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YUXI FU™

Department of Computer Science, University of Manchester,
Manchester M13 9PL, England

Received 8 March 1993, revised 18 October 1995

In this paper we define a logical framework, called Arr, that is well suited for semantic
analysis. We introduce the notion of a fibration ¥ : 7| — %, being internally definableS
in a fibration ¥, : 7, — %,. This notion amounts to distinguishing an internal category L
in %, and relating .#; to the externalization of L through a pullback. When both %, and
%, are term models of typed calculi #' and #2, respectively, we say that ' is an internal
typed calculus definable in the frame language .#2. We will show by examples that if an
object language is adequately represented in A7, then it is an internal typed calculus
definable in the frame language Arr. These examples also show a general phenomenon: if
the term model of an object language has categorical structure S, then an adequate encoding
of the language in Ay imposes an explicit internal categorical structure S in the term model
of Arr and the two structures are related via internal definability. Our categorical
investigation of logical frameworks indicates a sensible model theory of encodings.

1. Introduction

The notion of logical framework first appeared in Martin-Lof’s work (Nordstrom et
al. 1990). It is meant to be a simple language with which his type theory can be precisely
defined. The idea is picked up and extended in Harper et al. (1987, 1993). According to the
authors, logical frameworks are languages in which logics can be adequately defined. The
good properties of the meta-languages then guarantee that all manipulations of the defined
logics are correct and easy (or even decidable). The language in Harper et al. (1987, 1993),
now known as ELF, consists of kinds, constructors and objects. Types are constructors of
kind Type. In addition to the usual type theoretical features, it has signatures that declare
constant terms. In other words, signatures are constant contexts in which one can declare
both constant objects and constant constructors. When coding up an object language, one
first defines an appropriate signature so that logical operators become constant objects or
constructors. An important feature of ELF is that rules in object languages are presented
as objects in the framework. Logical derivations then amount to function applications.
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To guarantee the correctness of the encoding, an adequacy theorem must be proved each
time a logic is defined in the framework. The adequacy theorem basically says that what
has been formulated in ELF is sound and faithful with respect to the object language of
interest.

The core of Martin-Lof’s logical framework and that of ELF are the same, but their
emphases are different. Martin-Lof sees his logical framework as a foundational language
upon which his constructive type theory is built. For that to be possible, he needs to
talk about definitional equality for the object languages. His solution is to use equational
theories of his framework. So, to be precise, Martin-L6f’s monomorphic type theories
are equational theories in the underlying calculus. On the other hand, the motivation in
Harper et al. (1987, 1993) is to design a meta-language once and for all so that logics can
be represented and proof checking be mechanized. To keep the calculus decidable, one
has to settle for internal representations of the definitional equalities in object languages.
Now =, like €, plays a special role in proof theory. But ELF treats x = y as a judgement
just like other judgements. This is a price one has to pay to retain decidability.

A prominent question a designer of a logical framework must address is how are
the variables in an object language represented in the framework? ELF’s answer is to
identify the variables in an object language with those of the framework itself. One of the
observations in this paper is that this variable identification has serious impact on model
theory.

The proof theoretical and pragmatical aspects of logical frameworks have been exten-
sively studied (Huet and Plotkin 1991; Huet and Plotkin 1993; Nordstrom et al. 1992).
Their model theory, however, has not yet been paid as much attention as it deserves'.
This paper sets out to remedy this. First, however, we need to make clear what we
mean by a logical framework in this paper. A logical framework is a typed calculus
upon (or in) which typed calculi are defined. Putting this differently, the theory of log-
ical frameworks is about internal type theory. This unifies the views taken in Harper
et al. (1987, 1993) and Nordstrom et al. (1990), and, arguably, also covers other more
complex languages. The various well-known coding techniques (Bohm and Berarducci;
Wraith 1989) belong to internal type theory. This viewpoint is semantically motivated.
What internal categories are to an ambient category, object languages are to a logical
framework.

In this paper we introduce the notions of internal definability, internal typed calculi and
frame languages. Examples are given to show the potential usefulness of these definitions.
We propose an alternative presentation of Edinburgh LF based on the idea of internal
typed calculi and frame languages. The system is analyzed in terms of internal definability.
We show that the new presentation makes it convenient for an algebraic investigation.
We use three examples to illustrate some new observations about logical frameworks.
Category theory is used to relate the model theory of the logical framework to those of
the represented languages.

T For those familiar with Simpson (1992), we mention that the logical framework considered in that paper
can only encode consequence relations, not proof theories, of logics. The models described in loc.cit. are
inappropriate for logical frameworks a la Martin-Lof.
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Section 2 fixes some notations that will be employed later. Section 3 gives the definitions
central to later development. Section 4 is an undemanding introduction to our logical
framework Arr. Some sample encodings are given in Section 5. Section 6 details the
fact that Arr has a built-in mechanism to generate internal full subcategories, whose
relationship to the variable convention is also explained. Sections 7 and 8 reveal some
further categorical properties of Arr. Section 9 outlines the idea of model theory for
encodings. Finally, in Section 10, we take a brief look at some questions in terms of
internal definability.

2. Preliminaries

The technical definitions given in this section are needed to describe the categorical
properties of Arr. The material is standard; see Bénabou (1985), Pavlovic (1990), Barr
and Wells (1990), and Jacobs (1991) for more on the theory of fibration and Hyland et
al. (1990) and Pitts (1987) for relevant internal category theory.

Suppose p : & —> % is a functor. The morphism Y N X in & is said to be a
cartesian lifting of J S Iingif

(i) pf=wuand
(i) for any Z “, X in # and pZ LN satisfying pg = m;u, there is a unique
morphism Z N Y with pp =mand g = ¢;f.

The functor p is a fibration if for every morphism J — I in the base category %4
and every object X in the fibre category & with pX = I, there is a cartesian lifting

WX —> X of u. A cloven fibration is a fibration equipped with a cleavage, which is a
choice {E}Jile,@ of cartesian liftings. A cloven fibration is split if Id = Id and ©;u = v;u
for every pair of composable morphisms in 4. When this is the case, p can be presented
as an indexed category & : #°°P — Cat, which is a ‘functor’ from %° to the ‘category’
of categories. Suppose I is an object in the base category of a split fibration p : ¥ —%.
The category p~'(I), the fibre over I, is the one whose objects and morphisms are those
of & that are mapped by p onto I and Id;, respectively. For each morphism J N

in %, we have a reindexing functor p~'(I) — p~'(J). The construction tells us how to
transform a split fibration into an indexed category. The opposite construction is the
so-called Grothendieck construction (Barr and Wells 1990). A split fibration has a fibred
cartesian closed structure if each fibre has a fibred cartesian closed structure and the
reindexing functors preserve the structure on the nose. A split fibration p : # —% has
A-indexed products, where A is an object in 4, if for each I in %, the reindexing functor
over I xA—I has right adjoint I1; and these right adjoints satisfy the Beck—Chevalley
condition: for each J —> I in %, we have (uxIdy)*;TI; = Ij;u”. A cartesian functor
Hfromp:F — #Htoq : 8 — A is a functor H : # —> & such that p = H;q,
and H sends cartesian liftings to cartesian liftings. A cartesian functor is full (faithful) if
and only if its fibrewise functors are full (faithful). More generally, a cartesian map from
p:F — Btoq:% — € consists of two functors H : ¥ — Y and K : # — ¥
such that H;q = p;K, and H sends p-cartesian liftings to g-cartesian liftings. If both p
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and ¢ are split, the cartesian map (H, K) is strict if H sends the chosen cartesian liftings
to the chosen cartesian liftings. An object U in a locally small category % determines a
representable functor A[_, U] : #°P —> Set that sends 4 € # to #[A4,U] and A4 N B to
Bf,U] : 2[B, U] — 2B[A, U].

Let & and % be two categories. A D-category (Ehrhard 1988) is given by three functors
p,G:F — HBand I : # — F such that

(i)  pis a fibration;
(i) I is the fibred terminal object functor of p (so I;p = Idyg, p 41 and I is full
embedding), and
(iii) I4G.
We say that the D-category is split if p is split.
An internal category C in 4 consists of objects Cy, C;, C; and morphisms as shown in
the diagram below.

I1, dy
c,— L g4 ¢,
mn, d

These morphisms in % must satisfy the well-known conditions:

(i) IIy (ITy) is the pullback of dy (dy) along d; (dyp);

(i) the (co)domain of the composition of a pair of composable arrows is the (co)domain
of the first (second) arrow: y;dy = Iy;dy and y;d; = I1;;d;;

(ii) id;do =id;dy =Idg,;

(iv) id is a unit for composition: (idx¢ld¢, );y = I1; and (Idg, Xoid);y = Ilp; and

(v)  composition is associative: (y Xoldg, );y = (Idg, X07);7-

The externalization of C is a split fibration domg : [C] — #. An object in [C] is a

morphism I = Co. A map from (I —= Co) to (J — Cy) is a pair (I = J,1 = C)
such that the two diagrams below commute.

I 4m>01 I 4m>01
o do f d
Co JT’CO

The functor domg sends (I N J, I = Cy) onto I SN J. The canonical cartesian

e . . B id
lifting over [ N J with respect to J SN Co is (I SN J, 1 SN J SN Co N Cy).

The corresponding indexed category is denoted by [, C] : #°° — Cat. A morphism
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(I SN Co) — (I LN Co) in [I,C] is a morphism [ %, Cy in 4 such that the following
diagram commutes.

CQ‘ Cl

do = Co

di

Let D be a collection of morphisms, called display maps (Taylor 1986; Hyland and
Pitts 1989), of % such that for any 4 %, X in D and any morphism Y N X, there is a
(unique) morphism A[f] A Y in D rendering the diagram

A[f]

da[f] d

Y X

f

a pullback. Let #4/D be the full subcategory of the arrow category #~ determined by
D. The definition of D simply says that 4/D cod, 2 is a (cloven) fibration. The fibration

A/D % s split if it is cloven and for each display map d, we have d[Id] = d and
dif;gl = digllf]-

Suppose # has finite products and D is a family of display maps. Let V S, Coy be
in D. We can transplant the well-known construction of an internal full subcategory
in a locally cartesian closed category (Pitts 1987) to 4 if there are enough exponential

structure in 4/D <o, 2 (notice that # already has enough pullback structure guaranteed
by D). We will call the resulting C the internal category induced by V S, Co. For any
I - Gy, we have a display map Gla] that is the pulling-back of G along a. We say
that the G-induced internal category C is an internal full subcategory of 4 relative to D
if
(I =>Co) +— Glal,
(I = Co) ™5 (J =5 Co) +—  (w,m) : Glal—>Glh]

establishes a full embedding cartesian functor from domg : [C] — # to /D cod, 4. We

do not have room here to give a detailed explanation of this construction, but it will be
given for the specific examples used in this paper.
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We say that the internal category C induced by V <, Co has explicit cartesian closed

(object) structure if there are morphisms 1 N Cp, CoxCy =, Cy and CyxCy N Co
such that we have pullbacks as follows:

V °

V °

V

G G1 Xchz G G1 —>C(2)G2 G

- Co

_]_ Co CoxCy % Co CoxCy
where G; is the pulling-back of G along CyxCy N Co fori=1,2, and XC: (—>C§) is the
product (exponential) functor on (%/D)~!(CoxCy). We say that C has explicit A-indexed

products if there is a morphism (4—Cy) 1, Co such that we have a pullback diagram as
follows:

I14(Glev]) G

A—Cy I Co

where Glev] is the pulling-back of G along (4—Cy) x4 5 Cy, and T is the right adjoint
to the weakening functor over (A—Cy)xA SN (A—Cy).

If C has explicit cartesian closed structure (4-indexed products), the externalization of C
has fibrewise cartesian closed structure and the reindexing functors preserve the structure
on the nose (right adjoints to the weakening functors over morphisms I x A4 Ny ) and the
Beck—Chevalley condition is satisfied.

