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Degenerating sequences of conformal
classes and the conformal Steklov spectrum

Vladimir Medvedev

Abstract. Let X be a compact surface with boundary. For a given conformal class ¢ on X the
functional o} (2, ¢) is defined as the supremum of the kth normalized Steklov eigenvalue over all
metrics in c. We consider the behavior of this functional on the moduli space of conformal classes
on X. A precise formula for the limit of o} (=, c, ) when the sequence {c, } degenerates is obtained.
We apply this formula to the study of natural analogs of the Friedlander-Nadirashvili invariants of
closed manifolds defined as inf. o} (2, c), where the infimum is taken over all conformal classes c on
3. We show that these quantities are equal to 27k for any surface with boundary. As an application of
our techniques we obtain new estimates on the kth normalized Steklov eigenvalue of a nonorientable
surface in terms of its genus and the number of boundary components.

1 Introduction and main results

Let (2, g) be a compact Riemannian surface with boundary. In this paper, we always
assume that X is connected and the boundary of  is nonempty and smooth. Consider
the Steklov problem defined in the following way

Au=0 in2X,
g—” =ou onodx,
n

where A = —div, o grad,, is the Laplace-Beltrami operator and % is the outward unit
normal vector field along the boundary. The collection of all numbers ¢ for which the
Steklov problem admits a solution is called the Steklov spectrum of the surface X. The
Steklov spectrum is a discrete set of real numbers called Steklov eigenvalues with finite
multiplicities satisfying the following condition (see e.g., [GP17])

0=0p(g) <a(g) <o(g) <+ 7 +oo.

The Steklov spectrum enables us to define the following homothety-invariant
functional on the set R(2) of Riemannian metrics on

k(2. 8) = 0k(g)Lg(92),
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1094 V. Medvedev

where L,(0X) stands for the length of the boundary of X in the metric g. The
functional 6 (Z, g) is called the k-th normalized Steklov eigenvalue. It was shown in
[CSGI1] (see also [Hasll, Kokl4]) that if 2 is an orientable surface, then the functional
01 (Z, g) is bounded from above. Moreover, the following theorem holds

Theorem 1.1 [GP] Let (2,g) be a compact orientable surface of genus y with |
boundary components. Then one has

01(Z,g) <2mk(y+1).
In this paper, we prove that a similar estimate holds for nonorientable surfaces.

Theorem 1.2 Let X be a compact nonorientable surface of genus y with | boundary
components. Then one has

0k (2, g) <4mk(y +21).

Here, the genus of a nonorientable surface is defined as the genus of its orientable
cover.

Remark 1.1 The estimate in Theorem 1.1 has been improved in [Karl7] by a bound
which is linear in k + y + [ instead of k(y + I). However, the proof of this result uses
orientability in an essential way, see [Karl7, Section 6]. It would be interesting to obtain
a similar improvement in Theorem 1.2.

Theorems 1.1 and 1.2 enable us to define the following functionals

0 (2) = sup 0x(Z, 2),
R(Z)
and

ox (2,[g]) = sup k(2 g).
Le]

Remark 1.2 Note that we cannot define the functionals ¢} (X) and ¢, (2, [g]) in
higher dimensions. Indeed, it was proved in the paper [CSG19] thatif n = dim M >3
then the functional 54 (M, g) := 0k (g) Vol (dM, g)"/ ("D, where Vol (dM, g) denotes
the volume of the boundary with respect to the metric g, is not bounded from above
on the set of Riemannian metrics R(M ). Moreover, it is not even bounded from above
in the conformal class [g].

The functional o (X) is an object of intensive research during the last decade (see
e.g., [FS11, FS16, CGRIS, Petl9, GL20, MP20a]).

The functional ¢} (Z,[g]) which is called the kth conformal Steklov eigenvalue
is less studied. Let us mention some results concerning o, (2, [g]). First, since the
disc admits the unique conformal structure one can conclude that o} (D?, [gcan]) =
o; (D?), where gcqy stands for the Euclidean metric on D* with unit boundary length.
The value of ¢} (D?) is known: o} (D?) = 27k (see [Wei54] for k =1and [GP10] for
all k > 1). Let us also mention the resent paper [FS20], where the authors particularly
obtain new results about the functional o (D?).

The functional o} (Z, [g]) is the main research object of the paper [Pet19].

https://doi.org/10.4153/50008414X21000171 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000171

Degenerating sequences of conformal classes 1095

Theorem 1.3 [Petl9] For every Riemannian metric g§ on a compact surface X with
boundary one has

(L1) of (2, [g]) 2 051 (2, []) + 0 (D%, [gean])s
particularly
(1.2) o; (Z,[g]) = 2mk.

Moreover, if the inequality (1.1) is strict then there exists a Riemannian metric § € [g]
such that o (Z, §) = 0, (2, [g]).

New interesting results about the functional o} (2, [g]) were recently obtained in
the paper [KS20].

Remark 1.3 The result analogous to Theorem 1.3 for the conformal spec-
trum of the Laplace-Beltrami operator on closed surfaces also holds (see
[NS15a, NSI5b, Petl4, Petl8, KNPP20]). For further information concerning the
spectrum of the Laplace-Beltrami operator on closed surfaces see the surveys
[Penl3, Penl19] and references therein.

It is easy to see that the connection between the functionals o} (2) and ¢, (2, [g])
is expressed by the formula

ox (2) = sup o (2, [¢]).
L]
One can ask what do we get if we replace SUp[,] by inf[, in this formula? In this case,
we get the following quantity

I;(Z) = i[lg]fok*(l (gD

It is an analog of the Friedlander-Nadirashvili invariant of closed manifolds. The first
Friedlander-Nadirashvili invariant of a closed manifold was introduced in the paper
[FN99] in 1999. The kth Nadirashvili-Friedlander invariant of a closed surface has
been recently studied in the paper [KM20].

In the study of functionals like o} () and I{(X), one considers maximizing and
minimizing sequences of conformal classes {c,} on the moduli space of conformal
classes on %, i.e., 0 (2, ¢,) = 07 (Z) or 07 (2, ¢cs) = I7(Z) as n — co. Due to the
Uniformization theorem conformal classes on X are in one-to-one correspondence
(up to an isometry) with metrics on X of constant Gauss curvature and geodesic
boundary. Therefore, any sequence of conformal classes {c, } on ¥ corresponds to a
sequence of Riemannian surfaces of constant Gauss curvature and geodesic boundary
{(2,h,)}, hy € c, and we can consider the moduli space of conformal classes on =
as the set of all (2, k), where h is a metric of constant Gauss curvature and geodesic
boundary, endowed with C*-topology (see Section 4). Note that the moduli space
of conformal structures is a noncompact topological space. For any sequence {c,}
there are two possible scenarios: either this sequence remains in a compact part of
the moduli space or it escapes to infinity. Let (oo, oo ) denote the limiting space,
i€, (Zoos Coo) = limy 00 (2, ¢, ). We compactify 2o, if necessary. Let £o, denote the
compactified limiting space. It turns out that if the first scenario realizes, then we
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get £.o = % and c.. is a genuine conformal class on 3 for which the value 0, (%) or
I7(X) is attained. If the second scenario realizes, then we say that the sequence {c, }
degenerates. It turns out that in this case there exists a finite collection of pairwise
disjoint geodesics for the metrics h, whose lengths in 4, tend to 0 as n tends to oo.
We refer to these geodesics as pinching or collapsing. They can be of the following
three types: the collapsing boundary components, the collapsing geodesics with no
self-intersection crossing the boundary 9% at two points and the collapsing geodesics
with no self-intersection which do not cross 0. Note that in this case, the topology of
2 necessarily changes when we pass to the limit as n — oo, i.e., the compact surfaces
Y. and X are of different topological types. In particular, the surface ¥., can be
disconnected (see Figure 1). We refer to Section 4 for more details.

The following theorem establishes the correspondence between o} (Zoo» oo ) and
the limit of o} (X, c,) when the sequence of conformal classes ¢, degenerates (see
Section 4 for the definition). It is an analog of [KM20, Theorem 2.8] for the Steklov
setting.

Theorem 1.4 Let X be a compact surface of genus y with | > 0 boundary components
and let ¢, - ¢ be a degenerating sequence of conformal classes. Consider the corre-
sponding sequence {h, } of metrics of constant Gauss curvature and geodesic boundary.
Suppose that there exist s; collapsing boundary components and s, collapsing geodesics
with no self-intersection which cross the boundary at two points. Moreovet, suppose that
3. has m connected components Z,..1; of genus y; with I; > 0 boundary components,
yi+li<y+1,i=1,...,m. Then one has

S1+S2
lim o7 (2, c,) = max(Zak (ZyitirCoo) + D afi(Dz)),

i=1 i=1
where the maximum is taken over all possible combinations of indices such that

S1+S2

Sk, + 3 n=k

i=1 i=

Remark 1.4 Let £ denote either cylinder or the Mébius band. Theorem 1.4 particu-
larly implies that if the sequence of conformal classes {c,, } on T degenerates then we
necessarily have:

lim of (%, ¢,) = 2mk.
n—oo

Remark1.5 1InTheorem 1.4 the sequence {h, } can also have collapsing geodesics not
crossing the boundary of £. Moreover, it can happen that the limiting space Z.. has
closed components (see Figure 2). Anyway, in Theorem 1.4 we take only components
of £, which have nonempty boundary.

The main tool that we use in the proof of Theorem 1.4 is the Steklov-Neumann

boundary problem also known as the sloshing problem. Let Q) be a Lipschitz domain in
(2, g) such that O N 9% = 3°Q # @. Let 9N Q = 9Q\9X. Then the Steklov—-Neumann
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a)

b)

c)

Figure I: An example of a degenerating sequence of conformal classes {c,} on a surface
> of genus 2 with 4 boundary components. (a) The red curves correspond to collapsing
geodesics for the sequence of metrics of constant Gauss curvature and geodesic boundary
{hn}, hnu € cq corresponding to the degenerating sequence of conformal classes {c, }. (b) The
compactified limiting space T (see Section 4). The black points correspond to the points of
compactification. (c) The surface £, is homeomorphic to the disjoint union of a disc and a
surface of genus 1 with 1 boundary component.

problem is defined as:
Agu=0 inQ,
du on N Q,

% — Ny ondSQ.
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Figure 2: An example of a degenerating sequence of conformal classes {c,} on a surface of
genus 2 with 1 boundary components such that the limiting space contains a closed component.
In Theorem 1.4, we take only the component on the left which has nonempty boundary. Note
that in this case s; = s = 0.

The numbers o for which the Steklov-Neumann problem admits a solution are called
Steklov-Neumann eigenvalues. It is known (see [BKPS10] and references therein) that
the set of Steklov—Neumann eigenvalues is not empty and discrete

0=05(g) <" (g) <03 (g) S+ 7 +oo.
Every Steklov—-Neumann eigenvalue admits the following variational characterization:
Vul*dv
oy (g)= inf  sup 7j9| |2 g,
VkeHH(Q) 02uevy fasQ u ng

where the infimum is taken over all k-dimensional subspaces of the space '(Q) =

{ueH'(Q,g)| [55qudsg =0}.
Similarly to the case of the Steklov problem we define normalized Steklov-
Neumann eigenvalues as

Efj(Q, asQ,g) = a,y(g)Lg(asQ).
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In this notation, we always indicate the Steklov part of the boundary at the second
place. Sometimes, we also use the notation o (Q, 9°Q, g) for 6} (Q, g) to emphasize
that the Steklov boundary condition is imposed on 95Q.

Remark 1.6  Consider ) as a surface with Lipschitz boundary. It also follows from
[Kokl4, Theorem Ay ] that the quantity o (2, d°Q, g) is bounded from above on [g]
and we can define the invariant 6} *(Q, 9%, [¢]) in the same way as the invariant

o (2, [g])-

Theorem 1.4 enables us to establish the value of I7.
Theorem 1.5 Let X be a compact surface with boundary. Then one has I} (X) =
I7(D?*) = 27k.

