagation
is used in the present case to impose the level of pressure in the far-field corresponding
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Figure 3. Sketch of the computational multiblock topology in cross-plane (a), streamwise plane zoom in
nozzle region (b) and perspective view of nozzle mesh in the convergent region (c).

to a quiescent atmosphere through Riemann invariants corresponding to waves incoming
into the domain in the subsonic region (far-field radial boundary and subsonic outlet
for the zone surrounding the supersonic jet region). The mesh coarsening along with
the use of a sufficiently long domain in the streamwise direction naturally allows us to
build a buffer layer surrounding the near-field jet. The high levels of numerical diffusion
naturally introduced in this way lead to a quasi-steady and fully supersonic state at the
outlet boundary in the jet region, removing any ambiguous treatment of mixed unsteady
subsonic/supersonic regions. The characteristic method thus leads to full extrapolation
conditions in the core region at the outlet within this supersonic region. Far-field pressure
monitoring has been carried out during the simulation in order to verify the absence of any
pressure drift and thus the correct imposition of the expected total nozzle pressure ratio.
Note that a wall condition is also applied around the nozzle at the level of the jet exit plane.
Despite that it cannot allow an accurate representation of the slight coflow unavoidably
met during the experiment where this plane is not present, this choice is retained in
order to limit the cost of the simulation while maintaining a reasonable representation
of external flow conditions. Note also that only the end of the convergent nozzle profile is
included in the simulation. This profile of the convergent nozzle is precisely designed in
the experiments to limit the flow distortion at the throat. In order to limit the computational
cost of the simulation, it is thus assumed that the exact evolution of the flow upstream of
this inlet of the computational domain only has a negligible influence and can be discarded.
Constant levels of reference variables (taken into account through the application of
non-reflective conditions also at this inlet boundary) are thus just determined according to
reference levels of stagnation pressure and stagnation temperature and a one-dimensional
approximation of their expected evolution between the inlet and the throat according to
the ratio of inlet section on throat section area. The global mesh includes 795 points in
the streamwise direction, 159 points in the radial direction and 400 points in the azimuthal
direction, leading to a total of around 49 million cells. In order to tackle the constraints
met for a too much refined grid near the wall, wall functions are applied according to the
formulation described in Goncalves & Houdeville (2001). The mesh resolution has been
found to be satisfactory from a posteriori analysis of numerical results. In particular, the y+
values in the cells adjacent to the walls vary between 10 and 15 in regions where boundary
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layers are still attached. It has also been checked that the mesh resolution globally satisfies
large eddy simulation (LES) requirements in the separated jet region. The ratio of subgrid
viscosity over molecular viscosity reaches values less than 10 to 20 in the whole central
part of the jet (yet still largely unaffected by the spatially developing shear turbulence)
and typically lies in the range [80 : 100] within the supersonic shear layers at least up to
the region surrounding the secondary Mach disk downstream of the nozzle exit. Beyond
x/D = 3, the consideration of a rapid mesh coarsening rapidly leads to higher values,
which limits the relevance of the smallest scales observed in the downstream in the LES
mode.

The present DDES approach is based on the Spalart–Allmaras model and is classically
built by allowing the length scale in the model to be proportional to a representative
scale related to the grid size far from the wall, while remaining given by the RANS
model for small distances from the wall (Spalart et al. 2006). Such models based on
Spalart–Allmaras models are often adopted in studies of similar nozzle flow configurations
and, if correctly tuned, they have already proved to lead to satisfactory results for nozzle
flows (Deck 2009; Goncalves et al. 2017; Martelli et al. 2019). Following the present DDES
approach, as detailed in the following, the shift from RANS to LES mode, far from the
wall, is thus entirely controlled through the defined mesh refinement used, thus possibly
requiring preliminary adjustments in order to obtain the expected flow behaviour. It is
worth noting that the dynamics of the separation line in such a nozzle configuration is,
however, driven by very strong adverse pressure effects. This probably significantly limits
any possible drawback related to lack of direct control of the computation of the beginning
of the separated region in the unsteady RANS or LES mode. A zonal detached eddy
simulation (known as ZDES) might allow a better control, but without necessarily leading
to significantly improved results (as long as the small-scale structures developing within
the separation region do not participate that much to the whole global flow dynamics).
Such a zonal detached eddy simulation could, however, be considered here only at a
significantly higher computational cost related to the non-negligible extra-refinement
necessary over the whole varying position of the separation line. The equation for the
pseudo-viscosity ν̃ of the present DDES model reads

∂ρν̃

∂t
+ ∂

∂xl

[
ρ ul ν̃ − 1

σ
(μ + ρν̃)

∂ν̃

∂xl

]
= cb1S̃ ρ ν̃ + cb2

σ

∂ρν̃

∂xl

∂ν̃

∂xl
− cω1fω ρ

ν̃2

d̃2
, (2.1)

where S̃ is a modified vorticity magnitude, fω is a near-wall damping function and σ , cb1,
cb2, cω1 are the model constants. The eddy viscosity is defined as νt = fv1ν̃ where fv1 is
a correction function designed to guarantee the correct boundary layer behaviour in the
near-wall region. The new distance to the wall d̃ used in the model is defined as

d̃ = d − fd max(0, d − CDESΔ). (2.2)

The introduction of the function fd ensures that the RANS mode is enforced in the
near-wall region. This delay of the transition between the RANS and LES modes aims
at preventing the phenomenon of model stress depletion and possible grid-induced
separation, due to excessive reduction of the eddy viscosity in the region of switch (grey
area) between RANS and LES modes. It is defined as

fd = 1 − tanh
(

[8rd]3
)

with rd = ν̃

κ2d2
√

Ui,jUi,j
, (2.3)

where Ui,j is the velocity gradient, κ the von Kármán constant and d the effective distance
to the wall. The constant CDES has been set to its reference value 0.65.
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Dual time stepping subiterations 100
CFL number 0.5
Implicit Jacobi iterations 14
Second- and fourth-order dissipation parameters 0.6; 0.012

Table 1. Numerical parameters used in the DDES simulation.

A key ingredient of the present methodology is the use of a hybrid characteristic subgrid
length scale Δ,

Δ = 1
2

[(
1 − fd − fd0

| fd − fd0 |
)

Δmax +
(

1 + fd − fd0

| fd − fd0 |
)

Δvort

]
. (2.4)

This scale depends on the flow itself through the function fd, and is based on a blend of
the usual characteristic length Δmax = max(Δx, Δy, Δz) enforced in boundary layers and
another vorticity-based scale Δvort which depends on the local flow properties. This last
scale is defined according to

Δvort =
√∑

i | ω · Si |
2 | ω | , (2.5)

where ω is the vorticity vector and Si the oriented surface i of a given cell. It takes
into account the direction of the vorticity vector in order to reduce the issue of delayed
development of convective instabilities in mixing layers, in particular due to strongly
anisotropic cells (Chauvet, Deck & Jacquin 2007; Deck 2012). The weighting parameter
fd0 requires a specific calibration as a function of the flow considered. For the present
study, a value of 0.94 has been found to lead to satisfactory results.

