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Abstract

Partial differential equations are powerful tools for used to characterizing various physical
systems. In practice, measurement errors are often present and probability models
are employed to account for such uncertainties. In this paper we present a Monte
Carlo scheme that yields unbiased estimators for expectations of random elliptic partial
differential equations. This algorithm combines a multilevel Monte Carlo method
(Giles (2008)) and a randomization scheme proposed by Rhee and Glynn (2012),
(2013). Furthermore, to obtain an estimator with both finite variance and finite expected
computational cost, we employ higher-order approximations.
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1. Introduction

Elliptic partial differential equations are classic equations used to describe various static
physical systems. In practice such systems are not usually described precisely; for instance,
imprecision could be due to microscopic heterogeneity or measurement errors of parameters. To
account for this, we introduce uncertainty to the system by letting certain coefficients contain
randomness. To be precise, let U C R“ be a simply connected domain. We consider the
following differential equation concerning u: U — R:

-V - (a(x)Vu(x)) = f(x) forx eU. (1.1)

Here f(x) is a real-valued function and a(x) is a strictly positive function. Just to clarify the
notation, Vu(x) is the gradient of u(x) and ‘V-’ is the divergence of a vector field. For each a
and f, we solve u subject to certain boundary conditions that are necessary for the uniqueness
of the solution. This will be discussed in the sequel. Randomness is introduced to the system
through a(x) and f(x). Thus, the solution u# as an implicit functional of a and f is areal-valued
stochastic process living on U. More precisely, consider a probability space (2, #,P). The
functions a, f, and u are maps from U x €2 to R, where the function a is in fact almost surely
strictly positive. In the rest of this paper we omit the second argument in a(x, ®), f(x, ®),
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and u(x, w), and write a(x), f(x), and u(x) instead that satisfy (1.1) and boundary conditions
almost surely. Throughout this paper, we consider d < 3 to be sufficient for most physical
applications.

Of interest is the distributional characteristics of {u(x): x € U}. The solution is typically
not in an analytic form of @ and f, and, thus, closed-form characterizations are often infeasible.
In this paper we study the distribution of u via Monte Carlo simulation. Let C(U) be the set of
continuous functions on U. For a real-valued functional

Q:CWU)— R

satisfying certain regularity conditions, we are interested in computing

wg = E[QW)] = / Qu(-, w)P(dw).

The expectation in the above display is taken with respect to the uncertainty in the random
fields a(x) and f(x). Such problems appear often in the studies of physical systems; see, for
instance, [5] and [6].

The contribution of this paper is the development of an unbiased Monte Carlo estimator of
wg with finite variance. Furthermore, the expected computational cost of generating such an
estimator is finite. The analysis strategy is a combination of a multilevel Monte Carlo method
and arandomization scheme. The multilevel Monte Carlo method is arecent advancement in the
simulation and approximation of continuous processes [4], [8], [9]. The randomization scheme
was developed by Rhee and Glynn [12], [13]. Under the current setting, a direct application
of these two methods leads to either an estimator with infinite variance or an infinite expected
computational cost. This is mostly due to the fact that the accuracy of regular numerical methods
of the partial differential equations is insufficient. More precisely, the mean squared error of
a discretized Monte Carlo estimator is proportional to the square of the mesh size [2], [15].
The technical contribution of this paper is to employ the finite element method with quadratic
isoparametric elements to solve partial differential equations (PDEs) under certain smoothness
conditions on a(x) and f(x), and to perform careful analysis of the numerical solver for (1.1).

1.1. Physics applications

Equation (1.1) has been widely used in many disciplines to describe time-independent
physical problems. The well-known Poisson equation or Laplace equation is a special case
when a(x) is a constant. In different disciplines, the solution u#(x), and the coefficients a(x)
and f(x) have specific physical meanings. When the elliptic PDE is used to describe the
steady-state distribution of heat (as temperature), u(x) represents the temperature at x and the
coefficient a(x) represents heat conductivity. In the study of electrostatics, u is the potential (or
voltage) induced by electronic charges, Vu is the electric field, and a(x) is the permittivity (or
resistance) of the medium. In groundwater hydraulics, u(x) is the hydraulic head (water level
elevation) and a(x) is the hydraulic conductivity (or permeability). The physical laws for the
above three problems to derive the same type of elliptic PDE are respectively called Fourier’s
law, Gauss’s law, and Darcy’s law. In classical continuum mechanics, (1.1) is known as the
generalized Hook’s law, where u describes the material deformation under the external force f'.
The coefficient a(x) is known as the elasticity tensor.

In this paper we consider that both a(x) and f (x) possibly contain randomness. We elaborate
its physical interpretation in the context of a material deformation application. In the model
of classical continuum mechanics the domain U is a smooth manifold denoting the physical
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location of the piece of material. The displacement u(x) depends on the external force f(x),
boundary conditions, and the elasticity tensor {a(x): x € U}. The elasticity coefficient a(x) is
modeled as a spatially varying random field to characterize the inherent heterogeneity and
uncertainties in the physical properties of the material (such as the modulus of elasticity;
cf. [11] and [14]). For example, metals, which lend themselves most readily to the analysis by
means of the classical elasticity theory, are actually polycrystals, i.e. aggregates of an immense
number of anisotropic crystals randomly oriented in space. Soils, rocks, concretes, and ceramics
provide further examples of materials with very complicated structures. Thus, incorporating
randomness in a(x) is necessary to account for the heterogeneities and uncertainties under many
situations. Furthermore, there may also be uncertainty contained in the external force f(x).

The rest of the paper is organized as follows. In Section 2 we present the problem settings
and some preliminary materials for the main results. In Section 3 we present the construction
of the unbiased Monte Carlo estimator for wg and a rigorous complexity analysis. In Section 4
we include numerical implementations. Technical proofs and a detailed definition of finite
element methods are included in the appendices.

2. Preliminary analysis

Throughout this paper, we consider (1.1) living on a bounded domain U C R¢ with a twice
differentiable boundary denoted by dU. To ensure the uniqueness of the solution, we consider
the Dirichlet boundary condition

u(x) =0 forx e dU. 2.1
We let both exogenous functions f(x) and a(x) be random processes, that is,
fx,w): UxQ2—> R and a(x,w): U x Q — R,

where (€2, ¥, IP) is a probability space. To simplify notation, we omit the second argument and
write a(x) and f(x). As an implicit function of the input processes a(x) and f (x), the solution
u(x) is also a stochastic process living on U. We are interested in computing the distribution of
u(x) viaa Monte Carlo simulation. In particular, for some functional @ : C(U) — R satisfying
certain regularity conditions that will be specified in the sequel, we compute the expectation

we = E[Qu)]

by a Monte Carlo simulation. The notation U is used to denote the closure of domain U and
CcU) isA used to denote the set of real-valued continuous functions on U'.
Let Z be an estimator (possibly biased) of EQ (1). The mean square error

E(Z — wg)? = var(Z) + {E[Z] — wa}?

consists of a bias term and a variance term. For the Monte Carlo estimator in this paper, the bias
is removed via a randomization scheme combined with a multilevel Monte Carlo method. To
start with, we present the basics of the multilevel Monte Carlo method and the randomization
scheme.