3. Internal typed calculi and frame languages

The central theme of the theory of fibration is that an object in a base category should be
regarded as a ‘set’ (and a morphism a ‘function’). A fibration p : § — 4 is a mathematical
discipline in which one carries out mathematical activities with respect to the ‘set theory’
4. Thinking ‘set theoretically’, it is important to distinguish between ‘small’ fibrations
and ‘non-small’ ones. Roughly speaking, a ‘small’ fibration is obtained by externalizing
some ‘set-theoretical’ gadget in 4. An externalization process transfers internal notions
in 4 to external ones. The famous Yoneda lemma then acts a role similar to that of the
extensionality axiom; it says that a ‘small’ fibration is essentially the same thing as a ‘set’
(‘small’ category etc.) in 4. So a ‘small’ fibration is a fibration that is ‘definable’ in the ‘set
theory’ 4.
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Given so many papers dealing with the relationship between typed calculi and fibrations,
it is perhaps surprising that in type theory we have not yet seen the notion of ‘internal
definability’ proposed, a notion that is fundamental in the theory of fibration. In this
paper, we will show that this concept is potentially useful to type theory, especially to the
study of logical frameworks.

Type theoretically, a strict cartesian map (H,.#) from a split fibration ¥y : 7| — €
to another ¥, : I, — %, is a translation from the language #; to the language
%#>. When both H and .# are embedding functors, the translation is faithful. In this
case ¢ can be seen as a sublanguage of %». If, furthermore, both H and .# are full,
&, is a conservative extension of ¥. A special case of this conservative extensionality
relationship arises when the whole extension ¥y — %, is determined by %; — %, part
of the extension. Categorically, this means that #; is the pulling-back of ¥, along ..

Here it is most useful to combine the notion of ‘internal definability’” with that of
conservative extensionality. So, typically, we have a strict cartesian map (H,.#) from a
language ¥ : 9 — %, viewed as a fibration, to an externalization fibration domyj :
[U] — 2, where U is an internal category in &Z; both H and .# are embedding functors.
Because domyj is completely determined by the internal category U in &, it makes sense to
require £ be totally determined by .# : ¥ — 2 (thatis, & : 7 —> @ is the pulling-back
of domyy along J : 4 — ).

To introduce the central notion in this paper, it is helpful to give an auxiliary definition.

Definition 3.1. Suppose p; : &1 —> %, is a split fibration and %, a category. Then p; is
said to be internally codable in %, by L via .# if

(i) J :9%, — %, is an embedding functor;

(i) L in %, is an internal category, and

(iii) there is an embedding functor H : &; — [L] such that (H,.#) is a strict cartesian
map from p; to dom|_ : [L] — %,.

The fibration p; is said to be internally definable in %, by L via . if in addition both H
and .# are full and the following square is a pullback.

H
&4 L]
D1 domy_
B B>

Example 3.2. Given a second-order A-theory, we can construct its term model as a split
fibration with fibred cartesian closed structures. In Pitts (1987), it is shown that this
fibration is internally definable in a topos by an internal category equipped with explicit
cartesian closed structure. L]
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Example 3.3. The higher-order polymorphic Z-calculus is a two level type system. At the
first level we have kinds and constructors. The valid kinds are defined inductively as

follows:
= T akind
= Type a kind
K; kind, K, kind = K;xK; kind
K, kind, K, kind = K;—K, kind.

A kinding context is a finite set of constructor variables with their specified kinds. Suppose
Ais [Xy : Ky,...,X, : K,]. Then A, X : K denotes the kinding context [X; : Ky,..., X, :
K., X : K]. Given a kinding context, we can form valid constructors whose constructor
variables are all declared in that context. These are the rules:

A a kinding context, X :K € A = AFX:K
A a kinding context = AbF*r:T

A+ A :Type, AEB : Type
A+ A :Type, AbB : Type
AX :KEA:Type

AF AXB : Type
A+ A—B : Type
AFVYX:K.A: Type.

ARG :Kifori=1,2 = AF{C,C) :KixK,
AFC :KixK, = ArFmC :K;fori=1,2
Ax:KiFC:Ky, = AFAx:K;.C :K|—K;
AFF:K/—»Ky AFC:K = AFFC:K,
A a kinding context = AR 1: Type
=
=4
=

Constructors of kind Type are called types.

A typing context I' is a set of statements of the form x : A indicating that A4 is
the type of the free variable x. Let I" be [x; : Ay,...,x, : Ay]. Then I',x : A denotes
the typing context [x; : Ai,...,x, : Ay, x @ A]. At the second level we have rules con-
cerning objects. In these rules I' Fp a : A presupposes that I' is well defined under
A and A+ A : Type. Here a typing context [x; : Ay,...,X, : Ay] is well defined un-
der A if A+ Ay : Type, --, A+ A,—; : Type and A + A, : Type. Here are the
rules:

I well defined under A, x : A€’ = T hkpax:A4
I' well defined under A = Tl *4 : 1
IFkaai:Ajfori=1,2 = T kp{a,a) : AjxA;
I'bac:A1xAy = T hkamc:A;fori=1,2
I''x:AFpab:B = T Fplx:Ab:A—>B
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Fl—Af:A—>B,FI—Aa:A = Fl—Afa:B
IF'kaxkc:C, X¢I' = T'FpaAXK.c:VX:K.C
I'bAF VX K.C, AFD:K = T HF,FD:C[D/X],

where X ¢ I' means that the constructor variable X does not appear in any type in I
The set of equations is standard:

AXKF)C £ Flc/x)
AXKFX L F

Ux:Af)a L fla/x]
Ax:A.fx L f
mltnt) 2 4
T (t1,t2) £ n
(m1t, mot) 2y
u Iox
v '=1 *1,

where u is of kind T, v is of type 1 and ¢, for example, is either of type 4;xA; or of kind
Kl XK2.

We can construct a split fibration £ : 7 *®—%® from the terms of the higher-order
A-calculus: the objects and morphisms of ¥“ are kinding contexts and realizations, re-
spectively; an object over A is a typing judgement A - A : Type, and a morphism from
A F Ay : Type to Ay - Ay @ Type is a pair (A; SN Ay, b, f : A1—A2[r]), where Az[r]
is obtained from A, by applying to A, the substitution prescribed by r. The functor £
sends (A4 SN Ap,a, f 1 A1—A2[r]) onto Ay SN A;. There is an internal category in 7
constructed as follows:

Cy = X :Typek1:Type

co € XY :Typek XY : Type

ce Y X,Y.Z:Typek (X>Y)x(Y>Z) : Type

&g (XY Typel 25 [X 1 Typel.byyrype Af X—Y 51 1 (X—Y)>1)

o (XY : Type] 0, [Y : Typel,bxy rype Af :X—2Y X1 1 (XY )—1)

me < (X,7.Z : Typel “5 (X, Y : Typel.Fxyzaape Af (X =Y )x(Y —Z).11f)
Iy def ([X,Y,Z : Type] (Z) [Y,Z : Typel,Fx,y z:Type 2f (X=Y )X (Y =Z).12f)
ige  &f ([X : Type] (ﬁ) [X,Y : Typel,bx.1ype 42:1.Ax:X .X)

v ¥ (IX,Y,Z : Type] *2) [X,Y : Type],

I_X,Y,Z Type /lf (X—>Y)><(Y—>Z))vx IX.(Tsz)(TE1fX)).
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It can be readily shown that there is a pullback as shown by the diagram:

H(,U
e domg,,
@ ar
3 To T

where T® sends A onto A+ 1 : Type. This means that ¥ is internally definable in 7 ¢
by C“. L]
Now we come to the central definition of this paper.

Definition 3.4. Suppose both fibrations p; : 1 —> % and p, : &2 —> %, are split. Then
p1 is said to be internally codable (definable) in p, (notation py < (oc)py) by L via . if

(i)  pi is internally codable (definable) in %4, by L via .#, and
(i) there is a full embedding functor L : [L] — & that is cartesian from dom|_ to p.

H L
&1 ~[L] > 6>
p1 dom|_ P2
B B>

We call the cartesian map (H,.#) the interpretation map.

For typed Z-calculi #' and %2, if their term models are split fibrations | and %,
respectively, then #! is the internal typed calculus coded (defined) (notation #! < (oc).£?)
in #? by L via .# if &) is internally coded (defined) in %, by L via .#. When &' oc £2,
we say that %2 is a frame language for £

The internal definability results to be established in Section 8 all possess some additional
properties. Typically, the fibration p; has a fibred categorical structure S, say a fibred
cartesian closed structure, and the internal category L is induced by a generic morphism
and is equipped with explicit internal categorical structure S; besides the interpretation
map (H,.¥) preserves the fibred structure S. The structure S is different in each application.
To avoid the criticism of being imprecise, we refrain from giving a stronger definition.

Example 3.5. (continued from Example 3.3) There is a set D® of display maps such
that cod” 4 I® H dom® : 7°/D”—7® form a D-category. The set D® consists of
all the maps in I of the form (Ida,Fp m1 : AXB—A) : (AF AXB : Type)—(A +
A : Type). The functor I sends an object A F A4 : Type in J“ onto the object
(Idpa,Fpa m1 @ AXT—>A) in T°/D®. It can be readily shown that C® is an internal
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full subcategory of cod®” : 7“/D”—J“. So ¥ is internally definable by C” in the
fibration cod® : 7 /D®—7 . For a categorical account of this example and more, see
Pitts (1987). ]

When the notion of internal definability is employed in this paper, p, is typically a
D-category. Having a D-categorical structure allows us to switch between fibre category
and base category. For example, if the base category of a D-category has an internal
category, that internal category can be passed to the fibre category, and vice versa. We
are going to prove a result about the relationship between the internal definability in the
base category of a fibration and that in the fibre category of the same fibration. The next
two lemmas will be used to prove the result.

Lemma 3.6. Suppose I : # —> & is a full embedding functor and U is an internal category
in 4. If I preserves finite limits, there is a pullback diagram as shown below and (K, I) is
a strict cartesian map from domyy to dom,y.

K

(] [1u]
domyy dom,y

B

I &

m

Proof. K sends an object X 4 Ugp onto IX LR IUj, a morphism (X i» Y. X - U
onto (IXI—f>IY,IXﬂ>IU1)and SO on. L]

Lemma 3.7. Suppose the left exact functor F : € — 2 is left adjoint to G : Z — €. Let
U be an internal category in &. Then the externalization fibration of domg : [GU] — ¥
is the pullback of the fibration domy : [U] — & along F : ¥ — & and the pullback
forms a strict cartesian map from domygy to domy.

Proof. Because G is a right adjoint and thus preserves limits, GU is an internal category
in €. First we need to define a functor K : [GU] — [U] such that the following square
commutes.

[GU]

domy domy

4

For X ER GY e4and FX 5 Y € 9, writef and g, respectively, to denote their transposes

across the adjunction. K sends an object I EN GUy to FT N Uyp and a morphism
m

(r S5AT S GU;) to (FT L FAFT LA U;). It can be easily seen that K preserves
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m

identities. Suppose (I’ 5 AT S5 GU) o > 1 and (A 50,45 GUy) : 7 — § are
composable morphisms in [GU]. Their composition is (r;s, (m,r;n)o; Gy)). This morphism
is mapped onto (F(r;s), <m,/r;\n>0;y) by K. On the other hand, we can first apply K and
then compose. What we get is (Fr; Fs, (i1, 7;1)0;7). So the problem is reduced to showing
that if T 2 GU; and T 3 GU; are composable, (m:rzz)o = (i, my). By definition,
<m1/,%2>0 is F<m1,m2>o;6uz- The map F{m;,my)¢ is (Fmy, Fmy)o because F preserves
limits. By the naturality of € and a diagram-chasing, we have ey, = ey, Xo€yy,. Therefore

—

(mi,my)o = (Fmy, Fmy)o; ey,
= <Fm1;EU1’Fm2;EU1>0

= (niy,my)o.

We conclude that K is a functor. It is easily seen that K renders the square commutative.
Next we must show that it is a pullback. Suppose M; F = N;domy.

The functor H : 4 —> [GU] is defined as follows

X — MxGu,,
xLy — (MfN),

where we have confused notationally Nf with its second component. H so defined clearly
preserves identities. For morphisms X ER Yand Y 5 Z in B, the composition of Nf and
Ng is

(FM(f:g), (Nf,FMf;Ng)o;7)-
So H(f;g) = (M(f;g), (Nf,FMf;Ng)o; Gy). On the other hand,

H(f);H(g) = (M(f);M(g),(Nf,Mf;Ng)o;Gy)
= (M(f;g),(Nf,FMf;Ng);Gy).