The hybrid RANS/LES equations are integrated with a finite-volume discretization.
The convective flux of main conservative variables at cell interfaces is computed with
the Jameson–Schmidt–Turkel scheme (Jameson, Schmidt & Turkel 1981) for which the
dispersive error is cancelled. It is based on the addition of artificial viscosity through both a
second-order dissipation term D2 and a fourth-order dissipation term D4, whose values are
given in table 1. The dissipation scaling factor is replaced with an anisotropic formulation
(Swanson, Radespiel & Turkel 1998), which produces a significant improvement in
accuracy for high-aspect-ratio meshes. The two corresponding parameters have been
tuned during the simulation to ensure both enhanced stability during the initial numerical
transient and then to reduce the numerical dissipation and obtain the best possible
robustness/accuracy compromise during the phase of data acquisition for physical analysis.

The classical upwind Roe scheme (Roe 1981) is also used for improving robustness
of the evaluation of convective flux components for the turbulence transport equations.
The second-order accuracy is obtained by introducing a flux-limited dissipation (Tatsumi,
Martinelli & Jameson 1995). The viscous terms are discretized with a second-order
space-centred scheme. Moreover, weighted schemes are implemented to take into
consideration the mesh deformation. The centred numerical fluxes and the gradient
computations are corrected by using a weighted discretization operator, as described in
Goncalves & Houdeville (2004).

A dual time stepping implicit method (Jameson 1991) is combined with an explicit
third-order Runge–Kutta method for time integration. The former method has been
introduced to tackle the lack of numerical efficiency of approaches based on global
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time stepping. The derivative with respect to the physical time is discretized by a
second-order scheme. Between each time step, the solution is advanced with a dual
fictitious time and acceleration strategies developed for steady problems can be used to
speed up the convergence in fictitious time. A matrix-free implicit method is considered for
each subiteration. It consists of solving a system of equations arising from the linearization
of a fully implicit scheme, at each time step. The key feature of this method is that the
storage of the Jacobian matrix is completely eliminated, which leads to a low-storage
algorithm. The implicit time-integration procedure leads to a system which is solved
iteratively using the point Jacobi algorithm. The numerical parameters used are given in
table 1.

The flow within the nozzle is initialized with quiescent conditions. In order to limit
the intensity of waves initially produced at the beginning of the numerical transient, the
upstream conditions of pressure first correspond to a lower NPR. The inlet reference
stagnation pressure is then only progressively increased to reach the desired condition
of NPR. The flow instabilities (in particular convective instabilities developing in mixing
layers) set up naturally during the numerical transient and are maintained without need
to seed artificial upstream noisy perturbations. Preliminary tests considering the addition
of white noise upstream perturbations were also carried out in view of assessing their
possible role in the generation and modulation of shear instabilities developing in both
internal and external mixing layers. It turned out that such perturbations with too low
amplitude did not significantly change the results obtained, only leading to slightly less
delayed development of shear instabilities, without changing the tonal flow behaviour. For
the present flow conditions, these tests confirmed that these shear instabilities could be
more naturally obtained based on forcing by downstream pressure waves and that their
exact state of development was not of prior importance to observe the tonal dynamics.
In addition, it is worth noting that for higher amplitude levels of upstream perturbations,
spurious acoustic waves are difficult to avoid, which would possibly bias the intrinsic
dynamics of the shock system and jet. In order to avoid any bias of the jet flow dynamics
and reduce the computational cost, it has been preferred to switch off the upstream forcing
terms. It should be kept in mind that this choice reasonably appears relevant only for
the present case and that including such upstream perturbations could yet become far
more important for other nozzle geometries and/or flow conditions. During the phase
of data acquisition for the analysis, the time step is reduced to sufficiently small values
of Δt = 0.0238t∗ to allow a relevant spectral analysis of numerical data. Around 2900
snapshots of the flow field have been generated, covering a physical time duration of
676t∗, and already requiring around 380 000 CPU hours at the Très Grand Centre de Calcul
(known as TGCC) (Curie) computational centre. This time duration is enough to obtain
good convergence levels for first- and second-order statistics to within a few per cent in
the whole flow field in the physical domain. As expected, longer time of computations (at
a non-affordable cost) would still be necessary for spectral analysis, in particular to reach
more converged evaluations of coherence levels between internal and external fluctuating
fields. It is shown in the following that the present database is, however, sufficient to extract
the most relevant information at the tonal frequency of most interest.

3. Statistical description of global flow organization and validation

An instantaneous pseudo-schlieren visualization is first presented in figure 4. It shows
that the essential expected features of the flow are well reproduced. The open separation
here arises from around the middle of the nozzle divergent. The average position of the
separation line experimentally observed from pressure data (and confirmed with oil films)
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Figure 4. Instantaneous pseudo-schlieren visualization of the TIC nozzle jet at Mj = 2.09.
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Figure 5. Average streamwise velocity field: reference x–y PIV data (surrounded by black rectangular box)
versus overall numerical prediction. Position of the y–z cross-PIV plane (vertical black and white dashed line).

at x/D = 0.93 nearly coincide with the one numerically evaluated at x/D = 0.95 through
wall pressure gradients. The separation produces the so-called separation shock and large
Mach disk due to irregular shock reflection at the axis. This structure is followed in
the downstream by a supersonic annular mixing layer surrounding a subsonic core and
surrounded by the reverse recirculation region close to the wall. The flow reacceleration
in the supersonic jet then leads to the formation of a secondary Mach disk here located
slightly downstream of the nozzle exit. The mean location and extent of both mixing
layers and shock structures downstream of the nozzle exit are in good agreement with
experimental data available, as shown in particular with the average streamwise velocity
field obtained in figure 5 with a comparison with some reference PIV data from a previous
study (Jaunet et al. 2017).

It is worth recalling that in the present simulation, instabilities naturally develop within
the annular mixing layers due to the forcing by the arising global jet oscillations. They first
emerge during the numerical transient and are maintained when the flow is established.
Numerical flow visualizations reveal that the shock motion is dominated by back-and-forth
motion (mode m = 0) with irregular precession (mode m = 1) alternately in the clockwise
or anticlockwise direction. Phases of more intense tilting and/or distortion of the shock
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Figure 6. Mean (black) and r.m.s. (blue) wall pressure distributions along the nozzle wall.

structure are occasionally associated with more significant amplitude of oscillation of the
jet column, producing larger and more intense coherent structures travelling in the shear
layer. However, the shock oscillations observed never produce a sufficiently important
change of the Mach disk curvature to generate large vortices close to the axis downstream
of the Mach disk, as it could have been reported in Martelli et al. (2020).

The shear layer instabilities seem to be first slightly delayed, as could be expected, as it
could yet be classically observed in the absence of any specific upstream forcing treatment.
Downstream of the secondary Mach disk, they admittedly also suffer from an excess of
numerical diffusion due to the rapid mesh stretching in the downstream region, chosen to
limit the computational cost. By comparison with experimental observations in figure 5,
the compression/expansion regions within the annular mixing layer yet appear only slightly
shifted downstream of their position as experimentally observed. The maximal differences
between numerical predictions and experimental measurements of average streamwise
velocity typically also remain limited to less than 10 % within the mixing layer region
at the location of the cross-PIV plane used in the following to examine further the link
between internal and external fluctuations.

A particularly good agreement is observed between numerical results and available
experimental wall pressure data within the nozzle. These streamwise distributions of
average and root mean square (r.m.s.) wall pressure fields are presented in figure 6. They
indicate that the present simulation satisfactorily captures the shock position and the jump
of both average pressure level and intensity of pressure fluctuations in this critical region.