1.1 Discussion

Let us discuss the estimate obtained in Theorem 1.2. The first estimate on 7,(Z, g)
where X is a nonorientable surface of genus y with boundary was obtained in the
paper [Sch13]. It reads

01(2,g) <24n(y +1),
ify>1and
E](z, g) <12m,
if y = 0. Moreover, it follows from the papers [Kokl4, Karl6] that

(1.3) 51(2,8) < 1671[)%3],

where [x] stands for the integer part of the number x.

Very recently, in the paper [KS20], estimate (1.3) has been improved and extended
for k = 2: consider X as a domain with smooth boundary on a closed surface M, then
one has

(1.4) Ek(Z,g)sAk(M), k=12.

In this estimate, Ax(M) :=sup,p ) Ae(g) Vol(M,g), where A(g) is the kth
Laplace eigenvalue of the metric g, Vol(M, g) is the volume of M in the metric g and
R(M) is the set of Riemannian metrics on M. Note that estimate (1.4) does not depend
on the number of boundary components. Combining estimate (1.4) with our estimate
we get
0k (2, g) <min{Ay(M),4nk(y +21)}, k=1,2.
Particularly, for the Mobius band one has
71 (MB, g) < min{A¢(RP?), 87k}, k =1,2,
since MB c RP?. The value Ak(]RIP’Z) is known for all k (see [Kar20]): Ax (RIP’Z) =
47(2k +1). Hence,
0 (MB, ¢) < min{4n(2k +1),8nk} = 87k, k=1,2.

In the paper [FS16] it was shown that 7, (MB, g) < 2771/3 which is obviously < 8.
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We proceed with the discussion of the functional If. Unlike Theorem 1.4 in
[KM20], Theorem 1.5 says nothing about conformal classes on which the value I} (X)
is attained. We conjecture that

Conjecture 1.6 The infimum I} (X) is attained if and only if ¥ is diffeomorphic to the
disc D

Note that this conjecture would be a corollary of the following one

Conjecturel.7 Let X be a compact surface nondiffeomorphic to the disc. Then for every
conformal class c on X one has

o7 (Z,¢) > o7 (D?) = 27

This conjecture is an analog of the Petrides rigidity theorem for the first conformal
Laplace eigenvalue [Petl4, Theorem 1]. Recently this conjecture has been confirmed
in the case of the cylinder and the Mobius band (see [MP20b]). We plan to tackle
Conjectures 1.6 and 1.7 in the subsequent papers.

Let us discuss the analogy between the quantity I} and the Friedlander-
Nadirashvili invariant of closed surfaces I;. In the paper [KM20], it was conjectured
that I, are invariants of cobordisms of closed surfaces (see Conjecture 1.8). Similarly,
one can see that I{ are invariants of cobordisms of compact surfaces with boundary.
Let us recall that two compact surfaces with boundary (2,0%;) and (Z,,0%,)
are called cobordant if there exists a three-dimensional manifold with corners Q
whose boundary is X; Ups, W Ups, 25, where W is a cobordism of 9%y and 0%,
(i.e., W is a surface with boundary 0%; U 0%;). Following [BNRI16] we denote a
cobordism of two surfaces (£1,0%;) and (2, 9%;) by (Q; 21, Z,, W; 0%, 0,). One
can easily see that the cobordisms of surfaces with boundary are trivial. Indeed,
we can construct the following cobordism of a surface (£,0%) and (@, 9): (2 x
[0,1;Zx{0},0,0% x [0,1] U X x {1}; 0%, D). A fundamental fact about cobordisms
of surfaces with boundary is Theorem about splitting cobordisms (see [BNR16, Theorem
4.18]) which says that every cobordism of compact surfaces with boundary can be
split into a sequence of cobordisms given by a handle attachment and cobordisms
given by a half-handle attachment. We refer to [BNRI16] for definitions and further
information about cobordisms of compact manifolds with boundary. Analysing the
proof of Theorem 1.5 one can remark that the value of I{ does not change under handle
and half-handle attachments. Since by this procedure any surface ¥ can be reduced to
the disc, we get I (X) = I{(D?) = 2mk.

1.2 Plan of the paper

The paper is organized in the following way. In Section 2, we collect all the analytic
facts which are necessary for the proof of Theorem 1.4. The main result here is
Proposition 2.6. In Section 3, we prove Theorem 1.2 using the techniques developed
in the previous section. Section 4 represents the geometric part of the paper. Here, we
describe convergence on the moduli space of conformal structures on a surface with
boundary. Section 5 is devoted to the proof of Theorem 1.4. In Section 6, we deduce
Theorem 1.5 from Theorem 1.4. Finally, Section 7 contains some auxiliary technical
results.
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2 Analytic background

Here, we provide a necessary analytic background that we will use in the proof of The-
orem 1.4 in Section 5. The propositions in this section are analogs of the propositions
in [KM20, Section 4]. We postpone the proof of a proposition to Section 7.2 every
time when it follows the exactly same way as the proof of an analogous proposition in
[KM20, Section 4].

2.1 Convergence of Steklov—Neumann spectrum

We start with the following convergence result.

Lemma 2.1 Let (M, g) be a compact Riemannian manifold with boundary. Consider
a finite collection {B(p;)}!_, of geodesic balls of radius ¢ centred at some points
P1>---» p1 € M. Then the spectrum of the Steklov-Neumann problem

Agu =0 in M\ UL] Bs(pi))
% =0 on U£'=1 aBs(pl)\aM’
S = AR (M\ Uiy Be(pi), ©)u  on dM\ Ui, 9B.(p:)

converges to the Steklov spectrum of (M, g) as € — 0.

Proof For the sake of simplicity, we only consider the case of one ball that we denote
by B, centred at p € M. First, we consider the case whenB, N oM # &, i.e., p € OM.

Let £(u) denote the extension of the function u by the unique solution of the
problem

AgE(u)=0 in By,
%) _ g ondMnaB,,

E(u)=u on 0B.\oM.
Claim 1. The operator €(u) is uniformly bounded.

Proof The proof is similar to the proof of uniform boundedness of the harmonic
continuation operator into small geodesic balls [RT75, Example 1]. Fix 0 < r < ¢ and
let B, denote a geodesic ball of radius r with the same center as B,. One has

21 1€CIz2(8,.0) < CllullZ2(anz,.0) + CIVElIT2(ar\3,.0)
and
(2.2) va(u)Hiz(B,,g) < CHVuHiZ(M\B,,g)'

Inequality (2.1) follows from estimate (7.1) and the trace inequality

||8(u)||iz(3,,g) < ||5(“)||§11(3,,g) < CH”H?—IVZ(BB,\E)M,g) < CHuHiIl(M\B,,g)'

Suppose that inequality (2.2) was false. Then, there exists a sequence of functions {u,, }
in H'(M\B,, g) such that

IV unllr2(am\B,.g) < 1/n
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and

1€ (n)lr2(B,,0) 2 1.

Consider & = v,r375 ) Jan\s, tndVg. We show that

||”n - “HHHl(M\Br,g) < C/”-

Indeed, by the generalized Poincaré inequality one has

lun = anllL2(an\B,.g) < ClIVUnllr2(an\5,.g) < C/n

moreover

IV (un = an)||2(n\B,g) = IVttullz2an\,.,g) < 1/n.

Note that &(u, — a,) = E(u,) — a,. Then, we can prove inequality (2.2)

||V€(“n)||L2(B,,g) = ||V€(”n - “n)HLZ(B,,g) < ||8(”n - “H)HHI(Br,g)
<lun = anllgrzaprom,g) < Clltn = aullmans,.g) < C/n,
where in the second and third inequalities, we have used in order estimate (7.1) and

the trace inequality. We got a contradiction. Hence, inequality (2.2) is true.
Note that for any pr < ¢ the first inequality scales as

||8(“)||12(B,,r,g) < C””HiZ(M\Bm,g) + CPZHV”HiZ(M\ng)’

while the second inequality scales as
HVE(M)H%,Z(BN,g) < CHquiZ(M\BP,,g)'

Therefore, ||8(u)||§-11(BP,,g)SC”“”IZﬂ(M\BP,,g)+C||vu||§,2(M\BP,,g) for ¢ small
enough. [ ]

Claim 2. One has

limsup o (M\B,, g) < 0x(M, g).
£—>0
Proof We only consider the case of B, N 0M # o. The case of B, N M = ¢ is easier
and follows the exactly same arguments. The proof is similar to the proof of [Bogl7,
Theorem 3.5].
Let Vj be a k-dimensional subspace of H'(M, g) and v € V such that

vVul*d
ox(M,g) = max 7IM| ul s
ueVi\{o}  [5,, uldsg

Letu, ..., ui be an orthonormal basis in V.. We modify the functions u;,i =1,...,k
as
1

oy ds..
e =M T L (9M\oB,) Jawnas, 1
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Then, faM\aBs ujedsg = 0. Consider the space Vi, :=span(uye,...,Ur,). Since
dim Vi . = k one has

|Vu ‘Zdv
A (M\Bg) ¢ s DT
uceVi \{0} faM\aBs ugdsg

Moreover, since the dimension of Vi . is finite then there exists a function v, € Vi .

such that
|Vve*dv
2.3) o (M\B,, g) < f’“\]’%zg
faM\aBe vidsg

Let v, = Zle cillj,e. We build the following function v = Zle ciuj € Vy c HY(M, g).
Note that Vv, = Z§=1 ciVu;e = Zle ¢;Vu; = Vv on M\B,. Thus, ]M\BE |Vv£|2dvg =
Jans, |VVPPdvg = [4 [Vvdvg as e - 0. Moreover, it is easy to see that

2
1
dsg=20( [ wddvg-—— ([ uid
[aM\aBEVS K Zilc' aM\aBeu’ & L(0M\0B,, g) aM\BBgu K

1
2¢icj iujdsyg — ———— id f idsg |
2 CICJ(.[aM\aBE Hillj s L(0M\0B;, g) aM\aBEu’ % dM\3B, “ Sg)

i*j

which converges to [,, v*ds, as € - 0. Then (2.3) implies

Vve|2dv 24
limsup o (M\B,. £) < limsup Jins, | 2| s _Ju |Vv2\ Vg
£—0 e—0 faM\aBE Ve dsg /aM v dsg

< Gk(M,g). n

Now, we are ready to prove the Lemma. The proof is similar to the proof of [MS20,
Lemma 3.2]. Let u, be a normalized ¢} -eigenfunction. By Claim 2 u, are uniformly
bounded. If B, n dM = @, then we take the harmonic continuation into B,. It is known
that the operators of harmonic continuation into B, are uniformly bounded (see
[RT75, Example 1]). Otherwise we extend u, into B, by &(u.). By Claim 1 these
operators are also uniformly bounded. Therefore, we get a uniformly bounded in
H'(M, g) sequence {ii.}. Then there exists &; - 0 such that it;, = u in H'(M, g).
Thus, il;, > u in L*(M, g) by the Rellich-Kondrachov embedding theorem. The
standard elliptic estimates imply u,, - u in C}; . (M\{p}). Consider a function ¢ €
CZ(M\{p}) such that supp(¢) c M\Bg for a ball Bg centered at p with R fixed.
Extracting a subsequence by Claim 2 one can assume that o} (M\B,,, g) — . Then
we have

/I-W(Vu,w)dvg:%%&\BR(VuS,,Wp)dVg
_ i N _
_%1_{130,( (M\B,,,g) [M\BR usl(pdvg—a/Muq)dvg.

