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Abstract. A hydrodynamic approach is employed to study a cosmic-ray–plasma
system, which comprises thermal plasma, cosmic rays and two oppositely propa-
gating Alfvén waves. The hydrodynamic approach is a good approximation in deal-
ing with the structure or dynamics of the system. In this paper, we concentrate on
the steady-state structures of the system, in particular, structures with continuous
(or smooth) profiles. Three mechanisms are responsible for the energy exchange
between different components. They are work done by plasma flow via pressure
gradients, cosmic-ray streaming instability and stochastic acceleration. The inter-
play between these mechanisms generates several morphologically different struc-
tures. They may be divided into two categories: one looks like the test-particle
picture and the other looks like a modified shock. Very often the profiles are non-
monotonic, which is in sharp contrast to systems with only thermal plasma and
cosmic rays, whose flow velocity (and cosmic-ray pressure) profiles are always mono-
tonically decreasing (and increasing).

1. Introduction
Propagation of energetic charged particles or cosmic rays in a magnetized thermal
plasma has been studied extensively in the past few decades. Ignoring collisions,
the basic interaction between cosmic rays and the thermal plasma is mediated by
the embedded magnetic field. When cosmic rays encounter hydromagnetic waves
or irregularities, they are scattered by the waves. They advect and diffuse through
the thermal plasma. If waves of different phase speeds are present, the cosmic rays
diffuse in momentum space. The process is called stochastic acceleration. Moreover,
when the cosmic rays stream through the plasma, they excite hydromagnetic waves
by the so-called cosmic-ray streaming instability. These waves in turn scatter the
cosmic rays. The coupling between the cosmic rays and waves depends on the mag-
nitude of the waves. Thus advection, real-space and momentum-space diffusion of
the cosmic rays are all determined by the magnitude of the waves. For cosmic-ray
propagation, see e.g. Skilling (1975a,b) and Schlickeiser (1989).

When the energy densities of the cosmic rays and waves are comparable to the
energy density of the thermal plasma, the back-reaction on the plasma can no
longer be ignored. A self-consistent model is needed. The mass density of cosmic
rays is considered as negligible, because a few of them can produce a significant
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amount of energy density. Therefore the mass-conservation equation of the ther-
mal plasma is not affected. However, the momentum equation is modified by the
pressure gradient of cosmic rays and waves.

Actually, the cosmic rays and the thermal plasma are just components of a plasma
system. The artificial separation helps us to understand the role played by the high-
and the low-energy components, but the separation itself is rather arbitrary. (The
separation becomes an important issue when one considers injection problems.)

In general, there are three approaches to the problem:

(i) in the kinetic theory approach, both cosmic rays and the thermal plasma are
described by phase-space distribution functions;

(ii) in the hybrid approach, the cosmic rays are described by a phase-space distri-
bution function,while the thermal plasma is considered as a fluid;

(iii) in the hydrodynamic approach, both cosmic rays and the thermal plasma are
considered as fluids.

The hybrid approach has been studied extensively numerically, and some ana-
lytical solutions have been found (Malkov 1997a,b). The kinetic theory approach
is a formidable task, even when one is armed with present computing capacity. We
adopt the hydrodynamic approach in this paper because it is the simplest among
the three approaches. Nevertheless, we deem that it is still a good approximation for
studying the structure and dynamics of the cosmic-ray–plasma system. We notice
that there are limitations or shortcomings of this approach (see e.g. Heavens 1984;
Achterberg et al. 1984; Jones and Kang 1990; Jones and Ellison 1991; Ko 1995).
The origin of some of its problems was nicely elucidated by Malkov (1997a,b). He
showed that the hydrodynamic approach is a singular limiting case of the more
general hybrid approach. Some of the problems can be attributed to the limiting
process.

In general, the hydrodynamic approach contains the so-called closure par-
ameters, for example, the ratio of the cosmic-ray energy density to its pressure
(or the polytropic index), the coupling strength between the waves and the cosmic
rays, etc. (see e.g. Duffy et al. 1994; Jiang et al. 1996; Ko 1998). In principle, some
of these parameters can be computed by the hybrid or the kinetic theory approach.
However, in the hydrodynamic approach, they are just prescribed quantities.