2.1. Multilevel Monte Carlo

Consider a biased estimator of wg denoted by Z,,. In the current context, Z,, is the estimator
corresponding to some numerical solution based on a certain discretization scheme, for instance,
Z, = Q(u,), where u,, is the solution of the finite element method. The subscript n is a generic
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index of the discretization size. The detailed construction of Z,, will be provided in the sequel.
As n — oo, the estimator becomes unbiased, that is, [E(Z,,) — wg. The multilevel Monte
Carlo method is based on the following telescope sum:

o0
wa =E[Zol+ Y ElZit1 — Zi]. (2.2)
i=0
One may choose Z to be some simple constant. Without loss of generality, we choose Zy = 0
and, thus, the first term vanishes. The advantage of writing w¢ as the telescope sum is that
one is often able to construct Z; and Z; carefully such that they are appropriately coupled
and the variance of Y¥; = Z; 1 — Z; decreases fast as i tends to co. The coupling is commonly
done by constructing Z; 1 and Z; with the same sample path w (that is, the same a(-, ) and
f (-, w)). The specific choices of our ¥; and Z; in this paper are given in Section 3.2. Let

A =E[Z;y1 — Z;]

be estimated by

nj

Ao 1 %)
Ai=;ZYi ,

1

j=1
where Yl.(j ), j = 1,...,n; are independent replicates of ¥;. The multilevel Monte Carlo
estimator is
I
Z=Y A, (2.3)
i=1

where [ is a large integer truncating the infinite sum (2.2).

2.2. An unbiased estimator via a randomization scheme

In the construction of the multilevel Monte Carlo estimator (2.3), the truncation level I is
always finite and, therefore, the estimator is always biased. In what follows we present an
estimator with the bias removed. It is constructed based on the telescope sum of the multilevel
Monte Carlo estimator and a randomization scheme that was originally proposed by Rhee and
Glynn [12], [13].

Let N be a positive, integer-valued random variable that is independent of {Z;};—1 2, ... Let
pn = P(N = n) be the probability mass function of N such that p, > 0 for all n > 0. The
following identity holds trivially:

- i ElZy — Zn-1: N = 1] :E[ZN - ZN_I].

00
wg = E[Z, - Z
; " Pn PN

n=1

Here E[X; B] = E[X13] with X arandom variable and 1 the indicator function of an event B.
Therefore, an unbiased estimator of w is given by

ZN —ZN-1
PN '
Let Zi, i =1,..., M be independent copies of 7. The averaged estimator

1 M
ZMzﬁ;zi
1=

is unbiased for wg with variance Var(Z )/ M if finite.

7= (2.4)

https://doi.org/10.1017/apr.2018.49 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.49

Unbiased sampling of random elliptic partial differential equations 1011

We provide a complexity analysis of the estimator Z. This consists of the calculation of the
variance of Z and of the computational cost to generate Z. We start with the second moment

(2.5)

i E(Zn - Zn—l)z.

_ 2
E[72] = ]E[(ZN Zn-1) }
Pn

2
Py n=1

In order to have a finite second moment, the sequence E(Z,, — Z,,_; )2 / pn needs to tend to 0
no slower than n 1. Thus, we would like to choose the random variable N such that

pn > nk(Z, — Z,,_l)2 for all sufficiently large n. (2.6)

Furthermore, p,, must also satisfy the natural constraint that

o0

an:L

n=1
which suggests p, < n~! for sufficiently large n. Combining with (2.6), we have
n > pp>nE(Zy, — Zu_1)>. 2.7

Note that we have not yet specified a discretization method; thus, (2.7) can typically be met by
appropriately indexing the mesh size. For instance, in the context of solving a PDE numerically,
we may choose the mesh size converging to 0 at a super exponential rate with n (such as
e_”z) and, thus, E(Z,, — Z,,_l)2 decreases sufficiently fast to allow quite some flexibility in
choosing p,. Thus, constraint (2.7) alone can always be satisfied and it is not intrinsic to the
problem. It is the combination with the following constraint that forms the key issue.

We now compute the expected computational cost for generating Z. Let ¢, be the compu-
tational cost for generating Z, — Z,—1. Then the expected cost is

n
C=Y"puca. (2.8)
i=1

In order to have C finite for sufficiently large n,

pn<nlel (2.9)

n

Based on the above calculation, if the estimator 7 has a finite variance and a finite expected
computation time, then p, must satisfy both (2.7) and (2.9), which suggests that

E(Zy — Zn_1)?> <n”2c . (2.10)

n

That is, we must be able to construct a coupling between Z,, and Z,_ such that (2.10) holds.
In Section 3 we provide a detailed complexity analysis for the random elliptic PDE, illustrating
the challenges and presenting the solution.

2.3. Function spaces and norms

In this section we present a list of notation that will be frequently used in later discussions.
Let U C R be a bounded open set. We define the following spaces of functions:

Ck(U y={u: U — R | uisk-time continuously differentiable over U}
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That is, u € C*(U) means that all the kth partial derivatives of u are continuous over U. We
have

LP(U) = {u: U—R ‘/ |u(x)|P dx <oo},
U

Lﬁ)c(U) ={u:U — R | u € L?(K) for any compact subset K C U},
CU) = {u: U — R | u is infinitely differentiable with a compact support that is a
subset of U'}.

Definition 2.1. For u, w € Llloc(U ) and a multiple index «, we say that w is the a-weak

derivative of u, and write D*u = w if [, uD*¢dx = (—1)*! [, we dx forall ¢ € CZ°(V),
where D%¢ in the above expression denote the usual «-partial derivative of ¢.

If u € CX(U) and |a| < k then the a-weak derivative and the usual partial derivative
are the same. Therefore, we can write D%¢ for both continuously differentiable and weakly
differentiable functions without ambiguity.

We further define the norms || - || cx () and || - [[Lr ) on CK(U) and L? (U), respectively, as

||u||ck([j) = sup D% u(x)|
|| <k, xeU

1/p
lullLry = (/ u|? dx) .
U

We proceed to the definition of the Sobolev spaces H kU) and Hl";c(U ):

and

H¥(U) = {u: U — R | D% € L*(U) for all multiple index « such that |o| < k},
HE.(U) ={u: U — R | uly € H*(V) forall V C U}.

For u € HX(U), the norm |ju | f7 () and the semi-norm |u| g« ) are defined as

1/2
latll gty = (Z ||D“u||iz(y))

loe| <k

and

172
lul gy = <Z ||D"‘u||iz(U)> : .11)

la|=k
We define the space HO1 (U) as

Hi(U)={ue H' (U): u(x) =0forx € aU}.

On the space Hol(U), the norm || - || 1(¢7y and the semi-norm | - | 1/ are equivalent.

2.4. Finite element method for PDEs

We briefly describe the finite element method for PDEs. The weak solution u € HO1 U) to
(1.1) under the Dirichlet boundary condition (2.1) is defined through the variational form

b(u,v) = L(v) forallv e H}(U), (2.12)
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where we define the bilinear and linear forms as
b(u,v) = / a(x)Vu(x) -Vv(x)dx and L(v) = / f(x)v(x)dx,
U U

and use the dot notation for the vector inner product. When the coefficients @ and f are
sufficiently smooth, say, infinitely differentiable, the weak solution u becomes a strong solution.
That is, u is the solution of (1.1). The key step of the finite element method is to
approximate the infinite-dimensional space HO1 (U) by some finite-dimensional linear space
V. = span{¢1, ..., ¢r,}, where L, is the dimension of V,,. The approximate solution u,, € V,
is defined through the set of equations

b(u,,v) = L(v) forallv e V,. (2.13)

Both sides of the equations are linear in v. Then (2.13) is equivalent to b(u,, ¢;) = L(¢;) for
i=1,..., L, Wefurther write u,, = Z,L:" 1 di®; as alinear combination of the basis functions.
Then (2.13) is equivalent to solving the linear equations

Ln
> dib(@j. ¢i) = L(¢y) fori=1,....Ly. (2.14)
j=1

The basis functions ¢1, ..., ¢, are often chosen such that (2.14) is a sparse linear system.

