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Abstract

For a commutative ring R, we define the notions of deformed Picard algebroids and
deformed twisted differential operators on a smooth, separated, locally of finite type
R-scheme and prove these are in a natural bijection. We then define the pullback of a sheaf
of twisted differential operators that reduces to the classical definition when R =C. Finally,
for modules over twisted differential operators, we prove a theorem for the descent under a
locally trivial torsor.
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1. Introduction

This paper is the first of a series of papers that aims to answer Question A from [2] regard-
ing the classification of primitive ideals in the affinoid enveloping algebra of a semisimple
Lie algebra defined over a discrete valuation ring. The aim of the paper is to establish a good
framework to use geometric representation theory to obtain a proof of the classical Duflo’s
theorem [7]:

THEOREM 1·1. Let g be a semisimple Lie algebra defined over a field K of characteristic
0. Then any primitive ideal in U (g) with K -rational infinitesimal central character is the
annihilator of a simple quotient of some Verma module. In case K =C, the theorem gives a
classification of all primitive ideals.

Assume for now that our ground field is C and let g be a semisimple C-Lie algebra. For
a complex variety X , we will denote DX the sheaf of differential operators on X . Let G be
the semisimple connected affine algebraic group associated with g and fix B a Borel sub-
group. Let X = G/B be the flag variety associated to g. In [6, proposition 3·6], the authors
prove an equivalence of categories between G-equivariant coherent DX×X -modules and B-
equivariant coherent DX -modules. Further, the Beilinson–Bernstein theorem [3] establishes
an equivalence of categories between coherent DX -modules and finitely generated U (g)-
modules with trivial central character. Combining these two results, one obtains a geometric
proof of Duflo’s theorem for ideals with trivial central character. In the next paper [11], we
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aim to remove some restrictions from [6, proposition 3·6]: we prove that the results hold
over a general commutative Noetherian ring and that the equivalence holds between coher-
ent modules over certain homogenous sheaves of twisted differential operators, which can
be regarded as equivariant twisted differential operators.

There is a well established theory of twisted differential operators and homogeneous
twisted differential operators over a complex variety introduced in [4] and treated in more
detail in [9]. The authors also explore the connections between twisted differential operators
(tdo’s) and Picard algebroids and the following question is answered:

QUESTION 1·2. Let f : Y → X be a map of smooth complex varieties and let D be a tdo
on X. How should we define the pullback of D call it f •D such that f •D is a tdo on Y ?

The solution proposed in [4] was to define f •D using the Dif functor introduced by
Grothendieck:

f •D := Dif f −1D( f ∗D, f ∗D)

is the sheaf of differential operators from f ∗D to itself that commute with the right f −1D-
action. In particular when D =DX , we obtain f •DX =DY .

Now, let R be a commutative base ring and X be an R-scheme that is smooth, separated
and locally of finite type. In order to build a good theory of twisted differential operators
over a commutative ring, there are two basic questions we need to answer:

Question. What constitutes a good definition of a tdo on X?
Question. Given f : Y → X a map of smooth, separated and locally of finite type

R-schemes and D a tdo on X , how should we define the pullback of D such that it is also a
tdo on Y ?

There are two possible candidates of sheaves of differential operators that one can
define over X : DX -the sheaf of crystalline differential operators and DX -the sheaf of
Grothendieck’s differential operators.

One of the key properties satisfied by twisted differential operators over complex varieties
is that they come equipped with a filtration such that the associated graded is isomorphic
with the symmetric algebra of the tangent sheaf over the ring of functions. The sheaf of
Grothendieck’s differential operators DX has a natural filtration given by the order of dif-
ferential operators, but the associated grading ring does not satisfy the desired property.
Therefore, we choose to work with the sheaf of crystalline differential operators.

Attempting working with the classical definition of the pullback of twisted differential
operators, we immediately encounter a problem. Assume that Y =A1 is the affine line over
R, let X = Spec R be the base of Y and f : Y → X be the natural projection. Let DX

∼= R
be the sheaf of crystalline differential operators on X . Then using the classical definition we
obtain

f •D ∼= DA1,

which is the sheaf of Grothendieck’s differential operators. In particular, if we work with
the classical definition we obtain that the pullback of a twisted differential operator does not
satisfy the desired property.

To resolve the problem with the definition, we will explore the correspondence between
twisted differential operators (tdo’s) and Picard algebroids and define the pullback of tdo’s
by first defining the pullback of Picard algebroids.
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Specifically, we will be able go from tdo’s to Picard algebroids and vice-versa using two
maps Lie and T . For a Picard algebroid L on X , we can consider the pullback f #L as a Lie
algebroid on Y and for a general tdo on X we define

f #D := T ( f #(Lie(D)).

In the case when R =C, our definition coincides with the definition found in [4] and [9].

Statement of the main results
Let G be a smooth affine algebraic group of finite type over Spec R and let f : Y → X be

a locally trivial G-torsor. Then for a tdo D equipped with a suitable G-action (we call this a
G-htdo), we may define its descent f#DG , which is a tdo on X .

PROPOSITION 1·3 (Corollary 10·12). The maps f#(−)G and f #(−) induce mutually inverse
bijections between G-htdo’s on Y and tdo’s on X.

For a G-htdo D we may define the Coh(D,G) the category of G-equivariant coherent
D-modules. Further, let A be a tdo on X and M a A-module. Then we may endow the
O-module pullback f ∗M with the structure of a f #A-module and we call this module
f #M.

THEOREM 1·4 (Theorem 11·8). Assume that R is a Noetherian ring. Let G be a smooth
affine algebraic group of finite type. Let X, Y be smooth separated and locally of finite type
R-schemes and let f : Y → X be a locally trivial G-torsor. Further, let D be a sheaf of
G-homogeneous twisted differential operators on Y . The functors:

f∗(−)G : Coh(D,G)→ Coh( f#DG)

f #(−) : Coh( f#DG)→ Coh(D,G).
(1·1)

are quasi-inverse equivalences of categories between coherent G-equivariant D-modules
and coherent ( f#D)G-modules.

In fact we generalise the proposition and the theorem in two directions. First, for r ∈ R
a regular element, we define the notion of r -deformed Picard algebroids and r -deformed
G-htdo’s. Then we may prove that the descent of an r -deformed G-htdo is an r -deformed
tdo and similarly the theorem holds for coherent modules over r -deformed G-htdo’s.

Secondly, for another smooth affine algebraic group of finite type B acting on X and Y ,
we prove that for a G × B-htdo on Y , its descent under a B-equivariant G-torsor is a B-htdo.
A similar result also holds for the correspoding coherent G × B-modules. This generality
will be needed in the future applications: in [11] we use this framework to give a geometric
proof of 1·1 and in [12] we prove an affinoid version of the same theorem.

Structure of the paper
In Sections 2 and 3, we review the theory of equivariant O-modules and equivariant

descent for a locally trivial torsor. Next, we define in Section 4 the sheaf of crystalline
differential operators and the notion of r -deformed twisted differential operators on a
smooth, separated and locally of finite type R-scheme. In the next two sections, we establish
correspondences between r -deformed Picard algebroids/equivariant Picard algebroids and
r -deformed twisted differential operators/homogeneous twisted differential operators. We
then define the pullback of r -deformed Picard algebroids and r -deformed tdo’s in Section 7.
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In the next two sections, we explore the connections between modules over r -deformed
Picard algebroids and r -deformed twisted differential operators.

Finally, in Section 10, we prove equivariant descent for r -deformed homogeneous twisted
differential operators (Proposition 1·3) and in Section 11, we prove equivariant descent for
modules over r -deformed homogeneous twisted differential operators (Theorem 1·4).

Conventions
Throughout this paper R will denote a commutative ring of arbitrary characteristic and

all the schemes will be R-schemes. For a map f : Y → X of R-schemes, we will denote f ∗

the pullback in the category of O-modules and f∗ the pushforward sheaf. Unadorned tensor
products will be assumed to be taken over R. An element r ∈ R is called regular if it is not a
zero divisor.

2. Equivariant O-modules

Let G be an affine algebraic group scheme acting on a scheme X ; denote the action by
σX : G × X → X . Furthermore, we denote pX : G × X → X and p2X : G × G × X → X the
projections onto the X factor, p23X : G × G × X → G × X the projection onto the second
and third factor and m : G × G → G the multiplication of the group G.

Definition 2·1. Let G an algebraic group scheme acting on a scheme X . A G-equivariant
OX -module is a pair (M, α), where M is a quasi-coherent OX -module and α : σ ∗

XM→
p∗

XM is an isomorphism of OG×X -modules such that the diagram

(1G × σX )
∗ p∗

XM p∗
2XM

(1G × σX )
∗σ ∗

XM (m × 1X )
∗σ ∗

XM

p∗
23Xα

(1G×σX )
∗α

id

(m×1X )
∗α

of OG×G×X -modules commutes (the cocycle condition) and the pullback

(e × 1X )
∗α :M→M

is the identity map.

We prove a crucial lemma that will be used in the future; it is stated on the stack project,
but the proof is omitted.

LEMMA 2·2. [13, 03LG]
Let G be an affine algebraic group acting on schemes X and Y and let f : Y → X be a

G-equivariant morphism. Then the pullback functor f ∗ given by

(M, α) �→ ( f ∗M, (1G × f )∗α)

defines a functor from G-equivariant OX -modules to G-equivariant OY -modules.

Proof. Let M be a G-equivariant OX -module. Since α : σ ∗
XM→ p∗

XM is an isomorphism,
we get that (1G × f )∗α : (1G × f )∗σ ∗

XM→ (1G × f )∗ p∗
XM is also an isomorphism.

We have that since f is G-equivariant that:
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(1G × f )∗σ ∗
XM= σ ∗

Y f ∗M.

(1G × f )∗ p∗
XM= p∗

Y f ∗M. (2·1)

Thus,

(1G × f )∗α : σ ∗
Y ( f ∗M)→ p∗

Y ( f ∗M) is an isomorphism.