As detailed in § 4.1, the fluctuating variables can be decomposed into azimuthal Fourier
modes (see (4.1)). The power spectral densities (PSD) for the antisymmetric azimuthal
Fourier mode m = 1 of wall pressure fluctuations is presented in figure 7 for the position
x/D = 1.25 to compare with similar data available from the ring located at this position
during the experiment. The energy distribution of wall pressure fluctuations in the
separation region is classically characterized by a large bump at low Strouhal number,
mainly associated with the upstream motion of the shock/separation line system, and
contributions at high Strouhal number, associated with coherent structures advected within
the jet mixing layer. Even if the signature of the upstream shock/separation line is mainly
visible on the first axisymmetric mode m = 0, it has a non-negligible contribution to other
modes, including this non-axisymmetric mode m = 1. It is worth noting that the present
evaluation of low-frequency content is expected to be less converged with simulation data
(acquired during a more limited time duration) while a slight shift of upstream conditions
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Figure 7. Comparison of the experimental and numerical PSD of second azimuthal pressure modes m = 1
taken at x/D = 1.25.

during the experiment is naturally likely to exaggerate the very low-frequency content
experimentally evaluated. The under-estimation of high-frequency content of fluctuations
during the simulation is also consistent with the observation of the delayed development
of turbulence within the mixing layers and the lower resolution of the amplitude of
pressure fluctuations radiated from these smallest scales of the flow. However, the most
dynamically active scales associated with flow oscillations in the intermediate frequency
range appear to be particularly well reproduced. The very particular feature here observed
is the presence of the tonal peak of the azimuthal mode m = 1 at St � 0.2. A value of
St = 0.216 is predicted with the present simulation strategy, in rather good agreement with
the experimental value of St = 0.198. This indicates that the main global flow behaviour
responsible for the tonal behaviour of most interest for the present study is well captured
with the present simulation and that its relative importance for generation of lateral forces
can be estimated.

As a conclusion, even if the present numerical strategy admittedly leads to a limited
representation of the simulated external flow entrainment and far-field jet dynamics, the
large scales dynamical features of the jet appear to be satisfactorily reproduced in the
whole separated region and close to the nozzle exit, allowing us to conduct a finer analysis
of the flow dynamics with confidence.

4. Analysis of unsteadiness

4.1. Global spatial and temporal organization of fluctuating field
In the following, we focus on the physical variables of most interest, including the pressure
p, density ρ and velocity components in the streamwise ux, radial ur and azimuthal uθ

directions. The fluctuating field is obtained by subtracting the time-averaged field to each
instantaneous field. The spatial organization of this fluctuating field is then characterized
by decomposing the vector composed of a subset of any fluctuating physical variable q =
( p′, u′

x, u′
r, u′

θ , ρ
′)T into azimuthal Fourier modes as follows:

qm(x, r, t) = 1
2π

∫ 2π

0
q(x, r, θ, t) e−imθ dθ, (4.1)

where m is the azimuthal mode number. The features of the fluctuating wall pressure
field are first examined. For each ring of wall pressure sensors, the pressure field is
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Figure 8. The PSD of three first azimuthal wall pressure modes at x/D = 1.25 (experimental data).

thus decomposed into azimuthal Fourier modes according to (4.1). The PSD of the
three first modes evaluated at x/D = 1.25 are plotted for example in figure 8. The large
low-frequency bump is visible on each distribution. This bump is all the more dominant as
we consider a streamwise location close to the separation line and can be associated with
the separation shock motion (Jaunet et al. 2017). The large dominance of energy for m = 0
close to the separation line suggests that this shock motion mainly remains axisymmetric.
Some significant fluctuating energy is also contained in the high-frequency (St > 0.8)
range and increases as we move in the downstream direction. It is attributed to the passage
of smaller coherent structures advected along the separated region and jet mixing layer.
Their contribution appear rather uniformly distributed in each azimuthal mode. The most
salient feature is the presence of a peak of the antisymmetric mode m = 1 at St � 0.2 in
the middle frequency range. It should be recalled that this peak exists for a narrow range
of operating conditions but is more particularly dominant for Mj = 2.09. Other peaks at
other frequencies can be detected in the other azimuthal modes but remain of significantly
lower amplitude.

The present analysis is extended to the internal flow region based on numerical data. The
PSD of the fluctuating pressure mode m = 1 is for example shown in figure 9 for the plane
x/D = 1.43 (corresponding to the middle of the open separated region). As expected,
some high levels of energy in a wide frequency range are observed between the radial
positions r/D = 0.2 and 0.25. This zone corresponds to the mixing layer region spatially
developing between the near axis subsonic jet core (downstream of the first internal Mach
disk) and the external recirculation region. Whatever the radial position, a peak of energy
also clearly emerges at St � 0.2. This result thus indicates that the particular wall pressure
field organization previously observed is not confined to the near-wall region. It rather
appears as the signature of a more global flow organization of the pressure field prevailing
through the whole separated flow region within the nozzle. The maximal energy levels are
located within the mixing layer, more particularly close to the internal part of the mixing
layer (at r/D � 0.215) for this streamwise location. This highlights the probable prominent
role of intrinsic non-axisymmetric instabilities spatially developing within the jet mixing
layer inside the nozzle.

The organization of the velocity field downstream of the nozzle exit and its link with
the internal wall pressure field are now examined. The structure of velocity field at the
position of the PIV plane (i.e. x/D = 3.63) is first briefly described. The overall flow
visualization given by figure 5 indicates that a second Mach disk forms just downstream
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Figure 9. The PSD map of the azimuthal pressure mode m = 1 in the plane at x/D = 1.43 as a function of
the radius (numerical data).

of the nozzle exit and is followed by subsequent expansion/compression zones. The PIV
plane is located close to the end of the pseudo-potential core slightly before the internal
part of the mixing layer reaches the jet axis. In this region, a deficit of velocity could be still
observed near the jet centre in the radial profile of mean streamwise velocity. The mixing
region roughly extends from r/D = 0.2 to 0.6. The flow at this location is composed of two
distinct mixing regions: (i) an internal mixing layer issued from the triple point connected
to the separation shock and first Mach disk within the nozzle and (ii) an external mixing
layer between the surrounding supersonic coflow and the recirculation zone. Higher values
of r.m.s. velocity are naturally observed in this region with a peak value found near
r/D = 0.33, which corresponds to the merging zone between these internal and external
mixing layers. As expected for such a position located quite far downstream, the results
show that the fluctuating energy within the whole mixing region is distributed into a large
number of azimuthal modes and within a large frequency range. However, as shown in
figure 10, a small peak still clearly emerges at St � 0.2 in the PSD of first azimuthal mode
of velocity. It is more particularly visible near r/D = 0.33 where the merging between
the internal and external mixing layers is observed and where the maximal r.m.s. values
are detected. The amplitude of this energy peak of first mode of velocity field is here far
lower than the one of first azimuthal pressure mode of the internal wall pressure signals. It
remains, however, sufficiently significant to suggest that the turbulent structures spatially
developing within the jet mixing layers also exhibit the same signature of a common global
oscillation mechanism.

Synchronized and time-resolved data of wall pressure and external velocity have been
obtained during a time period long enough to allow an extended correlation analysis based
on experimental measurements. A low-pass filtering of wall pressure data is first applied
in order to obtain pressure and velocity signals with similar sample rate. The coherence
between the first azimuthal modes of internal pressure at a ring of wall pressure sensors
and first azimuthal mode of streamwise velocity is computed. The coherence map obtained
remains rather similar whatever the pressure ring position considered. The map obtained
for the ring of sensors at x/D = 0.9 and the PIV plane at x/D = 3.63 is for example
presented in figure 11. As expected, the signals are uncorrelated at nearly all frequencies
due to the important distance between the internal sensors and the external velocity plane.
However, a significant coherence level emerges at St � 0.2 and more particularly close
to r/D = 0.33 in the external velocity plane and to a lesser extent close to r/D = 0.51.
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Figure 10. The PSD map of the antisymmetric azimuthal mode of velocity fluctuations (from experimental
PIV data), normalized by the fully expanded jet velocity, as function of radius and Strouhal number at x/D =
3.63. Amplitudes are plotted using a logarithmic scale.
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Figure 11. Coherence map between azimuthal modes m = 1 of wall pressure signals at x/D = 0.9 and jet
velocity at x/D = 3.62 (experimental data).