Hence, u is an eigenfunction with eigenvalue ¢. Thus all accumulation points of
{o} (M\B,,,g)} are in the Steklov spectrum of M. Our aim now is to show that
o = 0x(M, g). We will do this by showing that the u is orthogonal in L*(0M, g) to
the first k — 1 Steklov eigenfunctions of (M, g). We use the proof by induction.
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Let u, be a first Steklov-Neumann eigenfunction of (M\B,, g). We have already
shown that @, — u in H'(M,g) then by the trace embedding theorem one has
i, > u in HY?(dM,g) and hence in L*(0M,g). In particular, one has |ju, —
ul[r2(am\aB.,g) = 0 as & — 0. Then

‘[aM\aBs(ue —u)dsg| < »/BM\BBe lue — uldsg

< L(dM\3B,, )" |u,

1/2
- uHLZ(aM\aBDg)’

which converges tp 0 as & — 0. Since faM\aBe ugds, =0 one then has that
lim,_,¢ jaM\aBE udsg = jaM udsg = 0. Therefore, u cannot be a constant and since
by Claim 2 limsup,_, 0{ (M\B,,g) =0 < 01(M, g) and o belongs to the Steklov
spectrum of (M, g) we conclude that u is a first Steklov eigenfunction of (M, g) and
g=0(M,g).

Now suppose that limsup, _, 6} (M\B,, g) = 0;(M, g) for any i < k. Let u, be a
kth Steklov-Neumann eigenfucntion of (M\B,, g). Since @, — u in H'(M, g), then
the trace embedding theorem implies that it, - u in H/2(9M, g) in particular i, — u
in L*(0M, g) whence ||us — ul|12(aa\08,,¢) = 0- Let v, be an ith Steklov-Neumann
eigenfunction of (M\B,, g) with i < k. Then faM\aBs ugvedsg = 0; moreover, we have
supposed that v is an ith Steklov eigenfunction of (M, g). One has

UeVe —UV)ds
‘LM\BBE( £ )dsg
< f lugve —uv|dsg = f [ueve — uev + uev — uv|ds,
oM\9B, OM\0B,

< ]Z;M\a& [ue(ve —v)|dsg + [aM\aBE [v(ue —u)|dsg
12 12
< / uds f (ve —v)ds
IM\3B, £ IM\3B, §
1/2 1/2
’ ( faM\aBe ngsg) ( »/3M\BBE(u£ B u)stg) Thmed

Hence, jaM\aBg ugvedsg — [5) uvdsgase — 0. ButfaM\aBE ugvedsy = 0forall e. Thus,

uvds, = 0. We conclude that u is orthogonal in L?(0M, ¢) to the first k — 1 Steklov
oM g g 4
eigenfunctions. Thus, o = op (M, g). |

We endow the set of Riemannian metrics on X with the C*—topology. Then the
following “continuity” result holds.

Proposition 2.2 Let T be a surface with boundary and Q c X be a Lipschitz domain.
Let the sequence of Riemannian metrics g on Z converge in C* —topology to the metric
g Then o7 (Z,[gm]) — 07 (Z,[g]). Similarly, if | converge to glg in C*°-topology,
then 6 * (Q,05Q, [hml|g]) = oi* (Q,9°Q, [gl5])-

Proof We provide a proof for the functional ¢, (2, [g]). The proof for the functional
o (Q, [glg]) follows the exactly same arguments.
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Choose any ¢ > 0 and consider m large enough. One has

e Sen(V) < (v < (L e fgn(nv), WY e T(TMV(0}),

where f is any positive smooth function on . Then by [CGRIS8, Proposition 32] one
has

ﬁ(}k(z’fgm) <o (2, fg) < (1+€)°ak(Z, fgm)-

Taking the supremum over all f yields

oo (B [gn]) £ 0 (2 [6]) £ (10007 (2, [g)),

which completes the proof since this inequality holds for any ¢ > 0. [ ]
2.2 Discontinuous metrics

Let £ be a compact surface with boundary. Consider a set of pairwise disjoint
Lipschitz domains {Q; }$_; in ¥ such that = = U{_; Q;. Let C°(Z, {Q;}) denote a set
of functions on U5_, Q; such that p € C°(Z,{Q;}) means that p|g, = p; € C=(Q;)
are positive for every i. Similarly, C*(Z, {Q;}) denotes a set of “smooth” functions
on Ui, Q;. We introduce discontinuous metrics on ¥ defined as pg € [g], where
peC(2,{Q;}) and g is a genuine Riemannian metric. The set C¥(Z,{Q;}) of
functions which are of class C* in every Q; is defined in a similar way. The Steklov
spectrum of the metric pg is defined as the set of critical values of the Rayleigh quotient

_ I |Vg‘/’|<2gd"g

Jox PRg2dsg
This is the Rayleigh quotient of the Steklov problem with density p. The Steklov
spectrum with density p is well-defined for any non-negative p € L°(Z, g) (see
[Kokl14, Proposition 1.3]). Elliptic regularity implies that the eigenfunctions are at least

1/2-Hélder continuous on 0. Therefore, Steklov eigenvalues of the metric pg admit
the following variational characterization

Roglo]

ok(2,pg) = inf sup Rpg[¢],

Ein @€E

where Ey, ranges over all (k + 1)-dimensional subspaces of C°(X).
We introduce the following notation

o (2,{Q:}, [g]) = sup{ak(pg) [ p € C(2,{Q:}) },

where 6 (pg) is the normalized kth eigenvalue given by

ok (pg) = ox(pg)Lyg(92).

The following lemma particularly asserts that the quantity o, (2, {Q;}, [g]) is well-
defined.
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Lemma 2.3 Let (X,g) be a Riemannian surface with boundary. Consider a set of
pairwise disjoint Lipschitz domains Q; such that £ = U;_, Q;. Then one has

or (Z,{Qi}, [g]) = o4 (2. [g])-

Proof The proof follows the same steps as the proof of Lemma 2 in the paper [FN99].
We provide it here.

Since the set of discontinuous metrics is larger than the set of continuous ones, we
have o} (2, {Q;i},[g])) > 07 (2, [g]). Therefore, we have to prove that

o (2,{Q:},[¢])) < 0 (2, [¢])s
which is equivalent to
(2.4) ok(2,pg) < o (2, [g]),

where p € C2°(Z,{Q;}) and [;; p/?ds, = 1.
Let Ej, be the eigenspace corresponding to the kth Steklov eigenvalue of the metric
pg. We put

S= {u € H'(2,pg) | u L12(a5,pg) Eos---» Ek-1, fa pl/zuzdsg = 1}
p>

For any ¢ > 0 we consider the functional

Fplu] = fz|vgu|2dvg—(0k(2,pg)—£) /a-zpl/zuzdsg.

It immediately follows that I, [u] > &, Vu € S.

Let 0 < a := min g,y p and max(q,} =: b < co. We define a smooth nondecreas-
ing function y(¢) on R, that equals zero if t < 1/2 and equals 1 when ¢ > 1 and define
the following parametrized family of functions:

ps(x) = {p(x) ) ) ifx¢U,
pOX(2) +b(1- x(2)) ifxeU,

where d is the distance function from a point x € X to U{dQ; N 9Q;}, i # jand Uisa
sufficiently small tubular neighborhood of U{0Q; N 9Q;}, i # j where d* is smooth.
We have:

@ (§)p<ps<(2)ps

(i) limsog [y pfs/zdsg =1;and
(iii) lims_g [,y |pfs/2 - p1/2|‘7dsg =0,Vq < oo.
We want to prove that F,, [u] > 0, Vu € S.

Consider T = (0x(Z, pg) - e)\/g and divide the set S into two parts S; and Sy:
Sy = {u N /z |V gul*dvg > T},
Sy :=8\$; = {u €S| fz |V gul*dv, < T}.
If u € S; then
Tpulul = [[1Vguldve— (ou(Zpg) - o) [ pilutds,
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> (ok(Z,pg) - €) (\/E_ faz pg/Zuldsg)
> (ok(Z,pg) - s)\/g(l - faz pl/zuzdsg) =0.

Let us show that [[u]| s (55, ¢) With p > 2 is bounded for any u € S,. We consider the
following operator L[u] = [, up'/?ds,. For this operator, one has

Ll <€ [ Juldsy < Clulliagoz.g) < Cllullincs. g

which implies that L € H™!(Z, g). Here, we used in order the boundedness of p,
the Cauchy-Schwarz and the trace inequalities. We also used the convention that C
denotes any positive constant depending only on 2. [AH96, Lemma 8.3.1] applied to
the operator L implies that there exists a constant C > 0 depending only on X such
that

[ull72(5.q) < ClIVHlF2(5q) < CT,
where we used the fact that L[] = 0 Vu € S. By the trace theorem one then has
H””zl/z(az,g) < CIH”H%{I(z,g) <C”,

where C"” = C'(CT + T). Finally by the Sobolev embedding theorem (see for instance
[DNPV12, Theorem 6.9]) we get

||u||Lp(az,g) < C”,”uHHl/Z(BZ,g) < C V2 < p < oo,
where C = C""'\/C". Therefore, if u € S, then
Tpolul = [ VeuPdvy =~ (ou(Z.pg) —e) [ _piffurds,

= [ IVeuPdve - (0u(Z.pg) - ) - (u(Zpg) —¢) [ (o = putds,

142 1/q 2/p
>e—(ok(Z,pg) —s)( faZ(‘DB _Pl/z)'idsg) (/;2 |u|Pdsg)

€
> e (0k(Z,pg) —S)m =0.

In the last inequality, we put

1/ 2/
[ -pmyas) ([ oweas) - —
oz 0 ¢ > ¢ or(Z,pg) — ¢

since faz(py2 - p?)1ds, > 0as 8 - 0and [,y |ulPds, < +oo.
Hence, F,,[u] >0,Vu €S which implies 04 (2, psg) > 0k (Z,pg) — &. We then
have

k(2. psg) = 0k (2, psg)Lp,g(0%) > 0k (X, pg) Ly, (9X) — €Ly, (0).
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Therefore, 0} (2, [g]) > 0%k (2, pg)Lp,g(0%) — €L, ¢(0X). Letting § - 0 one then
gets 0 (Z,[g]) > 0k (2, pg) — € that implies (2.4) since ¢ is arbitrary small. |
Lemma 2.3 implies the following lemma whose proof is postponed to Section 7.2.

Lemma 2.4 Let (Z,g) be a Riemannian surface with boundary. Consider a set of
pairwise disjoint domains Q; such that £ = Uj_; Q; and Q; N 0% = 9°Q;. Let (Q, h) =
u(Qi, glg.) and 95Q = LIS Q;. Then for all k > 0 one has

of (2. [¢]) 2 0™ (2, 0°Q, [h]).
2.3 Steklov—Neumann spectrum of a subdomain

This section is devoted to the following technical lemma
Lemma 2.5 Letps € C°(2,{Q, Z\Q}) such that ps|a = 1 and ps|s\q = 8. Then one
has

lirgqiélfak(p(;g) >0y (Q,0°Q, g),

where o) *(Q,05Q, g) is the kth Steklov-Neumann eigenvalue of the domain (Q, g)
and Q=02nQ # Q.

Proof The idea of the proof comes from the proof of [EPSI5, Section 2, Step 2].

Case I. First, we consider the case when Q¢ n 9% # @. Let Q° denotes int(Z\Q)
and 9%Q° = 9Q° N 9X. Since by elliptic regularity eigenfunctions of the Steklov prob-
lem with bounded density are in H' on the boundary we can restrict ourselves to the
space H'(9Z, g). More precisely, let ¢ be an eigenfunction with eigenvalue ¢ then by
elliptic regularity:

||1//H12ql(az,p5g) < C(||01//||iz(32,p5g) + ||W||iz(62,p§g)) <C(a”+ 1)||W||iz(82,p5g)

for some positive constant C. This implies

2
V¥l 2.y <C(o*+1)-1.

”"[/”iz(alpag)
More generally we see that if ¢ € span(yy, ..., ¥k ), where y; is in the ith eigenspace
of (£, gs) then there exists a constant Cy, > 0 such that

2
||V90||L2(82,p,sg) <Ci
— = < Gk

191122 25, ps )
Therefore, we set

2
||V‘/’||L2(az,mg)

H:={peH(3Z,g)| < Ci}s

2
191122 32 pe)
Y
H, := {goef}ﬂ—q):OonBSQ”},
on
where ¢ stands for the harmonic continuation of ¢ into X and

Hy = {p e H |9 e Hy(3°Q%, g), 9|, =0}.
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Claim 1. One has

fz(w,w‘/)gdvg; =0,V e Hy,yeH,,
for any metric g € [g].

