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Abstract  We say that a map f from a Banach space X to another Banach space Y is a phase-isometry
if the equality

{If @) + F@IL ) = F@)I} = {llz + vl = -y}

holds for all z, y € X. A Banach space X is said to have the Wigner property if for any Banach space Y
and every surjective phase-isometry f: X — Y, there exists a phase function € : X — {—1, 1} such that
e - f is a linear isometry. We present some basic properties of phase-isometries between two real Banach
spaces. These enable us to show that all finite-dimensional polyhedral Banach spaces and CL-spaces
possess the Wigner property.
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1. Introduction

Throughout this paper, we consider the spaces all over the real field. Let X and Y be
Banach spaces. We say that a map f: X — Y is a phase-isometry if it satisfies

{1 @) + FWI 1 @) = FIY = {llz +yll lz = yll} - (29 € X).

Two maps f, g: X — Y are called phase equivalent if there exists a phase function € :
X — {-1, 1} such that g =€ f. In the present paper, it is the connection between
phase-isometries and isometries that will concern us. Under the onto assumption, the
well-known Mazur—Ulam theorem [16] states that an isometry f of a real Banach space
X onto another Banach space Y with f(0) = 0 is linear. Thus, it is natural to ask

Question 1.1. Is it true that every surjective phase-isometry f between two Banach
spaces X and Y is phase equivalent to a linear isometry?
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Another important result which is related to linear isometries is Wigner’s theorem [25]
and its generalizations (see [2, 4, 5, 17, 19]). Rétz’s result [19, Corollary 8(a)] showed
that every map f between two real Hilbert spaces H and K with the property that

[(f(@), f) = [z, 9)] (2,y € H),

is phase equivalent to a linear isometry. Recently, Maksa and Péles [12] revisited this
real version of Wigner’s theorem, and they used this to obtain that every phase-isometry
between real Hilbert spaces is phase equivalent to a linear isometry. Namely, Question 1.1
has a positive answer when X and Y are real Hilbert spaces. In our paper [8], we provide
an affirmative answer to Question 1.1 with X and Y being [,,(I") spaces (0 < p < 00). The
first author and Jia presented in [9] a similar result for L. (T')-type spaces. Recall that
a Banach space X is said to have the Wigner property if Question 1.1 has an affirmative
answer for an arbitrary target Y. It should be mentioned that the previous results for real
Hilbert spaces, [,(I') spaces or Lo (I')-type spaces are not enough to establish that these
spaces have the Wigner property since the target spaces are not arbitrary. Very recently,
Question 1.1 for general Banach space has started in our paper [21], in which we proved
that smooth Banach spaces, L (I')-type spaces and I (I')-spaces enjoy this property.

Although this manuscript is a continuation of our paper [21], the techniques we use in
this note are totally different from those in [21]. We use a new method to construct the
desired linear isometries. It is also a key step to solve Question 1.1. Actually, although our
main result is about polyhedral spaces and CL-spaces, more properties of phase-isometries
are shown to hold in general Banach spaces for the sake of possible applications. In §2,
we introduce a notion of ‘star points’ to study the maximal convex subsets (i.e., facets)
of the unit sphere. This notion enables us to show that every phase-isometry between
two Banach spaces maps star points to star points in §3. By this, we can build a required
isometry between two cones generated by the maximal convex subsets of corresponding
unit spheres. We apply this result in §4 to establish that finite-dimensional polyhedral
spaces (i.e., those spaces whose unit sphere is a polyhedron) and CL-spaces which include
many classical Banach spaces have the Wigner property. It is known that CL-spaces are
very famous and important in the development of the geometry of Banach spaces. Recall
from [15] that

Definition 1.2. A Banach space X is said to be a CL-space (an almost CL-space) if
Bx =co(MU—-M) (Bx =t(M U —M), respectively) for every maximal convex set M
of Sx.

The notion of CL-spaces was first introduced in 1960 by R. Fullerton [3]. Examples
of real CL-spaces are Li(u) spaces for any measure p and its isometric preduals, in
particular, C(K), where K is a compact Hausdorff space (see [10, §3]). The ¢ and [
sums of CL-spaces are also proved to be CL-spaces (see [15]). For more information
on CL-spaces, we refer to [1, 6, 11, 14, 20, 22, 23|. Let us mention that the key part in
handling Question 1.1 is how to construct or find a proper linear isometry with the desired
property. Although we can provide an affirmative answer to Question 1.1 for CL-spaces,
we do not know whether this is true for almost-CL-spaces.

Throughout what follows, we shall freely use without explicit mention notation ‘+’ to
mean that either ‘+’ or ‘=’ holds. For a Banach space X, By, Sx and X* will stand for
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its unit ball, its unit sphere and its dual space, respectively. A subset M of Sy is said to
be a maximal conver subset of Sx if it is not properly contained in any other convex
subset of Sx.

