https://doi.org/10.1017/jfm.2021.815 Published online by Cambridge University Press

J. Fluid Mech. (2021), vol. 929, A13, doi:10.1017/jfm.2021.815

. A
" Lirand? |

/R \ rl.;_(;._\‘ -Q?ﬁ'
4 : _1:“1-._ -

Velocity gradient statistics in turbulent shear
flow: an extension of Kolmogorov’s local
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This paper presents an extension of Kolmogorov’s local similarity hypotheses of
turbulence to include the influence of mean shear on the statistics of the fluctuating
velocity in the dissipation range of turbulent shear flow. According to the extension,
the moments of the fluctuating velocity gradients are determined by the local mean
rate of the turbulent energy dissipation (€) per unit mass, kinematic viscosity v and
parameter y = S(v/ (€))!/2, provided that y is small in an appropriate sense, where S is
an appropriate norm of the local gradients of the mean flow. The statistics of the moments
are nearly isotropic for sufficiently small y, and the anisotropy of moments decreases
approximately in proportion to . This paper also presents a report on the second-order
moments of the fluctuating velocity gradients in direct numerical simulations (DNSs) of
turbulent channel flow (TCF) with the friction Reynolds number Re, up to &~ 8000. In the
TCEF, there is a range y where y scales approximately oc y~!/2, and the anisotropy of the
moments of the gradients decreases with y nearly in proportion to y~!/2, where y is the
distance from the wall. The theoretical conjectures proposed in the first part are in good
agreement with the DNS results.
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1. Introduction

Kolmogorov introduced the idea of the local isotropy and similarity hypotheses in his
celebrated work (Kolmogorov 1941), called K41. He wrote

‘...we think it rather likely that in an arbitrary turbulent flow with a sufficiently large
Reynolds number® R = LU/v the hypothesis of local isotropy is realised with good
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approximation in sufficiently small domains G of the four-dimensional space (x1, x2, x3, )
not lying near the boundary of the flow or its other singularities.’,

“*Here L and U denote the typical length and velocity for the flow in the whole’, and
v is the kinematic viscosity, where the sentences in ‘..." are from Kolmogorov (1941,
p- 302).

Although all is not well in the hypotheses, which ignore intermittency effects, K41 still
provides reasonable approximations for low-order statistics. However, it is to be recalled
that K41 assumes the influence of certain features to be negligible under the condition ‘not
lying near the boundary of the flow or its other singularities’, while it is not a priori clear
whether we may safely assume them to be negligible in real flows.

Among the features is the existence of mean flow gradients, which are generally neither
homogeneous nor isotropic due to, for example, the existence of boundary walls and/or
external forcing. In cases of wall-bounded turbulence (WBT), the mean flow gradients
generally depend on the distance from the wall. One may ask how strong or weak is the
influence of the mean flow gradients on the turbulence statistics? How do the statistics
depend on distance from the wall in WBT? And how can one extend the idea of K41 to
take into account the mean flow gradients, and so on?

K41 gives a theory for the local equilibrium statistics in the range of the scale r such
that r <« L. The range includes the inertial subrange (ISR) such that n <« r < L, where
n is the so-called Kolmogorov microscale, i.e. the characteristic length scale of small
eddies where most of the kinetic energy dissipates. Regarding the ISR, studies have been
made on the influence of the mean shear on the statistics such as the energy spectra and
two-point moments in the range (e.g. Lumley 1967; Leslie 1973; Saddoughi & Veeravalli
1994; Yoshizawa 1998; Ishihara, Yoshida & Kaneda 2002; Yoshida, Ishihara & Kaneda
2003; Cambon & Rubinstein 2006; Tsuji & Kaneda 2012; Kaneda 2020 and references
cited therein).

K41 is concerned with not only the statistics in the ISR, but also those in the dissipation
range (DR) at scales » ~ n. The moments of the fluctuating velocity gradients are among
the representative statistics dominated by the eddies in the DR, and have been widely
studied experimentally and computationally, particularly from the energy dissipation
process perspective, (e.g. Browne, Antonia & Shah 1987; Mansour, Kim & Moin 1988;
Antonia, Kim & Browne 1991; George & Hussein 1991; Tsinober, Kit & Dracos 1992;
Honkan & Andreopoulos 1997; Schumacher, Sreenivasan & Yeung 2003; Livescu &
Madnia 2004; Bolotnov et al. 2010; Folz & Wallace 2010; Meneveau 2011; Loucks &
Wallace 2012; Vreman & Kuerten 2014; Pumir, Xu & Siggia 2016; Pumir 2017; Tardu
2017; Lee & Moser 2019, among many others).

Studies so far made suggest that, unless the mean shear is too strong or in case of WBT
the domain is too close to wall, the anisotropy of the statistics of the fluctuating velocity
gradients is not very strong. However, the quantitative understanding of the influence of the
mean shear on the statistics or in the cases of WBT, the understanding of the dependence
of the statistics on the distance from the wall, is still challenging.

(Note: we cited here references only from the view point of the mean shear effects on
the ISR spectra (correlations) and on the velocity gradient statistics. This does not imply
that research on mean shear effects has been limited to those from this view point. In fact,
there is a large domain of homogeneous anisotropic shear flow studies, as seen for example
in the textbook by Sagaut & Cambon (2018) on anisotropic homogeneous turbulence, and
references cited therein.)

The primary objective of this study is to promote our understanding of the statistics in
the DR of turbulent shear flow of incompressible fluid. We pay a particular attention to
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the moments of fluctuating velocity gradients. In § 2, we propose an extension of the K41
theory to take into account the influence of the mean shear on the statistics in the DR. The
extension is based on the idea of the linear response theory (LRT) of turbulence (Kaneda
2020). As seen in § 2.2, the extended theory is applicable to the moments of fluctuating
velocity gradients. When applied to the inertial sublayer of WBT, it gives quantitative
predictions of the dependence of the moments on the distance from the wall. In § 2.3, we
analyse the second-order moments Cjj; that make up the so-called energy dissipation rate
tensor (€;), where Cijmp = <gijgmn>, g;j are the fluctuating velocity gradients (see (2.21)),
€;j/(2v) = (gingj1) + (gingj2) + (gi3gj3), and v is the kinematic viscosity. The brackets
(...) denote an appropriate average.

In § 3, we present a report on the statistics of Cjj; by a series of high-resolution direct
numerical simulations (DNSs) of turbulent channel flow (TCF) of incompressible fluid
with the friction Reynolds number Re; up to approximately 8000. The present study is the
first use of the data of this high-resolution DNS series. The data supporting the findings
of this study are available at http://www.me.yamanashi.ac.jp/lab/yamamoto/DNS2.html.
To our knowledge, the present study is the first to present the y-dependence of the entire
set of the moments Cjj; for any i, j, k with i, j, k = 1, 2, 3 (except those that must be zero
under a certain geometrical symmetry) in TCF with Re; as high as approximately 8000.
The set allows us to know the relative magnitude of moments for different i, j, k and is
expected to help develop models of the turbulent energy dissipation process in turbulent
shear flows (TSFs). Moreover, the set can be used to assess theories. In fact, theoretical
conjectures proposed in § 2 are compared with the DNS statistics in § 3.

2. An extension of K41 to TSF

In this study, we consider the statistics at small scales in statistically stationary TSF of
incompressible fluid obeying the Navier—Stokes equation

) 1
—i=—-V)a——-Vp+vVia, 2.1)
dt P

where & = u(x,t) and p = p(x, r) are the fluid velocity and pressure, respectively, at
position x and time ¢, and p is the fluid density that is constant in space and time. Particular
attention is paid to the second-order moments of the fluctuating velocity gradients.

In the formulation of the K41 theory, Kolmogorov (1941) used a coordinate frame, F,
whose origin moves with the velocity at time 7o of a fluid particle. Let #y = u(xo, tp) be
the corresponding velocity of the fluid particle, and 7 and v be the position and velocity
vectors in the frame F such that

r=x-—ry, Fro=xo-+suy, S=t—1t, (2.2a-c)
v=v(r,s) =u(r+ry, s+ ty — ug. (2.3)

Kolmogorov considered a 3n-dimensional distribution law of probabilities F,, for the
quantities 7 = f)(r(k), s(k)) (k=1,2,...,n), where (r(k) + ro, s® 4 tp) are points in
the four-dimensional space (x, f) in the domain G under consideration. After setting up
the idea of local homogeneity and isotropy in the domain G, he introduced two hypotheses
of similarity, the first of which is the following:

“The first hypothesis of similarity.