That is, the order of the number of nonzero b(¢;, ¢;) is O(L,). Such a sparse linear system
can be solved using an iterative method with a computational cost of the order O (L,, log(L))
as L, — oo; see [10, Chapter 5] for more details.

Several choices of V;, have been studied for elliptic PDEs. For example, the V,, may consist
of all the piecewise-linear functions over a triangularization of U. Such a linear element method
was adopted in [2] and [4] to construct multilevel Monte Carlo estimators for random elliptic
PDEs.

In this paper our choice of V;, is a function space induced by quadratic isoparametric elements,
which is suitable when U has a smooth boundary. The intuitive explanation of isoparametric
elements is given in Subsection 3.1.2, and the precise definition will be delayed to Appendix C.
The advantage of using quadratic isoparametric elements over the linear elements is twofold.
First, the quadratic approximation provides a better convergence rate when the solution has
a higher-order regularity (||u||z73py < 00). Second, isoparametric triangularization provides
a better approximation for the boundary oU, yielding a better approximation of the solution.
For more details of finite element methods for elliptic PDEs, we refer the reader to [3] and the
references therein.

3. Main results

In this section we present the construction of Z and its complexity analysis. We use a finite
element method to solve the PDE numerically and then construct Z,,. To illustrate the challenge,
we start with the complexity analysis of Z based on a usual finite element method with linear
basis functions, with which we show that (2.7) and (2.9) cannot be satisfied simultaneously.
Thus, Z either has infinite variance or has an infinite expected computational cost. We improve
upon this by means of quadratic approximation under smoothness assumptions on a and f.
The estimator Z thus can be generated in constant time and has a finite variance.
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3.1. Finite element method

3.1.1. Piecewise-linear basis functions. A popular choice of V,, is the space of piecewise-linear
functions defined on a triangularization 7, of U. In particular, 75, is a partition of U; that is,
each element of 73, is a triangle partitioning U. The maximum edge length of the triangles is
proportional to 27" and V,, is the space of all the piecewise-linear functions over 7, that vanish
on the boundary dU. The dimension of V,, is L, = 0(249"). Detailed construction of T;, and
piecewise-linear basis functions are provided in Appendix C.

Once a set of basis functions has been chosen, the coefficients d; are solved according to the
linear equations (2.14) and the numerical solution is given by u, (x) = Zf‘;l d;¢; (x). For each
functional @, the biased estimator is Z, = @ (u,). It is important to note that, for different »n,
u, are computed based on the same realizations of a and f. Thus, Z, and Z,,_| are coupled.

We now proceed to verifying (2.10) for linear basis functions. The dimension of V,, is of
the order L, = O(Zd"), where d = dim(U). We consider the case when @ is a functional
that involves weak derivatives of u. For instance, @ could be in the form g (| - [ 1(y)) for some
smooth function g and Z = @ (u), where | - |51y is defined as in (2.11).

According to Proposition 4.2 of [2], under the conditions that E[1/min,cy a”(x)] < oo,
Elllalig, g,] < o0, and E[|lflI}>,)] < oo forall p > 0, B(Zy — Zy-1)> = 0Q7") if
u, and u,_1 are computed using the same sample of a and f. Condition (2.10) becomes
n272=D < p=1p=dn|1og2nd|=1 A simple calculation yields that the above inequality
holds only if d = 1. Therefore, it is impossible to pick p, such that the estimator Z has a finite
variance and a finite expected computational cost using the finite element method with linear
basis functions if d > 2. The one-dimensional case is not of great interest given that u can be
solved explicitly. To establish (2.10) for higher dimensions, we need a faster convergence rate
of the PDE numerical solver.

3.1.2. Quadratic isoparametric elements. We improve the accuracy of the finite element method
by means of quadratic isoparametric elements, whose precise definition is given in Appendix C,
under smoothness conditions on a(x) and f(x). Classic results (see, e.g. [3, Chapter VI]) show
that if the solution u of the PDE is smooth enough and U has a smooth boundary U, then the
accuracy of the finite element method can be improved by means of isoparametric elements.
‘We obtain similar results for random coefficients.

In this paper we let V,, be defined as in (C.1) below with a mesh size of O(27"). We explain
the space V,, intuitively. In general, the construction of V), consists of two steps.

1. Partition the space U into small and curved triangles. We will refer to this partition as
T, whose precise definition is given in Appendix C.

2. For each T € 7, we need to define a linear space of functions over 7', den(_)ted by Pr.
Then we put the spaces Pr for T € T, together and define V,, = {v € C(U): v|jy =
Oandv|y € Py for T € 7,,}.

Step 1 is usually done by certain mesh generating algorithms and step 2 is done through
isoparametric mapping of a reference element. We provide a graphical illustration of the
construction in the next example.

Example 3.1. Let U = B(0,1) = {(x,y): x2 + y?> < 1}. For simplicity, we restrict our
illustration to a subset U’ = B(0, 1) N Ri. The analysis on U \ U’ can be done similarly. The
left diagram of Figure 1 shows a possible choice of the partition when n = 1. The right diagram
of Figure 1 shows a refinement of the partition when n = 2. In this example, if T € 7, does not
have an edge (possibly curved) lying on the boundary of U (e.g. the black region in Figure 1)
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FIGURE 1: Isoparametric triangularization for Example 3.1 when n = 1 (left) and n = 2 (right).

then T is a triangle; if an edge of T lies on the boundary (e.g. the gray region in Figure 1) then
T has a curved boundary along dU. We can see that if we only allow a partition using straight
triangles, it is not possible to have U exactly covered due to its curved boundary.

Now we explain how to define a linear space oneach T € 77,. Typically, this is done by the so-
called isoparametric mapping from a reference element. The procedure is as follows. First, we
take the simplex T = {x,y): x,y>0,x+y < 1} tobe the reference element, and define the
space P to be the space containing all quadratic functions over T. Then, foreach T € T, T shown
in Figure 1, there is an invertible quadratic function Fr : T — R?suchthat T = FT(T). Now,
we define a linear space Prover T as Pr = {v: T — R: v(x) = ﬁ(FI;] (x)) for some v € }3}.
Of note, when T is a triangle, the linear space Pr contains all quadratic functions over T'; when
T is curved, then Pr is induced by, but is not necessarily, the space of quadratic functions.

With the finite-dimensional space V), constructed, we obtain an approximate solution u,, by
solving (2.13) with V.

3.1.3. Isoparametric numerical integration. The numerical solution u, in (2.13) requires the
evaluation of the integrals

b(w,v) = Z/a(x)Vw(x) Vv(x)dx and L(v) = /f(x)v(x)dx

TeT, TeT,

For the evaluation of these integrals, we apply a quadrature approximation which approximates
the integral in the form of f 7 ¢(x)dx by Zlﬁil wy, ¢ (b 1) for some prespecified weights w;
and points b; 1 for a positive integer M and 1 < [ < M. The precise choices of w; r and
b;.r are given in Appendix C. We point out that the choices of w; r and b; r depend on the
isoparametric triangularization only, and are independent of the integrand ¢ (-). By setting the
function ¢ to be a(x)Vw(x) - Vu(x), and f(x)v(x), we approximate the bilinear form b(w, v)
and the linear form L(v) by their numerical approximations, denoted by I;(w, v) and Z(v),
respectively. Based on the numerical integration, we define it,, such that

by (iiy, v) = L(v) forallv € V. 3.1

3.1.4. Error analysis for the isoparametric finite element method. In what follows we present
an upper bound of the convergence rate of [li, — ul| g1, where u is the solution to (2.12) and
i, is the solution to (3.1).

Define the minimum and maximum of a(x) as amin = min, . 7a(x) and amax = max . ga(x).
We make the following assumptions on the random coefficients a(x) and f(x).

