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CONTRIBUTIONS TO THE THEORY OF F-AUTOMATIC SETS
CHRISTOPHER HAWTHORNE

Abstract. Fix an abelian group I" and an injective endomorphism F : I' — I'. Improving on the results
of [2], new characterizations are here obtained for the existence of spanning sets, F-automaticity, and
F-sparsity. The model theoretic status of these sets is also investigated, culminating with a combinatorial
description of the F-sparse sets that are stable in (I, +), and a proof that the expansion of (I, +) by any
F-sparse set is NIP. These methods are also used to show for prime p > 7 that the expansion of (F,[r]. +)
by multiplication restricted to NV is NIP.

§1. Introduction. A set S of natural numbers is said to be p-automatic if the set of
representations base p of the elements of S forms a regular language—meaning that
it is recognized by a finite automaton. Motivated by the isotrivial Mordell-Lang
problem, Bell and Moosa were led in [2] to extend this notion to the context where
the natural numbers are replaced by an abelian group I and multiplication by p is
replaced by a fixed injective endomorphism F of I'. The intended examples were
when I is a finitely generated subgroup of a semiabelian variety G over a finite
field F,, with I" preserved by the g-power Frobenius endomorphism F of G. In that
setting, Bell and Moosa show in [2] that if X is a closed subvariety of G then X N T
is F-automatic; they do so using the isotrivial Mordell-Lang theorem of Moosa
and Scanlon in [6], which describes X N T. These results have recently been made
effective and generalized to arbitrary commutative algebraic groups by Bell, Ghioca,
and Moosa in [1].

Our interest here is in the general theory of F-automata. The precise definition
of an F-automatic subset of I' is recalled in Section 2, but let us give an informal
explanation now. First one needs to know that (I, F) admits a “spanning set”: this
is a finite subset X such that every element of I" can be expressed as s + Fs; + -+ +
F"s, for some s, ..., s, € X. Then a subset S of I is said to be F-automatic if the
set of words sys; --- s, such that so + Fs; 4+ --- + F"s, € S forms a regular language
on the alphabet X.

Our goals in this paper are twofold: (1) to clarify and further develop the
foundations of this theory, and (2) to investigate the model-theoretic properties
of F-automatic sets, in particular with respect to the stability-theoretic hierarchy.
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128 CHRISTOPHER HAWTHORNE

Regarding foundations, our main results are:

e A characterization of when (I, F) admits a spanning set in terms of the
existence of a height function on I' (Theorem 3.10) and. in the finitely generated
case, in terms of the eigenvalues of F ®7 id¢ (Theorem 3.12).

e A characterization of F-automaticity in terms of kernels; this is Theorem 4.2
below. This result brings the basic theory of F-automatic sets closer to the
classical case of p-automaticity.

e A characterization of F-sparsity. In the theory of regular languages there is
a natural sparse/non-sparse dichotomy in terms of the growth of the number
of accepted words of bounded length. This was extended and investigated
in [2]; see Definition 5.1 below for details. We clarify some properties of F-
sparse sets (answering a question in [2] along the way) and characterize them
in terms of length functions (Theorem 5.10). As a consequence, we obtain
in Corollary 5.12 a useful criterion for verifying F-sparsity; this criterion is
used by Bell-Ghioca—Moosa in the recent preprint [1] on effective isotrivial
Mordell-Lang.

We next turn to the model-theoretic analysis. Here our main results are:

e An explicit characterization of stable F-sparse sets as finite Boolean combi-
nations of translates of finite sums of sets of the form {a + Fa + --- 4+ F"a :
n < w}—these are the “groupless F-sets” of [6]. That the groupless F-sets are
stable is from [6]; the converse is Theorem 6.3 below.

e The production of some new NIP expansions of (I', +); see Theorem 7.7. This
includes (I, 4, 4) for any F-sparse A C I, but it also includes some examples
that are not even F-automatic, most notably the expansion of (F,[]. +) by
the graph of multiplication restricted to N, when p > 7. This last example is
Theorem 7.8 below.

§2. Preliminaries. We first recall the relevant theory of regular languages; the
interested reader is directed to [7] for further details. Fix a finite set A, which we will
use as an alphabet. We use A* to denote the set of strings of elements of A. A language
isany subset L C A*. We use ¢ to denote the empty string. Given o € A*, |o| denotes
the length of o.

DEeriniTION  2.1. The set of regular languages over A is the smallest
set of languages that contains the finite languages and is such that if
Ly, L, C A* are regular then so are Ly U L,, LiLy, ={ot:0 € L, € L}, and
Ly ={o1-0,:01.....0, € L1}.

Regular languages can be characterized as those recognized by machines of a
certain form:

DEFINITION 2.2. A non-deterministic finite automaton (or NFA) is a 5-tuple M =
(A. Q.40.Q.0). where:

e A is a finite alphabet.

e Qs a finite set of states.

e go € Q is the initial state.

e Q C Q is the set of finish states.
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e 0: O x A — 29 is the transition function: given (q.a) € Q x A it outputs the
set of states the machine could transition to if it is in state ¢ and reads
input a.

We identify § with its natural extension Q x A* — 22 given by d(q.0a) =
U{6(q".a):q' €6(q.0)}. If @ € A* we say M accepts o if d(qo.a) N Q # 0 the
set of such ¢ is the language recognized by M. If |6(¢q,a)| = 1 for all ¢ € Q and
a € A we say M is a deterministic finite automaton (or DFA). In this case we regard
6 as having codomain Q. rather than 29.

Fact 2.3[7, Lemma 2.2 and Sections 3.2 and 3.3]. If L C A* then the following
are equivalent:

e [ isregular.
e [ is recognized by some DFA.
e [ is recognized by some NFA.

A note on exponential notation: we use A" to denote the alphabet of r-tuples of
elements of A, and we use A" to denote the language {o € A* : || = r}.

Throughout the paper, we fix an infinite abelian group I' equipped with some
injective endomorphism F: I' — I'. We let Z[F] denote the subring of End(I)
generated by F., and consider ' as a Z[F]-module. Our context is slightly more
general than that of [2]: they require that I" be a finitely generated abelian group,
which we do not. Most of the results of [2] go through in this context with no
additional effort.

Following [2], given a string sy --- s, of elements in " we let

[So - Sulr = S0 + Fsy + - + F"s,.

Note that when (I, F) = (Z,d) and s; € {0,....d — 1} this is just computing the
number represented by so - s, base d. Given a set L of strings of elements of T,
we let

[Llr ={[o]F : 0 € L}.

DEFINITION 2.4. If X is a finite subset of I” we say ¥ is an F-spanning set (for I') if
it satisfies the following axioms:

(i) Forall @ € T thereis ¢ € £* such that a = [o]F.
(ii) 0 € X, andif a € Z then—a € X.
(iii) If ay,....as € Sthena; + - +as € X+ FX.
(iv) Ifaj, a2, a3 € Xand a; + a» +az € FT thena; + a» + as € FX.

Condition (i) is what allows us to make a sensible definition of F-automaticity: it
says that every element of I has an “F-expansion with digits in X.” Conditions (iii)
and (iv) are somewhat technical. Roughly speaking, their main use is to constrain
how addition and application of powers of F can affect the length of the shortest
F-expansion of a given group element; see for example [2, Lemma 5.3] and the proof
of Proposition 3.8. The latter is the only place we will directly make use of condition
(iii) or (iv); for more details on how they are used in establishing the basic properties
of F-automatic sets, see [2, Sections 5 and 6].
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Note that the existence of an F-spanning set will imply that I is finitely generated
as a Z[F]-module, and that T'/FT is finite.

It is pointed out in [2, Lemmas 5.6 and 5.7] that for r > 0 if ¥ is an F-spanning
set then [Z)]; is both an F-spanning set and an F’-spanning set.!

DEerINITION 2.5. We say A C I is F-automatic if there is an F"-spanning set X for
some r > 0 such that {o € £* : [6]pr € A} is regular.

The following is a useful strengthening of [2, Proposition 6.3]:

ProposITION 2.6. Suppose A C T is F-automatic. Then for any r > 0 and any
F’-spanning set X, {g € £* : [o]pr € A} is regular.

ProoF. By F-automaticity there is 7y > 0 and an F’0-spanning set X, such that
{o € Z} : [0]pr0 € A} is regular. Now © := [Z00)]zr is an F'0-spanning set, and
by [2, Proposition 6.3] we have that {o € ®* : [¢]zr, € A} is regular. Suppose it is
recognized by the automaton M = (@. Q. qo. Q.J). Now define a new automaton
M = (2,0 x 20 (go.¢),Q.0") by

(0(q.[oalr).e) if|o]=ro—1.
(g.0a) if o] <rop-1,

Q' ={(q.0) :6(q.[0]rr) € Q}.

(Note if |o| < r that [o]pr = [6007171]z € ©. so 6(q.[o]Fr) is defined.) Given
o €X* we can write 0 =g -0, where |o)| == |0, =ry and |o,41] <
ro. Now, M’ accepts ¢ if and only if M accepts [o1]pr - [0as1]rr (Where
again [0,11]pr = [0511070719+11]zr € ©), which is in turn equivalent to [o]pr =
llo1]Fr - [ons1]Fr g € A. So M’ recognizes {o € £* : [o]pr € A}, as desired.

0'((g.0).a) =

§3. Existence of spanning sets. We first study what it means for " to admit
an F-spanning set. It is clear in [2] that the authors do not expect all finitely
generated abelian groups to admit spanning sets, but no example was given. Here
is one:

ExaMpLE 3.1. Consider I' = Z?. Fix T € M,(Z) invertible and diagonalizable

over C, and with an eigenvalue u with |u| < l; for example T = G (1)> Let
F: 7% — 77 be the associated linear map on Z’. Suppose for contradiction that
there were an F-spanning set X for Z?. Let {v. w} C C? be an eigenbasis for T, say
with Tv = uv and Tw = vw. Write each element of  (uniquely) in the form av + bw
for a,b € C, and let M be the largest |a| obtained in this way. Given x € 72 we can
write

i=0 i=0

i=0

I'What we denote [Z(")] F is denoted simply =) in [2]; recall that for us =() denotes the set of strings
over X of length r.
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where s; = a;v + b;w € . So by independence of {v, w} if we write x = av + bw
then

la| =

S a| < Y lallaf <MYl < M1l
i=0 i=0 i=0

On the other hand, if we had a # 0 then since Z? is closed under integer scaling
there would be some x € Z? such that the corresponding a did not satisfy |a| <
M (1 - |u|)™", a contradiction. So @ = 0, and Z> C Cw, contradicting the fact that
the C-linear span of Z? is all of C2. So no F-spanning set exists for Z>.

Bell and Moosa [2] give a sufficient condition for I' to admit an F’-spanning
set for some r (under the assumption that I'/FT is finite) in terms of the existence
of what they call a height function on I'. Our first goal is to show that this is also
necessary.

