Probability in the Engineering and Informational Sciences, 32, 2018, 556-566.
doi:10.1017/S0269964817000377

AGGREGATION AND CAPITAL ALLOCATION
FORMULAS FOR BIVARIATE DISTRIBUTIONS
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Cossette, Marceau, and Perreault derived formulas for aggregation and capital allocation
based on risks following two bivariate exponential distributions. Here, we derive formulas
for aggregation and capital allocation for 18 mostly commonly known families of bivariate
distributions. This collection of formulas could be a useful reference for financial risk
management.
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1. INTRODUCTION

Results related to the sum of dependent risks are of interest in the calculation of the overall
capital charge for a portfolio of risks, the evaluation and analysis of risk measures for
decision making, and strategic planning require the knowledge of the cumulative distribution
function of the sum of dependent random variables (Cossette, Marceau, and Perreault [11]).
Risk measures like Value at Risk and Tail-Value at Risk can be used for these purposes.

In recent years, several closed-form expressions for the distribution of aggregate risks, its
TVaR and TVaR-based allocations have been developed, based on an allocation method due
to Tasche [21]. These expressions are based on a given joint distribution between the com-
ponents of a portfolio. The joint distributions considered so far are the: multivariate normal
distribution (Panjer [20]); multivariate elliptical distributions (Landsman and Valdez [16];
Dhaene et al. [13]; multivariate gamma distribution (Furman and Landsman [14]); multi-
variate Tweedie distribution (Furman and Landsman [15]); multivariate Pareto distribution
(Chiragiev and Landsman [8]); Farlie-Gumbel-Morgenstern copula (Barges, Cossette and
Marceau [3]); Farlie-Gumbel-Morgenstern copula with mixed Erlang marginals (Cossette
et al. [9]); multivariate compound distributions (Cossette, Mailhot, and Marceau [10]);
bivariate exponential and bivariate mixed Erlang distributions (Cossette, Marceau, and
Perreault [11]).

The aim of this note is to derive expressions for the distribution of aggregate risks,
its TVaR and TVaR based allocations for a comprehensive collection of bivariate distribu-
tions. We consider 18 families of bivariate distributions each defined on (0, 00) x (0, 00) or
(8,00) x (B, 0) for some 5 > 0. They include mixtures of independent exponential distri-
butions, Crovelli [12] bivariate exponential distribution, Lawrance and Lewis’ [17] bivariate
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exponential distribution, Block and Basu [5] bivariate exponential distribution, Arnold and
Strauss [1] bivariate exponential distribution, Becker and Roux [4] bivariate gamma distribu-
tion, Cheriyan [7] bivariate gamma distribution, bivariate Liouville distributions, bivariate
equilibrium distributions due to Unnikrishnan Nair and Sankaran [22], Chacko and Thomas
[6] bivariate Pareto distribution, bivariate Pareto distribution in Eq. (10.68) of Balakrishnan
and Lai [2], bivariate Pareto distribution with equal scale parameters, generalized bivariate
Pareto distribution, Lee and Cha [18] bivariate distribution and truncated bivariate normal

distribution. We have not considered the bivariate normal or other distributions defined
over (—oo,00) X (—o0,00), as they have already been considered by others.

2. MATHEMATICAL NOTATION

Let (X,Y) be non-negative continuous risks with joint probability density function f(z,y).
Let S= X +Y denote the aggregated risk. We are interested in: the probability density
function of S given by

[fs(s) =/ fy,s — y)dy; (1)
0
the cumulative distribution function of S given by
Fo(s) = [ fstw)dy (2)
0
the truncated expectation of S given by
oo
PlSUson] = [ sfs(s)as (3)
the contribution of each risk to the aggregated risk given by
ElX1{s>py] Z/ 9x, s(s)ds, (4)
b

where ‘
ox. 5() = [ af(e.s—o)te (5)

We derive expressions for (1)-(5) for 18 bivariate distributions.
The derived expressions given in Section 3 involve several special functions, including
the incomplete gamma function defined by

~(a,x) z/ t*Lexp (—t)dt;
0

the beta function defined by

1
B(a,b):/ t77 11— 1) tat
0

the incomplete beta function defined by

Bx(a,b):/ t27 11 — 1)’ Lt
0
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the standard normal distribution function defined by

o= [ (L)

the Gauss hypergeometric function defined by

2Fy(a;b;2) = Z

= (o

— (@) (b)g 2"

ﬁv

the Appell hypergeometric function of the first kind of two variables defined by

Alabeday =53 @ . +m>,n,

m=0n=0

and the degenerate hypergeometric series of two variables defined by

m+n nxmyn
cbl(avba C, T, y Z Z it m'n' 9

m=0n=0

where (e)x =e(e+1)---(e+ k — 1) denotes the ascending factorial.