(A1) amin > 0 almost surely and E[l/a ] < oo forall p € (0, 00).

min
(A2) a is almost surely continuously twice differentiable and E[]|a||
(0, 00).

C2(U)] < oo forall p €
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(A3) f e H2(U) almost surely and E[||f||f12(u)] < oo forall p € (0, 00).

(A4) There exist nonnegative constants p’ and «, such that, for all wy, wy € H(} ),

Q(w1) — Q(w2)| = kq maX{Ilellzl(U), ||w2||Z|(U)}||w1 — w2 g1y

With assumptions (A1)—(A4), we are able to construct an unbiased estimator for wg = E[Q (u)]
with both finite variance and a finite expected computational time.

We start with the existence and the uniqueness of the solution. Note that a(x) is bounded
below by positive random variables apin, and above by amax. According to [2, Lemma 2.1],
(2.12) has a unique solution u € HO1 (U) almost surely satisfying

I f 2w
lull gy = 6k ———. (3.2)
Amin

The next theorem establishes the convergence rate of the approximate solution i, to the

exact solution u.

Theorem 3.1. Let uy be the solution to (3.1). For dim(U) < 3 with a three-time differentiable
boundary dU, if a(x) € C2(U) and f(x) € H*(U), then we have

maX(HQHCZ(U), 1)
min(amin, pi

12
lu —tinll g1y = 0< ||f||H2(U)2_2n>'

Proof. See Appendix A. ]

3.2. Construction of the unbiased estimator

In this section we apply the results obtained in Subsection 3.1.2 to construct an unbiased
estimator with both finite variance and a finite expected computational cost through (2.4). We
start with providing an upper bound of E[@ (u) — Q@)1

Proposition 3.1. Under assumptions (Al)—(A4), we have
E[Q () — Q(in)]* = O(kg2™*),

where u is the solution to (2.12), i, is the solution to (3.1), and k, is the Lipschitz constant that
appeared in (A4).

The proof is a direct application of (3.2), Theorem 3.1, and (A4) and is therefore omitted.
We proceed to the construction of the unbiased estimator Z via (2.4). Choose P(N = n) =
Pn X 2-@+dn/2 For each n, let ii,—; and ii, be defined as in (3.1) with respect to the same
a and f. Note that the computation of i, requires the values of a and f only on the vertices
of 7,. Then Z,_1 and Z, are given by Z,_1 = Q(u,—1) and Z, = Q(u,). With this
coupling, according to Proposition 3.1, we have E(Z, — Zn_1)2 < 2E[Q(uy,) — (;‘2(u)]2 +
2E[Q@GY ) — Q)2 = 0(2*"). According to (2.5), for d = dim(U) < 3, we have
E[Z%] < Y00 2742~ G+dn/2 — oo Furthermore, (3.1) requires solving O(29") sparse
linear equations. The computational cost of obtaining u, is O (n24m). According to (2.8), the
expected cost of generating a single copy of Z is

o o0
E[Cl =) puca < y_n24m2 W2 < o0,

n=1 i=1

This guarantees that the unbiased estimator Z has a finite variance and can be generated in a
finite expected time.
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3.2.1. Sampling of the random coefficients. In some cases, we also need to consider the compu-
tational complexity for simulating a and f in addition to the computational cost of solving the
PDE. For example, if log a(x) is modeled as a Gaussian random field then the computational
complexity for generating log a(x) over O (29") grid points is O (23¢") if the Cholesky decom-
position is adopted. This computational complexity is of a higher order than that of solving an
isoparametric finite element method with a grid size of 27", and the corresponding unbiased
estimator may not have a finite variance and finite computational cost at the same time.

If the random fields @ and f can be approximated by {ax} and { fi} with a relatively low
computational cost, we can still achieve a similar error bound for the resulting numerical solver.
In Example 3.2, we show a situation where we can construct such an approximation for a(-).

Example 3.2. Assume thatloga(x) = g(x) and that g(x) has the following expansion. For all
xeU, gkx)= Z?io)‘l Wi (x), where Wi, W,, ... are independent and identically distributed
(i.i.d.) random variables following the standard normal distribution, {A;} is a sequence of
numbers that tend to 0 as | — 00, and {¢;} is a sequence of functions over U. To approximate
the Gaussian random field g(x), we could use the truncated field g (x) = Zf:o)‘l Wigi(x). The
computational cost for simulating g (x) over 0 (24m) grid points is of the order O (k x 2dmy,
We can see that if k = k, grows at a speed no faster than O (n29") then the computational
complexity for generating g, (x) is much smaller than the cost for simulating g(x) exactly.
The approximation accuracy of g can be obtained via standard analysis of g(x) — gx(x) with
additional assumptions on the decaying speed of 4;((¢;||2;). For a more detailed analysis,
see, for example, [1].

We omit details of the precise requirement of A; and ¢; (x) and present the following results
under generic assumptions on a,.

Theorem 3.2. Define
W, =2"|a — anllc2)-
We make the following additional assumptions on the sequence {a,}.
e max, Eminycy(a,(x), 1)™? < oo forall p > 0.
p

c2(U) g
e There exists a constant § > 0 such that max, EW>*® < oco.

max, E||a,|| < oo forall p > 0.

Simulating a,(-) at the nodes of Ty, requires a computational cost of the order O (n2%").

Let the solution u, be the solution to (3.1) with a(-) replaced by a, (-) in the bilinear form by.
Furthermore, let Z,, = Q(uy,) and Z,,—1 = Q(un—1) be constructed with the same sample
path w. Then the unbiased estimator 7 constructed via (2.4) has a finite variance and a finite
computational cost.

Similar to the simulation of a(-), we could also approximate the random field f(-). The
analysis is similar and so we omit the details.
4. Simulation study

4.1. An illustrating example

We start with a simple example for which a closed-form solution is available and, therefore,
we are able to check the accuracy of the simulation. Let U = B(0, 1), f(x)=2e"1+Waxi+Wsx2
(2 + Wax| + Waxp) and a(x) = eW2X1+Wsx2 where Wy, Wy, and W5 are i.i.d. standard normal
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FIGURE 2: Histograms of Monte Carlo samples of Z and log Z that are defined in Subsection 4.1.
random variables. In this example, the solution to (1.1) is

u(xy, x2) = eM (1 —x} — x3).

2

We are interested in the output functional @ (1) = |u| HLW)’

form. We have

whose expectation is in a closed

Elul?,, ,,, = E[2re?"1] = 27e® ~ 46.4268.

)

Let p, = 0.875 x 0.125" and Z, = Q@(i,) for n > 0. Here we define Zg = 0. Thus, the
estimator according to (2.4) is
Zy — Zn—

PN

7 — 4.1)

We perform Monte Carlo simulation with M = 300 000 replications. The averaged estimator is
46.5572 with the standard deviation 0.8212. In Figure 2 we present the histograms of samples
of Z and log Z.
4.2. Log-normal random field

In this example we let U = B(0, 1) and f(x) = 1 for all x € B(0, 1), and we consider a
more complicated random field a(x). In particular, we let

]

1
loga(xy, x2) = Z z—m(Wszlx{” + Wamxy'),
m=1
where W1, Wa, ... are i.i.d. standard normal random variables. It is not hard to verify that

a(xi, xp) satisfies assumptions (A1) and (A2). We further approximate the field a by

3n
1
an(x1, x2) = exp{z Z—m(Wszlx?' + Wzmxg’)},

m=1

and compute the finite element solution based on this approximation. We let Z,, = Q(u,) as
discussed in Theorem 3.2 and take the same estimator (4.1) and functional @ as the previous
example. We perform Monte Carlo simulation for M = 300000 replications. The averaged
estimator for the expectation EQ () is 0.4608 and the standard deviation is 0.0004 for the
averaged estimator. In Figure 3 we present the histogram of the Monte Carlo sample.

https://doi.org/10.1017/apr.2018.49 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.49

Unbiased sampling of random elliptic partial differential equations 1019

2.57 -

2.0

Density

0.5

oo} LI

-10 =05 00 05 10 15 20
z

FIGURE 3: Histogram of the Monte Carlo sample of Z when log a has a Gaussian covariance.