DEFINITION 3.2. A height function for (I', F) isamap h: I’ — R satisfying the
following:

(Symmetry and triangle inequality) There are o, k € R with a > 1 and k >0 such
that h(- a) <ah(a) + k and h(a + b) <a(h(a) + h(b)) + k foralla, b cT.
(Northcott property) For all N € N there are finitely many ¢ € I" with 2(a) < N.
(Canonicity) There is f € R with 8 > 1 such that #(Fa) > ph(a) for cofinitely
manya € I.

We will find it useful to work with a different class of functions on I':

DEFINITION 3.3, A length function for (I', F) isa map A: I' — R satisfying the
following:

(Symmetry) A(a) = A(—a) foralla € T.
(Ultrametric inequality) There is D € R with D > 0 such that A(a +b) <
max(A(a).i(b)) + D foralla,b € T.
(Northcott property) For all N €N there are finitely many a € T’ with A(¢) < N.
(Logarithmic property) There is a finite exceptional set 4 and C, E € R with
C > 0and E > 0 such that
e /(Fa) < Ala)+ Cforalla €T, and
e M(F"a) > Ala)+nC —Eforalla e T\ Aand n € N.

Note that if A satisfies all the axioms of being a length function besides symmetry,
then 2'(a) := max(A(a). A(— a)) will be a length function.

There is an immediate connection between length functions and height functions.
Suppose 4 is a length function for (I', F) with exceptional set 4 and associated
constants C, D, E. Pick r so that rC > E. It is then straightforward to check that
h(a) := 2*9) is a height function for (I', F") with exceptional set 4 and associated
constants o = 2P, B =2""F and k = 1. It is harder to derive a length function
from a height function. One might attempt to reverse the above, and given a height
function /1 ask whether A(a) :=log(h(a)) is a length function. A first obstacle is
that we might have 4(a) < 1, though this could be dealt with by setting A(a) = 0 for
such a. A more fundamental problem is that the axioms of height functions place
no upper bound on 4 (Fa) in terms of 4 (a), whereas the axioms of length functions
demand such a bound on A(Fa). We will see in Theorem 3.10, however, that the
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existence of a height function indeed implies the existence of a length function, and
moreover that both are equivalent to the existence of a spanning set.

REmARK 3.4. It will sometimes be convenient to assume that C is large compared
to some function of D and E (and possibly other constants). If we are willing to
pass from F to a power thereof, this can always be assumed: if 1 is a length function
for (I', F) with associated constants C, D, E, we can take r such that rC satisfied the
desired inequalities. Then / is a length function for (I, F") with associated constants
rC,D.E.

LeMMA 3.5. Suppose 4 is a length function for (', F) with exceptional set A and
associated constants C. D, E. By increasing E we can assume that every element of the
exceptional set A has finite F-orbit.

PROOF. Suppose the F-orbit of @ € A is infinite; so there is i, such that Flea ¢ A.
Now, for all n > i, we have

MF"a) = \(F"aFiag) > j(Flaa) + (n-i,)C — E
=Ma)+nC - (E+i,C + Aa) - A(F“a)),

*

and for n < i, we have

MF"a) = i(a) +nC — (nC + Ala) — A(F"a)).

*

Hence taking E’ to be the maximum of E and all the quantities marked *, we get
that A(F"a) > A(a) +nC — E’ so that a is no longer exceptional with respect to this
new E’. Iterating this procedure for each a € A with infinite F-orbit, we eventually
produce a new E > E such that only the elements of A4 of finite F-orbit remain
exceptional. -

REMARK 3.6. If there is a length function for (I, ) and @ € T has finite F-orbit,
then ¢ must have finite order. Indeed, the F-orbit of ka is finite for all k € N; but
the logarithmic property then implies that all k£« lie in the finite exceptional set.

Combining Lemma 3.5 and Remark 3.6 we may assume the logarithmic property
applies to all elements of infinite order.
Here is the motivating example of a length function.

DeriNiTION 3.7, If X is an F-spanning set for I', we define A5 : I' — R by setting
Jz(a) to be the length of the shortest ¢ € 2* such that [¢]r = a.

ProposiTiON 3.8. If X is an F-spanning set for T then As is a length function for
(T, F) with associated constants C = D = E = 1 and exceptional set Z.

Proor. We verify the axioms. Symmetry of Ay is simply by symmetry of £. Lemma
5.3 of [2] implies that the ultrametric inequality holds of iy with D = 1. Since
is finite there are finitely many ¢ € X£* of length < N, and hence /1y satisfies the
Northcott property. Finally, we prove that Ay satisfies the logarithmic property with
C = E =1 and exceptional set X. For the upper bound, note that if a = [sg -+~ s¢]F
with sp. ..., s, € Zthen Fa = [0sg - s¢]r: 50 As(Fa) < As(a) + 1. It remains to show
the lower bound.
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Suppose a ¢ . Write As(a) = £ for some £ > 1; say a = [so - S¢_1]r. Suppose
for contradiction that As(F™a) < m + £ — 1; so we can write F™a = [tg - tyio3]F-
Then

FmSO 4ot Fm+é71Sg,1 — FMg = fo+ +F’71+€73tm+g,3. (1)

Then ¢y € FT. so by axiom (iv) we get that 7o = Ft/ for some ¢/ € X. Inductively
suppose for some i < m — 1 we can write 7o + - + Fit; = F™!¢/ for some 1] € X.
Then Fit(¢! + t;11) = to + -+~ + F'*'1;,1 which can be seen to be in F'*T using
Equation (1) and the fact that m > i + 2. Hence ¢/ + t;11 € FT by injectivity of F,
and again by a_xiom (iv) we can write ¢/ + 2,41 = Ft]  forsomet; 1 € .80+ -+ +
F'ti = F*2¢ | Itfollows that tg + -+ + F™ 11, = F™1] | forsome1] | € Z.
(Note 1, 1 is defined since £ > 2.) So F™a = F™t! | + F"tyy + -+ F" 530, 5,
and thus

a=1th 4 (ty+ -+ Ft003).

Hence by [2, Lemma 5.3] we get that ¢ can be represented by a string of length
< £ — 1, contradicting our assumption that As(a) = £. -

We will want to use a result of [2] to deduce that the existence of a height function
implies the existence of a spanning set. To do so we will need to know that T'/F'T
is finite for all r.

LEmMMA 3.9. Suppose S C T contains a representative of each coset of FI'. Then
[S(r)]p = {S() + -+ Frilsr,l 180y .., S € S}

contains a representative of each coset of F'T. In particular, if T /FT is finite then so
toois U/F'T forallr > 0.

Proor. Given a € I’ we can find so € S such that a = so(mod FT'). Then
inductively we can find si.....s.1 €S such that Fl(a—so)=s1+- +
F2s,1(mod F'T), at which point it follows that a=s0+ -+
F s, 1(mod F'T). .

Putting all this together, we deduce the following characterization for the existence
of spanning sets, which in particular provides a converse to [2, Proposition 5.8].

THEOREM 3.10. Suppose I'/FT is finite. The following are equivalent :

1. T admits an F"-spanning set for some r > 0.
2. There is a length function for some (I, F").
3. There is a height function for some (I, F").

Proor. (1) = (2) is Proposition 3.8, and we noted (2) = (3) after the
definition of length functions. For (3) = (1), we appeal to [2, Proposition 5.8].
Formally they require that I be finitely generated as a group, but this is only used
to deduce that T'/F'T is finite for all r; by Lemma 3.9 we can assume as much from
the fact that T'/FT is finite. =

COROLLARY 3.11. Suppose thereis an F"-spanning set for I for somer > Qand H <
I is F-invariant. Then there is an F*-spanning set for H for some s > 0. Furthermore
if A C H then A is F-automatic in T if and only A is F-automatic in H.
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Proor. By Theorem 3.10 there is a length function A for some (', F"). One can
check that A | H is a length function for (H, (F | H)"). So again by Theorem 3.10
there is an F*-spanning set for H for some s > 0.

For the “furthermore,” note by the above and [2, Lemmas 5.6 and 5.7] there is s
such that there is an F*-spanning set ¥ for H that is contained in an F*-spanning
set X' for I'. The right-to-left direction then follows from [2, Proposition 6.8(b)]. For
the left-to-right, note that {¢ € £* : [g]ps € A} = {o € (T')* : [o]ps € A} NZ* is
the intersection of two regular languages, and is thus regular (see [7, Theorem 2.1]);
so A is F-automatic in H. .

In fact when I is a finitely generated abelian group, we can use the above to deduce
a concrete and verifiable characterization of the existence of spanning sets.

THEOREM 3.12. Suppose I is a finitely generated abelian group. Then T admits an
F’-spanning set for some r > 0 if and only if the eigenvalues of F ®z idc (viewed as a
linear map on the C-vector space I’ @z C) all have modulus > 1.

We will want to restrict our attention to the torsion-free case; the following lemma
tells us that the torsion subgroup can be ignored for the purposes of determining
whether there is a spanning set.

Lemma 3.13. Suppose T is a finitely generated abelian group ; write T = Ty x H
where Ty is torsion-free and H is finite. Let m: I' — Ty be the projection, and let
Fy: Ty — Ty be the map induced by F. Then

L. 7([so -+ sn]r) = [(m(s0)) -+ (7(s0))]r, SO S0. ... 80 € T.
2. If X is an F-spanning set for I then n(X) is an Fy-spanning set for T'.
3. If Xy is an Fy-spanning set for Ty then 11 (Z) is an F-spanning set for T.

ProoOE. Note first that since F is injective and H is finite we get that FH = H;
so there is indeed a well-defined and injective Fy: 'y — Iy that satisfies 7o F =
Fyom.

1. Notethatn([so - s,]r) =7(so) + n(Fsy) + - + n(F"s,) =n(so) + Fo(n(sy)) +

Sy Fon(n(sn)) =[(n(s0)) --- (n(sn))]FO-

2. Suppose X is an F-spanning set for I'; we verify that z(X) satisfies the axioms.

(i) Suppose a € I'y. Since X satisfies axiom (i) there is sp---5, € T*
such that [so---s,]r = a. Then by part (1) we get that a = n(a) =
[(=(s0)) -+ (7(50))]7,-

(ii) Since 0 € T we get that 0 = z(0) € z(T). If n(a) € n(X) then since T
satisfies axiom (ii) we get that — ¢ € X, and hence — 7(a) € =(Z).

(iii) Suppose 7(ay).....n(as) € n(T). Since X satisfies axiom (iii) there are
bo. b1 € T such that a; + --- + as = by + Fb;. Then n(ay) + --- + n(as) =
n(by) + n(Fby) = n(by) + Fo(n(by)) € n(T) + Fy(n(X)), as desired.