So we only have to show that if FA N U; and FA4 N U; are composable, then (7,7)g =
{(0,1)0. But

<Ea f>0 = (’TA 5 GO', Na; GT)O
n4;(Ga, Gt)o
= 14;G(0,17)0 G preserves limits

= (o,7)0.
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Finally, we note that (K, F) is a strict cartesian map from domgy to domyy because it
G(id)

sends a canonical cartesian lifting I’ %5 A5 GUy == GU, onto the canonical cartesian
e & id
11ft1ngFFB>FA—>U0|—>U1. Ul

Theorem 3.8. Suppose p; : &1 —> %, is a split fibration and p, 41 4G : &, — Hr is a
split D-category. Then p; is internally codable (definable) in %4, via .4 : #; — %, iff it
is internally codable (definable) in &, via #;1 : #; — &».

Proof. One direction is established by Lemma 3.6.

& —— [Gu—"—
D1 domgy domyy
%1 i ~ % I P

Suppose (H,.#;I) is a strict cartesian map from p; to domy. By Lemma 3.7, the
right square in the above diagram is a pullback. So H factors as J;K for some
J : & < [GU]. If the outer rectangle is a pullback, the left square is a pullback.
If H sends a canonical cartesian lifting to the canonical cartesian lifting (IM ki
IN,Io;0;id), then J must send the former cartesian lifting to the canonical carte-
sian lifting (M N N,o;0;G(id)). That is (J,.#) is a strict cartesian map from p; to
domg. L]

4. Introducing Arr

The purpose of the first two subsections is to recap on ELF and Martin-Lof’s logical
framework. In order to compare our logical framework to these two languages, we will
give a complete presentation of both of the languages. It is our hope that by analysing
these calculi at an elementary level, we can bring out the point and the advantage of
Arr. Having reviewed the two languages, we will then introduce our logical framework
ATT.

4.1. Martin-Lof’s logical framework

Martin-Lof’s logical framework (Nordstrom et al. 1990) has the following rules with the
definitional equality being extensional. Since the language is only used for comparison,
we omit the details of the judgemental equality rules. This comment also applies to the
presentation of ELF given below.

Context

' A type x fresh

Empty Context T.x : A valid Context Extension

() valid
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Assumption
I',x: AT’ valid
Fx A bx:q variable
Type
I'-Atype I,x:AF B type
P
' (x:A4)B type rod
Construction
I'x:A+b:B I'tf:(x:A) B T'ka:A
A A
Th(x)b:(x:A)B P T F f(a) : Bla] pp
Set
I valid 'S :Set
t Reflecti
TF Set type o0 Tk EIS) type onection
Conversion
I'Fa:A TTHA=B
Conv

I'ta:B

Using this framework, the Il-types in Martin-L6f’s monomorphic type theory can be
defined as follows:

I : (X:Set)(Y:(x:El(X))Set)Set

A o (X :Set)(Y:(x:EI(X))Set)(f:(x:EI(X))EI(Y (x))EIII(X,Y))

o : (X:Set)(Y:(x:El(X))Set)(f :EIII(X,Y)))(x:EIX))EI(Y (x)).
The computational rule can be described as

o(A,B,A(A4, B, f),a) = f(a) : EI(B(a)),
where we assume
A : Set

B : (x:El(A))Set
f (x:EI(A))EI(B(x))
a EI(A).
We finish this section by pointing out an important feature of Martin-Lof’s framework:

In Martin-Lof’s logical framework, the definitional equalities of type theories (object languages) are
identified with the definitional equality of the framework.

We will call this the equality convention.

4.2. The Edinburgh LF

ELF is based on the idea of Martin-Lof’s logical framework. Its purpose is to code up
a whole range of logics instead of just one group of them as in the case of Martin-Lof’s
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framework. The system is structured into three levels: objects, constructors and kinds.
The top level kinds provide the mechanism for introducing different universes. In any
particular application, a fixed number of constants are introduced, which form a signature.
These are the rules of ELF:

Valid Signatures
X Sig Fy K afresh

Empty Sig S.a:K Sig Kind Sig

0

XSig tyzA:Type cfresh

T.c: A Sig Type Sig
Valid Contexts
Z Sig Fy I’ TI'kx A:Type x fresh
T@ Empty Ctxt Fs Tox i A Type Cixt
Valid Kinds
Fs T Ix:AFs K
T Fs Type Type Kind T by x:AK Pi Kind
Valid Constructors
FsI' ¢c:KeX I'x:AFs B : Type
I'kyc:K Cst Con I'ks IIx:A.B : Type Pi Con
I''x:AFs B :K I'ts A:IIx:BK TI'ks M :B
[ hs ix:AB :Ix:AK 0SCon TFs AM : K[M/x] App Con
I'tsA:K ThFgK' T'FsK~K'
ThsAd:K' Conv Con
Valid Objects
Fs T c:Ae€eX F+ ' x:A4Ael
Thsc:A Const Obj Thsx:A Var Obj
I''x:A+s M : B I'tks M :TIx:AB T s N:A
s Jx:AM :Tlx:AB oS OPI I'Fs MN : B[N/x] App Obj
I'tsM:A ThgA ThrsAx~A
Conv Obj.

'k M A4

To give an idea of what encodings in ELF look like, we present a fragmentary encoding
of simply typed /-calculus. A complete formalization should include encodings of the
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equation rules for lambda abstraction and application. The signature should contain at
least the following constants, where =, stands for = (7):

U : Type
T : U->Type
= : Ilo:U.T(0)—>T(0)—>Type
= : U-U-U
abs : Io:UIlt:U.[T(6)>T(1)]>T(c=7)
app : Io:UIlt:U.T(6=1)—T(06)—>T(7)
p: Mo:UIlt:UIlf :T(c)—>T(z).Ilx:T(0).[app(a, t)(abs(a,7)(f), x) = fx].

We should remark that in ELF equalities in object languages are ‘internalized’ by
appropriate constructors. Following Martin-Lof’s logical framework, ELF employs the
following principle:

Variables of object languages are identified with the variables in the logical framework.

We will call it the variable convention.

4.3. Ar7: a framework for defining type theories

A typed calculus can only be a framework for a certain collection of typed calculit.
Some logics can be faithfully represented in such a framework because they have type
theoretical formulations via the Curry—Howard isomorphism. Some other logics can be
mimicked in the framework because some of their aspects can be captured type the-
oretically, and these aspects are considered to be important. A well-known example
that cannot be coded up in ELF is relevant logic. Moving to a stronger type sys-
tem is not necessarily a good idea. As far as logical frameworks are concerned, the
priority should always be with simplicity and good meta-theoretical properties. So, as
long as one’s logical framework is a typed calculus, what one can code up in this
framework are some other typed calculi; and that is all. It is for this reason that
we think of Apr as a framework for defining type theories. It should be emphasized
that A7t is not meant to be a stronger logical framework. It is meant to be a man-
ifestation of our view that a logical framework is a setting for defining frame lan-
guages.

The language Arr is designed with the following goals in mind: it should incorporate
ideas from both ELF and Martin-Lo6f’s logical framework; it should simplify model the-
oretical investigations; and it should have a built-in mechanism that formalizes processes
to define internally definable typed calculi. There are several design decisions one has to
make. Let us mention two of them:

(i)  we decide that Apr should have finite product types, and
(i) we decide that 77 should be an explicit language.

T we only consider languages where there is a notion of variable.
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Both decisions are in line with the second goal mentioned above. As for pragmatics, we
adopt the well-established variable convention and the well-behaved equality convention.

There are usually two ways to present a typed calculus. In both approaches, one first
defines the abstract syntax of the entities of the calculus and then gives rules defining
the well-formed entities. A type theorist would go on to formulate reduction rules and
define the definitional equality in terms of reduction. The notion of reduction is essential
in proof-theoretical studies (Luo 1990a; Harper et al. 1993). A mathematician on the
other hand prefers to define the definitional equality via judgemental equality given by
judgemental equational rules (Pitts 1987; Hyland and Pitts 1989). This latter approach
is favoured in semantical investigations as it renders no proof-theoretical problems when
forming term models. Our logical framework A77 as used in this paper will be given in
the second style for the obvious reason.

The abstract syntax for types and objects in Arr is described by the following grammar:

Types A 1= C|U|1|AxA |TIx:A.A" | ty(M)
Objects M == c|x|*| (MM | mM | oM | ix:AM | M(M')

where C is a type constant declared in a signature, U a universe declared in a universe
declaration, ¢ an object constant declared in a signature and x an object variable. Types
of the form ty(M) are nonstandard. The role of the type constructor t will be explained
after the rules. Arr has assertions of the following forms:

— Q Uni—Q is a list of special types called universes. A universe is a type whose
inhabitants can be lifted to types.

— ko X Sig—2 is a list of constant types and/or constant objects whose types may
contain universes declared in Q.

— Fqx I' Con—T is a well-formed context under Q and X.

— Fq:x Th Theory—Th is a finite set of definitional equations under Q and X.

— The other assertions are obvious.

Substitutions into terms are defined as usual in metalanguage. The only case that is worth
mentioning is

to(M)[M'/x] € ty(M[M'/x]).

The rules concerning the well-formed entities of Ar7 are as follows:

Universe
FQUni U fresh
F () Uni Empty Universe - Q.U Uni Universe Intro
Signature
€ Uni Fq £ Sig  C fresh
o () sig TP S19 Fo T, CSig  ooTyPe

[0 Faox A Type ¢ fresh

Fo 3¢ : A Sig Sig-Obj
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Context
Fqo X Sig I' ko5 A Type
m Empty Context s T,x : A Con Context Intro
Type
FosxT Con U in Q FoxI'Con CinX
Tros UType ©0P¢ Thas CType ©7P¢
Fox I' Con I'kqos A Type I Fqx B Type
T Fos 1 Type oM I Fos AxB Type Prod
Ix:AkFqs B Type lroxM:U UinQ
T Fos [x:A.B Type 17100 [ Fos to(M) Type  enection
Object
FozxI'Con c¢:CinX FoxI'Con x:AinT
IFosc:C C-0bj Ihosx:A V-0bj
I'N'x:AFqx M :B I'Fgs M :IIx:AB T lkqsx N :4
T Fos ix:AM :Tx:AB 08 T Fos MN : B[N/x] App
Fox T Con Ibogs M:A Thros N:B
Thos*:1 Singleton T Fos (M,N) : AxB Pair
I'Fosx M : AXB I'koqsx M : AXB
ThosmM:4 =7 TrgsmM:B 0o
Conversion
IkoxsM:A4 Thos BType T'hos A= B
Conv.

I I—Q;z M :B
The set of judgemental equational rules contains the following extensional rules

FI—Q;EMII

rl—Q;zM=*21

[tos M :Tx:A.B T,x:Alqs B Type

I'kFogs Ax:AMx=M :1Ix:A.B

I I_Q;Z M :AxB T° l_Q;E A Type r l_Q;E B Type

rl—Q;z <TE1M,7E2M> =M : AXB
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and the rule that reflects the judgemental equality between objects of a universe to that
between the corresponding types

rl—g;zM:NIU Uin Q

I' ks ty(M) = ty(N)

We omit the rest of the rules since they are well known.
In order to have an external view on equations in object languages we need equational
contexts:
Fq X Sig

s () Theory Empty Theory

IF'kgsM:A ThlqosN:A Fqs ThTheory

oz THIT - M = N : 4] Theory Theory Introduction.

An equational context is just a finite list of definitional equations. If F-q.s Th Theory, we
write ' Fa.s M =7, N : Aif I’ Fgx M = N : A is derived from the equations in Th as
well as the definitional equations of Ary.

A careful reader must have noticed that by eliminating the higher-order structure in
ELF we have collapsed rules about valid constructors and those about valid objects into
one group.