As previously mentioned, this first position corresponds to the zone where the internal and
external mixing layers start merging. The second outer position is close to the boundary of
the external mixing layer. In spite of high-amplitude and stochastic turbulent fluctuations
found within the jet at such a quite far downstream position, the existence of such a peak
of coherence reveals that first modes of internal pressure fluctuations and external velocity
fluctuations remain significantly correlated but only in a narrow middle frequency range.
The non-axisymmetric modes of internal pressure field and the external jet velocity field
thus share the common signature of an organized coherent motion in this particular narrow
frequency range.

5. Identification of global coherent jet flow structure

5.1. Coherent structures eduction
In order to explore the coherent structures of the flow, we propose to decompose the
flow in orthogonal modes using SPOD. Details of SPOD have been recently discussed
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in Towne, Schmidt & Colonius (2018) and we provide in the following a brief reminder of
the processing to introduce the notation.

In order to compute the SPOD modes Ψ , we first form the cross-spectral density (CSD)
matrix Pqq, at the frequency ω, of vector q whose components correspond to a chosen
subset of fluctuating parts of physical variables of interest. The dominant SPOD modes
identified can sometimes differ as a function of the components chosen to build q. In the
present case, it has been checked that considering one single component vector based
on the fluctuating pressure or a vector composed of both the pressure fluctuation and
fluctuation of the streamwise velocity component leads to similar results. The results
shown in the following are obtained based on the two components vector q = ( p′, u′

x)
T.

Pqq is computed using Welch’s periodogram method,

Pqq = E
{

q̂q̂H
}

, (5.1)

where E denotes the expectation operator, q̂ is amplitude of the time domain Fourier
transform of q at the frequency ω,

q̂ =
∑

t

q(t) e−iωt (5.2)

and q̂H is its transpose conjugate. Note that for reasons of clarity, we have dropped the
time and space dependence of q = q(x, t) whenever possible.

Finally, the SPOD modes are obtained by computing the eigenvectors of the CSD
matrix,

PqqΨ = ΨΛ, (5.3)

where Λ = diag(λ(i)) is the diagonal matrix of the SPOD eigenvalues sorted in ascending
order. Since Pqq is Hermitian by construction, all eigenvalues are positive. Here Ψ is the
matrix whose columns are the individual SPOD modes Ψ (i) as follows:

Ψ =
[
Ψ (1),Ψ (2), . . . ,Ψ (N)

]
, (5.4)

where N is the rank of Pqq.
A low-order reconstruction of the CSD matrix P̃qq can be formed using a subset of Ntr

SPOD modes and eigenvalues,

P̃qq =
Ntr∑
i=1

Ψ (i)λ(i)Ψ (i)H. (5.5)

In the following, we focus on the first non-axisymmetric azimuthal mode of the flow
fluctuations qm(x, r, t) with m = 1, since this is the one supporting most of the dynamics
at the frequency of the tonal dynamics. The flow variables are therefore first decomposed
into azimuthal Fourier modes, as given by (4.1), prior to computing the SPOD modes, and
we retain only the m = 1 mode q1(x, r, t). Note that, for sake of conciseness, we dropped
the (·)1 subscript for the remainder of the paper.

Since they are based on a two-points statistics of the flow, the computation of SPOD
modes requires a large amount of data. In order to control the convergence rate of the
decomposition and ensure that the analysis presented in the following sections is relevant,
we separate the data in two halves and SPOD modes are computed on each subset.
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Figure 12. Absolute value of the scalar product β between the first SPOD modes computed with the first half
of the data and the ones computed with the second half of the data.

Then, we compute the scalar-product β between the SPOD modes obtained with each
of these subsets:

β = (ψ
(i)
1 ,ψ

(i)
2 ), (5.6)

where (·, ·) is the scalar product, ψ (i)
1 and ψ (i)

2 refer to the SPOD modes obtained with the
first and the second half of the data, respectively.

For a pair of SPOD modes at one given frequency, a scalar product differing from
unity reveals the non-similarity between each corresponding mode of each database. The
analysis of the spatial support of the mode is likely to be biased in such a case. In the
present study, it is indeed found that the original set of snapshots is not large enough to
ensure a convergence of the second- and higher-order SPOD modes. Increasing the size of
the database with longer simulation times (which was not possible due to computational
limits) would be required to improve the convergence rate. The convergence of first SPOD
mode, however, seems to be sufficient at the tonal frequency. The scalar product between
this first SPOD modes extracted from each half of the database is plotted against frequency
for the available frequency range in figure 12. As can be seen, the average scalar product
is around β = 0.6, indicating that even the convergence of the first SPOD mode is not
reached for many frequencies. On the contrary, a value very close to unity is measured at
the tonal frequency of interest of St � 0.2. Hence, the SPOD mode at this frequency can
be reliably examined. The relative difference of energy content of the other higher modes
with respect to the energy of first mode can still be reliably interpreted but their too weak
convergence rate a priori inhibits a clear interpretation of their spatial shape which would
be likely to evolve by considering more snapshots for the analysis. Only the first mode
at the tonal frequency will thus be considered in detail in the following analysis, and the
spatial shape of higher modes will not be discussed.

5.2. Dominant SPOD mode
We present in figure 13 the eigenvalues of the SPOD modes as a function of the Strouhal
number. The energy content of the first mode clearly dominates the energy content of
all the other modes at any frequency (with a ratio varying typically between 2 and
4). It is striking that the resonant frequency SPOD modes show a far more important
gain separation (of more than one decade) between the first and second SPOD modes.
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Figure 13. The SPOD eigenvalue as a function of Strouhal number. Darker lines correspond to the more
energetic eigenvalues.
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Figure 14. Real part of the first SPOD mode at St = 0.216: pressure (a) and streamwise velocity (b). The
amplitude have been normalized by the maximum value and the colour scale is saturated in ±20 % of this
maximum value.

This emphasizes that the tonal dynamics differs in nature from the rest of the spectrum.
At the resonant frequency, the first SPOD mode represents more than 80 % of the energy
of the flow dynamics. This shows that most, if not all, of the dynamics associated with the
resonance has been extracted from the data by the SPOD analysis.

The dominant SPOD mode spatial signature at the Strouhal number of the resonance
is presented in figure 14. There are several important structures to notice in the spatial
support of this SPOD mode. First of all, we recognize inside the nozzle the fingerprint
of the adaptation shock structure with its Mach disk within the nozzle. This shows that
the shock system motion naturally shares the signature of the dynamics at the resonant
frequency. Note that such discontinuities are expected to be excessively highlighted since
they impose amplitudes of local pressure and velocity gradients far more important than
the one associated with other travelling coherent structures in the flow. Note that the colour
palette has been thresholded so as to avoid that these shocks hide the presence of other
essential elements of the global structure.