Next, we need to prove that the morphism (1G × f )∗α satisfies the cocycle condition; that
is we need to show that the diagram

(1G × σY )
∗ p∗

Y f ∗M p∗
2Y f ∗M

(1G × σY )
∗σ ∗

Y f ∗M (m × 1Y )
∗σ ∗

Y f ∗M

p∗
23Y (1G× f )∗α

(1G×σY )
∗(1G× f )∗α

id

(m×1Y )
∗(1G× f )∗α (2·2)

of OG×G×Y -modules commutes given that the diagram

(1G × σX )
∗ p∗

XM p∗
2XM

(1G × σX )
∗σ ∗

XM (m × 1X )
∗σ ∗

XM

p∗
23Xα

(1G×σX )
∗α

id

(m×1X )
∗α (2·3)

of OG×G×X -modules commutes.
We shall prove that the diagram (2·2) is the pullback of the diagram (2·3) under the

morphism (1G × 1G × f ). We have that

((1G × σY )
∗ p∗

Y ) f ∗M= (1G × 1G × f )∗((1G × σX )
∗ p∗

XM)

p∗
2Y ( f ∗M)= (1G × 1G × f )∗(p∗

2XM)

((1G × σY )
∗σ ∗) f ∗M= (1G × 1G × f )∗((1G × σX )

∗σ ∗
XM)

((m × 1Y )
∗σ ∗) f ∗M= (1G × 1G × f )∗((m × 1X )

∗σ ∗
XM)

(2·4)

and

p∗
23Y (1G × f )∗α = (1G × 1G × f )∗ p∗

23Xα

(1G × σ)∗(1G × f )∗α = (1G × 1G × f )∗(1G × σX )
∗α

(m × 1X )
∗(1G × f )∗α = (1G × 1G × f )∗(m × 1X )

∗α
(2·5)

Thus, by equations (2·4) and (2·5) we get that the diagram (2·2) is indeed the pullback
of the diagram (2·3) under the morphism 1G × 1G × f , so (1G × f )∗α satisfies the cocycle
condition.

Finally, we need to prove that the map (e × 1Y )
∗(1G × f )∗α : f ∗M→ f ∗M is the

identity map using (e × 1X )
∗α :M→M is the identity map.

We have that (1G × f ) ◦ (e × 1Y )(g, y)= (e, f (y))= (e × 1X )(1G × f ), so

(e × 1Y )
∗(1G × f )∗α = (1G × f )∗(e × 1X )

∗α = (1G × f )∗(id)= id,

since the identity map is preserved by any functor.
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Definition 2·3. Let G an affine algebraic group acting on a scheme X via σX . We
define the category of G-equivariant quasi-coherent OX -modules. Objects are given by
G-equivariant OX -modules.

A morphism of G-equivariant OX -modules (M, αM) and (N , αN ) is a map φ ∈
HomOX (M,N ) such that the following diagram commutes:

σ ∗
XM p∗

XM

σ ∗
XN p∗

XN .
σ ∗

Xφ

αM

p∗
Xφ

αN

We call such a morphism G-equivariant and denote the category of G-equivariant OX -
modules together with G-equivariant morphisms by QCoh(OX ,G).

PROPOSITION 2·4. Let G an affine algebraic group acting on a scheme X via σX . Then the
category QCoh(OX ,G) is Abelian.

Proof. By construction, we have that QCoh(OX ,G) is additive. Let (M, αM) and
(N , αN ) ∈ QCoh(OX ,G) and let φ ∈ HomQCoh(OX ,G)(M,N ). Consider the exact sequence:

0 → ker(φ)→M→N → coker(φ)→ 0.

We aim to prove that ker(φ) and coker(φ) are in QCoh(OX ,G). Since σX and pX are
smooth morphisms, the pullback functors σ ∗

X and p∗
X are exact, so we get two short exact

sequences:

0 → σ ∗
X ker(φ)→ σ ∗

XM→ σ ∗
XN → σ ∗

X coker(φ)→ 0,

0 → p∗
X ker(φ)→ p∗

XM→ p∗
XN → p∗

X coker(φ)→ 0.
(2·6)

Consider now the diagram:

0 0 σ ∗
X ker(φ) σ ∗

XM σ ∗
XN

0 0 p∗
X ker(φ) p∗

XM p∗
XN .

αM αN

By construction, we have that αM and αN are isomorphisms, so by the Five Lemma we
obtain an isomorphism β : σ ∗

X ker(φ)→ p∗
X ker(φ). Furthermore, since αM and αN satisfy

the cocycle condition, so does β. Thus, we have proven that (ker(φ), β) ∈ QCoh(OX ,G). A
similar argument applying the Five Lemma shows that coker(φ) ∈ QCoh(OX ,G). Finally,
by construction we have that all monomorphism or epimorphism in QCoh(OX ,G) are
normal, so QCoh(OX ,G) is indeed an Abelian category.

A reformulation of equivariance
We wish to reformulate the notion of an equivariant O-module. Until the end of the sec-

tion, we fix X a scheme defined over R acted on by an affine algebraic group G. For any
R-algebra A, we define X A := Spec A ×Spec R X . We start with a very simple observation:
viewing OX as a left OX -module, (OX , id) is a G-equivariant OX -module. We may refor-
mulate this following ideas in [5]: for each R-algebra A inducing a map s : Spec A → Spec R
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and for each geometric point ig : Spec A → G which induces an automorphism g : X A → X A

there exists an isomorphism

qg : s∗O → (g−1)∗s∗O, satisfying

qe = id and qgh = (g−1)∗(qh)qg (2·7)

in such a way that (qg)’s are compatible with base change. Let rg = g∗ ◦ qg. For each U ⊂ X A

affine open, rg induces map OX A(U )→OX A(g
−1U ). The equation (2·7) translates as re =

id and rgh = rhrg. Furthermore, the O-module compatibility requires that for any f1, f2 ∈
OX A(U ), we have rg( f1 f2)= rg( f1)rg( f2).

We define rg via rg( f )(x)= f (g−1x) for all R-algebras A, U ⊂ X A affine open, x ∈ U ,
f ∈OX A(U ), g : X A → X A and it is easy to see that rg’s make OX a G-equivariant OX -
module according to equation 2·7. We may now make an abuse of notation: for each
ig : Spec A → G and each f ∈OX A(U ), we denote g. f = rg−1( f ) and we translate the
equivariance structure as

e. f1 = f, g.(h. f1)= (gh). f1, g.( f1 f2)= (g. f1)(g. f2) for all g, h ∈ G, f1, f2 ∈OX .

LEMMA 2·5. A OX -module M is G-equivariant if and only if for any R-algebra A, for
each s : Spec A → Spec R and for each geometric point ig : Spec A → G which induces an
automorphism g : X A → X A there exists an isomorphism of OX A -modules

qg : s∗M→ (g−1)∗s∗M

satisfying

qe = id and qgh = (g−1)∗(qh)qg (2·8)

in such a way that (qg)’s are compatible with base change.

Proof. The proof repeats the argument in [5, propositions 2·2 and 1·3·1] working over a
commutative ring rather than a field and using the structure sheaf O instead of the sheaf of
differential operators D.

Again, by setting sg = g∗ ◦ qg, we may reformulate equation 2·8 as: for each R-algebra
A and for each ig : Spec A → G, we have an isomorphism of O-modules sg :MX A →MX A

such that for each U ⊂ X A affine open:

se = id,

sgh = shsg,

s ′
gs are compatible with base change,

rg( f.m)= rg( f ).sg(m), for all f ∈OYA(U ),m ∈M(U ).

(2·9)

Again, we make an abuse of notation: for each ig : Spec A → G and each m ∈MA(U ),
we denote g.m = sg−1(m) and we translate the equivariance structure as:
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e.m = m,

gh.m = g.(h.m),

g.( f.m)= (g. f ).(g.m),

(2·10)

for all g, h ∈ G, m ∈M, f ∈OX .
Using the definition above, we reformulate the notion of G-equivariance of a morphism

of G-equivariant OX -modules, φ :M→N as:

g.φ(m)= φ(g.m) for all g ∈ G,m ∈M. (2·11)

3. Equivariant descent for O-modules

Definition 3·1. [1, section 4·3]
Let G be a smooth affine algebraic group of finite type, Y a scheme equipped with an

action G × Y → Y and lastly, let X be a scheme. We say that a morphism ξ : Y → X is a
G-torsor if ξ is faithfully flat and locally of finite type, the action of G respects ξ and the
map

G × Y → Y ×X Y, (g, y) �→ (gy, y)

is an isomorphism.
An open subscheme U of X is said to trivialise the torsor ξ if there is a G-invariant

isomorphism

G × U → ξ−1(U ),

where G acts on G × U by left multiplication on the first factor.
Finally, let SX be the set of affine open subschemes U ⊂ X such that U trivialises ξ and

O(U ) is a finitely generated R-algebra. We say that ξ is a locally trivial torsor if it can be
covered by opens in SX .

Definition 3·2 (definition-proposition). Let ξ : Y → X be a locally trivial G-torsor and
let (M, αM) be a quasi-coherent G-equivariant OY -module. Then the presheaf (ξ∗M)G

acquires the structure of a quasi-coherent OX -module. Furthermore, if we are given ψ :
(M, αM)→ (N , αN ) a map of G-equivariant OY -modules there is a canonical induced map
(ξ∗)Gψ : (ξ∗M)G → (ξ∗N )G .

Proof. The questions are local, so we may assume that X is affine, ξ : Y → X is pX : G ×
X → X and G acts on G × X via left multiplication on the first factor. Since G and X are
affine, the category of G-equivariant OG×X -modules is equivalent to the category of (O(G ×
X),G)-modules by the same arguments as in the proof of [5, proposition 1·4·1]. Modules
in this category are modules equipped with compatible actions of the ring O(G × X) and of
the group G.

Let M be a G-equivariant OG×X -module and let M = �(G × X,M) be its global sec-
tions. Since M is a (O(G × X),G)-module it acquires a comodule structure ρM : M →
O(G)⊗R M . Furthermore, let ρG :O(G × X)→O(G)⊗R O(G × X) denote the comod-
ule structure on O(G × X) induced from the G-action on G × X by left multiplication on
the first factor.

As X is affine, to prove the first statement, it is enough to prove that the Abelian group
(p∗M)G(X)= MG has the structure of an O(X)-module.
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Let f ∈O(X) and define φ ∈O(G × X) by

φ(h, x) := f (x) for all h ∈ G, x ∈ X,

and for any m ∈ MG define

f.m := φ.m.