Proof
f(VA VA)~dv~—fA~”dv~+[ % dsg
b 9> VYIgive = b gvave azafzw g

0 09
= [ Py, f ds; = 0.
fasoc i V8T Jasq 9 V%8 "

For the sake of simplicity, we use the symbols o for oy (psg), gs for psg and Rs
for the Rayleigh quotient

_ fZ |V¢)|§5dvg6
faz p>dsg, '

Claim 2. There exists a constant that we also denote by C > 0 such that a,f < Cg.

Rs[¢]

Proof Theorem 1.1 implies that there exists a constant C(k) > 0 such that
a; (2, [g]) < C(k).
By Lemma 2.3 for every § one has
0¢Lg, (9Z) < 07 (2, [g]) < C(k).
Therefore,

C(k) _ C(k) C(k) _
% < L, (92) - Ly(350) + 0V2Ly(350) = Ly(a502) = "

Let Wy be the set of k + 1-dimensional subspaces of JH{ satisfying the condition
that Rs|w, < Cy. Claim 2 particularly implies that the space spanned by the first k +1
eigenfunctions isin Wy, ie., Wi = Q.

Consider the operator € defined in section 2.1 by

AgE(u)=0 inZ,

%(“):0 on 0%Q¢

E(u)=u on 9%Q.

For a function ¢ € H' (9%, g), we fix its decomposition ¢; + ¢, with

e on 3%Q,
1= &(p) ondQ°

and ¢, = ¢ — ¢. Note that ¢; = E(¢y).
Claim 3. For every ¢ € V € W there exists a constant C > 0 such that

./amc @5 dsg, < cVs faz @ dvg,.
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Proof By Claim I, one has

[ (961, 962)gdv, 0.
Further, since ¢ € V € Wy, we have

~ [5IVolidv, B J5IVilPdvg + [5|[Validv,

- fos9tdsg, Jox 97dsg;
Sl 1 o [Voafvy 1920
T [os 9dsg, O [ysqc 93dsg HQDHiZ(a):,ga)
. ol (Q°,050°, ) ||‘P2||12(asm,g5)
- Ve ||‘P||iZ(az,g8)

Ck > Rs[ 9]

>

where o2 (Q°,05Q°¢, g) is the first nonzero Steklov-Dirichlet eigenvalue of (Q°¢, g)
(see [BKPSI10]). [}

Claim 4. For every ¢ € V € Wy and for every sufficiently small § there exists a
constant C > 0 such that

fa L9 dsg, < (1+Co) [a _oidsy,.

Proof One has

2 2 2
PlIz2(a5,6) = fmc(q)l + ) dvs, + fm Prdsg,
1
< (1+ e) faz @5dsg, + (1+¢) faz prdsg,,

for every € > 0. Applying Claim 3, we obtain

1
1Ry < V3 (14 2] [ gdsy v o) [ ghds,

and hence,

1
(1- V8 (1+2) ) Iolsqan.g) < 1+ gm0

Choosing ¢ = 64 completes the proof. ]

Claim 5. For every ¢ € V € Wy and for every sufficiently small §, there exists a
constant C > 0 such that

2 2
e P dsg < C/aSQ @1dsg.

Proof

Js |V‘P|§ad"ga S Jasa |V§"|§d5g B [asa |V‘P1|§d5g

Cy > > =
faz ¢*dsg, faz p*dsg, faz p*dsg,

>
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since ¢ = ¢; on 35Q. Then by Claim 4, one has

faSQ |v¢1|§d5g S 1 faSQ |V(Pl|§d5g

Cy 2 2
[55 92dsg, 1+ CoY4  [oo p2dsg,

which implies
/aSQ |V¢1|§dsg < Ci(1+ C8Y4) ./az @i dsg,

=Cr(1+ C(§1/4)(/asQ prdsg + 8v/? famc gofdsg).

For the rest of the proof C stands for any positive constant depending possibly on X
and g but not on ¢ or ¢.

Note that 9°Q has positive capacity (see [HP18, pp.102-105]). Applying in order the
trace inequality, estimate (7.1), the Sobolev embedding and inequality (2.5) yield

(2.5)

A

P1

%'II(E,g) < CH‘PlH?—[l/z(asQ)g)
< Cllorllinasa,gy = CUlorllFz(asag) + V01172 (a50.))
< C(l + C81/4)(||¢1||il(850,g) + 51/2||¢1||12(3505,g)),

which implies the required inequality for § small enough. [ ]

Ip1llZ2as0e,g) < €

Further, by the fact that [;(V @1, V§,)gdve = 0 and by Claim 4 for every g € V €

Wj and one has
B v zxd"g B fs |V¢1|§d"g + /s |V¢2|§d1’g

 [os 9Py Jos 97dsy,

N 1 /2 |V¢l|§d1’g + f): |Vq32|§,dvg

S 1+ Co Jox pidsg,

o1 [5 IVulzdvg 1 [ IVulzdv,

T 1+ GO [oypidsg, 1+ COVR [y gidvg + 87 [o5q. pidvg

Rs[¢]

and by Claim 5, we get

> 1 [E |V¢)1|§dl/g
T (1 COY)(1+8V2C) [y 9rdsg
> 1 [Q |v¢l|§d1’g
* L+ COT)(1+ 8C) [y 97dss
1 N
2 (1+ C8Y4)(1+ 8Y2C) R(Q,asﬂ,g) [9%],

Rs[¢]

where R?’Q 350.9) denotes the Rayleigh quotient for the Steklov-Neumann problem in

the domain (Q, g).
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Let V = span(yy, . .., V), where y; is in the ith eigenspace of (X, g5 ). Then

o = maxR;[¢] > ! max R, 550 2 [¢1,]
kT gev T (1+C8V4)(1+812C) gev  (2°00) lo

S 1

(1+ C84)(1+ 8Y/2C)
since the restriction to Q of the functions y; form the space of the same dimension by
unique continuation. Finally, passing to the lim inf as § — 0 in (2.6) yields the lemma.

Case I1. The case when Q° N 9% = @ is trivial. Indeed, in this case, we have 95Q =
0Z. Then for any function ¢, one has

L IVoRdve | JalVidve o]
= > = RY}, a5, .

Jos 97dsgs — [osa 97dsg (@20
Therefore, considering V = span(yy,. .., ¥x), where y; is in the ith eigenspace of

(2, g(s) yields

o = maxRs[¢] > maxRéVQ’am)g)[go‘ﬂ] >0 (Q,0°0,9).
QeV @eV

(2.6)

o (2,0°Q,8),

Rs[¢]

Taking liminf as § — 0 completes the proof.

Lemma 2.5 is the key ingredient in the proof of the following proposition. We
postpone the proof to Section 7.2.

Proposition 2.6  Let (X, ) be a Riemannian surface with boundary, Q c 2 a Lipschitz
domain and 3°Q = 9% N Q # Q. Then for all k one has

oi (2. [g]) > 0y (2,0°Q [glg]).-

Similarly, let (X, g) be a Riemannian surface whose boundary. Let 9% denote all
boundary components with the Steklov boundary condition and Q c X be a Lipschitz
domain such that 35 Q c 05%. Then for all k one has

0" (2,0°%, [g]) 2 0" (2,0°, [glg])-
As a corollary of Proposition 2.6, we get

Corollary 2.7 Let (M, g) be a compact Riemannian surface with boundary. Consider
a sequence {K, } of smooth domains K,, ¢ M such that

o K, cK;Vr>sand
o NyKy ={p1,..., p1} for some points py, ..., p; € M.
Then one has

lim o (M\K,,, 9M\0K,, [g]) = 0y (M, [g]).-
The proof is postponed to Section 7.2.
2.4 Disconnected surfaces

The proofs of two lemmas below follow the exactly same arguments as the proofs of
Lemmas 4.9 and 4.10 in [KM20]. Their proofs are postponed to Section 7.2.
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Lemma2.8 Let(Q,g) =u;_(Qi,gi) beadisjoint union of Riemannian surfaces with
Lipschitz boundary. Set 3 Q = L5_,0%Q;. Then for all k > 0 one has

S
o,ﬁ\r*(Q,BSQ, [g]) = max Zag*(ﬂ,-,asﬂ,-,[g,-]).
ki=k, ki>0 =1

M

i=1

Lemma 2.9 Let (X,g) be a Riemannian surface with boundary. Consider a set of

pairwise disjoint Lipschitz domains {Q; }_; in T such that ¥ = Ui, Q; and Q; N 9% =
3%Q; # @ for 1 < i <. Then one has

sl
o (Z,[g) > max Yot (Q:,0°Q:[g)).
i ki=k, ki20 =1

3 Proof of Theorem 1.2

The proof is inspired by the methods of the papers [YY80, GP, Karl6]. Let = be
a nonorientable compact surface of genus y and / boundary components. We pass
to its orientable cover 71:3 — X. Note that 3 is of genus y and has 2/ boundary
components. Let 7 denote the involution exchanging the sheets of 7. If h is a metric
on ¥ then g := 7*h is a metric on 3 invariant with respect to 7, i.e., 7 is an isometry
of g. Let D5 be the Dirichlet-to-Neumann map acting on functions on . Then
70 D5 = D5 o 7 and hence Steklov eigenfunctions are divided into 7-odd and 7-even
ones. The corresponding Steklov eigenvalues are also divided into odd and even ones.
Let 07 (, g) the kth 7-even Steklov eigenvalue. Then of (Z, g) = 0y (Z, h).

By a well-known theorem of Ahlfors [Ahl50], there exists a proper conformal
branched cover y: (2, g) - (D% gean). The word “proper” means y(9%) = S'. Let
d be its degree. Define the following pushed-forward metric g* on D?: consider a
neighborhood U of a nonbranching point p € D?. Its pre-image is a collection of
d neighborhoods U;,i =1,...,d on X. Moreover, y; := ¥y, Ui = U is a diffeomor-
phism. Then the metric g* is defined on U as ¥ (y;')*g. The metric g* is a metric on
D? with isolated conical singularities at branching points of y. The following lemma
is trivial

Lemma 3.1 For any function u € C*(D?) one has

fSl udvge = fai(w*u)dvg

d[ * zd *:f * zd .
D2 |Vgeul"dvg E‘vg(w u)“dvgy

Further, suppose that there exists an involution ¢ of D? such that

and

(3.1) yoT=10V.
Lemma 3.2 The involution 1 is an isometry of (D?, g*).

Proof Indeed, let the neighborhood U c D?* be small enough and do not contain
branching points. Then y~'(U) = u? U; and applying 7 one gets: 7(y(U)) =
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u? 7(U;). Note that condition (3.1) implies 7(y~'(U)) =y }(:(U)). Whence
vy (1(U)) = ud,7(U;). Let ; := y(u,). Then on U, one has

d d d
~-1 ~ -1 ~ -1
g =i )g=20( ) T'g=2 (i e1)'g
i=1 i=1 i=1
d 1 d 1
-~ * * T * * %
=2 (o ) g=X 1" (i )'g=1"¢g". n
i=1 i=1
Consider a jth i-even eigenfunction u; on (D?, g*) with corresponding eigenvalue
0; (D?, g*). Then the function y*u; on X is 7-even and hence it projects to a well-
defined function v; on X. We can construct the following function v = Z;:(} cjvj.
Note that n*v = Z;‘;& cjy*uj=y*u, where u := Z;:OI cjuj. Further, let w; denote an
ith eigenfunction on X with eigenvalue ¢;(Z, h). It is easy to see that one can always
find some coefficients cy, . . ., cx_; such that faz ywidvy, =0,i=0,...,k—1. Then, we
can use v as a test function for oy (Z, h):

[ |VivPPdvy ) J5|Vgv*tulfdv, ) deZ Vg ul*dvgs
Jax Vv Jos(wru)?dv, Joutdvg

where we used Lemma 3.1. Moreover, the second identity in Lemma 3.1 implies
Lg+(S") = Lg(0%) = 2L, (9%). Whence

ox (I, h) < = da (D% ¢%),

d
(3.2) Tk(Z.h) < Sol(D% g )L (8).

