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For an endomorphism ¢ € Endg (M) of a left R-module g M, we investigate the
structure and the polynomial identities of the zero-level centralizer Ceng(p) and the
factor Cen(p)/ Ceng(p). A double zero-centralizer theorem for Ceng(Ceng(y)) is also
formulated.

1. Introduction

If S is a ring (or algebra), then the centralizer Cen(s) = {u € S | us = su} of an
element s € S is a subring (subalgebra) of 5. We have Cen(s) = U cr,cen(s) Cenc(s),
where Cen.(s) = {u € S | us = su = c} is called the c-level centralizer and
LCen(s) = {c € S| Cen.(s) # @} is a subring of Cen(s). The zero-level centralizer
Ceng(s) = {u € S | us = su = 0} (or the two-sided annihilator) of s is an ideal of
Cen(s) and u+Ceng(s) — us is a natural Cen(s)/ Ceng(s) — LCen(s) isomorphism
of the additive abelian groups.

The aim of this paper is to investigate the zero-level centralizer Ceng(p) and the
factor Cen(p)/ Ceng(y) for an element ¢ in the endomorphism ring Endg(M) of
a left R-module rM. Our treatment follows the arguments of [1] and is heavily
based on the results of [1,6]. Thus, we restrict our attention to the case of a finitely
generated semi-simple p M. First we focus on a nilpotent ¢, and then we shall see
that, for a non-nilpotent ¢, the study of Ceng(y) can be reduced to the nilpotent
case.

We were unable to find related results in the literature, in spite of the fact that
the objects of our investigations arise very naturally. Surprisingly, the dimension
formula for the zero-level centralizer of a square matrix has not yet appeared in
linear algebra books (see, for example, [2,4,5,7]).

In §2 we consider a fixed nilpotent Jordan normal base of p M with respect to a
given nilpotent ¢ € Endr (M) and present all the necessary prerequisites from [1,6].

Section 3 is devoted entirely to the nilpotent case. Theorem 3.3 gives a complete
characterization of Ceng(p) and Cen(y)/ Ceng(p). If the base ring is local, then
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a more accurate description of these algebras can be found in theorem 3.4. Using
theorem 3.4 and the identities of certain subalgebras of a full matrix algebra over
R/J, where J is the Jacobson radical of R, in theorems 3.6 and 3.8 we exhibit
explicit polynomial identities for Ceng(¢) and Cen(y)/ Ceng(yp), respectively.

In §4 we deal with the non-nilpotent case. A complete description of Ceng(p)
(as a particular ideal of an algebra of certain invariant endomorphisms) can be
found in theorem 4.1. If A € M, (F) is an n X n matrix over a field F', then the
mentioned dimension formula dimp Ceng(A) = [dimp(ker(A))]? is an immediate
corollary of theorem 4.1. Theorems 4.5 and 4.6 deal with the containment relation
Ceng(p) C Ceng(o), where 0 € Endg(M) is another endomorphism. Since this
containment is equivalent to o € Ceng(Ceng(y)), theorems 4.5 and 4.6 can be
considered as double zero-centralizer theorems.

2. Prerequisites

In order to provide a self-contained treatment, we collect some notation, definitions
and statements from [1,6]. Let Z(R) and J = J(R) denote the centre and the
Jacobson radical of a ring R (with identity). Let (2*) < R[z] denote the ideal
generated by z* in the ring R[z] of polynomials of the commuting indeterminate 2.

For an R-endomorphism ¢: M — M of a (unitary) left R-module g M, a subset

{2y |vel 1<i<ky} C M

is called a nilpotent Jordan normal base of pM with respect to ¢ if each R-
submodule Rz, ; < M is simple,

B Rui=M
yer1<i<k,

is a direct sum, p(z,,;) = T4,i11, (24,k,) =0 forall vy € I', 1 <4 < ky, and the
set {k, | v € I'} of integers is bounded. Now I is called the set of (Jordan) blocks
and the size of the block v € I' is the integer k., > 1.

THEOREM 2.1. Let ¢ € Endr(M) be an R-endomorphism of a left R-module p M.
Then the following are equivalent.