A prominent feature of Arr, as compared to ELF, is that there is a built-in operator
ty, for each universe U, that reflects an object M of the universe to a type ty(M).
To appreciate this operator, one must first of all understand the role played by the
kinds in ELF. The basic fact about the kinds in ELF is that they are all of the form
Ix; :Ay.---Tx, : A,.Type, where Ay,---, A, are types. In ELF it is legitimate to declare
a constant constructor of a closed kind in a signature; but it is forbidden to declare
a variable constructor of any kind in a context. It follows that ELF is not a full-scale
higher-order language. In ELF one never quantifies over a kind. The purpose of kinds is
to introduce constant families of types indexed over types. This is the only place where
genuine dependent types come into the language. It is this property that enables us to
imitate ELF by a first-order language Arp through the use of the lifting operator t. The
role of Ilx; :A;.---Tlx, :A4,.Type is now played by Ilx; : A;.---Ilx, :4,.U in Arr, where
U is a universe. This is possible because in ELF we never talk about variables of a kind.
The type IIxq : 4. - IIx, : 4,.U classifies the families of names of types indexed over
types Ai,...,A,.

In true type theoretical spirit, A7 is an extension of Martin-Lof’s logical framework.
The additional features are product types and universe declaration’. The universe dec-
laration is the best way of getting rid of higher-order operators like those in ELF while
retaining all the expressive power. The product types are a compromise between having
2-types, which are troublesome, and having only II-types, which sometimes does not
produce encodings in the way we want (the problem is even more serious when we

T As we have seen, Martin-Lof deals exclusively with only one universe Set.
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have universe declaration). For instance, in ELF the plus operator + : N>N—N has a
drawback: +(n) usually does not correspond to anything in the object language. In Arp
we can declare + to be of type NxN—N. The problem now disappears.

There are at least three questions concerned with Apr:

1 If we forget about the equational contexts of Arr, we get a sublanguage, which we
call Ay . Is Apr confluent and strongly normalizing? More generally, is 4. decidable?

2 How do we carry out meta-theoretical investigations into a typed calculus formulated
in iTT?

3 What is the proper notion of semantics of Arr?

The answer to Question 1 is believed to be yes. But so far its combinatorial complexity has
defeated all attempts to prove it. The problem is that the proof of subject reduction and
that of the Church—Rosser property are heavily interwined. No trick has been invented
to break the cycle. Our intuition tells us that A, r is a kind-free formulation of ELF with
finite product types. Unfortunately, we have not been able to give a reversable translation
between them.

Question 2 is harder. It cannot be tackled before the proof theory of Arr has been
fully understood. Suppose we have defined a language . in A7 and want to show that a
property £ holds of .. Suppose further that 2 holds of A177. From that we need to prove
that 2 holds of the extended language Arr + £. So the problem is closely related to that
of compositional understanding of type theory — an issue that has not yet been properly
addressed (as far as we know, the proof theory of the monomorphic Martin-Lof’s type
theory is unknown).

This paper attempts to give an answer to Question 3.

5. Coding object languages

In this section we give four examples of how to encode typed calculi and logics in A7 7. The
reader is encouraged to compare Examples 5.1 and 5.3 with those given in Sections 4.1
and 4.2. In the following, we will often use subscripts for application. For instance, app,, .
stands for app(o)(1).

Example 5.1. Throughout the rest of this paper, we fix a simply typed A-calculus with a

finite number of constant types. The following is a formulation of this calculus in Arr.
Q,Q is U
X, 1is N UxU—-U

= UxU—-U

o U

(VA tU(O)

bs : Ilo:U.Ilt:U.[ty(c)—>ty(t)]—>ty(c=>1)

pp : Io:Ullt:U.ty(c=1)Xty(o)—ty(r)

pair : Ilo:U.Ilr:U.ty(o)xty(t)—>ty(oAT)

pr; : Io:Ullr:U.ty(cA1t)—ty(o)

pry : Io:U.Ilt:U.ty(aAt)—ty(t)
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Th, is ‘toszlo:U-t:U,f :ty(o)>ty(),x :ty(o) F
app, . (absy (), x) = fx : ty(7)]
Fos [o:U,t:U,f :ty(lo=1) F
abs,  (4x :ty(0).app, . (f, X)) = [ : ty(o = 1)]
Fox [0 : U, 1 :U,x tty(0),y  ty(1) F (pri)sc(pair, (x,y)) = x : ty(o)]

l_Q;): [G : U:T : U,X : tU(U)ay : tU(T) = (prZ)G,r(paira,r(xa Y)) =)y tU(T)]
I_Q;): [U : U:T : U:Z : tU(O-/\T) F paira,z((prl)o,rza(prZ)rT,rZ) =z: tU(O- A T)]
I—Q;): [X : tU(O) FO=x: tU(O)]

Here ¢ codes up the unit type in the simply typed A-calculus; & provides an inhabitant
of the type ty(¢); and the accompanying definitional equation forces this inhabitant to be
unique. &, will stand for this encoding. We do not give the encoding of the constants as
it is obvious. The same remark also applies to the following examples. Ll

Example 5.2. Again fix a higher-order polymorphic A-calculus with a finite number of
constant types. To formulate the language in Arr, one must have an operator that
transforms higher-order functionals to types. So, in addition to the encoding for the
simply typed ZA-calculus, we need to add constants and equations that deal with kinds and
constructors.

The encoding goes as follows:

QPL is U,

K
Xpr 18 AN KxK—K
= KxK—-K
$ ¢ K
T : K
Qo otk(9)
bs Ik : K .Ilg : K .[tk (k) >tk (0)] =tk (k=>0)
pp : IIk:K.Ilg:K.tgx(k=>0) Xtk (x)—tk(0)
pair : Ilk:K.Ilg:K .tg(x)xtx(0)—txk (kA0)
pr; : Ilk:K.Ilg:K.tg (kAg)—tk (i)
pr, : Ilik:K.Ilg:K.tg(kAg)—tk(0)
in : tx(T)»U
out : U-tg(T)

AN tK(T)XtK(T)—)tK(T)

= tK(T)XtK(T)—)tK(T)

< tK(T)

v Ik : K (tg (k) —>tg (T))—tg (T)

© ty(in(o))
abs Ilo :tx (T tx (T).[ty(in(g))—ty(in(t))] -ty (in(c=>1))
app Mo :tg (T 1t (T).ty(in(e=1)) xty(in(a))—ty(in(t))

[
ty (in(
ty(in(a)) Xty (in(z))—>ty(in(a At))
ty(in(o At))—ty(in(o))

)1t ).

: )1z ).

pair : Ilo:tg(T)Ilt:tx(T).
pri : o :tg(T).IIt:tg(T).
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pry : o :tg(T).IIt :tx (T).ty(in(o At))—ty(in(t))

Abs : Ik :K.IIF :tg(k)—>tg(T).(Ilo : tg (k).ty(in(Fo)))—
tU(in(VK(F))) .

App : Ix:K.IIF :tg(k)—>tg (T).ty(in(V(F)))—
Ilo :tx (k).ty(in(Fo))

Thpr is Fas[k:K,0 K, f :tg(k)—=tg(0), x : tx(x)
F app,.o(abs,(f). x) = fx : tx(0)]
Fox [k :K,0 : K, f : tk(k=0)
b abs, o(Ax 1tk ().app,o(f> X)) = f : tk (k=>0)]
Fas [k 1K, 0 : K, x : tg(k),y : tk (o) F (Pry)sz(pair, .(x,y)) = x : tg (k)]
Fax [k 1K, 0 : K, x : tg(k),y 1 tk(Q) F (Pry)sc(pair, [(x,y)) = y : tk(0)]
Fax [k :K,0 1 K,z : tg(kAg) F pair, ((Br)scz, (Bra)esz) = z : tx (KAQ)]
Fas [x 1tk (d) F Q= x 1 tx(9)]
[x : tg(T) F out(in(x)) = x : tx(T)]
Fox [x : U Fin(out(x)) = x : U]
Fos [k 1 K, F : tx(k)=tg(T),x : Ilo :tx (x).ty(in(Fo))
= App, p(Abs, r(x)) = x : Ilo :tk (k).ty(in(Fa))]

Fas [k 1 K, F : tx(k)—=tg (T), x : ty(in(Vi(F)))
F Abs, r(App, r(x)) = x : ty(in(V(F)))]

Fas [0 tk(T), 7 : tx(T), f : ty(in(e))—ty(in(7)), x : ty(in(a))
Fapp, .(abss(f), x) = fx : ty(in(1))]

Fas [0 :tg(T),7 1 tx(T), f : ty(in(c=1))
Fabs;:(Ax :ty(in(a)).app,.(f,x)) = f : ty(in(c = 1))]

Fas [0 :tx(T),7 : tx(T),x : ty(in(a)),y : ty(in(z))
F(pri)e(pair, (x,y)) = x : ty(in(a))]

Fas [0 tk(T),7 : tk(T),x : ty(in(a)), y : ty(in(r))
F(Pry)ec(pair, (x,y)) =y : ty(in(7))]

l_Q;Z [O' ItK(T),‘E ZtK(T),Z :tU(in(a/\r))
F pairo’,r((prl)a,rz,(prZ)a,rz) =z tU(in(o- A T))]

Fas [x :ty(in(e)) F Q= x : ty(in(e))]

In the above encoding, K is the universe of kinds; the constant & codes up the
unit kind, T the kind Type of all types. The map in helps to code up the ob-
jects. Notice that the map out and the two accompanying equations, which forces
in and out to be inverse to each other, are unnecessary from the proof theoretical
point of view. They are included in the encoding to achieve a better categorical de-
scription. We will refer to the entire encoding of this higher-order polymorphism as
EpL. O

Example 5.3. We now give an encoding of Martin-Lof’s type theory built on a finite
number of constants. The encoding should look familiar. In this example we leave out
the subscript in ts.,, and abbreviate the context [A4 : Set, B : t(4)—Set] to T
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QML is Set
XmL 1S n I1X :Set.(t(X)—Set)—>Set
o : IIX:Set.(t(X)—>Set)>Set
A TIX :SetIlY :t(X)—SetIIf :(ITx :¢(X).t(Y (x))).t(n(X, Y))
o : TIX:SetIlY :t(X)—>Set.Ilf :t(n(X,Y)).IIx :t(X).t(Y (x))
pair : TIX :SetIlY :t(X)—Set.Ilx :t(X).ITy:t(Y (x)).t(c(X,Y))
Py TIX :SetIlY :t(X)—SetIlf :t(a(X, Y)).t(X)
P, : TIX:SetIlY :t(X)—SetIlf :t(o(X,Y)).Y(P1(X,Y,f))

Thyp is  Fox [I,f @ (x:t(A).t(B(x))),a : t(4) -
o(A,B,A(A,B,f),a) = f(a) : t(B(a))]
Fas [I,f 1 t(n(4,B)) - A(A, B, Ax :t(A). (4, B, f,x)) = f : t(c(A, B))]
Fax [ a :t(A),b : t(B(a)) - Pi(A4, B, pair(A, B,a,b)) = a : t(4)]
Fas [I,a : t(A),b : t(B(a)) F Pa(A, B, pair(A4, B,a, b)) = b : t(B(a))]
I—Q;z [F,f : t(O’(A,B)) F
pair(4, B, P1(4, B, f), P2(4, B, f)) = f : t(a(A4, B))]

We denote this encoding by &pp. L]

The examples given above are all about encodings of typed calculi. That does not mean
that Arr cannot describe logics within it. In fact, A7 can deal with logics just as well as
ELF. In the following example, we only give fragmentary encodings. The reader is advised
to compare them with those given in Harper et al. (1993).

Example 5.4. When formulating an object language in Ap7, the first thing one has to
decide is whether a syntactical class is coded by a universe in Q or a constant type in X.
The general principle is that if an entity of a syntactical class is itself inhabited by other
entities, that syntactical class should be coded up by a universe. For instance, in first-order
logic, there are a class of terms and a class of formulas. As formulas are inhabited by
proofs, the latter syntactical class is encoded by a universe

0 in Q.
The other syntactical class is coded by
K in X.
Some of the constants in X are:
0 : k
S I KoK
+ I KXK—K
= KXK—oQ
- 19—

Voogxg—
Voo (k—0)—e
RAA : Ip:o.ty(==p) = ty(p)
ALL —E : IIF:k—llx:Kk.ty(V(F))—=t,(Fx).
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The last two code up the reductio ad absurdum rule and the elimination rule for the
universal quantifier respectively. The situation in the case of higher-order logic is, however,
slightly different. We still have the universe

01in Q,

but it no longer works to interpret the syntactical class of terms as a constant type in
2. In order to code up higher-order quantifications uniformly, the class of terms and the
‘name’ of ¢ must be encoded by the constants of the same type. So we have in X

where
H is in Q.