(iv) Suppose n(ay).n(az).n(a3) € n(T) and n(a;) + n(ar) + n(a3) = Fob for
some b € I'y. Then n(a; + ay + a3) = Fo(n(b)) = n(Fb), so there is h €
H suchthat a; + ay + a3 = Fb + h. Since F is bijective on H, thereis iy €
H such that Fhy = h. So a; + a, + a3 = F (b + hy); thus since X satisfies
axiom (iv) we get that b + hy € 2, and hence that b = n(b + hy) € =(Z).

3. Suppose X is an Fy-spanning set for ['y; we verify that 7! (X,) satisfies the

axioms.
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(i) Suppose a € I'. Since X, satisfies axiom (i) there is s -+ 5, € X such that
7(@) = b salry = [(2(50)) -+ (x(5)lry = 250+ 5:]r) (since  each
5; €29 CTy). Let h=a —[so-S,Jr € H. Then a = h + sy s,]r =
[(so+ /)s1 - s,]F and so + £, s1. ... s, € 7 1(Z). as desired.

(i) Since 0 € £y we get that 0 € 771(0) C 7 1 (Z). If @ +h € 1 (Z) with
a € Xpand h € H. then since X satisfies axiom (ii) we get that — a € X,
and hence — (a + h) € n1(Z).

(iii) Supposea; + hi. ....as + hs € n1(Zy) witheach a; € Zpandeachh; € H.
Since X satisfies axiom (iii) there are by, b; € X, such that

ay + -+ as :bo —+ F()bl :bo + FO(T[(b])) :bO +7T(Fb1) :b() + Fbl +h=
for some 2 € H. Then
(a1 4+ M)+ -+ (as+hs) = (bo+hi +hy+ -+ hs+ h) + Fb,

and bg+hy +hy+ -+ hs+ h, by € 7'571(20).

(iv) Suppose aj + hy.ay + hy. a3 + hy € ' (Z) with each a; € ¥y and each
h; € H; suppose further that (a; + hy) + (a» + ho) + (a3 + h3) = Fb for
someb € I'.Thena; + a, + a3 = n(Fb) = Fy(n(b)); thus since I satisfies
axiom (iv) we get that 7(b) € £y, and b € 7 '(,). &

ProorF OF THEOREM 3.12. We first reduce to the torsion-free case. By the
fundamental theorem of finitely generated abelian groups we may assume I' =
7" x H where H is a finite group; let z: I’ — Z™ be the projection. Let F be
the endomorphism of Z™ induced by F'; note then that Fj is the endomorphism
of Z" induced by F". So by Lemma 3.13 I' admits an F"-spanning set for some
r > 0 if and only if Z™ admits an F{j-spanning set for some r > 0. Moreover under
the identification I' ®7 C = Z™ @7 C we have that F ®z idc ~ Fy ®z idc, and in
particular they have the same eigenvalues.

We may therefore assume I' = Z" for some m and F € M,,(Z).

( <= ) By replacing F with a power, we may assume |u| > 2 for all u € o(F). We
show there exists a height function for (I, F). Pick a basis {e. ... e, } for C™
that puts F in Jordan canonical form. Let #: C" — R be the infinity norm
associated with {ej..... ey }: so h(aje; + - + amen) = max; |a;|. We show
that 2 | Z™ is a height function for (', F). Triangle inequality and symmetry
are clear. For the Northcott property, recall that two norms ||-||; and ||-||; on a
vector space V are equivalent if there are ¢y, ¢ > 0 such that ¢ ||v||; < ||v]2 <
cal|v|lp for all v € V; recall further that all norms on a finite-dimensional
space are equivalent. In particular, our infinity norm is equivalent to the usual
infinity norm [|-|oc on C™, and there is ¢ > 0 such that ||v||eo < ch(v) for all
v € C".Soif h(v) < N then ||v||s < ¢N, and there can only be finitely many
such v € Z™.

It remains to check canonicity. Fix some f> 1 such that g+ 1 < ||
for all u € o(F). Suppose v = viey + - + vpe, € C™\ {0}; write Fv =
wiey + -+ + wpyem. Fix i such that |v;| = h(v). Depending on the structure
of the Jordan blocks, we get that w; is either uv; + v;,1 or uv; (for u € o(F)
corresponding to v;). In the first case, reverse triangle inequality yields

h(Fo) > |wi| > |u|lvi| = [vig] > (= 1)|vi| > Blvi| = ph(v).
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and in the second case we get
h(Fv) 2 |wil = |ullvi| > Blvi| = h(v).

So / satisfies canonicity, as desired.

(=) Suppose there is u € a(F) with |u| < 1. There are two cases:

Caskt 1. Suppose there is x4 € o (F) with |u| < 1; the argument in this case
is similar to Example 3.1. Since the same is true for all powers of F it
suffices to show that there is no F-spanning set. Pick a basis {ey,.... e, }
for C'™ that puts F into Jordan canonical form; for x € C” we write

soeach f;: C™ — Cis linear. Pick some ¢;. corresponding to the bottom-
right of some Jordan block for u; so f} (Fx) = ufj(x) for x € C™.

Suppose for contradiction we had an F-spanning set X. Let M =
max{|f4(a)|:a € £}. Then if

for a; € X then

|fr()| =

¢
Y o fila)
i=0

0
<[ fila)
i=0

¢
. . I
= ul'1fila) < MY |ul' = Ml*—|/l\'
i=0

i<w
Soevery y € Z" satisfies | 1 (y)| < M m So since the integers are closed
under doubling and f, is linear, we get that /4 (y) = 0 for each y € Z™.
So C™ = spang Z™ is spanned by {ey. ....en} \ {er}. a contradiction.

CASE 2. Suppose |u| > 1 forall u € o(F); pick some u € o(F) with |u| = 1.
We show that there is non-zero a € Z™ such that Fia = F/a for some
i # j, and deduce that no power of F' admits a length function.

Let p,(x) be the minimal polynomial for x4 over Q. Note that if v € C
is a root of p, then so is v~!. Indeed, this is true of u since 4! = 7 and
Pu € Q[x], and hence is true of all Aut(Q/Q)-conjugates of u. But Du
divides the characteristic polynomial of F, and hence p, has no roots of
modulus < 1 by hypothesis. It follows that p, has no roots of modulus
> 1 either. That is, the roots of p, lie on the unit circle.

Now, p,(F) isn’t invertible over C. since p,(F)v = p,(u)v =0 for
any eigenvector v of F with eigenvalue . So p,(F) isn’t invertible over
Q. and thus V = kerQ( pﬂ(F )) is a non-trivial F-invariant subspace of
Q™. Furthermore p,(F | V) =0, so the minimal polynomial of F |
V' is separable (since p, is): so F | V is diagonalizable (over C) with
eigenvalues that are roots of p,. and hence lie on the unit circle. In
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particular in the inner product induced by the eigenbasis for F' [ V' we
get that F' | V is unitary.

Since V is a non-trivial subspace of Q™ it contains a non-zero a € Z".
So Fa € V NZ™ as well and ||Fal| = ||a|| (where the norm is induced
by the aforementioned inner product); inductively we get ||[F"al| = ||a]|
and F"a € Z™ for all n. But ||| is equivalent to the Euclidean norm
(since both are norms on a finite-dimensional space) so there are
finitely many b € Z" with [|b]| = ||a|. So F'a = F/a for some i # j.
By injectivity of F we get Fi/a = a. and hence that (F")"/a = a for all
n. It follows that the F"*-orbit of a is finite for all n > 0. Since a has infinite
order, Remark 3.6 yields that no power of F admits a length function.
Hence by Theorem 3.10 T" does not admit an F”"-spanning set for any
r>0. —|

§4. A characterization of F-automaticity. A useful characterization of classical
automaticity is in terms of “finiteness of kernels.” A version of this for F-
automaticity is given in [2, Lemma 6.2]. Using length functions we are able to
improve this result. First, here is what kernels mean in our setting, as introduced
in Definition 6.1 of [2]. As before, we fix an abelian group I' with an injective
endomorphism F.

DrrNITION 4.1, Suppose 4 C I'. Given s, ..., s, 1 € I we set
Aggeos, (X)) ={x €T 54+ F'ls, 1+ F'x € A}
(so A, = A). Given S C T, by the (S, F)-kernel of A we mean the set {4, : 7 € S*}.

THEOREM 4.2. Suppose U admits an F'-spanning set for some r > 0 (and so in
particular that T/FT is finite). Fix finite S C U containing a representative of each
coset of FT in . Then A C T is F-automatic if and only if the (S, F)-kernel of A is

finite.

The big improvement here is that S need not be a spanning set—being a complete
set of representatives for I'/FT is a much weaker condition. A nice feature of this
characterization is that, apart from the hypothesis on existence of a spanning set,
F-automaticity of a set 4 can be checked without references to higher powers of F.

LemMa4.3. LetT, F,and S be as in Theorem 4.2. Supposen > 0. The (S, F)-kernel
of A is finite if and only if the (S™), F™)-kernel of A is finite.

ProoF. The (S, F")-kernel is clearly contained in the (S, F)-kernel. Suppose
the (S, F)-kernel is infinite.
Note thatif ¢ = sg - 54_1.T = to---tp_1 € S*, and a € T" then

ac(Ay); < to+-+Fy +FlacA,
= so4 -+ F s+ Ff(to+ -+ F 'ty + Fla) € A
= so+ -+ Flg 4+ Freo+ - + FFy 4+ FFa c 4
< a € Agy.

So (Ay); = Age; in particular, if A,, # A, then A, # A,
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Since the set of all 4, is infinite, there is 0 < i < n such that the set of A,
with || = i(mod n) is infinite. Now, as S is finite, this means there is 7 € S*
of length i such that {4,. : p € S*.|p| € nZ} is infinite. It follows by the above
observation that {4, : p € S*,|p| € nZ} is infinite, and so the (S, F")-kernel is
infinite. )

LemMA 4.4. Suppose T admits a length function A for (U, F) with associated
constants C, D, E such that C > D. Suppose S, T C T are finite sets both containing
a representative of each coset of FT. Then A has finite (S, F)-kernel if and only if it
has finite (T. F )-kernel.

Proor. Let N = max{i(s —¢):s € S,z € T}. Suppose the (T F)-kernel of 4 is
finite.

Take an element A, of the (S, F)-kernel of A4, say with ¢ = s9--- 5,1 € S*. By
Lemma 3.9 thereis 7 =ty ... 1,_1 € T* such that

S04+ F'™ s, = to+ -+ F"'t,.1(mod F"(T)).
So A, lies in the (T, F)-kernel of 4. Let
d=F"((so—to) + -+ F"(sp1—ta1)):

so for a € T" we have
a+dc€Ad, = to+-+F" ', +F'(a+6)ec4

= to+ o+ F 'y + F a+ (so—to) + 4+ F" syt —ty1) € 4

— so+ - F" s, + F'lac A4

< a € A,.

So A, = A, — . Hence to show that the (S, F')-kernel of A4 is finite it suffices to show
that J can take on one of only finitely many values (as o, T vary). We show that A(5)
is bounded in terms of S, 7', which suffices by the Northcott property.

