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The purpose of this study is two-fold. First, we investigate further properties of the
second-order regular variation (2RV). These properties include the preservation prop-
erties of 2RV under the composition operation and the generalized inverse transform,
among others. Second, we derive second-order expansions of the tail probabilities
of convolutions of non-independent and identically distributed (i.i.d.) heavy-tail ran-
dom variables, and establish second-order expansions of risk concentration under
mild assumptions. The main results extend some ones in the literature from the i.i.d.
case to non-i.i.d. case.

1. INTRODUCTION

Second-order regular variation (2RV) was originally studied in the extreme value the-
ory and was used to study the speed of convergence of certain estimators; see [7]
and [8]. The formal definition of 2RV will be given in Section 2. For a general theory
of 2RV, we refer to [6]. 2RV provides a nice theoretical platform for studying second-
order approximation of limiting properties. For example, Geluk et al. [11] discussed
the equivalence of 2RV and asymptotic normality of Hill’s estimator. Lin et al. [13]
obtained the convergence rates of the distribution of the largest-order statistic under
weaker conditions by using the properties of 2RV. Degen and Embrechts [4] high-
lighted the importance of the 2RV tail behavior of the underlying loss severity models
in exploiting extreme value theory (EVT)-based estimation methodologies of high
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quantiles. Degen et al. [5] derived second-order approximations for the risk concen-
tration and the diversification benefit by using the theory of 2RV under the assumption
that the underlying risk variables are independent and identically distributed (i.i.d.).
The definition of risk concentration is given by (4.2). Hua and Joe [12] studied some
interesting properties of 2RV, and conducted asymptotic analysis on conditional tail
expectation under the condition of 2RV.

The purpose of this study is two-fold. First, we investigate further properties of
2RV. These properties include the preservation properties of 2RV under the compo-
sition operation and the generalized inverse transform, among others. Second, we
establish second-order approximations of risk concentration for non-i.i.d. risk vari-
ables. To the end of the second purpose, we derive second-order expansions of the
tail probabilities of convolutions of non-i.i.d. heavy-tail random variables under mild
assumptions. The main results extend some ones in [1] and [5] from the i.i.d. to
non-i.i.d. case.

The whole study is organized as follows. Properties of the 2RV are presented in
Section 2. The second-order approximations of tail probabilities of convolutions and
of risk concentration are given in Sections 3 and 4, respectively.

Throughout, the terms “increasing” and “decreasing” mean ‘“non-decreasing” and
“non-increasing,” respectively, and the notation “~” means asymptotic equivalence;
that is, for functions g and 4,

g(x)

g(x) ~ h(x), x > xp <= lim — = 1.
x—=x0 h(x)

2. PROPERTIES OF SECOND-ORDER REGULAR VARIATION

In this section, we will investigate further properties of 2RV. Although some properties
of 2RV were mentioned in the literature, we state them here for completeness and also
for easy reference, and give different proofs from those in the literature. First, we
recall the notions of (first-order) regular variation and 2RV.

Standard references on regular variation are [2], [9], and [14].

DEFRINITION 2.1: A measurable function h : iy — N is said to be regularly varying
at infinity with index o € N\{0}, written h € RV, if, for any x > 0,

h(tx) _
()

lim x“. 2.1)
If (2.1) holds with @ = O for any x > 0, then h is said to be slowly varying at infinity
and written as h € RV. If (2.1) holds with « = —oo for any x > 0, then h is said to
be rapidly varying at infinity and written as h € RV _.

Similarly, one can define regular variation at 0" replacing t — oo in (2.1) by
t — 0%, If his regularly varying at 0% with index a € R\{0} [resp. slowly varying at
07, rapidly varying at 0], denote it by h € RV (0") [resp. RVo(0), RV_,,(0)].
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For the definition of 2RV, see [6, Sect. 2.3 and Appendix B] and [8].

DEFINITION 2.2: Suppose that h € RV, for some a € N. Then h is said to be of 2RV
with first-order parameter o and second-order parameter p < 0, denoted by h €

2RV, o, if there exist some ultimately positive or negative function A(t) and a constant
¢ # 0 such that

o X
im w = cx“/ wdu, x>0. 2.2)
100 A1) 1
Here, A(t) is referred to as the auxiliary function of h.

Similarly, suppose that h € RV, (0") for some o € R. Then h is said to be of
2RV with first-order parameter o and second-order parameter p > 0, denoted by
h € 2RV, ,(07), if there exist some ultimately positive or negative function A(t) and
a constant ¢ # 0 such that

h(tx)/h(t) — x* ’“
im M = cx"‘/ wdu, x>0. 2.3)
—0* A1) 1
Here, A(t) is also referred to as the auxiliary function of h.

In Definition 2.2, if the limit of the left-hand side of (2.2) exists and is not a
multiple of x*, then A(#) — 0 as t — co. Moreover, by Theorem 2.1 of [6], the limit
must be the right-hand side of (2.2) and |A(?)| € RV,,. Therefore, p < 01in (2.2). In
(2.3), p > 0 can be interpreted similarly. In both (2.2) and (2.3), by adjusting A(?),
we can always let ¢ = 1. Throughout, we always assume that A(#) is chosen such
that ¢ = 1. However, A(¢) is unique in both (2.2) and (2.3) in the sense of asymptotic
equivalence as r — oo and t — 07, respectively.