In-built routines for computing these special functions are available in packages like Mat-
lab, Maple and Mathematica. For example, Betala, b], Beta[x, a, b], Hypergeometric2F1[a, b,
¢, x] and AppellF1[a, b, ¢, d, x, y] in Mathematica compute the beta, incomplete beta, Gauss
hypergeometric and Appell hypergeometric functions. Mathematica allows for arbitrary

precision, so the accuracy of computations is not an issue.

3. THE COLLECTION

Here, we give expressions for (1)—(5) for 18 bivariate distributions. Their derivations are rou-
tine and are not presented. The detailed derivations can be obtained from the corresponding

author.

Mixtures of independent exponential distributions:

fla,y) = Crexp(—arz — Bry) ,

Fs(s) = 3" =5 fexp (—ans) — exp (—Fes)],
k—

Fo(s) = zm: Ck {1 —exp(—ags) 11— exp(—ﬂks)}
k=

A

B

E [Sl{s>b}] _ zm: Ch |:(bak; + 1) exp (—bay,) B

2
g

1 —exp (Brps — ags)

Bi

(08 + 1)eXp(_bﬁk)}

9x, s(s =ZCkeXp Bks)[

_ (oxb+1) exp (—ayb)

(an — Br)”

exp (—0Ob)

ay — B

sexp (s — Oéks)‘|

exp (—ayb)

E[Xlssn] =Y Ci
k=1

for a, > 0, B, > 0,z >0 and y > 0.

ai (o — Br)
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Crovelli [12] bivariate exponential distribution:

Fla,y) = afexp(—Py)[1 — exp(—ax)], if 0 < ax < Py,
afexp(—pBx)[1 —exp(—Py)], if0<fy<ax,

2 2
fs(s) = (v + B) exp <— abs > + aa_ exp(—fs) — aﬁ— 3 exp(—as),

a+f B
_(a+pB)? Coxp [ — afs a’ ox s
Fuo) = L e (<22 )] g e (-6
_ a(ﬂﬂ— ) [1—exp(—as)],
B (a+p3)3 _aBb afb a? B
BlSlsn] = 55 exp( a+6> [” a+6} * Bla—p) ")
2
_ a(aﬁ— 3 exp(—ab),

= 52 Sexpl(—as MGX —QSs MQX —00Ss
gX’S(S)_oz—ﬁ p( )+a(a_ﬂ)2 p( )+6(a—ﬁ)2 p(—ps)

afls ) —at 4203 4 p* — 20° ( af3s )
+ exp | — )

+ Bsexp (—

a+f afB(a— B)? a+p
E [Xl{s>b}] = 062(55)(1 + ab) exp (—ab) + (( ); exp (—ab)
a?(a—20) (a+ B)? afb afb
+ G g e+ (1 7 ) e (- 5)

(a+ B) (—a* + 203 + p* — 2a3%) exp (_ af3b )

- (@A)(a - B)? ot p

fora>0,0>0,z>0andy > 0.
Lawrance and Lewis’ [17] bivariate exponential distribution:

Fla) =1y <o < /8 g e (<4 ) + Jow (-25Y).
1= Bien(-1 ) o 3)
Fs(o) = s [0 82— (@ 82w (— 125 ) = o Bpsen (- 125 )|
el 5) sl
B (81 sm] = ST o (<5 )+ G e (-5
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1— 2 2 2
o 5= g o (<) + e ().

b b? b
E[X1lgg=py] = (1-5°) [1+ 55 + 2(1+ﬁ)2] exp <_1+5>

b? b
+ (ﬁQ + 06+ 2) exp <_ﬂ)

for0< <1, z>0andy>0.
Block and Basu [5] bivariate exponential distribution:

Cexp(—ax — By), ifx >y,
Cexp(—yx —dy), ifx <y,

Fs(5) = 5 [enp-as) - exp (1257

-2 o e (52)]
o= S [ 2 (o (1))

[ o (52) - =)

f(z,y){

E[S1gsony] = 5?@ [(ba ha 1);;@(_1)@) a jﬁﬁ (bo‘ ; 2 1) exp (—bo‘ ; 5)]
B al—)w {«sfw (béy ’ 1) P (‘bézv) e 1)562@(_1)6)}
ox. s(s) = C {eXp(—féZ)_—;?;(—%) B se);p(—ﬂw)}
[GXP - exp —(6+7)s/2) sexp(—(d+ 7)8/2)}
7)? 2(6 =)
C{ —s) —exp (—fs — (v = §)s/2) seXp(—ﬂs—(v—ts)S/?)]
(0 —7)? 2(6 =) ’

X lson] = { o2(a—p) | Bla-BP  ala-p)?
exp(=bd)  2exp (—(6+17)b/2)  (2+ (6 +7)b)exp (—=(d +7)b/2)
6(6 —7)? (6 =)0 +7) (6+7)2(0—)
o[t ewti— o]
B =) (=72 B+ (v—0)/2)
24208+ b(y—0))exp (—b3 — (v — §)b/2)
(6 —7) (28 +7 —6)°

(ba + 1) exp(—ba)  exp(—bB3)  exp(—ba) ]

+0|

el

fora>0,0>0,v>0,§>0,z>0andy > 0.
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Arnold and Strauss [1] bivariate exponential distribution:
f(z,y) = Cexp (—yz — by — Oxy),
2
fsto) = O e (<s+ L) [0 (VEps = o) 2g) = @ (~t20) )]

gx, s(s) = 2—10\/@7—3/2(1 exp (—65 + Z;) [(I) (\/%s _ (2p)_1/2q> _d (_(Qp)—l/Zq)}

2
—271Cp~texp (—58 + Zp) [exp (—p52 + qs) — 1]

for —co<y< o0, —c0<I<o0, —co<fh<oo, >0 and y >0, where p=—60 and
q=06—0s.

Becker and Roux [4] bivariate gamma distribution:

Flay) = Cx* Y x + py)P~texp(—yz — dy), ifx <y,
T Cat (@ 4 gy) exp(—ex — fy), ifa <y,

1
fs(s) =27 1Cs P~ Lexp(—ds) D, <a, 1-6,14a,(6 — 'y)g, _2pp)
—1
+ ¢ eI DseT I exp(— f5) @y (c, 1—d,14¢(f —e)s, a )
q

. . —1
_ 2—(,qd—1DS(/+d_1 exp(_f8)¢1 (07 1-— d7 1 + C, (f — e)g, q2) 5
q

27 2p

-1
+ ¢ (1 + ¢) 7 Ds  exp(— f5) Py (1 +e,l—d,24c¢ (f —e)s, a )
q

-1
- 27176qd71DSC+d eXp(_fS)(I)l (1 +c, 1- d7 2+ <) (f - 6);, qu)

gx, s(s) = 27t (q + 1)71050‘*'6 exp(—ds)Py <a +1L,1-0624a,(6 —7) s 1 p)

fora>0,6>0,vy>0,0>0,¢>0,d>0,¢e>0,f>0,p>0,¢q>0,z>0andy>0.

Cheriyan [7] bivariate gamma distribution in Eq. (8.31) of Balakrishnan and
Lai [2]:

min(z,y)
z,y) = Cexp(—x — x—2)0(y — 2)2 7122 exp(2)dz,
[z, y) p( Y) (x—2)"(y p
0
s/2
fs(s)=CB (01 +1,05) exp(—s)/ a0 (s — g)02 71,
0
X (93, 1—05,0,+05+1,z, fl‘) dx+CB (92, 93) exp(—s)

1

1
X / 2% (s — )02 10" 1p, (93,—91,92+93,8—$, i x) dz,
s/2 €
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s/2
9x, s(s) = CB (61 +1,62) eXP(*S)/ 20t (s — )27 @y
0