Consider a conformal map y between surfaces with involution y: (Z, 7) - (D?,1)
of minimal degree d. The map y is conformal, moreover, every involution exchanging
the orientation on ID? is conjugate to the involution 1(z) := z, where we identify D?
with the unit disc on the complex plane. Therefore, without loss of generality, we can
assume that ¢ = 1. The fixed point set of i is the diameter {z € D* | Re(z) = 0}. Let
HD? denote a half-disc for example the right one and 05 HD? is the right half-circle.
Thus, 0,°(D?, g*) = of (HD?, 9 HD?, g*) and inequality (3.2) implies:

(33) ok (Z,h) < gal’((Dz,g*)Lg*(Sl) = doy (HD? 0SHD?, g*)
<dop* (HD?*, 0HD?, [g*]) < dog (D2, [gean]) = 27kd,

where in the last inequality, we used Lemma 2.6 and the fact that there exists a unique
up to an isometry conformal class [ g.,, ] on D?. We want to estimate d in formula (3.3).
It is known that there exists a proper conformal branched cover f: (2, g) — (D, gean)
of degree d’ < y + 21 (see [Gab06]). One can construct the following map F(x) :=
f(x)f(7(x)). Note that F(x) = F(t(x)) = t(F(x)) and hence = t,. Moreover, F is
proper and the degree of F is not greater than 2d’ = 2(y + 2I). Hence, there exists
a proper map between (2, 7) and (D%, 1) of degree not exceeding 2d’ = 2(y + 2I)
satisfying (3.1). Inequality (3.3) then implies

o1 (Z,h) < 4nk(y+21).
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4 Geometric background

The aim of this section is the proof of Theorem 1.4. For this purpose, we provide a
necessary background concerning the geometry of moduli space of conformal classes
on a surface with boundary. We start with closed orientable surfaces.

4.1 Closed orientable surfaces

Let us recall the Uniformization theorem.

Theorem 4.1 Let X be a closed surface and g be a Riemannian metric on it. Then in the
conformal class [g], there exists a unique (up to an isometry) metric h of constant Gauss
curvature and fixed area. The area assumption is unnecessary except in the case of the
torus for which we fix the volume of h to be equal to 1.

Remark 4.1 1t follows from the Gauss-Bonnet theorem that the metric h in the
Uniformization theorem is of Gauss curvature 1 in the case of the sphere, 0 in the
case of the torus and —1 in the rest cases.

Recall that a Riemannian metric h of constant Gaussian curvature —1 is called
hyperbolic and a Riemannian surface (2, h) endowed with a hyperbolic metric k is
called a hyperbolic surface. Note also that a hyperbolic surface is necessarily of negative
Euler characteristic. We also say that the torus endowed with a metric of curvature
h =0 is a flat torus and the sphere endowed with the metric & =1 is the standard
(round) sphere.

4.2 Hyperbolic surfaces

We recall that a pair of pants is a compact surface of genus 0 with 3 boundary com-
ponents. The following theorem plays an underlying role in the theory of hyperbolic
surfaces.

Theorem 4.2 (Collar theorem (see e.g., [Bus92])) Let (2, h) be an orientable compact

hyperbolic surface of genus y > 2 and let ¢y, ca, . . ., ¢y be pairwise disjoint simple closed
geodesics on (Z, h). Then the following holds

(i) m<3y-3.

(i) There exist simple closed geodesics ¢ 1, ... C3y—3 which, together with cy, ..., ¢y,

decompose X into pairs of pants.
(iii) The collars

C(c;i) = {p €X|dist(p,c;) < W(Ci)}

_ T o 1)
W(Ci)—I(Ci)(ﬂ—Zarctan(smh 5 ))

are pairwise disjoint fori =1,...,3y - 3.
(iv) Each C(c;) is isometric to the cylinder

{(t, )| —w(c;) <t<w(c;i), B¢ R/ZﬂZ}

of widths
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with the Riemannian metric

(’(C)) (4t + d6?).

27rcos( Kei) )

The decomposition of (£, /) into pair of pants which we denote by P is called the
pants decomposition. We also say that the geodesics cy, .. ., ¢3,_3 form P.

4.3 Convergence of hyperbolic metrics

We endow the set of hyperbolic metrics on a given surface X with C*—topology. In
this section, we describe the convergence on this topological set which is called the
moduli space of conformal classes on X. Essentially, two cases can happen: the injectivity
radii of a sequence of hyperbolic metrics do not go to 0 or they do. The first case
is described by Mumford’s compactness theorem and the second one is treated by the
Deligne-Mumford compactification.

Proposition 4.3 (Mumford’s compactness theorem (see e.g., [Hum97])) Let {h,} be
a sequence of hyperbolic metrics on a surface £ of genus > 2. Assume that the injectivity
radii inj(Z, hy,) satisfy limsupinj(2, h, ) > 0. Then there exists a subsequence {h,, },

sequence { @y} of smooth automorphisms of £ and a hyperbolic metric hoo on T such
that the sequence of hyperbolic metrics {®} hy, } converges in C*-topology to heo

If lim inj(Z, h,) = 0 then we say that the sequence {h,} degenerates. The thick-

thin decomposition implies that if the sequence {h,, } degenerates then for each n there
exists a collection {c},...,cl'} of disjoint simple closed geodesics in (Z, h,) whose
lengths tend to 0 and the length of any geodesic in the complement £,, = Z\(¢] U --- U
c!') is bounded from below by a constant independent of n. We call the geodesics
{c]',...,c!'} “pinching” or “collapsing” The surface (X,, h,) is possibly a discon-
nected hyperbolic surface with geodesic boundary. Let £, denote the surface having
the same connected components as Z,, but with boundary component replaced by
marked points. Note that each sequence {c!'} corresponds to a pair of marked points
{pi»qi} on 2o, i =1,...,s. Then the punctured surface £, \{p1, g1, ..., ps> qs} that
we denote by £, admits the unique hyperbolic metric h., with cusps at punctures.
Now we are ready to formulate one of the underlying results in the theory of moduli
spaces of Riemann surfaces.

Proposition 4.4 (Deligne-Mumford compactification (see e.g., [Hum97])) Let
(2, hy,) be a sequence of hyperbolic surfaces such that inj(Z,h,) — 0. Then up to
a choice of subsequence, there exists a sequence of diffeomorphisms ¥, :Zoo - Z,
such that the sequence {¥,; h,} of hyperbolic metrics converges in Cys.-topology to the
complete hyperbolzc metric hoo on Xo,. Furthermore, there exists a metric of locally
constant curvature ho, on So, such that its restriction to Lo, is conformal to heo

We call (£o, hioo) a limiting space of the sequence (Z hy ) We also say that the
limit of conformal classes [/, ] is the conformal class [f. ] on £,
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Remark 4.2 We emphazise that fz; has locally constant curvature, since f; is
possibly disconnected and different connected components could have different signs
of Euler characteristic.

4.4 Orientable surfaces with boundary of negative Euler characteristic

Our exposition of this topic essentially follows the book [Jos07].

Let X be an orientable surface of genus y with | boundary components. Consider
its Schottky double =4 defined in following way. We identify = with another copy ¥’
of X with opposite orientation along the common boundary. We get a closed oriented
surface of genus 2y + I — 1. For example, the Schottky double of the disk is the sphere
and the Schottky double of the cylinder is the torus. In the rest cases we always get
a hyperbolic surface as the Schottky double. We endow the surface > with a metric
g The next theorem plays a role of the Uniformization theorem for surfaces with
boundary.

Proposition 4.5 [OPS88] In the conformal class [g] of a metric g on the surface X,
there exists a unique (up to an isometry) metric of constant Gauss curvature and geodesic
boundary. More precisely, this metric is of curvature 1 in the case of D?, of the curvature
0 in the case of the cylinder and of curvature —1 in the rest cases.

Denote the metric of constant Gauss curvature and geodesic boundary from
Theorem 4.5 by h. Consider a Riemannian surface with boundary (2, k). Its Schottky

double admits the metric h% defined as h“i =hand h“f = h. It is a metric of constant
z

curvature and the involution ¢ : 2¢ - ¢ that interchanges  and X’ becomes an
isometry with X as the fixed set. Moreover, (2, h,) = (24, h9) /1.

Theorem 4.5 also says that the set of conformal classes on the surface £ with
boundary is in one-to-one correspondence with the set of metrics of constant Gauss
curvature and geodesic boundary which is in the one-to-one correspondence with the
set of “symmetric” metrics (metrics that go to themselves under the involution ) of
constant curvature on the Schottky double. We endow the set of metrics of constant
Gauss curvature and geodesic boundary with C*—topology. Consider a sequence
of conformal classes {c,} on X. It uniquely defines a sequence of “symmetric”
metrics of constant curvature {h%} on Z¢. For this sequence, we have the same
dichotomy as we have seen in the previous sections. Precisely, either inj(£%, h) » 0
orinj(Z%, h9) — 0. In the first case we get a genuine Riemannian metric on % which
is obviously “symmetric” and of constant curvature while in the second case one can
find a set of simple closed geodesics {c]', ..., c"}, where s < 6y + 3] — 6 whose lengths
lhg(c{') — 0. For the geodesics ¢/ there exist two possibilities: either ¢(c}') = ¢! or
i(ct) = ¢ with j # i. The first possibility implies that the geodesic ¢}' crosses 9% which
corresponds to two situations as well: either ¢} has exactly two points of intersection
with 0% or it belongs to 0%, i.e., it is one of the boundary components. The second
possibility implies that ¢! does not crosse 0. Taking quotient by ¢, we then get
three types of pinching geodesics on (Z, h,,) with inj(Z, h,) — 0: pinching boundary
components, pinching simple geodesics which have exactly two points of intersection
with the boundary and pinching simple closed geodesics which do not cross the
boundary.
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4.5 Nonorientable surface with boundary of negative Euler characteristic

Let ¥ be a compact nonorientable surface with / boundary components. Note that
the Uniformization Theorem 4.5 also holds for nonorientable surfaces. Pick a metric
h of constant Gauss curvature and geodesic boundary. We pass to the orientable
cover that we denote by X. The surface ¥ is a compact orientable surface with 21
boundary components. The pull-back of the metric & that we denote by  is a metric
of constant Gauss curvature and with geodesic boundary. Moreover, this metric is
invariant under the involution changing the orientation on X. Consider a sequence
{ha} on X of metrics of constant Gauss curvature and geodesic boundary such
that inj(2, h,) — 0 as n — oco. This sequence corresponds to the sequence {h,} on
¥ such that 1n)(2 n) = 0 as n — oo. As we discussed in the previous section for
the sequence {1}, one can find pinching geodesics of the following three types:
pinching boundary components, pinching simple geodesics crossing the boundary at
two points and pinching simple closed geodesics which do not cross the boundary.
Note that for the geodesics of the second type the points of intersection with the
boundary are not identified under the involution. Indeed, if the were identified then
the corresponding pinching geodesic had fixed ends under the involution. Applying
the involution to this geodesic we would get a pinching closed geodesic crossing
the boundary at two points which is not one of the possible types of pinching
geodesics. Consider now the geodesics of the third type. For every such geodesic
there are two possible cases: either this geodesic maps to itself under the involution
changing the orientation or it maps to another simple closed geodesic which does
not cross the boundary. Then taking the quotient by the involution changing the
orientation we get two types of simple closed geodesics on X which do not crosse
the boundary: one-sided geodesics which are the images of the geodesics described in
the first case and two-sided geodesics which are the images of the geodesics described
in the second case. The collars of one-sided geodesics are nothing but Mobius bands
while the collars of two-sided geodesics are cylinders. Therefore, if inj(Z, h,) — 0
as n — oo, then one can find pinching geodesics of the following types: pinching
boundary components, pinching simple geodesics which have exactly two points of
intersection with the boundary, one-sided pinching simple closed geodesics not cross-
ing the boundary and two-sided pinching simple closed geodesics not crossing the
boundary.