Also visible in the figure is the presence of two distinct large-scale wavepackets. A first
inner wavepacket appears partially confined inside the exhaust jet, i.e. for r/D < 0.25,
approximately. The second outer wavy pattern is also recognizable beyond the jet boundary
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Figure 15. Fourier transform SPOD mode of pressure at St = 0.216. The amplitude has been normalized by
the maximum value and the colour scale is saturated in ±20 % of this maximum value.

for r/D > 0.25. The presence of these wavy patterns in the SPOD mode structure all along
the jet confirms the link previously established between internal and external fluctuations.
In order to better identify the possible origin of the tonal behaviour, the propagative
properties carried by this SPOD mode are examined in the following section.

5.3. Upstream/downstream propagating waves
Animating this dominant SPOD mode shows that the inner wavepacket possesses
wavefronts moving in the downstream direction whereas the outer wavepacket is
propagating in the upstream direction. Note that we cannot infer the group velocity of such
structures and cannot put directly into evidence that the energy carried by those waves
goes in the same directions. The observation of the phase velocity directions of these two
wavepackets is, however, already by itself a strong indication of a possible emergence of
resonance.

Following the analysis proposed by Edgington-Mitchell et al. (2018), the essential
ingredients composing the dominant SPOD mode at the resonant frequency are further
examined by carrying out a Fourier transformation in the streamwise direction,

Ψ̂ (1)(k, r) =
∑

x

Ψ (1)(x, r) eikx, (5.7)

where k is wavenumber in the streamwise direction. For each radial position, the window
considered for the Fourier transform extends from the first available point at the nozzle
wall up to the end of the computational domain. We present in figure 15 the amplitude
distribution of Ψ̂ (1)(k, r). It is evident, from this figure, that the SPOD modes spectrum is
dominated by two distinct regions: one in the positive wavenumber domain (k � 0.5), i.e.
with positive phase speed, and the other in the negative wavenumber region (k � −0.7),
i.e. with negative phase speed. This confirms the observations we made while animating
the SPOD mode in the time domain.

In figure 16(a) we present a filtered version of the previous Fourier spectrum where we
have only retained the wavenumbers around the dominating downstream travelling waves.
The corresponding pressure waves in the physical domain are plotted in figure 16(b). The
streamwise organization of this structure, i.e. growth, saturation and decay, as well as its
radial shape, i.e. exponential radial decay, is a strong indication that this structure is similar
to a Kelvin–Helmholtz (KH) instability wave. As can be seen in figure 5, the velocity
profile downstream of the Mach disk shows two strong gradients at both inner and outer
mixing layers, supporting the possible inflectional nature and thus unstable nature of the
observed waves. Interestingly, the peak amplitude of this structure is located at the level of
the internal mixing layer issued from the triple point downstream of the shock structure,
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Figure 16. Positive phase-speed filtered Fourier transform (a) and its inverse (b), of the first SPOD mode
of pressure at St = 0.216. The amplitude have been normalized by the maximum value of the original,
non-transformed, SPOD mode and the colour scale is saturated in ±20 % of this maximum value.

suggesting that this wave is probably generated by a classical inflectional mechanism, but
here located in this internal part of the jet. The external part of the shear layer (between
the separation line and the impinging point of the reflected shock) is not involved with the
wavepackets here identified. These observations thus put forward the role of the internal
mixing layer in the resonance mechanism of this over-expanded jet and suggest that the
sensitivity zone for the emergence of the resonance is located near the triple point rather
than the separation line as suggested in recent studies (Martelli et al. 2020). In the rest
of the paper, we will use the term KH wave when we refer to this downstream travelling
structure.

Similarly, in figure 17(a) we present a filtered version of the previous Fourier
spectrum where we have only retained the wavenumbers around the dominating upstream
travelling waves. The corresponding pressure waves in the physical domain are plotted
in figure 17(b). It is evident that most of its energy is located outside of the jet, which
makes it an excellent candidate to close the feedback loop of the resonance occurring
at this frequency. An important feature to note, is that this coherent structure has some
non-negligible signature inside the jet and more particularly within the internal mixing
layer. Hence, it is possible that the downstream KH structure and this upstream wave
exchange energy near by the adaptation shock triple point, where the KH receptivity is a
priori maximum. This slightly contrasts with the conjecture of Martelli et al. (2020) who
stated that the loop may be closed at the separation point and shows that other possible
paths are possible and should not be discarded. Some more work, outside the scope of the
present paper, would be necessary to search for the exact feedback-loop path.

Finally, in figure 18(a) we present a filtered version of the previous Fourier spectrum
where we have only retained the remaining wavenumbers after subtraction of both the
dominating upstream and downstream travelling waves. The corresponding pressure waves
in the physical domain are plotted in figure 18(b). It is clear from the figure that the
remaining wavenumbers represent the fluctuations associated with the motion of the shock
structures (first and second Mach disks) as well as the train of other compression and
expansion fans in the supersonic annular mixing layer of the jet column. Although these
wavenumbers do not dominate the spatial Fourier spectrum, it shows, as expected, that the
shock system responds at the resonance frequency in a very coherent manner.
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Figure 17. Negative phase-speed filtered Fourier transform (a), and its inverse (b), of the first SPOD mode
of pressure at St = 0.216. The amplitude have been normalized by the maximum value of the original,
non-transformed, SPOD mode and the colour scale is saturated in ±20 % of this maximum value.
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Figure 18. Remaining filtered Fourier transform (a), and its inverse (b), of the first SPOD mode of pressure
at St = 0.216. The amplitude have been normalized by the maximum value of the original, non-transformed,
SPOD mode and the colour scale is saturated in ±20 % of this maximum value.

The later observations allow us to propose a plausible mechanism of the observed
resonance, involving a downstream unstable KH instability wave supported by the inner
shear layer and an external wave, possessing support inside the core of the jet, to close
the feedback loop. This scenario shows some similarity with the recent propositions of
Martelli et al. (2020) in the fact that the triple point and the instability of the inner shear
layer are of importance for the dynamics of the system, underpinning the conjecture given
by Jaunet et al. (2017).

The scenario makes, however, some important differences with the classical
screech-like scenario, where the outer shear layer supports both the downstream- and
upstream-propagating disturbances (see, for example, Tam et al. 1986; Edgington-Mitchell

919 A32-24

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

35
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.351


Jet resonance in truncated ideally contoured nozzles

1.0 1.5 2.0 2.5 3.0

1.0 1.5 2.0 2.5 3.0

x/D

r/D

0

0.25

0.50

r/D

0

0.25

0.50

(b)

(a)

Figure 19. Example of pressure fluctuation distributions for an upstream motion of the shock (a) and a
downstream one (b). Coloured contours represent the pressure fluctuations associated with shock motions and
contour lines represent positive (plain) and negative (dashed) pressure fluctuations associated with the upstream
mode.

et al. 2018; Gojon, Bogey & Mihaescu 2018; Mancinelli et al. 2019). Then, the resonance
synchronizes all the jet dynamics, especially the outer shear layer, providing strong
enough pressure fluctuations to make the shock system move to adapt to the pressure
changes. We provide illustrations of this scenario in figure 19 which is made of the
superposition of shock-related fluctuations as coloured contours and upstream-propagating
related fluctuations as contour lines of positive and negative values in plain and dashed
lines, respectively. As can be seen, negative upstream-mode pressure fluctuations are in
phase with positive shock-related fluctuations near by the average separation oblique shock
location, corresponding to an upstream motion of the shock in a fixed reference frame. This
upstream motion of the shock leads to a weaker shock wave, explaining the diminution of
plateau pressure downstream in the nozzle. The opposite observation can be made with
positive upstream-propagating disturbances.

