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SHEAF RECURSION AND A SEPARATION THEOREM

NATHANAEL LEEDOM ACKERMAN

Abstract. Define a second order tree to be a map between trees (with fixed codomain). We show that
many properties of ordinary trees have analogs for second order trees. In particular, we show that there is
a notion of “definition by recursion on a well-founded second order tree” which generalizes “definition by
transfinite recursion”. We then use this new notion of definition by recursion to prove an analog of Lusin’s
Separation theorem for closure spaces of global sections of a second order tree.

§1. Introduction. The concept of a tree is ubiquitous in mathematics and has
several different formulations. This paper is motivated by three concepts all of
which give rise to categories equivalent to a category of trees. First, there is the
notion of a tree as a partial order with a least element such that the collection
of predecessors of any element is finite and linearly ordered. Second, there is a
topological space N such that the notion of a tree is equivalent to being a nonempty
separated presheaf on N with no global sections. Finally, there is the notion of
sheaves on N. In Section 2 we show that the categories associated with each of these
concepts are all equivalent.

In Section 3 we introduce the main objects studied in this paper, which we call
second order trees (over a tree T ). Like ordinary (or first order) trees, second order
trees (over T) can be described in several ways. In this paper we consider three such
descriptions; as a map of first order trees S : 7o — 7. as a nonempty separated
presheaf of a specific type over a topological space 7 obtained from 7, and as a
sheaf over 7. There is a category associated with each of these descriptions of second
order trees (over 7) and in Section 3.1 we show all of these categories are equivalent.
In Sections 3.2-3.4 we show that several concepts defined for first order trees have
analogs for second order trees. These include the notion of well-foundedness, the
notion of pruned, as well as a closure space of global sections where each closed set
is the collection of global sections of some sub (second order) tree.

In Section 4 we show one of the main results of this paper, that transfinite recursive
definitions on well-founded trees can be generalized to well-founded second order
trees. We call the result of this generalization a sheaf recursive definition. We also
show, in Section 4.3, the statement that “each sheaf recursive definition yields an
associated partial function” is equivalent to the axiom of choice. We end this paper in
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Section 5 by using sheaf recursion to prove a generalization of the Lusin separation
theorem.

The results of this paper show many concepts associated with first order trees have
analogs for second order trees. This suggests that many other such concepts should
also have analogs for second order trees. In particular, understanding precisely how
and when concepts related to first order trees generalize to second order trees should
be a fruitful line of research.

1.1. Background. Unless otherwise specified we will work inside a background
model of Zermelo-Fraenkel set theory with the Axiom of Choice. All categories in
this paper will be locally small.

For each topological space A. O(A) is the collection of open sets of A. In this
paper P will always be a topological space with underlying set P. There are a
few categories related to topological spaces which will play an important role in
this paper and which we give names to here. We let Sep™ (P) be the category of
nonempty separated presheaves on P and we let Sh(P) be the category of sheaves
on P. Note that for each object X of Sep™(P), X(0) has exactly one element. We
will call this element *y. We say that an object X of Sep™ (P) is trivial if * is its
only element, i.e., if (VU € O(P) — {0}) X(U) = 0.

Recall a lower set of a lattice is any subset which is downward closed. We say
B C O(P) is a lower set if it is a lower set in the lattice (O(P). C). If B C O(P)
is a nonempty lower set. then we let Sep™(B) be the full subcategory of Sep™ (P)
consisting of those X, where X(U) = 0 if U ¢ B. We will make the slightly
nonstandard assumption that all presheaves X on P are such that X (U)NX (V) = )
whenever U,V € O(P) with U # V. This is done purely to simplify notation and
there will be no loss of generality with this assumption.

If UV € O(P) with U C V and X is a presheaf over P with x € X(V), then
we denote by x|y the restriction of x to U. If further V' C W we let x§, denote the
set {y € X(W) : y|yr = x}. ie., all those elements of X(W) whose restriction to
Vis x.