Also in the X are

0 : ty(x)

succ : ty(x)—ty(x)

+ 0 tg(r)Xtp (K)ot (k)

< 1 oty(R) Xty () >ty (0)

> ty(0)xty(0)—tu(Q)

= : Ilo:H.ty(o)xty(o)—ty(0)
vV Mo :H.(tg(0)—tu(0))—tu(0)
in 1 ty(0)—e
All—1 : Tlo:HIIF :tg(o)—ty(0).(Ilx :ty(0).t,(in(Fx)))—=t,(in(Vs(F))).

In the full encoding, there should be application and abstraction constants and the
accompanying definitional equations that ensure that ty(o;—0,) and ty(o;)—ty(oy) are
‘isomorphic’. As in Example 5.2, the constant in helps to code up the logical rules. Ll

6. Internal categories in 177

What does it mean to code up an object language in Arr? Since the term model of Arr
is a fibration, we can rephrase the question as how do we say ‘coding-up’ in the language
of fibrations? Our view, which is motivated by the example given in Section 3, is that a
coding-up process amounts to defining an internal category (internal categories). In Apr
there should be a routine way of constructing internal categories. It is the purpose of this
section to show that Apr has a built-in mechanism for defining internal categories.

Let & be an encoding in Arr. We can build a term model (A7, &) from the constants in
the universe declaration and the signature of & using the equational contexts in & (Seely
1984; Streicher 1989). It is common knowledge that the term model forms a fibration
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(Arr,&6) : 7 —> €. Here % is the category of contexts and context realizations. A context
realization r : I' — [xy : Ay,...,x, : 4,] is a tuple (aj,ay,...,a,) such that

I F a1:A1
I' + az:Az[al/Xl]

r F an:A,,[a1/x1,...,a,,_l/xn_l].

The objects of J are types. For instance I' - 4 is an object in J (We have left out the
meta-symbol type). A morphism from I' - A4 to A+ B is a pair (r,f) where ' Fr : Ais
a context realization and I'  f : A—B[r]. Notice that, strictly speaking, f should be the
equivalence class [f]. We will, however, always confuse an equivalence class with one of
its representatives. The functor (Arr,8) : 7 —> ¥ takes ' - A to I and (r, f) to r.
There is a collection D of display maps in 4. A realization I’ 5 Aisin D iff it is of

the form [x; : A1,...,xy : ApyXuat & Angt] — [x1 @ A1,...,x, : A,]. It is readily seen
176 . . . d
that 7 Vrr) % is essentially the same as the fibration /D .
In category theory there is a well-known technique for constructing an internal category

from a generic morphism T S, U (Pitts 1987; Hyland 1988). In type theory this generic
morphism becomes a generic type judgement x : U b G type. Not every type U has this
property. We have called those that have this property universes. Suppose a universe U is
declared in the encoding &. A distinguished feature of Ar7 is that 4 contains an internal
category U constructed from U. This is made possible by the lifting operator ty. Using de
Bruijn’s notation, the components of this small category can be defined as follows:

U & Ukt

U € U2Ftu(1)=tu2)

U ¥ U3 F [tu() =ty Q)] x[tu(2)—tu(3)]

dy £ (m, U F aw:[tu(1)—ty(2)]%) mis [ Uy U] [ U]
& (1, U F w [to(1) oty (2)]%) w2 is [x: Uy U] [y < U]

My = ((m,m), U fto (1) -ty ()] [ty 2) -ty (3)] 2 w)

0 S ((mms), UP Faw : [to(D—ty )] X [to(2) >ty (3)] maw)

iqg 4 Ou, U F Aw: 120 :ty(1).0) oy is [x : U] e [x; : U,xy : U]
7 € () U E o [to(D-tu )] [to(2)=tu(3)]0 st (D maw)((mw)e)).

In the above definition, U? is the context [x; : U,x; : U]; the pair (m;,7,) is the context
(x1,X2)

realization [x; : U,x> : U,x3 : U] == [x : U,y : U]; and U? | ty(1)—ty(2) for instance
is x1 1 U,x; : UF ty(x))—ty(xz).

Lemma 6.1. The above data form an internal category in the fibre category 4 of the
fibration (Arr,&) : 7 —> € associated with the encoding &.

Proof. This is routine, but we will just mention two things. First it can be easily
checked that the following diagram is a pullback. Here ! is Ax : A.* for appropriate A.
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The objects p; and p; are U3 F Jw : [ty(1)—ty(2)] x [ty (2)—=ty(3)].mw : ty(1)—ty(2) and
U3 Fw : [ty(1) =ty (2)] x [ty (2)—=ty(3)].maw : ty(2)—ty(3), respectively.

U F [to(D)—to ] x[tu)—to3)] T2EEP2) 52 b (1) ty(2)

(1, m2), p1) (m1, 1)

U? F ty(1)—>ty(2) UF1

(m2, 1)
Second, to prove that compositions are associative, one needs to form an object Us. It is
the type U* F ([ty(1)—=ty(2)] x [ty (2)—ty(3)]) X [tu(3)—ty(4)] of course. L]

Apart from (Arr,&), there are another two obvious functors. The functor {_ F 1} :
% — 7 embeds % in J by sending a context I' to I' - 1. The functor {_[]} : T — ¥
on the other hand is basically the context extension. Its actions on objects and morphisms
are defined as follows:

I'FA — TI,x:A,
r,f):TFA)—>AFB) — (r,fx):(I,x:A)—(A,y :B)

To our knowledge, the following fact was first observed by Ehrhard (Ehrhard 1988).
Lemma 6.2. (Ar1,&) - {_F 1} 4 {_[]} form a D-category.

It is a direct consequence of Lemma 6.2 that if we apply the functor {_[_]} to U we get an
internal category U in %. This U is isomorphic to the following internal category:

U <€ [x:U]

Uj def [x1 : U,x2 : U, f 1 ty(x1)—=ty(x2)]

Uy & [x U % Uxs s UL f o tu(x)—tu(x) g - tu(xa)—tu(xs)]
dy € (x1):U|-U

4 € (x):U-U

id € (xx, Ay tu(x).y)

0y, € (x,x.f) U-U

0 € (x2x3,8) U,

y def (x1,x3, Ay 1ty (x1).g(fy)) : Uy—U).

From now on, we take U to be this internal category.

Proposition 6.3. U is an internal full subcategory of %, relative to D, induced by the display
map [x : U,y : ty(x)] ~—> [x : U],
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w—22— ¢/p .

lle

N

domU cod (ArT,8)
€

Proof. In the above diagram, H sends an object (a) : ' — [x : U] onto the display map
I,z :ty(a) — T'; it sends a morphism (a,b,f) : T —> [x : U,y : U,z : ty(x) — ty(y)] in
the fibre domal(l“) onto the morphism (Idr, fz) : (I',z : ty(a) > ') — ([, z : ty(b) — I).

It is full and faithful by the y-rule. The fact that U is induced by [x : U,y : ty(x)] ),

[x : U] is also routine to check. L]

. d . . (r1:6) . -
Since /D 5 @ is isomorphic to 7 —> &, it makes sense to say that U is an

internal full subcategory of 7 var ) %.

If there is more than one universe declared in an encoding, then for each universe one
can construct an internal full subcategory.

More light can be cast on the above result if we look at it from a proof theoretical
point of view. Suppose & encodes .. As in ELF, variables of the encoded version of
% in A7 are identified with those in A7r. What is the model theoretical implication of
this decision? Suppose I' Fqy a : U. Then a ‘variable’ of a in the encoded langage is
an indeterminate of the object (a,*) in the fibre [I,U]. On the other hand, a ‘variable’
of a in Apr is an indeterminate of the object I  ty(a) in (Ar7, &) N(I). If we are to
identify a variable in the encoded language with the corresponding variable in Arr, then
[T, U] should be a full subcategory of (Ar7,&)~1(I'). We therefore conclude that the result
stated in Proposition 6.3 is the categorical counterpart of the variable convention. This
categorical explanation has a feedback to type theory: the variable convention forces a
conservative extensionality relationship between an encoded calculus and the framework
ATT.

7. Structures of universes

We have not told the full story about the internal categories discussed in Section 6.
When defining a typed calculus in Arp, we force those internal categories to have
specific structures. In this section we show that the internal categories induced by the
universes declared in the first three examples in Section 5 have the necessary categorical
structures that are usually associated with the categorical models of the three typed
calculi, respectively. More specifically, we will show that in the encoding of the simply
typed A-calculus, the internal full subcategory U induced by the universe U is equipped
with explicit cartesian closed structure. The internal categories U and K induced by the
universes in the encoding of the polymorphic A-calculus also possess the same structure. In
addition, U has explicit products over the encoded kinds. For the encoding of Martin-Lof
type theory one can show that the internal full subcategory Set induced by the universe
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Set has an appropriate explicit internal structure, which, when externalized, gives rise
to the left and right adjoints to weakening functors. We will omit an account of the
Martin-Lof case, since the proofs are similar to those in the polymorphic case. In this
section, we systematically omit the subscript in tq5.

Lemma 7.1. The equations in Th; imply that the following diagrams are pullbacks in the
base category of the fibration (Ar7,&;), where ® is = (or A) and ® is — (or X); m is
absy, x,(f) when ® is = and is pair,, ,,(f) when ® is A.

01— e Uy ()]
0 (x)
) —g— k)

[xl : U’ X2 - U:f :tU(X1)®tU(X2)] (M»

[x: U,y :ty(x)]
(x1,x2) (x)

[X1 . U,X2 . UW [X . U]

Proof. This is routine, as follows. Suppose we have a commuting diagram like this

r—CD Uyt
(a,b) (x)
[x1 :U,x;5 : U] (x1=x2) [x : U]

Clearly ¢ = a=-b and T' I f : ty(a=>b). Let (a, b, ?) be the mediating morphism. Then
abs,»(?) =f.
Therefore

2z = appa,b(absa,b(?)sz) = appa,b(faz)'
It follows that

? =2z :ty(a)-appy(f, 2).
The proofs for the other cases are similar. ]
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The categorical implication of Lemma 7.1 is obvious once we notice the facts in the
next lemma.

Lemma 7.2.

(i  Both [x : ty(o)] and [] are terminal objects.
(i) [x1 : U,xp : U] is the product of [x : U] and [x : U].

(i) [x; : U,xy : U,y : ty(x)] (ﬂ) [x; : U,xp : U] is the pulling-back of [x : U,y :

ty(x)] ), [x : U] along the projection [x; : U,x; : U] AN [x : U]
(1v) [x1 : U,xy : U, f : ty(x))Xty(xz)] (or [x1 : U,xy : U, f : ty(x;)—ty(x;)]) is the
product (or exponential) of [x; : U,x; : U,y : ty(xy)] and [x; : U,x; : U,y : ty(x2)]
in the fibre over [x; : U,x, : U].
We conclude that the internal full subcategory U has explicit cartesian closed structure.
In the case of &py, this property holds for both U and K. But now the diagram
associated with U needs to be modified as follows: in the first diagram, o should be
replaced by in(¢); in the second diagram, when ® is —, ® is in(out(x;)=> out(x;)) and m
is absgytx,).outx,)(f); when ® is X, ® is in(out(x)Aout(x,)) and m is PaIrout(x,).0ut(xy) (f)-
In addition, we have the following lemma.
Lemma 7.3. In the encoding &'p, of the higher-order A-calculus, the following is a pullback
in the base category of the fibration (Arr,&pr) for any o5 k : K.

(in(vlc(OUt © x)), Abs, oyter(2))

[x :tg (k) U,z : Iyt (k).ty(xy)] ~[x U,y :ty(x)]
(x)

g RO U]

(x)

[x : tx ()= U]

(in(Vx(out o x)))

Proof. Suppose the following diagram commutes.

r— &) Uy ]
(F) (x)
[x : tg (k)> U] - [x : U]

(in(V,(out o x)))

Clearly G = in(V,.(out o F)). Assume the mediating morphism is (F, ?). Then we have
Abs, outor(?) = 1 = ty(in(V(out o F))).
So

1= AppK,OUtOF(AbSK,OUtOF(?)) = Apprc,OUtOF(t)‘
This completes the proof. ]
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Lemma 74.