For the locally isotropic turbulence the distributions F;, are uniquely determined by the
quantities v and (€).” (Kolmogorov 1941, p. 304)
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Here, (€) is the mean rate of the energy dissipation € per unit mass. (The symbol €
instead of (¢) was used in K41.)

2.1. An extension of K41 by the idea of LRT

In the study of TSF, it is common practice to decompose the filed # into a mean U and
fluctuating part u such that # = U + u. Corresponding to this decomposition, v defined
by (2.3) can be decomposed as

v=1u(r,s) =V(r,s)+v(r,s), 2.4)

where
V=V(rs)=Uw+rys+1ty) — Uxop, o), (2.5)
v=v(r,s) = u(r+ry, s+ ty) — u(xo, to). (2.6)

In the frame F, we have

%v ==V -Vv—@ - VYV - -V)v+((v:V)v) — %Vp +vV2v—R, (27)
for the fluctuating field (v, p), where p =p — (p), R = (u(xo, t9) - V)V, V = (0/0x;,
0/0x2,0/0x3) = (d/dry, d/dr2, d/9r3), and q; is the ith Cartesian component of vector
a.

In this subsection, we propose an extension of K41 on the basis of the application of the
idea of the LRT. The application is based on rough estimates of terms in (2.7) for eddies of
scales ~ 7. As seen below, the estimates can be obtained in a simple way similar to those
presented in studies including e.g. Kaneda & Yoshida (2004), Kaneda (2020), which give
estimates for eddies of scales < Ly, in the context of the applications of the idea of LRT
to turbulent flows, where Ly is the characteristic length scale of U.

Since at time ¢ = 1y, i.e. s = 0, V can be expanded for r = |r| < Ly as

oUu
V=U(r—I—xo,t())—U(xo,tO):a—ra—i—---, (2.8)

Xa

we have at the time instant s = 0,

0Uy v oUu
(V-V)v+(v-V)V=( I"g>

— tVg— F -, (2.9)
0xp

for r < Ly, where the summation convention is used for repeated Greek indices, 0U;/0x;
are the mean flow gradients at x = xo, i.e. they are dU;/0xjlx=x, and we omit the
symbol ‘|x—x,” for ease of writing, and we have used du;/dx; = dv;/dr;. We assume time
dependence of U to be negligible in the following. We also assume that Ly is so large that
the gradients of R in (2.7) are sufficiently small, i.e. R is almost constant in the domain
r < Ly, and therefore R is negligible in considering the small-scale statistics, such as
those of velocity differences between two points, in the domain.

Rough order estimates of the first three terms on the right-hand side of (2.7) and the
terms in (2.9) for r ~ n can be obtained by putting v ~ v, Vv ~ v, /5 and VZp ~ v,,/nz,
where 7 is the Kolmogorov length scale given by n = (v3/ (€))!/4, vy is the characteristic
velocity scale of eddies of scales ~ n and given by v, ~ ({(€) V)74, € is the local rate
of the energy dissipation per unit mass that is due to solely the fluctuating part # and
defined independently of the mean flow U (€ is simply called the energy dissipation rate
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in the following) and the symbol ‘~’ denotes equality in the order of magnitude. Then, we
obtain

Uy \ 9 aU »

LY s = /4 2.10
(axﬁ rﬁ) o7y + vy Ixy Uy ({e)v) ( )

)2 e 1/4
-V~ —=|— , (2.11)

n V
and
1/4
3
Wi~ 0 (ﬂ) , (2.12)
n V

where S is an appropriate norm of the tensor (dU;/dx;) such as [(0Uy /9xp) (0Uy/0x8)] 172,

and it is assumed that n < Ly and L.
Equations (2.10)—(2.12) give

WV -Vyo+ @ -V)V ~y[(v:V)v] ~ y[szv], (2.13)

where y is the ratio of the time scale 7, = n/v, of small eddies of size ~ n to the time
scale tg = 1/§ associated with the mean shear,

_ /vy _gn _ SGean'” S( e )1/2. (2.14)

(€)

Equation (2.13) implies that  may be interpreted not only as the time ratio 7, /s, but also
as the time ratio 7y /ts for eddies of scales ~ 1, where 7y is the characteristic time scale
associated with the convection term (v - V).

Equation (2.13) also implies that if

v 1/2
y=S (E) < 1, (2.15)

then the magnitude of the first two terms on the right-hand side of (2.7), i.e. the terms
representing the direct coupling between v and the mean flow V, is negligibly small
compared with that of the nonlinear coupling term (v - V) and the viscous term vV?2v.
This suggests that, if y <« 1, then the influence of the two terms on the distribution law of
probabilities F,, for r ~ 7, is negligibly small compared with those of (v - V)v and vV?v.
If the two terms and R can be ignored, then the equation of motion (2.7) is compatible
with isotropy, i.e. invariant to arbitrary rotation of the coordinate system.

(Note: by comparing the characteristic inertial transfer time scale and the time scale
(~ 1/8) associated with the mean shear in the wavenumber range ~ k, and by using the
ISR energy spectrum given by K41, Corrsin (1958) argued that

/S~ vy (@F it

K3 > ()38 (2.16)

need be satisfied for the local isotropy of the statistics in the wavenumber range ~ k in the
ISR of TSF. Here, we are ignoring constants of order unity. If we put kK ~ 1/n, then (2.16)
gives (2.15). In terms of length scales, the inequalities (2.15) and (2.16) are respectively
equivalent to n/Lc <« 1 and £/L¢c < 1 with £ ~ 1/k, where L¢ is Corrsin’s length scale
given by Le = ((€) /$H)'/2)
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These observations suggest to us to exploit the idea of LRT of turbulence. LRT is based
on the assumption of the existence of a certain kind of equilibrium state under certain
conditions. Suppose that a disturbance, say X, is added to a system that is in an equilibrium
state in the absence of X. Then, in response to this disturbance, the statistical average (B)
of observable B changes from (B), to

(B) = (B), + A (B), (2.17)

where (B), is the average in the equilibrium state in the absence of X, and A (B) denotes
the change owing to X. In LRT, it is assumed that if X is appropriately small, then A (B)
can be approximated to be the first order in X, i.e.

AB) =A{(B)+---, (2.18)

where A1 (B) denotes a first-order term in X and ‘- - -’ denotes higher-order terms in X;
A1 (B) can be written as

A1 (B) = X, (2.19)

in which X is to be understood as a measure representing the disturbance in an
appropriate sense, and ¢ is a coefficient determined by the nature of the equilibrium
state, independently of X. If the disturbance consists of more than one type of disturbance,
X1, X3, ...,(2.19) is to be understood as

A (B) =ciXi+Xo+---, (2.20)

where c¢] and ¢; are constants. Readers may refer to Kaneda (2020) for some details on the
idea of LRT applied to turbulent flows.

In accordance with K41, we assume here that, in the limit of small y, the turbulence
domain G under consideration is in a locally isotropic equilibrium state satisfying the
first hypothesis of similarity, and we apply the idea of LRT to estimate the influence of
small but finite y on the statistics at small scales ~ n in TSF. Let B be an observable
whose average is dominated by the statistics at scales r ~ 1. We assume the following
three hypotheses.

(1) The first hypothesis of similarity for TSF.
In the limit y — O, the statistics of B are locally isotropic, and the average (B) is
uniquely determined by v and the local quantity (¢) independently of the mean flow
gradients 0U;/0x;.

Regarding the effect of small but finite y:

(i) The second hypothesis of similarity for TSF.
For sufficiently small but finite y, the change A (B) of (B) owing to the mean shear
can be approximated to be linear in y, i.e. A (B) & A1 (B), where A (B) = cy, in
which the coefficient ¢ is independent of y.

