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We consider polling models in the sense of Takagi [19]. In our case, the feature of the
server is that it may be forced to wait idly for new messages at an empty queue instead
of switching to the next station. We propose four different wait-and-see strategies that
govern these waiting periods. We assume Poisson arrivals for new messages and allow
general service and switchover time distributions. The results are formulas for the mean
average queueing delay and characterizations of the cases where the wait-and-see strategies
yield a lower delay compared with the exhaustive strategy.
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1. INTRODUCTION
1.1. Model

We investigate a polling model in the sense of [19] consisting of N > 1 stations, which are
served by one server. The stations are labeled by the indices from 1 to N and served in
ascending, cyclic order with N 4+ 1 £ 1.

Each station i has its own queue, which is fed by messages generated by a Poisson
arrival process with intensity A;. Each message has a random length (also called the service
time). The mean and second moment of the message length distribution are assumed to be
finite and denoted by b; and b§2), respectively.

Switching between stations takes a non-negative random idle time, called the switchover
time, where the server does not serve any messages at any station. The random switchover
time R; from station 4 to the next station (with distribution function Fpg,) is assumed to
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(2)

have finite mean 7; and finite second moment r;~’. We consider both non-deterministic and

deterministic switchover times (in the latter case 7“2(2) =72 for i=1,...,N). The sum of
the mean switchover times is denoted by ry == Zi\il r; and the second moment of the sum
of independent switchover times by r[()Q) = Zivzl rz@) + Z;ijl it TiT5

The message generation process, the lengths of the messages, and the switchover times
are assumed to be independent (everything among each other and with respect to the other
processes and stations).

The goal of this paper is to obtain explicit formulas for the mean average queueing
delay of a message in a polling model with a given wait-and-see strategy in a steady state.
The delay is the time a message experiences from the point in time when it arrives in one
of the queues until its service starts, that is, excluding the service time. The expected delay
of a message generated at station ¢ is denoted by ED;. The mean average queueing delay is
then defined by

S

— N .
D= ; o ED;,

where p; = \;b; is the traffic load at station ¢ and pg == vazl p; is the total load offered to
the system. We stress that the delays of the different stations are weighted by the traffic
intensity p;, which implicitly includes weighting by the mean message lengths, whereas
the delays ED; do not include weighting the delay of the individual messages with their
lengths. The mean average queueing delay, which we often just abbreviate as delay, is called
the intensity weighted mean waiting time by Takagi [19].

1.2. Wait-and-see strategies

It is characteristic of many service strategies to avoid that the server spends time idly at a
station (while there may be work at other stations). In contrast, we focus on wait-and-see
strategies where the server may be forced to wait idly for new messages at an empty queue.
An advantage is that the server does not switch too often, especially when it is not required
or not worthwhile. This can be favorable in order to optimize performance measures such
as minimizing the delay, for instance.

First, we describe the wait-and-see behavior of the server in general: The server arrives
at a station and starts serving in an exhaustive fashion, that is, serving all waiting messages
and newly arriving messages (first come, first served) until the queue is empty. However,
once the station is empty or if the server finds an empty station upon its arrival, the server
may not immediately switch to the next station; it rather turns idle for some time in order
to wait for possibly newly arriving messages (“wait-and-see”). As soon as a new message
arrives, the server starts serving immediately and in an exhaustive fashion. Once finished,
the server may again turn idle and wait for new messages.

For each of the four strategies considered here, the behavior of the server at station i is
governed by a fixed, real parameter T; > 0, which has different interpretations (see below).
Of course, the server is not allowed to be idle if at its present station messages are waiting
to be served. The reason for waiting depends only on the current station in the current
cycle, that is, on the evolution of the traffic at the present station since the server arrived
there. The server must not use any information about the current queue status at other
stations nor about the future of the arrival process at any station. If T; = 0 holds, the service
discipline is exhaustive at station ¢ and there is no state of “wait-and-see” at station 7. If
this is the case for all stations, we call it the erhaustive strategy.
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Now, we specify the four different wait-and-see strategies. Strategy I is extensively
analyzed by Aurzada, Beck, and Scheutzow [4] and Strategy IV is examined by Boxma,
Schlegel, and Yechiali [6] for N = 2 stations and T = 0. As far as we know, there are no
results in the literature on Strategies II and III.

e Under Strategy I, the server has to wait idly the total time T; for new messages at
station ¢ per cycle. Depending on the arrival process, this credit T; is spent altogether
in one single period or in some periods interleaved by different busy periods.

e Strategy II is defined as follows: The server has to stay at least the minimum
sojourn time T} at station i per cycle. We can regard it as a timer starting upon
arrival of the server at this station. Once the server has spent the minimum sojourn
time at the station (possibly consisting of several busy and waiting periods), the
server exits the station if the queue is empty. If there are still messages waiting or in
service as the timer runs out, the server continues serving in an exhaustive fashion
and switches to the next station as soon as the queue is empty.

e Strategy III is a modification of the previous one. Here, the server is forced to stay
at station ¢ at least the fixed time T; after becoming idle for the first time at this
station in this cycle. If there are no messages waiting upon arrival of the server, the
timer starts immediately as in the case for Strategy II. Otherwise, the timer starts
running just after the first busy period.

e Strategy IV is based on a case distinction: If there are messages waiting upon
arrival of the server, the server starts serving in an exhaustive fashion and then
switches to the next station. On the other hand, if the server finds station ¢ empty
upon arrival, a timer is activated and the server remains idle for at most the time 7;,
waiting for the first arriving message. If the timer expires before the first arrival
occurs, the server switches to the next station. Otherwise, if a new message arrives
before the timer expires, the server starts serving immediately and in an exhaustive
fashion. After this busy period, the server does not wait any longer at this station
in the current cycle and switches to the next station.