The hydrodynamic approach was started as a two-fluid model for cosmic-ray-
modified shock problems (Axford et al. 1977, 1982; Drury and Völk 1981). Later,
Alfv́en waves were added and the model became a three- or four-fluid model (McKen-
zie and Völk 1982; Ko 1992). In this paper we use the four-fluid model put forward
by Ko (1992). The four fluids are thermal plasma, cosmic rays and two oppositely
propagating Alfvén waves. Since there are two Alfvén waves with different phase
velocities, stochastic acceleration can be addressed naturally. We must point out
that the aforementioned model may be standing on shaky ground, when the two
oppositely propagating Alfvén waves interact strongly. When the waves interact
strongly, the system will develop eventually into the strong turbulence regime. The
four-fluid model comes from propagation equations derived from quasilinear the-
ory under the assumption of weak turbulence. Under what conditions is the model
valid? This is a difficult question and is outside the scope of the present paper. It
probably involves some estimations of the time scales set by the turbulence cascade,
the wave generation (say by cosmic-ray streaming instability), and the cosmic-ray
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acceleration (say by stochastic acceleration). Bearing all these in mind, we still
adopt the four-fluid model because it is ‘relatively simple’.

Much work has been done on the steady state of one-dimensional cosmic-ray-
modified shocks (or cosmic-ray–plasma systems). Drury and Völk (1981) and Ax-
ford et al. (1982) worked out the structure of the two-fluid model (cosmic rays and
thermal plasma) in detail. Ko et al. (1997) examined the structure and efficiency of
the modified shock with a simple phenomenological model of injection. McKenzie
and Völk (1982) worked out the structure of the shock with backward-propagating
Alfvén wave, which is a three-fluid model. To study stochastic acceleration consist-
ently, Ko (1992) added both forward and backward propagating Alfvén waves to
form a four-fluid model. The mathematics of the full system becomes very tedious,
and little analytical work has been done.

Having said that, some simplified versions devoted to stochastic acceleration
have been studied quite thoroughly. Ko (1992) showed that a spatially homogen-
eous system always tends towards a state with only one wave. However, such uni-
directional wave systems are susceptible to cosmic-ray-driven magneto-acoustic
instability (McKenzie and Webb 1984; Zank 1989; Ko and Jeng 1994). The unsta-
ble mode can be identified as the slow magneto-acoustic mode.

Jiang et al. (1996) proposed a nonlinear test-particle picture version of the model,
in which the thermal plasma was considered as an ‘energy and momentum reser-
voir’. They found that stochastic acceleration is often the dominant acceleration
mechanism of cosmic rays. However, in some parameter regimes, it may just act as
a trigger or a catalyst, and the work done by the background plasma flow becomes
the major contributor.

Ko (1998) worked out the efficiency of shock acceleration in the nonlinear test-
particle picture in a shocked background. According to his definition of efficiency,
the efficiency can be negative in some parameter regime (a small region though),
i.e. it is possible that cosmic-ray pressure far downstream of the shock may be less
than the pressure without the shock. Moreover, Ko (2001) considered two flows
with the same upstream and downstream speeds. One transforms from upstream
to downstream smoothly but rapidly, while the other changes from upstream to
downstream via a discontinuity (a shock or a subshock). The gain in cosmic-ray
pressure in the shocked flow is always smaller than the gain in the continuous flow,
i.e. in a certain sense, the shock decelerates the cosmic rays.

In this paper we present some numerical solutions to the full four-fluid model.
The solutions are all continuous solutions. We should like to find out the relative
importance of the three energy exchange mechanisms in the cosmic-ray–plasma
system: work done by plasma flow, cosmic-ray streaming instability and stochastic
acceleration. In Sec. 2 we describe the four-fluid model. Numerical solutions are
presented in Sec. 3. Section 4 provides a summary and discussion.