(i) rM is a semi-simple left R-module and ¢ is nilpotent of index n.

(ii) There exists a nilpotent Jordan normal base X = {x,; | v € I, 1 <i<k,}
of rM with respect to ¢ such that n = max{k, | v € I'}.

THEOREM 2.2. Let ¢ € Endgr(M) be a nilpotent R-endomorphism of a finitely
generated semi-simple left R-module p M. If

{wyilvel, 1<i<ky} and {ys;|6€A, 1<j<ls}

are nilpotent Jordan normal bases of rM with respect to ¢, then I' is finite and
there exists a bijection m: I" — A such that k, = l( for ally € I'. Thus, the sizes
of the blocks of a nilpotent Jordan normal base are unique up to a permutation of

the blocks. We also have ker(¢) = @’YEF Rx 1., and hence dimp(ker(¢)) = |I'].
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If ¢ € Endgr(M) is an arbitrary R-endomorphism of the left R-module g M, then,
for u e M and f(z) = a1 + azz + -+ + any12™ € R[z] (an unusual use of indices),
the multiplication

f(2) xu=aiu+azp(u) + -+ + any19" (u)

defines a natural left R[z]-module structure on M. This left action of R[z] on M
extends the left action of R on pM. For any R-endomorphism ¢ € Endg (M) with
op=porh, we have (f(z) *xu) = f(z)*¢(u), and hence ¢b: M — M is an R[z]-
endomorphism of the left R[z]-module gf,jM. On the other hand, if ¢: M — M is
an R[z]-endomorphism of g1 M, then

Plp(u) = ¥(zxu) = 2+ P(u) = p(¢(u))
implies that 1oy = o). Now
Cen(yp) = {¢ | ¥ € Endp(M) and Y op = poy)}
is a Z(R)-subalgebra of Endg(M), and the argument above gives that Cen(p) =
EndR[z] (M)
Henceforth, p M is semi-simple and we consider a fixed nilpotent Jordan normal

base
X={zy,|vel1<i<k,}C M

with respect to a given nilpotent ¢ € Endg(M) of index n = max{k, | vy € I'}.

The I'-copower [ [ R[2] is an ideal of the I'-direct power ring (R[2])T" compris-
ing all elements f = (f,(z))yer with a finite set {y € I" | f,(z) # 0} of non-zero
coordinates. The copower (power) has a natural (R][z], R[z])-bimodule structure.
For an element f = (f,(2))yer with f,(2) = ay1 +ay 22+ + ayn, 112", the
formula

gp(f) = Z Qry i Ty 5

yeM1<i<ky

S (X )

yel Mi<i<k,
= § :fv ) * 2y
yerl

defines a function @: [[.., R[z] = M.

yerl

LEMMA 2.3. The function ® is a surjective left R[z]-homomorphism. We then have
o(2(f)) = P(2f) for all f € ]_[vep R[z] and the kernel

[T 712 + (%) C ker(®) < ] RI2]

yel' yerl'

is a left ideal of the power (and hence of the copower) ring. If R is a local ring (R/J
is a division ring), then [ [ ¢ (J[z] + (%)) = ker(®).

Hereafter, we also require that rM be finitely generated, m = dimg(ker(p)),
I'={1,2,...,m} and we assume that ky > ks > --- > k,,, > 1 for the block sizes.
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Now [] o R[z] = (R[z])T', and an element f = (f(2))yer of (R[z])! isalxm
matrix (row vector) over R[z]. For an m x m matrix P = [ps~(z)] in M,,(R[2]),
the matrix product

fP=>" fs(2)ps

oer

of f and P is a 1 x m matrix over (R[2]), where ps = (ps(2))~er is the §th row
vector of P and

(FP)y = fs(2)ps~(2).

oer
Consider the following subsets of M,,(R[z]):
M(X)={P e M, (R
T(X) = {P € Mn(R

z]) | fP € ker(P),Vf € ker(P)},

[
(D) | P = [p5(2)]; ps(2) € T[] + (™), V0,7 € '}

T () T4 () e Tl ()
| TG TR G
TR T () Tl 4 ()

N(X)={P € M, (R[2]) | P = [ps~(2)], zk“p(;ﬁ(z) € J[z] + (), v,y € I'}.