(ii1) The third hypothesis of similarity for TSF.
The coefficient ¢ is uniquely determined by the locally isotropic equilibrium state
in the absence of mean shear, so that it is uniquely determined by v and the local
quantity (€).

In the context considering the dependence of statistics on y at small y, the symbol ‘&’
denotes equality in the sense of neglecting terms of order higher in y than that (those) of
the retained term(s).

929 A13-6
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The local equilibrium state assumed in K41 and the first hypothesis of similarity
for TSF can in general be disturbed not only by the mean shear, but also by other
effects such as the anisotropy in energy-containing eddies and inhomogeneity of the
pressure field due to the existence of the boundary wall. Regarding the influence
of anisotropy in energy-containing eddies, see the discussions in § 4.1. The main interest
of this study is the influence of the mean shear, and it is assumed that the other effects,
if there are any, on the statistics at scales ~ n are insignificant or at most of an order of
magnitude similar to that of the effect of the mean shear. LRT suggests that if such other
effects are not negligible, then one may add their influence as in (2.20), provided that they
are small in an appropriate sense.

2.2. Application to the statistics of velocity gradients
Let g;; be the gradient of the fluctuating velocity field given by

314,‘ 81),'
f=gi(x, ) = — = —. 2.21
8ij = gij(x, 1) ox; or; ( )
It is natural to assume that the pth-order moments (gijgmn . ) are dominated by the
statistics of small eddies in the energy dissipation scale range. The application of the first
hypothesis of similarity for TSF to B = gjjgmn - - - then gives the following for pth-order
moments

(giigmn ) = (giigmn ), =L (v, (D), (2.22)

in the limit of sufficiently small y, where fu(,’:lzl is an appropriate isotropic tensor

depending only on v and local average (e) at position x. A dimensional consideration
gives

(€) p/2
(gijgmn o )e = (T CE,IZ'J)'mn---’ (2.23)
where Ci’:.;mnm are dimensionless 2pth-order isotropic tensors. If ¢ is small but finite, then
(gijgmn cee ) generally change from (g,-jgmn . )e to

(giigmn -+ ) = (giigmn ), + A(giigmn ) (2.24)

where A(g,-jgmn--~) are the changes due to the disturbance by the small but finite
mean shear, represented by y. The second hypothesis of similarity for TSF implies that
A (g,-jgmn e ) can be approximated to be linear in y, so that

Algigmn )~ A1 (8gmn ) =i v, (2.25)
in which the coefficients Cipij)'mn... are independent of y. The third hypothesis of similarity

for TSF implies that the coefficients ¢1 ... depend only on (€) and v. A dimensional
consideration then gives

(€) p/2
At (gjgmn )=V (7) CY e (2.26)

where C(p ) are dimensionless constants.

1,ijjmn---
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From (2.23)-(2.26), we have for p = 2,

(8ii8mn) ~ (giigmn), + A1 (giigmn) = % (Ceijmn + ¥ Chjjmn) 2.27)

where C, jjmn, and Cy jjy, are dimensionless constants independent of v, (€) and S, and

superscript ‘(2)’ is omitted for simplicity. The second hypothesis of similarity for TSF
implies that C ipl)mn are dimensionless constant tensors that are independent of the norm
S, but it does not exclude the possibility of the dependence of Cj jjm, on components
(0U;/0xj)/S. (See discussions in § 4.2.)

Since C, jjmn is a fourth-order isotropic tensor, it may be written without loss of
generality as

Ce,ijmn = a(S,-j(Smn + b8im8jn + C(Sm(Sjm, (2.28)

where a, b and ¢ are dimensionless constants that are independent of (¢) and v. (This c is
to be not confused with ¢ in the other contexts such as in (2.19).) Since g4, = 0 due to the
incompressibility condition, we have C, yqmn = 0 for any m, n, so that

Ce,aamn = 3adun + bdyn + cSun = 0, (2.29)
i.e.
3a+b+c=0. (2.30)

If the flow statistics are homogeneous in two Cartesian directions, say in the x;- and
x3-directions, then

ouy ous dup dus
(g13831) — (g11833) = -

0x3 0x] 0x1 0x3
0 0 0 0
L PG R L ) (2.31)
9x3 ax1 dx1 0x3

Equation (2.31) implies C,, 1331 = C, 1133, S0 that we have ¢ = a from (2.28) (cf. Kida &
Orszag (1990)). Then, (2.30) gives b = —4a, so that (2.28) can be reduced to

Ce,ijmn =a ((Sij(smn — 45im5jn + 31',15]',") . (2.32)

Because

€ = 2vs48548, (2.33)
in which s;; = (g;; + gji) /2, we have (€) /v = ((gag + g,sa)gaﬂ). Therefore, (2.27) yields
Ce,apap = 1. Thus (2.32) gives

a=—r (2.34)

(see §3.1). Note that statistical homogeneity in the xp-direction is not assumed in the

derivation of (2.32), but (2.32) is still the same as the well-known expression for (g,-jgmn)
in homogeneous and isotropic turbulence (cf. e.g. Hinze 1975; Kida & Orszag 1990; Pumir
2017).
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Equations (2.27), (2.32) and (2.34) give among others

v o[ ou\?\ v (gii2ii) ~ 1 + v Cy i (2.35)
€ o = € 8ii&ii) ~ 15 Y Ciiiis .
2
e T Ep=rvogn (2.36)
(€)\\axj ) [ (e 88y = 15 T VL '
v [ 0u; Quy v N
@ B_xja_x] =% (giign) = v C1 ik (2.37)

and

2
(0r95)) _ ey
8ij8ij
= ~ 2+ y(15Cy jji; — 30C jiii), (2.38)
((ui/ox)?) — (giigii) " "
where i #J, i # k, no summation is taken over repeated italic indices and in (2.37) we have
used C, jixj = 0 because of (2.32).
Equations (2.27), (2.32) and (2.34) also give

Vv au,-auj_v<”>_ E,']'Nl
() \oxy 0y |~ (e) Bl = 57y T 3

where ¢;; is defined by €;; = 2v (g,-agja), and we used C, jqjo = (1/3)4;;.
Constants 1/15,2/15,2 and 1/3 on the right-hand side of (2.35), (2.36), (2.38) and

(2.39) are derived from the isotropic tensor Ce jiu, given by (2.32) with (2.34), i.e. they
agree with the results obtained by ignoring the anisotropy of statistics.

8ij + v Cligjas (2.39)

2.3. Statistics in the inertial sublayer of the turbulent boundary layer

It is known that in a turbulent boundary layer with mean flow U = (U}, Us, U3) = (u) =
(U(y), 0, 0) at sufficiently large Re; and y™, there is flow region called the inertial sublayer
in which the mean flow U(y) is approximately given by

dU\T 1
™ QW’ (2.40)

where the coefficient « is a dimensionless constant known as the constant of von Karman,
y is the distance from the wall, symbol ™ denotes the normalisation by the wall-friction
velocity given by u% = v(dU/dy)|y=o and the wall-friction length is defined by £; = v/u;.
The friction Reynolds number Re, is given by Re; = u;5/v, where § is the channel
half-width. In this study, we use x = (x1, x2, x3) = (x, y, ), and we assume (dU/dy) > 0
unless otherwise stated.

It is also known that the mean energy dissipation rate (€) in the inertial sublayer is
approximately given by
1

9
KeyT

+

~
~

(€) (2.41)
where k. is a dimensionless constant (see the discussion in §3.2). If — (ujuz) =~ (ug)>
and if the turbulence production rate — (ujup) dU/dy is mainly balanced by the mean
energy dissipation rate (¢) in the inertial sublayer, then we have (2.41) with k. = « (see
e.g. Tennekes & Lumley 1972).
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In such a layer, we have

b\ 1/2 K€1/2
y=S(—) ~K(yH 2, (k= , (2.42)

(€) K

and
L3\ /4 +
n+5[<g> } ~(key 4, (2.43)

where dU/dy is used as the norm § of the gradient tensor (dU;/dx;) of the mean velocity.
Substitution of (2.42) into (2.35)—(2.39) gives

v (o) - ! +y—1/2
oW\ ) /1T @ (giigii) ~ 75 + Cuiii x K x (y1) 71, (2.44)
1
v ou; 2 ) 2
! —
(€) <(§) > =9 (gigii) ~ 5+ Criig x K x (yH=1/2, (2.45)
/
v [Ou; dug v i
(e) \oxj ax; | — (o \giigi) ~ Ciig x K x (557, (2.46)
2
(9ui/0x;) 2iidi
<<(au, /8x.)2>> = ﬁgli'.gl.’_i ~ 2+ (I5C1 i — 30C1a) x K x (72 @4
1 1 s
and
WUE) ~ §5ij + Cligja X K x (yH=172, (2.48)

to the leading order of small 1/y™; higher-order terms in 1/y™ are omitted in (2.44)—(2.48).