We will use £(x) to represent a slowly varying function (at infinity or at zero). If
h is regular varying with index o, then % has a representation of the form

h(x) = x%L(x)

for some slowly varying function £(x). It is easy to see that

heRVy &= h, € RV_,(0"); 2.4)
h € 2RV, , with auxiliary A(¢) <= h, € 2RV_, _, (0™) with auxiliary A, (z),
2.5)

where h,(t) = h(1/t) and A,(t) = —A(1/t) fort € N ,.
For any locally bounded function % : i, — N, if A(x) tends to infinity as x
goes to infinity or if A(x) tends to zero as x goes to zero, define its generalized

https://doi.org/10.1017/50269964812000174 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964812000174

538 W. Lv, T. Mao, and T. Hu
inverse < by
h(x) =inf{r e R, : h(t) > x}, xe€ Ny,

and if (x) tends to zero as x goes to infinity or if 4(x) tends to infinity as x goes to
zero, define its generalized inverse 2~ by

h<(x) =sup{t € Ry : h(t) > x}, x €N,

The next two lemmas are elementary, which state the preservation properties of
regularly varying functions under generalized inverse and composition operations.

LEMMA 2.3:
(i) If h € RV, with o > 0, then h*™ € RV, with
hoh“(x) ~h" oh(x) ~x, x— oo.
(ii) If h € RV_o(0%) with a« > 0, then h~ € RV_, o with
hoh“(x) ~x, x—>o00; h“oh(x)~x, x— 0.
(iii) If h € RV4(0T) with o > 0, then h*~ € RV ;,,(0™) with
hoh“(x) ~h“ oh(x) ~x, x— 0%,
(iv) If h € RV_, witha > 0, then h*~ € RV_y,,(0") with
hoh“(x)~x, x— 0" h " oh(x)~x, x— oo.
PrOOF: (i) See Theorem 1.5.12 in [2].

(i1) Define h,(x) = h(1/x). Then, by (2.4), h, € RV,. By part (i), we have i~ €
RV]/Q and
heohy (x) ~h ohu(x) ~x, x— oo.

Note that, for x € i,
- . 1 . 1 !
hy (x) =infyte Ny :h " > x¢ = inf ?69t+:h(t)2x

= (sup{t € My 1 h(D) = )~ = = o

Then < € val/uw

X~hyoh (x) =hoh™(x), x— 00

N1
hy ohy(x) = |:h‘_ oh <—>:| ~X, X— 00,
X

or, equivalently, A~ o h(x) ~ x, x — 07.

and
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(iii) It can be proved by a similar argument to that of the proof of Theorem 1.5.12
in [2].

(iv) The proof is similar to part (ii) by considering . (x) = h(1/x) and applying

part (iii). This completes the proof. =

LEMMA 2.4:

(i) Let g € RV, and h € RVg witha > O and € N. Then h o g € RV .
(ii) Letg e RV_, and h € RV5(0+) witha > 0and B € N. Thenho g € RV_y.

(iii) Let g € RV_4(0%) and h € RVg with o >0 and B €N. Then hog e
RV_,5(0™).

(iv) Let g € RV4(0") and h € RVg(0") with « > 0 and B € R. Then hog €
RVaﬂ(0+).

PROOF: (i) See Proposition 2.6(iv) in [14].

(ii) Define g*(x) = 1/g(x) and A*(y) = h(1/y). Then g* € RV, and h* € RV _g.
Since a > 0, it follows that g*(x) — 400 as x — oco. By part (i), we have

hog="h"og" e RV_g.

(iii) It follows from part (i) and (2.4).

(iv) It follows from part (iii) by observing 1/g € RV_,(07) and h(1/x) € RV_g.

This completes the proof. m

Forany h € RV, witha € 0, 1/h € RV_,. For 2RV, we have the next proposition.

PROPOSITION 2.5:

(i) If h € 2RV, , with auxiliary function A(t), p <0 and a € R, then 1/h €
2RV _, , with auxiliary function B(t) ~ —A(t) as t — oo.

(ii) Ifhe 2RVa,p(O+) with auxiliary function A(t), p > Oand o € R, then 1/h €
2RV_,, (0%) with auxiliary function B(t) ~ —A(t) ast — 0.

PrROOF: (i) From the proof of Lemma 3 in [12], we know that A (x) has the following
representation

h(x) = kx*[1 — n(x)] with || € RV, and A(t) ~ —pn(t), t — o0, (2.6)
where k > 0 is some constant. Here, it should be pointed out that || € RV, with

p < 0 implies that n(¢) — 0 as t — oo and n(x) is ultimately positive or negative.
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Note that, for any fixed x > 0,

1 [l/h(tX) —x“i| _ e N(@) = (@)
—A(1) | 1/h(1) A (n(x) — 1)
o) —n@)  _x—1
~X T ———— ~X
pn(?) Iy

as t — oo. This means 1/h € 2RV_, , with auxiliary function B(z) ~ —A(t) as
t — 00.

(i) From the proof of part (i) and (2.5), h(x) also has the following representation:

h(x) = kx*[1 — n(x)] with |n| € RVp(O+) and A(t) ~ —pn(t), t — 0T,
2.7
where k > 0 is some constant. The rest of the proof is similar to the above

paragraph and, hence, omitted. This completes the proof.
|

The next two results present the preservation property of the generalized inverse
of an 2RV function.

PROPOSITION 2.6:

(i) Suppose h € 2RV, , with auxiliary function A(t), « > 0 and p < 0. If h is
continuous, then h*~ € 2RV 4 /e With auxiliary function B(t) = —a~2A o
h< ().

(ii) Suppose h € 2RV _,, , with auxiliary function A(t), o > 0 and p < 0. If h
is continuous, then h™ € 2RV _y/4 /4 (0™) with auxiliary function B(t) =
—a2A o h(1).