2. Four-fluid model
Based on the cosmic-ray propagation equation of Skilling (1975a,b) and the wave
energy exchange equation of Dewar (1970); Ko (1992) worked out a four-fluid model
for the cosmic-ray–plasma system. The model consists of thermal plasma, cosmic
rays and two Alfvén waves (which propagate along the magnetic field in opposite
directions). All components are treated as fluids, i.e. they are described by an en-
ergy density or a pressure. The cosmic rays and waves are massless fluids, and the
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mass density of the system is provided solely by the thermal plasma. The gov-
erning equations of the model are the total mass and momentum equations, and
energy equations of various components (i.e. kinetic energy and thermal energy of
plasma, cosmic-ray energy, and wave energies), supplemented by the equations for
the magnetic field.

In one-dimensional geometry and assuming that the magnetic field is parallel to
the plasma flow, the model becomes (assuming no dissipation)

∂ρ

∂t
+
∂

∂x
(ρU ) = 0, (1)

ρ
∂U

∂t
+ ρU

∂U

∂x
= − ∂

∂x
(Pth + Pc + P+

w + P−w ), (2)

∂Ek

∂t
+
∂Fk

∂x
= −U ∂

∂x
(Pth + Pc + P+

w + P−w ), (3)

∂Eth

∂t
+
∂Fth

∂x
= U

∂Pth

∂x
, (4)

∂Ec

∂t
+
∂Fc

∂x
= [U + (e+ − e−)VA]

∂Pc

∂x
+
Pc

τ
, (5)

∂E±w
∂t

+
∂F±w
∂x

= U
∂P±w
∂x
∓ e±VA

∂Pc

∂x
− Pc

2τ
, (6)

where ρ and U are the density and velocity of the plasma; Pk, Ek and Fk are the
kinetic pressure, kinetic-energy density and kinetic-energy flux of the plasma; Pth,
Eth and Fth are the thermal pressure, thermal-energy density and thermal-energy
flux of the plasma; Pc, Ec and Fc are the pressure, energy density and energy flux
of the cosmic rays; P±w , E±w and F±w are the pressure, energy density and energy
flux of the waves, and ± denote the forward- and backward-propagating waves. VA

is the Alfvén speed and is given by VA = B/
√
µ0ρ. In one-dimensional problems,

the magnetic field B is spatially uniform when the field is in the same direction as
the spatial coordinate (because ∇ · B = 0). In (5) and (6), the terms e±VA∂Pc/∂x
and Pc/τ represent cosmic-ray streaming instability and stochastic acceleration (or
second-order Fermi process) respectively. The energy fluxes are given by

Fk = EkU, (7)

Fth = (Eth + Pth)U, (8)

Fc = (Ec + Pc)[U + (e′+ +−e′−)VA]− κ∂Ec

∂x
, (9)

F±w = E±w (U ± VA) + P±w U. (10)

To close the system, we assume polytropic relations between the pressure and
energy density of various components,

Ek = 1
2Pk = 1

2ρU
2, (11)

Eth =
Pth

γg − 1
, (12)

Ec =
Pc

γc − 1
, (13)

E±w = 2P±w ; (14)
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and we also need a model for e±, τ and κ. Assuming that the scattering frequency of
cosmic rays (by waves) is proportional to the wave pressure, we have the following
simple model (Ko 1992):

e± = e′± =
P±w

P+
w + P−w

, (15)

1
τ

= 16α
V 2

A

c2

P+
wP
−
w

P+
w + P−w

, (16)

κ =
c2

3α(P+
w + P−w )

, (17)

where c is the speed of light, and α indicates the strength of coupling. α, γg and γc

can be considered as closure parameters.
In steady state, there are six integration constants. They are the magnetic flux

ΦB = B, (18)

the mass flux

Φm = ρU, (19)

the entropy constant

A = Pthρ
−γg , (20)

the total energy flux

F = Fk + Fth + Fc + F+
w + F−w , (21)

the total momentum flux

G = Pk + Pth + Pc + P+
w + P−w , (22)

and the wave action

WA =
[
Fc +

(U + VA)2

VA
E+

w −
(U − VA)2

VA
E−w

]
. (23)

Therefore the model can be reduced to a set of two-dimensional autonomous ordi-
nary differential equations.