2. Star points on the unit sphere of Banach spaces

In this section, we introduce the concept of star points in the unit sphere of Banach
spaces. This concept plays an important role in showing main lemma and some proposi-
tions. Geometric characterizations of such points are also given for further results in next
section.

Before our conclusions, we need some notation and concepts most of which come
from [7]. By the Hahn—-Banach and Krein—-Milman theorems, we can see that every
maximal convex subset M of Sx has the form

M={zx e Sx :z2"(x) =1}.

for some extreme point z* of Bx+. We denote by (X)) the set made up of all maximal
convex subsets of Sx, i.e.,

M(X) :={M C Sx : Mis a maximal convex subset of Sx}.
Given z € Sy, the star of x with respect to Sx is defined by
St(z) :={y € Sx : |ly+ z| = 2}.

It is easy to check that ||z + y|| = 2 if and only if [z, y] C Sx for every z, y € Sx. Then
we can rewrite

St(x) ={ye Sx :[z,yl ={te+ (1 —1t)y:t €[0,1]} C Sx}.
Clearly, for every x € Sx, there is a maximal convex subset of Sx containing x. Thus,
St(x) is precisely the union of all maximal convex subsets of Sy containing z, i.e.,

St(z) = {M e M(X) : 2 € M}. (2.1)

It is interesting to give a result demonstrating the relationship between the maximal
convex subsets and the star sets of unit sphere. The proof here is based on an idea of [18,
Proposition 2.3], and given only for the sake of completeness.

Proposition 2.1. Let X be a Banach space, and let M € 9(X). Then M is precisely
the intersection of all St(x) with x € M, that is, M = (., St(x).

Proof. Note first that M C St(z) for every x € M implies that
Mc () St).
xeM

To prove the converse, choose z € [, ¢, St(z). Then ||z 4 z| = 2 for all x € M. Set two
open convex sets

S1=M+intBx and S; = —z+intBy,
where int Bx denotes the interior points of Bx. Obviously, S; NSz = ). By the separation
theorem, there is a linear functional z* € Sx« and a real number ¢ such that z*(z;) >
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¢ > x%(zg) for every z; € S1 and every zo € Sy. It follows that
supa”(—z +intBy) < ¢ < infa*(z + intBx)
for every x € M. Consequently,
—*(z)+1<c<a(z) -1

for every x € M. This shows that ¢ =0 and z*(z) = 2*(x) = 1 for every x € M. By the
maximality of M, we have M = {z € Sx : 2*(z) = 1}, and hence z € M. The proof is
complete. O

We will provide a concept which turns out to be a useful tool for analysing maximal
convex subsets of unit sphere of Banach spaces.

Definition 2.2. Let X be a Banach space. A point x € Sx is called a star point of
Sx if St(x) is a maximal convex subset of Sx.

We can see that an element « € Sx is a star point if and only if St(z) is convex since
that St(x) is convex is sufficient to show that St(z) is a maximal subset of Sx. For better
understanding of star points, we now give two characterizations of star points on the unit
sphere which will be of use later.

Proposition 2.3. Let X be a Banach space and x € Sx. Then the following
statements are equivalent:

(1) x is a star point of Sx.
(2) For all y, z € St(x), we have ||y + z|| = 2.
(3) There is a unique maximal convex set of Sx containing x.

Proof. That (1) implies (2) is obvious. To prove that (2) implies (3), suppose that
there are two sets My, My € M(X) containing z. Clearly, My U My C St(z). Now, take an
arbitrary z € Mj. Since (2) holds, it follows that [z, y] C Sx for every y € M,. Hence we
have My C co(Ms, z) C Sx. Then the maximality of My ensures us that co(Ms, z) = Mo,
and thus z € My. It follows that M; C Ms, and so M; = M. Finally, (3) implies (1)
following from the identity (2.1). O

By the previous proposition, we can present an example here that draws upon [7, Exer-
cise 2.18], which shows that every maximal convex set of the unit sphere in a separable
Banach space has star points.

Example 2.4. If X is a separable Banach space, then Sy has star points. Indeed, let
M € M(X). Choose {z,} to be a dense subset of M. Then the point xg = > 27"z, is
a star point of Sx. Actually, for every M; € M(X) containing z, there exists a func-
tional x* € Sy~ such that My = {z € Sx : *(x) = 1}. In particular, z*(z¢) = 1 implies
that x*(z,) =1 for all n € N. This and the maximality of M show that M = M;j. So
there is a unique maximal convex set of Sy containing xg. This completes the proof by
Proposition 2.3.
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The notion of star points relates to the familiar notion of smooth points in Banach
spaces.