ProoF: (i) From (2.6), we have
he?2RVy,, p <0< |nx)| €eRV,, p <0and A(t) ~ —pn(t) 2.8)
with n(x) =1 —k~'x"®h(x) for some k > 0. Since h € RV,, h* € RV, by
Lemma 2.3(i). Define n.(t) = 1 — (t/k)""/*h=(t) for t € R,. By (2.8), to prove
h= € 2RV 4 5/ With auxiliary function B(?), it suffices to prove that
()] € RV /4, (2.9)
which implies B(f) ~ —pn.(t)/a as t — o0.

To prove (2.9), denote x = A (¢). Since h is continuous, h(x) = t. Note that
t — oo iff x — oo since h(x) — oo as x — o0. Thus, by substituting t = h(x), we
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—1/a
ne(t) = 1 — kY h))Vox =1 — I:%x_“h(x)}

1
=1—(1—nE) "= — 1) +0(n(x)

1
~——noh™ (), t— oo.
o

By Lemma 2.4(i), we conclude that |n,| ~ || o h~ /o € RV, ;. Now,

1
B ~ =20y = Lnoht) ~ ——Aoh™ (), 1— .
(07 (07 o

(i) The proof is similar to that of part (i). We outline the proof. From (2.7),

h has a representation as follows: h(x) = kx™*[1 — n(x)] for some positive
constant k, |n| € RV, and the auxiliary function A(¢) ~ —pn(?) as t — oo.
Since h € RV_g, h € RV_;,,(0") by Lemma 2.3(iv). Define 7,(r) = 1 —
(t/k)Y*h=(t) for t € R,. By (2.8), to prove h" € 2RV_/a,—p/a(07) with
auxiliary function B(¢), it suffices to prove that

()] € RV_ /4 (0), (2.10)

implying B(t) ~ pn.(t)/a ast — 0T,
To prove (2.10), denote x = h* (¢). Note that t — 0% if x — oo. Thus,

1 1/«
n(t) =1- [Ex“h(x)} =1—(1—nGx)""
1 1 - i
= —nx) +omx)) ~—noh~ (), t—0".
o o
By Lemma 2.4(iii), we conclude that [1,| ~ || o A /o € RV_, o, (07). Now,

1
B0 ~ Lnoh=)~ ——Aoh=()
o o

as t — 0T, This completes the proof.

PROPOSITION 2.7:

(i)

(ii)

Suppose that h € 2RV _, ,(0") with auxiliary function A(t), « > Oand p > 0.
If h is continuous, then h™ € 2RV _y 4 _, /o With auxiliary function B(t) =
—a Ao h ().
Suppose that h € 2RV ,(0") with auxiliary function A(t), « > 0 and p > 0.
If h is continuous, then h*~ € 2RV 4 5o (07) with auxiliary function B(t) =
—a Ao h(b).
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ProOOF: (i) Define A, (x) = h(1/x) forx € %i,. By (2.5), h, € 2RV, _, with auxiliary
function A, (t) = —A(1/t). Since h,(t) is continuous, by Proposition 2.6(i), h;~ €
2RV 4,/ With auxiliary function

B.() = —a 2A, o h= () =a %A !
: o he(n)”

From the proof of Proposition 2.6(i), we know that

t 1/a
h (1) = (Z) (I =n.(0)

for some positive k and || € RV_, . Since n, (1) — 0ast — 00,h;” € 2RV /4 _p/a
reduces to

1) — n.(t *
lim M - / wrle=lay, 2.11)
=00 B*(t) 1

It is shown in the proof of Lemma 2.3(ii), b (t) = 1/h* (¢) for t € N, So, we have

_ 1 ATV AN
h= () = =0 = <%> 1_—”*0) = (E) [1+ 7. +om()]. (2.12)

Combining (2.11) with (2.12), we conclude that 2~ € 2RV_j /4 _,/, With auxiliary
function B(f) = —B.(f) = —a %A o h (¢).

(i) By a similar argument to that in the proof of part (i), the desired result follows
from (2.5) and Proposition 2.6(i).
|

The 2RV property is preserved under the composition operation, as stated in the
next four propositions.

PROPOSITION 2.8: Suppose that f € 2RV, ,(0%) and g € 2RVg,, with respective
auxiliary functions A(t) and B(t), where 8 <0, y <0, p > 0, and o € R. Then

(i) fory > pB, f og € 2RV, with auxiliary function aB(t);
(ii) fory = pB, f o g € 2RV g, with auxiliary function aB(t) + BA o g(t);
(iii) fory < pB, f o g € 2RV g ,p with auxiliary function BA o g(t).

PrOOF: Since f € RV, (0") and g € RVy, it follows from Lemma 2.4(ii) that f o g €
RVs. From (2.8), we know that there exist some positive constants k; and k, and
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functions 1 (x) and 1, (x) such that
f@) =kx*(1 = m(x)) with [1] € RV,(0) and  A(t) ~ —pm (1), t— 0"
and
g(x) = koxP (1 — ma(x)) with || € RV, and B() ~ —yn(), t— oo
Then
fog@) = kikgx™ (1 = 112())*(1 — m 0 g(x))

and

) S 1 — kTP 0 g(x) = 1 — (1 — @) (1 — 11 0 g(x))

=1— (1 —am@ + o)1 —n ogk)

= an(x) +n1 0 g(x) +o(n2(x)), x — oo,
where the last equality follows from 7, (x) — 0 and n; o g(x) — 0 asx — 0. Again
by (2.8), to prove f o g € 2RV g . with auxiliary function D(¢) for some 7 < 0, it

suffices to prove that || € RV,, where B(¢) can be chosen as D(t) = —15(¢). Note
that