We first bound A(F"8) = A((sg — to) + - + F" (5,1 — t,1)). Since A(so — t9) <
N and A(F(s; — t1)) < N 4+ C, the ultrametric inequality yields

A((so—t0) + F(s1—11)) < N+ C+D.
Since A(F?(s; — t;)) < N + 2C. another application of ultrametric inequality yields
A(sg —t9) + F(s 711)+F2(S2712)) <N+2C+D

(since by hypothesis C > D). Continuing inductively, we find that A(F"J) <
N + (n—1)C + D. Hence by the logarithmic property we get that A(6) < N — C +
D+ E. o

ProoF OF THEOREM 4.2. Suppose I" admits an F”-spanning set X for some n > 0.
By Proposition 3.8 As is a length function for (I', F") with associated constants
C. D, E such that C > D. Suppose A C I'. Then by the previous two lemmas, the
(S. F)-kernel of A is finite if and only if the (S, F")-kernel of 4 is, which occurs if
and only if the (X, F")-kernel of 4 is. (Note that an F"-spanning set must contain a
representative of every coset of FT'.) But by [2, Lemma 6.2] this is equivalent to 4
being F-automatic, as desired. =
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As an illustration of the usefulness of this characterization we give quick proof
of [2, Lemma 6.7(a)]: that if a spanning set exists then the equivalence relation of
“representing the same element” on strings is characterized by a finite automaton.

COROLLARY 4.5. Suppose X is an F-spanning set. Then {(0.7) € (£*)* : [o]r =
[t]r} is a regular language over (£2)*.

Here we are conflating (22)* with the subset of (£*)? consisting of the (g, 7) such
that |o| = |7].

ProOF. By Proposition 2.6 this is equivalent to A = {(a,a) : a € T} C I'? being
F-automatic. Fix a set S containing exactly one representative of each coset of F T in
I'; we will show that the (52, F)-kernel of A is finite. Note that if so -+ $,_1, fo =+ tp_1 €
S are unequal, say with i minimal such that s; # ¢;, then since s; # t;(mod FT')
and F is injective we get that s + --- 4+ F" s, 1#tg + - + F" 't,_;(mod F'*'T).
So sy + - + F" ls, 1Zto + - + F" 't,_1(mod F"T'), and thus so + --- + F" 's, | +
F'a #tg+ -+ F" ', + F'bforanya.b € I.So A, isempty if (5. 7) € (S?)*
and o # 7. Furthermore if ¢ = 7 then by injectivity of F we get A, ;) = A. So the
(82, F)-kernel of A contains two elements. =

§5. A characterization of F-sparsity. Recall that a language L C X* is sparse if it
is regular and [{o € L : |o| < x}| grows polynomially in x. See the beginning of [2,
Section 7] for a brief overview of sparsity.

Fix (I, F) an abelian group equipped with an injective endomorphism. In [2] Bell
and Moosa adapt the notion of sparsity to the setting of F-automatic sets.

DErFINITION 5.1. A subset 4 C I' is F-sparse if there is an F"-spanning set X for
some r > 0 and a sparse L C X* such that 4 = [L]pr.

While the definition of F-sparsity is sufficient for the purposes of [2], it is
cumbersome in some contexts. In particular, in order to show a set is not sparse one
needs to check every possible set of representatives in every possible spanning set
for every possible power of F. For example, it is not immediate from the definition
that I itself isn’t F-sparse.

In this section we will give a characterization of F-sparsity in terms of length
functions, and deduce from that some natural properties of F-sparsity. We will use
the following characterization of sparsity:

Fact 5.2 [2, Proposition 7.1]. L C X* is sparse if and only if it is a finite union
of sets of the form vow{ vy -+ vp_1w,; v, Where vy, ..., v, wi, ..., w, € X7,

We call languages of the form vow; vy - v,_1w, v, simple sparse. By Fact 5.2 an
F-sparse set is a finite union of sets of the form [L]zr where L is a simple sparse
language. The following further simplification in the structure of F-sparse sets will
be useful both for proving basic closure properties below, and for studying stability
in the next section.

ProposiTION 5.3. Suppose A C T is F-sparse. There is sy € N such that for all
s € soN we can write A as a finite union of translates of sets of the form [a} --- a;]s

where ay, ..., a, €T.
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Proor. By Fact 5.2 we can write A as a finite union of sets of the form
[vow{ vy -+~ w,v,]Fr for some strings v;, w; € I'*. By replacing F with F" we may
assume r = 1. Let 5o be the least common multiple of all the |w;|.

In the case where I' = Z™ and F is multiplication by some d > 0, an intermediate
result in the proof of [5, Lemma 3.4] is that we can write 4 as a finite union of
translates of sets of the form [7] - 7] where 71....,7, € I'* all have length sp. In
fact with little additional effort the proof of this generalizes to our setting, and can
be made to show that if s € 59N then we may take all 7; to have length s rather
than so. But if we let a; = [7;]F then [t} --- 7]F = [a] --- a;]Fs; so we have written 4
in the desired form. -

We note some closure properties:

PROPOSITION 5.4. 1. Forany A C T and s > 0, A is F-sparse if and only if it is
F?-sparse.

2. If A, B C T are F-sparse then sois AU B.

3. If A C TUis F-sparse and X C T is F-automatic then A N X is F-sparse.

4. If A, B C T are F-sparse then so is A + B.

Proor. 1. The right-to-left is by definition; for the left-to-right, take an F"-
spanning set X for some » > 0 and a sparse language L C ¥* such that 4 = [L]pr.
Recall by [2, Lemma 5.7] that ¥’ = [£)]r isan F'*-spanning set. Giveno € 2*
with s | |o| we canassociate g’ € (X')* as follows: write g = o -+ 0|, witheach

g; € E(s), and set ¢’ = [Jl]Ff [O'm]pr. So [U]Fr = [U,]Frs, and ‘O'I| = @
Note now that '
A= [L]Fr = [LO* N (Z(S))*]Fr = [{O'/ co € L0* OZ(‘YN)}]Fm.

L

Since regular languages are closed under intersection (see [7. Theorem 2.1]).
we get that L0* N (Z*)* is regular; one can then use a DFA that recognizes
L0* N (Z*)* to construct an NFA that recognizes L’. By Fact 5.2 L0*, and
hence L0* N (X%)*, is a sparse language; thus since |¢’| = @ we get that L’ is
sparse. So A = [L']grs is F*-sparse.

2. Take an F'"-spanning set £ and an F*-spanning set ® with sparse languages
Ly CX¥*and L, C ©* such that A = [L]rr and B = [L;]rs. By the argument
given in the proof of (1), we may assume r = s. By [2, Lemma 5.6], there is an
F"-spanning set Q containing X U ®. Then L; U L, is a sparse language in Q*,
and AU B =[L;UL;]pr.So AU B is F-sparse.

3. Take an F'-spanning set X for some r > 0 and a sparse language L C X*
such that 4 = [L]pr. By Proposition 2.6 {o € T* : [o]pr € X} is regular. So if
L' ={o € L:[o]pr € X} then L’ is regular (as the intersection of two regular
languages; see [7, Theorem 2.1]) and thus sparse (as it’s contained in L). But
[L'lrr = AN X:s0o AN X is F-sparse.

4. We first check the case where B = {y} is a singleton. Take an F’-spanning set
¥ for some r > 0 and a sparse language L C X* such that 4 = [L]gr. By [2,
Lemma 5.6] there is an F"-spanning set X’ D X that contains a + y for every
a € 2.Giveno = a, - aj,| € Z* non-empty let g, = (a1 + y)az - ajp € (T')*:
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so [o,]Fr = [o]Fr + 7. It is routine to check that sparsity of L implies sparsity
of L,:=={0,:0 € L} C(¥')*.S0 A+ y =[L,]pr is F-sparse.

We now do the general case. By Proposition 5.3 there is s such that there is
an F*-spanning set and such that both 4 and B can be written as a finite union
of translates of sets of the form [a] --- a;]Fs. Distributing, it suffices to check
the case 4 =y + [a] ---a;]rs and B =y’ + [b} --- b}, ]s. By the first case, we
may assumey =y’ = 0.Giveno € af ---a, andt € b} ---b), weletoc © 7 € "
denote the string obtained by characterwise addition; so [¢ & t]ps = [o]Fs +

[7]Fs. Then
aj-ay ®b{--b% = (ay+b1)" (a3 a; &by b))
U (a1 +b1)" (al eay © by “-b;‘/)
and is thus sparse by an inductive argument on (n,n’). So 4 + B = [a} - a;} @
by - b 1Fs is F-sparse. =

REMARK 5.5. A special case of Proposition 5.4(4) is that the F-sparse sets are
closed under translation. This answers a question posed in [2, Remark 7.3].

‘We now work towards a characterization of F-sparsity using length functions.

DEFINITION 5.6. Suppose 4 C T and 4 is a length function for (T, F). We let
fai(x)={ac 4:ia) < x}|, and we say A4 is A-sparse if f,;(x) € O(x?) for
some d € N.

For our characterization of F-sparsity we will need the following reverse
ultrametric inequality:

LeEMMA 5.7. If A is a length function for (I, F) with associated constants C, D, E
and a.b € T satisfy A(b) < Ala) — D then A(a +b) > i(a) - D.
)

ProOF. Otherwise A(a) > max(A(b).A(a +b)) + D =max(A(=b).A(a +b)) +
D > i(a). 5

We will also require the following observation relating the length of a string to
the length of the group element it represents:

LeEMMA 5.8. Suppose A is a length function for (', F) with associated constants
C,D. E: suppose S is a finite subset of T'. Then there is M > 0 such that ([c]r) <
|o|C + M forallo € S*.

ProOF. Pick r € N such that ¥C > D. and let K = max{A([¢]r) : 0 € S"}.

We show by induction on k > 1 that if ¢ € S%*) then A([o]r) < (k- 1)rC +
D + K. The base case is just the definition of K. For the induction step, write
o = g10, where |a,| = r. Then by the induction hypothesis A([a1]r) < (k - 2)rC +
D + K. and by the logarithmic property we get that A(F* " [a,]7) < A([o2]F) +
(k—1)rC < (k- 1)rC + K. So by the ultrametric inequality we get that

Mo]r) = A([o1]r + F*V[02]r) < max((k —2)rC + D + K. (k — 1)rC + K) + D
=(k-1)rC+D+K

(since rC > D).
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Now. for any ¢ € S* we can pad by some string of zeroes 7 of length < r to get
that |ot| € rZ, at which point we get A([o]r) = A([o7]F) < (Jot| -r)C + D + K <
Clo|+ D +K. 4

LemmaA 5.9. Suppose X is an F"-spanning set for some r > 0. Suppose L C X*
is regular and = is a linear ordering on T (which induces a length-lexicographical’
ordering on X* which we also denote by <). Let

L= {o € L:o <Xt forallt € L such that [c]pr = [t]Fr}.
Then L is regular. Moreover if [L]pr is As-sparse then Lis sparse.