The present interpretation of the data assumes all perturbations to evolve around the
time-invariant mean-flow. This is a very simplified view of the dynamics of the flow
where shock motions, for example, may change the flow conditions defining the shapes
and growth rate of instability modes in both the external and the internal mixing layers
downstream of the Mach disk. However, inflectional instabilities will still be present at
any time in the flow, so that the main resonance mechanism, that we propose here, should
not be affected too much by the slight mean flow changes.

Since the m = 1 mode has both real and imaginary parts by construction, it also
possesses a negative frequency content which may differ from its positive counterpart.
It has been checked that the same exact conclusions could have been drawn by studying
the SPOD mode for the corresponding negative frequency. The positive and negative
frequency components actually just describe either the clockwise or the anticlockwise
rotation of the azimuthal mode m = 1.

From an engineering point of view, it is important to notice that all of the main structures
detailed above have some pressure signature at the wall. Since we are only dealing with
the m = 1 azimuthal Fourier mode, this means that they all contribute to the generation
of side forces. The features of lateral forces associated with the resonance mechanism are
more precisely described in the following section.
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Figure 20. The PSD of normalized aerodynamic forces acting on the nozzle in the axial direction Fx and
radial direction Fr.

6. Lateral pressure forces

6.1. Description of wall pressure forces
The aerodynamic forces resulting from the particular flow organization previously
described are now examined based on the numerical data.

The time evolution of the global force integrated all along the nozzle divergent is
computed to examine the resulting spectral properties of each force component. The PSD
of each force component is reported in figure 20. The hump around St = 0.07 in the PSD
of Fx can be related to the global axisymmetric motion of the upstream separation line. It
should be remembered that rather low-frequency contributions to lateral forces are more
often reported in other studies corresponding to separated jets without any clear tonal
behaviour. Such low-frequency components are thus often associated only with dominant
low-frequency shock motions for all modes. The most original observation in the present
study is the emergence of the dominant peak also for lateral forces around St � 0.2. This
result thus contrasts with other results in the literature. Only moderate fluctuating energy
levels of pressure mode m = 1 are indeed observed locally within the flow. However, their
coherence in the streamwise direction appears sufficiently important to lead to a dominant
contribution to lateral forces. It should be noted that the amplitude of lateral forces at the
tonal peak is even higher than the amplitude of thrust oscillations in the present case.

6.2. Origins of lateral wall pressure forces
Following Dumnov (1996), the side-loads PSD, Fω, is the Fourier transform of the
time-domain autocorrelation function,

Fω =
∫∫ ∞

−∞
F(t)F∗(t + τ) dt e−iωτ dτ. (6.1)

It is then straightforward to show that Fω is related to the first azimuthal mode of nozzle
wall pressure,

Fω = 4π2
∫ L

0

∫ L

0
r(z)r(x)P1,ω(x, z) dx dz, (6.2)
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where

P1,ω(x, z) =
∫∫ ∞

−∞
p1(z, t)p∗

1(x, t + τ) dt e−iωτ dτ, (6.3)

is the CSD of the antisymmetric azimuthal Fourier mode m = 1 of the wall pressure
fluctuation p1(x, t). As already mentioned by Dumnov (1996), the side-loads PSD can
only be obtained with a full knowledge of the wall pressure CSD. This two-point statistics
can still only be obtained through numerical models.

Taking advantage of the space–time discretization of the domain, the side-loads formula
(6.2) at the frequency ω can be written in matrix form as

Fω = wT P1,ω w, (6.4)

where w is a column vector of size corresponding to the number of discretization
points at the wall, containing the integral weights: w = 2πL · r. The CSD matrix of the
antisymmetric wall pressure is computed using Welch’s periodogram technique,

P1,ω = E
{

p̂1,ωp̂H
1,ω

}
, (6.5)

where E{·} is the expectation operator. Similarly to what has been done previously, the
coherent structure acting on the wall can be obtained by decomposing the wall pressure
CSD matrix into SPOD modes,

Fω = wT ΦωΘωΦ
H
ω w, (6.6)

where Φ is the matrix formed whose columns are the SPOD modes vectors and Θ =
diag(θ) is the matrix of eigenvalues. This SPOD analysis only focuses on the wall pressure
fluctuation, which is different from the previous analysis where we considered the entire
fluid domain. There is no evidence, a priori, that both analyses lead to identical features
of coherent structures at the wall. This formulation is interesting because we can form a
low rank side-loads amplitude by considering a truncation of the CSD using, for example,
the N most energetic SPOD modes,

Fω ≥ wT

( N∑
i=1

φ(i)
ω θ(i)

ω φ
(i)H
ω

)
w. (6.7)

In case the wall pressure fluctuation possess a low rank dynamics, i.e. θ(1) � θ(2), the first
SPOD mode of the wall pressure is responsible for the majority of the off-axis forces.

As for the analysis of the global field, the convergence of this SPOD analysis of
wall fluctuating pressure field has been checked and similar observations are made. The
eigenvalues are plotted in figure 21 as a function of the Strouhal number. As can be
seen, the first SPOD mode dominates the dynamics to the wall pressure fluctuations for
a wide range of frequencies, but even more at the resonance frequency St � 0.2, where a
difference of almost two orders of magnitude can be found between the first and the second
SPOD eigenvalues.

The spatial distribution of the dominant SPOD mode of wall pressure fluctuations at the
resonance frequency (St = 0.216) is shown in figure 22. As expected, the structure of this
SPOD mode is characterized by a peak at the separation shock foot (x/D � 0.9). This is
coherent with the early side-loads generation scenario, proposed by Schmucker (1973a),
involving asymmetric position of the separation point. From the results of figure 22, we
can see, however, that in the separated region, downstream of the shock, the pressure
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Figure 21. The SPOD eigenvalues of the wall pressure signature as a function of Strouhal number.
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Figure 22. Comparison of wall pressure SPOD modes with the wall signature of global SPOD modes. The
SPOD modes are normalized with respect to their maximum value in the plotted range.

fluctuations are also almost as high as the shock associated ones. This confirms, as
proposed by Dumnov (1996) and more recently by Aghababaie & Theunissen (2015)
in their dynamical model, the significant role of the separated region in the side-loads
generation.

The wall pressure fluctuation associated with the global coherent structure found in the
flow at the resonant frequency (see figure 14) is also reported in figure 22. It is striking that
both the coherent wall pressure fluctuation and the wall pressure signature of the global
coherent structure, identified earlier, collapse almost perfectly. This is evidence that the
global coherent structure, found in the jet flow, is responsible for most of the wall pressure
fluctuations, and thus side-forces in the present case where a resonance emerges. From a
general point of view, this shows that the shock motion and the separated region dynamics
are not the only ingredients in the generation of side forces. It is clear from these results
that the exiting jet flow dynamics also contributes and may not be neglected in side-loads
modelling efforts.