Note that Z(X) and NV (X) are (R|z], R[z])-sub-bimodules of M,,(R[z]) in a natural
way. For 6,y € I', let ks =k, — ks when 1 < ks < ky < n, and ks, = 0 otherwise.
It can be verified that the condition 2*3ps . (z) € J[z] + (2*7) in the definition of
N (X) is equivalent to ps~(2) € J[z] + (2%47) and so

Rl Rl R[] Rl
Je+ () Rl Rl R[]
N() = | Tl (R8) T+ (Fh) R[] Rl
Tl 4 (Fkm) T[] (F2km) J[] (R Rm) .. R

LEMMA 2.4. Z(X) <y M, (R[2]) is a left ideal, N (X) C My, (R[z]) is a subring,
Z(X) 9 N(X) is an ideal and M(X) is a Z(R)-subalgebra of M,,(R][z]). The ideal
2M (R[z]) < My, (R[z]) is nilpotent modulo Z(X) with 2" M, (R[z]) CZ(X). If R
is a local ring, then N (X) = M(X).

THEOREM 2.5. Let ¢ € Endgr(M) be a nilpotent R-endomorphism of a finitely
generated semi-simple left R-module pM. For P € M(X) and f = (fy(2))yer in
(R[2])F, the formula

Vvp((f)) = 2(fP)

properly defines an R-endomorphism vp: M — M of M such that Ypop =
povp, and the assignment A(P) = ¢p gives an M(X)°? — Cen(yp) homomor-
phism of Z(R)-algebras. If Yop = @ot) holds for some v € Endr(M), then
there exists an m x m matric P € M(X) such that p(P(f)) = ¢(fP) for all
F=(fy(2)yer in (R[2]))L. Thus, A: M(X)°P — Cen(yp) is surjective.
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LEMMA 2.6. Z(X) C ker(A) (A is defined in theorem 2.5). If R is a local ring, then
Z(X) = ker(A).
3. The zero-level centralizer of a nilpotent endomorphism
We retain all settings from §2 and define the subsets of M, (R[z]) as follows:
Mo(X) = {P € M(X) | 2f P € kex(®),Vf € (R[2])"}
No(X) = {P € Mu(R[2]) | P = [ps5(2)], ps(2) € J[z] + (2%71), V6,7 € I').

(2
Since ps~(2) € J[z] 4+ (2"71) and zps,(2) € J[2] + (2*7) are equivalent, we have

j[zH(zle) j[z]+(z:2:1) j[z]ﬂz:mj)
Ny = |1+ T TEIR G e )
J[Z}-F(zkl—l) J[z]—i—(zkz—l) J[Z]—F(zk'm—l)

LEMMA 3.1. Z(X) C Np(X), 2" M, (R[z]) C No(X), No(X) <y M, (R[2]) is a
left ideal and No(X) < N'(X) is an ideal. If R is a local ring, then No(X) = Mo(X).

Proof. The containment Z(X) C Ny(X) obviously holds and 2""*M,,(R[z]) C
No(X) is a consequence of (2"71) C (2%~1). Since the yth column of the matrices
in NVo(X) comes from a (left) ideal J[z] + (z¥7~1) of R[z], we can see that Ny(X)
is a left ideal of M,,(R[z]).

If P € No(X) and Q € N(X), then we have zp;s - (2) € J[z] + (2¥7) and ¢, - (2 ) 1S
J[2] + (2%7). Since k, + kr~, > k., it follows that 2ps . (2)g-(2) € J[z] + (2*).
Thus, PQ € Ny(X) and Np(X) is an ideal of N'(X).