(1)  [x :tg(x)—>U] is the exponential of [x : tx(x)] and [x : U].

(i) [x :tg(x)>U,y : tg(x)] is the product of [x : tx(k)— U] and [x : tx(k)].

(iii)  [x @ tx(

(iv) [x :tg(x)>U,y : tg(k),z : ty(xy)] o) [x : tg(k)> U,y : tg(x)] is the pulling-back

K)—U,y : tg(x)] ﬂ [x : U] is the evaluation map.

of [x : U,y : ty(x)] W, [x : U] along the evaluation map in (iii).

(v) [x:tg(k)>U,z : My:tg(x).ty(xy)] D, [x : tg(k)—>U] is obtained by applying to
[x i tg(x)>U,y : tg(k),z : ty(xy)] o) [x : tg (k)= U,y : tg ()] the right adjoint to
the relabelling functor over [x : tx(k)—> U,y : tx (k)] D, [x : tx(k)— U]

In summary, Lemmas 7.3 and 7.4 together say that the internal category U has explicit
products over types lifted from ‘kinds’.

We can generalize what is embodied in the above examples: If a collection of certain
entities in an object language is represented by a universe in Arr, then to code up the
operators associated with the collection is to equip the internal full subcategory, induced
by the universe, with explicit categorical structures.

8. Syntactic adequacy and internal definability

This section reveals the close tie between syntactic adequacy, a linguistic notion, and
internal definability, a semantic notion. This is done by examining the encodings defined
in Section 5. We should point out that in order to demonstrate the relationship, we need
not know if the encodings are syntactically adequate, nor do we have to know any specific
proof theoretical properties of Arr.

In this section we are interested in two kinds of models: the closed term models and
the open term models. In the former we consider only closed terms whereas in the latter
we consider terms with free variables. For instance, the closed term model of a simply
typed A-calculus is a cartesian closed category (Lambek and Scott 1986). On the other
hand, the open term model of the same calculus is a fibration ¥, : 9, — %,. Here
%, is the category of contexts and their realizations, and a morphism over I € %, is an
equivalence class of terms I' - f : A—B. In the case of dependent typed calculi, however,
we always talk about open term models.

Because of the presence of the equational contexts, the syntactic adequacy used in this
paper is slightly different from that defined in Harper et al. (1987, 1993).

8.1. Adequacy of &; and definability of simply typed A-calculus

Let #* and ¥, : 7, —> %, be the closed term model and the open term model of the
simply typed A-calculus, respectively. Here .#* has types as objects. A morphism from 4 to
B is a closed term of type A—B. The category %, is the category of contexts and context
realizations. An object in 7, is a pair (I', 4) of a context and a type. A morphism in 7,
is a pair (r, f) : (I', A)—(A, B) such that I —', Ais a context realization and T f :A—>B.
The functor &; is the first projection. The canonical cartesian lifting over I -5 A with
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respect to (A, B) is (r,Ax : B.x). The fibration .#, has a fibred cartesian closed structure.
For example, the product and exponential of the objects (I', 4) and (I, B) in the fibre over
I' are (I, AxB) and (I', A—B), respectively.

The encoding &; provides us with a translation from a type 4 in the simply typed
J-calculus to a closed term A of type U in Arr, and from a judgement

x1 i A, ..., xp tApFa: A (1)

in the simply typed A-calculus to a judgement (in this section, we are not going to distin-
guish notationally the universes (signatures) defined in the examples given in Section 5)

X1 s tg(Ar)y. X tu(An) Fas @ ty(A) 2)

in Arr. We now define the translation inductively as follows:

i ¥,
AxB © AAB
ASB ¥ A=B
A def
X = X
V)
- def o N
(f:A->B,a:4) fa = app;(f.a)
(b:B) ix:Ab € abs;y(ix:ity(A).h)

(@:A4,b:B) (ab) £ pairy;(ab)

(c:AxB) mec = (pry);3(0)

def

(c:AxB) e & (pry);4(@).

The syntactic adequacy for the encoding &, consists of the following statements:

1 The map that sends a type A to its translation A prescribes a bijective correspon-
dence between types in the simply typed A-calculus and judgements of the form
X1 - tU(,éfl),...,xn : tU(/fn) Fox M : U in Arr (with the encoding &;) for any fixed
types Ai,...,A, in the A-calculus. Strictly speaking, M should be an equivalence class,
where the equivalence relation is induced by the definitional equality of Arr. Notice
that intuitively x; : tU(/fl),...,xn : tU(/fn) Fosx M : U if and only if Fq.x M : U. But
that belongs to the proof theory of Arr.

2 The map that sends (1) onto (2) is a bijection between the judgements of the form (1)
and the judgements of the form x; : tU(/fl),...,xn : tU(/f,,) Fox M : tU(ﬁl). Strictly
speaking, M should be an equivalence class, where the equivalence relation is induced
by the definitional equality of Arr.

3 x1:A41,...,x, i Ay Fa=0>b:Aif and only if x; :tU(/f]),...,x,, :tU(/fn) Fas a =71, b
tu(A). - A

4 The translation is compositional, that is, a[b/x] is syntactically the same as a[b/x].

Proposition 8.1. If &, is syntactically adequate, then both %, and ¥’ are internally

definable by U in (Arr,&;). In addition, the two interpretation maps send the fibred
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cartesian closed structures of %, and %, respectively, onto the fibred cartesian closed
structure of dom; induced by the explicit cartesian closed structure of u.

Proof. Condition (ii) in Definition 3.4 is satisfied according to Proposition 6.3. This
fact will not be mentioned in the proofs of Propositions 8.2 and 8.3 given below.
(i) Let us explain the functors .# and H in the following diagram.

H .
T (U]
3/1 domU
‘B €

.4 sends a context [x; : Aq,...,Xx, : A4,] in €, onto the context [x; : tU(/fl),...,xn : tU(/fn)],
the existence of which is guaranteed by Statement (1). A morphism r : [x; : Aq,..., X, :
An]l — 1 : Bt,..., Ym : By] consists of

X1 IAl,...,Xn IAn F b1 IB],

x1 :A1,...,xn :An by, By

Statement (2) says that we can define .#(r) to be the realization consisting of

A

Xt to(Ai)e s xa s tu(A)) Fas by tu(B),

X1t tg(A), .o s tu(Ay) Fas b tu(B).

Statement (4) means that .# preserves composition. Statement (3) ensures that .# is well
defined as a functor and is faithful. Statement (3) implies that it is full; and Statement (1)
says that it is injective on objects. So .# is a full embedding functor.

Next, let us define the functor H. An object in the fibre Z7!([x1 : A1,...,x, : Ay]) is
a type A in the simply typed A-calculus. Define H(A) to be the realization (;1) D[
tU(/fl),...,xn : tU(/f,,)] — [x : U], which is essentially the sequent [x; : tU(/f]),...,x,, :
tU(/f,,)] Faos A:U.But by the syntactic adequacy, there is a correspondence between types
in the simply typed A-calculus and sequents like [x; : tU(/fl),...,xn : tU(/fn)] Faox A:U.
So H establishes a bijection between the objects of E;l([xl t Af,..., X, 1 Ay]) and those
in domal([xl Ctu(Ar),. .., x, 1 tu(A)]). A morphism in £ N([x) : Ap,...,x, : Ag) s a
term [x; : Ay,...,x, : Ay] F f : A>B. The syntactic adequacy implies that it is in bijective
correspondence with [x; : tU(/fl),...,xn : tU(/f,,)] Fa:x f : tu(ﬁ:f?). But the latter is in
bijective correpondence with [x; : tU(/fl),...,x,, : tU(/f,,)] Fas Aw :tU(;l).appA’B(]A‘,w) :
tu(A)—ty(B). Let H(f) be

. o (ABawity(2).app;5(7w)
[x1 : ty(Ar),...,xq @ ty(4,)] — [x:U,y : U,z : ty(x)—>ty(y)].
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Clearly H is full and faithful. It is routine to check the functoriality of .# and H. Here we
only show that H preserves compositions. Suppose [x; : Ay,...,Xx, : A,] F f : A»B and
[x1 : A1,...,x, : Ay) F g : B—>C are two sequents in the simply typed A-calculus. Then by
the definition of H, the composition H(g) o H (f) is

(A.C.ow ty(2).2PPg ¢ (2.2PP; 3 (F.w)

Do tu(Ai s X tu(Ay)] — [x: U,y : Uz s tu(x)=tu(y)],
whereas H(g o f) is

o (ALawity(1).apP;¢(gof.m)

Der s tu(Ai)s X s tu(Ay)] e x: U,y : U,z : tu(x)—to(y)].
But
appie(gofow) = app;e(ixiAg(fx),w)

A —

= appg,é(abs;l,@(/lx:tU(A).g(fx)),w)
= (x:tu(A)g(f)w

= g(fw) N

= appg (8, fw)

= appjc(2.appy (. w)).

We are done.

The diagram is also a pullback, so we conclude that ¥, oc (Ar7,&)).

The verification that the interpretation map sends the fibred cartesian closed structure of
&) onto the fibred cartesian closed structure of domyy induced by the explicit cartesian
closed structure of U is routine but long. The following is a snapshot of it. In the
fibre Z,(I'), (I, A—B) is the exponential of (I',4) and (I',B). H sends (I', A—B) onto

I “=9 [x : U]. The latter is the exponential of r SN [x : U] and r B [x : U] by
Lemma 7.1.
(ii) For the closed term model £, a similar argument shows that the diagram below is a
pullback,

7 [U]

! domy

* 3

I

where * is the terminal category and [] sends the only object to the empty context. ]
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8.2. Adequacy of &pr, and definability of polymorphic A-calculus

For higher-order polymorphic A-calculus, there are two open term models: that of kinds
and constructors ZX, : 7K, — &%, and that of types and objects over the empty
kinding context £}, : 7F, — %I,. An object in €}, is a context x; : A1,..., X, : Ap,
where [| F Ay,...,[] - A,. Let £PL . 7PL 5 @PL be the closed term model. Here the
objects of Pl are closed kinds; a morphism from object K; to object K5 is a closed
constructor F : K{—K,. An object in 7L over K is of the form x : K - A : Type. A
morphism from x; : Ky = A; : Type to x5 : Ko = Ay : Type is a pair (F : K1 =Ky, Fix, k]
f : Ai—>As[Fxi/x3]). Both #%, and %I, have a fibred cartesian closed structure. It is
well known that £PL is equipped with a P L-categorical structure (Seely 1987). Roughly,
this amounts to saying that the base category ¥ has a cartesian closed structure and
#PL has a fibred cartesian closed structure; in addition the fibration has right adjoints
to weakening functors and these right adjoints satisfy the Beck—Chevalley condition.
We now define the translation inductively as follows:

— kind
T
Type < T
KixKy, ¥ K AK,
K=K, ¥ K=K,
— constructor
A~ def
X = x
T O
(F:K =Ky C:K;) FC € appg ¢ (F.C)
(C:Ky) IxK.C £ absg g (xitg(K)).C)
S def .. A A
(C:Ky, D:Ky) (C.D) < pairg ¢ (C,D)
—  def . A
(C:KixK;) mC S (ph)g x,(C)
—  def . A
(C:KixK;) mC S (phg «,(C)
type (special constructor)
i
AxB ¥ AAB
ASB ¥ A=B
VKA € V. (xitx(K)A)
— object
A def
X = x
qE o
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(f :4>B, a:4) fa = appy;(f.a)
(b:B) Jix:Ab = absj(ix:ty(in(4)).b)
(@:A4,b:B) (a,b) £ pairy(ab)

(c:AXB) me = (pry);(0)
(c:AxB) e £ (pry); ()
(a:A4) AxKa = Absg, gz a(xitk (K)a)

(F :V¥xK.A) FC AppK,Ax;tK(K).A(FaC)-

The statements for the syntactical adequacy for &p; are similar to those for &;:

1 For any fixed kinds Kl, ..,K,, the map that sends a kind K to the judgement
Dtk (Kl) Dtk (Ky) Fass K :Kisa bijection between kinds and judgements of
the form xp : tK(Kl),...,x,, : tK(KA,,) Faoxs M :K .