We stress that we only deal with strategies where the wait-and-see timers are deter-
ministic. In order to yield a lower minimal delay, we conjecture that deterministic timers
do a better job than random timers. Simulations have indicated that such an additional
randomness (of the timer) in the polling model has no positive effect on the minimal delay.

1.3. Overview of the contents

The results of this paper are as follows:

e We prove a formula for the mean average queueing delay in a polling model with
N stations and Strategy IIT (Theorem 1).

e We prove a formula for the mean average queueing delay in a polling model with
N = 2 stations and Strategy II (Theorem 2).

e We extend [6] to timers at both stations and prove a formula for the mean average
queueing delay for Strategy IV (Theorem 2).

e We characterize the cases for a polling model with N = 2 stations where these

strategies yield a lower delay compared with the exhaustive strategy (Theorems 3
and 5).
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The remainder of this paper is structured in the following way: In Section 1.4, we
outline related work. Section 2 contains the formulas for the mean average queueing delay
(Section 2.1) and the cases where it is worth waiting (Section 2.2). All proofs of the results
as well as the determination of essential quantities are collected in Section 3.

1.4. Related work

Aurzada et al. [4] analyze Strategy I and give an explicit formula for the mean average
queueing delay in a polling model with N stations. They characterize several cases where
Strategy I yields a lower delay compared with the exhaustive strategy. In these cases, the
optimal parameters T; can be computed explicitly. Finally, they give a lower bound for the
delay for a class of wait-and-see strategies, which includes Strategies I-1V.

In [6], Boxma et al. focus on a two-queue polling model with a timer as in Strategy IV
at station 1, which may be random. They examine different configurations: Either both
stations are served exhaustively, or one station is controlled by the 1-limited protocol,
whereas the other station is served in an exhaustive fashion. The main results are the
probability generating function of the queue lengths, expressions for pseudo-conservation
laws, and the Laplace transform of the stationary waiting times.

Besides the main references [4,6], further papers deal with service strategies, which have
in common that the server does not necessarily switch to the next station when the current
queue is empty. Polling models with deterministic sojourn times and preemptive service
are considered in [20] and with exponentially distributed sojourn times in [9]. Similar to
Strategy IV, in the setting of [1] the server waits exactly for the first arriving message at an
empty station. In [7,16,17], forced idle times are examined where the server is not allowed
to resume service immediately as soon as a new message arrives during these idle periods.
These three papers are based on an observation in [18], which is as follows: Increasing
switchover times can reduce the mean waiting time in polling models.

Furthermore, there are several works that investigate polling models with time-limited
service. There, messages are served at a station for a certain period of time or until the
queue is empty, whichever occurs first. If there is still work at the station when the timer
expires, the server either finishes all the present work, or completes only the service of the
currently served message, or stops working immediately at this station and switches to the
next station. We refer to [2,8,11,14,15] for random time limits (in particular, exponentially
distributed timers). In [10,12], deterministic time limits are studied.

2. RESULTS

In this section, we give formulas for the the mean average queueing delay that allow us to
compute the delay for the different wait-and-see strategies. We further characterize the cases
where it is favorable (in the sense of a lower delay) to possibly wait at a station instead of
switching. From now on, we assume that the stability condition py < 1 of the polling model
holds.

2.1. Main results

Theorems 1 and 2 provide formulas for the mean average queueing delay in terms:

e of the system parameters \;, b;, b§2), T 7’52) fort=1,...,N; and
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e of the parameter-dependent quantity S := (f;,w;,7;) i—1,.N of expectations in
steady state, which are defined in the next paragraph and which vary depending on
the wait-and-see strategy including the parameters T;. Specifying these expectations
for Strategies II-IV in Section 3.2 is the main novelty in this paper.

We define by f; the expected time per cycle, which the server waits at station i. We
use fo = ZZ\; fi for the total expected waiting time of the server per cycle (i.e., idle times
without switchover times). The expected backward recurrence time (expected spent time) w;
is defined by

w; = E[time since server arrived at station i | server is idle at station ],

that is, the expectation of the elapsed time since arriving at station ¢ at a random point in
time while waiting at station ¢. Furthermore, we recall the random switchover time R; from
station 7 to the next station and define the conditional mean switchover time by

7; = E[R; | server is idle at station ¢ + 1].

This means: Given a random point in time while waiting at station 7 + 1, the quantity 7; is
the expected length of the preceding switchover time.

THEOREM 1: The mean average queueing delay of a message in a polling model with
Strategy III is given by

N
b Zi\;l )‘ibz@) n (ro+ fo) (p% ~ i pf) n 2/)07”0 )+ o Zz 1 filpo — pi)

2(1 = po) 2po(1 = po) po(ro + fo)

Zfzwz —pi)+ > fifilpo = pi = pj) (1)

polro+ fo) 1 1<i<j<N
= SIS

N

. Ei:l fipi(po — pi)
po(1 = po)
The quantities f; and w; for i =1,..., N are specified for exponentially distributed service

times in Section 3.2.

We refer to Aurzada et al. [4] for the delay of a message in a polling model with
Strategy I. For Strategies II and IV, we restrict the number of stations to N = 2 due to the
technical effort that would be required otherwise to compute further parameter-dependent
quantities, which would arise in the formula for the delay.

THEOREM 2: The mean average queueing delay of a message in a polling model with N = 2
stations and Strategy II as well as Strategy IV is given by

N — Z?:l Aibgz) Top1pP2 r(()Q)
21 =po)  po(1=po)  2(ro+ fo)
p2f1 .
— = (r 4T+ w (2)
Po(ro+fo)( L 1)
p1f2

polro + Joy 1 T2 ).