If R is a local ring, then lemma 2.3 gives that

ker(@) = [] (T[] + (})).

yerl’

Let 15 denote the vector with 1 in its J-coordinate and 0 in all other places. If
P € My(X), then 215P € ker(®) implies that zps~(z) € J[z] + (2*), whence
P € Ny(X) follows. If P € No(X) and f = (f(2))er isin (R[2])", then zps - (2) €
J[2] + (z%) implies that zfs5(2)ps~(2) € J[2] + (z%7) for all § € I'. Thus, 2fP €
ker(®) and P € M(X) follows. O

LEMMA 3.2. ker(A4) C Mo(X) and, for P € M(X), the containments P € Moy(X)
and A(P) € Ceng(yp) are equivalent. The preimage

Mo(X) = A7 (Cengy(p)) < M(X)
s an ideal.

Proof. The proof is based on lemma 2.3 and theorem 2.5.

If P € ker(A), then A(P) = ¢p = 0 gives that &(fP) = ¢p(P(f)) = 0 for all
f € (R[z])F. Since &: [l,er Rlz] = M is a left R[z]-homomorphism, @(zfP) =
zx @(fP) = 0 implies that zf P € ker(®). In view of ker(4) C M(X), we deduce
that P € My(X).
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If P e Mo(X), then A(P) = ¢p and p(¢p(P(f))) = p(2(fP)) = P(2fP) =0
for all f € (R[2]). Thus, ¥pop = pop = 0, and hence ¥p € Ceng(¢p).
If A(P) = p is in Ceng(¢p), then poyp =0 and

D(2f P) = p(P(fP))
= ¢(Vp(2(f)))
=0

for all f € (R[z])!. Tt follows that P € My(X).
Obviously, the preimage of the ideal Ceng(p) <1 Cen(y) is also an ideal. O

THEOREM 3.3. Let ¢ € Endg(M) be a nilpotent R-endomorphism of a finitely
generated semi-simple left R-module gM . The map A: M(X)°P — Cen(y) induces
the following Z(R)-isomorphisms for the factor algebras:

Mo(X)°P [ ker(A) = Ceng(y),
M(X)P [ Mo(X) = Cen(p)/ Ceno(e).

Proof. By lemma 3.2, we have
ker(A [ Mo(X)) = ker(A) and Mo(X) = A~ (Ceng(p)).

Thus, theorem 2.5 ensures that the restricted map A | My(X) is a surjective
My(X)°P — Ceng(p) homomorphism of Z(R)-algebras, whence

M(X)°P/ker(A) = Ceng(p)

follows.
In view of lemma 3.2, the assignment

P+ My(X) = A(P) + Ceng(yp)
is well defined and gives an injective
M(X)?P/Mo(X) = Cen(p)/ Ceno(p)

homomorphism of Z(R)-algebras. The surjectivity of this homomorphism is a con-
sequence of the surjectivity of A (see theorem 2.5). O

THEOREM 3.4. Let ¢ € Endgr(M) be a nilpotent R-endomorphism of a finitely
generated semi-simple left R-module M. If R is a local ring, then the zero-level
centralizer Ceng(p) of ¢ is isomorphic to the opposite of the factor No(X)/Z(X)
as a Z(R)-algebra:

Ceng(p) = (No(X)/Z(X))*P = No(X)P/ ).,
We also have an isomorphism
Cen(ip)/ Ceng(p) = (N (X)/No (X)) = N (X)°P /No(X)
of the factor Z(R)-algebras.

Proof. The proof follows directly from lemmas 2.4, 2.6, 3.1 and theorem 3.3. O
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Define a left ideal of M,,(R/J) as follows:
W(X) ={W = [ws 4] | wsy € R/J and w5, = 0 if k., > 2}.

The assumption ky > kg > --- > k,, > 1 ensures that

0 --- 0 R/J - RJJ]
0 - 0 R/J -- RJJ
W)= 0 R/J - RJJ
0 - 0 R/J . R/J.

We shall make use of the ideals

L(X) = (No(X) N zM(R[2])) + Z(X),
K(X) = (N(X) N 2Mp(R[2])) + No(X)

of N(X). We have £(X) C £(X) and £(X) C Np(X) implies that £(X) < No(X).