3. Statistics in DNS of turbulent channel flow

This section presents the statistics in DNS of fully developed TCF and compares the
statistics with the theoretical conjectures discussed in the previous section.

3.1. Data resources

Our statistical analysis was based on a database, which we call DB-TCF, produced from a
series of DNSs of TCF with friction Reynolds numbers Re; up to approximately 8000.
The DNSs use a Fourier-spectral method in the wall-parallel, i.e. x- and z-directions,
and a second-order accurate finite-difference method in the wall-normal, i.e. y direction.
Alias errors associated with the pseudo-spectral method are removed using the 3/2 rule.
This implies that (N,N;) x (3/ 2)? collocation points are used to evaluate the nonlinear
convolution terms at each y in the DNSs. Readers may refer to Yamamoto & Kunugi
(2011, 2016) for the details of the numerical schemes used in the DNSs.

Some of the key DNS parameters are listed in table 1. The initial conditions of R8000
were given by a field generated in a previous DNS (Yamamoto & Tsuji 2018) at Re; ~
8000, which used a spatial-resolution and discretisation scheme differing from those of
R8000. The statistics of R8000 presented below were obtained from a time interval after
a certain initial transient period. In practice, we put the initial transient period of R8000

929 A13-10


https://doi.org/10.1017/jfm.2021.815

https://doi.org/10.1017/jfm.2021.815 Published online by Cambridge University Press

Velocity gradient statistics in turbulent shear flow

Run Re; US L8 L5 N, N, N, (AT (Ap*T (At Tt/Re, N,

R500 500 181 16.0 64 500 384 38 160 04-53 83 13.1 60
R1000 1000 20.0 160 6.4 1000 512 768 160  0.6-80 83 12.0 55
R2000 2000 21.7 16.0 6.4 2000 1024 1536 16.0 0.6-8.0 83 10.0 92
R4000 3996 234 160 64 4000 2048 3072 16.0 0.6-80 83 14.0 —
R8000 7987 250 160 64 6912 4096 5760 18.5 0.6-8.0 89 7.5 76
R1000L 1000 20.0 160 64 864 512 720 18.5 0.6-8.0 89 13.0 —
RI1000H 1000 20.0 16.0 6.4 2048 512 1536 7.8 0.6-8.0 42 13.0 —

Table 1. DNS parameters. Here, Uy, is the bulk velocity, Ly and L, are respectively the fundamental periodicity
length in the x- and z-directions, Ny (Ax), Ny (Ay) and N, (Az) are respectively the grid numbers (width) in the
x-,y- and z-directions, 7 is the simulation time interval after the initial transient period and N; is the number of
flow fields used to compute the second-order moments (g,-jgm,,) of the fluctuating velocity gradients.

to be 3Re; in wall units. The length of the simulation time interval 7.5Re; in wall units as
shown in table 1 is approximately equal to 11.7 T},, where T, is the wash-out time given
by T, = L,/U,, in which U, is the mean centre-line velocity. The statistics of the other
runs were also obtained from a time interval (denoted by T in table 1) after a certain initial
transient period, which we put to at least 3Re; in wall units. It was confirmed that the total
shear stress fits the linear profile in all the runs within an error of at most 0.05 in wall units
as in previous DNSs (Yamamoto & Tsuji 2018). Furthermore, the mean spanwise velocity
component normalised by the mean streamwise velocity component is less than 0.07 % at
any y in all the runs.

The second-order moments (g;jgm,,> of the fluctuating velocity gradients were computed
by using several velocity fields stored in the DB-TCF database, and by taking the averages
over the homogeneous directions (i.e. the x- and z-directions) and time. The number of
fields is denoted as N; in table 1. With regards to R4000, such a field is not available in the
database, so that no statistics of (gijgmn) by R4000 are presented below.

Let €; = vgypgap. In homogeneous turbulence, we have (eg> = (€). It is easy to
reformulate or re-interpret the theory presented in §2 using €, instead of €. Then, we
only need to change appropriately € to €, in and after the first hypothesis of similarity for
TSF in § 2. Regarding (2.33), it is to be replaced by €, = vguggap. but (2.27), (2.32) and
(2.34) with € replaced by €, remain valid.

In the analysis of the energy budget in WBT, ¢, plays key roles (see Appendix A), and
it is convenient to use €, rather than € as a measure representing the energy dissipation
rate. In fact, €, has been commonly used in research investigating the WBT budget. The
use of €, makes it easier for us to compare the DNS results in this study with the reported
findings, as shown in figures 2(a) and 2(b) below. In the following in this section and
in Appendix A, we therefore use €, instead of € as the measure representing the energy
dissipation rate, and we omit the subscript g, i.e. we use the symbol €, to mean vgug8q48,
unless otherwise stated. It is known that the difference between (¢) and (eg) is small in
WBT for a wide range of Reynolds numbers, at least outside near the wall region (see e.g.
Antonia ef al. 1991; Bradshaw & Perot 1993; Folz & Wallace 2010; Tardu 2017). This is
also confirmed in our DNS results as shown in figure 1. It is unlikely that the difference
would significantly affect the discussions in this paper.

R1000L and RI000H were performed to check the possible influence of spatial
resolution on the statistics at the energy DR scales. Although the grid width Ay in the
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Figure 1. Comparison between (€;) and (€). (a) Distributions of (e,) and (¢) and (b) ratio (eg) / (€).
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Figure 2. Grid-sensitivity analysis for RI000L, (a) k-budget terms in comparison with DNS by Lee & Moser
(2015), (b) (e)-budget terms in comparison with R1000H.

wall-normal direction in the runs listed in table 1 is smaller than or similar to 7, those in
the wall-parallel directions are larger than 7. Therefore, particular attention was paid to
the influence of grid widths Ax and Az.

Figure 2(a) shows a comparison of k-budget terms by R1000L and DNS by Lee &
Moser (2015) at Re; = 1000, here k(= (uqu,) /2) is the mean turbulent kinetic energy
per unit mass. The grid widths (Ax)™ = 18.5, (Az)* = 8.9 in the former are larger
than (Ax)™ = 10.9, (Az)™ = 4.6 in the latter. Figure 2(b) shows a comparison of the
mean energy dissipation rate ({€))-budget terms of R1I000L and R1000H that is with
finer resolution (Ax)™ = 7.8, (Az)* =4.2. (The data of (e)-budget terms for such a
comparison are not available in Lee & Moser 2015.) The definition of the k- and (e)-budget
terms used in the figures is given in Appendix A (k is not wavenumber in this section nor
in Appendix A).

In both figures 2(a) and 2(b), it is observed that the statistics of R1000L with
lower resolution (Ax)* = 18.5, (Az)™ = 8.9 agree well with those of DNSs with higher
resolution. The Kolmogorov length scale 7 is generally a function of Re; and y. At a given
v, the scale n at higher Re; is similar to 1 at smaller Re; in the region including the inertial
sublayer, as shown in Morishita, Ishihara & Kaneda (2019) and Lee & Moser (2019). This
result and table 1 imply that the grid width in units of 7 of all the runs at Re; > 1000 listed
in table 1 is similar to that in R1000L. The agreement of the k- and (€)-budget terms of
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Figure 3. Normalised mean velocity gradient and energy dissipation rate, (a) (dUY /dy™)y™ vs yT. Thin solid
straight lines represent (AU /dy™)y™ with k = 0.39, (b) (¢)™ y™ vs yT. Thin solid straight lines correspond to

(e)*t vy = 1/ke with ke = 0.45. Thick straight lines show the ranges y* [2.6Rel/2, 0.2Re:].

