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Abstract. Using open books, we prove the existence of a non-vanishing steady solution
to the Euler equations for some metric in every homotopy class of non-vanishing vector
fields of any odd-dimensional manifold. As a corollary, any such field can be realized
in an invariant submanifold of a contact Reeb field on a sphere of high dimension. The
solutions constructed are geodesible and hence of Beltrami type, and can be modified
to obtain chaotic fluids. We characterize Beltrami fields in odd dimensions and show
that there always exist volume-preserving Beltrami fields which are neither geodesible
nor Euler flows for any metric. This contrasts with the three-dimensional case, where
every volume-preserving Beltrami field is a steady Euler flow for some metric. Finally,
we construct a non-vanishing Beltrami field (which is not necessarily volume-preserving)
without periodic orbits in every manifold of odd dimension greater than three.
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1. Introduction
The Euler equations, which model the dynamics of an inviscid and incompressible fluid,
are written for a general Riemannian manifold (M, g) as

X +VyX =—-Vp,
divX =0

where X is the velocity of the fluid, the scalar function p is the pressure, and the
differential operators are taken with respect to the metric g. A topological and geometric
approach happens to be very enriching for the study of steady Euler solutions (cf. [2] for
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a monograph on topological hydrodynamics). A lot of work has been done to understand
such steady flows in dimension three and their geometric properties, but higher dimensions
have been much less studied. Recently, interest in high-dimensional Euler flows has
flourished both in the context of the analysis of partial differential equations [32] and in the
geometric context of steady solutions [5, 24]. The aim of this paper is to study three kinds
of non-vanishing vector fields and their interactions in high dimensions: steady solutions
to the Euler equations, geodesible fields and Beltrami fields. Recall that a geodesible vector
field is a vector field such that its orbits are geodesics for some metric. On the other hand,
we define Beltrami fields in odd dimensions as vector fields which are parallel to their
curl for some metric. For the study of steady solutions, the Bernoulli function plays an
important role: this function is defined as B = p + %g(X , X), where p is the pressure, the
vector field X is the velocity of the fluid and g is the Riemannian metric.

We start by introducing a geometric structure, which we call a stable Eulerizable
structure, which uniquely determines a vector field, and coincides with stable
Hamiltonian structures in dimension three. This vector field is a unit-length geodesible
volume-preserving field and we can check that such structures provide an equivalent
geometric formulation (in terms of differential forms) for the study of such fields.
Volume-preserving geodesible fields are in correspondence with vector fields that are
solutions to the steady Euler equations for some metric and constant Bernoulli function. It
follows that vector fields defined by stable Eulerizable structures are steady Euler flows of
this type. This viewpoint reveals their geometric wealth and allows us to naturally import
topological techniques from the contact and stable Hamiltonian world. We show that one
can construct stable Eulerizable structures supported by open books, and use that to prove
the existence of such structures in every homotopy class of non-vanishing vector fields of
any odd-dimensional manifold. In particular, by the aforementioned relation with steady
Euler flows, we deduce the following result.

THEOREM 1.1. Given an odd-dimensional manifold and a homotopy class of non-
vanishing vector fields, there exist a metric and a vector field in the given class that is
a steady solution to the Euler equations with constant Bernoulli function.

The solutions constructed are geodesible and hence of Beltrami type, but are not a
reparametrized Reeb field of a contact form. A more geometric interpretation of this
existence theorem says that an odd-dimensional manifold can be foliated by geodesics of
some metric in any homotopy class, and furthermore the vector field whose orbits are the
geodesics preserves the Riemannian volume. By means of a local modification of the solu-
tions constructed we exhibit Euler flows that are chaotic, in the sense that there is a compact
invariant set with positive topological entropy. Another consequence, which follows from
results in [5], is the fact that any homotopy class of vector fields of every odd-dimensional
manifold can be realized in the invariant submanifold of a Reeb field in a standard contact
sphere of higher dimension (see the last paragraph of §3 for a precise statement).

In three dimensions, a very fruitful source of examples of steady Euler flows are
volume-preserving Beltrami fields: volume-preserving vector fields which are parallel to
their curl (for some metric). The correspondence between geodesible and Beltrami fields in
3-manifolds shows that steady Euler flows with constant Bernoulli function are equivalent
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to volume-preserving Beltrami fields. The study of Beltrami flows and their properties
in high odd dimensions was introduced in [14], where it is proved that non-integrable
analytic examples of steady flows are always Beltrami fields. It is mentioned that it would
be interesting to construct examples and compare their properties to the three-dimensional
case, and we do so in this work. In fact, the constructions that lead to Theorem 1.1 provide
a lot of examples of such Beltrami-type steady Euler flows (see §3).

In the high-dimensional setting the correspondence between geodesible and Beltrami
fields is broken: any geodesible field is Beltrami but the converse is not true. We give a
characterization of Beltrami fields and provide a construction, which uses plugs and can
be volume-preserving, of vector fields that are parallel to their curl for some metric but are
not geodesible. This also yields examples of volume-preserving Beltrami fields which are
not solutions to the Euler equations for any metric (i.e. are not Eulerizable); this is in stark
contrast to the situation for 3-manifolds.

THEOREM 1.2. In every manifold of dimension 2n 4+ 1 > 3 and every homotopy class of
non-vanishing vector fields, there is a volume-preserving Beltrami field which is neither
geodesible nor a solution to the Euler equations for any metric.

It has been proved [17, 28] that, except in a torus bundle over st every Beltrami
field in a 3-manifold which is either analytic or volume-preserving has a periodic
orbit. This shows that Reeb fields of stable Eulerizable structures satisfy the Weinstein
conjecture in dimension three except in torus bundles over the circle. We give examples
of manifolds in every dimension that admit aperiodic Reeb fields of stable Eulerizable
structures that admit aperiodic Reeb fields of stable Eulerizable structures. These
examples generalize the counterexamples in torus bundles over S' given by mapping
tori of symplectomorphisms of T2 without periodic orbits. Even if the construction
in Theorem 1.2 is done using plugs, it does not directly imply that volume-preserving
Beltrami fields can be aperiodic. This is because the plug cannot be used arbitrarily: one
needs to find points where the geometric information of the Beltrami field has a specific
normal form.

It is natural to ask if for the class of Beltrami fields one can find examples without
periodic orbits. Taking into account the aforementioned constraints to insert plugs, we con-
struct aperiodic Beltrami fields (not necessarily volume-preserving) in high dimensions.
Hence the existence of periodic orbits remains open only for three-dimensional smooth
Beltrami fields.