The quantities f;, w; and 7; fori = 1,2 are specified in Section 3.2 (in the case of Strategy II
only for exponentially distributed service times).
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FiGure 1. Comparison of the delays for the strategies vs. the wait-and-see parameter 77 .

We stress that formulas (1) and (2) are valid for general distributions of the service
times. However, we emphasize that for Strategies II and III we are only able to compute
the quantity S = (f;, w;,7;), explicitly for exponentially distributed service times because
formula (6) below is only available for the M/M/1 queue in the literature, for instance.

Figure 1 provides a typical relation between the delays for all four wait-and-see strate-
gies. We consider a polling model with N = 2 stations where the server is not allowed to
wait at station 2. The switchover times are deterministic, symmetrically split among the
switchovers and the service times are exponentially distributed. The delay for Strategy I
was obtained by the formula from [4], and we used formulas (1) and (2) and the values for
S = (fi,w;, ), from Section 3.2 to compute the data for Strategies II-IV.

The ranking of the wait-and-see strategies with respect to the minimal delay observed
in Figure 1 can be explained naturally: In the best case, the server exits the current station
as soon as there is enough work waiting at the other station. Since the server does not
have any information about the queue status at the other station, the sojourn time at the
current station is the crucial quantity in order to estimate the workload generated at the
other station. Hence, there is an optimal sojourn time for each station, and the minimal
delay is attained if the expected sojourn time agrees with the optimal sojourn time as good
as possible, that is, with small variance.

Therefore, we conjecture that Strategy I1I always yields a lower minimal delay compared
with Strategy I and that Strategy II is the best of the investigated wait-and-see strategies.

How much can be gained by wait-and-see strategies varies depending on the system
parameters. It is even possible to give examples where the relation between the delay in a
polling model with forced idle times and the delay for the exhaustive strategy is arbitrarily
small.

2.2. Is it worth waiting?

In addition to the formulas for the delay, Theorems 1 and 2 allow us to put the following
question: Given the system parameters, how does one have to adjust the parameters 7; > 0
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such that the delay is minimized. In this context, we regard the delay Dfor N=2as a
function of the T; and thus write D (77, T%). In general, we cannot compute a minimizer of
this problem

min D(T1 ) TQ)
T120,72>0

for Strategies II-IV analytically. Nevertheless, we do obtain necessary and sufficient con-
ditions for these wait-and-see strategies in a polling model with exponentially distributed
service times such that it is favourable to wait in comparison with the exhaustive strategy,
that is, there exists (T1,Ty) # (0,0) such that D(Ty,Ty) < D(0,0).

Note that we only consider the two cases with the additional restriction 75 = 0 and
Ty = T5, respectively. As a summary, one can say that the benefit of waiting arises from the
asymmetry of the system or from non-deterministic switchover times.

THEOREM 3: Let N =2 and T> = 0. It is worth waiting at station 1, that is, there exists
T, > 0 such that D(T1,0) < D(0,0), in a polling model with

o Strategy III if and only if

2
ﬁ o p2(1 — p2)

2rg  po(1 — po)
o Strategy II as well as Strategy IV if and only if

> 0.

7"(()2) P2

—— — — >0, 3

2rg (ri+7%Y)  po ®)
where the quantity 7LV is defined just above Theorem 1 and can be computed as
n (18) below. In the case of a deterministic switchover time Ra, inequality (3)
simplifies to p1 > pa.

We mentioned above that the parameter-dependent quantities f;, w; and 7; can vary
depending on the wait-and-see strategy including the parameters 7T;. The dependence on
the strategy is indicated by a superscript if necessary, for example, 75V. However, note that
condition (3), which contains 7Y, must not depend on the T;. Indeed, the quantity 75" does

not depend on the T; (see (18) below).

Remark 4: First, we introduce the coefficient of variation cx of a random variable X, which
is defined as the ratio of the standard deviation and the mean. Furthermore, we denote by Ry
the sum of the switchover times. We can observe from Theorem 3 that for cg, sufficiently
large, it is even worth waiting at station 1 in spite of a lower traffic load p; < p2. As a
consequence of this, we can make a conjecture for a polling model with N = 2 stations and
without any restriction on the 7;: In the case of cg, sufficiently large, it is favorable to have
positive parameters T; at both stations instead of just allowing “wait-and-see” at the station
with higher traffic load.

Similar to above, we get necessary and sufficient conditions for a symmetric polling
model with p; = ps and the restriction 77 = T such that the delay is lower than for the
exhaustive strategy. The arrival rates, message length and switchover time distributions are
also assumed to be the same for both stations for Strategies IT and IV, but we can omit
this requirement for Strategy III.
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THEOREM 5: Let {V =2.1Itis Iyorth waiting with the restriction Th = Ty, that is, there exists
Ty > 0 such that D(Ty,T1) < D(0,0), in a symmetric polling model with

o Strategy III if and only if

(that can only be satisfied for non-deterministic switchover times),

o Strategy II as well as Strategy IV if and only if the switchover times are non-
deterministic.

We give a direct consequence of the two preceding theorems:

COROLLARY 6: There are parameter settings of a polling model with N = 2 stations where
Strategies II and IV yield a lower delay than Strategies I and III, that is, it is only worth
waiting with Strategies IT and IV.

3. PROOFS
3.1. Proofs of the main results

We show how to derive Theorems 1 and 2 which are based on a decomposition principle
from [5] and on the technique of the proofs of Theorems 1 and 8 from [4]. We mention
that the proofs of Theorems 1 and 2 are quite standard and that the key novelty is the
computation of the parameter-dependent quantities in Section 3.2.