Appendix A. Proofs of the theorems

In this section we provide technical proofs of Theorems 3.1 and 3.2. Throughout the proofs
we will use « as a generic notation to denote large and not-so-important constants whose value
may vary from place to place. Similarly, we use & as a generic notation for small positive
constants.

Before we start the main proof, we first present a proposition on the higher-order regularity
of the solution u, whose proof is given after the proofs of Theorems 3.1 and 3.2.

Proposition A.1. For dim(U) < 3 with a (k + 1)-time differentiable boundary 9U, if a(x) €
CX(U) and f(x) € H*"Y(U) for some positive integer k, then we have

2 —_
maX(||a||ck(U)7 l)k /249k/2—1

min(amin, 1)K/2+7%/2

lull gy < & W f N ar=1 oy + Nl 2 0y)-

A.1. Proof of Theorem 3.1

We start with a useful lemma, which is essentially Theorem 43.1 of [3] with the constant
C =«la ||C(0) /min(amin, 1) being explicit. We omit the details of the proof of this lemma.

Lemma A.1. It holds that

la ”C(U)

272"l g3 o + lla o |lu + .
min . 1) {lull g3y + llall c2in 1l g3y + 1 L g2y}

lu —tinll gy <«

Combining the above display with Proposition A.1 for £ = 2, we have

2 —
Cc2(U)
min(amin, 1)

llall

1 f Nl g2y + ||u||Lz<u>>)’

where « (a, k) = (max(|lal ck gy 1)F/249%/2=1) rmin (amin, 1)E/2+7%/2, That is,

lu — dinll g1y = 0(2—2"K(a, 2)

n max(|la ||c2([/)» D

min(amin, 1) 10

12
lu —tnll g1y = 0<2_2 W f M2y + IIMIILz(U))>- (A.D

Thanks to (3.2), the above display can be further bounded by

I f 2wy

u <K :
lull 2y = min(dmin, 1)

We complete the proof by combining the above expression with (A.1).
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A.2. Proof of Theorem 3.2
We start with the inequality,

llien — M||H1(U) < |lun — 'Zn”Hl(U) + llan — '4||Hl(u)-

The second term on the right-hand side of the above inequality is already bounded from above
by Theorem 3.1. That is,

_ 12
m max(”“”(ﬂ(u)a D
min(amin, 1)”

llien — M||1-11(U) < llun — ﬁn”Hl(U) + 0<2_ ||f||H2(U))~ (A.2)

We proceed to an upper bound of the first term. Let by, be the bilinear form with a being replaced
by a, in the bilinear form b,. Noting that i, is obtained by replacing b, by b, in (3.1), we have
by (i, w) = Ly(w) = by (itn, w)

for all w € V,,. Subtracting l;n (it,,, w) on both sides, we arrive at
(b — bn) (it w) = by iy — itn, w), (A3)

where we write (b, — l;n)(v, w) = by (v, w) — l;n(v, w). Setting w = i, — u, in (A.3), we
arrive at B ~ ~
(bn - bn)(ﬁn» ’Zn - L_tn) = bn (ﬁn - ’/_tn’ ﬁn - ’/_tn)~ (A4)

According to the same arguments as those given in [3, pp. 258-260], the right-hand side of
(A.4) is bounded from below by

bu (i — fin, iy — itn) = eaminlliin — inll 31 - (A5)
On the other hand, we have
|(bn — ) i, ity — i1n)| < lla = anll ¢y lin — il g1 @y litnll 1 0 - (A.6)
Combining (A.4), (A.5), and (A.6), we arrive at

la — anllc(g) linll g lnll 1w =
n C(U) nlilH (U) S K272n nllH (U) Wn- (A.7)

Amin Amin

Nitn — tnll g1y <«

Because a, satisfies assumptions (A1) and (A2), we can apply Theorem 3.1 to the solution u,,
and arrive at

max([lanllc2gy D'
i =0 . A.8
R <min(minxeu(an(x)), nit ”f”HZ(U)) A9
Combining (A.2), (A.7), and (A.8), we arrive at
i — o — of [T 0eleq). nt max (||l c2¢gy D' -
nToENO) T min (amin, 11! min(min,ey (a, (x)), 1) min(amin, 1) "
x ||f||Hz(U>2—2"). (A.9)

The rest of the proof is similar to the analysis under Proposition 3.1; we omit the details.
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A.3. Proof of Proposition A.1

Proposition A.1 is similar to Theorem 5 of [7, Chapter 6.3], but we explicitly provide the
dependence of constants on a and f.

We prove Proposition A.1 by proving the following result for the weak solution w € H(} )
to a more general PDE:

—V.-(AVw)=f inU, w=0 onadU. (A.10)

Here A(x) = (A;j(x))1<i, j<a is a symmetric positive definite matrix function in the sense that
there exist Apin > 0 satisfying

ETA)E > Aminlé]? (A.11)

forall x € U and & € R?. Assume that A;;(x) € CK(U) foralli, j = 1,...,d. Then it is
sufficient to show that

||w||Hk+l(U) <k (A, k)(”f”Hk*l(U) + ||w||L2(U))» (A.12)

where Kr(As k) = K(max(”A”Ck(U)v 1)](2/24-9/{/2—1/Inin(Amin7 1)k2/2+7k/2) and ”A“Ck(U) =
maxi<; j<d |Aijllck g

Let BY(0, r) denote the open ball {x: |x| < r} and let Ri ={x € R?: x; > 0}. We will
first prove that if U = BO(O, rn Ri and V = BO(O, HnN Rd, then, for all # and r such that
O<t<r,

2 —
max (|| All ge gy, DD /2H0mED/2-1

||w||Hm+2(v) = Krt,m+1 U Sf ey + ||w||L2(U)),

(A.13)
where k. ; ,+1 1s aconstant depending only on r, ¢, and m + 1. The following lemma establishes
(A.13) form = 0.

min(Apip, 1)+D?/2+70m+1)/2

Lemma A.2. (Boundary H?-regularity.) Assume that U is twice differentiable and that A(x)
satisfies (A.11). Assume that A;j(x) € CY(U) for all i, j = 1,...,d. Suppose further that
w € HY(U) is a weak solution to the elliptic PDE with the boundary condition (A.10). Then
weH 8(U ) and

max(||A||C|<U), 1)4
min(Amin, 1)4

lwll g2y <« WS lle2@y + lwll2@y)-

We establish (A.13) by induction. Suppose that, for some m,

2 _
max(”A”Ck([/), ™ /249m/2—1

min(Amin, 1)m2/2+7m/2

||w||Hm+l(W) = Kt,s,m (”f”Hm—l(U) + ||w||L2(U))» (A.14)

where

t+1
w = B%0,s)N R and s:%.