X <93, 1— 05,0, + 05+ 1,1, 15”) dx + CB (0, 05) exp(—s)
— X

1 —
X / 3}‘01+1($ - l‘)62+0371(1>1 (63’ —91, 92 + 93, S —x, i - ‘r) dz
s/2

for 61 > 0,62 > 0,65 >0,z>0and y > 0.
Mardia [19] bivariate distribution in Eq. (5.77) of Balakrishnan and Lai [2]:

flz,y) =C(az+ 1)’ (Br+ 1) (yz +dy+1)",

P il r k r r .
=283 () )0 (o)orwome
XB(i+k—m+1,j+m+1)s Tt

P il r k r r .
pi =2 383 (1)) () (o )wom
gitith+2

s LTS (O ) o

i=0 j=0 k=0 m=0

XB(i+k-—m+1,j4+m+1)

XB(i+k—m+2,j+m+1)sHitht2

fora>0,8>0,7v>0,d>0,p>0,¢g>0,r>0,z>0andy > 0, provided that p, ¢ and
r are integers.

Mardia [19] bivariate gamma distribution in Eq. (5.81) of Balakrishnan and
Lai [2]:

f(z,y) =C(az+ 1)” _(69: +y + 1) exp(—ry),
fs(s) = Oi Zq: :i) <I;) <;1> <z J];J> Qi (B — ) (—1)Fklr ki Hi =k (1 4 nyg)a
O3 (O (D)t )+ I )

Fs(s) = Czp:z”: > 5 (ZZ> (j) (Z Z]) <qmj> a' (B — 7)™ (—1) Rkl

giti—k+m+1 P49 97 o\ (q\ (q—j
Xi+j—k+m+1fczz 0(2)(3)( m )

x (B =)™ (1) (i + ) I 2y (m+ 1, rs)
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9%, 5 Cii J < )( ><H;H> (B — ) (— 1Rkl g TRAL(] 4 )i

= 0 k=0

033 (1) (et e

1=0 j=
x (14 vs)?77 exp(—rs)
fora>0,8>0,v>0,p>0,¢>0,r>0, x>0 and y > 0, provided that p and ¢ are
integers.

Bivariate Liouville distribution on page 202 of Balakrishnan and Lai [2]:

flz,y) = Cx* 1P g(z + ),
fs(s) = CB(a,B)s* 7 1g(s),

Fs(s) = CB(a, B) /S ua+ﬂ_1g(u)du,

0
B [S1sn] = CB(a.5) [ u*glu)d
gx. 5(5) = CB(a + 1,)s"g(s)

E[X1{ssp] = CB(a+ 1,ﬂ)/ w8 g(u)du
b

fora>0,8>0,z>0andy > 0.
Bivariate Liouville distribution in Eq. (9.46) of Balakrishnan and Lai [2]:

flayy) = Ca* P~ o +y) gz +y),
fs(s) = C'B(oz,5)5‘”‘5_“*_19(5)7

Fi(s) = CB(a,) | w = gl
0
E [Sligspy] = CB(a,ﬁ)/b u* P g(u)du,
gx, s(s) = CB(a+1, ﬁ)ts:"”rﬁ_"yg(s)7

E[X1{s50y] = OB(a + Lﬁ)/b u P g(u)du

fora>0,6>0,vy>0,x>0andy > 0.
Bivariate equilibrium distributions due to Unnikrishnan Nair and Sankaran [22]:

flzy)=ptgx+y),
fs(s)=p""sg(s),

Fs(s) = p~! / g () du,

E [S1{ss1] ZN_l/b s%g (s) ds,
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gx, s(s) =2""u"ts?g (s),

E [X1{5>b}} = 2_1p_1/b s%g(s)ds,

where g¢(-) is the probability density function of a univariate random variable X say and
uw=E(X).
Chacko and Thomas [6] bivariate Pareto distribution:
flay) =Clz+y)™7,
fs(s) =Cs (s —20),

¢ —«a —«
:2—a[82 _(2'6)2 ]_
Ch>~>  28CH*~
E |51 = —

[ {S>b}] a—3 a—2

9x, s(s) =271Cs' (s — 26),
Cb37a B ﬁCb%a
(o —3) a—2

2p8C

Fs(s) = [t - (20)1 ],

)