PrROOF OF THEOREM 1: First, we recall some important identities: The cycle time is the
time that the server takes from its arrival at station 1 to the next arrival at this station.
The mean cycle time in steady state is denoted by EC and is given by

Ec="T0tS,
1—po
Indeed, this can be argued by looking at the expected time which the server is idle per
cycle. This expectation equals the sum of all mean switchover and waiting times, that is,
ro + fo- On the other hand, we can represent this expected idle time using the total load
offered to the system which leads to (1 — pg)EC.

Next, we refer to a workload decomposition principle in [5,6] which also holds for our
system. We omit a proof since it is analogous to the proofs there. As a consequence of this
decomposition principle, we obtain

EV = EvM/G/l + qEszitching + (1 o q)]EV'waiting7 (4)

where ¢ := P(server is switching | server is idle) and V is the workload at a random point
in time in steady state. The workload consists of the sum of all message lengths that are
present in the system including the remaining service time of the currently served message.
The quantities VM/G/1 and Vswitehing (}waiting) yefer to the workload in the same polling
model without switchover and waiting times, and to the workload given that the server is
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switching (waiting) at a random point in time, respectively. Furthermore, we can determine
the expected workload differently by

N N )
b;

EV = Z b;E[number of messages in queue at station i] + Z pi——
i=1 i=1

2b;

where the first sum accounts for the messages that are not yet in service and the second
sum for the currently served message. The quotient is the expected residual service time of a
currently served message at station ¢. Using Little’s law, this equation can be rearranged into

INCAAC)
EV =D+ pims
i=1 v

(5)

Therefore, we can combine (4) and (5) in order to obtain a representation of the delay D.
The quantity EVM/G/1 is given in the literature, for example, in [3, p. 206].

From now on, we focus on the expected workload present while switching EV $Witching
and waiting EVWaiting  The former does not directly depend on the given wait-and-see
strategy so that we can proceed in the same way as in [4]. On the other hand, the particular
wait-and-see strategy influences the expected workload present while waiting. It remains to
give the general formula for EV;"*"*®  the expected workload that is present in the system
at a random point in time when the server is waiting at station 7. Following the computation
in [4] [see Eq. (23) there], we obtain

A ( > n +zpl> Y0 Y n

7<i I=i+1 J>1 l=i+1

+Zp]]EC<Z pl-i-Zpl) +> pEC Z o1

7<i l=i+1 Jj>i l=i+1

+zfj<zpl+zpl>+zfj S

J<i l=i+1 > I=i+1
+ (po — pi)ws,

where w; denotes the expectation of the elapsed time since arriving at station 7 at a random
point in time while waiting at station ¢. Combining all the relevant equations, we get the
formula in Theorem 1 for the delay. |

ProOF OF THEOREM 2: For N = 2, the only part that differs from the proof of Theorem 1
is the computation of EV,**"" for i = 1,2. Now, we focus on this quantity for i = 1 and
thus have to keep the condition in mind that the server is currently waiting at station 1.
Let us assume that the server is at such a point in time. Then, the present workload has
not been generated at station 1 (otherwise the server would not be waiting at this station).
Therefore, the workload which is currently present can only consist of messages that have
been generated at station 2 since exiting that station. The expectation of the elapsed time
since exiting station 2 is the sum of the conditional mean switchover time 79 and the expected
backward recurrence time w; whose definitions can be found just above Theorem 1. We get

]E‘/lwaiting — ,02(f2 + wl)

and for EV," "8 we just have to exchange the roles of 1 and 2. [ |
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Remark 7. Actually, the conditional mean switchover time 7; only differs from r; for a non-
deterministic switchover time for Strategies IT and IV. In the case of deterministic switchover
times for Strategies II and IV, or in the case of a polling model with Strategies I and III
(waiting occurs if T; > 0, independently of the switchover times), we have the equality

i =T;.

Remark 8: We briefly refer to Theorem 8 in [4] which provides a lower bound for the delay
for a class of wait-and-see strategies (including Strategies I-IV). The bound given there is
correct for a polling model with N = 2 stations and deterministic switchover times. In the
case of N = 2 and non-deterministic switchover times, we can replace ry [in (35) there] by
the mean of the switchover time Rj from station k£ to the next station given that there
is no message arriving at station k£ + 1 while switching. For instance, this quantity equals
E[R3 | By] in (18) below for k = 2. In addition for a polling model with N > 2 stations, one
has to give lower bounds for further quantities, which arise in the proof there.

3.2. Determination of S = (f;, w;, 7;),

The general formulas for the delay in Theorems 1 and 2 require the specification of
S = (fi,w;,7;), according to the wait-and-see strategy. We recall that the definitions of
these quantities can be found just above Theorem 1. The real novelty of this work is
the determination of these quantities in this section. Note that we restrict the service
times of the messages to exponential distributions with parameter p; == 1/b; at station i
for i =1,..., N for Strategies II and III. After the following preparations, we discuss the
different wait-and-see strategies separately where some terms from [6] can also be spotted
here for Strategy IV. For the sake of simplicity, we deal with Strategy III before Strategy II.

3.2.1. Preparations. 1t is helpful to introduce ¢; the expected time per cycle in steady
state, which the server spends at station ¢. This expression is directly related to the mean
cycle time EC' and to the expected waiting time f; at station ¢ by the equation

ci = piEC + fi.

Moreover, we define cg = vazl ¢; and obtain EC = ¢y + ryp.

We require a time-dependent state probability [denoted by P; ()] to analyze the delay
for Strategies II and III, and we require the distribution of the length of a busy period to
analyze the delay for Strategies IT and IV.