LEMMA 3.5. There is a natural ring isomorphism No(X)/L(X) 2 W(X), which is
also an (R, R)-bimodule isomorphism.

Proof. If P = [p5~(2)] is in No(X) and ps(z) has constant term us, € R, then
Pia(2) — s € (T[] + (*) N R[]
and k, > 2 implies that us, € J. Thus, [us,] € M, (R) NNo(X) and
Pt £(X) = [ugs] + £(X)
holds in Ny(X)/L(X). The assignment
P+ L(X) — [us + J]
is well defined and gives an Ny(X)/L(X) — W(X) isomorphism. O

THEOREM 3.6. Let R be a local ring and let ¢ € Endg(M) be a nilpotent R-
endomorphism of a finitely generated semi-simple left R-module g M. If

filxr, ... xp) € Z(R) {21, ..., 2p), 1<i<m,

and f; = 0 are polynomial identities of the right ideal W(X) of M2P(R/J), then
fife - fn =0 is an identity of Ceng(y).

Proof. Theorem 3.4 ensures that Ceng(p) = No(X)°P/Z(X) as Z(R)-algebras.
Hence,
L= L(X)/Z(X) 9 No(X)/Z(X)

can be viewed as an ideal of Ceng(p). The use of lemma 3.5 gives

Ceng(p)/L = (No(X)*P/Z(X))/L = No(X)*P/L(X) = W(X)P.
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It follows that f; = 0 is an identity of Ceng(y)/L. Thus, f;(vi,...,v,) € L for all
v1,...,0. € Ceng(p), and so

fl("Ul,...,"Ur)fg(’l)l,...,’l)r) "‘fn(’l}l,...,’l)r) c ™.

Since z"M,,(R[z]) C Z(X) (see lemma 2.4) implies that L™ = {0}, the proof is
complete. O

The assumption &k > kg > -+ > k,,, > 1 ensures that
U (X)={U e M, (R/J) | U = [us~] and us, = 01if 1 < ks < k, or ky =1}

is a block upper-triangular subalgebra of M,,(R/J). If [us ] € Up(X) and us # 0
for some 0,y € I', then 2 < ky < k5. Results regarding the polynomial identities of
block upper-triangular matrix algebras can be found in [3].

LEMMA 3.7. There is a natural ring isomorphism N (X)/K(X) = Uy (X), which is
also an (R, R)-bimodule isomorphism.

Proof. For a matrix P = [ps~(z)] in N(X), consider the assignment
P+ K(X) — [us + J],

where us, € R is defined as follows. us, = 0 if ky = 1 and us, is the constant
term of ps - (2) if ky > 2. Clearly, [us] € M,,(R) NN (X), and

P+ K(X) = [us,] + K(X).

In view of the definitions of Ny(X) and Uy(X), the above equality ensures that
our assignment is a well defined N (X)/K(X) — Up(X) map providing the required
isomorphism. O

THEOREM 3.8.  Let R be a local ring and ¢ € Endgr(M) be a nilpotent R-
endomorphism of a finitely generated semi-simple left R-module g M. If

filxr, ... xp) € Z(R){x1,...,2p), 1<i<n—1

and f; = 0 are polynomial identities of the Z(R)-subalgebra Uy(X) of MIP(R/J),
then fifa--- fn_1 =0 is an identity of the factor Cen(p)/ Ceng(p).

Proof. Theorem 3.4 ensures that Cen(p)/Ceng(p) = N(X)P/No(X) as Z(R)-
algebras; hence,

K = K(X)/No(X) 9 N (X)/No(X)
can be viewed as an ideal of Cen(y)/ Ceng(p). The use of lemma 3.7 gives

(Cen(yp)/ Ceno(p))/K = (N (X)P /No(X))/K
= N(X)°P/K(X)
> Uy (X)°P.