THEOREM 1.3. Let M be a closed manifold of dimensions 2n + 1 > 3. Then M admits a
(not necessarily volume-preserving) Beltrami vector field without periodic orbits.

In §2 we review preliminary definitions and the state of the art for the three-dimensional
case. In §3 we define stable Eulerizable structures in order to study steady Euler flows
of Beltrami type. We prove an existence theorem, deducing Theorem 1.1 and discuss
its implications. In §4 we proceed to the study of Beltrami fields, characterizing them
and proving that there are Beltrami volume-preserving vector fields which are neither
geodesible nor Euler flows for any metric. Finally, in §5, we discuss the existence of
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periodic orbits and construct aperiodic Beltrami fields in every manifold of dimension
2n+1> 3.

2. Eulerizable, Beltrami and geodesible fields

In this section we provide some background on Euler flows and other related classes of
vector fields. We will first define the different kinds of vector fields and then explain their
interactions. In later sections other specific background details will be introduced. Unless
otherwise specified, we will refer throughout the paper to vector fields, flows or solutions
to the Euler equations which are non-vanishing.

When we consider steady solutions to the Euler equations, we can give a reformulation
of the equations using differential forms. If we denote by « the form dual to X by
the metric (i.e. « = g(X, -)) and by u the Riemannian volume, the equations can be
written

txda = —dB,

dixp =0,
where B := p + % g(X, X) is the Bernoulli function. The second equation imposes that
the vector field is volume-preserving. The equations make sense in any manifold, but we
will only work on odd-dimensional manifolds. Note that one needs to fix the metric to look

for solutions, but one can study vector fields which are solutions to the Euler equations for
some metric. Following [24], we introduce the notion of Eulerizable field.

Definition 2.1. Let M be manifold with a volume form p. A volume-preserving vector
field X is Eulerizable if there is a metric g on M for which X satisfies the Euler equations
for some Bernoulli function B : M — R.

When the preserved volume is not the Riemannian one, the equations describe the
behaviour of an ideal barotropic fluid. However, given an Eulerizable field one can always
construct a metric such that the Riemannian volume is . In [24] a characterization a la
Sullivan is given for these vector fields. However, we will only use the following simpler
characterization.

LEMMA 2.2. [24] A non-vanishing volume-preserving vector field X in M is Eulerizable
if and only if there exists a 1-form o such that «(X) > 0 and 1xdo is exact.

Observe that if the Bernoulli function is constant, then the first Euler equation reads
txda = 0.

Definition 2.3. A vector field X is geodesible if there exists a metric g such that its orbits
are geodesics.

By a characterization of Gluck [15], a vector field is geodesible if and only if there is
a 1-form « such that @(X) > 0 and txdo = 0. When we further have o(X) = 1, then the
vector field is geodesible of unit length. We might refer to « as the ‘connection 1-form’.

The last kind of vector fields that we are interested in are Beltrami fields. Recall that
for a given vector field X in a Riemannian manifold (M, g) of odd dimension 2n + 1, we
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define its curl as the only vector field Y satisfying the equation
typ = (da)",

where u is the Riemannian volume and o := tx g.

Definition 2.4. A vector field X in a Riemannian manifold of odd dimension (M, g) is
Beltrami for that metric if it is everywhere parallel to its curl, that is, we have Y = f X for
some function f € C*°(M).

Abusing notation, we will say that a vector field is Beltrami if it is Beltrami for some
metric g (one can also speak of a vector field being Beltramizable). The interactions
between geodesible, Beltrami and Eulerizable vector fields in three dimensions are very
well understood. It was observed in [27] that geodesible and Beltrami fields are in
correspondence.

PROPOSITION. Being geodesible and Beltrami is equivalent in three dimensions.

This correspondence leads to another one, covered partially or totally in different places
in the literature.

PROPOSITION. The following classes of vector fields are equivalent in three dimensions:

(1) vector fields such that for some metric they satisfy the Euler equations with constant
Bernoulli function;

(2)  reparametrizations of Reeb fields of stable Hamiltonian structures;

(3) volume-preserving geodesible fields;

(4)  volume-preserving Beltrami fields.

In the next section we consider a generalization of stable Hamiltonian structures such
that the three first items are still equivalent in higher dimensions. However, we will see that
volume-preserving Beltrami fields are a wider class once the dimension is at least five. In
particular being Beltrami in high dimensions does not imply being geodesible, that is, the
existence of a 1-form positive on the Beltrami field X satisfying txdo = 0.

3. Steady Euler flows of Beltrami type

In this section we provide an alternative approach to the study of geodesible
volume-preserving vector fields. This will be useful for importing techniques from the
contact topology and stable Hamiltonian topology worlds and prove an existence theorem.
As a consequence we obtain the proof of Theorem 1.1.

3.1. Stable Eulerizable structures. A formulation in terms of differential forms can be
given for the study of geodesible volume-preserving vector fields. This formulation opens
up the possibility of studying these structures from a topological perspective, as done for
stable Hamiltonian structures [7].
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Definition 3.1. A stable Eulerizable structure is a pair («, v) in a manifold M m+1 \where
« is a 1-form and v an m-form such that:

o aAnv>0;
o dv=0;
e kerv C kerda.

A stable Eulerizable structure defines a unit-length geodesible and volume-preserving
vector field R, defined by the equations (v = 0 and o(R) = 1. We will call this vector
field the Reeb vector field of («, v), as is done for stable Hamiltonian structures. In fact,
stable Eulerizable structures are exactly the same as geodesible volume-preserving vector
fields, but with some extra information fixed: the preserved volume and the connection
I-form (as in Gluck’s characterization). Note that in three dimensions the definition
coincides with that of stable Hamiltonian structure.

Let us state a standard auxiliary lemma that will be used through the discussion. It is
used, for example, in [15, 24].

LEMMA 3.2. Let X be a non-vanishing vector field on a manifold M and « a 1-form such
that a(X) > 0. Let u be a volume form in M. Then there exists a Riemannian metric g
such that g(X, -) = « and  is the induced Riemannian volume.

Proof. Construct a metric g by requiring:
e thatg(X, ) =oa;

e that X is orthogonal to ker «;

e an arbitrary metric on ker «.

For such a metric, we have g(X,Y) = a(Y) for any Y and hence txg = «. By taking an
appropriate conformal factor in the arbitrary metric on ker «, we can ensure that u is the
induced Riemannian volume. O

In order to justify the term ‘stable Eulerizable structure’, we prove a correspondence
between Reeb fields of these structures and some solutions to the Euler equations for some
metric. This generalizes the correspondences proved in [10], extended in [6] and studied
in more settings [4].