The probability Pji(x). According to [13, pp. 53-78], we denote by Pji(x) the prob-
ability that the queue length (including the possibly current service) of an M/M/1
queue with arrival rate A and service rate p is k at time x given that the queue length
is j at time zero. We introduce the abbreviation a = 2u./p, where the traffic load p
equals A/p, and the modified Bessel functions I (z) of the first kind of order k, which
can be defined by

00 (g)k—‘er
Ii(z) =Y m for k € Ny

m=0

https://doi.org/10.1017/50269964817000419 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964817000419

590 F. Aurzada and S. Schwinn

and I_(z) = Iy(z) for k € N. Finally, we have

P],k(x) = ef()\*‘rll)ﬂ? p 2 Ik ](al') —+ p 2 Ik+j+1(ax)
. (6)
S pen(ax)

l=k+j+2
due to [13, p. 77]. We emphasize that we have to set A = \; and p = p; if we focus on

station ¢. Hence, the probability P;j(x) can differ depending on 4, but we omit such an
additional index because it arises out of the context.

The density g; of a busy period. The density of the length of a busy period at station i is
denoted by ¢; and the n-fold convolution of g; with itself by gE*"). We get
[e.e]

Zeﬂ\z /\1: b(*n () forz>0

7

from [13, p. 226]. Note that with abuse of notation gg*o) represents the Dirac delta function

according to the property that the length of 0 busy periods is zero. The density bl(»*")
the n-fold convolution of the service time with itself. For exponentially distributed service
times, we obtain the density

-1

bg*n) (z) = %e‘““’ for z > 0,

of the Erlang(n, ;) distribution, which can also be identified as a gamma distribution. In
this particular case, a further representation of g; using the modified Bessel function of the
first kind of order one is given in [13, p. 215].

3.2.2. Strategy Ill. 'We denote by ¢;(T;) the expected number of messages (including
the possibly currently served message) present at station i after time 7; given that there is
no message present at time zero. With the probability Py 1 (7;) from (6), we get

=Y kPyx(Ty)
k=0

Since we only require the expected number of messages at time T;, we define the short
version ¢; = ¢;(T3).

The expected sojourn time c;. For each station we get the equation
b;
1—p; -

(7)

which can be seen as follows: First of all, the time which the server spends at station 4
depends on the elapsed time since exiting this station in the preceding cycle up to the
current arrival at this station. This expected intervisit time of the server at station i is

C; = /\i(TO + Co — Ci)

EC —c¢;=19+co— ¢

and the quotient b; /(1 — p;) is the expected length of a busy period (which is caused by one
arriving message). In order to obtain this latter quantity, we refer to the short calculation
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using Laplace transforms in [13, pp. 211-213]. Together with the arrival rate \;, we can
compute the expected length of the first busy period (generated by the waiting messages)
at station ¢ and get

b;
)\i(TO"_cO_Ci)l_p" (8)

After the first busy period, the server has to spend the time T; at this station (which can
consist of several busy and waiting periods). Then, the server exits the station if the queue
is empty at time T;. Alternatively, if there are messages present at time T;, the server
continues serving messages until the queue is empty. This additional time depends on the
expected number ¢; of present messages and equals ¢;b;/(1 — p;) in expectation.

Using (7), we can set up a linear system of equations with variables ¢;. For instance, in
the case of two stations, we obtain

rop1 + (L= p1)(1 = p2)T1 + p1(1 — p2)To + (1 — pa)qib1 + p1gabe
L= po 7

c1 =

rop2 + (1 — p1)(1 = p2)Ta + p2(1 — p1)T1 + (1 — p1)gebz + p2qiby
1= po .

Cy =

(9)

The expected backward recurrence time w;. The expectation w; is the sum of two terms: On
the one hand, there is the expected length of the first busy period at station i [see term (8)].
The second summand is the expectation of the elapsed time since becoming idle at station ¢
for the first time at a random point in time while waiting at this station. Therefore, we get

bi 4 fOTi ‘TP()’O (l’) dI

; (10)
1- Pi fOTq' Po)o(l‘) dzx

w; = )\1'(7"0 —+ Co — Ci)

where a random point in time while waiting has the density

Po’o(m)

—————— for x € [0, T}].
Jo  Pooly)dy

3.2.3. Strategy Il. We focus on the steady-state probabilities 77,(3) for all n € Ny that
the server finds n messages waiting upon arrival at station i. We consider deterministic
switchover times in this paragraph first. The following system of equations describes the
relation of consecutive visits at the stations. The probability of finding n messages upon
arrival at station 1 depends on the intervisit time of the server, that is, the time since exiting
this station in the preceding cycle. The intervisit time can be divided into the sum of the
switchover times and the time which the server spends at station 2 between two consecutive
visits at station 1. This latter time can be split in two parts: First, the server stays the
minimum sojourn time 7. The second part consists of the time which the server takes
to serve the possibly remaining messages. This part depends on the number of messages
present at time 75. Given that the server finds k messages upon arrival at station 2, there
are [ messages present with probability Py ;(T%) after spending the minimum sojourn time.

Then, the length of the second part has the density gé*l) which denotes the density of the
sum of [ independent busy periods at station 2. We recall that the arrival process at station 1
is a Poisson process with arrival rate A\;. The probability of finding n messages at station 1
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is given by a Poisson distribution with parameter A\t if the intervisit time of the server
equals t. Therefore, we can conclude the equation

. N T: L.
Zﬂ_ )ZPkl T2 / —/\1(70+T2+1) ( 1(7“0 +da + CL‘)) gé l)(.%') dx
k=0

n!

for deterministic switchover times. Thereby, we get the coefficients for an infinite linear sys-
tem of equations 7(1) = A7) In the same manner as above, there is a system of equations
7@ = ).