.onbt) o (xt) 4y o g(xr)
lim = lim >
>0 n(t) 1= any(t) +npogr)
and that [17;] € RV, and || o g € RVg, by Lemma 2.4(ii).
If y > Bp, then (2.13) reduces to

(2.13)

. n(xr) .o+ moglxt)/nxt)  na(xt)
lim = lim X =x¥, x>0,
o0 n(t) 100 a4 0 0g(t)/n(t) n2()

that is, T = y. Thus, the auxiliary function D(t) = —yn(t) ~ —yan(t) ~ aB(t) as
r — 0O0.
If y < Bp, then (2.13) reduces to

i nxt) . am@n)/moglt) +1  moglt) 4
m = =X
t=oo () 1o am(t)/mog(t) + 1 n1og()

that is, T = Bp. Thus, D(¢t) = —Bpn(t) ~ —Bpny o g(t) ~ BA o g(t) ast — oo.
If y = Bp, then || € RV,,. Thus, T = y and the auxiliary function

D(t) = —yn@) ~ —yan(t) —yn o g(t) ~ aB(r) + Ao g(t)
as t — oo. This completes the proof. |
By a similar argument to that in the proof of Proposition 2.8 with minor

modifications, we can easily obtain the next three propositions.
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PROPOSITION 2.9: Suppose that f € 2RV, , and g € 2RV g, with respective auxiliary
functions A(t) and B(t), where B > 0,y <0, p <0, and o € R. Then
(i) fory > pB, f og € 2RV, with auxiliary function aB(t);
(ii) fory = pB, f o g € 2RV g, with auxiliary function aB(t) + BA o g(t);
(iii) fory < pB, f o g € 2RV g ,p with auxiliary function BA o g(t).

PROPOSITION 2.10: Suppose that f € 2RV, , and g € 2RV, (07) with respective
auxiliary functions A(t) and B(t), where B <0,y >0, p <0, and o € N. Then
(i) fory > pB, f og € 2RVyp ,5(0") with auxiliary function BA o g(t);
(ii) fory =pB,foge€2RVy, (0™) with auxiliary function aB(t) + BA o g(1);
(iii) fory < pB,foge2RVyp, (0") with auxiliary function aB(t).

PROPOSITION 2.11: Suppose thatf € 2RV, ,(0") and g € 2RV, (0") with respective
auxiliary functions A(t) and B(t), where 8 > 0, ¥y > 0, p > 0, and a € R. Then

(i) fory > pB, f og € 2RVyp ,5(0") with auxiliary function BA o g(t);
(ii) fory = pB,fog e 2RV, (0™) with auxiliary function aB(t) + BA o g(1);
(iii) fory < pB, f o g € 2RV4p,, (07) with auxiliary function aB(t).

For regular variation, there is a well-known monotone density theorem (see, e.g.,
Proposition B.1.9 in [6]). The theorem states that if f € RV, & > 0 [resp. « < 0] and

£ = f (1) + / W(s)ds [resp.f(1) = / ¥ (s)ds)

for t > to with ¥ monotone, then i € RV,_;. However, there is no analogous result
for 2RV, as shown by the following counterexample.

Counterexample 2.12: (H € 2RV, ,, « > 0,p < 0, and H' is monotone = H' €
2RV)

Suppose that H € 2RV, , is twice differentiable with @ > 1, p < —1, and auxiliary
function A(¢). Then, from (2.6), we have

H(x) = kx®[1 — x"€(x)] (2.14)

with A(x) ~ —px?€(x) ast — oo and |[£| € RV, for some k > 0. Note that

h(x) = H'(x) = kox®" [1 — (1 2y ’M) xpﬂ(x)] (2.15)
a  allx)
B oax® ! = (o + p)x®P e (x) — x*TP¢ (x) and
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B x) E e — Dx2 = (@4 p)a+ p — Dx*2e(x)
—2(a 4+ p)x* TP (x) — x¥TP 0 (x)

sgn

Sa@—1—(@+p)(@+p—DxPlx) —2(a + p)x" 1 (x) — xT20" ().
Now, choose £(x) = 1 +x~ ! sinx. Since

int
@) =1 <cost - %) — 0, t— 00,

2sint . 2cost
P20 (1) = 1! (t—2 —sint —

),—>0, t — 00,

we have I/ (x) > 0 for x large enough, that is, / is ultimately increasing. From (2.15),
it follows that, for x > 0,

h(tx) a1 _ a1 P t' (1) B P txl (1x) £(1x)
h(t) - ¥ {(1 + o + cxﬁ(t)) (1 + o + al(tx) )xp 110) } '

(2.16)

Since #¢/(¢)/€(t) ~ cost, which does not converge as r — oo, it does not exist an
auxiliary function B(¢) such that & € 2RV.
From (2.16), it is easy to see that if £ in (2.14) satisfies that

tl' (1)
0

— 0, t = o0,

then || € 2RV,_; , with auxiliary function B(t) ~ (1 4+ p/a)A(¢) and with parame-
ters p < 0 and o # O such that o + p # 0. <

For completeness, we state one result, due to [12], which extends Karamata’s
theorem to a second-order regular condition for the case with regular variation index
o< —1.