There are also several functors which will play an important role in this paper and
which we will now describe. Let 1p : Sh(P) — Sep™(P) be the inclusion functor
and let ap : Sep™ (P) — Sh(P) be the sheafification functor, i.e.. the left adjoint
of 1p. For any nonempty lower set B C O(P). we let 13 : Sep™ (B) — Sep™ (P) be
the inclusion map. We also let bp : Sep™ (P) — Sep™ (B) be the functor where, for
nonempty separated presheaves X, bp(X)(U) is X(U) if U € B, and ) otherwise
(with bp doing the obvious thing on morphisms). Note 13 is left adjoint to bg. We
will omit subscripts on these functors when they are clear from the context.

If L is a first order language and T is a sentence of L., (L) we let Mod (Th)
be the full subcategory of L-structures and homomorphisms consisting of those
L-structures which satisfy 7/. When [ is a partial function we use the notation
I(x) | to mean “I(x) is defined” and 7(x) 1 to mean “I(x) is undefined”. If X
is a set we denote by (X)), the powerset of X. If f : X — Y and 4 C X, then
Sr1Al={/(x) 1 x € 4}.

For any definitions or theorems not covered here the reader is referred to such
standard texts as [4] or [8] in the case of set theory, to [6] in the case of category
theory, to [7] in the case of sheaf theory, and to [1] in the case of model theory.
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§2. First order trees. In this section we give a theory Thr; of trees in a language
Lt and show that there is a topological space N with a basis Basy such that
Mody,, (Thr) is equivalent to both Sep™ (Basy) and to Sh(N).

The observation that there is a category of trees equivalent to Sh(N) is folklore and
not new here. This observation has been used in several places, including in [3], [5],
and [2] where recursion in this topos is studied. One of the main differences between
that work and the work in this paper is that while we do consider the relationship
between various categories (e.g.. those with irreducible bases). our main focus is
not in the categories of second order trees but rather in concepts of particular first
order trees which have generalizations to particular second order trees.

2.1. Theory of trees.

DEFINITION 2.1, Let L. = {<. <y, r}. where both < and < are binary rela-
tions and r is a constant. Let Tht, be the conjunction of the following sentences
of Loy o (L1r):

Partial Order:

- (V. y)x<yAy<x—x=y.

—(Wxpz)x<yAy<z-—x<cz.

Root:

- (Vx)r < x.

Tree:

- (Wxy )y <xnz<x]l—=[y<zvz<yl

Levels:

= (") Voeo 3x0. ... x0)(V2)z < p = Vicicp 2 = Xi

Predecessor:

~ (V) x<iyeox<yANVz)z<yAz#y—z<Xx]

The following formulas will be useful (where m.n € Nand m < n):

o Lev,(x) = (Fxp....x,) r =x0AX, =x A No<icn Xi <1 Xit1.

e Pr,,(x.y) :=Lev,(x) ALev,(y) Ax < y.
We call < and < the order and predecessor relations, respectively. We call r the
root of the tree. We say that x is on level n if Lev, (x) holds, i.e., the set of elements
strictly less than x has size n. We also use familial terms for the relationship between

elements, e.g., x is the parent of y if x <; y holds, y is a descendant of x if x < y
holds, etc.

Notice that the relation < is definable from < by a first order formula. We include
<1 in our language so that homomorphisms of models of Thr will preserve the
predecessor relation. This is important, because a function preserves the predecessor
relation and the root if and only if it preserves the formulas Lev, (x) and Pr,,,(x. y)
(for each m, n € N). The following lemma is immediate.

LemMA 2.2. If M = Thy, and M |= Lev,(y). then for all m < n there is a
unique x € M such that M |= Pry,,(x, ).

It is worth pointing out that the only axiom in Thr which is not first order is
the Levels axiom, which guarantees every element is on a finite level. An infinitary
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axiom here is necessary as any first order axiomatization of the concept of a tree
must allow trees to have nonstandard elements, i.e., elements which are not on any
finite level.

2.2. Separated presheaves.

DErFINITION 2.3. Let N be the topological space where:
e The underlying setis N’ := N — {0} = {1.2.... }.
e Opensetsare 0:=0, N, and 7 = {I,..., n}forn e N.

Note that Basy := {0.1....} is a basis for the topology.
It is easily checked that N is a topological space. Note that (Basy. C) = (N, <).
This is by design and will be generalized in Definition 3.2.