2 For any fixed kinds Kj,...,K, and K, the map that sends a constructor judgement
x; : Ky,...,x;, : K, F C : K to the judgement x; : tK(Kl),...,xn : tK(Kn) Faos C :
tK(Ie) is a bijection between the judgements of the form x; : Kq,...,x, : K, F C : K
and the judgements of the form x; : tK(KAl),...,xn : tK(KA,,) Fosx M : tK(k).

3 For any fixed kinds Kj,...,K, and K, x; : Ky,...,x, : K, - C =D : K iff x; :
t(K1),..., % < te(K,) Fas C =7, D @ tg(K).

4 For any fixed types Ay,...,A, valid under the kinding context [y; : Ky,..., Vv : Kpl,
the map that sends a judgement y; : K,.. ,ym KnFA: Type to the judgement y; :
tc (K1), s v < te(Kn), X1 2 tu(in(Ay)),..., Xy : tu(in(4,)) Fax A4 : t(T) is a bijection
between judgements of the form y; : Kl, o Vm Km F A : Type and the judgements of
the form yy <t (K1), y : tx(Kin), X1 2 tu(in(A1),.., Xy : tu(in(Ay)) Fas M t(T).

5 For any fixed types Ay,...,A, and 4 vahd under the klnding context [y : Ky,...,Vm :
K], the map that sends an object judgement x; : Ay,..., Xy Ay FpKyym: K,] @ A
to the jud{;ement Vi tK(Kl),...,yn, : tK(Ifm),xl : tU(in(Al)),..., X, .t (m(An)) Fox
a : ty(in(A4)) is a bijection between the judgements of the form x; : Ay,...,x,
A by, K K] @ A and the judgements of the form y; : tK(Ifl),...,ym : tK(KAm),xl :
tU(ln(Al)),..., .tU(m( n) Fas M .tU(ln(A)) .

6 For any fixed types A44,...,A4, and A valid under the kinding context y; : Ky,..., Vp :
K., we have x; : Ay,...,x, : A, I—y1 KiymKn] @ = b 1 A ff y; ¢ tK(Ifl),...,ym :

tx (Kon), X1 2 tw(in(Ai). o = tu(in(A) bz & =iy, b : tu(in(A)).
7 The translation is compositional.

Proposition 8.2. If the encoding &'p, is syntactically adequate, then

(i) £F, and %, are internally definable in (171, &pr) by U and K, respectively, and
the interpretation maps for both #%, and %, preserve fibred cartesian closed
structure;

(i) <LPris internally definable in (A77,&pr) by U and the interpretation map (H,.#)

from 7PL 25 @PL 1o domyy preserves the P L-categorical structure.
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Proof. (i) By Proposition 8.1, both #X, and £, are internally definable in (Ar7,&pr)
and the interpretation maps preserve the fibred cartesian closed structures.

H, . H .
TR —— K] T [U]
7K domy 7¥ domy;
K , T
(gPL JK (g (gPL fT (g

Notice that the assumption that the types and objects appearred in %%, do not contain
constructor variables is important; otherwise the situation would not be similar to the
one described in the proof of Proposition 8.1.

(ii) First we need to show that we have a pullback diagram.

H .
fPL [U]
P .
< domU
gL 7 3

In the diagram, .# sends an object K (a kind) to [x : tK(K)] and a map F : K; — K; onto

. (@PPg, k, (Fx) . .
[x @t (Kq)] — [x : tx(K>2)]. The functor H sends an object x : K = A4 : Type

A (ini4
onto [x : tg(K)] (—(>)) [x : U] and a map (F : K| =Ky, Fek,) f 1 Ai—=A2[F]) : (x 1 Ky F
Ay : Type) — (x : K + Ay : Type) onto a pair whose first component is

. (@PPg, k, (Fx) N
[X : tK (Kl)] —_— [X N tK (Kz)]

and whose second component is

(in(Aninu Aty n(d).app . — (7.0)
A2l

[x :tK(Ifl)] — [x:U,y:U,z:ty(x)—=ty(y)]).

The verification that (H,.#) preserves fibred cartesian closed structure and that .# preserves
the cartesian closed structure in the base category are routine. The proof that it preserves
right adjoints to weakening functors is similar to that in the proof of Proposition 8.3
given below. Ll

8.3. Adequacy of &y and definability of Martin-Lof type theory

Let 7y d’ %1 be the term model of the Martin-Lof type theory (see Seely (1984) for
details). Here @), is the category of contexts. A morphism in 7y is a pair (r,f) : (I' F
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A)—(A + B), where T’ —. A'is a context realization and T+ f : A—B]Jr]. A display map

. .. (X15eesXn)
is a context realization of the form [xy : Ay,...,Xut1 : Apa1] L [x1 : A, xn 0 Ayl

It is well known that the fibration %), has left and right adjoints to the reindexing
functors over the display maps. These right adjoints satisfy the Beck—Chevalley condition.
For example, the right adjoint to the reindexing functor over I',x : 4 — I sends the
object I, x : A+ B onto I' F I1x:A4.B.

The translation from Martin-Lof’s type theory to &y is defined inductively as follows:

— context

0 — 10
Ox: A4 — [x:tA),

where [ Fa:x A : Set is the translation of T F A;
— type

[HIx:AB —> [ Foy (4, ix:t(A).B) : Set
I'FEx:AB +— Itaxo(A,ix:t(4).B) : Set
Fkx:A4 — [rosx:t(A)
TFfa:Bla/x] — [ Fas oA, x:t(A).8,7,4) : t(Bla/x])
[k Jix:Ab :TIx:4AB — [ Fox A(?l, AX :t(?l).B, AX:
t(A).b) : t(n(A4, ix :t(A).B))
Ik {(a,b) :Zx:AB +— I Fqs pair(4,ix:
t(A).B,a,b) : t(a(A, ix :t(4).B))
Fkme:Ad — Thos Pi(4,Ax:t(4).B,2) : t(A)
I'b e Blme/x] — 1 Fos Pa(A, Ax:t(4).B,¢) : t(B[P{(A, /x :

t(4).8,2)/x1),
where f : [Ix:A.B, a : A and ¢ : Zx:4.B.
The syntactic adequacy consists of the following statements:
1 The map that sends I' - A onto r Fox A:Setisa bijection between judgements of
the form I' F 4 and judgements of the form I' Fq.xs M : Set.
2 THA=Bifand only if I Fax A —rn,, B :Set.

The map that sends I' - a : A onto r Fos a : t(4) is a bijection between the
judgements of the form I' - a : 4 and the judgements of the form I' Fo.x M : t(?l).

4 Tra=b:Aifand onlyif I'Fos & =1y, b :t(A).
5 The translation is compositional.

Proposition 8.3. If the encoding &) is syntactically adequate, the term model is internally
definable in (Ar7,&wpr) by Set. In addition, the interpretation map (M,.#) preserves the
left and right adjoints along the display maps.
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Proof. In the diagram below, the functor .# is defined as in the previous two cases. The
only difference is that types are dependent in this case.

T ML—M’ [Set]

gML domsk,z

EmL Y €

The functor M : 7y — [Set] is defined as follows, bearing in mind that a map from

(B) —~
F—>Set0 toA—zSeto is a pair (F—»A F—>Set1)

-4 — @, Seto
(T + A) (A FB) — (& (A B[], Ax:t(A). o (4, Aw :t(4).B[r], f,x)))
(4) (B)

(0D setg) — (A D Sery),

where " ko A : Set, T Fax Blr] : Set, ' —> A and [ ko [ @ t(n(A, Aw : t(4).B[r])).
Syntactic adequacy implies that M so defined is full, faithful and injective on objects (it
also maps canonical cartesian liftings to canonical cartesian liftings). It can be readily
verified that the diagram is also a pullback. We still need to show that M preserves left
and right adjoints along display maps in %j;. By the translation we have given, the
actions of M : 7y —> [Set] on I',x : A+ B and T I IIx : A.B, respectively, are as
follows:

I'x:A+FB fx’t( ) — il Seto

[FIxiAB — [ EAAEE

The following establishes a bijective correspondence between r Fos f 1 X —>t(n(21, AX :
t(A).B)) and T',x : t(4) Fa.x g : X—>t(B),

A

[Fas f 1 X—>t(n(A4, Ax :t(A).B))

A

[y X Fas fy : t(n(4, ix :t(4).B))

[,y X, x : t(A) bass (A, Ax :t(A).B, fy, x) : t(B)

A

[,x 1 t(A),y : X Fox o(A, Ax:t(A).B, fy, x) : t(B)

[,x 1 t(4) Fox Ay :X. e (A4, /x :t(4).B, fy,x) : X—>t(B)
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and its inverse

[,x  t(A) bas [ : X—t(B)

[x:t(A),y: X Fas fy L t(B)

[,y X,x 1 t(4) Fax fy : t(B)

[,y X bos 2x:t(A).fy : TIx:t(A).4(B)

A

[,y X Fas A4, Ax :t(A).B, 2x :t(A).fy) : t(n(A, ix :t(4).B))

[ Fas 2y : X.AA, 2x :t(A).B, 2x :t(A).fy) : X—>t(n(4, \x :t(4).B))

We conclude that M preserves right adjoints to reindexing functors over display maps.
The fact that it also preserves left adjoints to reindexing functors over display maps can
be similarly established. L]

8.4. Conclusion

In all three examples above we have assumed that the number of constant types is
finite. Let us look at an example where there is an infinite number of constant types.
Forgetting the encoding of constant types, &, as it stands is an encoding of simply
typed A-calculus with an infinite number of constant types. The idea is to assume a
bijective correspondence between the constant types and variables of type U. A type A
in the simply typed A-calculus is now coded up by ¢ : U,...,0, : U Fqx A : U, where
gi,...,0, correspond to the constant types occurring in A. It can be routinely checked
that Proposition 8.1 still holds for .#;. But the functor N % has to be redefined. It
now sends [x; : A1,...,x, : Ay] onto [0y : U,...,0n : U,x4 :t(/fl),...,x,, :t(/f,,)], where
61,...,0, correspond to the constant types occurring in Ay,..., A, and A.
The technique used above can be applied to the other two examples.

The general phenomenon is this: If the encoding & of a typed calculus & in Arr
is syntactically adequate, then, in a canonical way (determined by the translation of ¥
into &¢), & is internally definable in (177,68 ¢) (or, waving hand, ¥ oc A77). In other
words, a faithful encoding of ¥ defines a frame language such that % is an internal
typed calculus definable in the frame language by the encoding via the translation of &
into the representation in Apy.

So, to formulate an object language in A7 is to identify a frame language that contains
an internal version of the represented language. The richer the object language, the
richer the frame language. A correct formulation of the encoded language and the frame
language involves a build-up of an internal definability relationship between the two
languages. The function of Arpr is to provide a framework on which this frame language
is built. The good properties of A7 ensure that to design the frame language is the same
thing as to give an adequate representation of the object language in Apr.
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9. The notion of models for logical frameworks

We now turn our attention to semantics. There are two levels of semantics. The model
theory of Arr has been well established, see, for instance, Hyland and Pitts (1989). A
categorical model consists of a category # with finite products and a collection D of

display maps. The fibration 4/D <ol 2 must be a fibred cartesian closed category and
be complete relative to D. A generic judgement x : U Fq.5 ty(x) must be interpreted as a
display map.

The proper model theory of logical frameworks is about the meanings of encodings and
how to relate the model theory of an object language to that of a framework. It is this
aspect of semantics we have been trying to understand. Suppose £ is a typed calculus
and § = (Q, X, Th) is an adequate encoding of ¥ in Apy. There are two questions one
can ask:

1 Given an interpretation of the frame language (177, &), what does the interpretation
of & constitute? Arguably, we are only interested in those interpretations whose
restrictions to & constitute internal models of .Z.

2 Given a model of #, can we fully embed it into a model of (Arr,&)?

A categorical interpretation of & = (€, %, Th) consists of a sound categorical interpre-
tation of A7 and an interpretation of constants in Q and X. We say the interpretation of
& 1s sound if it validates all the definitional equations in Th. We say a sound interpretation
of & is good if the denotations of the constants in Q and X under this interpretation form
an internal model of ¥. We say the encoding & is semantically adequate if every sound
interpretation of & is good.

Proposition 9.1. If both &; and &p; are syntactically adequate, both are semantically
adequate.