Since w is a weak solution to (A.10), it satisfies the integration equation

/ Vw(x)TA(x)Vv(x)dxzf f(x)v(x)dx forallv e Hy(U). (A.15)
D D
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Leto = (v, ..., aq) be a multiple index with oy = 0 and |«¢| = m. We consider the multiple
weak derivative w = D“w and investigate the PDE that w satisfies. For any v € C°(W),
where C2°(W) is the space of infinitely differentiable functions that have compact support in
W, we substitute v = (—1)!%/ D%% into (A.15). With some calculations, we have

/(V@(X))TA(X)VE(X)Z/ F@)o(x) dx,
w w

where
f=pf- 3 <“>[—v (DY PAVDPw)]. (A.16)
B=a, B#a p
Consequently, w is a weak solution to the PDE

—V.-(AVWw) = f forxin W. (A.17)

Furthermore, we have the boundary condition w(x) = 0 for x € dW N {x; = 0}. By the
induction assumption (A.14) and (A.16), we have

IF 2wy < L lam )

2 _
maX(”A”Ck([]), 1)m /249m/2—1

Kt s,m min(Ap. 1)m2/2+7m/2 ||A||Cm+1((7)(||f||1-1mfl(U) + ||w||Lz(U)).
(A.18)
According to the definition of w, we have
lwll 2wy < lwllamw)- (A.19)
Applying Lemma A.2 to w with (A.18) and (A.19), we have
3 max (| All 1 gy D* max(|Allgx gy, 1" /34021
IDwll g2(vy < Ki,s,mk : 7 - T T2
min(Amin, 1) min(Ampin, Hm"/2+7m/
X Al emer gy N fllam @y + w2 y)- (A.20)
Because « is an arbitrary multi-index such that «y = 0 and || = m, (A.20) implies that

DPw e L*(W) for any multiple index 8 such that || < m +2 and B4 = 0, 1,2. We now
extend this result to the multiple index 8, whose last component is greater than 2. Suppose
that, for all 8 such that || < m + 2 and 85 < j, we have

IDPwll g2 yy < kUL F @) + lwll 20)s (A21)

where Kr(j ) is a constant dependi_n% on A, m, and j to be determined later. We establish the
relationship between K,(] ) and K,(] D For any y that is a multiple index such that |y| = m + 2

and yg = j + 1, we use (A.21) to develop an upper bound for || DY w|| y2(y). In particular, let
B=1,.-.,Yi-1,J — 1). According to remark (ii) after Theorem 1 of [7, Chapter 6.3], we

have
—V - (AV(DPw)) = fT in W almost everywhere, (A.22)
where
ff=pff— Z <§)[—v -(DP3AVDOw)). (A.23)
8<B.5#p
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Note that

—-V. (AV(Dﬁw)) = —A44DYw+ sum of terms involves at most j times weak derivatives

of w with respect to x; and at most m + 2 times derivatives in total.

According to (A.21), (A.22), (A.23), and the above display, we have

1D wll 2y < & Al s @yl ALf ey + 1wl 2 + 1L L))

min(Amin, 1)

Therefore,
(j+1

IDY w2y < &7 VA f @) + Twll2w))-

where
G+ _  (pmax{lAllen @) D)
Ky =k

' min(Amin, 1)

(A.24)

The above expression provides a relationship between K,(j D and /c,(j ). According to (A.20),

2 —
max(lAllc1 ), D* max(|Al e gy, D™ /22!

min(Amin, 1)* min(Amin, 1)m2/2+7m/2

@ =

= Kt,5,mK max(||All emt1 gy, D-

Using (A.24) and the above initial value for the iteration, we have

2 —
max(|All 1 gy, D* max(|All g gy D™ /2+m/21

min(Amin, 1)* min(Amin, 1)m2/2+7m/2
max (| All et g 1) )"
min(Amin, 1)

m+2) __
K}g ) = Kt,s,mK

x max(||A ||Cm+l([]) Y {

Consequently,

2
max (|| All ek gy, D™ /24 11m /244

min(Amin, l)m2/2+9m/2+4

lwll gm+2qvy < Ki,5,mk (L lEm @y + w2 vy)-

Using induction, we complete the proof of (A.12) for the case where U is a half ball.

Now we extend the result to the case that U has a C¥*! boundary dU. We first prove the
theorem locally for any point x* € dU. Because dU is (k+ 1)-time differentiable, with possible
relabeling of the x coordinates, there exist a function y : R4~ — R and r > 0 such that

B(xo,r) NU ={x e B(xo,r): Xqd >y, ..., xq-1)}-
Let ® = (®by,..., D) " : RY — R4 be a function such that
O;(x)=x; fori=1,...,d—1, Di(x)=xg -y, ..., Xq—1).
Let y = ®(x) and choose s > 0 sufficiently small such that
U* = B%0,5) N {ys > 0} C ®U N BG, r)).
Furthermore, let V* = B%(0, 5/2) N {y; > 0} and set

w*(y) = wx) = w(@ ().
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Some calculation shows that w* is a weak solution to the PDE
=V (A" V() = f* (),

where A*(y) = J(y)A(CD_l(y))JT(y) and J(y) is the Jacobian matrix for & with J;;(y) =
dD; (x) /0% | —qp-1(y)» and f*(y) = f(®(y)). In addition, w* € H'(U*) and w*(y) = 0
fory € aU* N {yg = 0}. It is easy to check that A* is symmetric and that A;“j e CK() for all
1 < i, j <d. Furthermore, according to the definitions of J and @, all the eigenvalues of J (y)
are 1 and, thus, ¢ TA*(Y)&€ > AminlJ T (D)E? = eAmin|€|* for all & € R?. By substituting
U,V, A, and f with U*, V*, A* and f* in (A.13), we have

||W*||H2(V*) <«kr(A, k)(”w*”L?(U*) + ||f*||Hk—|(U*))~

According to the definitions of w* and f*, the above display implies that
||w||1-12(q>71(v*)) < kr(A, k)(”w”LZ(U) + ||f||Hk71(U))-

Because U is bounded, dU is compact and, thus, can be covered by finitely many sets ot (Vl*),
L, @t (V¢) that are constructed similarly as ®~1(V*). We complete the proof by combining
the result for points around 0U and Lemma A.3 below for interior points.

Lemma A.3. (Higher-order interior regularity.) Under the setting of Lemma A.2, we assume
that U is C*1 A;j(x) € CXU) foralli,j = 1,...,d, and f € H*'(U), and that
w € H'(U) is one of the weak solutions to PDE (A.10) without a boundary condition. Then
w € HFYU). For each open set V Gu,

loc
lwll grsr vy < ki (A, UL T g1y + lwlli2@w))s

where ki (A, k) = max([| Al cx gy D¥ e /min(Amin, D, with k a constant depending on V.

This completes the proof of Proposition A.1.

Appendix B. Proof of the supporting lemmas

In this section we provide the proofs for the lemmas that are necessary for the proof of
Proposition A.1. We start with a useful lemma showing that w € HI%C(U ), which will be used
in the proof of Lemma A.2

Lemma B.1. (Interior H>-regularity.) Under the setting of Lemma A.2, we further assume that
Aij(x) € CY(U) foralli,j=1,....d, and f € L*(U), and that w € H'(U) is one of the
weak solutions to the PDE (A.10) without a boundary condition. Then w € HI%C(U). For each
open subset V ; U, there exists k depending on V such that

maX(”A”Cl(Uy D
min(Amin, 1)2

2
lwllg2vy <« U flli2y + lwliz2@wy),

where we define the norm ||A||C1(0) = max|<; j<d | Aij ”C'(U)'
Proof. Let h be a real number whose absolute value is sufficiently small. We define the
difference quotient operator as
w(x + hey) — w(x)
h b

D,}(lw(x) =
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where ey is the kth unit vector in R?. According to Theorem 3 of [7, Chapter 5.8], if there
exists a positive constant « such that ||D,i’w||Lz(U) < « for all &, then dw/dx; € L*(U) and
l0w/0xk|l 12y < k. We use this theorem and seek for an upper bound of