We need to prove that f.m ∈ MG . By construction, it is clear that ρG(φ)= 1 ⊗ φ. Since
M is a (O(G × X),G)-module, we have

ρM(φ.m)= ρG(φ)ρM(m)= (1 ⊗ φ)(1 ⊗ m)= 1 ⊗ φ.m,

so φ.m ∈ MG , thus the action of f is well-defined. Therefore, ξ∗M)G has the structure of
a OX -module. By picking a presentation

⊕
i∈I OY →⊕

j∈J OY →M→ 0, we descend to
a presentation

⊕
i∈I OX →⊕

j∈J OX → (ξ∗M)G → 0, making the module (ξ∗M)G quasi-
coherent.

For the second statement, notice that if ϕ : (M, αM)→ (N , αN ) is a morphism of (O(G ×
X),G)-modules, it is G-equivariant, so ϕ restricts to a map MG → N G .

In general if ξ :M→N is a map of G-equivariant OY modules and we let U be affine
open in X , we have canonical maps (ξ∗)Gψ : (ξ∗M)G(U )→ (ξ∗N )G(U ) compatible with
restrictions given by restricting the map ψ . Therefore, glueing together the local morphisms
we get a map of sheaves.

In particular, we have proven that if ξ : Y → X is a locally trivial G-torsor, we obtain a
functor ξG

∗ from G-equivariant OY -modules to OX -modules. We would like to prove that
this is an equivalence of categories.

Recall that for an R-Hopf algebra H , a left Hopf module M is a left H -module, together
with a comodule map ρ : M → H ⊗R M such that ρ is a map of H -modules; here H acts
on itself via left multiplication. For a Hopf module M , denote McoH the coinvariants of M .
Similarly, one may define the notion of a right Hopf module.

LEMMA 3·3. Let H be an R-Hopf algebra and let M be an R-module. Then H ⊗R M is
a left H-module and (H ⊗R M)coH ∼= M and R-modules.

Proof. We will prove the dual version of this statement, that is for a right R-module
M , we have M ⊗R H is a right Hopf comodule and M ∼= (M ⊗R H)coH . The first state-
ment follows from [15, 12·7(1)]. Furthermore, we have by [15, 12·12] that (M ⊗R H)H ∼=
HomH (R, M ⊗R H), where the morphism is considered in the category of right H -
comodules and we view R as a H -comodule. Finally, it follows from [15, 7·9] that
HomH (R, M ⊗R H)∼= HomR(R, M). The claim follows since HomR(R, M)∼= M .

We should remark that the compositions of isomorphisms M ∼= HomR(R, M)∼=
HomH (R, M ⊗R H)∼= (M ⊗R H)coH maps m to m ⊗ 1.

We will also need the the Fundamental Theorem of Hopf modules:

THEOREM 3·4. [8, theorem 4·13] Let H be a Hopf algebra over a commutative ring R and
M a Hopf module. Then the map
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μ : H ⊗R McoH → M, μ(h ⊗ m)= h.m

is an isomorphism.

We may now prove the main result of this section.

PROPOSITION 3·5 (Equivariant descent for O-modules). Let G be a smooth affine algebraic
group of finite type and let ξ : Y → X be a locally trivial G-torsor. Then the functors ξ∗(−)G

and ξ ∗(−) induce quasi-inverse equivalences of categories between G-equivariant quasi-
coherent OY -modules and quasi-coherent OX -modules.

Proof. For M ∈ QCoh(OY ,G) and N ∈ QCoh(OX )we obtain by functoriality maps M→
ξ ∗(ξ∗M)G and (ξ∗(ξ ∗N ))G →N , respectively. Thus we only need to prove the statement
locally. We may then assume that Y = G × X , p : G × X → X is the projection onto the
second factor and G acts on G × X via left multiplication on the first factor.

We start by constructing a natural isomorphism η : id → (p∗)G p∗. Let M be a OX -
module. We aim to define a map ηM :M→ pG

∗ p∗M. For any open affine U ⊂ X , we
have

(pG
∗ p∗M)(U )= (O(G)⊗R M(U ))G .

Let ηMU :M(U )→ (O(G)⊗R M(U ))G be defined by m �→ 1 ⊗ m. We have by Lemma
3·3 that ηMU is an isomorphism.

Let V ⊂ U be open affine and let resU V :M(U )→M(V ) be the restriction map. It is
easy to see that the following diagram is commutative:

M(U ) (O(G)⊗R M(U ))G

M(V ) (O(G)⊗R M(V ))G .

resU V

ηMU

id⊗R resU V

ηMV

Thus, η is a map of sheaves. Next, we prove that the isomorphism η is natural. Let ϕ :
M→N be a morphism of OX -modules. It is enough to show that the following diagram is
commutative:

M (p∗)G p∗M

N (p∗)G p∗N .

ϕ

ηM

(p∗)G p∗ϕ

ηN

We can work locally. Let U ⊂ X be affine open and let m ∈M(U ). Then ηN (ϕ(m))=
1 ⊗ ϕ(m). On the other hand we have p∗ϕ : p∗M(G × U )→ p∗N (G × U ) defined by
p∗ϕ(F ⊗ m)= F ⊗ ϕ(m) for any F ∈O(G),m ∈M(U ).

Thus, we have that (p∗)G p∗ϕ : (p∗)G p∗M(U )→ (p∗)G p∗M(U ) is defined by
(p∗)G p∗ϕ(1 ⊗ m)= 1 ⊗ ϕ(m), for all m ∈M(U ). In particular, we get that

(p∗)G p∗ϕ(ηM(m))= (p∗)G p∗ϕ(1 ⊗ m)= 1 ⊗ ϕ(m)= ηN (ϕ(m)),

which shows that the diagram is indeed commutative.
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Now, let (M, α) be a G-equivariant OG×X -module. By construction (p∗)GM is a sub-
sheaf of p∗M and since there is a canonical sheaf map p∗(p∗)M→M, we get by
functoriality that there is a map νM : p∗(p∗)GM→M.

Let U ⊂ X open affine. Then we have the induced map

νMG×U :O(G)⊗R M(G × U )G = p∗(p∗)GM(G × U )→M(G × U )

given by νMG×U ( f ⊗ m)= f.m. We aim to prove that this map is an isomorphism. Since
M is G-equivariant the isomorphism α induces an automorphism of OG×G×X -modules on
p∗M, so in particular we obtain an automorphism on O(G)⊗M(G × U ) of O(G × G ×
U )-modules. This induces a Hopf module structure on M(G × U ) for the Hopf algebra
O(G). Furthermore, taking G-invariants is equivalent to taking coinvariants for the Hopf
algebra O(G). Thus, by Theorem 3·4 we get that νMG×U is indeed an isomorphism.

Let {Ui }i∈I be an affine open cover of X and let {G × Ui }i∈I be the corresponding affine
cover of G × X . As νMG×Ui

is an isomorphism, the sheaves p∗(p∗)GM and M agree on an
affine open cover and there is a sheaf map between the two, ν is an isomorphism.

To finish the proof, notice that by construction, we have ν : p∗(p∗)G → id is a natural
isomorphism. This concludes the proof of the proposition.

We will also consider a slightly more general setting. Let Y be a variety acted on by two
smooth affine algebraic groups of finite type, G and B. Let us denote the two actions by .
and .

OBSERVATION 3·6. Let M be a G × B-equivariant OY -module. Then MG is a B-
equivariant submodule of M. Let φ :M→M′ be a G × B equivariant map of G ×
B-equivariant modules. Then φ restricts to a B-equivariant map φ :MG →M′G.

Proof. We view the equivariance structure via the equations (2·10). We have that for g ∈
G, b ∈ B and m ∈M that

g.(b m)= b  (g.m).

If m ∈MG , then g.m = m, so by the equation above g.(b m)= b m, so b m ∈MG .
Thus, the B-equivariance on M induces B-equivariance on MG .

Similarly, using the equivariance of morphisms in equation 2·11, we have since φ is par-
ticular G-equivariant that for m ∈MG , g.φ(m)= φ(g.m)= φ(m), so φ restricts to a map
MG →M′G .

Finally, since φ is in particular B-equivariant, we have that for m ∈MG

b  φ(m)= φ(b m),

concluding the proof.

LEMMA 3·7. Let G and B be smooth affine algebraic groups of finite type acting on
R-schemes X and Y such that the action of B and G on Y commute. Let ξ : Y → X be a
locally trivial G-torsor that is B-equivariant.

(i) Let M be a G × B-equivariant OY -module. Then (ξ∗M)G is a B-equivariant
OX -module.
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(ii) Let N be a B-equivariant OX -module. Then ξ ∗N is a G × B-equivariant
OY -module.

Proof. Since ξ is B-equivariant, the B-action on OX
∼= (ξ∗OY )

G is induced from the B-
action on OY . Further, using the observation above we may define a B-action on (ξ∗M)G

which is compatible with the B-action on OY since M is B-equivariant, so the first claim is
proven.

For the second claim, we let G act on N via g.n = n for all g ∈ G and n ∈N , so that N
is G × B-equivariant. The claim follows from Lemma 2·2.

COROLLARY 3·8. Let G and B be smooth affine algebraic groups of finite type act-
ing on Y and X such that the action of B and G on Y commute. Let ξ : Y → X be a
locally trivial G-torsor that is B-equivariant. The functors ξ∗(−)G and ξ ∗(−) induce quasi-
inverse equivalences of categories between G × B-equivariant quasi-coherent OY -modules
and quasi-coherent B-equivariant OX -modules.

Proof. This follows from Proposition 3·5, Lemma 3·7 and Observation 3·6.

4. Deformed twisted differential operators

Definition 4·1. We call an R-scheme X that is smooth, separated and locally of finite type
an R-variety.

We write TX for the sheaf of sections of the tangent bundle T X .

Definition 4·2. [1, definition 4·2]
Let X be an R-variety. The sheaf of crystalline differential operators is defined to be the

enveloping algebra DX of the Lie algebroid TX .

We can view DX as a sheaf of ring generated by OX and TX modulo the relations:

(i) f ∂ = f · ∂;
(ii) ∂ f − f ∂ = ∂( f );

(iii) ∂∂ ′ − ∂ ′∂ = [∂, ∂ ′],
for all f ∈OX and ∂, ∂ ′ ∈ TX . The sheaf DX comes equipped with a natural PBW

filtration:

0 ⊂ F0(DX )⊂ F1(DX )⊂ · · ·

consisting of coherent OX -modules such that

F0(DX )=OX , F1(DX )=OX ⊕ TX , Fm(DX )= F1(DX ) · Fm−1(DX ) for m > 1.