Remark 2.5. Recall that x € Sx is called a smooth point if there exists only one sup-
port functional z* € Sx+ at . Proposition 2.3 and the Hahn—Banach theorem establish
that if z is a smooth point of Sy, then it is a star point of Sx. It should be remarked
that the smooth points of Sx are dense in Sx, whenever X is a separable Banach space
[7, p. 171]. Therefore, for any separable Banach space X, the set consisting of star points
is dense in Sx.

By the above results, one may wonder whether every Banach space possesses a star
point. The following easy example shows that it is not true.

Example 2.6. Let T’ be an uncountable set. Note that for every = € [;(T'), St(z) is
not a convex subset of S; (ry. It follows that the unit sphere of /;(I') does not have star
points.

Let X be a Banach space and M € 9U(X). Recall that a point z € M is called a non-
proper support point of M if any z* € Sx- with z*(z) = 1, we have z*(z) =1 for all
z € M. It is routine to verify that there is only a unique maximal convex set M of Sx
containing x. So a non-proper support point of M is a star point. Now we may conclude
a direct relation from the above arguments that for every = € Sk,

x is a smooth point = x is non-proper support point = z is a star point.
However, none of the converse is true, even for the finite-dimensional spaces.
Example 2.7. (1) For each 0 <t < 1, let us write X; = (R?, || - ||), where the unit

sphere is given by

Sx, = {(a,b) eR? : a®> +b* = 1,|a| > t} U {(a, £/ 1 —t2) € R?: |a| < t}.
Then the point (¢, v/1 — t?) is a star point but not a non-proper support point.

(1) Define an equivalent norm || - || on I; by
o = e el
where || - ||;; and || - ||;, denote the usual l;-norm and lo-norm, respectively. Then the
unit vectors {e,}n>1 C X = (1, || - ||) are all non-proper support points but not smooth

points. Indeed, X is a Banach space with a strict convex norm. Therefore, every maximal
convex subset of Sy is a singleton. It follows that all points of the unit sphere are non-
proper support points, whereas there are more than one support functional in Sy~ for
each e, with n > 1. For example, e} = (a;);>1 where a; € R with a,, = 1 and a; = 0 for
i # n. Then for each j # n, z), =€) + %ej € Sx~ is a support functional at e,. Thus e,
is not a smooth point. One can easily check that this conclusion also holds for the z§m>
which is [1-spaces in dimension m with m > 2.
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Remark 2.8. Although three conceptions are quite different in general Banach spaces,
they are the same in some classical Banach spaces, such as L,(x) (¢ is a measure and
1 <p<o0)and C(K) (K is a compact Hausdorff space).

3. The properties of phase-isometries on Banach spaces

In this section, we start the study of surjective phase-isometries between two Banach
spaces X and Y. We start this section with a basic property of surjective phase-isometry
which was verified in [21, Lemma 2.1].

Lemma 3.1 (Tan and Huang [21, Lemma 2.1]). Let X and Y be Banach spaces,
and let f: X — Y be a surjective phase-isometry. Then f is a injective norm-preserving
map and f(—x) = —f(z) for all z € X.

An elementary result is presented to show that every phase-isometry carries star points
to star points and we do not know whether this is true for smooth points and non-proper
support points.

Lemma 3.2. Let X and Y be Banach spaces, and let f: X — Y be a surjective
phase-isometry. Then for every x € Sx, St(z) € 9M(X) if and only if St(f(x)) € M(Y).

Proof. Since the inverse of f denoted by f~! is also a surjective phase-isometry, we
only need to prove that if St(z) € M(X) then St(f(x)) € M(Y). Suppose that it is not
true. Then Proposition 2.3 allows the existence of two distinct elements vy, yo € St(f(z))
such that [[y1 + ya|| < 2. We set 21 := 2(y1 + f(x)) and 2 := £ (y2 + f(2)). It is easy to
see that z1, zo € St(f(x)) satisty

llz1 + 22| <2 and ||z2 — 1] < 2.

Since f is surjective, there are 21, 29 € Sx such that f(x1) = z1 and f(z2) = z2. Observe
from the fact that f is a phase-isometry that

x1, T € St(x) U St(—x).

Thus ||z1 + z2|| = 2 or ||z1 — x2|| = 2, which leads to a contradiction that |z1 + 22| = 2
or ||z1 — z3]| = 2. The proof is complete. O

We shall take up to construct maps concerning the maximal convex sets of the unit
sphere, which is also a key step to obtain a desired linear isometry from X onto Y.

Definition 3.3. Let X be a Banach space and M € 9(X). Denote by C3 the cone
generated by M, i.e., C3 = Ux>0AM. We see that ||z + y|| = ||z + ||y|| for all z, y € C3.