Tt follows that f; = 0 is an identity of (Cen(y)/ Ceng(p))/K. Thus, fi(vi,...,v.) €
K for all vy,...,v, € Cen(y)/ Ceng(yp), and so

Filor, o) folvr, o vn) - i (v, vr) € K7L
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Since 2" 1 M,,(R][z]) € No(X) (see lemma 3.1) implies that K"~! = {0}, the proof
is complete. O

4. The zero-level centralizer of an arbitrary endomorphism

THEOREM 4.1. Let ¢ € Endr(M) be an R-endomorphism of a finitely generated
semi-simple left R-module gM . Then there exist R-submodules W1, Wo and V' of
M such that W = Wy @ Wo and M =V ®@ W are direct sums, ker(p) C W,
(W) = Wa, o(V) =V, dimg(W1) = dimg(ker(p)), (¢ [ W) € Endg(W) is

nilpotent and, for the zero-level centralizer of ¢, we have Ceng(p) = T, where
T={0 € Endr(W) | (W1) C ker(p) and 8(Ws) = {0}} = Ceng(p [ W)
18 a left ideal of
Endp(W) = {a € Endr(W) | a(ker(p)) € ker(¢)}
and a right ideal of
Endy (W) = {a € Endg(W) | a(W; + ker(p)) C W + ker(p) and a(Ws) C Wa}l.

Proof. The Fitting lemma ensures the existence of an integer ¢ > 1 such that
Im(p") @ ker(¢') = M is a direct sum, where the (left) R-submodules

V= Im(got) = Im(<pt+1) =... and W= ker(got) = ker(got'H) =...

of gM are uniquely determined by . Clearly, (V) =V and (W) C W and the
restricted map (¢ | W) € Endg(W) is nilpotent of index ¢ > 1, where ker(¢?~1) #
ker(p?) = W. Since gW is also finitely generated and semi-simple, theorem 2.1
provides a nilpotent Jordan normal base X = {z,; |y €I, 1 <i<ky} of gIW
with respect to ¢ [ W (we have z,; 41 = 0 and ¢ = max{k, | v € I'}). Now
W1 @ Wy = W is a direct sum, where

W1 = @ Rx'y,l and W2 = @ Rx'y,i+1-
yer YEr1<i<k,
Now we have ker(p) C ker(¢") = W and ker(p) = ker(p | W) = @, cp Rk, by

theorem 2.2. It follows that
dimg(Wh) = |I'| = dimpg(ker(p)).

The definition of the nilpotent Jordan normal base ensures that (W) = Ws.
If 0 € T, then

O(ker(p)) € O(W1 & Wa) = 0(W1) + 6(W2) C ker(p)

implies that T is a left ideal of End% (W) and a right ideal of End} (W). Clearly,
T = Ceng(p | W) is a consequence of (W) = Wy and the fact that (W) C ker(yp)
forall 0 e T.

If @ € Ceng(p), then aop = 0 implies that a(V) = {0} and a(z,,41) =
a(p(zy,:)) =0 for 1 < i< ky — 1. We also have poa = 0, whence p(a(z,,1)) =0
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and a(z4,1) € ker(p) follow. Thus a(W2) = {0}, a(W1) C ker(y) and the assign-
ment « — « [ W obviously defines a Ceng(y¢) — T ring homomorphism.

If o, 3 € Ceng(p) and « | W = B | W, then (V) = (V) = {0} and VW = M
ensure that a = § proving the injectivity of the above map.

If0 € T and my : V@ W — W is the natural projection, then 6 oy € Ceng(¢p).
Indeed, pofomy = 0 is a consequence of §(W) C ker(y) and fomy op =0 is
a consequence of (W) = Wy and 6(Ws) = {0}. Hence, the surjectivity of our
assignment follows from fomy [ W = 6. O

COROLLARY 4.2. Let A € M,(F) be an n X n matriz over a field F. Then the
F-dimension of the zero-level centralizer of A in M, (F) is

dimp Ceng(A) = [dimp (ker(A))]%.
Proof. Now A € Endp(F™) and theorem 4.1 ensures that Ceng(A) = T, where
T ={60 € Endp(W) | 0(W7) C ker(A) and 0(W3) = {0}}.

Our claim follows from the observation that the elements of Homp (W7, ker(A4)) and
T can be naturally identified and dimp(W;) = dimp(ker(A4)). O

REMARK 4.3. Theorem 4.1 shows that the determination of the zero-level central-
izer can be reduced to the nilpotent case. This reduction depends on the use of the
Fitting lemma.