PROPOSITION 2.4. There is an isomorphism between the category Sep™ (Basg)
and the category Mody, (Thry).

Proor. We first define functors F : Sep®(Basy) — Mod,, (Thr) and G :
Mody,, (Thr;) — Sep™(Basg). Using Lemma 2.2 we can associate with every
model T of Thr; a presheaf G(T) on N where:

o Forn e N, G(T)(#i) = {x: T | Lev,(x)}.

o G(T)(N') = 0.

o If m < nand x € G(T)(7i), then x|, is the unique element of 7" such that

T = Pry, (x|, x).
Further, as such a 7 has a unique element on level 0. G(T) is separated and
nonempty and hence an object of Sep™ (Bas).

To every object E of Sep*(BaSN) we can associate a model F(E) of Thr, where:

¢ F(E) has underlying set | J, o\ E (7).

e F(E) E x <, y if and only if there is some n € N, where x € E(#),

—

ye€ E(n+1),and x = y|;.
e < is the transitive closure of <. :
e 1 is the (necessarily unique) element of E(0).

Note that because Lt; has a constant, the construction of F(E) makes fundamental
use of the fact that E is nonempty.

It is immediate that F o G(T) = T for any model of Thr, and G o F(E) = E
for any object of Sep* (Basy). Further it is clear that a function between models of
Tht: is 2 homomorphism if and only if it is also a natural transformation between
corresponding separated presheaves. Therefore if we let F(f) = G(f) = f for any
such map, then we have F and G are isomorphisms of categories. -

2.3. Irreducible bases. The basis Basy has a useful property: no element of the
basis can be expressed as the nonempty union of strictly smaller elements. This
property allows us to show an equivalence between the categories of nonempty
separated presheaves on the basis and sheaves on the topological space. We now
make this notion precise.

DEFINITION 2.5. Suppose A = (A4, <) is a bounded distributive lattice. We say
U € A is completely join irreducible' if for every nonempty {U; : i € I} C A.

'Note that this definition is slightly nonstandard as for us L, is completely join irreducible even
though L, =\/ 0.
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\/iel U; = U implies U = U, for some i € I. We say Basy C A is an irreducible

basis of A if:
e The bottom element of A, L 4, is contained in Bas,.
e For all U € A4 there is a nonempty {U; : i € I} C Basy covering U, i.e., with
U=V, U.
e Basyisalowerset,ie . if UV € AwithU < Vand V € Basy.then U € Bas,.
e Every element of Basy is completely join irreducible.

If P is a topological space we say Basp is an irreducible basis for P if it is an
irreducible basis for O(P).

While we will not make use of the following fact, it is worth mentioning that
if A is a bounded distributive lattice with irreducible basis Bas,, then the only
element of Bass with a nontotal cover is L, (which is covered by ). Hence if
Bas, := Basy — {_La} with in, : Bas, — Bas, the inclusion map. then the functor
which takes an object X of Sep™ (Bas, ) to the presheaf X oiny on Bas,, (and does the
obvious thing on morphisms) is an equivalence of categories between Sep™ (Basy )
and the category of presheaves on Bas .

We immediately have the following.

LEMMA 2.6. Basg; C O(N) is an irreducible basis of N.

Note that if a lattice has an irreducible basis, it must be unique.

Lemma 2.7. Suppose By.B; are irreducible bases for a bounded distributive
lattice A. Then By = B;.

Proor. If U € By, then there must be a nonempty {U; : i € I} C B; with
U=V, Ui.Butthen U € {U; : i € I} as U is completely join irreducible. In
particular, U € B; and hence By C B,. By a similar argument B; C Bj and so
By = B;. B

DErINITION 2.8.  Suppose Bas, is an irreducible basis of a bounded distributive
lattice A = (4, =). For U € A welet Basy(U) := {V € A: V < U} N Basy. We
let Basp(U) denote Basgp)(U).

The following lemma lets us characterize covers in terms of irreducible bases.

LEMMA 2.9. Suppose Basy is an irreducible basis of a bounded distributive lattice
A=(A4.%)and U € A. If {U; i € I} is nonempty lower set, then \/{U; :i € I} is
a cover of U if and only if Basy(U) C {U; :i € I}.