We have shown that the jet flow coherent structure is responsible for the side-loads
creation at the resonance frequency. Since we have previously shown that several distinct
waves compose the structure of this coherent structure, i.e. the KH wave, the external wave
and the shock related structure, we would like to further investigate the role of each of these
individual components onto the generation of side-loads. To this aim, the contribution of
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Figure 23. Comparison of absolute values of wall pressure signature of the total SPOD mode with its
individual components, filtered on spatial streamwise wavenumbers corresponding to downstream (KH)
travelling waves, upstream travelling waves or remaining (shock) contributions. The SPOD mode contributions
are normalized with respect to the maximum value of the total SPOD mode. Destructive interactions between
components provides lower ‘total’ than shock-related component around x/D = 1.5.

each filtered dominant SPOD mode (see figures 16–18) is computed as follows:

F̃ω = wT
(
ψ̃

(1)

ω θ(1)
ω ψ̃

(1)H
ω

)
w. (6.8)

Indeed, the superposition of the individual contributions of the dominant SPOD mode
filtered based on different spatial wavenumbers can be constructive or additive, i.e.
Fω /=∑ F̃ω, nevertheless, their relative importance can be of interest in aiming at
understanding the side-loads generation mechanism. We present in figure 23 the wall
pressure signature of the downstream wave, the upstream one and the shock structure
motion. It is clear that most of the wall pressure signature is related to the shock motion.
This represents around 80 % of the side-loads amplitude at that frequency. The other
two waves contribute less but still in a non-negligible manner: the downstream and the
upstream waves represent around 7 %, and 13 %, respectively, of the off-axis forces.

Analysis of the shock related motion of the SPOD modes shows that the separation
shock motion and the wall pressure in the whole separation region are indeed correlated.
This behaviour corroborates the propositions of Dumnov (1996) regarding the main origins
of side forces in separated nozzle flows. Our findings, however, suggest that 20 % of the
side loads can be discarded when only the shock motion is accounted for.

The presented results are, in the authors’ opinion, a strong indication that the resonance
is formed via some sort of feedback loop involving an internal downstream propagating
wave and an external upstream propagating one. The shock system reacts in order to adapt
to these strong, resonating, pressure fluctuations (as presented in figure 19), therefore
creating most of the side forces. The exact nature of the waves at play in the resonance
mechanisms, and the identification of the conditions allowing their emergence, deserve
some attention in order to fully understand the origins of such a resonance. This issue
should be addressed in future studies.

7. Conclusions and perspectives

The dynamical features of a separated supersonic jet in a TIC nozzle have been
investigated for a nozzle pressure ratio corresponding to wall pressure oscillations of
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maximal amplitude. The wall pressure field shows signs of a particular tonal behaviour
which has been previously reported. This study has focused on a new correlation
analysis of synchronized time-resolved external velocity and internal wall pressure
data to further understand the possible link existing between internal and external
disturbances. In a narrow frequency band, a significant coherence level has been found
between the antisymmetric internal wall pressure oscillations prevailing in the nozzle and
antisymmetric external velocity disturbances spatially evolving in the jet mixing layer
quite far downstream of the nozzle exit, underpinning the importance of the exiting jet
plume dynamics in the nozzle wall pressure suggested in recent studies (Jaunet et al.
2017). The flow behaviour has been numerically reproduced by DDES and validated with
the available experimental results, allowing a detailed analysis of the resonant dynamics
and an evaluation of the subsequent lateral forces applying to the nozzle. It has been
shown, thanks to the use of a SPOD analysis, that the resonance is more likely due to
a feedback loop involving a downstream propagating wave and an upstream propagating
wave, similar to a screech resonance, but rather supported by the internal shear layer
issued from the triple point. The present observations have not indicated any evidence
of the need of instantaneous Mach disk curvature to sustain the feedback loop of the
resonance, as recently proposed by Martelli et al. (2019). The specific organization of
the over-expanded mean flow, i.e. an annular supersonic jet, makes the downstream waves
mostly supported by the inner shear layer issued from the Mach disk triple point. This
is a major difference from the usual screech scenario, where both the upstream and
downstream waves are supported by the same shear layer (Edgington-Mitchell et al.
2018; Gojon et al. 2018; Mancinelli et al. 2019). The present analysis could not indicate
the reason for the occurrence of such resonance in over-expanded flows. Some research
efforts need to be pursued to clarify the characteristics of the waves involved and the
end conditions that make them interact (Jordan et al. 2018; Mancinelli et al. 2019). This
would allow us to model and predict the occurrence of those undesirable tonal behaviours.
Despite a relatively moderate local energy level of the first azimuthal mode of wall pressure
in this frequency range, it has been shown that these tonal jet oscillations fully dominate
the whole dynamical behaviour of these lateral forces. The examination of the relative
importance of the waves involved in the resonance in the generation of side forces has
shown that a non-negligible 20 % of the side forces can be attributed to the resonant waves.
The remaining 80 % are shown to be attributed to the motion of the separation shock, but
itself induced by the resonance. These findings clearly suggest that the sole shock motion
is insufficient to explain and model the side-forces amplitude in a general framework and
that the jet flow dynamics should not be discarded in this respect. The results of the present
study also indicate that any modification of the exiting jet environment is likely to affect
not only the intrinsic external jet dynamics but also the side-loads features.

Funding. Part of the present work has been carried out during the PhD thesis work of Florian Bakulu,
supported by CNES and Région Poitou-Charentes. This work was granted access to the HPC resources of
TGCC under allocations A0012A10017 made by GENCI.

Declaration of interests. The authors report no conflict of interest.

Author ORCIDs.
Guillaume Lehnasch https://orcid.org/0000-0002-5465-8241;
Vincent Jaunet https://orcid.org/0000-0002-6272-1431.

919 A32-30

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

35
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://orcid.org/0000-0002-5465-8241
https://orcid.org/0000-0002-5465-8241
https://orcid.org/0000-0002-6272-1431
https://orcid.org/0000-0002-6272-1431
https://doi.org/10.1017/jfm.2021.351


Jet resonance in truncated ideally contoured nozzles

REFERENCES

AGHABABAIE, A.A. & THEUNISSEN, R. 2015 Modeling free shock separation induced side loads in
overexpanded rocket nozzles. AIAA J. 53 (1), 93–103.

CHAUVET, N., DECK, S. & JACQUIN, L. 2007 Zonal detached eddy simulation of a controlled propulsive jet.
AIAA J. 45 (10), 2458–2473.

CLEMENS, N.T. & NARAYANASWAMY, V. 2014 Low-frequency unsteadiness of shock wave/turbulent
boundary layer interactions. Annu. Rev. Fluid Mech. 46, 469–492.

DECK, S. 2009 Delayed detached eddy simulation of the end-effect regime and side-loads in an overexpanded
nozzle flow. Shock Waves 19 (3), 239–249.

DECK, S. 2012 Recent improvements in the zonal detached eddy simulation (zdes) formulation. Theor. Comput.
Fluid Dyn. 26 (6), 523–550.

DECK, S. & GUILLEN, P. 2002 Numerical simulation of side loads in an ideal truncated nozzle. J. Propul.
Power 18 (2), 261–269.

DONALD, B.W., BAARS, W.J., TINNEY, C.E. & RUF, J.H. 2014 Sound produced by large area-ratio nozzles
during fixed and transient operations. AIAA J. 52 (7), 1474–1485.

DUMNOV, G. 1996 Unsteady side-loads acting on the nozzle with developed separation zone. AIAA Paper
1995-3220.

EDGINGTON-MITCHELL, D., JAUNET, V., JORDAN, P., TOWNE, A., SORIA, J. & HONNERY, D. 2018
Upstream-travelling acoustic jet modes as a closure mechanism for screech. J. Fluid Mech. 855, R1.

GEORGES-PICOT, A., HADJADJ, A. & HERPE, J. 2014 Influence of downstream unsteadiness on shock pattern
in separated nozzle flows. AIAA Paper 2014-4000.