E [X1{5>b}] = 2

fora>0,z>p>0andy > 5> 0.
Bivariate Pareto distribution in Eq. (10.68) of Balakrishnan and Lai [2]:

fay)=Cla+z+y)™”,

fs(s)=Cs(a+ 3)7’6,

(a+5)* P ala+s)'=P > P  o2F
2-5  1-4 _2—ﬁ+1—ﬂ}’

(a+0)*F  2a(a+b)* "  a*(a+b)F
-3 ' 2-5 ' pB-1 }

gx, s(s) = 2710s% (a + s)_ﬂ,

(a+0)3"  2a(a+b)>" a?(a+b)'P
-3 T 2-3 | p-1 }

Fs(9 = |

E [S].{S>b}j| = C |:

E[Xlsspy] =27'C {

fora>0,8>0,x>0andy>0.
Bivariate Pareto distribution with equal scale parameters:

fx,y) = Ca 1y~ (1 + pr 4+ py) 77,
fs(s) = CB(a, B)s* T~ (1 + ps) 77,
_ CB(a, B)
a+f
E [Slsspy] = CB(a, B)p* P By jypr) (Y —a—B—1L,a+B+1),
gx, s(s) =CB(a+ 1,8)s“TP(1 4 ps)77,
E[X1lsspy] =CB(a+1,8)p * "By jayp (Y —a—B—1La+B+1)

Fs(s) s*TPoF (v, + Bya+ B+ 1; —ps),

fora>0,8>0,p>0,7>0,z>0andy >0.
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Generalized bivariate Pareto distribution:
Cxo~ 1yt
(1 + pz + qy + ray)’
fs(s) = CB(a, B)(—r) % (uv) s TP (Oz7 5,0, + 3; Z, %) ,

f(x,y) =

9x, s(s) = CB(a+ l,ﬂ)(fr)f‘;(uv)f‘sso‘JrﬁFl (oz +1,6,0,a+ B+ 1; Z, %)

fora>0,8>0,v>0,6>0,p>0,¢>0,7>0, >0 and y > 0, where u = 2=L"% 4

1+gs | (p—qtrs)? _ p—qtrs _ [1l4gs | (p—q+trs)?
T + 472 and v = 27 T + 4r2 :

Lee and Cha [18] bivariate distribution:

JC@+a)yy+p)°, ifa<y,
f(Ly){D(x—i-t)v(y‘i‘u)w? if x>y,

fs(s) =37'Ca7s™ (s + B)° Fy (1, =62 -, 2(as+5)>

3—1D—1(§ t)v(f )wF 1. —p. — 2._LL
+ s g™ g Tu) M\ vws e e o )

_ a1 147y .—1 5 1 s S5 5
gx, s(s) =37 Ca s (s+ ) Fl(l, 1—7,-0,2; 2a’2(a+ﬁ))

—371Ca's (s + B)° Iy (1, -7, —6,2; —i7 S)

20 2(a + )
I+v /g w s S
3-1ps! (f t) (f ) A1 -1—v—wo——% 5
+ s g™ g Tu) Mlh O T o s+ 2u
— 371Dt —1(5 t)v(f )wF 1, —v,—w,2—— %
5 2+ 2+u {570 T4 s+2t' s+ 2u

fora>0,0>0,t>0,u>0,<0,v<0,z>0andy>0.
Truncated bivariate normal distribution:

f(z,y) = Cexp (—04332 — By? —yx — 0y — ny) ,

fs(s) = C’\/Epfl/Q exp <ﬁ52 —0s + Z;) [@ (\/ﬂs — (2p)*1/2q> ) (*(2}))*1/2(1)}7

2
gx, s(s) =27 CV/mp~*?qexp (7332 — 85+ Zp)

X [‘1) (\/%S - (QP)_I/QQ) - (—(Qp)‘l/Qq)}
_ 2*16’1)*1 exp <ﬂ$2 — s+ Z;) [exp (fp.92 + qS) — 1}

for a >0, >0, —co<y<00, —c0<I<00, —x0<f<oo, >0 and y >0, where
p=a+—0and g=2Fs—~v+06—0s.
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