ProOOF. Be replacing F with F" we may assume r = 1. Let K C (22)* be the set
of <Z> such that

eog € L;
e [o]r = [7]F; and
et c Landt <o, ort e LO0*.

Soif ¢ € L then (:) € K if and only if 7 (with possibly the trailing 0 removed)

witnesses that e ¢ L:so L = L\ n(K), where z: (£2)* — I* is projection to the first
coordinate. So since L is regular it suffices to show that z(K) is regular (since by [7,
Theorems 2.1 and 2.2] regular languages are closed under Boolean combinations).
Note that K is regular: this is because L x L, equality (see Corollary 4.5), ending
in 0, and < are regular, and so K is a Boolean combination of regular languages.
Fix a DFA (22, 0. ¢o. Q.9) for K: we use this to construct an NFA (2, Q'. ¢). . 4')
recognizing (K ). We let Q" = Q. ¢{ = qo. and Q' = Q. For the transition function

we set
0'(g.a) = {5(q, (Z)) b e 2}.

Then o is accepted by our NFA if and only if there is 7 € £* with |z| = |¢| such that
0 (qo, <:>> € Q:i.e., such that (:) € K. So our NFA recognizes 7(K ), and n(K)

is regular. So L is regular.

__ For the “moreover” clause, suppose [L]r is As-sparse. Note that [] is a bijection
L — [L]r: furthermore by definition of A5 we have that As([c]r) < |a]. It follows
that L is sparse: since [L]F is Az-sparse, we get that

{o e L:|o| <x} < [{a€lLlr:isla) < x} = fgs(x) € O(x9),
for some d. =

The construction of the NFA in the above proof can be generalized to show that
the projection away from some coordinate of a regular language over ¥"*! is regular
over £, We also used the fact that Boolean combinations of regular languages

2Recall that ¢ < 7 in the length-lexicographical order on £* induced by < if || < |z] or if |o| = |7|
and o precedes 7 in the lexicographical ordering induced by <.
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are regular; combining these two facts gives us a sense in which regular languages
interact nicely with first-order logic.

THEOREM 5.10. Suppose A is a length function for some (I', F"). Then A C T is
F-sparse if and only if it is F-automatic and A-sparse.

ProoF. By Proposition 5.4-(1) it suffices to check the case r = 1; so assume A is

a length function for (I, F). Let C, D, E be the constants associated with 4.

( =) Suppose 4 is F-sparse; so there is some F*-spanning set X and some sparse
L C T* such that 4 = [L]ps. We get by [2, Proposition 6.8(b)] that 4 is F-
automatic; it remains to show that 4 is A-sparse. Since A is also a length
function for (I, F*) (see Remark 3.4), we can replace F with F* and thus
assume that s = 1. By Fact 5.2 L is a finite union of simple sparse languages.
One can verify that a finite union of A-sparse sets is A-sparse; it thus suffices
to check the case where L is simple sparse, say L = vow; - v,_jw, v, with
u;,v; € £*. We apply induction on #; the base case n = 0 is trivial.

For the induction step, we have two cases.
Cask 1. Suppose [w;;v,]F is finite. Then

A= | Dow w14l
a€lw;valr

and by the induction hypothesis each [vow; ---w; |v,_1a]F is A-sparse. So
A is A-sparse.
CasE 2. Suppose [w;;v,]F is infinite.

CLAI}:/[ 5.11. There is M ekR and i € N such that if k, > i then
A[vowy” cewkn,1p) > Clvow," e wkny, | + M.

Proor. Our strategy will be to write

k k k k- Jon—i
[Uowll o wy"vp]F = ['UO'UJ11 wnfllvnflwnn Ir

a
kq k1 kn—i .
+ Fl'UOwl W,"1 Un-1Wn |[wrllvn]F

b

and then use the reverse ultrametric inequality to show that A(a) is not
much less than A(b).

Applying Lemma 5.8 with S =%, we find that there is My >0
such that A([¢]F) < Cla| + M, for all o € X*. Then by Northcott prop-
erty there is some i such that A([w)v,]F) > Mo+ D + E. Suppose
ki, ....k, € N with k, > i to avoid notational clutter we abbreviate ¢ =
vowy! ~--w5jilvn,1w,lf"”. We then wish to show that A([ow/v,]F) is not
much less than A(Fl7l[wiv,]F).

Note that
MFwiv,]7) > A([wiva]r) +|0|C — E > Clo|+D + My > A([c]r)+ D
by hypothesis on Mj. So by the reverse ultrametric inequality we get that

Mlowpoalr) = Molr + F 7w valr) > A(F 17 [w)v,]r) ~ D
> ([wyvalF) + |0|C — D ~ E.
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Let M = A([whva]r) — |wiva|C — D — E. Then if ky > i then A([vgw}' ---
whv,]p) > |v0wf1 e wkry,|C + M, as desired. -

Now, we can write

L:{vow{(1 cewkny, ky o ky €N, ky > iU Uvowl* oWk v, WUy
J<i

By the induction hypothesis each [vow]" - w;lvn,lwﬁ vy |F 1S A-sparse; it
remains to check the case k, > i.

If r = vowfl cowkny, with k, > i and 7 satisfies A([t]F) < x then by
the claim |t|C + M < x, and thus |t| < C~'(x — M). But by hypothesis
there are d. K such that eventually |{z € L :|t| <y }| < Ky?. So if x is
sufficiently large there are at most K (C 1 (x — M))? € O(x?) stringst € L
satisfying A([t]F) < x; so A4 is A-sparse.

( <= Let X be an F*-spanning set for some s > 0. Note first that 4 is Ag-sparse.
Indeed, by Lemma 5.8 (applied to (I', F*) with S = X) thereis M € R such that
M[olFs) <|o|C + M for all ¢ € *. So if Ax(a) < x then Ala) < xC + M;
thus f 4 ;5 (x) < f4,(xC+ M) € O(x?) for some d, and A is As-sparse.

Let L = {o € X* : [g]ps_€ A}: so L is regular by Proposition 2.6. Fix any
total order <onX, and let L beasin Lemma 5.9; so L is sparse, since [L]ps = A4
is Ay-sparse. So A = [L]ps is F-sparse. !

It follows from Lemma 5.9 and Theorem 5.10 that F-sparsity can be checked in
any spanning set by looking at a set of “minimal” representations of elements of A.

COROLLARY 5.12. Suppose X is an F"-spanning set for some r > 0. Suppose L C ¥*
is regular and = is a linear ordering on T (which we again identify with the induced
length-lexicographic ordering on X*). Let

L= {o € L:o <Xt forallt € L such that [c]pr = [t]pr}.
Then [L]gr is F-sparse if and only if Lis sparse.

Proor. The right-to-left direction is by definition of F-sparsity. For the left-to-
right direction, we use Theorem 5.10 to deduce that [L]Fr is is-sparse, at which
point it follows from Lemma 5.9 that L is sparse. -

Another consequence is that if 4 is contained in an F-invariant subgroup H then
sparsity of 4 can be checked in H:

COROLLARY 5.13. Suppose there is an F'-spanning set for some r > 0. Suppose
H < T is F-invariant and A C H. Then A is F-sparse in T if and only if A is F-sparse
in H.

ProoF. For the right-to-left direction, note by Proposition 5.4(1) that 4 is F’-
sparse. So there is s > 0 with an F’S-spanning set X for H and L C X* sparse such
that 4 = [L]rs. Then using [2, Lemmas 5.6 and 5.7], since there is an F"-spanning
set for I' we may assume there is an F’*-spanning set ¥’ for I' containing X. Then
L C (¥')* witnesses that 4 is F-sparse in I
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For the left-to-right direction, fix any length function A for some (I, F*) (using
Theorem 3.10). One can check that 4 is a length function for H; so by Theorem 5.10
applied to H it suffices to show that 4 is F-automatic in H and A-sparse. By Theorem
5.10 applied to I" we get that A4 is F-automatic in I" and A-sparse. Then Corollary
3.11 yields that A is F-automatic in H, and since A C H we get that A-sparsity in I
agrees with A-sparsity in H. So A4 is F-sparse in H. -

We can now see that I' (and more generally any set containing an infinite F-
invariant subgroup of I') is not F-sparse.

COROLLARY 5.14. Suppose A C T is F-sparse.

1. A does not contain any coset of any infinite F-invariant subgroup.
2. If T is finitely generated then A does not contain any coset of any infinite
subgroup.

PrOOF. 1. We first show that T itself is not F-sparse. Since F-sparse implies
Fr-sparse (Proposition 5.4 (1)) and F-invariant implies F"-invariant, we may
assume there is an F-spanning set ¥. By Lemma 3.5 we may assume the
exceptional set of Ay contains only elements of finite F-orbit; say the new
associated constants are C, D, E. Note that we can take C = 1: the constants
obtained from Proposition 3.8 are C = D = E =1, and Lemma 3.5 doesn’t
require changing C. Note that there is a¢ € X of infinite F-orbit: otherwise by
Remark 3.6 all @ € £ would be of finite order as well, and thus

Z[Fla = Z kiF'a : each k; < |a|
i<|{a.Fa....}|

would be finite, and I" = Z[F]Z would be finite, a contradiction.
Fix a € X of infinite F-orbit; fix s > D + E.

Cramm 5.15. Suppose o € {—a.0.a}*\ {0}*. Then [¢]ps # 0.

ProOF. We show that /s ([o]Fs) # 0, which will suffice.

Let £ = |o| > 0. The claim is clear when ¢ = 1; assume then that ¢ > 2.
We may assume ¢ has no trailing zeroes and, by possibly negating, that
O¢1 = a; so

AZ([U]FS) = ;“Z([O-O "'JZ—Z]F-T + Fs(f—l)a).

We look to apply the reverse ultrametric inequality. Note that
Jx([60 - 0o2]Fs) < s(€£ —2) + 1 by definition of As. Thus

(P a) > 145U -1)—E>14sE-2)+D > Js([60002]rs) + D

by the logarithmic property (recalling that C = 1) and since s > D + E: note
that the logarithmic property applies since « has infinite F-orbit. So by the
reverse ultrametric inequality

Js([o]rs) > As(F*“Va)-D>1+5-1)-E-D>1+s-E-D>0,

since £ > 2 and s > D + E. So in particular [g]rs # 0. -
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It follows that [-]s | {0,a}*a is injective. Indeed, suppose g,7 € {0,a}*a
are distinct; then we can write [o]ps — [t]ps = [v]ps forsomev € {—a,0,a}* \
{0}*. Hence by the claim [o]Fs — [t]ps # 0.

But then

frag (st +1) = [{[o]r : 0 € 2% |o] < s+ 1}| > |{[o]rs : 0 € {0,a}Pa}|
= [{0.a}Wa| = 2"

So frs ¢ O(x?) for any d: so I is not Ag-sparse, and hence by Theorem 5.10
I is not F-sparse.