R1000L with those of DNSs with higher resolution is encouraging for us to use the DNS
data for the analysis of the second-order moments of the fluctuating velocity gradients.

3.2. Mean flow, energy dissipation rate and ratio y

Figures 3(a) and 3(b) confirm (2.40) and (2.41), where data by DNSs with larger
computational domains (Lee & Moser 2015; Hoyas & Jiménez 2006; Bernardini, Pirozzoli
& Orlandi 2014) are also plotted as coloured lines (¢ given by (2.33) was used in Bernardini
et al. 2014). Figure 3(a) demonstrates that the mean flow profile U(y) fits (2.40) well
in a certain range of y*, especially for R8000. Figure 3(b) shows that, although the
approximation (2.41) for (€) is not as good as the approximation (2.40) for U(y), the
y-dependence of (€)y in the DNS is fairly weak in that range. In this sense, the results
shown in figures 3(a) and 3(b) agree with the observations in Kaneda, Morishita & Ishihara
(2013), Abe & Antonia (2016), Morishita ef al. (2019) and Lee & Moser (2019) (Kaneda
et al. (2013) and Morishita et al. (2019) used € given by (2.33)).

Figures 3(a) and 3(b) show that the DNS profiles of U(y) and (€) (y) depend on Re,
and they approach those obtained from simple theories such as (2.40) and (2.41) with an
increase in Re;. Readers may refer to Jiménez & Moser (2007) and Abe & Antonia (2016)
for theories on the influence of finite Re; on U(y) and (€) (y), respectively.

A least squares fit of (2.40) and (2.41) to the DNS data in the range y* €

[2.6Rel/ 2, 0.2Re; ] (Klewicki 2010; Chin et al. 2014) for the run at Re; ~ 8000, for which
[2.6Rer’?, 0.2Re;] ~ [232, 1600], gives
1/2

k=039, k. =045, K=~ —172. (3.1a—c)
K

Figure 4(a) plots y as a function of y* and confirms that, in each run, there is a range of
y where y is small. The existence of such a range is a prerequisite for the theory proposed
in § 2. In figure 4(b), y in each run is seen to scale well with (y*)~!/? in an appropriate
range, in accordance with (2.42).
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Figure 4. (a) Ratio y vs y*, (b) yt'/2y vs y*. Thin solid straight lines show y = K(y*)~1/2 with K = 1.72.
The meaning of thick straight lines is the same as in figure 3.

3.3. Second-order moments of g;;

Figures 5(a,c,e) and 5(b,d, ) show the moments (v/ (€)) (gi) and the anisotropy correction
[((v/ (€)) (glzl) —1/15| fori,j = 1,2 and 3, as functions of y™, respectively. Figure 5(a,c,e)
displays that, with an increase in yT, i.e. a decrease of y, the moments approach the
constant 1/15 in an appropriate range of y*. This is in accordance with (2.44). The slope
of anisotropy correction for i = 1 in figure 5(b.d, f) is approximately —1/2, in accordance
with (2.44). The slope —1/2 for i = 1 agrees with the value by Lee & Moser (2019), who
computed (1 — 15v (g%) / (€)) and noted that it varies in a manner similar to (y+)_1/ 2,
This slope —1/2 for i = 1 agrees with the value by Lee & Moser (2019), who computed
(1 —15v <g%1)/ (€)) and noted that it varies in a manner similar to (y+)_l/2.

Figure 5(b,d,f) shows that the moments (v/ (€)) (glzl> for i =2 and 3 approach the
isotropy value of 1/15 with an increase in y*, and the approaches are considerably faster
than that of (v/ (€)) (gﬁ). Correspondingly to this difference, the anisotropy corrections
[(v/ (€)) (glzl) — 1/15] for i = 2, 3 seen in figure 5(b.d, f) are considerably smaller than the
correction for i = 1. This suggests that the anisotropy correction coefficients Cj j;; for
i = 2, 3 are considerably smaller than Cy 1113.

One might think that the agreement of (2.44) with the DNS is poor. However, it is to be
recalled that terms of O(yl) are discarded in (2.35) and (2.44). The discarded terms may
not be negligible compared with the Cy j;;-term for i = 2, 3. If this is the case, then the
departure of the DNS curves from the ( y*)~!/2 scaling would be not surprising.

Figure 6 displays the moments (v/ (€)) <(gij)2) fori,j = 1,2 and 3 with i # and figure 7
shows the same but for the anisotropy corrections |(v/ (€)) ((gij)2> — 2/15]. In accordance
with (2.45), all moments in figure 6 approach the isotropy value 2/15 and the slopes of the
moments in figure 6 are approximately —1/2 except for (i, j) = (2, 3). The smallness of the
anisotropy correction value for (i, j) = (2, 3) compared with those for the other set of (i, j)
observed in figure 7 suggests that the difference of the slopes for (i, j) = (2, 3) by DNS
and the theory in (2.45) is due to the smallness of the anisotropy correction coefficient
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Figure 5. (a,c,e) Value of v((gii)z)/ (€) vs y* for i=1,2 and 3. (b,d,f) The same as (a,c,e) but for
v ((gi)?) / (€) — 1/15]. Thin solid straight lines in (a,c.e) and (b.d, f), respectively, show v ((gi)?) / (€) = 1/15
and the slope —1/2. The meaning of thick straight lines is the same as in figure 3.

Let A;x be the length scale (Taylor microlength scale) defined by

(Ajk)?

2

d
(i) (x)) = —— (wi(uj(x + )
ory

r=0

(3.2)

These length scales are a generalisation of those studied by Vreman & Kuerten (2014)
who computed A; = A;;; in DNS with Re; up to 590. In TCF, in which the statistics of the
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(3,2),(e) (i,)) = 3, 1), (f) (i,)) = (1, 3). Thin solid straight lines show v <(g[j)2) / (€) = 2/15. The meaning

of thick lines is the same as in figure 3.

fluctuating field u are homogeneous in the x| and x3 directions, we have

2

0 0 0
—a—rlz (i (o)uj(x + i‘)) » = —3k2@ <Mi(x)a—xzuj(x)> + Cikj (x). (3.3)

If the inhomogeneity in the x; direction is weak so that the first term on the right-hand
side of (3.3) and the x»>-dependence of <u,-(x)uj(x)> are negligible, then (3.2) and (3.3)
with (2.41) and (2.44), (2.45) yield A;;x o< (y*)!/2. This is consistent with the results by
Morishita et al. (2019), who computed A;i (in the present notation) in DNSs of TCF with
Re; up to &~ 5200.
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Figure 7. Same as in figure 6, but for |v ((gi,-)2> / (€) — 2/15]. Thin solid straight lines show the slope —1/2.
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Figure 8 displays the moments ({€) /v) (gljgzj) = ({€) /v) <g2jg1j). In view of the
geometrical symmetry of TCF, it is natural to assume that <u3 X, y, 2D)upx+x',y+ v, z))
=0 and (u3(x, y, 2)ux(x,y, 2+ 7)) = 0 is odd in 2’ for any x, y, z and (', y) if k = 1 or
2, so that (gl-jgkj) =0 unless (i, k) = (1,2) or (2, 1). Therefore, these moments are not
shown here unless (i, k) = (1, 2) or (2, 1). It is observed that the slope of ({¢) /v) (g13€23)
is approximately —1/2 in an appropriate range of y* (e.g. y* ~ 10%) in the run with
Re; =~ 8000, in accordance with (2.46). The difference of the slopes from (2.46) for j = 1
and 2 is presumably due to the smallness of the anisotropy correction coefficient Cy,1jo;
forj = 1 and 2.
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Figure 9 presents the ratios ((g,-j)z)/<(g,-,-)2) for i,j=1,2, and 3 with i #j. It is
observed that, with an increase in y* i.e. with a decrease in y, they approach the
isotropy value of two, in accordance with the theoretical conjecture (2.47). The results
in figure 9 are consistent with those in Pumir er al. (2016) who computed the ratios
& = ((0u1/9x)?) / ((du1 /3x1)?) in the DNS of TCF at Re; ~ 1000 and showed that the
ratios & and &3 decrease towards two near the centre of the channel in the DNS.