PROPOSITION 3.3. In a manifold M of any dimension, there is a correspondence between
reparametrizations of Reeb fields of stable Eulerizable structures and solutions to the Euler
equations for some metric and constant Bernoulli function.

Proof. Suppose X = f R is a reparametrization of a Reeb field of a stable Eulerizable
structure (&, v) for some positive function f > 0 in a manifold M. Using Lemma 3.2,
construct a metric g such that txyg = « and such that the Riemannian volume is pu =
1/ Av.

Using that R € ker v, we deduce that X preserves the volume u. In particular, it is a
solution to the Euler equations for the metric g, with constant Bernoulli function.

Conversely, suppose that X is a vector field satisfying the Euler equations for some met-
ric g, with constant Bernoulli function. Denoting @ = g(X, -) and with u the Riemannian
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volume, X satisfies the equations

txda =0,
dixu = 0.

Taking v := txu, we have that ¢ (X) = 1,txv =0,dv = 0and o A v > 0. Hence X is the
Reeb field of the stable Eulerizable structure (o, v). O]

The terminology now becomes clear, since the Reeb field of a stable Eulerizable
structure is a solution to the Euler equations for some metric. The notion of being stabilized
by a l-form o comes from the world of stable Hamiltonian structures. Concretely,
following [7], it is said that a one-dimensional foliation L is stabilizable if there is some
vector field X generating £ and some 1-form « such that «(X) = 1 and tyda = 0.

We restrict ourselves to odd dimensions in the next sections, where the curl operator
works similarly to the three-dimensional case. Then the dimension of M will be 2n + 1
and v is a form of degree 2n. In this case, the Reeb field of a stable Eulerizable structure
is Beltrami for some metric.

PROPOSITION 3.4. Let R be the Reeb field of a stable Eulerizable structure (o, v) in
a manifold M of odd dimension. Then any reparametrization of R is Beltrami for some
metric g and preserves the induced Riemannian volume.

Proof. The same metric and volume that we constructed in the first implication of
Proposition 3.3 work. Let X = f R be a reparametrization of R by a positive function f.
The curl vector field of X is defined as the only vector field ¥ such that

tyn = (da)".

Then txtypu = fip(da)® = 0 since R € ker do. Hence X is parallel to its curl and again
preserves /L. [

We will prove an existence theorem for stable Eulerizable structures in odd dimensions,
Theorem 3.10, implying Theorem 1.1. The relation between geodesible vector fields and
open book decompositions was suggested by Gluck [15], and used in [16] to construct a
geodesible vector field in any odd-dimensional manifold. By using techniques from contact
and stable Hamiltonian structures, we improve the construction to obtain the existence
theorem for stable Eulerizable structures.

3.2. Open book decompositions. We first discuss some results on open book decom-
positions proved in [9].

Definition 3.5. An open book decomposition for a (2n 4 1)-manifold M is a pair (B, )

such that:
e B is a codimension-two submanifold that admits a trivial neighbourhood U =
B x D2;

e 1m1:M\B— S! is a fibration which, when restricted to U, corresponds to the
projection (p, r, 8) — 6 where (r, 8) are polar coordinates in D?.
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We call B the binding and P := 7~1(0) a page of the open book. If the page is a
handlebody with handles of maximum index n, we say that the page is almost canonical.

Given a hyperplane field £ on the binding B, we can construct a hyperplane field in the
whole manifold M. Denote by « a 1-form defining & (i.e. ker @ = &). Restricting ourselves
to the neighbourhood U = B x D? with polar coordinates (r, ) in D2, we define

B = f(r)do + g(r)a,

where f and g are smooth functions satisfying the conditions

f@r)=r%*near0, f(r)=1nearl,

i . (3.6)
g(ry=1near0, g@)=0nearl.

The 1-form B can be extended as 7 *d6 to the whole manifold. The kernel of 8 defines a
hyperplane field in M, whose restriction to B is &. If we denote by H (M) the hyperplane
fields of a manifold, we have just constructed a map

H:H(B) — H(M)

& = ker o —> ker 8.

Under the assumption that the pages of the open book are almost canonical, the map
has a useful homotopic property.

THEOREM 3.7. [9] Let M be any manifold of dimension 2n + 1 > 3 and (B, ) any open

book decomposition of M. Then we have the following consequences.

(1)  The map H is well defined up to homotopy.

(2) If the pages of (B, m) are almost canonical, then the map H 1is surjective at
the homotopic level. More specifically, for any hyperplane n in M there is some
hyperplane & in B such that H(€) is homotopic to n.

We will slightly modify the map H while keeping its properties. This modification will
be useful in the construction of the stable Eulerizable structures of Theorem 3.10. To do so,
take a smooth function % : [0, 1] — R such that 2(0) = 0, A(1) = 1 and /’(x) # 0 only in
(1, 21.

LEMMA 3.8. Consider the map H : H(B) — H(M) that sends & to the hyperplane

ker(h(r)d0 + (1 — h(r))a) in a neighbourhood of the binding and extended in its com-
plement as ker d. Then H also satisfies Theorem 3.7.

Proof. Clearly, the function f is homotopic to & by a homotopy f; = (1 —1)f +th,
which satisfies f,(O) =0and f,(l) = 1. The function g is homotopic to 1 — & by a homo-
topy g = (1 —t)g + t(1 — h), which satisfies g,(0) = 1 and g,(1) = 0. In particular, in
the neighbourhood of the binding the kernel of the 1-form

B = fid6 + hsa

can be extended to the rest of the manifold as being equal to 7*d6. We get a family of
1-forms whose kernels define a homotopy between H (&) and H (). O]
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3.3. An existence result. As in the case of stable Hamiltonian structures, we can relate
stable Eulerizable structures to open books.

Definition 3.9. A stable Eulerizable structure (o, v) is supported by the open book (B, )
if v restricts as a positive volume form to each page of the open book. If the restriction
of («, v) to any connected component of B is a positive stable Eulerizable structure, we
say that it is positively supported by the open book. Analogously, if the restriction to each
connected component of B is a negative stable Eulerizable structure, we say that it is
negatively supported by the open book.