Since X is smooth, the tangent sheaf TX is locally free and the associated graded sheaf of
algebras of DX is isomorphic to the symmetric algebra of TX :

gr(DX )=
∞⊕

m=0

Fm(DX )

Fm−1(DX )
∼= SymOX

TX . (4·1)
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If q : T ∗ X → X is the cotangent bundle of X defined by the locally free sheaf TX , then
we can also identify gr(DX ) with q∗OT ∗ X .

Let X be an R-variety and let U = Spec(A)⊂ X be open affine. Further, we consider M
a sheaf of OX -bimodules quasi-coherent with respect to the left action. We define a filtration
on M =M(U ) given by F•M :

(i) F−1(M)= 0,
(ii) Fn(M)= {m ∈ M | ad(a0) ad(a1)... ad(an)(m)= 0, for any a0, a1, . . . an ∈ A}, for

n ≥ 0.

We say that M is differential if M = ∪n∈NFn(M) and we call M a differential OX -
bimodule if there is an affine open cover (Ui)i∈I such that M(Ui) is a differential bimodule
for all i ∈ I .

Let M,N be two quasi-coherent OX -modules. Then for any affine open U in X , the
set HomR(M(U ),N (U )) has the structure of a OX (U )-bimodule. Let F ∈ HomR(M,N );
we say that F is a differential operator of degree ≤ n if for any affine open U , F(U ) ∈
Fn(HomR(M(U ),N (U )).We denote Difn(M,N ) the subsheaf of differential operators of
degree ≤ n and Dif(M,N )= ∪n∈N Difn(M,N ) the subsheaf of differential operators of
finite degree.

We may construct differential OX -modules using the following proposition:

PROPOSITION 4·3. Let M be a coherent OX -module and let N be a OX -module. Then
Dif(M,N ) is differential OX -bimodule.

Proof. The proof follows by repeating the argument in [14, proposition 2·1·3].

Definition 4·4. Let A be a OX -algebra, i.e. a sheaf of rings on X such that OX is a
subsheaf of rings. We say that A is a differential algebra if A is a flat R-module and multi-
plication makes A a differential OX -bimodule. The filtration F•(A) becomes a ring filtration
and with respect to this filtration grF(A) is commutative.

Definition 4·5. Let r ∈ R be a regular element. An algebra of r -deformed twisted
differential operators(tdo) is an OX -differential algebra D such that:

(i) The natural map OX → F0(D) is an isomorphism.
(ii) The morphism grF

1 D → TX = DerR(OX ,OX ) defined by ψ �→ adψ for ψ ∈ F1(D)
induces an isomorphism grF

1 D ∼= rTX .
(iii) The morphism of OX -algebras SymOX

(grF
1 D)→ grF D is an isomorphism.

We should make some remarks about this definition: when r = 1 we call D a sheaf of
twisted differential operators. Classically, working with twisted differential operators over
a complex variety the condition (iii) is implied by (i) and (ii). This is no longer true in our
case. Further, the sheaf of Grothendieck’s differential operators does not satisfy condition
i i i) for a general ring R. This is the main reason why we develop the theory of twisted
differential operators using the connection with Lie algebroids rather than using the classical
Dif definition.

LEMMA 4·6. Assume that X is locally Noetherian R-variety and let D be an r-deformed
tdo on X. Then D is locally Noetherian.
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Proof. We have by conditions (ii) and (iii) that grF D ∼= SymOX
(rTX ) and because r is regu-

lar SymOX
(rTX )∼= SymOX

(TX ). Since TX is a free OX -module and X is locally Noetherian,
we obtain that SymOX

(TX ) is locally Noetherian. Therefore, we have grF D is locally
Noetherian, which implies the same for D.

5. Connections between deformed Lie algebroids and deformed tdo’s

Throughout this section, we let X denote an R-variety and r ∈ R a regular element.

Definition 5·1. A Lie algebroid L on X is a quasi-coherent OX -module equipped
with a morphism of OX -modules ρ :L→ TX and an R-linear pairing [•, •] :L×L→L
such that:

(i) [•, •] defines the structure of a Lie algebra on L and ρ is a morphism of Lie algebras.
(ii) [l1, f l2] = f [l1, l2] + ρ(l1)( f )l2 for li ∈L, f ∈OX .

In particular, locally we obtain that for any U ⊂ X affine open that L(U ) is an
(R,OX (U ))-Lie Rinehart algebra, see [10] for definition and basic properties of Lie
Rinehart algebras. We may think of L as a sheaf of (R,OX )-Lie Rinehart algebras; we
will use this local description soon.

Definition 5·2. The universal enveloping algebra of L, denoted U (L), is the sheaf of
R-algebras generated by OX and L modulo the relations:

(i) i :OX → U (L) is a morphism of R-algebras;
(ii) j :L→ U (L) is a morphism of Lie algebras;

(iii) j ( f l)= i( f ) j (l) and [ j (l), i( f )] = i(ρ(l)( f )).

Locally, U (L) is just the enveloping algebra of the corresponding (R,OX (U ))-algebra.
We want to establish a correspondence between Lie algebroids and r -deformed tdo’s on

an R- variety X . For an OX -differential algebra D we define Lie(D) := F1(D); one may
prove that when D is a tdo, Lie(D) is a Lie algebroid, see [4, 1·2·5]; unfortunately not all
Lie algebroids induce tdo’s, so we need a more specific notion.

Definition 5·3. We call a Lie algebroid L an r -deformed Picard algebroid if there exists a
short exact sequence of Lie algebras and OX -modules:

0 →OX →L→ rTX → 0.

One should notice that the Lie algebra structure imposed on OX is the trivial one. We
should also denote 1L the image of 1 ∈OX under the inclusion map.

PROPOSITION 5·4. Let L be an r-deformed Picard algebroid on X. Then the sheaf of rings
D := U (L)/U (L)(i(1)− j (1)) is an r-deformed tdo with Lie(D)=L.

Proof. The question is local so we may assume that X is affine; A =OX (X), T = TX (X),
L =L(X) and let i : A → L denote the injection induced by the short exact sequence
defining L.

Consider the enveloping algebra U (L) of the (R, A)-Lie algebra L . We can think of it as
being generated by A and the universal enveloping algebra of the Lie algebra L subject to
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the relations: f l = f · l (the module action), f l − l f = ρ(l)( f ) for f ∈ A and l ∈ L , l1l2 −
l2l1 = [l1, l2] for l1, l2 ∈ L . The natural filtration on U (L) is given by:

(i) F0(U (L))= A,
(ii) For n ≥ 1, Fn(U (L))= {a + l1l2 . . . lm |a ∈ A,m ≤ n, and l1, l2 . . . lm ∈ L}.
Since f l − l f = ρ(l)( f ) for f ∈ A and l ∈ L it easy to see that U (L) becomes a

differential A algebra with respect to this filtration.
Let I = 〈i(1)− 1L〉 be the central two sided ideal so that D =D(X)= U (L)/IU (L).

We give D the quotient natural quotient filtration induced from U (L). By construction, we
have that D is also a differential A-algebra since U (L) is. Furthermore, we have F0(D)∼=
F0(U (L))∼= A.

Let g : F1(U (L))→ L given by g(a + l)= i(a)+ l for a ∈ A, l ∈ L . Then it is clear that
g is surjective and ker(g)= a − i(a)= F1(I ). Thus we obtain F1(D)∼= L , so Lie(D)∼= L .

Since L is an r -deformed Picard algebroid we obtain immediately that gr1 D ∼= L/A ∼=
rT . Finally, because X is an R-variety, T is projective as an A-module. Therefore, L is also
projective as A-module, so we have by [10, theorem 3·1] that gr D ∼= SymA(gr1 D). Thus,
we have proven all the required properties to make D an r -deformed tdo on X .

Using the Lemma above we make the following definition:

Definition 5·5. Let X be an R-variety. Define a map T : {r -deformed Picard algebroids
on X} → {r -deformed twisted differential operators on X} by

T (L) := U (L)/U (L)(i(1)− j (1)).

LEMMA 5·6. Let D be an r-deformed tdo on X. Then Lie(D) := F1(D) is an r-deformed
Picard algebroid and furthermore T (Lie D)= U (Lie(D))/U (Lie(D))(i(1)− j (1))∼=D.

Proof. Let L := Lie(D). Since D is a differential algebra, L is a Lie algebroid by [4,
1·2·5], with the anchor map ρ :L→ TX induced by axiom i i) of Definition 4·5. Further
by axioms i) and i i) of 4·5 we observe that ker(ρ)=OX and im(ρ)= rTX , so L is indeed
an r -deformed Picard algebroid.

Let A := U (L)/U (L)(i(1)− j (1)). By Proposition 5·4, A is an r -deformed tdo. Further
by construction we have that there is morphism of filtered algebras A→D and gr1(A)∼=
gr1(D). Since A and D are r -deformed tdo’s, we have by axiom i i i) of Definition 4·5 that
gr(A)∼= SymOX

(gr1 A) and gr(D)∼= SymOX
(gr1 D). Therefore, we get gr(A)∼= gr(D), so

A∼=D since there is a filtered morphism between them that induces the isomorphism on the
associated graded algebras.

COROLLARY 5·7. Let X be an R-variety. The maps T and Lie induce inverse bijections
from the set of r-deformed Picard algebroids on X to the set of r-deformed tdo’s on X.

Proof. This follows from Proposition 5·4 and Lemma 5·6.

6. Equivariant deformed Picard algebroids and deformed homogeneous twisted
differential operators

Throughout this section, we fix X an R-variety, G a smooth affine algebraic group of finite
type acting on X and r ∈ R a regular element. Recall from (2·10) that for a G-equivariant
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OX -module M we denoted by abuse of notation by · the group action giving the
equivariance.

Definition 6·1. Let (L, ρ) be a Lie algebroid. We say that L is r -deformed G-equivariant
if L is a G-equivariant OX -module and it is equipped with a Lie algebra morphism ig : rg→
L such that:

(i) g · [x, y] = [g · x, g · y], for g ∈ G, x, y ∈L;
(ii) g.ρ(l)( f )= ρ(g.l)(g. f ), for g ∈ G, l ∈L, f ∈OX . This is equivalent to ρ being

G-equivariant;
(iii) ig(g.ψ)= g.ig(ψ), for g ∈ G and ψ ∈ rg. Here G acts on rg⊂ g via the Adjoint

action.