Figure 10 displays the anisotropy corrections | <(g,-j)2) / ((gi,-)2> —2|fori,j=1,2and 3
with i #j. The slopes at large y* are close to —1/2 in accordance with (2.47), except for
(i, J) = (2, 3). The difference in the slope from (2.47) for (i, j) = (2, 3) is presumably due
to the smallness of the anisotropy correction coefficient Cj 12323, as suggested by the curve
for (i,j) = (2, 3) in figure 7(c) and the fast approach to 2 in the curve for (i, j) = (2, 3) in
figure 9(d).

3.4. Energy dissipation rate tensor

Figure 11(a.b,c) presents €;;/(2 (¢)) for i = 1,2 and 3. Additionally, figure 12 shows the
magnitude of the deviatoric parts dj; of €;;/(2 (€)) for {i, j} = {1, 2, 3}, where

dj=-0 s, (3.4)

929 A13-18


https://doi.org/10.1017/jfm.2021.815

https://doi.org/10.1017/jfm.2021.815 Published online by Cambridge University Press

Velocity gradient statistics in turbulent shear flow

(@) 20 (b) 20
S SN
& &
= 3
< —— R8000 <
= 101 ... R2000 1 X 10
o o
= --— R1000 ) -
] o R500 & .. 3
~. 2 ~.
S S
3} 3=}
= =

O sl il 1l " 0

10° 10! 102 103 10

»* »*
© 4 , , , d) 4 : : :
S S
o~ o
§ 3+ o — § 3+ oo —
o - o -
>0 T > 0TIl
3=} — [5<) —
= =
2

N = ~
T 9
g S L 1
S S
< °

10° 10! 102 103 10° 10! 102 10

't »*

(@) 4 e @)

((Qu/0x))?)/{(Ouy/0x5)%)
((Quy/0x,) )/ {(Duy/ Ox3)?)

oo
- - .
0 b1l n 1l n 1l
100 10! 102 103 100 10! 102 103
vt »*

Figure 9. Ratios ((g;)%)/((gi)?) vs y* fori,j=1,2 and 3 with i #j; (a) (i.j) = (1,2), ) (i,j) = (1, 3),
o ,H)=2, 1, @ G,)=2,3), (e) (i,)) =G, ), (f) (i,j) =(3,2). Thin solid straight lines show
((g,-j)z) / ((gi[)2> = 2. The meaning of thick lines is the same as in figure 3.

As noted above, a consideration of the geometrical symmetry of TCF gives (gigix) = O,
sothatdy = 01if (i, j) = (2, 3), (3,2), (3, 1) or (1, 3). Therefore, da3, d32, d13 and d3; are
not plotted in figure 12.

Figure 11(a,b,c) demonstrates that €;;/(2 (¢)) for i = 1, 2 and 3 approach the isotropy
value of 1/3 with an increase in y™ in accordance with (2.48). The slopes of d; and da,
from the DNS at y© ~ 103 are approximately —1/2 in accordance with (2.48). Regarding
dz3 in figure 12(c), the departure of the slope from —1/2 is presumably due to the
smallness of C1 3434-

Using the data of a series of DNSs of TCF with Re; up to 5200, Lee & Moser (2019)
computed the second invariant /1. of dj; as suggested by Antonia er al. (1991) and Antonia,
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Figure 10. Same as figure 9, but for |<(g;j)2>/<g[i)2> — 2|. Thin solid straight lines show the slope —1/2.
The meaning of thick lines is the same as in figure 3; (a) (i,j) = (1, 2), (b) (i,j) = (1,3), (¢) (i,j) = (2, 1),
(d) (i, )) =(2,3),(e) (i,)) =B, D, (/) (i.) = (3, 2).

Djenidi & Spalart (1994), which is given in the present notation as
e = Sdapdpo = § [ @)? + (@d)* + (@33 +2(d12)?). (3.5)

They noted that, in the overlap region (y* a2 100 to y/8 ~ 0.2), II, varies as (y*)™/4,
where 2§ is the channel width. This exponent —5/4 appears to be consistent with
figure 13(a).

In contrast, (2.39), (2.48), (3.4) and (3.5) give

1 ~ Cpy?, (3.6)
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Figure 11. Values of €;;/(2 (€)) fori = 1,2 and 3 vs y*. Thin solid straight lines show €;;/(2 (¢)) = 1/3. The
meaning of thick lines is the same as in figure 3.

and II, (er)_1 for large y*, where Cj; is a dimensionless constant determined using
the constants Cy ;. Thus, the slope obtained by (2.48) appears to be in conflict with
that obtained by DNS. However, it is to be recalled that (2.39) is based on (2.27), which
discards possible corrections of the O(y) terms for small y to A (gijgmn e > as well as
corrections due to effects other than the mean shear, which are not taken into account by
the parameter y .

As regards the correction, say As,, to A <g,~jgmn> by terms of O(y), a naive idea suggests
that one may approximate it by a term such as cpy%, where ¢y and o (> 1) are constants.
If one simply puts o = 2, then the addition of the correction term ¢,y to (2.27) gives

I ~ Cyy* + Dyy’. (3.7)
Substitution of (2.42) into (3.7) gives
e~ Cy(yH ™" + DO 7P, (B=3/2). (3.8)

where Cy7, Dy and D}I are dimensionless constants, and D}I = CDy;. Here, terms of O(y?)
in (3.7) and 0((y+)*5) in (3.8) are ignored.

Regarding possible corrections by effects other than the mean shear, one can consider
those related to the finiteness of the distance, say y, from the wall. In this respect, it is of
interest to note that (2.43) gives n/y o (y+)™>/* in the inertial sublayer. If one assumes
(i) that such a correction, say A,,, due to the finiteness of 1/y is linear in 1/y, so that it
is given by the form A,, ~ ¢/, /y as a first approximation, and (ii) that the coefficient ¢/,
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meaning of thick lines is the same as in figure 3.
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Figure 13. (@) Second invariant /I of tensor (d;;). Thin solid straight and dotted straight lines denote the slopes

—1 and —5/4, respectively. (b) Value of 1. / y2 vs y; broken lines represent the fit (3.7) with C; = 4.40 x 1072
and Dy = 1.08. The meaning of thick lines is the same as in figure 3.

depends only on v and (€), then one has ¢, o 1, so that A,, & ¢,,( y+)_3/ 4 where ¢, is a
dimensionless constant. The addition of such correction term to (2.27) gives Il but with
B =5/4.

It is of interest to ask how much the difference between the theory and DNS is
attributable to these corrections. Figures 13 and 14 may give an idea on this question.
Figure 13(b) shows Il /y? vs y. A least squares fit of II. /y* given by (3.7) with 8 = 3/2
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Figure 14. (a) Value of II.y" vs y*. Broken line shows the fit (3.8) with 8 = 3/2, C;; = 1.64 x 10~! and

D}, = 4.83, and the dotted line displays the fit (3.8) with g = 5/4, Cy = —3.16 x 10~2 and D}[ =1, 96, and
(b) Il vs y.

to the DNS data in the range of y that corresponds to the range y*™ € [232, 1600] provides
Cy=440x 1072, Dy =1.08. (3.9a,b)

The value given by (3.7) with (3.9a,b) is plotted together with the DNS data. It is observed
that /I, is well approximated by (3.7) in a certain range of y.

Figure 14(a) shows Iyt vs y*. A least squares fit of II.y™ given by (3.8) with 8 = 3/2

and 5/4 to the DNS data in the range of y* € [2.6Rei/ 2, 0.2Re.] =~ [232, 1600] gives

B=3/2:Cy=164x10"", D) =483, (3.10a,b)
B=5/4Cy=—-316x10"2, D), =1.96. (3.11a,b)

The values given by (3.8) with (3.10a,b) and (3.11a,b) are plotted in figure 14(a) together
with the DNS data. It is observed that Iy is well approximated by (3.8) in the range
of y™ €232, 1600]. This result suggests that the difference between the slope —5/4
observed in DNS data and —1 by the theory is attributable at least partly to the finiteness
of y. However, the possibility that the slope —5/4 is an intrinsic feature and remains
constant —5/4 in an appropriate range of y* at Re; — oo is not excluded, and the question
of how to fix the best value of the exponent 8 in (3.8) is not yet settled.