Suppose now that H is an infinite F-invariant subgroup of I'; we show that
A contains no coset of H. Replacing 4 by a translate (which is harmless by
Proposition 5.4(4)), it suffices to show that 4 doesn’t contain H. By the above
special case we get that H isn’t F-sparse in H; so Corollary 5.13 yields that H
isn’t F-sparse in I'. Since H is F-invariant, it is F-automatic in I'; this follows
from Corollary 3.11. So if we had 4 O H then by Proposition 5.4(3) H would
be F-sparse in I, a contradiction. So 4 2 H, as desired.

2. Again using Proposition 5.4(1) we may assume there is a length function A
for (T, F). Since F-sparsity is closed under translation (Proposition 5.4(4)),
it suffices to show that 4 does not contain any infinite H < I'; suppose for
contradiction there is such an H. Since I is finitely generated and A is infinite
there is some a € H of infinite order; we will show that Za isn’t A-sparse. We
show by induction on k that if 1 < n < 2¥ then A(na) < A(a) + kD. The base
case k = 0 is immediate. For the induction step, suppose the claim holds of k;
suppose 2K < n < 2K+1 Then

na) = 12%a + (n - 25)a) < max(A(2%a). A((n - 2¥)a)) + D
< (Ma)+kD)+ D < ia)+ (k+1)D

by the induction hypothesis.

Then {na :n € Z.i(na) < i(a) +kD} D {na : 1 <n < 2%} contains at
least 2% elements. So fz,.,(x) ¢ O(x?) for any d, and Za isn’t A-sparse. But
AD H DZa;so f4;(x)> fza:(x), and A isn’t A-sparse. So A4 isn’t F-sparse
by Theorem 5.10, a contradiction. a

§6. F-sparse sets and stable expansions of finitely generated abelian groups. Fix
an infinite abelian group I" and a subset 4 C I'. We say that A4 is stable in T if
there do not exist arbitrarily long tuples (aj. ..., ay;by.....by) of elements of T’
such thata; + b; € Aifand onlyif i < j. This can be expressed model-theoretically
by requiring that in Th(I", 0, +, A) the formula x + y € A4 be a stable formula. The
question of which subsets of I" are stable has been of significant interest to model
theorists for some time. We refine the question here as follows:

QUESTION 6.1. Suppose I is a finitely generated abelian group and F: I’ — I'is
an injective endomorphism, such that (I, F) admits a spanning set for some r > 0.
Which F-automatic sets of I are stable?

In [5] I answered this question in the classical case where I' =7 and F is
multiplication by a positive integer. Here, we generalize the methods of [5] to answer
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the above question for F-sparse sets. This is Theorem 6.3 below. There are some
issues that arise in generalizing; we focus our exposition on what needs to be done
beyond what was done in [5].

Our answer will be in terms of the “F-cycles” introduced in [6]:

DErFINITION 6.2. Suppose I is an abelian group and F is an injective endomor-
phism. An F-cycle is a set of the form C(a; F°) := {a + Fa + -+ F"a : n < w}.
An F-set of '™ is a finite union of sets of the form y + H + C(ay; F"1) + - +
C(a,; F'n) where y € ', H < I'" is F-invariant, each a; € I'"", and each r; > 0.
A groupless F-set is a finite union of sets of the form y + C(a;: F™) + - +
C(an; F™) with . a;. r; as above. The F-structure (I', F) on I' has domain I" and a
predicate for every F-set of every I,

Note in particular that the graph of addition is an F-invariant subgroup of I'3,
and is thus an F-set; so (I, F) expands (I, +).
In [6] it was shown that if T is finitely generated and

M(F) = {0} (+)
ieN
holds in Z[F] then the F-structure (I', F) is stable. (Here (F?) is the ideal generated
by F’in Z[F].) In particular, all F-sets are stable in I". Here we prove a converse for
F-sparse sets.

THEOREM 6.3. Suppose I is a finitely generated abelian group and F is an injective
endomorphism of T such that T admits an F"-spanning set for somer > 0. I[f A CT
is F-sparse and stable in T then A is a finite Boolean combination of groupless F-sets.

We would like to use the results of [6] to deduce quantifier elimination of
(T, F): unfortunately, this requires that Z[F] satisfy (), which doesn’t follow from
the existence of a spanning set. Consider for example I' =7 x (Z/27Z) with the
endomorphism F(a.b) = (2a,b). One can check using, e.g., Theorem 3.12 that I’
admits an F’-spanning set for some r >0, but F — 2= F!(F —2) € (F') foralli € N.

We give a sufficient condition for () to hold, and then reduce Theorem 6.3 to the
case where this condition holds.

LemMa 6.4. If T is torsion-free and admits an F'-spanning set for some r > 0 then
Z[F] satisfies ().

ProoOF. Fix r > 0 for which there is a length function A for (I, F"), say with
associated constants C, D, E. By Lemma 3.5 and Remark 3.6 we may assume the
logarithmic property applies to all non-zero elements.

Suppose G € ();cy(F’). and suppose a € I'; suppose for contradiction that
Ga # 0. For n € Nsince G € (F') thereis G, € Z[F] such that G = F"™G,,. Since
Ga # 0 we get that G,a # 0, and thus the logarithmic property applies to G,a. So
W(Ga) = A(F™Gya) > A(G,a) + nC — E > nC — E. But this grows without bound,
a contradiction. So Ga =0 foralla € I', and G = 0. -

We can now show Theorem 6.3 under the assumption that I is torsion-free.

PROPOSITION 6.5. Suppose T is torsion-free and finitely generated, and admits an
F"-spanning set for some r > 0. If A C T is stable and F-sparse then A is a finite
Boolean combination of groupless F-sets.

https://doi.org/10.1017/js1.2021.38 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.38

148 CHRISTOPHER HAWTHORNE

ProoF. By replacing F' with a power thereof we may assume I' admits an F-
spanning set (since A4 is also F’-sparse by Proposition 5.4(1)). By Proposition 5.3
we can write 4 as a finite union of sets of the form y + [a; --- a;;]rs for some s > 0
and y,ay,...,a, € . If we let by, ..., b, € T be such that ¢; = Zj>i b; then we can
rewrite

y+lat - ayles =y +{b) ]ps 4+ b ]rs ce1 < - < ey}

and thus write A4 as a finite union of sets of this form. Fix one such y + {[b]']rs +
-+ [by"ps e < - < e, } in the union; we show it is contained in some B of the
desired form that is itself contained in A.
We will proceed by examining the e; such that [b]']ps + -+ + [b5"]rs € A.

Cramn6.6. X = {(ey.....e,) € N" : [b]']ps + -+ + [b;"]ps € A —y}isquantifier-
free definable in (N, 0, S,5N) for somed € N\ {0}, where S is the successor function.

Proor. Fixo € S,. and suppose e,(1) < -+ < €5(,)- Let¢; = 3,5, b1 50

[bfl ]F" + -+ [bzn]ps €A — [C‘f1 C§2761 C:;’Fe'l l]Fs cA- Y.
By [2, Lemmas 5.6 and 5.7] there is an F*-spanning set X containing all the ¢;; so by
Proposition 2.6 {o € X* : [¢]ps € A — y} is regular. Then as argued in the proof of
[5, Proposition 2.2] there is some Boolean combination ¢(xi, ..., x,) of congruences
and equalities between one variable and one constant such that

el .e2-¢]

(e1...en) €X = [c]'c -c Fs
< (N,0,S.0N) = ¢(er,es—e1,....en — ey 1)

en—e, | ]
n

(again, under the assumption that eoy < < ea(,,)). But a congruence or equality
between a constant N € N and either e; or ¢;,| — ¢; can be expressed as a formula
in (N,0,S.0N), for some sufficiently large 6. So this is in turn equivalent to
(N,0,S.0N) = y(ey. ..., e,) for some quantifier-free .

Doing this for all ¢ and taking LCMs of the ¢ and disjunctions over the
possible orderings of the e;, we find that there is a single quantifier-free formula
¢ in (N,0,S,6N, <) such that X = ¢(N"). Then ¢ is a stable formula under any
partitioning of its variables: large ladders for ¢ would yield large ladders for the
corresponding partitioning of

X1+t x, €47,

and the latter is stable under any partitioning of the variables as A4 is stable (and
addition is commutative and associative).

But the stable quantifier-free formulas in (N,0,S.6N, <) are known to be
quantifier-free formulasin (N, 0, S, 6N); thisis [5, Proposition 3.3]. So X is quantifier-
free definable in (N, 0, S.JN). -

CLam 6.7. Y := {[b]']ps + - + [by"]Fs = (e, ....e,) € X} is definable in (T, F).

Proor. Fix a € T such that Fia # F/a for i # j; the logarithmic property of
any length function for any (I, F*) shows such a must exist. Then [a/]rs # [a/]Fs for
i # j:indeed, otherwise applying F* — 1 to both sides we would have F%a = F*a,
a contradiction.
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Consider ®: N — I' givenbyi ~ [a']Fs. By a similar argument to the one given in
the proof of [5, Lemma 3.6] we get that @ is an interpretation of (N, 0, S,6N) in (T, F).
Furthermore each map [a']ps — [b']Fs is definable in (T, F), as is addition. So
Y = {[bfl]ps + o+ [by"ps ([ael]Fs, . [CZB”]FS) S CI)(X)} is definable in (F,]:),
as desired. -

We get by Lemma 6.4 that (T, F) satisfies (). Moreover the fact that I is infinite
and finitely generated and that F is injective implies that Z[F] satisfies the other
conditions assumed by [6]: namely that Z[F] is a finite extension of Z generated
by F and that F is not a zero divisor in Z[F]. So by [6, Theorem A] (I, ) admits
quantifier elimination; so Y (and hence y + Y) is a Boolean combination of F-sets.
At this point the argument given in the proof of [5, Theorem 3.1] shows that y + Y
is a Boolean combination of F-sparse F-sets. Now by Corollary 5.14 an F-sparse
F-set must be groupless; so y + Y is a Boolean combination of groupless F-sets. But

y {6 ps 4 [ ps ter << ey} Cy+ Y C A

So we can replace y + {[b)']ps + -+ + [by"]Fs e < -+ < e,} with y + Y in the
union defining 4 without changing the union. Applying this to all sets in the union,
we have written 4 as a Boolean combination of groupless F-sets. -

PrOOF OF THEOREM 6.3. By Proposition 5.4(1) we may replace F with F”, and thus
assume that " admits an F-spanning set . Using the fundamental theorem of finitely
generated abelian groups we can write I' = 'y @& H where H is the torsion subgroup
of I and Ty is torsion-free. Let Fy: ['y — I'¢ be the endomorphism of 'y induced by
F,asin Lemma 3.13, and let zo: I’ — I’y be the projection. Then Lemma 3.13 yields
that 77o() is an Fy-spanning set for I'y. Moreover if v;, w; € X* then Lemma 3.13 also
yields that no([vow{qful e wkn 15 ) = [70(vo) 7o (wy) K1 7o (1) -+ no(wn)k”no(wn)]pg,
where for ¢ € X* we obtain ny(c) € (n9(X))* by applying 7y to each letter of o. So
if B C I is F-sparse then 7o(B) C Ty is Fy-sparse.