In the three-dimensional case, it was proved in [7] that any open book supports a stable
Hamiltonian structure, and that any two stable Hamiltonian structures in the same coho-
mology class and same signs (induced orientations) in the binding circle components are
connected by a stable homotopy supported by the open book. In contrast to these results,
we prove that in a fixed open book decomposition with almost canonical pages, we can
have stable Eulerizable structure positively supported by the open book in every homotopy
class of hyperplane fields. Perhaps requiring that both stable Eulerizable structures induce
the same stable Eulerizable homotopy class in the binding, or at least the same hyperplane
field homotopy class, is enough to prove that they are connected by a stable homotopy
supported by the open book. In the three-dimensional case, this would correspond to the
fact of inducing the same signs in the circle binding components and to [7, Theorem 4.2].

THEOREM 3.10. Let M be a manifold of dimension 2n + 1 > 3 with a fixed open book
decomposition (B, ) with almost canonical pages. Then for every homotopy class of
hyperplane field [n] and every cohomology class y € H*'(M) there is a stable Eulerizable
structure (o, v) positively supported by (B, ) such that ker o is homotopic to n and

[vl=y.

Proof. Let us first prove there is some stable Eulerizable structure supported by (B, ) in
every homotopy class of hyperplane fields, delaying the discussion about the cohomology
class of v.

We will prove this by induction. As a first step, Martinet and Lutz [19, 20] proved that
in any 3-manifold every plane field is homotopic to a contact structure «, which is also a
stable Eulerizable structure given by («, do).

Assume now that for every manifold up to dimension 2n — 1 there is a stable Eulerizable
structure in every homotopy class of non-vanishing vector fields. Let M be an arbitrary
compact manifold of dimension 2n + 1. In [26], Quinn shows that any odd-dimensional
manifold M of dimension at least 5 admits an open book decomposition (B, &) such that
its pages are handlebodies with handles of index less or equal than .

We are in the hypothesis of Theorem 3.7, and by Lemma 3.8 any homotopy class of
hyperplane fields of M is in the image of H. Hence, given a class [1], there is a hyperplane
field in B such that [I:I (§)] = [n]. By hypothesis there exists a stable Eulerizable structure
(B, v') with connection form 8 on B in the homotopy class of &. Let us denote by X
the Reeb field of (B, v’). The form B defines a hyperplane field £’ = ker 8 homotopic to
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FIGURE 2. Vector field supported by an open book.

&. Hence [I:I EN = [ﬁ (8)] and the form B extends in the trivial neighbourhood of the
binding U = B x D? as

a = h(r)dd + (1 — h(r))B,
where i (r) was such that 2(0) = 0, 2(1) = 1 and A’ # 0 only in [%, %]. Its derivative is
da =h'dr AdO — hdr A B+ (1 — h)dB. Let us consider a vector field of the form
d
Y=f(r)a—9+(1—f(”))7f*X, (3.11)

with f being a smooth function f : [0, 1] — R satisfying f(0) =0 and f(1) = 1. To
simplify notation, we will continue to denote X the vector field 7*X defined in U.
Imposing the geodesibility conditions ty«x > 0 and tyda = 0, we obtain the equations

hf+(1—h)(1 = f) >0,
B(l—2f) =0.

Take the function f such that f # 0in (0, 1] and f = % in [%, %]. Possible choices are
depicted in Figure 1.

https://doi.org/10.1017/etds.2020.124 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.124

3620 R. Cardona

The vector field Y can be extended as 7*(9/36) to the whole manifold M and « as
*df. Hence we obtain a vector field Y which is geodesible with connection form «, and
its orthogonal hyperplane field is in the class [H (§’)]. Observe that the vector field Y is
tangent to the binding of the open book and transverse to its pages, as depicted in Figure 2.

In the trivial neighbourhood U, there is a volume form

O =rdr ANdO A pu,

where u = 8 A V' is the volume form in B preserved by X. This is a volume form in U
and rdr A p is a volume form in any fixed page {# = 6y} of the trivial neighbourhood U.
Hence it can be extended to a volume form p p in the whole page. In particular, ® can be
extended to M such that away from U it has the form 7*d0 A wp.

Let us check that Y preserves ®. Away from U this is clear, since Y = 7*(9/96) and
hence Ly® = d(ty®) =d(up) =0. In U we use the local expression (3.11) for Y to
compute

Ly® =dy®) =d(f(r)yrdr A+ (A — f(r))rixpu Adr A db)
=04+ — frNrdixpu) Adr Ado
=0,

where we used that diy u = dv’ = 0, since X is the Reeb field of (8, v'). Taking v = 1y ®,
the pair (o, v) defines a stable Eulerizable structure supported by the open book (B, ).
Since n was arbitrary, this proves that any homotopy class of hyperplane fields contains a
stable Eulerizable structure supported by the open book.

It remains to check that v can be modified to obtain any homology class in H>*(M).
This works as in the three-dimensional case for stable Hamiltonian structures. The
open book decomposition (B, ) can be seen as a mapping torus of a 2n-manifold
with boundary, the page P, with diffeomorphism given by the monodromy map of the
open book. Denote by (P, 9 P) the page with its boundary and (P, 0 P,) the associated
mapping torus. The exact sequence of the pair (M, B) is

B> V(B &5 H¥ M, B) L5 H™ (M) — HY(B) =0.

The space H?*"(M, B) is the same as HZ”(P(p, 0P,). Asin [7, Lemma 4.4], we have the
following lemma in any dimension with the same proof. As before, we denote by (r, 9)
coordinates in the disc component of the trivial neighbourhood U = B x D?.

LEMMA 3.12. Any De Rham cohomology class n € H¥'(M) has a representative of the
form w*dO A B where B is a 2n — 1)-form with compact support in M\ B.

The cohomology class n — [v] can be represented by w*d6 A B, and we can assume
B is with support in M\U (i.e. vanishing in the trivial neighbourhood U = B x D?).
Defining the closed 2n-form

V=v+7"do A B,

its restriction to the pages coincides with v. Hence v is a positive volume form in the
pages and represents the cohomology class n. Furthermore, in the support of B the
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form « is given by 7w *df by construction, since it is away from the neighbourhood
U. In particular do = 0, and we have necessarily that ker v C ker do. Furthermore,
aADV=m*dOAN(v+7*dO AB) =a Av >0 and so («, D) defines a stable Eulerizable
structure, positively supported by (B, 7). This concludes the proof. O

The homotopy classes of hyperplane fields defined by the kernel of the 1-form of a stable
Eulerizable structure are in correspondence with the homotopy classes of non-vanishing
vector fields defined by the Reeb field. From a dynamical viewpoint, we can interpret the
result: every non-vanishing vector field is homotopic through non-vanishing vector fields
to a geodesible and volume-preserving field.