ProoF. First suppose {U; : i € I} is a nonempty lower set which covers U. Let
VeBasywith V < U. Then V=V AU =VA\{U :iecl}=\V{VAU:
i € [I}. Butas V is completely join irreducible we have for some i € [ that
V =V A U; and hence V' < U;. However, as {U; : i € I} is a lower set we have
V € {U; :i € I}. Hence as V was arbitrary we have Bas, (U) C {U; :i € I}.

Next assume Basy(U) C {U; : i € I}. It is immediate from the definition of
irreducible basis that there is a nonempty collection { W, : j € J} C Bas, (U) such
that \/{W; : j € J} = U. Hence Bas,(U) is a cover of U andso {U; : i € I} is
also a cover of U. -

Principle bases determine the structure of the sheaves on the topological space in
the following sense.
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PRrROPOSITION 2.10.  Suppose Basp is an irreducible basis of P. Then bpyg,, o 1p :
Sh(P) — Sep™ (Basp) and ap o 1ps,, : Sep™ (Basp) — Sh(P) form an equivalence
of categories.

Proor. First, as Basp is an irreducible basis we have for every U € Basp that
there are no nonempty, nontotal covers of U. Hence for every nonempty separated
presheaf X we have X(U) = ao1(X)(U). i.e.. no new elements are added to X (U)
under sheafification. In particular, this implies (bo1) o (a0 1)(X) = X for all X an
object of Sept (Basp). Itis also clear that (bo1) o (ao1) is the identity on morphisms
and so (bo1) o (ao1) is the identity functor on Sep™ (Basp).

Now suppose Vis an object of Sh(P) and let )’ = 1obo1()). Then V' (U) = Y(U)
if U € Basp and V'(U) = () if U € O(P) — Basp. By Lemma 2.9 we have for
any U € O(P) that Basp(U) is a cover of U. Hence for every U € O(P) and
y e Y(U). {(y|r.V): V € Basp(U)} is a compatible collection of elements with
amalgamation y.

Now consider the map o : ) — a()”’) where:

e ay is the identity if U € Basp.

e For y € Y(U) with U ¢ Basp. a”(y) is the unique element of a()’)(U)
which is an amalgamation of the compatible collection of elements {(y|y. V) :
V € Basp(U)}.

Note that then for any Uy C U and y € Y(U,) we have o) (y)|y, is an amalga-
mation of the compatible collection {(y|y. V) : V € Basp(U;) N {V € O(P) :
VC Ut}

However, we also have Basp(Uy) = {V € O(P) : V C Uy} N Basp =
{V € OP) : V. C Utn({V : V C U}nBasp) = {V € OP) :
V C Uy} N Basp(Uy). Hence ) (y)|y, is an amalgamation of {(y|y. V) : V €
Basp(Ug)} = {((y|ey)|v. V) : V € Basp(Up)}. But this implies o) (v)[y, and
O‘%J;o (»]u,) are both amalgamations of the same compatible collection of elements
and hence, as a()”’) is a sheaf, are equal. But as y, Uy and U, were arbitrary this
implies o is a natural transformation.

It is immediate from the fact that ) is separated that o is injective. We now show
a” is also surjective. First observe for any U € Basp, Y(U) = a()’)(U). and so
U € Basp. ay, is surjective. Next suppose U € O(P) — Basp and z € a()’)(U).
There then must be some nonempty compatible collection Z. = {(zp.V) :
V e C.} of elements of ), where C. is a cover of U and z is an amalgama-
tion of Z.. Butas V'(V) = () for V € O(P) — Basp. we must have C. C Basp(U)
and hence, by Lemma 2.9, we also have C. = Basp(U). In particular, this implies
that zy € Y(V) for all ¥ € C. and hence as Y is a sheaf there must be some
yz € Y(U) which is an amalgamation of Z.. But then by construction we have
oz%j (y.) = z. Hence as z was arbitrary we have a” is surjective.