Figure 13(a) shows that, at small y, (e.g. y < 0.03), DNS data for /1. / y2 do not fit well
to (3.6), but blow up like o ™ with m ~ —2. This result implies that /I ~ constant, in
the small—y range, as confirmed by figure 14(b), which shows /I, vs y. This disagreement
of DNS data with (3.6) is not surprising because the anisotropy in €;; can in general be
induced not only by the mean shear, but also by other factors, in particular the anisotropy
of energy-containing eddies, while the effect of the latter is assumed to be negligible
compared with those of the former in the derivation of (3.6). In the central region of
the channel, the statistics of the large-scale eddies are anisotropic, and their influence on
small-scale statistics can remain finite, even if y is very small. This implies that, in this
region, the anisotropy measure /. can remain finite, independently of the smallness of y.
This picture is consistent with figure 14(b), which shows that /I, is small but finite at
y < L
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4. Discussion and conclusions
4.1. Influence of large-scale eddies

As noted in the last paragraph of § 2.1, we assumed in this study that the influence of the
anisotropy in energy-containing eddies on the statistics at scales ~ n is not significant, or
at most of similar order compared with the effect of the mean shear. In this subsection,
we consider in some details about the possible influence of the anisotropy in energy
containing eddies.

In order to get some idea on the influence, it is instructive to decompose the fluctuating
field u as

u=u"+d5 (4.1)

where u! and u®, respectively, represent the fluctuating velocity components by large-scale
eddies of the energy-containing range and by the other smaller eddies. Correspondingly to
this decomposition, v can be decomposed as

v =l 405 (4.2)
so that the first three terms on the right-hand side of (2.7) can be written as
WV -Vv= - -Vl + .V, (4.3)
-V)V =0 - V)V + 05 V)V, (4.4)
- Vv =" V)ol + " V)o’ + 0% V)L + (0° . V)P, (4.5)

where vE(r, s) = ul(r + ro, s + 19) — ul(xo, o) and V3(r,s) = wS(r + ro, s + 19) —
uS(x0, 10). Simple order estimates (see Appendix B) of the terms on the right-hand sides
of (4.3)—(4.5) show that

W - v)vs ~ @5 . Vol ~ (05 - V)05, (4.6)

and that the order of the magnitude of each of the other terms including v” is smaller than
that of (vl - V)vS ~ (v5 . V)v! provided that y, < 1 and y < 1, where y, is the ratio
of the time scale 7, = n/v, of small eddies of size ~ 1 to the time scale tg = £/u’ of
energy-containing eddies, i.e.

/
. = 'z/—v’j =2 4.7)
Ju L vy,
in which 3(«')? = (u - u), and £ is the characteristic length scale of the energy-containing
eddies. This implies that, if y, < 1 and y <« 1, then the magnitude of the terms
representing the influence of the large-scale fluctuating velocity field v’ in (2.7) is
negligibly small compared with that of the nonlinear coupling term (vS - V)vS ~ (v - V)v

and the viscous term vV2pS ~ vV2yp.
The substitution of n/v, = (v/(€))!/? into (4.7) gives

, 1/2
Ve = ”Z ((%)) . (4.8)

Hence, if (¢) ~ u /€, then we have y, ~ Re,;l/ 2, where Re, = u'¢/v. This means that
¥e 1s small for large Re,. Thus, the assumption of the smallness of the influence of the
anisotropy of large-scale fluctuating eddies is acceptable, if Re, is so large that y, given
by (4.8) is sufficiently small.
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If one may assume that in the inertial sublayer ' ~ u; and ¢ ~ y, then (4.8) and (2.41)
give ¥, ~ (y")~1/2. This and (2.42) imply y, ~ y in the inertial sublayer. One might
therefore think it questionable that the influence of v’ i.e. the influence of anisotropy of
large-scale fluctuating eddies (LS-anisotropy) is negligible compared with that of mean
shear (MS-anisotropy), in the inertial sublayer.

However, it is to be recalled that ¢ and y, are, respectively, proportional to the norm §
of the tensor (dU;/0x;) and approximately proportional to the magnitude of the large-sale
fluctuating velocity v”, and that the average of v’, in contrast to those of U,/ dxjand V, is
zero. This and the estimate (4.6) yield the conjecture that the influence on the small-scale
statistics by LS-anisotropy is not as strong as that by MS-anisotropy, even if y ~ y,.

4.2. Assumption of linearity of Ay (B) in the tensor (0U;/dx;)

In the second hypothesis of similarity for TSF proposed in § 2.1, we assumed that the
change A (B) of (B) owing to the mean shear can be approximated to be linear in the
scalar y, not in the tensor (dU;/dx;), i.e. not in the tensor (y;;), for sufficiently small but

finite y, where
v \'"? /aU;
w=(w) (&) “

Here, the tensor whose elements are given by a;;... is denoted as (a;;...). In this subsection
we consider the assumption of the linearity of A (B) in (dU;/0x;), i.e. in (y;;), instead of
y, where A (B) is the leading order term(s) of A (B) for small y.

In a study of the response of the second-order velocity correlation spectra, say AQ;i(k),
in the ISR to small but finite mean shear, Ishihara er al. (2002) assumed the response to
be approximately linear in the tensor (dU;/dx;) (not the scalar S) under an appropriate
normalization, where k is the wave vector. This gives AQ;j(k) ~ Tjjop(k)dUy/dxg under
certain assumptions, where (Tjjog) is an isotropic fourth-order tensor independent of
(0U;/0xj). They showed that it is in reasonable agreement with DNS of homogeneous
TSF under simple mean shear.

From this, one might think that one may assume, instead of the second hypothesis (ii)
proposed in § 2.1, the following modified hypothesis.

(m-ii) Modified second hypothesis of similarity for TSF.
For sufficiently small but finite y, A(B) can be approximated to be linear in the
tensor (y;), i.e. A(B) ~ A(B), where A{(B) = capVap, in which the coefficients
cqp are independent of (y;).

Regarding the other hypotheses, i.e. the first and third hypotheses (i) and (iii) of
similarity for TSF proposed in § 2.1, we assume here them to be still applicable (but the
symbol ¢ in the third hypothesis (iii) is to be understood appropriately.) When applied to
B = gjjgmn, the modified hypothesis (m-ii) implies that A(g;igmn) ~ A1(gij&mn), Where
A1{(gijgmn) = C1,ijmnap Yap> In Which the coefficients ¢ jmnap are independent of (y;).
The third hypothesis (iii) then implies that ¢y jjmnepg must be an isotropic 6th-order tensor
uniquely determined by v and (e).

However, a simple consideration suggests that the applicability of the modified
hypothesis (m-ii) under the first and third hypotheses (i) and (iii) is questionable.
To see this, note that the modified hypothesis (m-ii) and the hypotheses (i) and
(iii) yield an expression for (giign) like (2.35) but with yCj 1111 replaced by
YapC1, 111108, Where (C1_jjmnap) 18 an isotropic 6th-order tensor independent of (dU;/dx;).
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Then consider, for example, A (B) for B = gq1g11 in TCF in which (0U;/dx;) is given by
0U;/dxj = 6;18;2[dU(y)/dy]. The use of (4.9) then gives

dU(y)
dy ’

YapCr 111108 X C1 111112 (4.10)

while from the symmetry condition it is clear that (gjjg11) should not depend on
the sign of dU/dy. If the hypotheses (m-ii) and (iii) are to be compatible with this,
(m-ii) and (ii1) yield Ay(g;gmn) = 0. Then, the hypotheses (m-ii), (i) and (iii) yield
(v/ (€)) (gngn) — 1/15 = o(y) instead of (2.35). However, this appears to conflict with
figure 5(b), which suggests (v/ (€)) (g11g11) — 1/15 o y. Thus, in view of figure 5(b) the
applicability of the modified hypothesis (m-ii) under the first and third hypotheses (i) and
(iii) is questionable.