We shall freely use this observation without explicit mention throughout what follows.

Let X and Y be Banach spaces, and let f: X — Y be a surjective phase-isometry.
Suppose that M € M(X) and zo € M. We define a map fys : C7; — Y with respect to
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(o given by

_[f@) i )+ F(xo)]| = [l + ol
Jule) = {—f<a:> if || £(x) — £(zo)| = [l + @oll # lo — wol|-

We can also define a phase-isometry Fj; : X — Y given by

=

fu(z) if € C%;
FM(I) = —fM(—LU) if x € _C]\);;
f(x) if z¢CyU—-C.

Remark 3.4. It is easy to see that for every x € O3, we have

1 () + fa(zo)l| = [l + 2ol = [lz[] + [[zo]l-

Moreover, we can see that the map Fy; : X — Y is an odd mapping, since f(—z) = —f(x)
for every x € X by Lemma 3.1. It follows that F); : X — Y is surjective phase-isometry.
Then, Lemma 3.1 again establishes that Fj is a bijection and fas : C3y — Y is injective.

We now deal with the case that maximal convex set M has a star point. An interesting
property of fas is presented below.

Proposition 3.5. Let X and Y be Banach spaces, and let f : X — Y be a surjective
phase-isometry. Suppose that M € 9(X) contains a star point xzg. Let fyr: O3 —Y
be a map with respect to xo. Then My = fa (M) € M(Y) and fa(C3y) is a cone in Y
generated by M. Furthermore, fy; : O3 — C}\/ﬁ is a surjective isometry.

Proof. By Lemma 3.2 and Remark 3.4, it is apparent that St(f(zo)) € M(Y) and
fa (M) C St(f(xo)). For every y € St(f(xo)) with f(z) =y for some = € Sx. Since f is
a phase-isometry, we see that

[z 4+ @oll = [If () + f(xo)| =2 or [lz—zoll = [|f(z) + f(zo)|| = 2.

It follows that o or —x € St(x¢) = M by Proposition 2.3. As a consequence, we get y =
fu(z) withx € M ory = fp(—x) with —z € M, which implies that fas (M) = St(f(x0)).

Set My := fpr(M). It remains to verify that fy(C7;) = C}th. By the definition of fj,
for every 0 # z € C35, we have

[ far () + far(@o)ll = |z + 2ol = [zl + [[woll = | fae (@)]| + || faz (2o0) |-
This allows us to conclude that

fu () N

An immediate conclusion from this is that fas(x)/||far(2)| € St(far(zo)) = My, and so
fu(xz) € Oy, . For every 0 # y € Cy; with f(z) = y for some 2 € X. Note that || f(x) +

https://doi.org/10.1017/50013091521000079 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000079

190 Dongni Tan and Xujian Huang

flxo)l = If @) + || f(zo)||, and since f is a phase-isometry, we have either

]l + llzoll = 1f () + f(wo) | = [z + o
or
]l + llzoll = 11f (=) + f(zo)ll = [l = woll.
It follows that +x/|z| € St(zg) = M. As a consequence, f(x) = fy(z) with x € C3;
or f(z) = fa(—x) with —z € C3%. Both cases show that y = f(z) € fa(C3y). Thus, we
finish the proof of fa/(C7;) = C}y, -
Finally, as seen from the above for all z, y € C3, we have

s () + O = [l far @) + 11 @) = Nzl + llyll = ll= + yll.

That fys is a phase-isometry leads to

s () = ()] = llz =y

as required, which finishes the proof. O

One may have a question whether the definition of fj; depends on the choice of xg. It
may have something to do with the choice of zy in some degree.

Lemma 3.6. Let X and Y be Banach spaces, and let f : X — Y be a surjective phase-
isometry. Suppose that M € 9 has a star point. Then fy; = £ f},, where fir and f}, are
defined with respect to two distinct points xo and x{, of M, respectively.

Proof. We can assume that 2o € M is a star point. Then f(x¢) is also a star point of
Sy by Lemma 3.2. Since f is a phase-isometry, we have

2 = ||lzo + 2gl € {IIf (o) + f(@o)l, I (xo) — f ()]}

If || f(zo) + f(z()]| = [|zo + z(]| = 2, then f(xg) € St(f(x0)). We conclude from this and
far’s definition that for every 0 # x € C3% and 0 € {—1, 1}, fu(z) = 0f(z) implies that
fi(x) =6f(x). Namely, far = fj;. Another possibility is that

1f (o) = f(@p)]l = llwo + 2|l = 2 > [lwo — -
Applying a similar argument as above shows that f}, = —fu. O

We still need more lemmas to investigate the property of these fj;’s. The first one
bases completely on the idea of [24, Lemma 3.4] (we apply almost the same proof). For
our use and convenience, we present here a generalized version which also establishes that
all surjective phase-isometries are separably determined in some sense. For every subset
A of a Banach space, [A] stands for its closed linear span.