Combining Theorem 3.10 with Proposition 3.3, we obtain the existence result for Euler
steady flows Theorem 1.1, generalizing results in [10] to higher dimensions. Another
interpretation, in terms of foliation theory is provided by the following corollary.

COROLLARY 3.13. Let M be an odd-dimensional manifold. In an arbitrary homotopy
class of non-vanishing vector fields, there exists a metric such that M can be foliated by
geodesics.

It follows from the construction of the proof of Theorem 3.10 that, given a stable
Eulerizable structure in the binding of any open book, we can construct one in the
ambient manifold supported by the open book. Observe that this holds for any open
book: the hypothesis on the pages of the open book in the last theorem is only used to
show that there is a stable Eulerizable structure in every homotopy class of hyperplane
fields.

COROLLARY 3.14. Given an open book decomposition (B, w) of M, a manifold of
odd dimension, and a stable Eulerizable structure (op, vp) on the binding, there is a
stable Eulerizable structure positively supported by (B, m) inducing (ap, vp) on the
binding.

This provides even more examples of steady solutions to the Euler equations, and also
of geodesible and Beltrami volume-preserving fields.

Remark 3.15. Corollary 3.14 also holds for even-dimensional manifolds, so any open book
decomposition of an even-dimensional manifold, whose binding admits a stable Euleriz-
able structure, also admits a stable Eulerizable structure. Since the 2-torus trivially admits
such a structure, we deduce that any 4-manifold admitting an open book decomposition
with torus binding components also admits a stable Eulerizable structure. Such open book
decompositions were considered, for example, in [8].

In [5] the authors prove that, given a geodesible field in a manifold M, it can be ‘Reeb
embedded’ in the standard sphere of dimension 3 dim M + 2 if dim M is odd. This means
that, for a given geodesible field X in an odd-dimensional manifold M, there exists an
embedding e : M — (S3 dim M+2 &qd) such that there is a contact form whose Reeb field
R satisfies e, X = R. Since the constructed steady flows are geodesible, we deduce the
following corollary.
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COROLLARY 3.16. Any homotopy class of non-vanishing vector fields of a manifold M
of dimension 2n + 1 can be realized as an invariant submanifold of the Reeb field of a
contact form defining the standard contact structure in the sphere (S5, £g4q).

3.4. Chaotic steady Euler flows. In [14] it is proved that in the analytic case, chaotic
solutions to the Euler equations are always of Beltrami type. The construction of such
chaotic Euler flows is left as an open question in [14]. In [12], Ghrist gives the first
examples: if one takes a Reeb field of a contact form, which is an Eulerizable flow, one
can locally modify it to obtain another chaotic Reeb field of a contact form and hence
a steady Euler flow. By ‘chaotic’ we mean such that there is a compact invariant set
of the Reeb field possessing positive topological entropy. This proves that any contact
manifold in any dimension admits a non-integrable steady Euler flow. Adapting Ghrist’s
result to the solutions constructed in Theorem 1.1, we can generalize it to prove that any
odd-dimensional manifold admits such non-integrable flows. Let us recall the contact case.

Given a contact form « in M of dimensions 2n + 1, in the neighbourhood U = D2l
of any point p the contact form has the expression

n
a=dz+ Z xidyi,

i=1

where (z, X1, y1, ..., Xn, yu) are coordinates in the neighbourhood U. The following
theorem shows the existence of a contact chaotic Reeb field whose contact form coincides
with the standard one away of a compact subset of R>"*1,

THEOREM. [11, 12] There is a function F(x;, y;, z) which is equal to 1 away from a
neighbourhood of 0 € D" such that

n
= F.(dz +y Xiin),

i=1

is a contact form in R*'*1 such that there is a compact invariant set of the Reeb field
possessing positive topological entropy (i.e. the Reeb flow is ‘chaotic’).

We obtain the corollary below by combining this ‘inserted field” with the construction
in Theorem 3.10.

COROLLARY 3.17. Every odd-dimensional manifold admits a chaotic non-vanishing
solution to the Euler equations for some metric.

Proof. The three-dimensional case is covered, since any 3-manifold is contact. Let M be
a manifold of dimension 2n 4+ 1 > 3 and an almost canonical open book decomposition
(B, ) on it. Using Theorem 3.10, we construct a stable Eulerizable structure (o, v)
supported by (B, ). By construction, in the trivial neighbourhood of the binding
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U = B x D? the Reeb vector field X and the form « have the expressions

9
X=f)zp+0- feNT*X,
a = h(r)dd + (1 — h(r))B.

In particular, when r > 2/3 we have 7 = 0 and we can pick f such that in a neighbourhood
r e (l—e, 1) we have f =1 (like the one depicted in Figure 1). In particular, there is
a neighbourhood of the form V = S I x D?" with coordinates ®, x1, ..., x2,) where

X|y = 9/06 and «a|y = df. Consider the function r = lei] xl.2 and a function ¢(r)

which is 72 in a neighbourhood of 7 = 0 and vanishes in a neighbourhood of 1. Then we
can change « to

a=do + Qa(r)astd,

where agqg is the standard contact structure in the sphere §2"=1 geen in D*¥. In a
neighbourhood of » = 0 we have that & is a contact form with Reeb field equal to X.
It is easy to check that the vector field X = 9/96 still satisfies tyda = 0. Hence X is also
the Reeb field of the stable Eulerizable structure defined by (&, v). However, using the
Darboux theorem, we can now find coordinates (z, x;, y;) at a neighbourhood D of a point
where « is a contact form such that X|p = 9; and &|p =dz + Z?:l x;dy;. Inserting
a contact form like the one in the previous theorem yields a 1-form A which is contact
and defines a Reeb field R such that A coincides with @ and R with X away from a
small neighbourhood of the point p. Extending A as & and R as X in the rest of the
manifold, we obtain a vector field R which preserves a volume w and such that (gA = 1
and tgdA = 0. Hence R is the Reeb field of the stable Eulerizable structure (A, tgu) and
defines a steady solution to the Euler equations for some metric. Furthermore, the vector
field is chaotic. O

The geometric formulation of geodesible volume-preserving vector fields allowed us to
adapt techniques coming from contact topology.

4. High-dimensional Beltrami fields
In this section we study the interactions between Beltrami, geodesible and Eulerizable
fields. We construct vector fields which are Beltrami for some metric but not geodesible,
in any odd-dimensional manifold of dimension at least 5. The construction, which uses
plugs, can be done volume-preserving and yields examples of volume-preserving Beltrami
fields which are not Eulerizable.

One can characterize vector fields which are Beltrami in a similar way to Gluck’s
characterization for geodesible fields.