LEMMA 4.4. Let p,0 € Endr(M) be R-endomorphisms of a finitely generated semi-
simple left R-module M such that Ceng(p) C Ceng(o). Then ker(p) C ker(o) and
Im(o) C Im(yp).

Proof. We use the proof of theorem 4.1. If v € I" and 7, € Endg(M) denotes the
natural

M:V@W:V@( b R:c(;,i> — R,

ser1<i<ks

projection, then ., o " =1 € Ceng (). It follows that 7, 0 pF* =1 € Ceng(c). Thus,
we obtain that

ﬂyowkwfloa = aomyospk”*l =0.
Since
0(2.k,) = o(my (P (2.1,)) = 0,

we have ;. € ker(o) for all v € I'. Thus,

ker(p) =ker(p [ W) = @ Rxy ., Cker(o).

yer

The containment Im(c) C ker(m, 0 p* 1) is a consequence of 7., o p*+~1

whence we obtain that

oo =0,

Im(o) C Nyer ker(m, o™~ 1).
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It is straightforward to see that ker(r., o p¥~1) =V @ W(y) and
NVeWm)=VaW,=eV)+eW)=pVaeW)=In(p),
yel'

where

W(y) = b Ruzs;.

Sl 1<i<ks,(6,4)#(v,1)
U

THEOREM 4.5. Let p,0 € Endr(M) be R-endomorphisms of a finitely generated
semi-simple left R-module g M. Then the following are equivalent:

(i) Ceng(p) C Ceng(o);
(i) ker(y) C ker(o) and Im(o) C Im(yp).

Proof. In view of lemma 4.4, it is sufficient to prove (i) = (ii). For an endomor-
phism 7 € Ceng(p), we have Top = p o7 = 0, whence

Im(c) CIm(p) Cker(r) and Im(7) C ker(p) C ker(o)
follow. Thus, we obtain that 7 0o = o o7 = 0. In consequence, we have 7 € Ceng (o),
and Ceng(¢) C Ceng(o) follows. O
For a matrix A € M,,(F), let AT denote the transpose of A.

THEOREM 4.6. If A, B € M,(F) are n X n matrices over a field F, then the fol-
lowing are equivalent:

(i) Ceng(A) C Ceng(B);
(ii) ker(A) C ker(B) and ker(AT) C ker(B™);
(iii) Im(B) C Im(A) and Im(BT) C Im(A7T).
Proof. (i) = (ii) and (iii). For a matrix C' € Ceng(AT), we have CAT = ATC =0
and CT € Ceng(A) is a consequence of
ACT = (AHTCT = (AT = 0= (ATO)T =T (AT)T = CT A

Thus, CT € Ceng(B), and a similar argument gives that C = (CT)™ € Ceng(B™). It
follows that Ceng(AT) C Ceng(BT). The application of lemma 4.4 for the matrices
A, B, A", BT ¢ Endp(F") gives

ker(A) C ker(B), Im(B) C Im(A), ker(AT) C ker(BT), Im(BT) C Im(A™).

(ii) = (i). For a matrix C' € Ceng(A), the containment Im(C) C ker(A) is a conse-
quence of AC = 0 and Im(C7T) C ker(AT) is a consequence of ATCT = (CA)T = 0.
Now Im(C) C ker(B) implies that BC = 0 and Im(CT) C ker(BT) implies that
CB = (BTC™)T = 0. Thus, C € Ceng(B) and Ceng(A) C Ceng(B) follows.

(iii) = (i). For a matrix C' € Ceng(A), the containment Im(A) C ker(C') is a conse-
quence of CA = 0, and Im(AT) C ker(C") is a consequence of CTAT = (AC)T = 0.
Now Im(B) C ker(C) implies that CB = 0 and Im(B") C ker(CT) implies that
BC = (CTBT)T = 0. Thus, C € Ceng(B) and Ceng(A) C Ceng(B) follows. O
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