Lemma 3.7. Let X and Y be two Banach spaces, and let f : X — Y be a surjective
phase-isometry. Then for every separable subset A C X, there are separable subspaces
Xo C X and Yy C Y such that A C Xy and f(Xy) =Y.

https://doi.org/10.1017/50013091521000079 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000079

Wigner property for CL-spaces and polyhedral Banach space’s 191

Proof. Let X; = [4] and Y7 = [f(X7)]. Choose {z,,} C X; which is dense in X;. To
see that Y7 is separable, it suffices to show that the set {f(x,)} U{—f(z,)} is dense
in f(X3). By Lemma 3.1, it is clear that {f(z,)} U{—f(z,)} C f(X1). Now for every
y € f(X1) with f(z) =y for some x € X1, there is a subsequence {z,,} of {z,} such
that x,, converges to = in norm. For every k > 1, choose y; € Y satisfying

e = {f(l‘nk) i (| f(@ny) = F@) = 2n, — [l # lJn, + ;
—f(@n) A [[f(en) = F@)]] = lzn, + .

Thus, it is obvious that ||yx — y|| = [|yx — f(2)|| = ||@n, — z|]. This means that {f(x,)} U
{=f(z,)} is dense in f(X;) as desired. Define inductively separable subspaces X,, C X
and Y,, C Y such that for all n > 2,

Xp = [ (Ya1)] and Y, = [f(X,)].

Then it is easy to verify that Xo =J,—, X, and Yy = |J,—, Y, are just the subspaces
that we need. [l

We will follow the line of the proof of [24, Lemma 3.5] to obtain a similar conclusion
for phase-isometries instead of isometries. By Lemmas 3.6 and 3.7, we are now able to
generalize Proposition 3.5 to the general case where the assumption on star points can
be removed.

Proposition 3.8. Let X and Y be Banach spaces, and let f : X — Y be a surjective
phase-isometry. Suppose that M € 9(X) and fy : Cyy — Y is the map with respect to
some zg € M. Then fy (M) € M(Y) and far(C3y) is a cone in Y generated by fur(M).
Furthermore, fy is an isometry on C5%.

Proof. We first conclude that this conclusion is true under the assumption that X is
a separable Banach space. By Example 2.4, M has a star point. In other words, if the
chosen zg € M is not a star point, then by Lemma 3.6, we can replace it by a star point
xy € M. Proposition 3.5 yields the desired conclusion.

Now we handle the general case. For every finite subset A C M with z¢ € A, we apply
Lemma 3.7 to F)j; to obtain two separable subspaces X4 C X and Y4 C Y such that
AC Xy and Fi(Xa) =Y. Let My € M(X4) such that M N X4 C M4. The previous
argument ensures us that

fra(Ma) € M(Ya),

where far, : C’ﬁ;} — Y4 is the induced map with respect to xg and M4. As A C M N M4,
we have fy(z) = far, (z) for every x € A. It follows that

co(fu(M)) C Sy.

So we can choose My € M(Y) such that fas (M) C M;. For the converse, since the inverse
71 of fis also a surjective phase-isometry, there is a map hyy, : C}\//Il — X with respect
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to f(wg) € My and induced from f~1. We can see that
har, o fu(z) =2
for all € C5%. Using the above argument for hys, and M, we also have
M C ha, (My) C co(hy, (M) C Sx.

This and the maximality of M entail that M = hyy, (M1), and so fa (M) = M.

We also need to prove that fi(C3y) = 011\/417 where My = fp(M). For all 0 # z €
C3 and x € M, set B := {z, =, zo}. Following a similar argument as above, we get two
separable subspaces Xp C X and Y C Y such that B C Xp and Fy(Xp) = Yp. Let
faug C]\)fli — Yp be the induced map with respect to xg and Mp. Then fy,(Mp) €

M(Yp) and far, (Cﬁﬁ) C Yp is a cone generated by far, (Mp). It follows that

113 (2) + far (@) = 1 fars (2) + Fars (@) = 1 Fae ()] + ([ ()]

Consequently, we obtain fas(2)/|fa(2)|] € St(far(z)) for every x € M. Applying Propo-
sition 2.1, we get far(2)/||fa(2)]] € My, and so fa(Cqy) € C}; . Conversely, repeating
the same argument to hyy, : Cy;, — X, we obtain hyy, (C}; ) C Cjy. Observe that the
map hpy, is injective and

hMl OfM(J?) =T

for all z € C3. We get far(Cry) = 011\/41 as desired. It is simply verified that fi; : C3r — Y
is an isometry by noticing that

13 (@) + fu )] = llz +yl,

for all =, y € C’A)f[. The proof is complete. O

Remark 3.9. It should be noted that when E is a subspace of a Banach space X and
M is a maximal convex set of Sx, Mgy = M N E may not be a maximal convex set of
Sg by [22, Remark 2.3]. So we can not replace M4 by M N X4 to simplify the proof of
Proposition 3.8.