3. Numerical results
In this section, we seek steady-state solutions of the four-fluid model; in particular,
we consider only one-dimensional (with magnetic field and plasma flow parallel to
each other) systems. We adopt the coupling model described in the previous section
(equations (15)–(17)); thus the systems are translation-invariant (i.e. they do not
depend on x). The system can be described by a set of two-dimensional auton-
omous ordinary differential equations. For instance, P+

w and P−w , or U and Pc, are
convenient running variables. In principle, we may employ standard techniques to
analyse the autonomous set of ordinary differential equations and classify all the
solutions (as in Jiang et al. 1996). However, the mathematics in this case is very
tedious, and instead we use a numerical method to study the system. Specifically,
we search for continuous (smooth) physically admissible solution (i.e. we avoid sol-
utions with subshocks).
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A physically admissible solution (or physical solution) satisfies the following
requirement and boundary conditions. First of all, the pressures (and energy den-
sities) of the solution must be non-negative. Secondly, in one-dimensional geometry,
the ‘most natural’ boundary condition is that the solution approaches uniform
states both far upstream (x → −∞) and far downstream (x → ∞). (Generally
speaking, if the solution approaches periodic states both far upstream and/or far
downstream, it can also be classified as a physical solution. However, it can be
shown that there is no physically admissible periodic solution. Basically, periodic
solutions are either centres or limit cycles, and in two-dimensional autonomous sys-
tems, they must enclose a fixed point. In our case, at least one of the pressures Pc,
P±w must vanish at the fixed points because of the stochastic acceleration. Hence,
even if periodic solutions existed, some pressures would be negative in part of the
orbit. Thus periodic upstream or downstream states are excluded.)

Cosmic-ray–plasma systems without waves or with only one wave have been
studied thoroughly (Drury and Völk 1981; Axford et al. 1982; McKenzie and Völk
1982; Ko et al. 1997). The plasma flow has three types of profiles: (i) uniform,
(ii) monotonically decreasing and continuous, and (iii) monotonically decreasing
with a subshock. We should point out that for systems with only one wave (i.e.
unidirectional wave systems), only continuous profiles can be considered, because
a subshock generates both waves downstream.

In this paper, therefore, we concentrate on flow profiles of systems with both
forward and backward waves. Furthermore, we consider continuous and super-
Alfvénic flows only (i.e. MA = U/VA > 1 everywhere). We note that uniform states
are not physically allowable in two-wave systems because of the stochastic acceler-
ation.

The magnetic field, velocity, density, pressures and length are normalized to B0,
U0, ρ0, P0 and L0, where B2

0/ µ0 = ρ0U
2
0 = P0 and L0 = c2/αP0U0.

To find the steady-state solutions of the set of equations (1)–(6) and ∇ · B = 0,
eight parameters are required. We choose three integration constants ΦB, Φm and
F , and values of the five quantities U , Pth, Pc, P+

w and P−w at x = 0. Moreover,
we have to assign values to γg and γc (e.g. γg = 5

3 , and γc = 4
3 ), and we take

α = c2/P0U0L0 (we do not need to set a numerical value for α, since it is not
necessary to give numerical values to the normalization constants P0, U0 and L0).
We seek physically admissible solutions. We integrate the set of autonomous ordi-
nary differential equations forward and backward from x = 0 (by the fourth-order
Runge–Kutta method), and require that the solutions approach uniform states as
x→ ±∞ (of course, we also require all pressures to be non-negative). We note that
a more intuitive way to integrate the set of equations is to specify values at the
far-upstream region (i.e. the inflow boundary). However, we have not taken this ap-
proach, because we have demanded that the far-upstream state be uniform (which
causes some difficulty in integration from the far-upstream region). Of course, if we
wish to find the values at the inflow boundary, we can easily compute them from
the solutions we get. We work out several typical solutions (Figs 1–6), but we do
not claim that we exhaust all generic profiles.