Similarly, we may define the notion of equivariant differential algebra.

Definition 6·2. Let D be a differential OX -algebra. We call D an r -deformed G-
equivariant differential algebra if it is G-equivariant as a left OX -module and it is equipped
with a Lie algebra map ig : rg→D such that:

(i) g.1 = 1 and g.(d1d2)= (g.d1)(g.d2), for g ∈ G and d1, d2 ∈D;
(ii) g.( f d)= (g. f )(g.d), for f ∈OX and d ∈D;

(iii) ig(g.ψ)= g.ig(ψ), for g ∈ G and ψ ∈ rg.

LEMMA 6·3. Let (L, ρ, ig) be an r-deformed G-equivariant Lie algebroid. Then U (L)
is an r-deformed G-equivariant differential algebra.

Proof. Since L is quasi-coherent as a OX -module, so is U (L). We define G-action on U (L)
by defining g.(l1l2 . . . g. j)= (g.l1)(g.l2) . . . (g.l j ) for l1, l2, . . . l j ∈L and g.( f l1l2 . . . l j )=
(g. f )(g.l1l2 . . . l j ) for f ∈OX and l1, l2, . . . l j ∈L. We have

g.(l1l2 − l2l1)= (g.l1)(g.l2)− (g.l2)(g.l1)

= [g.l1, g.l2]
= g.[l1, l2]

(6·1)

and

g.( f l − l f )= (g. f )(g.l)− (g.l)(g. f )

= [g. f, g.l]
= ρ(g.l)(g. f )

= g.ρ(l)( f ).

(6·2)

Since U (L) is generated by OX and the enveloping algebra of L, subject to the relations
( f l − l f )= ρ(l)( f ) and f l = f.l, it follows from the equations and definition that U (L)
is G-equivariant as OX -module and furthermore, axioms (i) and (ii) of Definition 6·2 are
satisfied. Further it easy to check that G-action preserves the filtration on U (L).

The morphism ig : rg→L can be extended to a morphism ig : rg→ U (L) via the natural
map L→ U (L) and it is clear by construction that under G-action and the map ig defined
above that U (L) becomes an r -deformed G-equivariant differential algebra.
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As we are interested in deformed Picard algebroids, we define the notion of an r -deformed
G-equivariant Picard algebroid. The G action on M induces by differentiation a g := Lie(G)
action via a map βM : g→ End(M). We also let η : g→ TX denote the infinitesimal action
of g on X .

Definition 6·4. Let L be an r -deformed Picard algebroid. We say that L is an r -deformed
G-equivariant Picard algebroid if L is an r -deformed G-equivariant algebroid, in the short
exact sequence

0 →OX →L→ rTX → 0

all the morphisms are G-equivariant and:

(i) the derivative of the G-action induces a g action and thus a rg action on L. This must
coincide with the action l �→ [ig(ψ), l] for ψ ∈ rg and l ∈L;

(ii) η|rg = ρ ◦ ig.

Definition 6·5. Let D be a OX -algebra. We say that D is a sheaf of r -deformed G-
homogeneous twisted differential operators (r -deformed G-htdo) if (D, ig) is an r -deformed
G-equivariant differential OX -algebra and a sheaf of r -deformed twisted differential
operators, and furthermore:

(i) The image of ig lies in F1D;
(ii) The derivative of the G-action induces a g action and thus a rg-action on D. This

must coincide with the action d �→ [ig(ψ), d] for ψ ∈ rg and d ∈D;
(iii) η|rg = ρ ◦ ig, where ρ : F1D = Lie(D)→ TX is the natural anchor map.

One should notice that since g.1 = 1, the morphism OX → F0(D) is automatically
G-equivariant.

LEMMA 6·6. Let (L, ρ, ig) be an r-deformed G-equivariant Picard algebroid. Then
T (L) is an r-deformed G-htdo.

Proof. We have by Lemma 6·3 that U (L) is a G-equivariant differential algebra. Now since
L is G-equivariant the action of G stabilises the ideal generated by i(1)− j (1), so the
G action descends on U (L)/U (L)(i(1)− j (1)). Similarly, composing the map ig : rg→
U (L) with the natural projection, we obtain a map rg→ T (L). Further, by Proposition
5·4, U (L)/U (L)(i(1)− j (1)) is an r -deformed tdo. Finally, the axioms of Definition 6·4
imply that T (L) is an r -deformed G-htdo.

LEMMA 6·7. Let D be an r-deformed G-htdo. Then L := F1(D) is an r-deformed G-
equivariant Picard algebroid.

Proof. We have by Lemma 5·6 that L is an r -deformed Picard algebroid and the axioms
for D imply that L is a G-equivariant. Since D is a G-equivariant differential algebra the
map L→ TX is G-equivariant. Lastly, the morphism OX → F0(D) is G-equivariant and the
other axioms in definition Definition 6·4 follow from the corresponding axioms in 6·5.
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COROLLARY 6·8. Let X be an R-variety and r ∈ R a regular element. The maps T and
Lie induce inverse bijections between the set of r-deformed G-equivariant Picard algebroids
on X and the set of r-deformed G-htdo’s on X.

Proof. This follows by combining Lemmas 6·6 and 6·7 and Corollary 5·7.

7. Pullback of deformed Picard algebroids

Throughout this section, we fix f : Y → X a morphism of R-varieties and r ∈ R a regular
element. The map f induces a morphism f ∗�1

X →�1
Y and by dualising we obtain α : TY →

f ∗TX . Here �1
X and �1

Y denote the sheaf of differential 1-forms.

Definition 7·1. Let (L, ρX ) be an r -deformed Picard algebroid on X and let β = f ∗(ρX ).
Then we let

f #L := rTY ×r f ∗TX f ∗L= {(d, l)|d ∈ rTY , l ∈ f ∗L, α(d)= β(l)}.
We give f #L the structure of a Lie algebroid by setting ρY (d, l)= d and the Lie bracket

be induced by

[(ψ, F ⊗ P), (η,G ⊗ Q)] := ([ψ, η], FG ⊗ [P, Q] +ψ(G)⊗ P − η(F)⊗ Q),

for ψ, η ∈ rTY , F,G ∈OY , P, Q ∈ f −1L. We call f #L the pullback of L.

LEMMA 7·2. Let (L, ρX ) be an r-deformed Picard algebroid. Then ( f #L, ρY ) is an r-
deformed Picard algebroid.

Proof. Since L is an r -deformed Picard algebroid, it fits into a short exact sequence:

0 →OX →L→ rTX → 0.

By assumption, X is a smooth variety, thus TX is a free OX -module, so in particular is flat.
Since rTX

∼= TX as OX -modules, by pulling back along f we obtain a short exact sequence:

0 →OY → f ∗L→ r f ∗TX → 0. (7·1)

Considering the pullack diagram

f #L f ∗L

rTY r f ∗TX ,

we obtain ker(ρY )= ker( f #L→ TY )∼= ker( f ∗L→ r f ∗TX )∼=OY . Finally, since
im( f ∗L→ r f ∗TX )= r f ∗TX , we obtain that im(ρY )= rTY .

We would like to describe how the pullback interacts with composition of morphisms. In
general, one would like to prove that for u : Z → Y, f : Y → X maps of R-varieties and L
an r -deformed Picard algebroid on X , we have u# f #L∼= ( f ◦ u)#L. Unfortunately, this is
not always true. In the following, we give sufficient conditions.
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LEMMA 7·3. Let u : Z → Y, f : Y → X be maps of R-varieties and L be an r-deformed
Picard algebroid on X. Assume that u is flat or f is etale. Then

u# f #L∼= ( f ◦ u)#L.

Proof. First assume u is flat. Then:

u# f #L= u#(rTY ×r f ∗TX f ∗L)
= rTZ ×ru∗TY u∗(rTY ×r f ∗TX f ∗L)
= rTZ ×ru∗TY ru∗TY ×ru∗ f ∗TX u∗ f ∗L (since u is flat and commutes with limits)

∼= rTZ ×ru∗ f ∗TX u∗ f ∗L
∼= ( f ◦ u)#L.

(7·2)

Now suppose f is etale, thus f ∗TX
∼= TY . Then:

u# f #L= u#(rTY ×r f ∗TX f ∗L)
∼= u# f ∗L
∼= rTZ ×ru∗TY u∗ f ∗L
∼= rTZ ×ru∗ f ∗TX u∗ f ∗L
∼= ( f ◦ u)#L.

LEMMA 7·4. Let (L, ρX , ig) be an r-deformed G-equivariant Picard algebroid on X
and assume further f : Y → X is a G-equivariant. Then ( f #L, ρY ) is an r-deformed G-
equivariant Picard algebroid.

Proof. By the Lemma above, f #L is an r -deformed Picard algebroid. Since f : Y → X is
G-equivariant, we obtain by Lemma 2·2 that f ∗L is a G-equivariant OY -module and that
the maps α and β are G-equivariant. We define a G action on f #L via

g.(d, l)= (g.d, g.l) for d ∈ rTY , l ∈ f ∗L.

We need to check that this action is well-defined and ρY is G-equivariant. The sec-
ond statement is easy, we have g.ρY (a, b)= ρY (g.(a, b)). For the other statement, let
d ∈ rTY , l ∈ f ∗L such that α(d)= β(l). Then, we have

α(g.d)= g.α(d)= g.β(l)= β(g.l).

So, we are left to prove that G-action interacts correctly with the Lie bracket. Let ψ, η ∈
rTY , F, H ∈OY , P, Q ∈ f −1L. Then

g.[(ψ, F ⊗ P), (η, H ⊗ Q)] = g.([ψ, η], F H ⊗ [P, Q] +ψ(H)⊗ P − η(F)⊗ Q)

= (g.[ψ, η], g.F H ⊗ g.[P, Q]
+ g.ψ(H)⊗ g.P − g.η(F)⊗ g.Q)

= ([g.ψ, g.η], (g.F)(g.H)⊗ [g.P, g.Q]
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+ψ(g.H)⊗ g.P − η(g.F)⊗ g.Q)

= [g.(ψ, F ⊗ P), g.(η, H ⊗ Q)]. (7·3)

Since G acts on Y we obtain the infinitesimal map η : g→ TY . The map ig : rg→L can be
extended to a map ig :OX ⊗ rg→L and by pulling back we obtain a map i∗

g :OY ⊗ rg→
f ∗L. We let i : rg→ f ∗L be the restriction of i∗

g to rg; by construction, we have that the
rg action induced by i coincides with the one induced by the G action. Therefore we obtain
a map (η|rg, i) : rg→ f #L and it follows by the construction that the rg-action induced by
the derivative of the G-action coincides with the rg-action induced by (η|rg, i) and further
that η|rg = ρY ◦ (η|rg, i). Thus ( f #L, ρY , (η|rg, i)) is an r -deformed G-equivariant Picard
algebroid.