In particular, as o is both injective and surjective it is an isomorphism of sheaves.
It is then easily checked that (), ) is a natural isomorphism from the identity
functor on Sh(P) to (ao1) o (bo1).

In particular, we have shown that (bo1) o (ac:) and (ac1) o (bo1) are isomorphic
to the identity functors and so b o 1and a o 1 are equivalences of categories. -
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Proposition 2.4, Lemma 2.6. and Proposition 2.10 tell us that there is an equiv-
alence of categories between Mod,,, (Thr,) and Sh(N). In particular, this implies
that Mody, (Thr;) is a localic Grothendieck topos.

ProposITION 2.11.  The following three categories are equivalent:

° MOdLT,_(ThTr),

o Sep™(Busy).

° Sh(N).

Proposition 2.11 gives us three different representations for the category of trees.
In general the specific representation will not be important and so by Caty, we will
mean any one of the three categories in Proposition 2.11. Similarly, by a tree, or a
first order tree, we will mean an object of Caty,. When no confusion can arise we
will abuse notation and not specify which representation of a first order tree we are
using at a given time. For example, if 7 is a first order tree, then 7 is the underlying
set, <7 and <1T are the order and predecessor relations, 7 (/1) is the collection of
elements on level n, 7(N') is the collections of global sections of the tree. etc. In
what follows 7 will always be a first order tree.

83. Second order trees. In this section we will introduce second order trees and
show how several concepts associated with first order trees generalize to second
order trees.

3.1. Equivalent definitions.

DEerINITION 3.1. The category of second order trees over 7 is the category
Treer := Catr/T. A second order tree over T is an object of Treer, i.e., a map of
first order trees with codomain 7.

Notice we can consider N as a tree ({0, 1,... }, <). Then N is a terminal object in
Catr; and so there is an isomorphism of categories between Caty, and Treey. In this
way every first order tree can be thought of as a second order tree over N where the
map to N takes an element and returns its level.

We now show that whenever a topological space P has an irreducible basis, Basp.
we can use Basp to define from each object X of Sep™(Basp) a topological space
X which itself has an irreducible basis. Further the lattice of open sets of X will be
isomorphic to the lattice of subobjects of X.

DEerFINITION 3.2. Suppose P is a topological space with irreducible basis Basp.
Further suppose X’ is an object of Sep™(Basp). For each U € Basp and t € X(U)
let 7 ={t]y : V € Basp.0 # V C U}. Let Basy = {7/ : 1 € X(U),U € Basp}.
Define the topological space X as follows:

e The underling set of X is X’ = Uvebasr - (0} X(U).

e Bas is a subbasis for X

Notice that in Definition 3.2 ¥y = (). Also notice for any first order tree 7.
(T.<7) = (Bas+. C) and 7' = T — {r” }. In particular, this notation is consistent
with the notation in Definition 2.3 considering N as a tree.

ProposITION 3.3. If P has an irreducible basis Basp and X is an object of
Sep™ (Basp), then Bas 3 is an irreducible basis for X .

https://doi.org/10.1017/js1.2013.18 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2013.18

SHEAF RECURSION AND A SEPARATION THEOREM 889

Proor. First we show Bas; is a basis. Suppose U, V' € Basp, s € X(U).,t €
X(V).If W = J{W' € Basp : t|w = s|w}. thent|y = s|w (as X is separated)
and § N7 = {(tlw)lz : Z € Basp.0) # Z C W} Butif UV € Basp, then
W € Basp and so § N7 = t|y € Bas . Hence, as s, ¢ were arbitrary, Bas; is an
actual basis and not just a subbasis.

Next we show Bas 3 is an irreducible basis. First notice that as it is a basis every
open set in O(X) is the union of a nonempty collection of sets in Bas . Further
notice as ) € Basp and xy € X(0) we have ) = *» € Basy. To show each
element of Bas ; is completely join irreducible suppose U € Basp. t € X(U), and
[ = U;je, fi with I # (). Then for each i € 1. 7; C 7 and hence #; = t|y,. where
U; € Basp and t; € X(U;). But we know that ¢ € 7 and so there must be some i € [
such that ¢ € 7; and hence ¢ = ¢;|y. But then we must have U = U; and t = ¢; as
t = t;|y and t; = t|y,. Hence 7 is completely join irreducible and as ¢ was arbitrary
every element of Bas 3 is completely join irreducible.