LEMMA 4.1. Let M be a manifold of dimension 2n + 1. A vector field X is a Beltrami field
for some metric g if and only if there is a 1-form « such that «(X) > 0 and 1x(da)" = 0.
Furthermore, if X preserves a volume i, one can construct a metric g such that u is the
Riemannian volume.
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Proof. Suppose there is such a 1-form. Using Lemma 3.2, construct a metric g such
that txg = o and p is the Riemannian volume. Then the vorticity field of X, denoted
Y, satisfies

tyn = (da)",

where p is the Riemannian volume. Contracting with X and using the hypothesis, we

obtain that txty u = 0, which implies that X is parallel to its curl and hence is Beltrami.
Conversely, if X is parallel to its curl ¥ we have that (x(tyu) =0 and (x(tyn) =

tx(da)" where o = 1xg. O

4.1. Wilson plugs and obstructions. Let us start by recalling Wilson’s plug [35], used
to prove the existence of non-vanishing vector fields without periodic orbits in $**! with
n > 1. We will follow the description in [23].

4.1.1. Standard Wilson’s plug. We consider the manifold W =[-2,2] x T? x
[—2,2] x D"*, and put coordinates (z, ¢1, ¢2,r, X1, . .., Xn—a). The manifold W is
embedded into R” by amap i : W — R” sending a point p to

(2,008 91 (6 + (34 1) cos ¢2), sin @1 (6 + (3 + 1) cos ¢2), 3+ 1) sin @2, X1, . .., Xp—4).

Let us denote x = (x1, . . ., x,—4). We consider a vector field Xw in W with expression

d a a
XW = f(z,r,x)(— +b_) +g(Z, I",X)—.
d¢1 992 9z

Choosing b an irrational number and f, g satisfying the following properties ensures
that W is a plug trapping the orbits entering through {z = =2, |r| < 1, |x| < 1/2}. The
properties satisfied by f and g are:

e f is skew-symmetric and g is symmetric with respect to the z coordinate;
g =1, f = 0 close to the boundary of W;
g > 0 everywhere and vanishes only in {|z| = 1, |r| < 1, |x] < 1/2};
f=1lin{ze[-3/2,—-1/2],|r| < 1,|x| < 1/2}.
The same plug can be made using a manifold of the form W = [—2,2] x T2 x
[—2, 2], and the trapped orbits wind around some components of the torus. The plug also
exists in dimension three, but the invariant set is a circle that creates a new periodic orbit.

It is well known [13] that Wilson’s plug can be done volume-preserving, providing
volume-preserving counterexamples to the generalized Seifert conjecture in S2**! for
n > 2. The first construction of this volume-preserving plug is due to G. Kuperberg [18].

4.1.2. Volume-preserving Wilson’s plug. In[27, §2.3.1], the explicit construction is done
for three dimensions. Omitting details, let us recall the construction and give an explicit
coordinate description for the case of any dimension.

Consider the manifold P = 772 x [1,2] x [—1, 1], endowed with coordinates
61, .. .,6h-2,r, 7). The first step is to construct a vector field of the form

ol ad
X :H ) ’ v b_
p=H(@ 2+ f(r z)(ae1 + 892)
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FIGURE 3. Flow lines of H.

with b an irrational constant number. Taking suitable functions makes P a volume-
preserving semi-plug (meaning that the entry and exit region do not coincide), which
traps a set of zero measure isomorphic to 7"~2. This is done by taking the vector
field Hy = h1(r, 2)(8/02) + ha(r, 2)(3/9r) such that gy, u = dh for some volume p of
[1,2] x [—1, 1] and function h. Taking a suitable 4, the flow lines of H; are as shown in
Figure 3, with a single singularity.

Choosing the function f : [1, 2] x [—1, 1] — R such that it is zero on the boundary
and positive at the singularity of H is enough to make P a semi-plug. Taking the
mirror-image to exchange the entry and exit regions and rescaling so that it fits P yields
a volume-preserving plug in P. Observe that again in coordinates (r, z, 0y, . . . , 6,—2) the
vector field constructed in the plug (which we denote again X p) is of the form

- G 3 3 d
Xp=h(r,2)— +h(r,2)— | == +b—). 4.2
p=h(r z)aZ th@ o+ fr Z)<391 + 892) 4.2)

and in the boundary we have X p|3p = 9/0dz. The function fll is positive everywhere except
in the singularity, where it vanishes, but then f is non-vanishing. The preserved volume is
UANdOL A ANdOBy_s.

4.1.3. Obstructions to plugs. Sullivan’s characterization of geodesible vector fields [29]
was used to prove that a vector field admitting a plug is not geodesible.
THEOREM. [24, 27] Plugs are not geodesible in any dimension.

In [24] the result was obtained for the class of Eulerizable fields.

THEOREM. [24] Plugs are not Eulerizable in any dimension.
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4.2. Beltrami fields admitting plugs. We proceed to construct a volume-preserving
Beltrami field which admits the Wilson volume-preserving plug, and hence cannot be
either geodesible or Eulerizable.

THEOREM 4.3. There are volume-preserving Beltrami fields in any manifold of dimension
2n + 1 > 3 and any homotopy class of non-vanishing vector fields which are neither
geodesible nor Eulerizable.

Proof. Consider M any odd-dimensional manifold of dimension 2n + 1 > 5.

Applying Theorem 3.10, we know that it admits a stable Eulerizable structure (o, v)
with geodesible Reeb field X in an arbitrary homotopy class of non-vanishing vector fields.
If we denote by (B, ) the open book decomposition we used to construct the structure,
by construction there are points p outside the trivial neighbourhood of B where the vector
field and its connection form are /06 and d6.

In a small neighbourhood U = R" we can take coordinates (z, y1, . . ., y2,) such that
X|y = 9/0z and |y = dz.

Consider the manifold P = T""2 x [1, 2] x [—1, 1] of the previous section with its
coordinates (z,r, 61, ...,0,-2) and vector field of equation (4.2), of the form Xp =
hy1(r,2)(3/9z) + ha(r, 2)(3/0r) + f(r,z)(3/961 + b(3/962)), where we have omitted
the tildes of the functions to simplify the notation. Take the form

ap = f(z,r)d0; + hi(z, r)dz.