Forbe Hlet Ay ={a €Ty:a®b e A}. Note that x + y € A, is stable in I'y:
if we had arbitrarily long tuples (a1, .... ay: by. ..., by) in I’y witnessing the contrary,
then the tuples (ay, ....an: by + b, ....by + b) would witness the instability of 4 in
I', a contradiction. We wish to show that A4, is F-automatic in I'; since regular
languages are closed under intersection and 4 — b is F-automatic it suffices to show
that Ty is. Fix a generating set {y1. ..., y,} for I', and write

¢
Fyi =Y ayy;.
=1

for a;; € Z: let X = (a;; + \H|Z)€/:l € My(Z/|H|Z). We construct a DFA recog-
nizing ['y. Let ny: ' — H be the projection. The idea is to observe that if ¢ =
c1y1 + ++ + ¢y € T then to compute 7 (F"¢) it suffices to know X" (¢; + |H|Z)*_,.
and since X is a matrix over a finite ring, its powers can be tracked using a
finite automaton. Using this we can determine 7y ([oc]r) from 7y ([c]r) and
X"(c; + |H|Z)*_,. which are finitary objects.

The set of states is Q={(h, Y):he H Y € M,(Z/|H|Z)}. The initial state
is gqo = (0.7), and the finish states are Q = {(0,Y) : Y € M,(Z/|H|Z)}. For the
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transition map, suppose we are in state (4, Y) and receive inputc € . Let Y/ = XY
Write ¢ = ¢1p1 4+ + ¢y for ¢; € Z. and let v = (¢; + |H|Z)!_, € (Z/|H|Z)*. Let

¢
h=h+ ZﬂH((Yv)iyi)e
i=1
where (Yv); € Z/|H|Z is the ith entry of Yv. Note that this is well-defined
since 7y (|H|T) = 0. Our machine then transitions to (4’, Y’). One can check by
induction on || that 6(qo.o) = (nx([¢]r). X!°!). So our machine recognizes the
representations over X of 7} (0) = I'y; thus Iy (and hence 4) is F-automatic in T'.
Furthermore A4, C A — b, and A4 is F-sparse; so by Proposition 5.4(3) and (4) 4,
is F-sparse in I'. So as remarked above we get that A, is Fy-sparse in [y. So by
Proposition 6.5 each Ay is a Boolean combination of groupless Fy-sets. So since

A= U (Ap +b),
beH

it suffices to show that we can write C(a: F;) as a union of translates of sets of the
form C(b;F'). Let ¢ = a0l e I';. We would like to use the above automaton
to compute 7y ([o']r); unfortunately, there’s no guarantee that a € X, so we
may not have that ¢ € *. However, by [2, Lemma 5.6] there is an F-spanning
set ¥’ containing ¢; running through the argument given above, we can assume
the automaton accepts inputs from (X')*. Since there are only finitely many
states, we see that 6(go.c’), and hence ny ([o']F) is ultimately periodic in i; say
ﬂH([Ji+#]F) = ﬂH([O'i]F) fori > N. Then

Cla:F3) ={[o']r, : i >0}
={[6'lr, : 0<i< N +u} U J{loe""f, 1 i e N\ {0}}.

Jj<u

But [O.N+j+i/4]F — nH([O.N+_/'+i,u]F) 4 no([o.N+j+iﬂ]F) —_ 7TH([O'N+'/]F) 4 [O.N+_/'+i/4]F0
(by Lemma 3.13). So

{lo™ 15, i € N\{0}} = mg ([0 /1) + {Io™ /4] 2 i € N\ {0})
= nu([0"]r) + [0V ]r + C(FWV T[0! p F),

Substituting this into the above expression for C(a: F; ). we have written C (a: Fy)
as a union of translates of C(b; F**), as desired. =

It is worth pointing out that, assuming the existence of spanning sets, there are
always F-sparse sets that aren’t F-sets. Indeed, fix any @ € I" of infinite F-orbit. One

1
can check that 4 = { (F a> (i < j} C I'? is F-sparse. If 4 were an F-set then by
Fia 0

Fia
0 >+ <Fja

if i < j. With some effort one can encode sets like this into subsets of T" itself.

[6] it would be stable, contradicting the fact that ) € Aif and only

§7. NIP expansions of (I", +). We now turn our attention to NIP expansions of
(T, +). We produce a class of subsets 4 C I, which we call the F-EDP sets, that
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contains the F-sparse sets; we show that if 4 is F-EDP then (I, 4. 4) is NIP. Our
argument generalizes that of [5, Section 6.2], which deals with the case when I’ = Z
and F is multiplication by some d > 1. As an application of our general result, we
will see that (F,[7]. +. x [#"') is NIP, where x 7" is the graph of multiplication on 7.

We introduce some convenient multi-index notation. Supposes = (a7, ..., g,) with
o1.....0, € T*and k = (ki.....k,) € N". Then by s* we mean the string af‘ akn.
Note that if 0 = (0, ..., 0) then s¥ = ¢, the empty word.

DEerINITION 7.1. By an F-exponenllally deﬁnable in Presburger (F-EDP) subset of
I" we mean a set of the form [s?™]; = = {[s*]F : (N, +) |= ¢(k)} for some tuple s of
strings over I" and some formula ¢>( ) with |x| Is].

Lemma 7.2. 1. F-EDP sets are closed under finite union.
2. F-sparse sets are F-EDP.

PrOOF. 1. It suffices to check pairwise unions. Suppose we are given F-EDP
sets [s‘f(m] rand[sy ™1, Then their union can be written as [(s;s>)*™ ] where
x(x,y)is (¢(x) Ay =0) V (w(y) Ax =0), and is thus F-EDP.

2. Suppose we are given an F"-spanning set X for some r > 0 and a sparse L C X*.
By Fact 5.2 we may assume L is a finite union of simple sparse languages: by
part (1) we may assume L itself is simple sparse, say L = vow;v; - w; v, for
v, w; € T*. Given o = 59+ 8|51 € 2% let ¢’ = 500" 15,0 - 5,,0""". Then
(61) = ¢'t" and [¢']F = [o]Fr. SO

[L1rr = {[(vg) (w1 (w]) - (wy) " (o)1 Kook oo 6y €N,
==, =1}

is F-EDP. =

The F-EDP sets contain significantly more than just the F-sparse sets. For
instance, if a@,b,c € T then {[a’'b']F :i € N} and {[a’b/c"™/])F :i,j € N} are F-
EDP, but are not typically F-automatic, and hence not F-sparse.

Our goal is to prove that if we start with a weakly minimal abelian group (I, +),
and if 4 C T is F-EDP, then (I", 4+, 4) is an NIP structure. Recall that " being
weakly minimal means that Th(T", 4) is superstable and of U-rank 1. Equivalently,
for all n > 0. nI" and the subgroup of n-torsion are either finite or of finite index
in '—see for example [4, Proposition 3.1]. So, for example, all finitely generated
abelian groups are weakly minimal.

We begin by adapting Proposition 5.3 to EDP sets.

LEMMA 7.3. If A is F-EDP then there is sy such that for all s € soN we can write A
in the form [a®N]gs for some formula ¢ in Presburger arithmetic and some tuple a of
elements of T (i.e., strings of length 1).

ProOF. Write 4 = {[s]F : (N, +) = ¢(k)} where s=(01.....0,). Let so=

‘”’ " then

lem(|oy]. ....|on|). and suppose s € soN. If ] =
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A= - U {[(g;)kfa{l..~(a,’,)"20,’;"]F:

. S . 5
N<To ] "<Toy]

s s
N, + —k’+i,...,—k’+i>}.
( )):¢<|0_1| 1 1 |O'n| n n
Since sets of the desired form are closed under union (as in Lemma 7.2(1)) it thus
suffices to check the case

A = {vow - whrv,1r (N +) E d(ky. ... k),

where the w; all have the same length s. But by the argument given in [5, Lemma
3.4] (which generalizes to our context, as we noted in the proof of Proposition 5.3)
there are y € I'and 7y, ..., 7, € I'* of length s such that if each k; > 0 then we can
write

-1 -1

k k - k _
[vowll "'w;{fnvn]F =7+ [711 ...T’];n I]F =9+ [all ...aﬁn I]F%

where a; = [7;]r. The case where some k; = 0 can be dealt with inductively, again

using closure under union; so it suffices to check the case y + {[a{Cl -~-aff"]Fs :
(N, +) | ¢(ky, ... ky,)}. But we can rewrite this as

LG + aaf - afrles : (N.+) = ¢(0. ... 0. ki + Lkigr. .. .kn)}.
i=1

which takes the desired form by closure under union. o

The source of NIP in Theorem 7.7 will be that (N, +) is NIP. The following lemma
and corollary relate automatic and F-EDP sets to sets definable in (N, +).

LEMMA 7.4. Suppose A is a finite alphabet and L C (A™)* is regular. Suppose

ay, ..., a,, are tuples from A. Then the relation
all"
(Kisoo k) s @bt = o= Jakn | | 0 | e L} C NIl Nlan]
ki
a”‘l

is definable in (N, ). (Here we identify (A™)* with the subset of (A*)" of tuples
whose constituent strings all have the same length.)

ky
3!
. . . .. k
The important clause of the relation is : € L; the condition |all\ — =
al,‘,{"
ky
3!
\al,i,’” | is only there so we can view | : | as an element of (A™)*.
al’;;ﬂ
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ProoF. Fix an automaton (A™, Q. g. Q.9) for L; we show that for any ¢;,¢> € O
the relation

alfl
Olaq | =

a};;ﬂ

k
(Ki. oo K)o 2y | = o = [k

is definable in (N, +). Applying this to go and the elements of Q yields the desired
result.

We apply induction on |a,| - |a,,|. For the base case, if some |a;| = 0 then our
relation is either empty or equivalent to all k; being zero, depending on whether
g1 = ¢2. and both of these are definable in (N, +).