4.6 Surfaces with boundary of non-negative Euler characteristic

Here we consider the cases of the disc, the cylinder € and the Mobius band MB.

It is known that the disc has a unique conformal class (up to an isometry). We
denote this conformal class as [gcan | OF Ccan> Where gcqy is the flat metric on the disc
D? with unit boundary length.

Accordingly to Theorem 4.5 in a conformal class on € there exists a flat metric with
geodesic boundary, i.e., a metric on the right circular cylinder. This metric is unique if
we fix the length of the boundary. The right circular cylinder is uniquely determined by
its height. Therefore, conformal classes on C are in one-to-one correspondence with
heights of right circular cylinders, i.e., the set of conformal classes is R.. We will
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identify conformal classes on € with points of R. We say that the sequence {c,}
of conformal classes degenerates if either ¢, — 0 or ¢, = oo. The case ¢, — 0 corre-
sponds to a pinching geodesic having intersection with two boundary components
(i.e., the generatrix of the right circular cylinder). The case ¢, — oo corresponds to
pinching boundary components.

In the case of the Mobius band we also use Theorem 4.5 which implies that in every
conformal class on MIB there exists a flat metric with geodesic boundary which is
unique if we fix the length of the boundary. Passing to the orientable cover and pulling
back the flat metric from MB we get a flat cylinder with geodesic boundary. Then the
discussion in the previous paragraph implies that the conformal classes on MIB are also
encoded by R.. Identifying again conformal classes on MB with points of R, we get
two possible cases for a sequence of conformal classes {c, }: either ¢,, - 0 or ¢,, - 0.
In both cases, we say that the sequence {c, } degenerates. The first case corresponds
to a pinching geodesic having two points of intersection with boundary. The second
case corresponds to the collapsing boundary.

5 Proof of Theorem 1.4

Negative Euler characteristic. Let £ be a surface with boundary and ¢, - ¢ a
degenerating sequence of conformal classes. Consider the corresponding sequence
of metrics h, of constant Gauss curvature and geodesic boundary. Then as we have
noticed in Section 4.4, one can find s = s; + s, + s3 pinching geodesics of the following
three types: s; pinching boundary components, s, pinching geodesics that have two
points of intersection with boundary and s; pinching simple closed geodesics that do
not intersect the boundary.
We introduce the following notations

o y7 for collapsing geodesics, i = 1,...,s. If we do not indicate the superscript then
the symbol y; stands for the genus;
o C7 for collars of collapsing geodesics, i = 1,. .., s. Their widths are denoted by w?.

Moreover, Cf := {(,0) |0 <t<w}, 0<@<2n}forl1<i<syand Cf := {(t,0)] -
wl <t<w!, 0<0<2n} for s +1<i<s (if the geodesic is one-sided then we
consider C := {(t,0) | —w}' <t <w}, 0< 0 <2n}/ ~, where ~ stands for (¢, 6) ~
(—t, m+ 0)). Note that geodesics correspond to the line {¢ = 0}, the segments {6 =
0} and {6 = 27} are identified for 1< i < s; and for s; + s, + 1< i < s and they are
not identified for s; + 1 < i < s + 5, and correspond to the segments of intersection
with the boundary;

o for 0 < a <w!, we denote C7(0, a) the subset {(¢,0)|0<t<a,0<6<2n}cCl
for1< i <s;and for —w} < a < b < w, we denote €7 (a, b) the subset {(,60) | a <
1<b,0<0<2n} cCf fors;+1<i<s

o I/:={(t,0)eCl |0 =00r0=2m}fors; +1<i<s+s;;

o for —wl' <a<b<wl!, weset I7(a,b):={(t,0) eI} |a<t<b} fors;+1<i<
S1 + S2;

« X7 for the jth connected component of X\ uj_; C. We enumerate X7 by 1<
j <M such that M denotes the number of X% and for all 1< j<m one has
Z}‘ noX + 0;
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o let a" = U2 {af _,af  }, where 0 < a, <w!'. We denote by Z%(a") the con-

nected component of

S1+S2 s
n n n n
2\( U ¢ (af _,ai,)U U Yi)
i=1 i=s1+s2+1
which contains 27;
o fora” = U {af _,af, }, where 0 <, <w} weset I7(a") =27 (a") ndX and
I7 = X7 noX wherel < j <m;
« we use the notation a, < b,, for two sequences {a, } and {b, } satisfying a,, b, —
+ooand $* — 0asn — oo.

5.1 Inequality >

We prove that
m s1+82
(5.1) liminf o7 (Z,¢,) 2 max( >0k (ZyiisCoo) + ), a:i(]]]ﬂ))’
nmee i=1 i=1

For this aim we consider the domains C¥(0,a?,) for1<i < s, C/(af_,al,) for
1+ s <i <5 +s,, where w? —al, < wl, af . - oo and the domains Z;’(oc") for1<
j < m. By Lemma 2.9, we have

(5.2)

S1
o (5.60) > max 3202 (€1(0.01.). 1)

i=1

S1+S2 m
> af?*(@?(a?,_,a:’,+>,r;‘<a:i_,a?,+),cn>+Zoéi*(zy(a”),ly(a"),cn)).
i=l+s; j=1

For 1<i<s;, we define the conformal maps ¥/':(C}(0,af,),c,)
(]D)z) [gcan]) as
\P(l(t’ 0) _ e\/j1(9+\/j1t).

The images of /" are the annuli D*\D? . exhausting D?* as n — co. We also note
e Yi+

that ¥/ (y7) = S
For s; + 1< i <51 + 55, we define the conformal maps ¥/": (C} (&} _, af ), cy) -
(DZ’ [8can]) as

0—-m+V-1t
¥I(1,0) = tan (”) .
4
The images of P/ that we denote by Q7 exhaust D* as n — oco. We also denote the
image of I (a _, af , ) by 9°Q7. Note that 3°Q” exhaust S' as n — oo.

Finally, we take restrictions of the diffeomorphisms ¥, given by Proposition 4.4
to obtain the conformal maps ¥': (2 (a"), cx) = (Zeo, ¥ycn) where 1< j < m. Let
I(IZS‘IC;: Y. be the the image of ‘I’]” and asfz;? = ‘I/]” (I7(a™)). The following lemma

olds
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Lemma5.1 Let X7° be the connected component ‘i’J’.“(Z;?) C o wherel < j < m. Then
the domains Q;’ exhaust £7° and GSQ;‘ exhaust 9X5°.

Proof Passing to the Schottky double of the surface X, we immediately deduce this
lemma from [KM20, Lemma 5.1]. [ ]

Further, we apply the conformal transformations to (5.2) to get

o (3, cn)>max(ZON* (DD 5", [gean)
i=1

(5.3)

S1+S2
+ > 0N (QF, 0507, [gean )+Za Q” aSQ" [(‘P”)*hn])).

i=1+s;

It follows from Corollary 2.7 that the first two terms on the right hand side converge
to 0,,(D?, [gcan])- To complete the proof we will need the following lemma

Lemma 5.2 Let f]‘;° c 3., be a closure of 2%, 1< j < m. Then for all r one has

hmmfoN*(Q" BSQ" [(Y")*hy]) 2 07 (22, [Foo])-

n—o0 ]
We postpone the proof to Section 7.3.
Finally, taking liminf,,_,, in (5.3) completes the proof of (5.1).
5.2 Inequality <

We prove the inverse inequality,

n—00 i=1 i=1

m S1+52
(5.4) limsup 0y (2, ¢,,) < max ( >0k (i1 Co0) + Y. OF (]D)Z)).

For this aim we choose a subsequence ¢,,,, such that

lim o7 (Z,cp,) =limsupo; (Z,c,).

Mm =00 n—o00

Then we relabel the subsequence and denote it by {c,}. Therefore, one can choose
subsequences without changing the value of lim sup.
Case L. Suppose that up to a choice of a subsequence the following inequality holds

i (Z,¢n) > 07 1(Z,¢cp) + 27

Then by [Petl9, Theorem 2] in the conformal class ¢, there exists a metric g, of unit
boundary length induced from a harmonic immersion with free boundary ®,, to some
N(n)-dimensional ball BN("), je.,

_ (q)n) av,,q)n>hnh
* of (Zcn)

and such that 04 (g, ) = 0} (Z, c). Here, the metric h,, is the canonical representative
in the conformal class ¢,. It is known that for any compact surface the multiplicity of
0k (gn) is bounded from above by a constant depending only on k and the topology of
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% (see for instance [FS12, KKP14]). Therefore, one can choose the number N(#) large
enough such that N(n) does not depend on #.
Assume that for the sequence {c, } the following inequality holds

m sits2
(5.5) limsup o7 (2, ¢,) > max ( Y0k (ZyiinCo0) + a:i(]Dz)).
n—oo i=1 i=1

For1< i <s; we consider the conformal map ¥/ : (C7,c,) = (D%, [gcan]) defined
as ¥I'(0,t) = eV O+ e image of this map is nothing but D*\D?_,, which
e i
exhausts D? as n — oo. The image of a pinching geodesic is S'. Then the map @7 :=
@, 0 (¥):D*\D?_,. - BY satisfies the bubble convergence theorem for harmonic
e i

maps with free boundary [LP17, Theorem 1]. Hence, there exist a regular harmonic map
with free boundary @; : D? - BY and some harmonic extensions of nonconstant 1/2-
harmonic maps wy, ..., w;i : D? - BN such that

£ ;
2 J |2 .
-/]I;)Z ‘vq)l‘ dvgcun + ]; /]D;2 |thi| dvgcan - nll_l;l;lo '/)’\:1 dsgn‘

We denote limy oo [, dsg, by m;.

Proposition 5.3 For s;+1<i<s +s, there exist integers t; >0, non-negative
sequences {a’ },{b"} with1 <1 < t; and a sequence {« } such that

n
itis

< wh

_n
E ;

-wi Laj_=bly<a}, <b}, < <al, <b},,<a Py
and

mig = lim L (T (al), b1,)) > 0.
Moreover, there exists a set ] ¢ {1,..., m} such that for every j € ] one has

mj = JLrEoLgn(I;’(oc")) >0

satisfying
S1 s1+s2 i
Zm,--t-z Z mi,l+ij:1,
i=1 i=1 =541 el

with sy + YiL02 ) t; is maximal.

Proof The proof follows the proofs of Claim 16, Claim 17 by [Petl9]. Precisely,
denying the proposition one can construct k + 1 test-functions such that ox (g, ) < 0(1)
which contradicts inequality (1.2). The construction of these functions is given in the
proofs of Claim 16, Claim 17 by [Pet19]. Note that these functions equal 1 on X7 for
everym+1<j< M. [ ]

We proceed with considering a sequence {d!;} where s; +1<i<s;+s; and 1<
[ < t; such that

Tim L, (7 (af ) = lim Lo, (K (df, b)) = my /2.
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Let g7, < a}, q} ; — +oo. Consider the conformal maps

‘Pffﬁ ((‘f?(a?’l - q;'l,l’ b?,l + qzr'l,l)’ Cn) - (D2> (can])

defined as
0—m+/—1(t-t"
¥ (t,0) =tan( ( "’))
? 4
Let
D?,j = 21(6?(0?,1 - ‘17,1) b?,l + ‘17,1))
and

S?,j = \Pirfl(rin(a?,l - q; bl + ‘1?,1))
Then D} ; exhausts D* and S} ; exhausts S' as n — co. We also set
lim Lewp ), ,(S7;) = mit.
Consider the map ®}; = ®, o (¥},)":(D};,S};) » (BN,SN™!). We endow D}
with the metric (¥}, ) g, and BY with the Euclidean metric. Then the map @7 , is har-

monic with free boundary since ®,, is harmonic with free boundary and ¥}, is con-
formal. Moreover, it is shown in [Pet19] that the measure 15 (D,0,D! ) ge0ndSgean

does not concentrate at the poles (0,1) and (0,-1) of D?. Indeed, if the measure
concentrated at the poles then one would obtain a contradiction with the maximality
of s+ X2, ti.