PROPOSITION 2.13: [12] Let g € 2RV, , with an auxiliary function A(t), p < 0 and
o < —1, and define g*(t) = ftoo g(x)dx. Then g* € 2RV 1 , with auxiliary function

A*(1) = l}r;ripA(t) and

* 1 _AD (1 1
g(t)+1+atg(t) p <1+a 1—|—0{—|—,0>tg(t)’ t — o0. 2.17)

In the end of this section, a counterexample is given to show that 2RV property
is not closed under linear combination.
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Example 2.14: Let h; and h; be two functions defined by
logx

hl(x)zx“<l+ ), x>1 and

X

_ log x
hx)=x%(1- , x>1,
X

with o > 0. It is easy to see that h; € 2RV_, _; for i = 1 and 2. However, (h; +
hy)/2 = x~“ does not possess 2RV property. Moreover, it can be checked that both
hi(x) and hy(x) are decreasing when x is large enough. So this example also shows
that the mixture of 2RV distributions may not possess the 2RV property. <

3. SECOND-ORDER APPROXIMATION OF TAIL PROBABILITIES
OF CONVOLUTIONS

Barbe and McCormick [1] derived the second-order approximation for tail probability
of the convolution of finite i.i.d. random variables under a mild regularity condition
that the underlying survival function is regular varying and asymptotically smooth.
In this section, we will extend such results to non-i.i.d. case, in which the underlying
survival functions of all random variables are asymptotically smooth and regularly
varying with the same index «.

Before we state and prove the main results, we should recall from [1] the defi-
nitions of the asymptotical smoothness and the right-tail dominance, and give some
notations and some useful lemmas.

A function /i : R, — N, is said to be asymptotically smooth with index —o if

o h(r(1 —x)) — h(®)
lim lim sup sup -

ol =0.
80 oo 0<|x|<d xh(t)

It is shown that the class of asymptotically smooth functions with index —« coincides
with that of normalized regularly varying ones with index —«. For the definition of the
normalized regularly varying functions, see [2, p. 15]. In particular, if a distribution
function F with density f satisfies that

o O _
m — =

= o >0,
t—00 F(t)

then F is asymptotically smooth with index —a.

A distribution function F is said to be right-tail dominant if
F(—t5
lim (_ ):O, Vé>O0.
t—00 F(t)

For any distribution function F, denote the truncated mean of F' by

t
Wwr(t) :/ xdF (x), te€N,.

t
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If the mean ur of F exists, then wp(t) — ur ast — 00, where pur can be written as
o 0
Up = / F(x)dx — / F(x)dx.
0 —00

Similarly, ug(¢) and g are defined.

3.1. Some Lemmas

LEMMA 3.1: Let F and G be two distribution functions such that FeRV_,andG e
RV_, with0 < o < 1. Assume that F and G are right-tail dominant and

F(t
lim ﬁ =ceN,. 3.1
t—00 G([)

If ur and pg are infinite (o must be smaller than or equal to 1), then

lim Hr@O _
m —— =¢
=00 (1)
PROOF: Note that
0 0

f xdF (x) = tF(—t) — / F(x)dx 3.2)
and

/ xdF (x) = —tF(t) + f F(x)dx. 3.3)

0 0

Since F is right-tail dominant, it follows that the infinity of wuy implies that at least
one _of ffoo F(x)dx and [;° F(x)dx is infinite, and that if fi)oo F(x)dx = oo then
15" F(x)dx = oo. Thus,

O Fmdx | F(—p)
im —— = lim — =0
t—00 fo F(x)dx t—>o00 F(t)

Moreover, by Karamata’s theorem (see Theorem B.1.5 in [6]), we have

tF (1)
fot F(x)dx

—a, t— 00,

when « < 1. Then, from (3.2) and (3.3), we get

10 xdF(x)
m ——— =
=00 [ xdF (x)
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Similarly,
10 xdG(x)
lim —— =
=00 [ xdG(x)
So

pe® o foxdF) o [(F@dy o F()
im =lim —¥—= =lim —V———— = lim =— =c.
=00 pug(t) = [TxdG(x) = [iGxydx 1= G(t)
This completes the proof. ]

It should be pointed out that the conclusion in Lemma 3.1 does not hold if up
and/or g are finite.

LemMA 3.2: Let F and G be two distribution functions such that F €2RV_,, and
G e 2RV_, , witha > 0and p + o < 0. If (3.1) holds, then

. F(@) —cG@)
hm —_— =
= [G(D)]?

PrOOF: From (2.6), F(¢) and G(t) have the following representations: there exist a
constant k > 0 and slowing varying functions £y and £ such that

F(t) = cki“€p(r),  lim £e(t) =1, |1 = Lr(0)] €RV,
— 00

and
G(@t) = kt™45(0), tlim L) =1, |1 —1Lg()] €RV,.
— 00
Since p + @ < 0, we have
t*|1 = £p ()] — 0, |1 =€) — 0,

ast — o0. Then t*|€r(t) — €5(t)| — 0 as t — oo. Therefore,

i F()—cG(n) . ctUp(t) — (D)
im lim =

- = 0.
=[G 1—00 k(1)

This completes the proof. ]

LEMI\iA 3.3: [I] Let F and G be two distriblition fu_nctions such that F € RV_,
and G € RV_g with a A B > 1. Assume that F and G are asymptotically smooth

and right-tail dominant, with fi)oo xdF (x) and fi)oo xdG(x) both finite. Then F % G is
asymptotically smooth with index —a A B, right-tail dominant, and

F*ao=F@+6m+éQﬁhman+ﬂ@ﬁmﬁ»a+mnx t — oo.
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LEMMA 3.4: [1] Letf and G be two asymptotically smooth survival functions such
that F e RV_q and G e RV_g with a v B < 1. Then F * G is also asymptotically
smooth with index —a A B, and

. FxG@®) —=F@) —G@)
lim

S =I(a, I(B, PR, L)
Jlim OG0 (a,B) +1(B,a) +

where

1/2
I(oz,ﬂ):/ ((1—=x)"% = 1)BxPldx.
0

In Lemma 3.3, under the mild condition, the first-order term to approximate
F % G(t) is F(t) + G(t) as t — oo, while the second-order term is oF (t) g () /t +
BG()ur(t)/t = o(F(t) + G(t)) as t — oo since up(t)/t — 0 and ug(t)/t — 0 as
t — oo if ur and pug exist. The same comment applies to Lemma 3.4. In the next two
subsections, we give second-order expansions of survival functions of convolutions
for n independent heavy-tail random variables.