The parameters used in the figures are summarized in Table 1. The last three
columns are computed quantities, not input parameters. In each figure, part (a)
shows the profiles of U , VA, Pth, Pc and P±w , while part (b) shows the strength of
the energy transfer mechanisms of the system (those terms on the right-hand sides
of (5) and (6)). In the figures, the stochastic acceleration Pc/τ is denoted by fs, the
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Figure 1. Structure of cosmic-ray–plasma system: (a) flow and pressure profiles; (b) energy
transfer mechanisms. In (b), the stochastic acceleration Pc/τ is denoted by fs, the cosmic-ray
streaming instability e±VA dPc/dx by f±e , and the work done by plasma flow on cosmic rays
(U dPc/dx) and waves (U dP±w /dx) by fc and f±w respectively. The parameters used in this
figure are ΦB = 1.0, Φm = 1.6, F = 31.26, U (0) = 4.0, Pth(0) = 0.4, Pc(0) = 0.8, P +

w (0) = 0.1
and P−w (0) = 0.25 (also see Table 1).

Table 1. Parameters used in Figs 1–6. Note that γg = 5
3 , γc = 4

3 and α = c2/P0U0.

Figure ΦB Φm F U (0) Pth(0) Pc(0) P +
w (0) P−w (0) A G WA

1 1.0 1.6 31.26 4.0 0.4 0.8 0.1 0.25 1.842 7.95 12.82
2 1.0 1.6 26.36 4.0 0.4 0.8 0.001 0.2 1.842 7.801 6.340
3 1.0 1.6 26.30 4.0 0.4 0.8 10−6 0.2 1.842 7.800 6.250
4 1.0 4.0 63.53 4.0 1.0 0.8 0.4 0.01 1.0 18.21 35.65
5 1.0 4.0 56.04 4.0 1.0 0.35 0.5 0.01 1.0 17.86 31.76
6 1.5 1.0 70.40 10.0 0.02 10−8 0.4 0.2 0.9283 10.62 34.33

cosmic-ray streaming instability e±VA dPc/dx by f±e , and the work done by plasma
flow on cosmic rays (U dPc/dx) and waves (U dP±w /dx) by fc and f±w , respectively.

As illustrated in the figures, the cosmic-ray–plasma system with two waves has
numerous different profiles or structures. They may be roughly divided into two
categories. On the one hand, the profiles of the flow and the thermal pressure of
Figs 1(a) and 2(a) are rather uniform. They behave as in the test-particle picture,
where the plasma acts as an ‘energy and momentum reservoir’. On the other hand,
the flow profiles of Figs 3(a)–6(a) resemble a modified shock. These two categories of
solutions have one more difference. Both waves vanish in the far-downstream region
of the ‘test-particle-like’ solutions (Figs 1(a) and 2(a)), while one wave survives in
the far-downstream region of the ‘modified-shock-like’ solutions (Figs 3(a)–6(a)).
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Figure 2. The same as Fig. 1, but with parameters ΦB = 1.0, Φm = 1.6, F = 26.36,
U (0) = 4.0, Pth(0) = 0.4, Pc(0) = 0.8, P +

w (0) = 0.001 and P−w (0) = 0.2 (also see Table 1).
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Figure 3. The same as Fig. 1, but with parameters ΦB = 1.0, Φm = 1.6, F = 26.30,
U (0) = 4.0, Pth(0) = 0.4, Pc(0) = 0.8, P +

w (0) = 10−6 and P−w (0) = 0.2 (also see Table 1).
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Figure 4. The same as Fig. 1, but with parameters ΦB = 1.0, Φm = 4.0, F = 63.53,
U (0) = 4.0, Pth(0) = 1.0, Pc(0) = 0.8, P +

w (0) = 0.4 and P−w (0) = 0.01 (also see Table 1).