The exactly same procedure can be carried out for components Z;’(oc"), jel.
The only difference is that now we use restrictions of diffeomorphisms ¥" given by
Proposition 4.4 instead of the explicit harmonic map as above. As a result, one obtains
domains 07 € Y and harmonic maps with free boundary d);‘ Q;’ — BY such that

the measure la{); (@%),0,D% ) )yg.,,d5q.,, does not concentrate at the marked points of

—

Zoo-
Now thanks to inequality (5.5), we can construct k + 1 well-defined test-functions
for the Rayleigh quotient of oy using the limit functions of the sequences of maps @7 |

and 7 as it was shown in [Pet19]. Precisely, let p; be the maximal integers such that

0,,(D?)
(5.6) : <limsup o; (2, ¢n)»

i n—o00
where 1 < i < s, p; ; the maximal integers such that

o; (D?
(5.7) pua )<limsupa,f(2,cn),

mi’l n—oo
where s; +1< i <51 +5; and p; the maximal integers such that

0;;‘(2;0’5‘:’)

(5.8) <limsupoj (Z,¢n), je .

m] n—>oo
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Then one has

0;,-+1(D2) >m;limsup oy (2,¢,), 1< i <5y,
n—oo
(D?) > m; ; limsup oy (2, ¢,), s1+1<i <81+,

n—oo

*
Gpi,l+1
and

0;j+1(2/;?\°,c/;) > m;jlimsup oy (2, ¢,), jeJ.

n—oo

Yt (pi+1)+ X0 Z;":l(p,-,, +1) + ey (pj +1) < k then by inequality (5.5) we

i=s;+1
have
51 sitsy i —
Yoy + X Yoy (D) +Y 051 (E5°, ) <limsup of (2, cn),
i=1 i=s;+1 I=1 jel n—oo

which implies Z;‘;lmithj‘:zfilZf‘:lmi,l+Zj€]mj<1 and we arrive at a

contradiction with Proposition 5.3. Hence, Y (pi+1)+ Z?:sffrl Zl (i +
D+Y(pj+1) 2k+1

Further, let dvgi = lim, 0o (¥]').dvg,, dvgir = limy o0 (¥} )+ dvg, and dvg{-)o =
limnﬁw(‘l’?)*dvgn. Denote by c%_gz, @ and @ the measures induced
by the compactification on D? for 1<i<s; and s;+1<i<s +s, and on Z/}?\",
respectively. These measures are well-defined due to the nonconcentration argu-

ment explained above. Take orthonormal families of eigenfucntions (¢?,..., gbf 9
in L?(D?, dv ) 1<i<sy, (¢9,...,¢7") in L*(D?,dv i) si+1<i<s +s; and

(%,---,WPJ) in L2(2°° dv o ) such that for 0 < e < p; the function ¢{ is an eigen-
function with eigenvalue ae(dv i ) on D? for 0<e<p;,; the function ¢ is an
eigenfunction with eigenvalue o, (dvg;z ) onD? and for 0 < r < p; the function /! 7isan
eigenfunction with eigenvalue a,(@ ) on Z/j\" The standard capacity computations
(see for instance [Pet19, Claim 1]) imply the existence of smooth functions supported
in a geodesic ball of a Riemannian manifold and having bounded Dirichlet energy.
More precisely, there exist positive smooth functions 7;, 7,1, and 7 for (D?, a;; ),
(D2, @ ), and (Z/j\", c’i’vz ), respectively supported in geodesic balls B(x,r) cen-
tered at the compactification points x of radius r such that # € Cg° (B(x r))andy =1
on B(x, p,r) © B(x,r), where p, - 0as n - co and [, [Vy[2dv, < = o5 2 —C£ 1, where 7 is
one of the functions #;, #;,; and #;, ({2, dv,) is one of the correspondlng manifolds
(]D)Z,Ev-gZ), (DZ,@) and (z’f’,@) Moreover, if (Q,dv,) = (Dz,gv—g;) then
we additionally require p, to satisfy 0D \S?; c B(x,p,r). Then, we define the
desired test-functions as

& = (¥) "migi, 1<i<s
extended by 0 on Z,

=) T gl s+ 1<i<si+ sy
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extended by 0 on ¥ and
& =¥ je

extended by 0 on X. Note that all these functions have pairwise disjoint supports. Then
from the variational characterization of oy (g, ) one gets

0r(gn) < max maxm max MLIE’”%‘
k(8n) < 1<i<s; faz(Ef)zdsg" ’51+15iSs1+52 [az(ff,l)zdsgn >
il [55(&)2dsg, |

and passing to lim sup as n — oo, we get

{ 9,(D*) %, (D7)
max , max —_—

1<i<s; m; s1+1<i<sy+s, m;
>

>

limsup o} (Z, ¢,) < max

n—oo

%)
max ————

jeJ m;

which contradicts (5.6), (5.7), and (5.8). This means that if inequality (5.5) holds then
the sequence {c,} cannot degenerate. We arrived at a contradiction and inequality
(5.4) is proved.

Remark 5.1 Note that if s, = 0, i.e., there are no pinching geodesics having inter-
section with boundary components, then we take the set J as J = {1,...,m}, ie., we
consider 27 (a"), where1 < j < m.Ifall the boundary components are getting pinched
then we set ] = @ and we only have deal with the functions &¢ = (V") ';¢¢ extended
by 0 on X and 0;,,(]1))2) where 1< i <s1.If 51 =5, = 0, i.e., only geodesics of the third
type are getting pinched then we only have deal with functions &7 = ¥'n;yf, jeJ

extended by 0 on X and 051(2’};, Coo) where J ={1,...,m}.
Case 2. Assume that up to a choice of a subsequence the following inequality holds
0p(Z,cn) <0f1(Z,¢0) + 27

then we prove inequality (5.4) by induction.

Consider the case k =1 then by inequality (1.2) ¢y (Z, ¢, ) > 271. Suppose that up to
a choice of a subsequence one has 6 (Z, ¢, ) > 271. Then the case k = 1falls under Case
1. Otherwise one has limsup,,_, .. 07 (2, ¢, ) = 27 and the inequality (5.4) reads as

27 = limsup o7 (2, ¢,) <max{oy (Z,,1,> €0 ); 27},

n—oo

which is true. The base of induction is proved.
Suppose that the inequality holds for all numbers k’ < k. We show that it also holds
for k + 1. Indeed, one has

0r 1 (Z,cn) <07 (2, ¢0) + 21 = 07 (2, ¢y) + 07 (D?)
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and we get

S1+S2

0 (Zyancn) + 3 07 <D2>) v o (D)

i=1

M=

limsup 0y, (Z, ¢p) < max(
1

n—oo

Il
—

s1+582
< max( Y0k, (Zyits o) + Y, OF (]]))2)),
i=1

i=1
where the maximum is taken over all possible combinations of indices such that

S1+S2

m

Zki+ Z Ti:k+1,

i=1 i=1
since the term o7 (D?) can be absorbed by one of the terms inside max using inequality
(1.1). The proof is complete.

Zero Euler characteristic. The case of the cylinder was essentially considered in

[Pet19, Section 7.1]. Indeed, it was proved that if the sequence of conformal classes
{cu} degenerates then

S
lim 07 (C, ¢y) < *(D?) = 27k.
Jim o7 (Ccn) < max qu a7 (D*) =2
Applying then inequality (1.2), one immediately gets that lim, . 0} (C, c,) = 27k.

Consider the case of the Mobius band. If the sequence {c, } goes to 0 then it follows
from [Pet19, Section 7.1] that
(5.9) lim o) (MB,c,) < max . o; (D?)=2nk.

n—oo ip+etig=k =1 1

Indeed, we pass to the orientable cover which is a cylinder. Then inequality (5.9)
follows from [Pet19, Section 71, the case R, — las & — +o00 in Petrides’ notations].

If the sequence {c, } goes to oo then we prove that inequality (5.9) also holds. The
proof follows the exactly same arguments as in the proof of inequality (5.4). The analog
of the Case 1 for MIB corresponds to the case of pinching boundary (see Remark (5.1)).

Therefore, in both cases inequality (5.9) holds. Applying inequality (1.2) once again
we then get that lim, .., o (M, ¢,,) = 27k.

6 Proof of Theorem 1.5

For the proof of Theorem 1.5, we will need to choose a “nice” degenerating sequence
of conformal classes, i.e., a degenerating sequence of conformal classes such that the
limiting space looks as simple as possible.

Lemma 6.1 Let X be a compact surface with boundary of negative Euler characteristic.
Then there exists a degenerating sequence of conformal classes such that the limiting space
is the disc.

Proof The proof is purely topological.
Assume that ¥ is orientable. Then we consider collapsing geodesics shown in
Figure 3. Passing to the limit when the lengths of all pinching geodesics tend to zero
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Figure 3: Orientable surface with boundary. The lengths of all red geodesics tend to zero.

Figure 4: Orientable cover of a non-orientable surface of genus 0 with boundary. The lengths
of all red geodesics tend to zero.

and using the one-point cusps compactification we get an orientable surface of genus
0 with one boundary component, i.e., the disc.

If ¥ is nonorientable then we pass to its orientable cover and we consider collapsing
geodesics shown in Figure 4 for genus 0 and Figure 5 for genus # 0 (the pictures are
symmetric with respect to the involution changing the orientation, “the antipodal
map”). Passing to the limit when the lengths of all pinching geodesics tend to zero
and using the one-point cusps compactification, we get a disconnected surface with
two connected components which are topologically discs. The involution changing the
orientation maps one component to another one and hence passing to the quotient by
this involution we get just one disc. [ ]

Now we are ready to prove Theorem 1.5.
Zero Euler characteristic. Let X be either the cylinder € or the Mobius band MB.
Then this case immediately follows from Theorem 1.4 by Remark 1.4. Indeed, if {c,, }
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Figure 5: Orientable cover of a non-orientable surface of genus # 0 with boundary. The lengths
of all red geodesics tend to zero.

denotes a degenerating sequence of conformal classes on X then by Theorem 1.4:
IR(Z) < lim 0f (2, ¢,) = 27k.
n—oo
But If (X) > 2mk by (1.2). Thus, I] () = lim,_c 0} (Z, ¢4) = 27k and the degenerat-
ing sequence {c, } is minimizing.

Negative Euler characteristic. By Lemma 6.1, there exists a sequence of conformal
classes {cy, } such that the limiting space 2 is the disc. Then by Theorem 1.4, we have

Jim 0} (2, ¢x) = poax > o5, (D).
Moreover, we know that ¢} (D?) = 27k. Hence,
I(Z)< rlango 0% (Z,¢y) = 2mk.
Finally, by (1.2) one has I{ (¥) > 2k whence I} (%) = 2k which completes the proof.
7 Appendix
7.1 A well-posed problem

In this section, we consider the problem

Au=0 in M,
(71) u=g onD,
g—“:O on N,

n

where (M, h) is a Riemannian manifold with boundary such that Du N = M and D
has positive capacity.
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Let G be a smooth function such that G|, = g and consider the functionv = G - u.
Then substituting u = G — v into (7.1) implies:

Av=AG inM,
(7.2) v=0 on D,

du _ 3G

Se=9%7 onN.