It satisfies ap(Xp) = f2+ h% > (0 at every point since at the only points where /|
vanishes, f does not. In a neighbourhood of the boundary of P, the form «ap coincides
with dz. This implies that once P is embedded in the neighbourhood U, both the field
X p and the form ap can be extended as X and « outside the embedded copy of P. By
standard arguments (cf. [27, page 78]) one can make sure that the volume preserved by X p
coincides in the boundary of P with & A v. Denote by X and & the vector field and 1-form
of the plug extended as X and « outside of it. If we further denote by u the volume given
by extending the volume in the plug as a A v outside of it, it is clear that X preserves .

Let us check that X is, in addition to volume-preserving, a Beltrami field. Outside the
embedded copy of P, we have X = X and & = . Hence we have

txdo =0, 4.4)

which trivially implies tx (d)" = 0. Inside P, we have that @ = ap. By looking at the
coordinate description of « p, we have

0 0 oh
dap = —fdz AdO + —fdr AdO + L ar A dz.
07 ar ar

Hence (dap)? = 0. Using Lemma 4.1, we deduce that Xisa volume-preserving Beltrami
field for some metric. Clearly in P the vector field cannot be geodesible, since we know
plugs are not geodesible. The fact that (dap)? = 0 does not contradict the fact that X is
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not geodesible. Computing the contraction of X with dap we obtain

9 9 oy 9
Lgdop = (hl(r, z)£ NG z)a—]:)dé‘l + <h2(r, z)a—rl - fa—i)dz

a oh
(= rL e 2 ar,
ar ar
which is clearly not constantly zero. O

Remark 4.5. One can also use the standard Wilson’s plug in Theorem 4.3. It is not
volume-preserving and so one constructs only an example of a Beltrami field (not
volume-preserving) admitting a plug. It is not geodesible, and traps a set of orbits of
positive measure (in the boundary of the plug).

Combining Theorem 4.3 with the obstruction to the existence of plugs, we deduce
Theorem 1.2. Furthermore, these vector fields cannot be ‘Reeb embedded’ in the sense
of [5] into any contact manifold.

Remark 4.6. In fact one can say even more. The vector fields produced by Theorem 4.3
cannot be embedded in any other manifold such that X extends to an Eulerizable
vector field. Let M be an odd-dimensional manifold and X a non-geodesible Beltrami
volume-preserving vector field. Assume that M is embedded in a manifold N, where there
is an Eulerizable vector field Y such that Y|y = X. Since Y is Eulerizable, there is a
1-form « such that iy > 0 and tyd« is exact. If we denote the embedding by e : M — N,
we have that the 1-form e*o € Q' (M) satisfies that e*(X) > 0 and (xd (¢*«) is exact. But
then X is Eulerizable in M by Lemma 2.2, which is a contradiction.

4.3. Other remarks. By way of additional observations, we present another source of
examples of Beltrami fields and a property concerning the relation with geodesibility.

Example. Let M be an odd-dimensional manifold. If F is a codimension-one foliation,
M admits a Beltrami field transverse to it. Furthermore, if the foliation is minimal, the
Beltrami field is volume-preserving. Let us just explain the case when J is minimal.
Denote by « the defining form of F. By a result of Sullivan [30], there is a 2n-form
w which is closed and positive in the leaves. The vector field defined by tyw = 0 and
a(X) = 1 preserves the volume form o A w. Observe that since « defines a foliation, we
have o A da = 0 implying (da)?> = 0. By Lemma 3.2, one can construct a metric such
that X is parallel to its curl and the Riemannian volume is a A w. These examples are
irrotational, since their curl is vanishing. This follows from the fact that (da)? =0.

Volume-preserving examples that arise from minimal foliations exist in every
odd-dimensional manifold, following the results in [21]. The following observation was
made by Daniel Peralta-Salas.

PROPOSITION 4.7. Let X be a Beltrami field in a manifold M of dimension 2n + 1 > 3.
If o = 1x g is generic, in the sense that dua is of maximal rank almost everywhere, then X
is geodesible.
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Proof. The curl of X satisfies ty 4 = (do)" and since X is Beltrami we know that Y = fX
for f € C°°(M). In particular, we deduce that fiyu = (do)” and f is non-vanishing
almost everywhere by the genericity assumption. By contracting this equation with X, it
follows that X is in the kernel of (da)”. Since (da)” is of maximal rank almost everywhere,
it follows that X is in the kernel of do almost everywhere. Hence tydo vanishes almost
everywhere and by continuity (ydo = 0. By Gluck’s characterization, we have that X is
geodesible. O

5. Periodic orbits

The plug constructed in Theorem 4.3 cannot be immediately used to prove the existence of
Beltrami fields (volume-preserving or not) without periodic orbits in arbitrary manifolds.
This is because the plug requires a specific expression of the connection form « in the
neighbourhood of the point where the plug is inserted. In this section we present the
state of the art on the existence of periodic orbits and prove that every manifold of
dimension 2n + 1 > 3 admits a Beltrami field (not volume-preserving) without periodic
orbits.

5.1. The Weinstein conjecture. The Weinstein conjecture states that any Reeb vector
field in a closed contact manifold has at least one periodic orbit. The conjecture is
known to be true in dimension three [31], as well as for overtwisted contact structures
in any dimension [1]. Concerning stable Eulerizable structures, it is known to be true in
dimension three (where they coincide with stable Hamiltonian structures) in the following
form.

THEOREM. [17] Let M be a closed oriented 3-manifold with a stable Hamiltonian
structure. If M is not a T?-bundle over S', then its Reeb field has a closed orbit.

Counterexamples in 72-bundles over S! are provided by taking mapping tori of
symplectomorphisms of 72 without periodic orbits. This counterexample generalizes to
any dimension for stable Eulerizable structures. Even if we defined stable Eulerizable
structures in odd dimensions, since it is the natural set for the study of Beltrami fields,
the definition also makes sense in even dimensions.

CLAIM 5.1. Let N be a closed manifold of dimensions n > 2 such that x(N) = 0. Then
there is a N -bundle over S' endowed with a stable Eulerizable structure such that its Reeb
field has no periodic orbits.

Proof. Following [25, 34], any manifold such that x (N) = 0 admits a volume-preserving
diffeomorphism ¢ : N — N without periodic points. Consider the suspension of this
diffeomorphism, that is, the manifold M = N x I/ ~ where we identified (p, 0) with
(p(p), 1). If we denote by ¢ a coordinate in /, it induces a coordinate 6 in M. The
vector field X = d/00 has no periodic orbits, and preserves a volume form p since
¢ was volume-preserving. This is the Reeb field of the stable Eulerizable structure
do, tx ). O]
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The fact that geodesible fields do not admit plugs, as well as the Weinstein conjecture
for stable Hamiltonian structures, motivates the idea that some version of the Weinstein
conjecture could be true for stable Eulerizable structures in high dimensions.