Proposition 3.8 also allows us to conclude that Lemma 3.6 still works in the general
case. For this reason, in what follows we shall briefly use the notation fj; referring to the
map defined in Definition 3.3 without explicit mention zg unless it is necessary. We sum
up now the result as follows.

Corollary 3.10. Let X and Y be Banach spaces, and let f: X — Y be a surjective
phase-isometry. Suppose that M € (X)) and xo, xy € M. Then fy; = £f},, where fy
and f}, are defined with respect to x¢ and x{, of M, respectively.

For every Banach space X, since Sx consists of all its maximal convex subsets M, it
seems that a demanded isometry F which is phase equivalent to f on the entire space
X can be induced from these fy/’s. It can not be simply got by defining F': X — Y
by F(z) = fa(x) for every M € M(X) and x € M. A difficulty should be noted here
that for every a in the intersection of the two cones C3j and Cjy, of distinct sets
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My, My € M(X). It may happen that far, (v) # far, (z), for example, far, (z) = f(z),
while fy, () = —f(«). This means that the definition of F may be actually not valid.
We shall present a lemma below as a first step to overcome this difficulty.

Lemma 3.11. Let X and Y be Banach spaces, and let f: X — Y be a surjective
phase-isometry. Suppose that My, My are in 9M(X) with My N My # Q. If far, (z9) =
0 frr, (zo) for some xg € My N My and some 6 € {—1, 1}, then fur,(z) = 0fr,(2) for all
z e Cy, NCY,.

Proof. We may assume that § = 1 to simplify the notation, that is fas, (zo) = far, (z0).
Suppose, on the contrary, that there is a nonzero element zj € Cffh N Cffb such that
far (20) = — far, (20). We observe first from Proposition 3.8 that

120 = 2oll = 1 f sy (20) = far, (20)|| = [ far (20) + far (20) | = llzoll + [|20]] = [0 + 20-

Let ug be the mid-point of o and 2o, i.e., ug = (xo + 20)/2. Obviously, ug € Cﬁl N C]\)/(IY
If far, (uo) = — far, (uo), then

luoll = [|zo — woll = [|far, (z0) — far, (wo)ll = | far, (20) + far, (o)l = llzoll + [uoll;
If far, (uo) = far, (o), then
luoll = lluo — 20ll = [| fary (wo) — fary (z0)| = I far, (w0) + far, (20)1] = lluoll + [l 20]]-

Either case leads to a contradiction. Thus, the proof is complete. (I

4. Phase-isometries on finite-dimensional polyhedral Banach spaces and
CL-spaces

In this section, we shall apply the preceding results about surjective phase-isometries
to the study of finite-dimensional polyhedral Banach spaces ( i.e., for those whose unit
sphere is a polyhedron) and CL-spaces.

For our result on finite-dimensional polyhedral Banach spaces, we need a result [8,
Lemma 2.5] which builds a connection between functionals of dual of respective spaces
in terms of a phase-isometry. For a Banach space X, a functional z* € Sx- is called a
w*-exposed point of By« if x* is the unique support functional at some smooth point
r € Sx.

Lemma 4.1. Let X and Y be real Banach spaces, and let f: X — Y be a phase-
isometry (not necessarily surjective). Then for every w*-exposed point x* of Bx~, there
exists a linear functional ¢ € Y* of norm one such that «*(z) = p(f(x)) for all x € X.

The previous result enables us to show that all finite-dimensional polyhedral Banach
spaces have the Wigner property.

Theorem 4.2. Let X be an n-dimensional polyhedral Banach space. Then X has the
Wigner property.
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Proof. Let Y be a Banach space, and let f: X — Y be a surjective isometry. Given
My € M(X), let far, be defined as in Definition 3.3. Since X is a polyhedral Banach space
of finite dimension, the cone C’J\)/f,0 generated by My is a convex body of X. Proposition 3.8
guarantees that fMO(C’])ViO) is also a convex body in Y. Mankiewicz [13] has proved that
every isometry between convex bodies is the restriction of an affine onto isometry between
the corresponding spaces. By this result, there is a linear isometry gz, : X — Y such that
its restriction on the cone C s faz,-

We now apply Lemma 4.1 to obtain that for every w*-exposed point x* of Bx+, there
exists a linear functional ¢ € Sy~ such that