GOJON, R., BOGEY, C. & MIHAESCU, M. 2018 Oscillation modes in screeching jets. AIAA J. 56 (7),
2918–2924.

GONCALVES, E. & HOUDEVILLE, R. 2001 Reassessment of the wall functions approach for RANS
computations. Aerosp. Sci. Technol. 5, 1–14.

GONCALVES, E. & HOUDEVILLE, R. 2004 Turbulence model and numerical scheme assessment for buffet
computations. Intl J. Numer. Meth. Fluids 46, 1127–1152.

GONCALVES, E., LEHNASCH, G. & HERPE, J. 2017 Hybrid RANS/LES simulation of shock-induced
separated flow in truncated ideal contour nozzle. In 31st International Symposium on Shock Waves (ed.
A. Sasoh, T. Aoki & M. Katayama), pp. 507–513. Springer.

HADJADJ, A., PERROT, Y. & VERMA, S. 2015 Numerical study of shock/boundary layer interaction in
supersonic overexpanded nozzles. Aerosp. Sci. Technol. 42, 158–168.

JAMESON, A. 1991 Time dependent calculations using multigrid, with applications to unsteady flows past
airfoils and wings. AIAA Paper 91-1596.

JAMESON, A., SCHMIDT, W. & TURKEL, E. 1981 Numerical solution of the euler equations by finite volume
methods using Runge Kutta time stepping schemes. AIAA Paper 1981-1259.

JAUNET, V., ARBOS, S., LEHNASCH, G. & GIRARD, S. 2017 Wall pressure and external velocity field relation
in overexpanded supersonic jets. AIAA J. 55, 4245–4257.

JORDAN, P., JAUNET, V., TOWNE, A., CAVALIERI, A.V.G., COLONIUS, T., SCHMIDT, O. & AGARWAL, A.
2018 Jet-flap interaction tones. J. Fluid Mech. 853, 333–358.

LAMMARI, M.R. 1996 Mesures par vélocimétrie laser doppler dans une couche de mélange turbulente
supersonique : quelques aspects du processus de mesure. PhD thesis, Université de Poitiers.

LÁRUSSON, R., ANDERSSON, N. & ÖSTLUND, J. 2017 Dynamic mode decomposition of a separated nozzle
flow with transonic resonance. AIAA J. 55, 1295–1306.

LOH, C.Y. & ZAMAN, K.B.M.Q. 2002 Numerical investigation of transonic resonance with a
convergent-divergent nozzle. AIAA J. 40 (12), 2393–2401.

MANCINELLI, M., JAUNET, V., JORDAN, P. & TOWNE, A. 2019 Screech-tone prediction using
upstream-travelling jet modes. Exp. Fluids 60 (1), 22.

MARTELLI, E., CIOTTOLI, P.P., SACCOCCIO, L., NASUTI, F., VALORANI, M. & BERNARDINI, M. 2019
Characterization of unsteadiness in an overexpanded planar nozzle. AIAA J. 57 (1), 239–251.

MARTELLI, E., SACCOCCIO, L., CIOTTOLI, P.P., TINNEY, C.E., BAARS, W.J. & BERNARDINI, M. 2020
Flow dynamics and wall-pressure signatures in a high-Reynolds-number overexpanded nozzle with free
shock separation. J. Fluid Mech. 895, A29.

NGUYEN, A.T., DENIAU, H., GIRARD, S. & ALZIARY DE ROQUEFORT, T. 2003 Unsteadiness of flow
separation and end-effects regime in a thrust-optimized contour rocket nozzle. Intl J. Flow Turbul. Combust.
71, 161–181.

OLSON, B.J. & LELE, S.K. 2013 A mechanism for unsteady separation in over-expanded nozzle flow. Phys.
Fluids 25 (11), 110809.

919 A32-31

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

35
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.351


F. Bakulu and others

ROE, P.L 1981 Approximate riemann solvers, parameter vectors, and difference schemes. J. Comput. Phys. 43
(2), 357–372.

SCARANO, F. 2001 Iterative image deformation methods in PIV. Meas. Sci. Technol. 13 (1), R1–R19.
SCHMUCKER, R.H. 1973a Flow process in overexpanded chemical rocket nozzles part 1: Flow separation.

NASA Tech. Memo. TM-77396.
SCHMUCKER, R.H. 1973b Flow process in overexpanded chemical rocket nozzles part 2: Side loads due to

asymetric separation. NASA Tech. Memo. TM-77395.
SHAMS, A., LEHNASCH, G. & COMTE, P. 2011 Numerical investigation of the side-loads phenomena

in overexpanded nozzles. In 4th European Conference for Aerospace Sciences, pp. 1–11. EUCASS
Association.

SHAMS, A., LEHNASCH, G., COMTE, P., DENIAU, H. & ALZIARY DE ROQUEFORT, T. 2013 Unsteadiness
in shock-induced separated flow with subsequent reattachment of supersonic annular jet. Comput. Fluids
78, 63–74.

SPALART, P.R., DECK, S., SHUR, M.L., SQUIRES, K.D, STRELETS, M.K. & TRAVIN, A. 2006 A new
version of detached-eddy simulation, resistant to ambiguous grid densities. Theor. Comput. Fluid Dyn. 20
(3), 181–195.

STARK, R. & WAGNER, B. 2009 Experimental study of boundary layer separation in truncated ideal contour
nozzles. Shock Waves 19 (3), 185–191.

SWANSON, R.C., RADESPIEL, R. & TURKEL, E. 1998 On some numerical dissipation schemes. J. Comput.
Phys. 147 (2), 518–544.

TAM, C.K.W., SEINER, J.M. & YU, J.C. 1986 Proposed relationship between broadband shock associated
noise and screech tones. J. Sound Vib. 110 (2), 309–321.

TATSUMI, S., MARTINELLI, L. & JAMESON, A. 1995 Flux-limited schemes for the compressible
Navier–Stokes equations. AIAA J. 33 (2), 252–261.

TOWNE, A., SCHMIDT, O.T. & COLONIUS, T. 2018 Spectral proper orthogonal decomposition and its
relationship to dynamic mode decomposition and resolvent analysis. J. Fluid Mech. 847, 821–867.

VERMA, S.B., HADJADJ, A. & HAIDN, O. 2017 Origin of side-loads in a subscale truncated ideal contour
nozzle. Aerosp. Sci. Technol. 71, 725–732.

VERMA, S.B. & HAIDN, O. 2014 Unsteady shock motions in an over-expanded parabolic rocket nozzle.
Aerosp. Sci. Technol. 39, 48–71.

WESTERWEEL, J. & SCARANO, F. 2005 Universal outlier detection for PIV data. Exp. Fluids 39 (6),
1096–1100.

ZAMAN, K.B.M.Q., DAHL, M.D., BENCIC, T.J. & LOH, C.Y. 2002 Investigation of a transonic resonance
with convergent–divergent nozzles. J. Fluid Mech. 463, 313–343.

919 A32-32

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
1.

35
1 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2021.351

	1 Introduction
	2 Investigation tools
	2.1 Experimental set-up
	2.2 Numerical set-up

	3 Statistical description of global flow organization and validation
	4 Analysis of unsteadiness
	4.1 Global spatial and temporal organization of fluctuating field

	5 Identification of global coherent jet flow structure
	5.1 Coherent structures eduction
	5.2 Dominant SPOD mode
	5.3 Upstream/downstream propagating waves

	6 Lateral pressure forces
	6.1 Description of wall pressure forces
	6.2 Origins of lateral wall pressure forces

	7 Conclusions and perspectives
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