Definition 7·5. Let D be an r -deformed tdo/G-htdo on X and let f : Y → X be a
morphism/G-equivariant morphism of R-varieties. We call

f #D := T ( f # Lie(D))

the pullback of D along f .

COROLLARY 7·6. Let the notation as above. Then f #D is well defined and furthermore
it is an r-deformed tdo/htdo.

Proof. This follows from Lemmas 7·2, 7·4 and Corollaries 5·7, 6·8.

COROLLARY 7·7. Let u : Z → Y, f : Y → X be maps of R-varieties and D be an
r-deformed tdo on X. Assume that u is flat or f is etale. Then

u# f #D ∼= ( f ◦ u)#D.

Proof. This follows from Lemma 7·3 and Corollary 5·7.

Let us explain how our condition for an r -deformed G-htdo fits into a diagram satisfying
the cocycle condition. Denote the G-action by σX : G × X → X . Furthermore, we denote
pX : G × X → X and p2X : G × G × X → X the projections on the X factor, p23X : G ×
G × X → G × X the projection onto the second and third factor and m : G × G → G the
multiplication of the group G.

LEMMA 7·8. Let D be an r-deformed G-htdo on X. Then there exists α : σ #
XD → p#

XD
an isomorphism of OG×X -algebras such that the diagram:

(1G × σX )
# p#

XD p#
2XD

(1G × σX )
#σ #

XD (m × 1X )
#σ #

XD

p#
23Xα

(1G×σX )
#α

id

(m×1X )
#α (7·4)

of OG×G×X -algebras commutes ( the cocycle condition) and the pullback

(e × 1X )
#α :D →D

is the identity map. We note that this is the same condition as in [14, section 5·2].
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Proof. Let L= Lie(D); we have by Lemma 6·7 that L is a G-equivariant r -deformed
Picard algebroid. In particular, we obtain an isomorphism β : σ ∗

XL→ p∗
XL, which can be

extended to an isomorphism of r -deformed Picard algebroids σ #
XL→ p#

XL and thus to an
isomorphsim of OG×X -algebras α : σ #

XD = T (σ #
XL)→ T (p#

XL)= p#
XD. Further, since the

map β satisfies the cocycle condition, so does α.

8. Representations of Lie algebroids

Throughout this section we fix X an R-variety, r ∈ R a regular element and (L, ρX ) a Lie
algebroid on X .

Definition 8·1. Let M be a quasi-coherent OX -module. We say that M is a L-module if
M is a sheaf of modules over the sheaf of Lie algebras L and for all f ∈OX , l ∈L, m ∈M,
we have

f.(l.m)= l.( f.m)− ρX (l)( f ).m,

( f.l).m = f.(l.m).
(8·1)

We define a morphism of L-modules to be a morphism of OX -modules compatible with
the L-action.

Definition 8·2. Assume that (L, ρX ) is an r -deformed Picard algebroid and let f : Y → X
be a map of R-varieties and M a L-module. Then we define the pullback of M along f ,
via f #M= f ∗M as an OY -module and

(ψ, P ⊗ l).(Q ⊗ m) :=ψ(Q)⊗ m + P Q ⊗ l.m,

for ψ ∈ rTY , P, Q ∈OY , l ∈ f −1L,m ∈ f −1M.

LEMMA 8·3. The action defined above makes f #M a f #L-module.

Proof. First we check the bracket action. First we have forψ, η ∈ rTY , P, Q, R ∈OY , a, b ∈
f −1L and m ∈ f −1M that

(ψ, P ⊗ a).((η, R ⊗ b).Q ⊗ m)= (ψ, P ⊗ a).(η(Q)⊗ m + RQ ⊗ b.m)

=ψ(η(Q))⊗ m + Pη(Q)⊗ a.m

+ψ(RQ)⊗ b.m + P Q R ⊗ a.(b.m)

(8·2)

and

(η, R ⊗ b).((ψ, P ⊗ a).Q ⊗ m)= η(ψ(Q))⊗ m + Rψ(Q)⊗ b.m

+ η(P Q)⊗ a.m + P Q R ⊗ b.(a.m).
(8·3)

Thus combining the equations above we obtain

(ψ, P ⊗ a).((η, R ⊗ b).Q ⊗ m)− (η, R ⊗ b).((ψ, P ⊗ a).Q ⊗ m)

=ψ(η(Q))− η(ψ(Q))⊗ m

+ P Q R ⊗ a.(b.m)− b.(a.m)

+ Pη(Q)− η(P Q)⊗ a.m +ψ(RQ)− Rψ(Q)⊗ b.m
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= [ψ, η](Q)⊗ m + P Q R ⊗ [a, b].m
− Qη(P)⊗ a.m + Qψ(R)⊗ b.m

= [(ψ, P ⊗ a), (η, R ⊗ b)].(Q ⊗ m). (8·4)

To check the first axiom, we have

R.((ψ, P ⊗ l).Q ⊗ m)= R.(ψ(Q)⊗ m + P Q ⊗ l.m)

= Rψ(Q)⊗ m + P Q R ⊗ l.m

=ψ(RQ)⊗ m − Qψ(R)⊗ m + P Q R ⊗ l.m

= (ψ, P ⊗ l).R.(Q ⊗ m)− ρY (ψ, P ⊗ l)(R).(Q ⊗ m).

(8·5)

Finally, we have

R.((ψ, P ⊗ l).Q ⊗ m)= R.(ψ(Q)⊗ m + P Q ⊗ l.m)

= Rψ(Q)⊗ m + P Q R ⊗ l.m

= (R.(ψ, P ⊗ l)).Q ⊗ m.

We now define equivariant representations. Let G be a smooth affine algebraic group of
finite type acting on an R-variety X .

Definition 8·4. Let (L, ρ, ig) be an r -deformed G-equivariant Lie algebroid on X . We
say that M is a G-equivariant L-module if:

(i) M is a G-equivariant OX -module and M is a L-module;
(ii) g.(l.m)= (g.l).(g.m) for any g ∈ G, l ∈L and m ∈M;

(iii) The rg action induced by restricting the g action induced from the derivative of the
G-action on M coincides with the rg-action induced from ig.

A morphism of G-equivariant L-modules is a morphism of G-equivariant OX -modules
compatible with the L-action.

LEMMA 8·5. Let L be an r-deformed G-equivariant Lie algebroid on X and M a
G-equivariant L-module. Further, let Y be a variety and f : Y → X a G-equivariant
morphism. Then f #M is a G-equivariant f #L-module.

Proof. We have the G action on f #M induced by the action on the simple tensors g.(Q ⊗
m)= g.Q ⊗ g.m for g ∈ G, Q ∈OY , m ∈ f −1M. Since f #M= f ∗M as a OY -module, the
first axiom of Definition 8·4 follows from Lemma 2·2.

Next, we have for g ∈ G, ψ ∈ TY , Q ∈OY , l ∈ f −1L,m ∈ f −1M:

g.((ψ, P ⊗ l).Q ⊗ m)= g.(ψ(Q)⊗ m + P Q ⊗ l.m)

= g.ψ(Q)⊗ g.m + g.(P Q)⊗ g.(l.m)

= (g.ψ)(g.Q)⊗ g.m + g.Pg.Q ⊗ (g.l).(g.m)

= (g.ψ, g.(P ⊗ l).(g.Q ⊗ g.m)

= (g.(ψ, P ⊗ l)).(g.(Q ⊗ m)).

(8·6)

Finally, the third axiom follows easily from the definition of G-action on f #L and on
f #M.
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9. Modules over twisted differential operators

We keep the notation from the previous section. As our main interest is in modules over
deformed htdo’s, we need a definition of a representation of a deformed Picard algebroid.
Recall that (L, ρ) is an r -deformed Picard algebroid if L fits into the following short exact
sequence 0 →OX →L→ rTX → 0, Thus, for a L-module, we get two actions of the struc-
ture sheaf: one since M is an OX -module by assumption and one induced by the short exact
sequence.

We say that M is a Picard module if the two actions defined above coincide.

LEMMA 9·1. Let (L, ρ) be an r-deformed Picard algebroid and let M be a Picard L-
module. Then M is a module over D := T (L).

Proof. SinceM is aL-module, we obtain thatM is also a U (L)-module in a similar fashion
as Lie algebra representations correspond to enveloping algebra modules Specifically, we
define the action of U (L) inductively by l1l2 . . . l j · m = l1 · (l2l3 . . . l j · m) for l1, l2 . . . l j ∈
L and m ∈M. Further, the condition that M is a Picard is exactly the condition that allows
us to descend to a D-module.

As a corollary of the proof above, we obtain immediately,

COROLLARY 9·2. Let (L, ρ) be an r-deformed Picard algebroid on X and D = T (L).
Then the identity map provides a one-to-one correspondence between Picard L-modules
and D-modules.

For an r -deformed Picard algebroid L we will denote Mod(L) the category of Picard
L-modules. Similarly, for an r -deformed tdo D we denote Mod(D) the category of quasi-
coherent D-modules and Coh(D) its full subcategory consisting of coherent modules.

Equivariant representations
We now move to the equivariant setting. Recall that G is an algebraic group acting on X

with Lie algebra g.

Definition 9·3. Let (D, ig) be an r -deformed G-htdo. We say that an DX -module M is a
G-equivariant module over D if:

(i) M is a G-equivariant OX -module;
(ii) g.(d.m)= (g.d).(g.m), for all g ∈ G, d ∈D,m ∈M;

(iii) The rg-action induced by the derivative of the G-action on M coincides with the
rg-action induced by ig.

LEMMA 9·4. Let (L, ρ, ig) be an r-deformed G-equivariant Picard algebroid and M
be a G-equivariant Picard L-module. Further, let D = T (L) the r-deformed G-htdo
corresponding to L. Then M is a G-equivariant D-module.