/ UM Vw|* dx (B.1)
\%

fork =1, ..., d for the rest of the proof.
We derive a bound of (B.1) by substituting an appropriate v into (A.15). Let W be an open
set such that V.S W G U. We select a smooth function ¢ such that

=1 onV, =0 onW¢, 0<¢<1.
We substitute
v=—D;"(¢*D{w)
into (A.15), to obtain
—/ Vw T AV[D; " (2 Dlw)]dx = —/ D "(c?Dw) dx. (B.2)
D D

We give a lower bound of the left-hand side of (B.2) and an upper bound of the right-hand side.
We use two basic formulae that are similar to integration by parts and the derivative of a product,
respectively. For any functions wy, wy € L2(U), such that wy(x) = 0 if dist(x, dU) < h, we
have

/ wle_hwz dx = —/ D}ilwle dx, D,}(’(w1w2) = w]fD,i’wz + sz]}(lw],
D D

where we define w{’ (x) = wi(x + hex). Similarly, we define the matrix function Al =
A(x + hey). Applying the above formulae to the left-hand side of (B.2), we have

—f Vuw T AV[D; (¢ DI'w)] dx
D
:/ DI (VwT A)V(¢* D w) dx
D
:/ DI (Vw)A"V (2 Diw) + Vw DAV (2 Dl'w) dx
D

= / ¢2DEvVw A" DEVw dx
D

Ji
+ / 20(DIVw T A"V Diw 4 28 (Vw ! DEAVE) DI w + £2Vw DEAD!Vw dx .
D

J2

Here J; in the above expression has a lower bound of
Ji = Anin / | DY Vw]* dx
D
due to the positive definitiveness of A(x). The |J>| term is bounded above by

| < kllAller g (/ ¢IDEVw||Diw| + ¢ |[Vw||DEw| 4+ ¢|[Vw|| DI V| dx). (B.3)
D
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Expression (B.3) can be further bounded by

Ami Al
AR i/ g2|D,i’Vw|2dx+x||A||Cl(,7)<1+ﬂ>/ IVw|>+|Dlw|?dx, (B.4)
2 D Amin w

thanks to the Cauchy—Schwarz inequality. According to Theorem 3 of [7, Chapter 5.8],

/ | D} w|? dx SK/ |IVwl|? dx. (B.5)
w w
Therefore, (B.4) is bounded above by
Amin 21 ~h 2 2 - ||C1(U) 2
2| < —— [ ¢°|ID;Vw| dx +« ||A||C1(U) |Vw| dx. (B.6)
2 D mm

Combining (B.3) and (B.6), the left-hand side of (B.2) becomes

/ Vw T AVID (2 Dlw)] dx
D

=Ji+h
— |J2] (B.7)

Ami All e
%/ §2|D£’Vw|2dx—K2||A||C1(U)< < “”)/ IVw|? dx.
D mm

We proceed to an upper bound of the right-hand side of (B.2). According to (B.5), we have

v

v

/ D (¢ Diw)|* dx < x/ V(2D w)[? dx
D D
K/ 41DIw Ve e + ¢ D VW) dx
w
5K3/ IVw|® + | D} V| dx. (B.8)
w
Applying Cauchy’s inequality to the right-hand side of (B.2), we have

- [ o npwar < [ 171D @ Dfwax
D D

2 3
i /|f|2dx+ mm/lD "e2Diw)Pdx.  (B.Y)
in JD

=<

Combining (B.8) and (B.9), we have

—foDk—h(gzD,’gw)dx< /; |D{Vw|* dx+ m‘“/ |Vw|2dx+ /|f|2dx

(B.10)
Combining (B.7) and (B.10), we have

”A“Cl([j) + Amin 2
{ |Dka| dx< — |f| dx+| 1+4«> ||A||C1(U)— [Vw|*dx.
w
m1n

A2
(B.11)

min
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Therefore,

max(||Allc1y. D?
/g2|1),’;Vw|2dx5K , Cl(wz (/ |f|2dx+/ |Vw|2). (B.12)
D w w

min(Ampin, 1)

Now we give an upper bound of f.D [Vw| by taking v = 22w in (A.15), where we choose ¢
to be a smooth function such that { = 1 on W and ¢ = 0 on U°. Using similar arguments as
those for (B.12), we have

max(|All o1y, 12
/ IVl dr < k— D (/ |f|2dx+/ |Vw|2>. (B.13)
w min(Amin, 1) w w

Taking (B.12) and (B.13) together gives

max ([ Allcr(g),
2\ nh 2 o
D!Vw| dx < d B.14
fDu (Ve dx < e L f|f| + [w] dx. (B.14)
We complete our proof by combining (B.14) forallk =1, ...,d. ([

Proof of Lemma A.2. We first consider a special case when U is a half ball, that is,
U =B°0,HnRL
Let V = BY(0, %) N R%, and select a smooth function ¢ such that
¢=1 onB0,}%), ¢ =0 onB(0,1)°, 0<c¢<l.
Fork =1,...,d — 1, we substitute
v=—D "> D}w)

into (A.15). Using the same arguments for deriving (B.11) as in the proof for Lemma B.1, we
obtain s
max(|Allcig), D
/ IDiVw?dy <k — D / LfI12 + [Vw|dx.
v min(Amin, 1) w

The above display holds for arbitrary &, so we have

> I

i,j=1,i+j<2d

max (|| Allc1g) D
min(Amin, 1)2

f LF1? + |[Vw/* dx. (B.15)
w

0Xx; 8x]

We proceed to an upper bound for
Pw |2
0xg0x4

J

According to remark (ii) after Theorem 1 of [7, Chapter 6.3], with the interior regularity obtained
by Lemma B.1, w solves (A.10) almost everywhere (a.e.) in U. Consequently,

d

92 9A;; 9
Ada ;” - ¥ ]a - —Z ava"’_
*doXd ij=1,itj<2d NioXj Ty X o
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Note that Ags > Amin, S0 the above display implies that

1Al c1 g d
seon( oy
Amin

ij=1,i+j<2d

92w
3)613)(/‘

92w

0x40x4

+ [Vw| + [ f]

N——"

Combining the above display with (B.15), we have
max([[Allc1 gy 1)
min(Amin, 1)2

According to (B.13), the above display implies that

2
lwll g2vy < & NMVwlli2wy + 1 f 2wy

max([|Allc1 gy, D
min(Ampin, 1)*
Similar to the proof for Proposition A.1, this result can be extended to the case where U has a
twice differentiable boundary; we omit the details. O

4
w2y + 1 T2@n)-

lwllg2vy =

Proof of Lemma A.3. We use induction to prove Lemma A.3. When k = 1, Lemma B.1
gives
lwll g2y < i (A, DU f 2@y + Twllg2)-
Suppose that, for k = 1, ..., m, Lemma A.3 holds. We intend to prove that, for k = m + 1,

lwll gm+2(V) < ki (A, m 4+ DALf e @)y + lwll22))-
By induction assumption, we have w € H," L) and, for any W suchthat V. C W C U,

loc
lwll g1 wy < ki (A, m)ALf g1y + w20

Denote by @ = (a1, ..., ag)" a multiple index with || = a1 + - - - + ag = m. With similar
arguments as for (A.17), w = D%w is a weak solution to PDE (A.17) without a boundary
condition. Similar to the derivation for (A.20), w € H"+2(V) and

lwll gm+2vy < ki (A, Dii (A, m) max([|All emsr gy DUF @y + w2 y)-
We complete the proof by induction. (|

Appendix C. Isoparametric finite element method

In this section we present the precise definition of the finite element method being used. For
more details, see [3] and the references therein.