If the switchover times are non-deterministic, we cannot proceed in such a straightfor-
ward way. Instead, we focus on the queue length distribution at server departure instants.
Note that the queue at departure instants is always empty at the current station. We denote
by 1/7(11) the steady-state probabilities that there are n messages waiting at the other station
upon exit from station 7. Now, we give an explanation for the equation

o [e%e} n [e%e} B w()\ {,C)m ()\2$)j o
1 _ kz:yl(f) ZOZO [/0 e~ il 7 dFr.(@) ZE:PHmJ(Tl)

x / e et Qe DT g |
0 (n—j)!

(11)

which consists of similar terms as above. Given that there are k messages waiting at station 1
upon exit from station 2, we have m message arrivals at station 1 and j message arrivals
at station 2 while switching to station 1. Therefore, there are k + m messages waiting at
station 1 upon arrival at this station. In order to obtain a queue length of n messages
at station 2 upon exit from station 1, a total of n — j messages have to arrive at station 2
during this stay. Then, equation (11) follows by considering all possible variations of indices.

From (11) and the corresponding observation, we get two linear systems of equations
v = Av® and v® = Bu(M) where the coefficients of A are given in (11). Finally, we are
able to determine 777(f ) by

S [ ) "

For 7(?)| the roles of 1 and 2 have to be exchanged.

The expected sojourn time ¢;. Using the solutions 7(Y), we obtain the expected sojourn

time
SR DINC
k=0
which the server spends at station ¢ per cycle. Here, the series

> 1P(Ty)
=0

is the expectation of the number of messages present at station i after spending the minimum
sojourn time T; given that there are k messages present upon arrival of the server. The
quotient b; /(1 — p;) is the expected length of a busy period.
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The expected backward recurrence time w;. In order to determine w;, we recall the condition
that a point in time while the server is waiting is randomly chosen. We distinguish how many
messages are waiting upon arrival of the server at the station. Therefore, we obtain

> fo z Py o(z) dx
kz:: fo Py o(x) dr

where p,(j) denotes the probability of choosing a waiting period during a stay with & mes-
sages waiting upon arrival of the server. Similar to Strategy III above, the quotient is the
expectation of the elapsed time since arriving at station i at a random point in time while

waiting at station ¢ given that there are k messages waiting upon arrival of the server.

It remains to determine the coefficients p,g) The basic observation is that p,(c) is pro-

portional to the product of the probability 7T,(€) that the server finds k& messages waiting

upon arrival at station ¢ and the expected length of the total waiting time during the stay
at such a station, that is, fOTi Py, o(x) dz. Hence, the probability p,(;) is given by

7 T;
p(z) - W](C)fo Pk70(l‘) dx (13)
ko ) i) T; :
2o 7Tl()fo Pro(z) de

The conditional mean switchover time 7;. If the switchover time from station 4 to the next
station is deterministic, we get 7 = r; (cf. Remark 7). Otherwise, the conditional mean
switchover time 7; from station ¢ to the next station, given a random point in time while
waiting at station ¢ 4+ 1, can be determined as follows. We restrict the computation to ¢ = 2
for the sake of clarity. First, we introduce the events

A; = {there are [ messages waiting at station 1 upon exit from station 2},
Bj = {there are j messages arriving at station 1 while switching from station 2 to 1},

C, = {there are k messages waiting at station 1 upon arrival}

for all j, k,l € Ny. We distinguish how many messages are waiting upon arrival of the server
at station 1 just like above. We get

Zpk E[R; | Cy, (14)

where p,(f) is given by (13). Now, we are left with the specification of the quantity E[Rs | Ck].

We make use of

Kk
C, = U Ak_j N Bj
j=0
and obtain

k
P(A ﬂB
E[Ry | Cy] = Z ’” )[RQ\Ak_mBj].
Jj=
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Due to the independence of the events Aj_; and B;, and the fact that Aj_; does not
influence the switchover time Rs, we get

k
B[R, | Ci] = Z“’” B wir, | B, (15)

It remains to determine these quantities. We can represent the event B; as

J+1
B, —{Zel<R<Zel} (16)

where (e;); is a sequence of independent and exponentially distributed random variables
with parameter 1 which are independent of R := A\; Ry as well. We get

E[R1p] Eg[RE(,), [15,]]

E(R: | Bjl = —- [15,]  Egr|[Eq,), [15]]

We use the property that the sum of independent and identically exponentially distributed
random variables is Erlang distributed and thus compute

R
E(el)l []lBj] = Fe .

Therefore, we obtain

Ep [Ri+leA] f0°° xefhw(/\lji?)] dFpg, (z)
MER[Rie—R] I e*/\mi()‘}f)] dFg,(x)

E[Ry | Bj] = (17)

and
p(5) = Etn] = [ oML arg o)

Finally, we have
P(Cy) = Y P(Ax—;)P(B;)

due to the independence and P(Ay_;) = V’gz)]

3.2.4. Strategy IV. As above, ﬂﬁf) is the steady-state probability that the server finds
n messages waiting upon arrival at station i. The method we use to give the characterizing
system coincides with the method for Strategy II. The probability w%l) depends on the
intervisit time of the server, which consists of the switchover times and the time that the
server spends at station 2 between two consecutive visits at station 1.

We have to distinguish whether there is no message or at least one message waiting at
station 2 because it influences the activation of the timer. In the first case, either a new
message arrives before the timer expires and a busy period starts, or there is no message
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arrival and the server waits the whole time T5. For deterministic switchover times, we obtain

Ts [e%s} A n
wfll) = 7r((]2) l/ / e~ M(rotaty) (Ai(ro +z +y)) g2 () dz Aoe ™2V dy
0 0

n!

o—M(ro+Ty) M1(ro +T2))" o7,

+ |
uz

N A L
st 0 n:

Once again, we get systems of equations 7() = A7) and 7 = Br(1). Note that we are
only interested in Wéi) in the end.