Proof. We have by Corollary 9·2 that M is a D-module, so we only have to prove equiv-
ariance. Axioms i) and i i i) follow from the corresponding axioms in Definition 8·4, while
axiom i i) follows by an easy induction argument by using the definition of the G-action on

https://doi.org/10.1017/S0305004121000281 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004121000281


554 IOAN STANCIU

U (L). We only check the first step: we have that for g ∈ G, l1, l2 ∈L and m ∈M that

g.(l1l2.m)= g.(l1.(l2.m)

= (g.l1).(g.(l2.m)

= [(g.l1)(g.l2)].(g.m)
= (g.l1l2).(g.m).

Similarly to the non-equivariant case, we obtain

COROLLARY 9·5. Let X be an R-variety and (L, ρ, ig) be an r-deformed G-equivariant
Picard algebroid and let D = T (L) be the corresponding r-deformed G-htdo. The identity
map provides a one-to-one correspondence between G-equivariant Picard L-modules and
G-equivariant D-modules.

For an r -deformed G-equivariant Picard algebroid L we will denote Mod(L,G) the cate-
gory of G-equivariant Picard L-modules. Similarly, for a G-htdo D we denote Mod(D,G)
the category of quasi-coherent G-equivariant D-modules and Coh(D,G) its full subcat-
egory consisting of coherent modules. A similar argument to the one in Proposition 2·4
proves that these categories are Abelian.

Pullback of modules over twisted differential operators
We conclude the section by giving the definition of the pullback of a module over a sheaf

of twisted differential operators.

Definition 9·6. Let f : Y → X be a morphism of R-varieties, D an r -deformed tdo on X
and M a D-module. We define the pullback of M under the map f to be f #M.

We should remark that f #M has the structure of a f #D-module by Corollary 5·7, Lemma
8·3 and Corollary 9·2.

LEMMA 9·7. Let D be an r-deformed G-htdo, M a G-equivariant D-module and f :
Y → X a G-equivariant morphism of R-varieties. Then f #M is a G-equivariant f #D-
module.

Proof. We have by the definition above that f #M is a f #D module and by Corollary 9·2,
f #D is an r -deformed G-htdo, so the statement makes sense. The claim now follows by
combining Lemma 8·5 and Corollary 9·5.

As for the r -deformed G-htdo’s, we may prove that a G-equivariant module over an
r -deformed G-htdo module satisfies a cocycle condition. Denote the G-action on X by
σX : G × X → X . Further, we denote pX : G × X → X and p2X : G × G × X → X the pro-
jections on the X factor, p23X : G × G × X → G × X the projection onto the second and
third factor and m : G × G → G the multiplication of the group G. Let D be an r -deformed
G-htdo and M a G-equivariant D-module. Then there exists α : σ #

XM→ p#
XM an isomor-

phism of p#
XD-modules such that the diagram (7·4) commutes, where we replace D by M.

Again, we note that the condition is similar to the one in [14, section 5·2·9].
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10. Equivariant descent for Lie algebroids and htdo’s

Throughout this section, we let X, Y be R-varieties, G a smooth affine algebraic group
of finite type acting freely on Y . Further, we fix f : Y → X a locally trivial G-torsor and
(L, ρ, ig) an r -deformed G-equivariant Picard algebroid on Y . Let α : g→ TY be the deriva-
tive of the G-action on Y . Recall that by Definition 6·4, α = ρ ◦ ig as maps from rg to
TX . Throughout this section, we will use without further specifying that all the R-modules
appearing have no r -torsion.

Let ‹TX := ( f∗TY )
G and let σ : ‹TX → TX denote the anchor map. Further, we denote g̃X :=

( f∗OY ⊗ g)G , where G acts on g via the Adjoint action. We denote α̃ the induced map
g̃X → ‹TX . Since f∗OY ⊗ g has no r -torsion, it is easy to see r g̃X

∼= ( f∗OY ⊗ rg)G .

LEMMA 10·1. The maps α̃ and σ induce a short exact sequence

0 → g̃X
α̃−→ ‹TX

σ−→ TX → 0.

Proof. The question is local, so we may assume that X is affine Y = G × X , G acts on Y
via left multiplication on the first factor and f is the projection on the second factor. In that
case, we have

g̃X (X) : = ( f∗OY ⊗ g)G(X)

= (OY (Y )⊗ g)G

∼= (OX (X)⊗OG(G)⊗ g)G

∼=OX (X)⊗ (OG(G)⊗ g)G

∼=OX (X)⊗ (T (G))G .

(10·1)

Further, we have by the proof of [1, lemma 4·4] that ‹TX (X)∼=OX (X)⊗ T (G)G ⊕ TX (X),
so the conclusion follows.

By abuse of notation we denote ig the map ig :OY ⊗ rg→L and ĩg : r g̃X → ( f∗L)G the
induced map.

Definition 10·2. Let f#LG be the OX -module ( f∗L)G/ĩg(r g̃X ). We call this the descent
of L.

LEMMA 10·3. The OX -module f#LG has the structure of an r-deformed Picard alge-
broid.

Proof. The bracket structure on L̃ := ( f∗L)G is induced from the bracket structure on L;
furthermore this descends to a bracket structure on f#LG by setting [a + ĩg(r g̃X ), b +
ĩg(r g̃X )] = [a, b] + ĩg(r g̃X ) for a, b ∈ ( f∗L)G . Since the image of ig is an ideal in L, we
obtain that the image of ĩg is an ideal in ( f∗L)G , thus the bracket is well defined. Therefore,
we are left to construct an anchor map.

Consider the short exact sequence 0 →OY →L ρ−→ rTY → 0. Applying Proposition 3·5,
we obtain a short exact sequence

0 →OX → L̃ ρ̃−→ r‹TX → 0.
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By construction, we have α̃ = ρ̃ ◦ ĩg, so the map

‹̄ρ : L̃/ĩg(r g̃X )→ ‹TX/α̃(r g̃X )

is well defined. Furthermore, since there is no r -torsion, we have by Lemma 10·1 an induced
isomorphism σ̄ : r‹TX/r α̃(g̃X )→ rTX . We define the anchor map on L̃/ĩg(r g̃X ) to be ρX :=
σ̄ ◦ ‹̄ρ and it is clear that together with the bracket L̃/ĩg(r g̃X ) becomes a Lie algebroid, so it
remains to show that it is an r -deformed Picard algebroid. It is easy to see that im ρX = rTX ,
so it is enough to prove that ker(ρX )∼= ker ρ̃ ∼=OX .

Since σ̄ is injective we have that

ker ρX = ker( ¯̃ρ)= (ker ρ̃ + ĩg(r g̃X ))/ĩg(r g̃X )∼= ker ρ̃/ ker ρ̃ ∩ ĩg(r g̃X )

by the second isomorphism theorem. Thus, it is enough to prove ker ρ̃ ∩ ĩg(r g̃X )= 0 and
since α̃ = ρ̃ ◦ ĩg, this reduces to proving ker α̃ = 0. By assumptions, the action of G on Y
is free; thus the map α : g→ TY is injective and since OY is a faithfully flat R-module, the
induced map α :OY ⊗ rg→ rTY injective and thus so is α̃.

LEMMA 10·4. Let L as before. Then f #( f#LG)∼=L.

Proof. Recall that by abuse of notation, we denote ig :OY ⊗ rg→L and α :OY ⊗ rg→ TY

the induced maps; we still have α = ρ ◦ ig. Let L̃ := ( f∗L)G so that there is a short exact
sequence

0 → ( f∗OY ⊗ rg)G → L̃→ f#LG → 0

Pulling back under the torsor f and applying Proposition 3·5, we obtain a short exact
sequence

0 →OY ⊗ rg
ig−→L→ f ∗( f#LG)→ 0,

so, f ∗( f#LG)∼=L/ ig(OY ⊗ rg).
Similarly, by pulling back under f the short exact sequence in Lemma 10·1 and taking

into account there is no r -torsion we obtain a short exact sequence

0 →OY ⊗ rg
α−→ rTY → r f ∗TX → 0, (10·2)

so r f ∗TX
∼= rTY /α(OY ⊗ rg).

Therefore, we obtain

f #( f#LG)∼= f ∗( f#LG)×r f ∗TX rTY
∼=L/ ig(OY ⊗ rg)×rTY /α(OY ⊗rg) rTY .

Define ϕ :L→ f #( f#LG) by ϕ(l)= (l + ig(OY ⊗ rg), ρ(l)) for any l ∈L.
To see that ϕ is injective, we use that α is an injective map, thus so is ig, therefore ig(OY ⊗

rg)∩ ker(ρ)= 0.
Finally, let (l + ig(OY ⊗ rg), x) ∈L/ ig(OY ⊗ rg)×rTY /α(OY ⊗rg) rTY , so that ρ(l)+

α(OY ⊗ rg)= x + α(OY ⊗ rg), thus x = ρ(l)+ i for some i ∈ α(OY ⊗ rg). Since α is
injective there exist a unique j ∈OY ⊗ rg, so that α( j)= i . Thus ϕ(l + ig( j))= (l +
ig(OY ⊗ rg), x), so ϕ is surjective.
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LEMMA 10·5. Let P be an r-deformed Picard algebroid on X. Then f#( f #P)G ∼=P .

Proof. We may view P as an r -deformed G-equivariant Picard algebroid by letting g.p = p
for all g ∈ G, p ∈ P and the map rg→P to be the 0 map. Then by Lemma 7·4, f #P is an
r -deformed G-equivariant Picard algebroid. The induced map ig : rg→ f ∗P ×r f ∗TX rTY is
defined as ig(ψ)= (0, α(ψ)).

Using Proposition 3·5 for O-modules together with the fact that ( f∗)G commutes with
limits we get:

( f∗ f #P)G = ( f∗( f ∗P ×r f ∗TX rTY ))
G

∼= ( f∗ f ∗P)G ×r( f∗ f ∗TX )G (r f∗TY )
G

∼=P ×rTX r‹TX .

(10·3)

Therefore, we obtain:

f#( f #P)G ∼= ( f∗ f #P)G/ ig(r g̃X )

∼= (P ×rTX r‹TX )/ ig(r g̃X )

∼=P ×rTX rTX (by Lemma 10·1).
∼=P .

COROLLARY 10·6. The maps f#(−)G and f #(−) induce inverse bijections from the
set of r-deformed G-equivariant Picard algebroids on Y to the set of r-deformed Picard
algebroids on X.