To get some idea on the reason why A1 <g,-jgmn cee ) needs not be linear in the disturbance
parameter yj;, it is instructive to consider the fundamental solution v(r) of the so-called
Oseen equation that satisfies

1
(U-VYvo+—Vp—vVio=f8r), V-v=0, (4.11)
o)

and the boundary conditions
v—>0, p—po—>0, atr— oo, (4.12)

where U and f are constant vectors, §(7) is the three-dimensional Dirac delta function,
and pog is a constant. The Oseen equation is similar to (2.7) in the sense that both of them
include parameters representing the small disturbance [U in the Oseen equation (4.11),
and (0U;/0x;) in (2.7) with (2.8)], as small coefficients coupled to the gradient operator
V that works on v.

Because of the linearity of (4.11), v may be written without loss of generality in the form

vi(r) = Dig(N)fa (4.13)

where the tensor (D;y (7)) depends only on U, v and r.

Suppose that we do not know how to theoretically derive the tensor (D;;) for small but
finite y = Ur/v from the Oseen equation (4.11). Then, it is natural to assume, similarly to
the first hypothesis of similarity for TSF, the following hypothesis.

(i") The first hypothesis of similarity for Dj;.
In the limit y — 0, (D) is an isotropic tensor and is uniquely determined by v and
r independently of U.

From this assumption, one can correctly arrive at
| .
Djj(r) — D, ji(r) = ;F,-j(r), (4.14)

at y — 0, where (F;(#)) is an isotropic second-order tensor that depends on only # = r/r
and is independent of U and v.
For small but finite y, let D;;(r) be written as

Djj(r) = D, jj(r) + ADjj(r). (4.15)
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Then, one might assume the following two hypotheses:

(ii") The second hypothesis of similarity for Dj;.
For sufficiently small but finite y, the change AD;; of D;; owing to the finite vector
(¥:) = (U;r/v) can be approximated to be linear in (y;), i.e. AD; ~ AD;;, where
A1Djj = cjjaVa = cjjaUqr/v, in which the coefficients c;j, are independent of (y;).
(iii") The third hypothesis of similarity for Dj;.
The tensor (cjje) is an isotropic third-order tensor that is uniquely determined by v
and r.

The second and third hypotheses give

1 L Ugr
ADji(r) = — | Cjja(r)—— + o(y) |, (4.16)
vr v
where Cj, (7) are functions only of # = r/r, and satisfy Cjjo (—#) = —Cjjo (¥). This implies
that the leading-order terms A1D;i(r) of AD;j(r) for small Ur/v satisfy AjDjj(—r) =

—A1Dji(r).

Howéver, this is in conflict with the exact solution of the Oseen equation (4.11) (readers
may refer to standard textbooks in fluid mechanics regarding this point). Thus, this example
suggests that the response A (B) is not necessarily linear in the vector or the tensor
representing the disturbance [U in (4.11), (dU;/dx;) in (2.7) with (2.8)], provided that the
coefficients, such as c;j and ¢y jjmnap, must satisfy certain conditions, such as the isotropy
condition.

The above discussions do not exclude the possibility that the modified hypothesis (m-ii)
and the first and third hypotheses (i) and (ii) hold and some DNS results unaccountable by
them are due to (an) unidentified effect(s) other than that of mean shear gradients.

4.3. Conclusions

In this study, we proposed an extension of the idea of K41 to take into account the influence
of the mean shear in TSF on the statistics in the DR. In the extension, we introduced three
hypotheses for the small-scale statistics in TSF;

(1) (the first hypothesis) local isotropy in the limit y — 0,
(i1) (the second hypothesis) approximate linearity of A (B) in y, i.e. A(B) =~ A
(B) = cy, for sufficiently small but finite y,
(iii) (the third hypothesis) localness of the coefficient ¢ in the expression A (B) = cy,

where y is a local dimensionless measure of the strength of the mean shear, A (B) is
the change of the average of the observable B due to the mean shear and A (B) is the
leading-order term of A (B) for small y.

When applied to the second-order moments of the gradients g; of the fluctuating
velocity field in the inertial sublayer of wall turbulence, the extension gives estimates of
the dependence of the moments of g;; on the distance from the wall. Particular attention is
paid to the second-order moments (g,-jgkj) which make up the energy dissipation rate tensor
(€) = 2v(<g,-a gja>), and the theory was tested by comparison with the data of DNSs of
turbulent channel flow with friction Reynolds numbers R up to approximately 8000.

The comparison shows that the hypothesis (i) is consistent with the approach of the
statistics by the DNSs to the values given by the isotropy and locality assumptions with an
increase in y* as seen in figures 5(a,c,e), 6, 9 and 11, and also that the hypotheses (ii) and
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(iii) are consistent with the slopes by the DNSs observed in figures 5(b,d,f), 7, 8, 10 and
12. These results suggest that the simple hypotheses are in reasonable agreement with the
DNSs.
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Appendix A. Turbulent kinetic energy and energy dissipation rate budget terms in
turbulent channel flow

We assume here that the mean flow U is given by U = (Uy, 0, 0) and the statistics are
homogeneous in the x;- and x3-directions, and use the notation in Mansour et al. (1988)
(but in a dimensional form and a typo is corrected).

The equation for the mean turbulent kinetic energy k = (uy ) /2 can be then written
as

Dk
Esz+Tk+Hk+Dk_<€)» (A1)
where D/Dt = 9/0t + U;0/9x1, and the budget terms on the right-hand side are given by
oU;
P = —(ujuz) —, (A2)
0xo
-1 9
Ty = — — ((wiuiuz) + (upupur) + (uzuzuz)) , (A3)
2 0xn
0
M= —— <@> : (Ad)
oxx \ p
3%k
Dk = 1)—2, (AS)
0x5
gy 0
(€) = u<ﬂﬂ> (A6)
dxg 0xp
The equation for mean energy dissipation rate (¢) can be written as
D (¢) 1 2 3 4
F:P6+P5+P6+P€+T€+H€+Dé_y67 (A7)
where the (e)-budget terms on the right-hand side are given by
dup 0 aU
Pl = 20 g1 2} 971 (A8)
0Xy 0Xg [ 0Xp
dugy 0 oUu
P2 = oy e ) 01 (A9)
dx] dx2 [ dxp
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duy\ 32U,
P = —2v{up— , Al0
€ 1)<I"Zaxz> 3)6% ( )
Aty ity O
e[ o
8x5 8xy 8x/3
3 [duy 0
T, = —yo (e Ol ) (A12)
0xp \0xg dxp
3 [1apa
= —2p- 2 (=P %) (A13)
0x2 \ p 0xy 0Xy
3% (e)
D, =v i (A14)
8x2
92 92
Ve =2v2< Yo M > (A15)
0xg0xy, dxp0x,

Appendix B. Estimates of terms on the right-hand sides of (4.3)-(4.5)
Since (2.2b,c) gives rg = xo at time t =1y, i.e. s =0, V and vl can be respectively
expanded for small r = |r| as (2.8) and

L

0
vL=uL(r+x0)—uL(x0)=Lra+--' , (BD)
00Xy

at s =0, where dul/dxy = dul/dxy|x=x,- In view of (2.8) and (B1), rough order
estimates of the terms in (4.3), (4.4) and (4.5) for r ~ n are obtained by using

dul u'
L S
V~S8n v~ Rn ~ Zn, V7~ oy, (B2a—c)
and
1
(VV, Vol voS) ~ (7, vF, v9), (B3)
n

where 3(/)? = (u-u), and ¢ is the characteristic length scale of large-scale
energy-containing eddies. Equations (B2) and (B3) give

V ~ va9 vL ~ Ve‘vsv (B4a’b)

and
VV ~yVeS, Vol ~ Vs, (B5a,b)

where y, is given by (4.7). We therefore have

v2
CARA AT AR ;’7 (B6)
2
v
W -Vl ~ @l v~ we;”, (B7)
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2
v
V-5~ @ - V)V ~yL

, (B8)
n
v2
" V)l ~ yﬁ;”, (BY)
and

v2

W v)vs ~ @5 . Vvl ~ ye;”. (B10)
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