In the case of non-deterministic switchover times, we focus on the steady-state proba-
bilities V,(li) that there are n messages waiting at the other station upon exit from station 1.
We obtain

- o (Mz)° (Naz)?
o) :VSQ)Z [/ o= (ara)a Ba'?) ( 2'?6) dFp, (z)
j=o 70 : J:

+ -
(n =)
o) [e%S) n ) A m o\ j
+ZV](€2) Z Z |:/ e_(/\1+)\2)LE( 11’[) ( 25'5.) dFRZ(x)
k=0 m=0 j=0 /0 e J:
m+k#0

o A)" ™ (ktm
o [T Qe i ) 4,
0 (n—j)!

and get two systems of equations v(!) = Av®@ and v = By, Finally, we can compute
7% as mentioned in (12) for Strategy II.

The expected waiting time f;. Let E; be an exponentially distributed random variable with
intensity A;, which represents the interarrival time of messages at station i. We denote by
min(FE;, T;) the random length of a waiting period at station ¢. The timer at station ¢ is
activated if and only if the server finds this station empty upon arrival. Therefore, we can

conclude
O

fi = 7y E [min(B;, T7)] = (1—e ™)

%

for the expected waiting time at station i per cycle in steady state.

The expected backward recurrence time w;. The quantity w; equals the expected residual
time of a waiting period and is given by

~ E[min(E;, T;)?] 1 T;
T 2B [min(E;, T3] M

w; = e
' )\z e)‘iTi -1
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The conditional mean switchover time 7;. If the switchover time is deterministic, we just
have 7; = r; (cf. Remark 7). Now, we focus on a non-deterministic switchover time: Similar
but easier than for Strategy II, the quantity 7o is just the mean switchover time given that
there is no arrival at station 1 while switching to this station. We get

[§° we dFp, (@)
fooo e~ dFg, (z)

and we can represent 7; in an analogous manner.

=E[R; | By] = (18)

3.3. Proofs of the “worth-waiting” results

3.3.1. Preparations. First, we state two facts which we use later to prove that it is
worth waiting with Strategy II if it is worth waiting with Strategy IV. Lemma 9 concerns
an estimate for the mean switchover time given a certain number of message arrivals while
switching.

LEMMA 9: There is a positive constant o such that
E[Ry | Bj] < a(j* +1)
for all j € N with the notation from (16).

SKETCH OF PROOF: We recall

Eg [Rj+1 71?,]

[R2 | B; ] Al]ER [Rﬂe ]

for R := A\{ Ry from (17) and we introduce the random variable X by
Er [f(R)e”"]
Er [e—R] ’

Then, X has some finite exponential moment and one can show by elementary calculations
that there is an « > 0 such that

E[f(X)]:= f €.

E [X7*] >
W < M (J + 1)
for all 5 € N. This finishes the proof. |

The next Lemma 10 captures the fact that if there may be an additional waiting time
due to a larger wait-and-see parameter 77 > T3, rather more messages arrive per cycle.
Therefore, the probability of finding an empty queue upon arrival at station 1 becomes
smaller.

LEMMA 10: Consider a polling model with N = 2 stations, Strategy I and Ty = 0. Given a
Ty > 0, we have

Tinf (Tl) = inf ( )(Tl) 0.
T €[0,T1]

SKETCH OF PROOF: We can construct an appropriate coupling of two processes represent-
ing the polling models with wait-and-see parameters 77 and T1 for0<Ty < T1 Due to the
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construction, the queue length at station 1 upon exit from station 2 is always larger for

the process with 77 instead of T7. Combining this observation and the ergodic theorem for
Markov chains, we obtain

This inequality is equivalent to

ms (1) > i (1)

due to (12). Then, we get mine(T}) = 77(()1)( ). [ |

We make use of Theorems 1 and 2 to prove whether it is worth waiting. For the purpose
of comparison, we recall the formula

pexh _ Z?:l )\ib§2) + TopP1P2 n ﬁ
2(1=po)  po(1=po) 2ro

for the mean average queueing delay of a message in a polling model with the exhaustive
strategy from (2) by setting fi = fo = 0. Thus, we can rearrange the formula for the delay
into D = DM + AD with

AD — 7"(()2) 7"(()2)
T %—i_ 2(ro + fo)
p2f1
po(ro + fo)
p1f2
po(ro + fo)

(r1 + 72 +wy) (19)
(f1 —+ 1ro + ’U)Q),

where 7; = r; holds in the case of Strategy III (cf. Remark 7).

3.3.2. Proof of Theorem 3. Due to To = 0, we have fo =0 and the last line in (19)
vanishes. It is worth waiting at station 1 if and only if there is a positive parameter of
the wait-and-see strategy such that AD < 0. Since the expected waiting time at station 1
equals the total expected waiting time per cycle (fi = fo), we rearrange inequality AD < 0
into

(2)

1 P2 "o
+ ri+retw)| < o—
P f1 (r1+ T2 +w1) o
whose validity is equivalent to
(2)
— < 0. 20
2r0+p (r1 472 +wi)| fr (20)

We recall that w; and f; are non-negative quantities. Moreover, we observe that f; > 0 holds
for all 7; > 0. This can be argued by using the expected sojourn times for Strategy III and
by using the steady-state probabilities for Strategies II and IV.
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Strategy I1I. Note that we have r1 4+ 79 = rg according to Remark 7. For all 71 > 0, we see
from (10) that w; is greater than the expected length of the first busy period at station 1,
that is, there is a function A;(737) > 0 such that

P1

w1 = (T0+02)1 + Aq(Th).