We introduce the space H},(M, h) as the closure in H'-norm of C*-functions
vanishing on D. For a function u € H;,(M, h), we have the following coercivity

inequality:
(73) ||u||L2(M,h) SCHVMHLZ(MJI)’
with the best constant C = ——L——, where APN (M, h) is the first non zero eigen-

\/APN (M, h)

value of the mixed problem

Au=Au inM,
u=20 on D,
g—”:O on N.
n

By the Lax-Milgram theorem and by virtue of the inequality (7.3) the problem (7.2)
admits a unique solution on the space H, (M, h). Thus, problem (7.1) also has a
solution. Moreover, it is easy to see that this solution is unique.

Our aim now is the following lemma.

Lemma 7.1 Let u satisfy the problem (7.1). Then one has

lluller a,ny < ClIgleprz o,y -

Proof The weak formulation of (7.1) reads
f (Vu, vv)dvy, =0, Vv e Hy(M, h).
M

Let G be any continuation of the function g into M, i.e., G € H'(M, h) is any function
such that G|, = g. Then substituting v = u — G in the previous identity yields

O:[(Vu,Vu—VG)dv;,:f |Vu\2dvh—/(Vu,VG)dvh,
M M M
whence
1 1
(74) f |Vu|2dvh:[(Vu,VG)dvh§f[ \Vu|2dvh+ff VG Pdvy,.
M M 2JMm 2JMm
Further, it is easy to see that

eell 2 (aamy < M4 = Gllzz(anny + |Gllz2 (a,n)-
Moreover, since u — G € Hy,(M, h) one has

llu = Gllr2(am,ny < ClIVU = VG2 (a,ny < CUINVUllL2anmy + VGl L2 (a1,0))-
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Substituting it in the previous inequality, we get

(7.5) lullz2aeny < CUIVUllL2aany + IVGllz2cany) + [1Gllz2 (o n)-
Plugging (7.4) in (7.5) yields

(7.6) llutllz2(aa,m) < ClIGl 0 ()

Finally (7.4) and (7.6) imply

(7.7) lluellz (aa,my < ClIGEn(an)

for any function G € H'(M, h) such that G|, = g.

Lemma 7.2 The norms

inf _ NGllm iy and gl
GGHI(IV}ar;l), G‘D:gH HH (M’h) an ||g||H/ (D’h)

are equivalent.

Proof By the trace inequality there exists a positive constant C; such that for every
G € H'(M, h) one has

llgll ez p,ny € CLllGllm a1,y
which implies:

7.8 1/2 < C i f G 1 5
(7.8) llgllens (D,h) 1G€H1(N}’f;l)’ G‘D:gH 1P (M,h)

Further, we construct a continuation G’ € H'(M, h) of g with the property that there
exists a positive constant C, such that for every g € HY/2(D, h) one has:

(7.9) G | a,ny < Callgllmnr(p,ny-

Let ¢ be any continuation of g on dM such that ||g||gn/2(x,n) < I8]lEn/2(p,n)- There-

fore, [|g|lgprzcan,ny < \/§||g||H1/z(D,h) < oo and g e HY2(dM,h). Then we take the
harmonic continuation of § into M as G'. By [Tayll, Proposition 1.7] there exists a
positive constant that C; such that:

G I aeny < Call @iz o, ny-

Since ||§||H1/2(8M,h) < \/i”gHHl/Z(D’h) we get (79) with C2 = \/EC_?,
Therefore, (7.8) and (7.9) imply:

CU1G o,y < llgllzpvz o,y < Co GeHl(A}’I}f)’ G‘D:gHGHHl(M,h):
whence
G GEH](A}’I}If)) G|D=g||G||H‘(M,h) < llgllrz(p,ny <
<G GeH‘(Iv},I}tf), G‘D=g”GHH1(M’h))
since
16 ey 2 GeH‘(A/Ii,sz;, G,D:gHGHHl(M’h).
And lemma follows. ]
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Finally, taking the infimum over all G € H'(M, h) such that G|, = g in (77) and
using Lemma 7.2 complete the proof. [ ]

7.2 Proofs of propositions of Section 2

This section contains the proofs of propositions in Section 2 analogous to propositions
in [KM20, Section 4] whose adaptation to the Steklov setting is rather technical.

Proof of Lemma 2.4 Let h™ € [h] be a maximizing sequence of metrics for
oN*(Q,05Q,[h]) and g™ € [g] be a discontinuous metric on ¥ defined as glo, =
h;. By the variational characterization of eigenvalues for all k one has oy (2, ¢g™) >
oN(Q, h™) since the set of test functions for the Steklov-Neumann eigenvalues
C°(2, {Q;}) islarger than the set C°(Z) of test functions for 0% (Z, g™). Using the fact
that Lgn (0%) = ¥, Lym (9°Q;) > Lgn (9°Q;) for any i and taking the limit as m — oo
we get
of (2, {Q}. [g]) > 0 (Q, 9°Q, [R]).

Finally by Lemma 2.3 one gets

oi (2, [g]) > 0™ (Q,8°Q, [1]). u

Proof of Proposition 2.6  The proof is similar for both cases. The obvious analog of
Lemma 2.5 for the second case holds since its proof follows the exactly same arguments
as the proof of Lemma 2.5. For that reason we only provide the proof of Proposition
2.6 for the first case.

Take a maximizing sequence of metrics {h; | h; € [g|a]} for the functional
o (Q,9°Q,[g]), ie,

lim &' (Q,0°Q, k) = 0 *(Q, 950, [g])

Let h; = figla, where f; € C°(Q). We then define the metric i; = f;g on £, where
fi is any positive continuation of the function f; into Q°. It enables us to consider the
metric psh;, where as before

1 inQ,
Ps =

§ inZ\Q.
Lemma 2.5 implies
lilgli(l)lfo'k(pgilvi) > op (Q,0°Q, hy).
Moreover, L, - (0%) > L, (9°€2). By Lemma 2.3, we have
o7 (%, [g]) = of (%, (9, 2\), [g]) 2 limint 3¢ (poliy) 2 57'(0,3°, ).

Therefore, passing to the limit as i — oo one gets,

o (2.[¢]) 2 o2 (2, 0° 2 [¢]). L]
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Proof of Corollary 2.7 We show that
or (M, [g]) <liminf o * (M\K,, 9M\0K,, [g]).
n—oo

Let g be a maximizing sequence for the functional o} (M, [g]). For a fixed m, we
consider geodesic balls B, (p;) of radius ¢, — 0 in metric g™ centered at the points
P1>--->p1 € M such that K, c Ug:lBen (pi). We see that M\ ULI Be,(pi) € M\K,,.
Then by Proposition 2.6 one has

ot (M\K,, oM\0K,, [¢])

(7.10) > oy " (M\ Uiy B, (pi), 9M\ Ui, 0B., (p:), [g])

> Gy (M\ Ui, Be, (pi), 0M\ Ui_, 9Be, (pi), &™)
Note that L(dM\U!_, @B, (pi),g™) - L(OM,g™) as n—oco and by Lemma
2.1 one has of (M\ UL B, (pi), oM\ U 0B, (pi),g™) —» ox(M, g™). Hence,
ap (M\ Uiy Be, (pi), OM\ U_, 9B, (pi),g™) — 6x(M,g™) as n—oco. Taking
liminf,_, . in (710) one then gets

liminf o * (M\K,, 9M\0K,, [g]) > 6x (M, g™).

Passing to the limit as m — oo, we get the desired inequality.
The inequality
limsup o (M\K,., 0M\9K,. [g]) < o7 (M. [g])

n—oo

follows from Proposition 2.6. This completes the proof. ]

Proof of Lemma 2.8 Essentially the idea of the proof comes from the paper [WK94].
We denote by 9% Q the part of the boundary with the Steklov boundary condition. We
also call 0°Q) “Steklov boundary” and L, (95Q) “the length of Steklov boundary” in
metric g.

Inequality >.

Fix the indices k; > 0 satisfying > k; = k and consider a maximizing sequence of
metrics {g}"} such that 6, (Q;,0°Q;, g7") = 0o *(Q4, 9% Q4 [gi]). One can assume
that o) (Q4,0°Q;, g1") = 07 (Q,9°Q, [g]). Then, one has

on (2, 0°Q4, [gi])
o (9,050, [g])

Lg:n (aSQi) —>

Let {g"} be a sequence of metrics on () defined as g"|q, = g/". Then for large
enough m one has that p (Q,9°Q,¢™) = 00 *(Q,9°Q, [g]), since the spectrum
of disjoint union is the union of spectra of each component. By definition of
o (Q,9%Q, [g]) we also have

or (2,0, [g])Lgn(8°Q) = 67 (Q,0°Q, g Len (8°Q) < 0 (2, 8°2, [g)),
ie., Lgn(9°Q) < 1. Thus, one has
Yion (Qi,0°Qs [gi])

o (9,050, [g])

12 L (9°Q) = 3" Lyn (2°Q;) —

Passing to the limit m — oo yields the inequality.
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Inequality <
Assume the contrary; i.e.,

(711) o (Q,050,[g]) > max Za Q41,0504 [gi]).
ki=k, k>0 i=1

Mm

i=1

Consider a maximizing sequence of metrics {g™} of unit total length of Steklov
boundary such that o} (Q,05Q,¢™) —» ol *(Q,9°Q, [g]). Let ¢ be a restric-
tion of g to Q; and d]" be the largest number satisfying o2, (Q;,0°Q;, g") <
oN*(Q,05Q,[g]) and limsup,, o} (Q;,95Q;, g) < 0*(Q,9°Q, [g]). Let L
denote Lg;n(asQ,-). Then, we have d}" < k and L* <1. Therefore, up to a choice of
a subsequence one can assume that d/* = d; does not depend on m and L" — L; as

m — o0,

We claim that 3;(d; + 1) > k + 1. Otherwise, by (7.11) and definition of d; we have

o (0,35, )ZL <> limsup gy (94,0504, 8™)

i m—oo

< Zad 105,070 [g]) < 0 (2,0°Q, [g]).

Moreover, Y; L; =1 since g are of unit Steklov boundary length. Thus, we arrive at
o (Q,9%Q,[g]) < oiV* (Q, 9%Q, [g]), which is a contradiction.

Therefore, the inequality Y (d; + 1) > k + 1 holds. Since the spectrum of a union is
a union of spectra, we have

0p (0,0°0,¢™) e U{o0(Q0, ") - > 0a, (> ")}

hence
N(Q,9°Q, ¢) = limsup o} (Q, 9°Q, g™) < mathsupad (Qi,8™M)
m—>o0 Mmoo
<0 " (2,0°0, [g)).
Since g™ are of unit Steklov boundary length we arrive at a contradiction. [ ]

Proof of Lemma 2.9 Fix indices k; > 0 such that Zj;l ki =k and set I = {i|k;>
0} Let Ql = U,’E]Q,’ c 2, aSQI = U,'EIaSQi, (Qz,h) = UiEI(Qi’gﬁi) and HSQZ =
U;e10°Q;. One gets

or (2. [g]) 2 0" (2,87, [g]) > 05*(92)3592, [h])

> o (0%, [g]) = Za "(Q:,0°04[g]),

iel

where we used in order: Proposition 2.6, Lemmas 2.4 and 2.8 and the fact that
00" (Q},0%Q;,[g]) = 0 for any j in the last equality. ]
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7.3 Proof of Lemma 5.2

Fix & > 0. An application of Corollary 2.7 to a compact exhaustion of 25° yields the

existence of a compact set K c 27° ¢ fj\° such that

o/ (5, [hea]) = 07 (K, 0°K, [ ])| < &,

where 3K = K n 027 # Q. Since Q;’ exhaust £5°, then for all large enough 1 one has
K c Q. Then, by Proposition 2.6

o (QF, %), [(¥")* hal) 2 o]N* (K, 0°K, [(¥")* ha]).
Taking lim inf of both sides in the above inequality and using Proposition 2.2 yields
liminf 0" (Q,0°Qf, [(¥") ha]) 2 0" (K, °K, [he]) > 07 (5%, [heo]) — &

Since ¢ is arbitrary, this completes the proof.
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