In the non-volume-preserving case, the following positive result was proved in [28],
with the assumption that both the vector field and the metric making its orbits geodesics
are real analytic.

THEOREM. Let M be a closed oriented 3-manifold which is not a torus bundle
over the circle. Then any real analytic geodesible (or equivalently Beltrami) field has a
periodic orbit.

The smooth case is still open. We will prove in the next subsection that, in the
high-dimensional setting, there always exist Beltrami fields without periodic orbits.

5.2. Aperiodic Beltrami fields using round Morse functions. In [3], Asimov introduced
round handle decompositions and proved that every manifold of dimension at least 4
satisfying x (M) = 0 admits such a decomposition. This concept was later related to the
existence of round Morse functions, introduced by Thurston [33].

Definition 5.2. A round Morse function on a smooth manifold M is a function f : M — R
such that:

e the set of critical points of f is a disjoint union of circles;

e the corank of f in a critical point is 1.

The existence of such a function is equivalent to the existence of a round handle
decomposition, a fact that was rigorously proved by Miyoshi in [22]. Miyoshi obtained
a round Morse lemma, where one can have standard Morse coordinates or twisted Morse
coordinates. However, it is always possible to find a round Morse function without twisted
critical circles, and hence we only state the untwisted case.

LEMMA 5.3. (Untwisted round Morse lemma) Let f : M"*! — R be a round Morse func-
tion without twisted singular circles. Then there exist global coordinates (0, x1, . . ., X»)
in a neighbourhood U = S' x D" near any critical circle C such that

2 2 2 2
f==x{— - —=x +x+ - +x,,
where r is the index of the critical circle.

The well-known relation between round Morse functions and Morse—Smale flows
provides a starting point for constructing aperiodic Beltrami flows.

Proof of Theorem 1.3. Taking into account previous discussions, we only need to

construct a vector field X satisfying the following three properties.

(1) Thereis a 1-form « such that «(X) > 0 and tx (da)" = 0.

(2) X has a finite number of periodic orbits.

(3) For every periodic orbit y, there is a point p € y and a coordinate z in a
neighbourhood U of p such that X|y = d/dz and o|y = dz.
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If we achieve this, inserting a plug in each neighbourhood of the point p of each periodic
orbit yields a vector field without periodic orbits and a 1-form g such that 8(X) > 0 and
tx(dB)" = 0 and hence by Lemma 4.1 the vector field X is a Beltrami field.

Let us describe the construction of a vector field satisfying (1)—(3). Take a round Morse
function f without twisted components and a metric which is ‘nice’ in the neighbourhood
of the finite amount of critical circles; it looks like the standard metric in S! x D%" with
the round Morse Lemma coordinates. Then the gradient defined by f is the vector field
satisfying g(X, -) = df, without periodic orbits but with the set of fixed points being the
critical circles of f. We modify this vector field around the critical circles to obtain a
vector field with a finite amount of periodic orbits and construct a 1-form satisfying (1)
and (3). Consider one of the critical circles y of f. Let us assume that it is a maximum,
since everything works analogously on each critical circle.

Step 1: around the orbit. In the neighbourhood U = S! x D?* with coordinates
(0, x1, . . ., X2,), we assume that the metric is the standard g = d6* + 21221 dxl.z. Hence
the gradient of f is given by

2n 9
rad = i—,
grad(f) ; xigo
where f = leil xl-z. Take the function p = leil xi2 (independently of the index of the
critical circle of f), and a bump function ¢ (p) which is constantly equal to 1 around p = 0
and 0 around p = 1. We can now modify the gradient of f, taking instead

X = p(p) - + grad(f)
which has a single periodic orbit at §' x {0}. Construct the 1-form
oy = ¢(p)d6 +df.
which satisfies ), (X) > 0, @y |yy = df. Computing its exterior derivative we have
da, = ¢'(p)dp A do,

which satisfies (doz,,)2 = 0. In a small neighbourhood V of the orbit where ¢(p) = 1 we
have o), = df + df. The form «, extends outside of U as df. Denote by « the 1-form
which is df outside the neighbourhoods of the critical circles and the oy, constructed
on them. Doing this at every orbit, we obtain a vector field X with a finite number of
periodic orbits and a 1-form « satisfying o(X) > 0 and (da)? = 0. All that is left to check
is condition (3). Figure 4 depicts schematically the modification for a critical circle with
arbitrary index.

Step 2: around a point. As mentioned in the previous step, in the neighbourhood V of
the orbit we can now assume X = d/06 + grad f and « = d6 + df. Around a point p in
the orbit S! x D", the S!-coordinate 6 defines a function z. Hence there are coordinates
(z, x1, - . . , X2,) on a small neighbourhood U such that X|y = 9/dz + 21221 x; (0/0x;)
and o|y = dz + df. By taking the neighbourhood small enough, we can assume that there
is a function 4 such that X = 3/dh by the flow box theorem. Denote r = z> + xl2 4+
x%n. Take a bump function ¢ (r) which is 1 around 0 and vanishes around 1. Construct the
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X 14
grad f l
R —

FIGURE 4. Modification around a circle.

|y = dh
Xy = on
U

FIGURE 5. Modification around a point.

1-form
B=¢@)dh+ (1 —o(r)ldz +df].

Contracting it with X, we have that
B(X) = o(r)dh(X) + (1 — o(r)dz + df1(X)

= (p(r)dh(i) + (1 — (p(r))dZ(i + grad f) + (1 — (p(r))df(i + grad f)
oh 0z 0z

=¢@)+ {1 —e@)[l +df(grad f)].

Since df (grad f) is positive except at r = 0, we deduce that 8(X) > 0. Furthermore, we
have dB = ¢'dr Adh — ¢'dr Adz — ¢'dr A df which implies (d8)*> = 0 and coincides
with dz +df on {r = 1}. Denote again by « the form S extended as o« outside the
neighbourhood U. Hence in a neighbourhood of » = 0 where ¢(r) =1 we have that
X|y = 9/0h and B|y = dh. The orbit through r = 0 is the isolated periodic orbit. Figure 5
depicts schematically the modification for a critical circle with arbitrary index.

In particular, condition (3) is satisfied for the closed orbit y .

Doing this at every critical circle, we prove that the pair (X, ) satisfies conditions
(1)-(3), which proves the theorem. O]

Remark 5.4. Note that the aperiodic Beltrami fields constructed are irrotational. Since

(dB)" = 0, their curl vanishes everywhere.
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