—P1

We insert this representation of w; into (20), make use of (9) and obtain that (20) is
equivalent to

o2

p2 (1—po pP1p2 q1(T1)by
- = 4+ — T —_ A+ (T, 0. 21
27"o+po(1—/)0T0+1—po<1Jr I—p1 Taa(h) ) < (21)

Because of the property that both functions A (7}) and ¢ (T7) converge to zero for T) — 0,
we find the sufficient condition

(2) _
o _pllzpe) (22)

2r3  po(1—po)

for “it is worth waiting at station 1”. In order to establish the necessity of this condition,
we argue in the following way: If we assume that (22) does not hold, inequality (21) is not
satisfied for all 77 > 0 because A;(771) and ¢1(71) are non-negative, and we see that it is
not worth waiting at station 1.

Strategy IV. The difference to Strategy III is the fact that w; does not have to be greater
than the expected length of the first busy period at station 1. We just focus on

(2)

"o P2 -
-+ —=(m+rtw)<0 23
2rg po(l 2 +w1) (23)

from (20) and observe the property w; < Tj because a waiting period ends at the latest
when the timer expires. In the same manner as above, we get the necessary and sufficient
condition

xo

27‘0 (Tl + fév) £0

for “it is worth waiting at station 17 with 73V given by (18). In the case of deterministic

switchover times, we just replace r(()z) by 72 and 7}V by 7.

Strategy II.  We focus again on (23) as with Strategy IV, and wy < 77 holds since waiting
periods can only happen within the minimum sojourn time 7;. Differently from Strategy IV,
the conditional mean switchover time 7§ depends on the parameter T7.

First, we prove that it is worth waiting with Strategy IV if it is worth waiting with
Strategy II. Therefore, we assume that there is a T3 > 0 such that (23) holds for Strategy II.
We have to conclude that (3) is satisfied which can be easily seen if we have 7Y < 73l(Ty)
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for all T3 > 0. We continue with proving this inequality. We recall

(1) o P4y )P(B;
AW IEL

from (14) and (15), and

7y = E[Ry | By

from (18). We use the representation of E[R, | B;] from (17) and the Cauchy-Schwarz
inequality to get

E[Ry | Bj] < E[R; | Bj4]
for all j € Ny. This property suffices in order to conclude 7Y < 75(Ty) for all T} > 0.
Next, we have to prove that it is worth waiting with Strategy II if it is worth waiting

with Strategy IV. Let (3) be satisfied, that is, there is a 7]V > 0 such that (23) holds for
V and wlV(T1V). We are done if there is a 77 > 0 such that

Py (T1) + wi'(Th) < 75 +wi¥ (T1)

because (23) is the criterion for “it is worth waiting with Strategy II” as well. We observe

. P(A
II_pol)ER2|BO+Z (1)2 k] ) [R2|B]

[Rz\BoJerk [Ry | Byl
k=1

and define
wl¥()

Due to 7Y = E[Ry | By] and w!!(T}) < Ty, it suffices to show that there is a positive T} < &
such that

ZP E[R; | By] <

We recall

o0 = Wz(gl)foTlpko )dl‘
k 1
SZom Jo ! Prolx

from (13). First, we estimate the quantity fOT ' Py, o(z) dz that is the expected length of the
total waiting time during the stay at station 1 given that there are £ messages waiting upon
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arrival. We get
T

Py o(z) dz > Ty P(no message arrives at station 1 within the time 77)
0

= T1€_>\1T1

and
T
/ Py, o(x) de < Ty P(the length of the first busy period < T})
0

< T3 P(the sum of k independent service times < 71)

k—1

- i)
<Ti[1-e “1le(
- 1l
=0 T
k—1 ;
- ()
=Te mTy | gmaTr _ :
— —p T S w
= Tle ot Z j'
=k
—Tle MlTl /vLITl kz ll'lTl

o (G+k)---(j+1)j!

< Ty (Th)k

for all ke N Where we use the Erlang(k, 1) distribution function in the third line. Now,
we can bound pk ) for all k € N from above by

Ty Tk eMT:
p](ql) < (11)(M1 1) = 1) (ulTl) .
my  Tie=MT 0

Using Lemmas 9 and 10 with fl = 1/p; in the first two lines and using limits of geometric
series, we obtain for T} € (O,Tl) with ¢ = 1171 < 1

%) oo T
1 e
S oVER: [ B <Y 5 (i Ty)ka (k2 +1)
k=1 k=1 0
A1 oo %)
ael‘l
_ k2 k k
o (S e

A1
_ _aem (Q(1+Q) L )
7Tinf(T1) (1 - Q)3 1- q .

Finally, we are done because the term in the last line converges to zero for T3 — 0.

3.3.3. Proof of Theorem 5. We focus on inequality AD < 0 which can be rearranged
into

e
ro + fo

szl (r1 —|—7“2—|—w1)—|— " f2(7”1+7"2+w2)
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Strategy III.  We can proceed in an analogous manner as in the proof of Theorem 3. Using
the symmetry p; = p2, we obtain the necessary and sufficient condition

O
3 1—po

for “it is worth waiting” at both stations with 77 = T5 > 0.

Strategies I and I'V. In addition to the procedure in the proofs above, we have to extend
Lemma 10 by setting 77 = 75 > 0. Then, for a totally symmetric polling model we get the
necessary and sufficient condition

r(@
—_— 0 >1 24
70 (r1 + Fév) ( )

for “it is worth waiting” at both stations in the same way. A short calculation shows that
73V < 1y holds. Therefore, we can conclude that (24) is satisfied if and only if the switchover
times are non-deterministic.

3.3.4. Proof of Corollary 6. We just have to set the system parameters such that the
condition (inequality) in Theorem 3 or 5 is fulfilled for Strategies II and IV but not for
Strategy III.
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