Finally, to show Bas ; is a lower set suppose U € Basy.? € X(U).and V € O(X)
with V' C 7. We then have V' = J,, #;. where t; € X(U;). forsome {U; :i e I} C
Basp. Further as *x = () we can assume without loss of generality that U; = (), and
t; = *x for some i € I (and, in particular, I is nonempty). We have for each i € I
that t; = t[y,. So if U' = |J;; Ui, then U’ C U and hence U’ € Basp. But then
U’ is completely join irreducible and so U’ = U; for some j € I. Hence #; = /|y,
forall i € I and, in particular, 7; C 7; for all i € I. But this implies that V' = 7;
and so V' € Bas ;. Butas V' and ¢ are arbitrary this implies Bas ; is a lower set and
hence an irreducible basis. -

We next show that there is a close relationship between open sets in O(X) and
subobjects of X in Sep™ (Basp).

ProposiTioN 3.4. If P has an irreducible basis Basp, X is an object of
Sep™ (Basp). and Sub(X) is the lattice of subobjects of X in Sep*(Basp). then
(O(X). Q) is isomorphic to (Sub(X), C) (as lattices).

ProoOF. Define £ : Sub(X) — O(X) by f(Z) = Uvepaspif 1t € Z(U)} and
a : O(X) — Sub(X) given by a(Y)(U) := {t € X(U) : i C Y}. (Note a is
well-defined as 7 C ¢/ whenever 1 is a restriction of 7').

First let us show that for any Z € Sub(X), Z = a0 B(Z). For any U € O(P).
aoB(Z)U)={tezZU):iCpZz)}={tezU):iC UUeBaSP{t t e
Z(U)}}.Hence Z C aoB(Z). Inpdrtlculdr this implies that Z ( ) =aoB(Z)(0) =
X(0).

Next let t € a o f(Z)(U) for some U € Basp — {0}. Then 7 C S(Z) and hence
t € B(Z). In particular, there must be some ¢/ € Z(U’) with U C U’ such that
t €, or equivalently, 1 = ¢'|y. But then we must also have ¢ € Z(U),as Zisa
presheaf. Hence a0 f(Z)(U) C Z(U). as t was arbitrary. Finally, as Z(U) = () for
all U € O(P) — Basp wehave a0 f(Z) = Z.

Next we show for any ¥ € O(X) that f o a(Y) = Y. First note that it is
immediate that f o a(Y) = Upepesp, 1711 € a(Y)(U)} = Upepas 1711 € {1/ €
X(U): ' CY}ICY.

Now as Bas ; is a basis for O(X) we must have Y = |J,, #; for some nonempty
collection {7; : i € I} C Basy. Chooser € Y. Then r = ¢;|y for some i € I and
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W € Basp.Butthen7 C7; C Y andsot € foa(Y).Hence Y C foa(Y)andso
Y =fBoalY).

Finally. it is easily checked thatif ¥, Y’ € O(X)with Y C Y’ . thena(Y) C a(Y’)
andif Z, Z' € Sub(X) with Z C Z’, then f(Z) C B(Z’). But then because o and f3
are (inverse) isomorphisms of the sets O(X) and Sub(X') we have « and f are also
(inverse) isomorphisms of lattices. -

Just as in the case of first order trees we have three different characterizations of
second order trees over 7.

ProrosiTiON 3.5. For any first order tree T, the following categories are
equivalent:

(1) Treer.

(2) Sep™ (Basz).

(3) Sh(T).

Proor. The equivalence of (2) and (3) follows from Propositions 2.10 and 3.3.