Proof. The proof follows from Lemmas 10·4 and 10·5.

We consider again a more general setting: let B another smooth affine algebraic group
acting on Y and X such that f : Y → X is B-equivariant. Recall that we are assuming that
f is a locally trivial G-torsor.

LEMMA 10·7. With the assumption as above we have:

(i) let (L, ρ, ig×b) be an r-deformed G × B-equivariant Picard algebroid on Y . Then
f#LG may be given the structure of an r-deformed B-equivariant Picard algebroid
on X;

(ii) let (K, ρX , jb) be an r-deformed B-equivariant Picard algebroid on X. Then f #K
is may be given the structure of an r-deformed G × B-equivariant Picard algebroid
on Y .

Proof. For the first claim, we start by proving that L̃= ( f∗L)G is a B-equivariant Lie alge-
broid. First, we get a B-action on L̃ from Lemma 3·7, so that L̃ becomes a B-equivariant
OX -module. Further, since L is B-equivariant, axiom i) of definition 6·1 is also satisfied.

Next, since the actions of G and B on Y commute the anchor map σ : ‹TX → TX is
B-equivariant. Composing with the B-equivariant map ρ̃ : L̃→ ‹TX we obtain a B-
equivariant map σ ◦ ρ̃ : L̃→ TX , so axiom (ii) of Delimeter 6·1 is satisfied.

We let ig and ib denote the restriction of ig×b to rg∼= rg× 0 ⊂ r(g× b) and rb∼= 0 ×
rb⊂ r(g× b), respectively. Let β : b :→ TY , γ : b→ TX denote the infinitesimal action B
on Y and X ; since L is in particular B-equivariant, we have β = ρ ◦ ib. By descending we
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obtain maps β̃ : rb→ ‹TX and ĩb : rb→ L̃ such that β̃ = ρ̃ ◦ ĩb. Since the actions of G and B
commute, we also get γ = σ ◦ β̃ so γ = σ ◦ β̃. Therefore combining this two we get:

γ = (σ ◦ ρ̃) ◦ ĩb.

Therefore we get, since L is B-equivariant, that the Lie algebroid (L̃, σ ◦ ρ̃, ĩb) is also
B-equivariant. By the proof of Lemma 10·3 to show that f#LG is B-equivariant it suffices to
prove that ig(r g̃X ) is B-equivariant as an OX -module. Further, by using Lemma 3·7 this is
equivalent to proving ig(OY ⊗ rg) is a B-equivariant OY -module. This is true since ig×b is
in particular B-equivariant, so ig sends a B-equivariant module to a B-equivariant module.

Now, we prove the second claim. We may endow K with a trivial G-action g.k = k for all
k ∈K and with the zero map jg →K so that (K, ρX , jg × jb) becomes G × B-equivariant.
The claim follows from Lemma 7·4.

COROLLARY 10·8. The maps f#(−)G and f #(−) induce mutually inverse bijections
between the set of r-deformed G × B-equivariant Picard algebroids on Y and the set of
r-deformed B-equivariant Picard algebroids on X.

Proof. This follows from Corollary 10·6 and Lemma 10·7.

Descent of twisted differential operators
We keep the notations from the start of the section. Further, we let D be a sheaf of r -

deformed G-homogeneous twisted differential operators on Y .

Definition 10·9. We define the descent of D under the torsor f : Y → X to be the sheaf

f#DG := T ( f#(Lie D)G).

LEMMA 10·10. Let the notations be as above. Then:

(i) f#DG is an r-deformed tdo on X ;
(ii) f #( f#DG)∼=D.

Proof. The first claim follows from Lemma 10·3 and Corollary 5·7. The second claim
follows from Lemma 10·4 and Corollary 6·8.

LEMMA 10·11. Let A be an r-deformed tdo on X. Then ( f# f #A)G ∼=A.

Proof. We view A as an r -deformed G-equivariant htdo on X with the trivial G-action, so
that Lie(A) is an r -deformed G-equivariant Picard algebroid with the trivial G-action. The
claim follows from Lemma 10·5 and Corollary 5·7.

Similar, to the deformed Picard algebroids case we obtain:

COROLLARY 10·12. The maps f#(−)G and f #(−) induce inverse bijections from the set
of r-deformed G-equivariant htdo’s on Y and the set of r-deformed tdo’s on X.

Proof. This follows from the Lemmas 10·10 and 10·11.
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COROLLARY 10·13. Assume that f is also B-equivariant. The maps f#(−)G and f #(−)
induce inverse bijections from the set of r-deformed G × B-equivariant htdo’s on Y to the
set of r-deformed B-equivariant htdo’s on X.

Proof. This follows from the previous corollary, along with Lemma 10·7 and Corollary 6·8.

11. Equivariant descent for equivariant Picard algebroids and htdo’s modules

We keep the notations from the previous section: recall that G is smooth affine algebraic
group of finite type, X and Y are R-varieties, and f : Y → X is a locally trivial G-torsor.
Further, we assume that (L, ρ, ig) is an r -deformed G-equivariant Picard algebroid on Y .

LEMMA 11·1. Let M be a G-equivariant Picard L-module. Then ( f∗M)G is a Picard
f#LG-module. We call ( f∗M)G the descent of M.

Proof. Let L̃= ( f∗L)G . Then ( f∗M)G is a Picard L̃-module, so it remains to prove that the
action of ig(r g̃X ) kills ( f∗M)G .

Since the G action on ( f∗M)G is constant, by differentiating this action we obtain a trivial
g action, so a trivial rg action. But by our assumption on M this coincides with the rg action
induced from ig : rg→L; the conclusion follows.

PROPOSITION 11·2. Let L be an r-deformed G-equivariant Picard algebroid on Y . The
functors

f∗(−)G : Mod(L,G)→ Mod( f#LG),

f #(−) : Mod( f#LG)→ Mod(L,G),
(11·1)

are quasi-inverse equivalences of categories.

Proof. This follows from the Lemma above, Lemma 10·4 and Proposition 3·5.

COROLLARY 11·3. Let D be an r-deformed G-htdo on Y . The functors

f∗(−)G : Mod(D,G)→ Mod( f#DG),

f #(−) : Mod( f#DG)→ Mod(D,G),
(11·2)

are quasi-inverse equivalences of categories.

Proof. This follows from the Proposition above and Corollaries 9·2 and 9·5.

Let B is another smooth affine algebraic group acting on Y such that the actions of G and
B commute and f : Y → X is B-equivariant. Let D be an r -deformed G × B-htdo. Similar
to the O-module case (Corollary 3·8), we obtain using Corollary 11·3:

COROLLARY 11·4. Let D be an r-deformed G × B-htdo on Y and assume f is
B-equivariant. The functors

f∗(−)G : Mod(D,G × B)→ Mod( f#DG, B),

f #(−) : Mod( f#DG, B)→ Mod(D,G × B),
(11·3)

are quasi-inverse equivalences of categories.
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To prove the main theorem of the paper, we need two easy results. Recall that for an
R-variety Z we denote DZ the sheaf of crystalline differential operators on Z . For r ∈ R
regular element, we call DZ ,r = T (OZ ⊕ rTZ ) the sheaf of r -deformed differential opera-
tors and D(Z)r = �(Z ,DZ ,r ). It is clear by construction that DZ ,r is an r -deformed tdo. We
also make the following assumption:

ASSUMPTION 11·5. The base ring R is Noetherian.

LEMMA 11·6. Let M be a DX,r -module. Then f ∗M is a coherent DY,r -module if and
only M is a coherent DX,r -module.

Proof. Since coherence is a local property, we may assume that X is affine, Y = G × X , f
is the projection onto the second factor and G acts on Y via left multiplication on the first
factor. Let M be a D(X)r module, so f ∗M ∼=O(G)⊗ M .

We may view D(Y )r as an r -deformation of the ring D(Y ). Since D(Y )∼= D(G)⊗ D(X)
and deformations commutes with tensor product, we obtain that the ring D(Y )r ∼=D(G)r ⊗
D(X)r acts naturally on f ∗M . Further, since our base ring R is Noetherian we have by
Lemma 4·6 that D(Y )r and D(X)r are Noetherian rings, so coherence is equivalent to local
finite generation. Thus it is enough to prove the following claim:

Claim. M is a finitely generated D(X)r module if and only if O(G)⊗ M is a finitely
generated D(G)r ⊗D(X)r module.

The direct implication is trivial. For the reverse implication, we will prove the contrapos-
itive: if M is not Noetherian, neither is O(G)⊗ M . Let M1 � M2 � M3 . . .� be an infinite
ascending of M-submodules. Since G is a smooth group, O(G) is a faithfully flat R-module,
thus tensoring with O(G) preserves injections. In particular, we obtain an infinite chain

O(G)⊗ M1 �O(G)⊗ M2 �O(G)⊗ M3 · · ·�

of submodules of O(G)⊗ M . Therefore, the claim is proven.

COROLLARY 11·7. Let D be an r-deformed G-htdo on Y and let M be a ( f#D)G-
module. Then f #M is a coherent D-module if and only if M is coherent.

Proof. The claim is local, thus we may assume that D =DY,r so that ( f#D)G =DX,r . The
claim follows by the Lemma above and Lemma 10·10.

We may now prove the main theorem.

THEOREM 11·8. Assume the base ring R is Noetherian. Let G be a smooth affine algebraic
group of finite type. Let X, Y be R-varieties and let f : Y → X be a locally trivial G-torsor.
Further, let D be a sheaf of r-deformed G-homogeneous twisted differential operators on Y .
The functors:

f∗(−)G : Coh(D,G)→ Coh( f#DG),

f #(−) : Coh( f#DG)→ Coh(D,G),
(11·4)

are quasi-inverse equivalences of categories between coherent G-equivariant D-modules
and coherent ( f#D)G-modules.
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Proof. This follows from Corollaries 11·3 and 11·7.

As a corollary, we obtain using Corollary 11·4:

COROLLARY 11·9. Let the assumptions be as above. Further, assume that B is a smooth
affine algebraic group of finite type such that f : Y → X is B-equivariant. Further assume
that D is an r-deformed G × B-htdo on Y . The functors:

f∗(−)G : Coh(D,G × B)→ Coh( f#DG, B),

f #(−) : Coh( f#DG, B)→ Coh(D,G × B),
(11·5)

are quasi-inverse equivalences of categories.
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