Finite element triplet. The triplet (T, P, X) is called an element if T is a Lipschitz domain in
Rd; P is a space of functions over 7" with a finite dimension M; and X is a set of linear forms
N1, ..., nyu with the following P-unisolvent property: given any real numbers oy, ..., oy,
there exists a unique p € P suchthat n;(p) = o, 1 <i < M.

Degree of freedom. By the definition of P-unisolvent, there exists pi, ..., py € P such that
ni(pj) =&;jfor1 <i, j < M. Consequently, for all p € P, the following holds:
M
p=Y_nip)pi.
i=1
Then 5y, ..., ny are called the degree of freedoms of the finite element and py, ..., py are

called the basis functions of P.
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Lagrange element. If there exist ay, ..., apy such that n; (p) = p(a;) forall 1 <i < M, then
the finite element is called a Lagrange finite element. In other words, if (T, P, X) is a Lagrange
finite element and p € P, then p is completely determined by its value at the nodes ay, . . ., apy.
Throughout this paper, we will consider only Lagrange elements.

Affine-equivalence. Let (T, P, {p(a;);1 <i < M}) and (T, P, {p(a;); 1 <i < M}) be two
Lagrange finite elements. They are called affine equivalent if there exists an invertible linear
operator By: T — T and by € R? such that

o Fr: T — T,Fr®) = Br& + br,
e ai =Fr(d),1 <i<M,and
o pitx) = pi(Fyl(x), 1<i <M.

The mapping Fr is called the affine mapping.

Isoparametric equivalent elements. A Lagrange finite element (7', P, {p(ai); 1 < i < M})
is called 1soparametr1c equivalent to (T P {p@;1<i = M}) if there exists an invertible
mapping F: x € T— F(x) = (F (x))d_1 suchthat F; € P, 1 <i < M, and

o T = F(T),
e P={p=poF!;peP}and
e aq=F(ag)forl <i<M.

In particular, when F' is a linear mapping, these two finite elements are affine equivalent.

d-simplex. The set {(x1,...,xq): Zﬁlzl xi=1,x; >0,i=1,...,d}is called a d-simplex.
When d = 1, 2, 3, the d-simplex is a line segment, triangle, and a tetrahedron, respectively.

Isoparametric family and reference element. Consider a class of Lagrange finite elements
indexed by T, ¥ = {(T, Pr, {pr(air); 1 <i < M})}. Itis called an isoparametric family if
there exists a finite element (7', P, {p@);1<i < M}) such that all (T, Pr, {pr(ai7); 1 <
i < M}) € ¥ is isoparametric equivalent to (T Ap@a;); 1 <i < M}). The finite element
(f“, P ,Ap(ai); 1 <i < MY})iscalled the reference element. For ease of notation, we sometimes
omit the index 7 in Pr and g; 7, and write the element as (T, P, {p(a;); | <i < M}).

Choice of the reference element. Throughout this paper, we consider the reference element T
to be the d-simplex. In addition, the space P is chosen to be the space of quadratic polynomials
over 7. The dimension of P is dim(ﬁ) =d(d — 1)/2 + d. The degree of freedom is chosen
as follows:

(i) a; is the vector with the ith entry being 1 and all other entries being 0, and
(i) a;; = %(&i + a;) is the midpoint of g; and a; for 1 <i, j <d.

Triangularization of a domain. With the reference element specified, we can generate a family
of finite elements that are isoparametric equivalent to the reference element and form a partition
of a domain of interest. If a partition is not possible, we may choose to partition the domain
approximately. We elaborate on the requirement on the partition.

If a domain is a polygon, we can define a triangularization based on affine-equivalent
elements only. However, when the domain U is curved with a smooth boundary, it is not possible
to partition U into triangles. Indeed, if an affine family with a mesh size of maxreg, diam(T) =
O (27") is used to approximately cover the space U, that is, only a straight triangle is in use, then
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the error rate of the finite element method ||u,, — u|| g1y is known to be at most 0Q73/2m),
even with quadratic basis functions; see [3, p. 268] for more details. In this case, isoparametric
triangularization can be used to ensure the convergence rate of |lu, — ul| H(U) = 0(2_2”),
when a and f are deterministic functions with sufficient smoothness. The precise definition of
an isoparametric triangularization of a domain U is given as follows. Let {(T, Pr, X7): T €
7.} be a family of finite elements that are isoparametric equivalent to the reference element
(T, P, {p(a), i = 1,..., M}) with maxreg, diam(T) = O(27") satisfying the following
requirements.

(a) U = Urer, T-

(b) For any T € 7y, the corresponding degrees of freedom a; and a;; are either inside the
domain U or on the boundary oU forall 1 <i, j < M.

(¢) ForT,T' € 7,,, T # T',int(T) Nint(T") = &, where int(T) denotes the interior of the
triangle T'.
(d T AT butTNT' # @, then T NT’ is either a point or a common edge of T and T".

Here, the edges and vertices of an isoparametric element is the image of the corresponding
isoparametric mapping of the edges and vertices of the reference element, respectively.

Remark C.1. Among the requirements (a)—(d), (b) and (d) are standard assumptions and can
be satisfied by many applications of interest. Assumption (a) requires that the domain U is
covered exactly by the isoparametric elements, which can be satisfied when the boundary oU
is piecewise quadratic. It is also possible, but may require more tedious analysis, to extend our
result to the case where dU is smooth but not piecewise quadratic. We omit the details for the
simplicity of the presentation. For the analysis of such a case when a and f are deterministic,
see [3, Chapter VI].

Regular isoparametric family. Define
hr =diam(7T) and pr = sup{diam(S): S is a ball in R%and S C T}

for each T € 7. The isoparametric family {(T', P, X), T € 7,} is called regular if it satisfies
the following two conditions.

e There exists a constant o > 0 such that, foralln and all T C 7;,,
pr = ohr.

e Foreach T € 7, leta;; = %(a,- +aj) forall 1 <i, j <d anda;, a; being the vertices
of T. We assume that
laij — aijll = 027"
uniformly for all T € 7.

Throughout the paper, we consider only the regular isoparametric family. In addition, we
assume that the inner elements are affine elements and only the boundary elements are other
isoparametric elements. That is, for a finite element (7', P, X) that is not on the boundary of
the domain, T is a triangle for d = 2 and a tetrahedron for d = 3.

The function space V,. Based on the regular isoparametric family {(T', P, ¥), T € 7} defined
above, we are able to state the definition of the space V,, as

Vo ={veCU): v|r € PrforeachT € 7;, and v|yp = 0}. (C.1)
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Isoparametric numerical integral. For isoparametric elements, the numerical integral is cal-
culated by first performing a quadrature approximation over the reference element, and then
transforming it to the isoparametric family. We first descrlbe the integral approximation over
the reference element 7 = {(x1,...,x0): x; =0, Z 1% < 1;1 <i < d}. Typically, a
quadrature scheme for numerical integratlon is described in the following form. For a function
é: T — R, the integral J $ (%) d# is approximated by Zlﬂil W1 (by) for some weights 1; > 0,
points by, [ = 1,..., M, and a positive integer M. In order to control the numerical error of
the finite element method, we assume that the @; and 131 are exact for quadratic functions.
That is, if ¢ is a quadratic function over T then ff d(X)dx = Zlnil wlé(él). The choice
of such a quadrature scheme is not unique. For example, a popular choice for d = 2 is
M =3,by =(0.5,0),b, = (0,0.5),b3 = (0.5,0.5),and w; = wy = w3 = L we proceed to
the numerical integration over an isoparametric element 7 with an isoparametric mapping Fr.
The standard approximation for the integral in the form f 7 ¢ (x) dx is based on the change of
variable, where the weights are defined as w; 7 = wIJ(FT)(bl 7). biT = Fr (bl) and J(Fr)
denotes the Jacobian of the mapping Fr.
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