2*(x) = £p(f(2)) = £o(fu (@) (M € MX),x € CFf). (4.1)

We claim that for every M € M(X), either 2*(z) = ¢(far(z)) for all z € C3Y or z*(x) =
—¢(fu(z)) for all x € C3; holds. It remains to show that the third possibility, that

is 2*(x) = o(fm(z)) #0 and z*(y) = —p(fm(y)) # 0 for some z, y € O35, leads to a
contradiction. Indeed, it follows from (4.1) that

" (z +y) = Tp(fu(r +y) = p(fu () + fu(y))

If 2*(x +y) = p(far(x) + far(y)), this shows that z*(y) = —o(fa(y)) = 0, a contradic-
tion. If *(z 4+ y) = —p(fm () + far(y)), then obviously z*(x) = —p(fam(x)) = 0. This
is a contradiction which proves the claim. For every w*-exposed point z* of Bx«, we can
choose ¢, € Sy« such that

2(2) = e (901, (2) (2 € Cy)  and 2%(x) = £ (9a () (2 € X/CRy) -

To see our conclusion, we shall prove that f is phase equivalent to gz, . Now for every
M € M(X), although it may occur that M N My = 0, there are My, --- , M, C IM(X)
such that M; N M1 # 0 for i =0, 1, --- , m, where we use the notation M,, 1 = M.
We deduce from Lemma 3.11 and M; N My # () that there is 6, € {—1, 1} such that
g, () = 01 far, (@) for all z € O3y N Cfy, . This and the claim show that

e (9o () = 2+ (01 far, (1))
for all y € C3y, . Inductively, there are {0;}yhY € {1, 1} such that

2 (gro (Y) = @z (01 Omsr o,y (Y) = @2x (01 - O 1 frr (y))
for all y € C]\)/(I. Set Opr =61 ---0,,41. Then

@2 (grto (1)) = o (Onr frr (y)) (4.2)

for all y € C7%. Let W be the set consisting of all w*-exposed points of By-. By Proposi-
tion 3.8, the set {¢.« }.~ew is a norming set of Y. So (4.2) ensures us that gas, = Oar s
on C35. This completes the proof. O

The second conclusion of this section is that CL-spaces have the Wigner property. In
what follows, to simplify the notation let us make some explanation. X and Y are always
used to represent a CL-space and a Banach space, respectively. For every surjective phase-
isometry f: X — Y and every M € OMM(X), let fi; be defined as in Definition 3.3. The
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unique linear functional x* € Sx« such that M = {z € Sx : 2*(z) = 1} will be denoted
by z%,. By Proposition 3.8, fas(M) € 9MM(Y'). Thus, there is a unique y* € Sy~ such that
fu(M) ={y €Sy : y*(y) = 1} and we denote it by y3,.

For our second result, we present a basic property for CL-spaces, which may be
previously known. Its brief proof is given here since we can not find it in literature.

Lemma 4.3. Let X be a CL-space. For all My, My € M(X). If My # —M>, then
My N My # 0.

Proof. If My = Ms, then the desired conclusion is obviously true. Now we assume that
M; # M. Choose an element z € M; which is not in My U —Ms. Since Bx = co(My U
—DM>), there are 21 € My, x9 € —Ms and X € (0, 1) such that

z=Ar1 + (1 — N)xs.

The identity 7, (2) =1 implies that x1, 25 € M. We conclude from this that z; €
My N My # 0. O

Lemma 4.4. Let X be a CL-space and Y a Banach space, and let f : X — Y be a sur-
jective phase-isometry. If My, My € IM(X) with My N My # () and far, (z0) = 0.far, (z0)
with 6 € {—1, 1} for some xq € My N My, then y}; o far, = 0x},;, on the cone Cyy, .

Proof. We may assume that fus, (xo) = fas, (o) for some xg € My N M. Namely, the
value of 0 is chosen to be 1. Moreover, by Corollary 3.10 we can assume that fy;, and
far, are defined with respect to zg. If z € CJ\)% N ijh, then by Lemma 3.11, we have
i, (2) = far, (2). This gives the desired conclusion in this case. Note that f(—z) = —f(x)
for every # € X. Then in the case of z € C’]\)ffz N —C’]\)fh, we have far,(2) = —far, (—2)
following from || f(2) + f(xo)|| = ||z + ol or || f(2) — f(x0)|| = ||z + xo||. This entails the
desired result.