For the induction step, suppose no |a;| = 0. Write a; = (a;1, ..., a,»,,l.) and k; =
(ki .... kin; ). Suppose ky; is minimum among the k;;. For £ € N we let

¢
ay
q6)=o|q.| :
¢
aml
ki
a,
We will use the fact that if the machine is in state ¢; and receives input | : |, it
alr(r;n
k1
an
will first read : and move to state ¢(k;), after which it will process the rest
k1
. aml
of the input.
For ¢’ € Q.let ¢, (K. ....k,,) be the statement
kia Riny Kok ko kam
lay, ly, | = lay ry" o oy, |
k1a ki
" e dyy,
kyj—k1y Kk kan,
R R ST S R 2 I T V) _
— . = am’717 am’; amnm’” ‘ /\5 q R : ny _qz.
kml’kll km2 k’"”m
aml amZ Ut Cmngy
K
a,’
That is. ¢, asserts that if the machine starts in state ¢" and receives as input | :
"
k1
an
with the prefix | : | deleted. then the machine ends in state ¢.
k
a 11

ml

Then our relation is equivalent to the statement ngq(k”)(kl, ....k,;). But since
there are finitely many states in Q, we get that ¢(£) is eventually periodic in £. So
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for ¢’ € Q the statement ¢(k1;) = ¢’ is definable in (N, +). Moreover, for any fixed
g’ € Q the induction hypothesis yields that ¢,/ (k. ....K,,) is definable in (N, +):
thus our relation is defined in (N, +) by \/ (q(ki) = q" Aoy (Ki.....ky)) (under
q'€Q
the assumption that k;; is minimum among the k;; ).
Similarly we get definability in the case k;| is minimum for some i > 1. So taking

disjunctions we get that our relation is definable in (N, +). =
COROLLARY 7.5. Suppose I admits an F-spanning set. If X C I is F-automatic
and ay, ..., a,, are tuples from T then
k
[all]F
(Ki.....Kn) : c X} Nl x ... x Nlanl
[an1F

is definable in (N, +).

Proor. By [2, Lemma 5.6] there is an F-spanning set X containing all the a;;;
one can then check that £ is an F-spanning set for I, Let L C (£™)* be the set
of representations of elements of X; so L is regular. Then by the previous lemma

al]“OZ1
(Kps oo Koo €1 e ) 2 (2100 = o = [almfr| | eL
akm fm
is definable in (N, +), say by ¢(ky.....k,.241.....4,). Then 3¢;--- 3,0 (k. ....
K. 1. ..., 4,) defines the desired relation in (N, +). 4

In order to apply the previous two results, we will need to relate the relations
we wish to show are NIP to automatic sets. The following lemma does so. It is a
straightforward generalization of a known result in classical automata theory; see
for example [3, Theorem 6.1].

Lemma 7.6. Suppose I admits an F'-spanning set for some r > 0. If X C T is
definable in (T, +) with parameters from T then X is F-automatic.

This result is similar in flavour to the proof of Lemma 5.9, in which it came
out that regular languages are closed under Boolean combinations and projection.
This proof is similar, but with a complication relating to mismatched lengths when
dealing with projection; we get around this by changing the set of finish states.

ProOF. We first check the case where X is O-definable in (I, +); we apply
structural induction on formulas. That the claim holds for x =y and x + y =z
is [2, Lemma 6.7]; that the claim holds for a union or complement is because
regular languages are closed under union and complementation. It remains to check
existential quantification.

Suppose then that X C I'"*! is F-automatic. Fix an F”-spanning set ¥ for some
r > 0; then as before one can check that ¥”*! is an F’-spanning set for I"*1
So by Proposition 2.6 there is an automaton M = (X! Q. qo.Q.6) recognizing
the representations over X" *! of elements of X. Consider the non-deterministic
automaton M’ = (", Q. qo. Q',5') where
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e d'(g.a) = {5 (q, (Z)) :b e 2} fora € ™, and
|7
e Q) = {q € Q : thereis t € £* such thato (q, <01 )) IS Q},

Then if o € (£”)* is accepted by M’ then there is 7; € 2(°D) such that
[z
0 (qo, <:)) € Q': i.e., such that there is 7, € 2* such that 0 (qo, (60 )) cQ.
1

7172

0 <[ [o]e ) € X. Conversely suppose there is b € T" such that <[6]Fr) € X say

T102]Fr b
b = [t]pr for © € £*. Write t = 77, where |1| = |g| (replacing ¢ with some 70*
207, ; 2]\ .
if necessary). Then ([00 IF ) = <[0]F ) € X:so <00 )1s accepted by M. So
[t172]pr b 172

0 (qo, (;)) €0'(go.6) N Q' and M’ accepts o.

So M’ recognizes the representations over X" of the projection of X away from
the last coordinate. So existentially quantifying an F-automatic set results in an
F-automatic set.

So if X is O-definable in (I, +) then X is F-automatic. For the general case,
suppose we are given an F-automatic set X C I”*! and b € I'; it suffices to
show that {a el™: <Z
S0 -+ Sp_1 € X* such that [sg--- s, 1]rr = b. As before by Proposition 2.6 there is a
DFA M = (Z"*!, 0. go. Q.J) recognizing the representations over X" *! of elements
of X. Consider the DFA M’ = (£, Q x {0, ....n}.(qo.0),€,5") where

(5 (q (:)) i+ 1) ifi<n,
d'((g.i).a) = ) a'
() -
fora € X", and

Q’_(Qx{n})u{(q,i)eQx{0,...,n1}:(5(q,< 0 )) eg}.

) eX } is F-automatic. Fix an F’-spanning set Z; fix

Si =t Sn-1

One can show by induction on |¢| that

P qo,( ? )),ﬂ) if || < n.
S "'Sa—,
5((¢0.0).6) = 0 el

o
) , N7 else,
(10 (SO Sn710|6|7n )

for ¢ € X". Hence M’ accepts the ¢ € (X™)* such that ([GAF r) € X; so

{a el (2) S X} is F-automatic, as desired. =
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THEOREM 7.7. Suppose (I'.+) is a weakly minimal abelian group and admits an
F’-spanning set for some r > 0; suppose A C T is F-EDP. Then (I, +. A) is NIP.

Proor. We apply [4, Theorem 2.9], which tells us that in a weakly minimal group
I if Ar is NIP then so is (I". 4, A). Here Ar is the induced structure of (I, +) on
A: the domain of Ar is A, and for every (I, +)-definable subset X of I with
parameters from I its trace X N 4™ on A is an atomic relation of Ar. We show that
Ar is interpretable in (N, +), and thus is NIP.

By Lemma 7.3 we may assume A takes the form [a®™]zs for some s € rN. So T’
admits an F*-spanning set by [2, Lemma 5.7]. Let ®: NI2l — T"be k — [a*¥]ps: s0 ®
is surjective ¢ (N/2l) —» 4. We show that @ defines an interpretation of Ar in (N, +),
and hence that Ar is NIP.

By Corollary 7.5 the equivalence relation given by k; ~ k; if and only if ®(k;) =
®(k,) is definable in (N, +) (since the diagonal in ['*" is F-automatic by [2. Lemma
6.7]). Suppose now that X C I'" is definable with parameters in (I', 0, +); it remains
to show that ¢(N2I)” N (®”)1(X) is definable in (N, +). We get by Lemma 7.6
that X is F-automatic; so by Corollary 7.5 (®")'(X) is definable in (N, +). So
d(NI2h" A (@™)1(X) is definable in (N, +), and ® defines an interpretation of Ar
in (N, +). =

As an application of Theorem 7.7, we prove the following:

THEOREM 7.8. Suppose p > Tis prime. Then (F,[t]. +. x [tY) is NIP, where x |t =
/i
t/ |:i.jeN
fiti

PROOF. Let F: F,[t] — F,[t]be f(¢) — ¢/ (r). Note that F, is an F-spanning set
for IF,[¢]. Indeed. an arbitrary element of IF ,[¢] is of the form ag + ait + -+ + a,t" =
[aoai --- ay]F. and the other axioms are easily verified using the facts that IF), is a
subgroup and F, N F(F,[¢]) = {0}. Furthermore (F,[]. +) is weakly minimal: for
each n € N we have

| Fple] ifpin.
nl,l] = {0 else,
. P L if ptn,
{a €Fy[t] :na =0} = {Fp[t] lse.

so weak minimality follows from [4., Proposition 3.1]. So Theorem 7.7 applies, and
(F,[t]. 4. A) is NIP whenever 4 C F,[¢] is F-EDP.

We encode x [ in an F-EDP subset of F,[¢]. Write F, = Z/pZ = {n : n € Z}.
Let

A=Nu2N U3 3¢ -3¢ i, j e N\ {0}}.
Note that
(3" =3¢ =317 i j € N\ {0}} ={[(0)*(=3)(0)" (= 3)(0)* '3]r : k.£ € N.k > 0}
U{[0)* (= 6)(0)* 3]s : k € N\ {0}}
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is F-EDP as a union of F-EDP sets (see Lemma 7.2(1)). Since 1" = {[0)Y 1F : k €
N} and 2:Y = {[(0)¥2]r : k € N}, we get that 4 itself is F-EDP as a union of F-EDP
sets: s0 (F,[]. +. 4) is NIP. It remains to see that x [ is definable in (F,[7]. +, 4).

Cram 7.9. N and B:={r'""/ — '~/ :i,j € N\ {0}} are both definable in
(F,le]. +. A).

Proor. Wefirstcheck /. I claim thatif ¢(x)is (x € 4) A (2x € A) then ¢ defines
N Tt is clear that ¢(FF,[7]) 2 "; suppose conversely that f € ¢(F,[¢]). If we had
f =2t" €2tNthen 2f = 4+', and hence 21 ¢ A (since p > 7 implies 4 ¢ {1.2.3}.
and these are the only leading coefficients of elements of 4). But this contradicts the
assumption that f € ¢(F,[¢]). Similarly if we had f = 3¢"*/ —3¢' — 3¢/ for some
i, j then 2f = 6t/ — 6" — 61/ has leading coefficient 6; so by similar reasoning we
conclude that 2f ¢ A, a contradiction. So having eliminated the other possibilities
we conclude that f € ¢V, as desired. Note then that 2t = 2¢N is also definable.

We now check B. I claim that if w(x) is 3x € 4\ (#N U 2¢Y) then y defines B.
That w(F,[¢]) C B is just injectivity of f + 31 that w(F,[¢]) D B is that {3¢/*/ —
3t -3t/ 1i. j e Ny N (N u2N) = (. which follows by considering the leading
coefficients. -

So it suffices to show that x[tN is definable in (IF,,[[],Jr, N, B). In fact if
o(x.y.z)is

(x=1rz=yeMviy=Inz=xeNv.yzetNAz-x-yeB),

then x|t = @(F,[¢]). It is clear that x [t C ¢(F,[¢]); for the converse suppose
/i
t/ | € ¢(F,[t]). Note that if either of the first two disjuncts of ¢ holds then

t/'| € x|tY; suppose then that the last holds. So there are i’, j/ > 0 such that

LY R 7_1_/" Since i’, j' > 0 we get that the leading coefficient

of the right-hand side is 1; for the same to be true on the left-hand side we must

havek > i, j.andthusk = i’ + j'.Sot' + 1/ ="' + /' and {i. j} = {i'. j'}. Thus
/i

i+j=i"+j =k.and | ¢/ | € x|V, =
[k
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