3.2. Expansion for the Case a > 1

ProposITION 3.5: Let Fy,...,F, be a sequence of right-tail dominant distribution
Sfunctions such that all the F ;s are asymptotically smooth with index —o, and denote by
G = Fy x - - - % F,, the convolution of the F;s. Assume that there exist positive constants

Cl,...,Cy Such that
t F,’ t i
lim Fi) ) _o, vi<itj<n (3.4)
=00 up(t) \Fi(t) ¢

(1) Ifa=1and ur, = oo for some v, then, for each i,

L NG =aU—C;, (3.5)
t—oo wr, (1) \ Fi(t) Ci G

where

o, = Xn: ¢; and o, = chcj. 3.6)
i=1

kA
(i) Ifa > 1and pr, < oo for some v, then
6 t c i Cic b j
tim ¢ (G0 o), i uith 3.7)
t—oo \ Fi(t) ¢ Ci
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PRrOOF: Since up(t)/t — 0 as t — oo when up exists, it follows from (3.4) that
Fi(t)/F;(t) — ci/cjforalli # jast — oo.Thisimplies thatif any one of ur,, ..., i,
is infinite [finite], then all the ur,s are infinite [finite]. We first establish that

k
W s, () ~ Y pp, (1) ast — 00 3.8)

i=1

for k = 2,...,n by using a similar argument to that in the proof of Proposition 2.4
in [1]. To see (3.8), first consider the case that all uf,s are finite. Then pur, () ~ ur,
as t — oo for each i and, hence,

k k
WFpesF (8) ™~ WF s, = ZMFI» ~ Z,U«F; (t) ast — oo.
i1

i=1

Now assume that all the ur,s are infinite, which implies o = 1. Since the regular
variation property is closed under the convolution of identical distribution functions
(see Lemma 1.3.1 in [9] or [10, p. 278]), we have F * - -- % F;, € RV_; and

k
FisxFe(t) ~ > Fi(t) ast — oo.

i=1

By Karamata’s theorem, we have
t
tFyx---Fr(t) =o</ F *~-~>1<Fk(x)dx) ast — oo.
0

By Lemma 3.3 and by induction, F % - - - % F is asymptotically smooth with index
—1, and right-tail dominant for each k. Hence,

t
W s, () "“/ xdFy % - % Fi(x)
0
—_— t—
:—tF1*~~-*Fk(t)+/Fl*-~~*Fk(x)dx
0

t
~/ Fix- % Fp(x)dx
0

t k

k t
Nf Fi(x)dx = Z/ Fi(x) dx
0 iz i=1 70

k
~ Zupi(t) ast — oo,

i=1

where the last asymptotic equivalence follows from fol Fi(x)dx ~ Ur(t) — oo as
t — oo. This proves (3.8).
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In views of (3.8), repeated application of Lemma 3.3 yields that
Fis - Fy(t) = Fo () + Fr % % F (1)
+ S {FsO) treer, 0+ Fr 5 Bt (0 i, (0} (1 + 0(1)

:Fn(t)_i_Fl*"'*anl(t)

o [— n—1
+ | Fa® Y ir @) + Froe s B e, () ) (14 0(1)

i=1

n - o -
D_Fi0+ 2 D Fil) wr (0 x (1+0(1) (39)
i=1 i
ast — 00.

(i) Suppose o = 1 and all the uf,s are infinite. From (3.9), it follows that

t (GO Yi Fu®) _aZk#fk(t)wj(t)
ur M \F  F ) Fi®upr®

x (14 o(1)).

Because of (3.4), we have

1=00 (1) Fi() ci

By Lemma 3.1, fj/fi — ¢j/c; implies ur, (1) /ur,(t) — cj/c; as t — oo for
each pair i # j. Thus, (3.5) follows.

(i1) Suppose that @ > 1 and all the pf,s are finite. From (3.9), we get

FrewFy0) = Y Fio) + = Y Fudur x (1 +o(1),
i=1 ki

which implies that

(S0 YL @ :aZk# Fre(Dpur,
Fi() Fi(1) Fi(0)

x (14 o(1)).

Since

the desired result (3.7) follows. This completes the proof.
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Remark 3.6: In Proposition 3.5, Condition (3.4) can be replaced by

1 F,'(l‘) Ci . . .
m — = = — :dij€3t+, Vlfl#]fl’l (3.10)
=00 Fi(t) \F;(t) ¢ ‘

To prove that (3.10) implies (3.4), first assume that = 1 and pr, = oo. Then, by
Karamata’s theorem,

t
tF:(t) = o (/ f,-(x)dx) ast — 00,
0
and hence tF;(t) = o(ur, (1)) as t — oo, which implies that
ot (R0 o . tFi) 1 (Fin) e
lim = — — ] = lim X = = ——]=0.
>0 up () \ Fi(t) ¢ =oo up () Fi(t) \F;(t) ¢

Now assume that o > 1 and pp, is finite. Then tFi(f) — 0 and hence tF;(t) =
o(ur, (1)) as t — oo. Therefore, the above equality holds. <

Remark 3.7: Another sufficient condition for (3.4) and (3.10) is that
Fi€2RV_,,, lim—— == VI<i#j<n, (3.11)

where @ > 1, « + p < 0 and the ¢;s are positive constants. This can be seen from
Lemma 3.2 directly. <

A special consequence of Proposition 3.5 is the following corollary.