Proof. Lemma 7.1 (7.3) holds for any sound interpretation of &, (£p), and the results
follow. L

Suppose [] is a sound categorical interpretation of Arr. Usually there are many ways
of extending [] to [-]5 so that it also interprets the constants in both Q and X. If the
encoding & is syntactically adequate, the translation 2 : ¥ — & gives rise to a map

sound interpretations of & —— sound interpretations of .

We say that the encoding & is semantically complete if the above map is surjective.

Proposition 9.2. If both &; and &p; are syntactically adequate, both are semantically
complete.

Proof. The semantic completeness for polymorphic A-calculus is essentially the main
result of Pitts (1987). The result for simply typed A-calculus can be proved similarly. []

10. Applications to other typed calculi

The central notion introduced in this paper is that of internal definability. We have seen
the importance of this notion for the analysis of the logical framework A7r. As a matter
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of fact, internal definability (codability) can be found in a range of typed calculi. It is the
purpose of this section to explain how some proof theoretical questions can be rephrased
in terms of internal definability or internal codability.

10.1. Polymorphic A-calculus, continued

We have already seen in Examples 3.3 and 3.5 that the higher-order polymorphic A-
calculus is, roughly speaking, internally definable in itself. For i € {n > 2 | n € w}, we

can construct a term model 77 —» %' for the i-th polymorphic A-calculus. Similar to
#°, we have an internal category C' in 7' and a set D' of display maps such that
cod" 4 1' 4 dom' : 7'/D—J " is a D-category and C' is an internal full subcategory of
cod'. Moreover, the following diagram is a pullback.

T [C]
! domg;
(gi Ti g'i

Since the i-th polymorphic A-calculus is a sublanguage of the (i + 1)-th polymorphic
J-calculus, there is a natural cartesian map from %' to #*! that sends everything to
itself, so to speak. This cartesian map preserves all the relevant categorical structures. But
is it full and faithful? In view of the above pullback diagram, the question can be couched
in more informative terms:

Is the i-th polymorphic A-calculus internally definable in the (i 4+ 1)-th polymorphic A-calculus by
C™*! via the natural interpretation map?

As far as we know, this question is open. Notice that C'*! has enough explicit categorical
structures to be a model of the i-th polymorphic Z-calculus.

10.2. Martin-Ldf type theory

There are two ways of presenting Martin-Lof’s type theory. One approach is to define
the type theory in a metalanguage. Typed calculi so defined are often polymorphic in the
sense that type constructors in them are not fully specified. For instance, in Ax : A.b, b
could be of any type. The other approach is to define the type theory in Martin-Lof’s
logical framework. In contrast to the polymorphic case, terms in languages defined in
Martin-Lo6f’s logical framework are fully specified; these languages are therefore called
monomorphic. As a monomorphic type theory is defined to be the encoding in Martin-Lof’s
logical framework, we have the obvious fact:

Monomorphic Martin-Lof type theories are internally definable in Martin-Lo6f’s logical framework.

https://doi.org/10.1017/50960129596002058 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129596002058

Y. Fu 42

For a particular polymorphic Martin-Lof type theory, one can ask the question: is it the
same as a monomorphic Martin-Lof type theory? Putting it differently, the question asks
if the polymorphic Martin-Lof type theory can be adequately represented in Martin-Lof’s
logical framework. In our terminology, the question goes as follows:

Is the polymorphic Martin-Lof type theory internally definable in Martin-Lof’s logical framework?

There are polymorphic Martin-Lof type theories that are not internally definable in
Martin-Lof’s logical framework. For example, type theories with ‘extensional equality
types’ are not internally definable in Martin-Lof’s logical framework (Nordstrom et
al. 1990).

Suppose ML? is a Martin-Lof type theory without universes and ML! is a Martin-Lof
type theory with a first universe U that reflects the type structures of ML® on the object
level (ML' must also contain a copy of the type structures of ML? on type level). The
reader should refer to Nordstrom et al. (1990) for a detailed account. The point we would
like to make here is that U induces an internal category in the category of contexts of
ML'. There is a structure-preserving cartesian map from the term model of ML° to that
of ML' that sends a type in ML to its reflection. A question about how faithful ML is
reflected in M L' is whether ML! equates more objects of ML® than ML°? This question
can be rephrased as:

Is ML internally codable in ML! via the said cartesian map?

If there are enough type structures in ML°, then Peano’s fourth axiom is expressable in
ML? as a type. This type is inhabited in ML' but not in ML® (Smith 1988). So ML°
is in general not internally definable in ML'. A natural question to ask is under what
restrictions M LY is internally definable in ML!.

10.3. Calculus of constructions

There are many variants of calculus of constructions. Here we take the view that a
calculus of constructions is a Martin-Lof type theory with an encoded logic. The calculus
of constructions we usually refer to is the one with an intended encoding of Church’s
higher-order logic. To emphasize that the internal logic in constructions can be seen as
an encoded logic, we formulate the language in a slightly different way.

The Ambient Calculus

IF'FAtype x¢FV () Ix:A,T valid
0 valia ! T,x : A valid O rx A Fx:a
I'-Atype I,x:AF B type I'M:(x:A) B THN:A
't (x:A)B type Prod I'MN : B[N/x] App

I'Atype TI'.x:A-Btype I, x:AFM:B

Tk (x:A)M : (x:A)B Abs
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Small Type
I valid I'+A: Type
T
'+ Type type ype '+ A type cum
I valid T valid
I'FO0bj : Type bl '+ Prop : Type rop
I'A:Type I,x:AFB:Type I'Ff:Mx:AB TFa:A4
IT
I'+TIx:A.B : Type I't fa: Bla/x] app
I'A:Type TI',x:AFB:Type I,x:AFrb:B
I'F/ix:Ab :1Ix:A.B abs
Proposition
I'P :Prop I valid
I'+Prf(P) : Type Prf 'Y (X:Type)Y :X—Prop)Prop

T valid

I'EA:(X:Type)Y :X—Prop)(z:(x:X)Prf(Y (x)))Prf(V(X,Y)) A

I" valid

I'ke:(X:Type)(Y :X—Prop)(z:Prf(V(X, Y)))(x:X)Prf(Y (x))
The definitional equality is defined in terms of the extensional reduction rules.
The following are the components of an internal category in the category of contexts.
Co = [P :Prop]
Ci = [P,Q:Propf :Prf(P)-Prf(Q)]
C, = [P,OQ,R:Prop,f :Prf(P)->Prf(Q),g : Prf(Q)—Prf(R)]
d = (P):C1—C
d = (Q):C;—Cy
id = (P,P,Ap:Prf(P).p)
Iy = (P,Q,f):Cy—>Cy
I = (Q,R.g) :C—Cy
y = (P,R Ax:Prf(P).g(fx)) : C,—C
Luo (1990b) gives a type theoretical formulation of Church’s higher-order logic and shows

that a particular calculus of constructions is a conservative extension of the higher-order
logic. Notice that conservativity as used in Luo (1990b) is at the level of provability. A
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stronger property is conservativity at the level of proofst. Is the calculus of constructions
conservative over the higher-order logic in this stronger sense? The aim of our particular
presentation of the calculus of constructions is to make the question both precise and
concise:

Is Church’s higher-order logici internally definable by C in the calculus of constructions via the
obvious interpretation map?

This question adds another dimension to that of conservativity at the level of provability.

10.4. Edinburgh Logical Framework

In ELF, a constant type U : Type and a constant constructor t : U—Type in a signature
of an encoding also induce an internal category in the category of typing contexts over
that signature. We can use the notion of internal definability to give a categorical account
of adequate encodings in ELF. But the situation is less satisfactory due to the absence
of equational contexts. The encodings in ELF definitely do not have the categorical
properties of the kind we have seen in Section 7. However, our intuition tells us that still
there is something to be said. The reason that an encoding of simply typed A-calculus
does not have an explicit cartesian closed structure on the internal category induced by
universe U in the encoding is that the definitional equality of the object language is now
represented by an internal map =y : Ux U — B. Consequently, the diagrams in Lemma 7.1
are not pullbacks (in fact they are not even weak pullbacks). But the map =y induces
an equivalence relation ~ on each homset of the category of typing contexts. If in the
definition of pullbacks we replace the external equality = by ~, the above mentioned
diagrams are ‘pullbacks’. So what we need is a notion of relative categorical structures
where mediating morphisms are required to be unique up to an internal equality (Leibniz
equality) rather than up to the external equality =. This point needs further investigation.
The same can be said about A .

11. Conclusions and related work

This paper has attempted to give a model theoretical account of logical frameworks.
We have argued that the real issues in the semantics of logical frameworks are about
the meanings of encodings and how they are related to the model theories of the object
languages. We have proposed a logical framework that is well suited to model theoretical
analysis. We have used examples to show how syntactic conditions force term models to
possess certain categorical properties. One important point of view taken in this paper is
that a logical framework is a setting for defining frame languages. According to this view,
to code up an object language is to search for a frame language within which the object
language is internally definable. In the following table, the right-hand column contains
the semantic counterparts of the corresponding syntactic notions in the left-hand column.

T we propose to call the conservativity of provability the logical conservativity and the conservativity of proofs
the type theoretical conservativity (or just conservativity).

¥ In this question, Church’s higher-order logic is assumed to have extensional definitional equality.
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syntactical notion semantical notion
universes generic objects
encodings of object calculi internal categories

constants other than universes explicit structures on internal categories

variable convention internal full subcategories

syntactic adequacy internal definability

By characterizing the categorical properties of App and some encodings within it, we
hope that we have pointed out a sensible way of performing semantic investigations. It is
our personal opinion that the general ideas expressed in this paper are helpful when one
designs a logical framework or tries to code up an object language.

A selling point of logical frameworks is that non-constructive logics can also be treated.
The point is that whatever the object logic is, be it classical or intuitionistic, any assertion
that holds in the logic must be constructively verifiable. An assertion forms a range of
significance. So by Russel’s principle, it can be represented by a type and its inhabitants
can be represented by its verifiers. In this paper we have concentrated our attention
on constructive logics. For a non-constructive language %, say Church’s higher-order
logic (Church 1940), what we code up in a logical framework is the ‘image’ of % in a
‘constructive mirror’. It is this aspect of . that is captured in an encoding. So, in this case,
the categorical properties are characterizations of this ‘image’. In this way, one assigns
denotations to classical proofs in suitable categories. These categories are not degenerated
in any sense as we have not imposed any equality on proofs. An obvious question is
whether we have any interesting model theory for classical proofs.

The development in Power (1994) is at a more abstract level. There the author seeks a
categorical setting within which semantical constructions of typed calculi can be carried
out. There are two issues: one is to search for a semantic framework; the other is to
study type theory semantically within the framework. The dichotomy corresponds to the
one we advocate in this paper. The difference is that we concentrate on a particular
typed calculus and its semantic description. Our approach emphasizes the importance of
internal categories in semantic studies of logical frameworks.

The language ELF' investigated in Gardner (1992) is a refined version of ELF. In
addition to the kind Type, ELF" introduces two new kinds: Judge and Sort. The basic
idea is that in an encoding of an object language, the basic judgements should be coded
by inhabitants of Judge, whereas sorts correspond to objects of Sort. The purpose is to
achieve a close correspondence between a language and its representation in ELF". We
can modify Arr along this line. For instance, a universe declaration can be broken into
two parts: one contains universes that encode judgements; the other consists of universes
that represent sorts. Sorts of course can also be represented in Arp by constant types in
a signature.

Gardner (1992) contains an observation similar to that in Section 8. Because of the
presence of Judge and Sort, the author of Gardner (1992) is able to prove that adequate
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encodings of a class of logics are essentially the same as the logics themselves when
both are viewed as indexed categories. This ‘isomorphism’ phenomenon is implicit in our
definition of internal definability. The nice thing about our approach is that it brings out
the internal categorical aspect of this phenomenon.

In this paper, the definitional equality of Arr is given by judgemental equality. If one
is interested in the proof theory of Apr, one uses the version of Arr where definitional
equality is defined in terms of reduction. In this version we remove the unit type, since it
complicates the notion of reduction. Now instead of equational contexts, we have in this
version reduction contexts. Definitional equalities in object languages are all supposed to
be defined in terms of reductions and they are represented in Arp by reduction contexts.
This version of Arr is appropriate for the study of proof theory of encodings.
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