To see (1) is equivalent to (3) recall that Catr; is equivalent to Sh(N) and hence
a localic Grothendieck topos. So. Treer = Catr,/T is equivalent to Sh(Sub(7)).
where Sub(7) is the lattice of subobjects of 7 in Sh(N). However, because Basy is
an irreducible basis of N, we have by Proposition 2.10 that Sh(N) is equivalent to
Sep™ (Basy). But then by Proposition 3.4 we have Sub(7") is isomorphic to o(T)
and so Sh(Sub(7)) is equivalent to Sh(7). 4

As in the case of first order trees when no confusion will arise we will abuse
notation and consider a second order tree simultaneously as an object of all three
categories. For example, if S is a second order tree over 7 we let S(7’) be the
collection of global sections, dom(S) = (S, <%, <7.r®) be the domain of the S as
a map of first order trees, etc. However, we will also sometimes mention which of
the three categories it is most helpful to think of our second order tree as belonging
to. In what follows S (and its variants) will be second order trees over 7.

3.2. Well-foundedness. We now introduce the notion of a well-founded second
order tree.

DEFINITION 3.6. We say a sheaf S is well-founded if S(T') = (), i.e., if S has no
global sections.

This definition of well-founded will be important when we define sheaf recursion
in Section 4.2. It is worth pointing out that this notion agrees with the definition
for first order trees, i.e., a first order tree 7 is well-founded if and only if there are
no infinite paths through 7", which is true if and only if 7(N) = 0.

While this notion of well-foundedness of a second order tree is the proper analog
(for our purposes) of well-foundedness of first order trees. it need not be the case that
if a second order tree S : dom(S) — 7T is well-founded that dom(S) is well-founded.

ExampLE 3.7. Let 7' = 2<% with 10 <7 11 if #[jen(;,) = fo. In particular, T is a
complete binary branching tree. Let S : dom(S) — T be the second order tree over
T (considered as a map of first order trees) where:

e S~ '(r7) has a single element.
e For any sequence ¢ € T containing at least one 0 S~!(z) = (.
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e For any sequence ¢ € T containing all 1’s, if x € S~!(¢), then there are two
y0. y1 € STt (1)) such that x <7 yo and x < y;.

We then have

e Sis a well-founded second order tree.
e dom(S) is isomorphic to T (as first order trees).

In particular, by moving to the domain of this second order tree we loose structure
which is necessary in order to ensure there are no global sections.

Similarly, it is not the case that if S is a second order tree with dom(S) well-
founded that S must also be well-founded. In particular, the following is immediate
from the fact that maps of trees reflect well-foundedness.

LemMma 3.8. If T is a well-founded first order tree and S is a second order tree
over T. then dom(S) is a well-founded first order tree with the height of dom(S) no
more than the height of T .

Finally, note that if 7 is trivial, then there is a unique second order tree over 7
and that tree is not well-founded.

3.3. Almost flabby sheaves. There is a great deal known about the collection of
global sections (i.e.. infinite paths) of first order trees. In this section and Section
3.4 we show that many facts about these collections of global sections generalize to
global sections of second order trees.

Recall that a sheaf is said to be flabby if every section can be extended to a global
section, i.e., if every map from a subobject of the terminal object into a the sheaf
factors through a map from the terminal object into the sheaf.

DErFINITION 3.9. If X is an object of Sep*(P) we say X is almost flabby
if either it is flabby or it is trivial. We let Subr(X) be the collection of almost
flabby subpresheaves of X.

The following is then immediate from the definition of almost flabby presheaf
and is the reason we are dealing with almost flabby objects instead of flabby ones.

LemMA 3.10. For every object X of Sep™ (P) the map ax : Subp(X) —
B(X(T")) given by ax(Y) = Y(T') is an isomorphism between the lattices
(Subp(X).C) and (B(X(T")). C).

The previous lemma tells us that there is a close connection between subsets of
global sections and almost flabby objects of Sep™ (P). We will see in Section 3.4 that
in the case of second order trees this connection extends to a relationship between
almost flabby sheaves and closed sets of global sections.

In the study of global sections of a first order tree, an important class of trees are
those that are pruned. These are the trees 7 such that for every element ¢ € T there
is a path through the tree which contains ¢. Recall 7 = |, CBasy T(U) and paths
through a first order tree correspond to global sections. Hence another definition of
a pruned first order tree 7 is one where every completely join irreducible element in
the lattice of subobjects (i.e.. every finite path) has an extension to a global section
(i.e.. an infinite path through the tree). This suggests the following definition of a
pruned second order tree.