Since the flows of Figs 1(a) and 2(a) are rather uniform, we had expected that
both pressure profiles would show features similar to the nonlinear test-particle
picture in a uniform background (Jiang et al. 1996). The result in Fig. 1(a) does,
but Fig. 2(a) does not. (In Fig. 2(a), the far-downstream Pc is much less than the
peak Pc, while in the nonlinear test-particle picture, the far-downstream Pc is always
the largest.) In Fig. 3(a), for x larger than, say 0, the profiles closely resemble those
profiles of a system with only a backward wave (i.e. P+

w = 0), but the upstream
state is totally different (when P+

w is not small). Figure 4(a) shows a peak in U and
a valley in P−w , while Figs 5(a) and 6(a) show the opposite features. Although the
thermal pressures of Figs 5(a) and 6(b) differ by orders of magnitude, the other
profiles are similar.

After experimenting with different parameters, we conclude that in many cases
the profiles are non-monotonic. This is in sharp contrast with systems without
waves or systems with only one wave, in which all profiles are monotonic.

Finally, as illustrated in Figs 1(b)–6(b), very often the work done by plasma
flow on cosmic rays U dPc/dx and the stochastic acceleration Pc/τ are the domi-
nant energy transfer mechanisms. Moreover, among these two, the work done by
plasma flow on cosmic rays is far more important in regions of the modified shock
(Figs 3(b)–6(b)).

4. Summary and discussion
In this paper, we have studied a four-fluid cosmic-ray–plasma system. The model
comprises thermal plasma, cosmic rays, and forward- and backward-propagating
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Figure 5. The same as Fig. 1, but with parameters ΦB = 1.0, Φm = 4.0, F = 56.04,
U (0) = 4.0, Pth(0) = 1.0, Pc(0) = 0.35, P +

w (0) = 0.5 and P−w (0) = 0.01 (also see Table 1).

Alfvén waves. The governing equations are given in Sec. 2 (or see Ko 1992). The
steady-state one-dimensional problems can be reduced to a two-dimensional auton-
omous system of ordinary differential equations. In principle, we can give a rigorous,
analytical, treatment of the system, but the mathematics is very tedious. Hence we
try to understand some properties of the system using a numerical method instead.

We seek continuous physically admissible solutions and we do not consider sol-
utions with subshocks. In addition, we consider super-Alfvénic flow only (MA =
U/VA > 1). A physically admissible solution approaches uniform states both far
upstream and far downstream. Several possible solutions are shown in Figs 1–6.
There are many parameters in the system, for example the magnetic flux Φ, the
mass flux J , the entropy constant A, the total energy flux F , the total momentum
flux G and the wave-action integral WA (see Sec. 3 for the parameters used). The
solutions can be crudely divided into two categories: ‘test-particle-like’ (Figs 1 and
2) and ‘modified-shock-like’ (Figs 3–6). The parameter space is very large, and we
cannot claim that we have exhausted all possible qualitatively different solutions.

Recall that in systems without waves or in systems with only one wave, the flow
velocity is a monotonically decreasing function of x, while the cosmic-ray pressure
is a monotonically increasing function (Drury and Völk 1981; Axford et al. 1982;
McKenzie and Völk 1982; Ko et al. 1997). (Basically, the reason for monotonicity
is these systems can be reduced to a one-dimensional autonomous ordinary differ-
ential equation.) In systems where the thermal plasma is dominant (the so-called
nonlinear test-particle picture), P±w are monotonic while Pc may not be (Jiang et
al. 1996; Ko 1998). As shown in Sec. 3, all the profiles (either velocities or pressures)
of the full four-fluid model (systems with both forward and backward waves and
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Figure 6. The same as Fig. 1, but with parameters ΦB = 1.5, Φm = 1.0, F = 70.40,
U (0) = 10.0, Pth(0) = 0.02, Pc(0) = 10−8, P +

w (0) = 0.4 and P−w (0) = 0.2 (also see Table 1).

account taken of the back-reaction of cosmic rays and waves upon plasma flow) do
not necessarily show monotonicity (cf. Zank et al. (1993), who showed that the ve-
locity profile can be non-monotonic when injection is considered). In fact, in most
cases, non-monotonicity is the rule rather than an exception.