COROLLARY 3.8: [1] Let F be a right-tail dominant distribution function which is also
asymptotically smooth with index —o < —1, and denote by F*™" the n-fold convolution

of F. Then
lim ! F_*”(t) —n|=nn-1a.
t—~oo ur(t) \ F(z)

3.3. Expansion for the Case 0 <o < 1

PROPOSITION 3.9: Let Fy,...,F, be a sequence of right-tail dominant distribution

functions such that all the F;s are asymptotically smooth with index —a, 0 < o < 1,
and denote by G = F x --- x F,,. If (3.10) holds or if (3.11) holds with o« + p < 0,

then
1 G(t . »
im =L (SO o) e (3.12)
=0 Fr(t) \Fe(t) Ck
for any k, where o. and o, are given in (3.6), and
Jo = I(a,0) + 2271 — 22, (3.13)

https://doi.org/10.1017/50269964812000174 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964812000174

PROPERTIES OF SECOND-ORDER REGULAR VARIATION 553

PrOOF: By Lemma 3.2, (3.11) implies (3.10). Now suppose that (3.10) holds. By
Lemma 3.4, F * - - - x F} is right-tail dominant and asymptotically smooth with index
—a. Again repeated application of Lemma 3.4 yields that

Fro- % Fy(0) = 201 4+ 0(1)) x Fy % Fy 1 (0F (1)
+F % % Fpq (D) + Fu(D)

ZF (O +2a(l+0(1) D Fi)F;0).

I1<i<j<n

The rest of the proof is similar to that of Proposition 3.5. |
A special consequence of Proposition 3.9 is the following corollary.

COROLLARY 3.10: [1] Let F be a right-tail dominant distribution function such that
F is asymptotically smooth with index —«, 0 < o < 1. Then

1 (W(r) )
lim — | = —n)=nn-1)J,.
1=oo F(t) \ F(t)

Corollaries 3.8 and 3.10 are also summarized in Proposition 4.1 of [5].

4. SECOND-ORDER EXPANSIONS OF RISK CONCENTRATION

Let X be a random variable with distribution function F. The value-at-risk (VaR) with
respect to the level p € (0, 1) is defined as the generalized inverse of F:

VaR,[X] =F~ ") =inf{r e R: F(1) > p}.

LetXi, ..., X, beindependent non-negative random variables with respective survival
functions Fy, ..., F, satisfying that

_ F; (1) _ G . .
F;eRV_,, lim = —, V1<i#j<n, 4.1)
t—00 F (l) Cj

with @ > 0 and the ¢;s being positive constants. From Theorem 5.1 in [3], it follows
that

VaR, [31L, Xi] (i Ci)l/a
—
> i1 VaR,[Xi] >ici Cil/a

Here, C(p) is termed by [5] as the risk concentration at level p, and 1 — C(p) as
the diversification benefit. The term in the right-hand side of (4.2) is the first-order

Cp) =

asp — 1. 4.2)
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approximation of C(p) as p — 1. In this section, we identify conditions under which
we establish the second-order approximation of C(p).

PROPOSITION 4.1: Let X1, . .., X, be independent non-negative random variables with

continuous and asymptotically smooth survival functions Fy, ..., F,, respectively.
Assume that

1 <«
U; = (:) € 2RV1/a,p, Vi (4.3)
F;
with auxiliary function a;(t) for some a« > 1 and p < 0. If (3.4) holds, we have
(i) Forp <—1,a =1, and pr, = 0o for some v,

e ECP) | o

Cp) —1 44
@) Fe () p (4.4)
as p — 1 for each k, where o. and o, are given in (3.6).
(ii) Forp > —1,a =1, and pup, = 0o for some v,
I (0fc) — 1 I
Cp)—1~— ——— il — 4.5
) UCZC p; Xa(l—p) 4.5)

i=1

as p — 1. Here and henceforth, for p =0, the term [1 — (o./c;))’1/p is
interpreted as — log(o./c;).

(iii) For pa < —1,a > 1, and pp, < oo for some v,

O—l/a 1 C]i/a Z
C(p) - né a < X n 1/ CILF; (4'6)
2ic Ci/ Fe®) o, 2z Ci/ I
as p — 1 for each k.
(iv) For pa > —1, 0 > 1, and pp, < oo for some v,
1/a 1/a n P
Oc Oc 1/a (Jc/ci) -1 1
Cr) -1 ™ szZe -, *aliD,
2in1 € (Z:’zl ¢ ) i=1
4.7

asp — 1.
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BROOF_: Let G denote the distribution function of Z?:l X;. Since U; € 2RV 4, and
G(t)/F;(t) - o./c; ast — oo for each i, it follows that

= — 1/
U(/F) _ (G i
U,(1/G(0) (E(r)) _ <g> " (oe/ci)” = 1

=% a(1/G) ci p

by using the uniform convergence property of (2.2) with respect to x € [d, d»] with
0 < d, < d, < 00. Setting t = G (p), we have

pa al /o 1/a
G~ (G o\ (oc/c)” 1 !
— =\ = — _— il = 1 1
F () (E-(r)) " (a) P (G(r)) (o

1/a 1/a . _
_ (0_) A + ((L) /)" =1, (_1 ><1+o<1>) @.8)
o c,- P G(1)

ast — oo or p — 1, where the second equality follows from Proposition 3.5, and

(1
|4 HED T 4y, i 1tF, = 00 for some v;
CiO¢
Ai(r) = 1 1
1+ +—0() Zcmp, if up, < oo for some v.
o 4z

Since U; € 2RV, with auxiliary function a;(t), we have U; € RV, and
la;(t)| € RV ,. Hence, by Lemma 2.3, F: e RV_,. By Lemma 1.3.11in [9] and Lemma
2.4, we have G € RV_, and |a;(1/G)| € RV . Note that pur,(t)/t € RV_(j,q) and
a > 1. From (4.8), with t = G (p), it follows that:

«— l/a
gﬁ((g = (U—> A1), 1= oo, 4.9)

Ci
when pa < —1, and that

G () _ (o\"" [, (oc/c)’ 1 1
o= (5) [+ xalgg)ara)]. e
(4.10)

when pa > —1.