Now we handle the remaining case of z € C3y, and z ¢ Cpy U—Cjy . Since X is a
CL-space, there are 21 € My, zo € —M; and A € (0, 1) such that

z

=]l

It follows that x1, xo € Ms, and therefore
fa(lzll2z1) = far ([2llz1) and far, (|2]|22) = = far, (= 2]|22).
This together with the choice of y3, yields
2(lz)l = yar, (Fars (12]121) = far ([|2]]22))
= Y, (o (2l121) = fai (2)) + Yig, (Far (2) = fas ([]2]]72))

< fan(2ll21) = far () + 11, (2) = Far ([l2]|22)]
= llzllzr = 2[| + [|2 = llzllz2]| = 2]|2-
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Thus equality holds in the above, i.e., we have

Yir, (Faza (12]121) = o () = | fan (N2ll21) = far ()] = [l12]|20 = 2],
Yir, (far(2) = Far (12]122)) = [ oz (2) = Far(l2llz2) | = |2 = [l2]|2 -

On the other hand, we get
2|zl| = 2y, ([[2llz1 — [|2]lz2) = 23y, ([[2]l21 = 2) + 23y, (2 — 2] 22)
<|zllzy = 2] + ||z = lzllz2|| = 2[|=I.
This allows us to assert that

@iy, ([2ller = 2) = |[l2ller = 2| = yis, (Fan (12ll21) = far (2))-
Since we have yi, (far, (12]|71)) = 23, (2]lz1) = [|2]], it follows that y3, (far,(2)) =

x}y, (2) as expected. The proof is complete. O

The previous lemma reveals the connections between distinct maximal convex sets of
unit sphere of CL-spaces. We will prove the main result mentioned in the abstract: Every
CL-space has the Wigner property.

Theorem 4.5. Let X be a CL-space. Then X has the Wigner property.

Proof. Note that M(X) is the set consisting of all maximal convex subsets of Sx. One

can easily see that
x= J o
MeEM(X)

By the axiom of choice, there is a set 9(X)" C M(X) such that for every M € M(X)
either M or —M belongs to M(X)T and My N My # 0 for every My, My € M(X)T by
Lemma 4.3. Fix My € 9M(X)*. Lemma 3.11 guarantees that there is a set {6a7} preon(x)+
of signs such that faz, (xo) = O far(zo) for some xzg € M N My and each 0y does not
depend on the choices zg in M N My. So we can define a phase-isometry F : X — Y
given by

@) = 200 fas(—2) if —z € cE

for all M € 9M(X)™. To see that F is well defined, it remains to check that
O, far, (%) = O, far, ()

for all z € Cﬁl N CﬁQ, where My, My € M(X)™. By Lemma 3.11, it suffices to show that
there exists some zy € M7 N My such that

O, far, (20) = Onr, s, (20).-

Lemma 4.4 ensures us the existence of a corresponding yj, € Sy~ such that

Ynto (far, (7)) = Onr, @y, () and yiy, (s, () = O, @y, (7),
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for all x € M7 N M. Consequently,

Ynto (O, Fany () = Yhay (Onr, F31, (7)) = 2y, () (4.3)

for all € My N Ma. Choose zg € My N Ma. If z7}, (z0) # 0, then (4.3) and far, (20) =
+fur,(20) entail that Onr, far, (20) = On, for, (20)- I 23, (20) = 0, then there are 2 €
My, z2 € =My and A € (0, 1) such that

zZo = )\Zl —+ (]. — )\)Zz

We observe that z; € My N My N My is the desired element. Clearly, F' is a surjective
phase-isometry, and it is phase equivalent to f. By Lemma 3.1 and Proposition 3.8, we
see that F is bijective, F(M) € M(Y) and F(C3,) is a cone in Y generated by F(M).
We claim that for every M € 9(X), the relation y}, o F' = 0ps2%, holds on X. We can
assume that M € MM(X)T. By the above observation, we only need to check that

yar © F(z) = Oy (2)

for every z € O3, with M’ € 9(X)*. Note that M N M’ # () and O far(v) = Oprs farr (v)
for all v € M N M’. Lemma 4.4 guarantees that

yar © F(2) =y (O farr (7)) = Onrwyy (2)

for all z € C3%,. This finishes the claim.

We now prove that F': X — Y is a surjective isometry, and so F' is just the desired
linear isometry by Mazur—Ulam theorem. Indeed, for all u, v € X, it is easily seen that
there is an M € 9MM(X) such that x3,(u — v) = |Ju — v||. The claim implies that

[F(u) = F(o)ll = |yps 0 F(u) —yp 0 F(v)] = [lu—v.
Similarly, we have
1F(u) + F(u)[| 2 [lu+ vl

Since F' is a phase-isometry, the previous two inequalities should be equalities. Namely
F: X — Y is an isometry. The proof is complete. (Il

An immediate conclusion of Theorem 4.5 is the following

Corollary 4.6. L(u)-spaces and C(K) have the Wigner property, where p is a
positive measure and K is a compact Hausdorff space.
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