The rich morphology of the four-fluid model is the result of the interplay among
various energy transfer mechanisms. (Of course, one may take the position that the
profiles dictate the strength of the energy transfers. It is a question of ‘chicken- and-
egg’. Since the model is constructed in a self-consistent way, the question of which
comes first does not really matter.) We can identify three basic energy transfer
mechanisms in the four-fluid model:

(a) work done by plasma flow against pressure gradients (U dPc/dx, U dP±w /dx);

(b) cosmic-ray streaming instability (e±VA dPc/dx);

(c) stochastic acceleration (Pc/τ ).

The first two are facilitated by pressure gradients. The last two exchange energy
among cosmic rays and waves only. The first two can accelerate or decelerate cosmic
rays, while the last one can only accelerate cosmic rays.

In all physically admissible solutions we sought, the far-upstream cosmic-ray
pressure vanishes, and the far-downstream cosmic-ray pressure attains a finite value
(not necessarily the maximum) (see Figs 1(a)–6(a)). Cosmic rays are always accel-
erated. Which of the aforementioned mechanisms is the dominant mechanism for
cosmic-ray acceleration?

Cosmic-ray streaming instability is subordinate to the work done by plasma,
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because we are considering super-Alfvénic flows (U > VA and e± 6 1). The stochas-
tic acceleration and the work done by plasma are comparable in the ‘upstream’
region, but the work done by plasma always wins in the ‘downstream’ region. Note
that the work done by plasma may accelerate or decelerate cosmic rays as well in
the ‘downstream’ region, but it is the dominant energy transfer mechanism anyway.
Stochastic acceleration works only if all three pressures Pc and P±w are present. If
any one of them vanishes, this will kill the mechanism. The mechanism channels the
energy contained in waves to cosmic rays. Subsequently, at least one wave withers
‘rapidly’ and the mechanism shuts down in or before the ‘transition region’ (say,
x ≈ 0).

In ‘modified-shock-like’ solutions (Figs 3–6), we may regard the stochastic accel-
eration as a trigger of the acceleration of cosmic rays. The major phase of acceler-
ation is rendered by the plasma flow (against the cosmic-ray pressure gradient).

A slight change in the relative strength of the energy transfer mechanisms may
cause a large change in the structure of the system. This is best illustrated in Figs 2
and 3. In these two figures, the integrals (ΦB, Φm, A, F , G, WA) are more or less
the same, the variables at x = 0 are the same, except that P+

w = 10−3 in Fig. 2 while
P+

w = 10−6 in Fig. 3. The ‘upstream’ (say, x < 0) profiles of the two figures are very
similar, but the ‘downstream’ (say, x > 0) profiles are very different (for example,
P−w = 0 in Fig. 2 while P−w � 0 in Fig. 3).

Furthermore, if we set P+
w = 0 at x = 0, the system becomes a unidirectional

system (cf. McKenzie and Völk 1982). The ‘downstream’ (say, x > 0) profiles are
almost identical to Fig. 3(a), but the ‘upstream’ (say, x < 0) profiles are totally
different (for example P+

w � 0 and Pc = 0 in Fig. 3 while P+
w = 0 and Pc� 0 in the

unidirectional system).
Although we only talk about continuous solutions in this paper, solutions with a

genuine subshock are expected to exist (an extrapolation from two-fluid models –
Drury and Völk 1981; Axford et al. 1982; Ko et al. 1997). They are more difficult
to find, but we anticipate that their structures ought to be qualitatively different
from those of two-fluid models. As the downstream states of two-fluid models are
uniform, the downstream states of four-fluid models should not be, because both
forward and backward waves are generated by the subshock. Stochastic accelera-
tion prevents uniform states.

Finally, we should like to point out a difference between the physically admiss-
ible solutions of the nonlinear test-particle picture (where the plasma is considered
as an ‘energy and momentum reservoir’ – Jiang et al. 1996) and those of the four-
fluid model (in which the back-reactions are taken into account). In the nonlin-
ear test-particle picture, all physically admissible solutions (with both waves) have
Pc = 0 far upstream and P±w = 0 far downstream. As shown in Figs 3(a)–6(a) (the
‘modified-shock-like’ solutions), the four-fluid model has solutions with P−w � 0 far
downstream. What role the back-reaction plays to have such an effect warrants
further investigation.
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