(i) First,assumethatp < —1, = 1,and up, = oo for some v. Then, from (4.9),

we get that
Fo(p) o MF (1) Occ
S =—|1-—=—q ), t— 4.11
o) = o ( (o ))) oo (411)
and

~ —0,

G ¢

SLFS(p) e 1R
== Y7 c Uy
o ; .
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Then, for some k,

! [Z?_l Fz(_(p) _ 1i| — ) . Ci O¢c

lim
G=(p)

=50 i (1)

which implies that

. t Gk(p) Occ
1 -1 =— 4.12
o0 wr, (1) [Z?—l F(p) i| OcCk @-12)
Since pr, (t)/t € RV_y, from (4.11), we get
paGEN/GP) _ . Fp) _a @13

im = lim =—.
=1 pp (FP)/F () r—>1G(p) o

Therefore, the desired result (4.4) follows from (4.12) and (4.13).

(ii) Assume that p > —1, @ = 1, and up, = oo for some v. The proof is similar
to that of part (iv).

(iii) Assume that pa < —1, @ > 1, and up, < oo for some v. Then, from (4.9),

we get that
F< A\ 1 1
z(p)z(c_) 1— +0()ZC1MF PR
G<(p) Oc ot 17
and

YL FCp) Y Z >e
G—(p) ol P e

which implies that

G (p) Ucl/a Gc]/a ? 1/
S F )y \y 1/«+1 ZC 2 cn

i=1%i i=1"i

1 l/a 1

= t l/a ZCIIU'F
Zz 16 I#j

1 c,i/a

~ = CIULE,
Fk (p) o, Zn 1/a Z J

=16

since 1/t = 1/G(p) ~ (cx/o.)"* /F (p) as p — 1. This proves (4.6).
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(iv) Assume that pa > —1, « > 1, and up, < oo for some v. Then, from (4.10),
we get that

Fr(p) _ (g)“a [1 o/’ — 1
G-(p) \o. P

1
X aj <%) (1 ~|—0(1))i| , t—> 00

and
S Fre) Y § (Ci)w =
G=(p) O‘cl/a i1 \Oc P
()
Xai\—— ), r— oo,
l—p
implying that

2
G(—(p) O.L_l/"‘ O'L-l/a
Z?:lFie(p) Zn Cl/ot Zn Cl/a

i=1%i i=1"i

" N e AV
(E) " (L) e

i=1 P I=p
This proves (4.7).

Remark 4.2: (i) In Proposition 4.1, the result for the boundary case pox = —1 is not
included because, in this case, the situation is more complicated. Furthermore, in
Proposition 4.1, the second-order parameters p; of all U;s are assumed to be the
same as p. In fact, a refinement of the proof of Proposition 4.1 allow us to derive
second-order approximations of C(p) for the different p;s.

(ii) By Propositions 2.5 and 2.6, U; € 2RV, , with auxiliary function a;(¢) for
a > 0 and p < 0is equivalent to

_ 1
F; € 2RV_, ,, with auxiliary function b;(t) = azai (%) .
t

PROPOSITION 4.3: Let Xy, ..., X, be independent non-negative random variables with

continuous and asymptotically smooth survival functions F, ..., F,, respectively.
Assume that (4.3) holds with 0 < a < 1 and p < 0. If (3.10) holds, then we have
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(i) Forp < —1,

1/a

O¢
Cp)—— ~ 0—pP—¢>
Z?:l Cil/a o Z?:l C;/a

where o. and o, are given in (3.6), and J, is defined by (3.13).
(ii) For p > —1, (4.7) holds.
ProoF: In view of Proposition 3.9, note that (4.8) also holds for G (p)/F; (p) with
A () replaced by

O-L‘C

A =1+ {X—“ X Fi(t)(1 + o(1)).

e

(i) Assume thatp < —1.Since F; € RV_, and |a;(1/G)| € RV 4, from (4.8), we

have
G (p) [ Oc e Jo Occ =
F=p) <C_l> (1 + PR o F:(n(d +0(1)))

withr = G (p). So
27:1 F(p) _ Z?:l Cil/a - JoOcc icl/a—l—

< a - M i Fi),
G=(p) o P
which implies that
G(_(p) _ Gcl/a ~ Jaaccacl/a_] i l/a—lf't
Y FT) Y e ey O
=11 i=1Ci a(Zi_lc,- ) i=1
J oo a2
~ (1 _ ) accHc - ,
n Jo
@ i€
where the last equivalence follows from the fact that
Fi(G=(p) _ Fi(G~(p) _ (G‘_(P)>_°’ ~ G,
l1—p Fi(F7(p) E(p) o’ '

This proves part ().

(ii) For p > —1, the proof is the same as that of part (iv) of Proposition 4.1. This
completes the proof. m

Degen et al. [5] derived second-order approximations of C(p) fori.i.d. heavy-tail
random variables Xi,...,X, by using the theories of second-order regular varia-
tion and second-order subexponentiality. Their main result, Theorem 3.1, is a direct
consequence of Propositions 4.1 and 4.3.
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