DEFINITION 3.11. We call S pruned if for all t € T and s € S(7) there is an
x5 € S(T") with x,|; = s.
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In the case of first order trees, because the only set in O(N) which is not completely
join irreducible is N, every pruned tree is in fact flabby as well. In the case of second
order trees, however. there may be many sets U € O(7) which are not completely
join-irreducible. However, despite this fact we will see in Proposition 3.12 that for a
second order tree to be flabby it suffices to be pruned., i.e.. it suffices for the extension
condition to hold only of completely join irreducible subobjects.

PROPOSITION 3.12. A4 second order tree S is pruned if and only if when considered
as an object of Sh(T) it is flabby.

ProoF. For this proof consider S as an object of Sh(7). It is immediate from
Definition 3.11 that if S is flabby, then it is also pruned.

Next assume S is pruned. It suffices to show that for any U € O(7) — Bass and
any s € S(U) that there is some x; € S(7”) with x|y = s. In particular, if there
are no such U and s, then S is flabby and we are done. Note this will only occur if
Bas; = O(T). i.e. if T is linearly ordered and finite.

Now suppose that thereisa U, € O(T) — Bas; and 51 € S(Uy). As () € Bass we
can assume U; # (). We can therefore choose an ordering 77 := (f;11 : 0 < i < p)
with 7; € U;. We next define a sequence (U; : 1 <i < y) and a sequence (s; : | <
i <) such that:

o foralll <i<y.t; C Uy ands; € S(U;). and
e foralll <i < j <y U; CUands;|y =s.
We define our sequences by induction.
Suppose i = j + 1:
Case 1: If[: - Uj, let U,' = Uj and i = 5.
Case 2: Otherwise, let U; = U;U{;. Define t* € T to besuch that /* = U;N7; and let
s* = sj|~. By assumption there is an element x* € S(7”) such that x*| = s*. Now

if welet x; = x*|;. then ((s;. U;). (x;.7;)) is a compatible collection of elements, so
there must be an s; € S(U;) such that s |y, = s;.

i is a limit:
Let U; = U,; U;. By construction ((s;. U;) : 1 < j < i) is a compatible collection
of elements and hence there must be a (unique) s; € S(U;) compatible with each s;
(as S is a sheaf).
It is clear by construction that 7/ = U, and that s, € S(7”) with s, |y, = s1. Hence
s, 1s the desired global section.

In particular, as U; and s; were arbitrary we have S is flabby. o

3.4. Closure space of global sections. Some of the most important topological
spaces in descriptive set theory, such as 2 or w®, are those consisting of global
sections of a first order tree where each closed set corresponds to all global sections
of a given subtree. As we will see in this section, the global sections of a second
order tree also form a closure space with each closed set being the global sections of
a sub second order tree. In this section we define these closure spaces and consider
some of their properties.

LemMa 3.13. If X is an almost flabby object of Sep™ (T). then a(X) is also
almost flabby.
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PrOOF. Suppose X is almost flabby. First note if X is trivial, then a(X) = X
and so a(X) is also trivial. Now assume X’ is nontrivial and hence flabby. We know
X(7) = a(Xx)(7) for all t € T as each 7 is completely join irreducible and X is
nonempty. Hence for every ¢ € T and x € a(X)(7) there is an x* € a(X)(7"’) such
that x*|; = x (as X C a(X) and X is flabby). In particular, a(X) is pruned and so
by Proposition 3.12, a(X) is flabby as well. -

COROLLARY 3.14. If S is a sheaf over T . then there is an almost flabby sheaf S*
over T such that S* C S and S(T') = S*(T").

Proor. By Lemma 3.10 there is a unique almost flabby subpresheaf S* C S
with S*(T') = S(T"). But we have S*(T") C a(S*)(T") C a(S)(T") = S(T").
Hence a(S*)(77) = S*(T”). But, by Lemma 3.13, a(S*) is almost flabby and hence
S* = a(S8*) by Lemma 3.10. -

Note Lemma 3.13 and Corollary 3.14 are not true for sheaves over arbitrary
topological spaces.

LemMA 3.15. If S is an almost flabby sheaf on T . then a(-) is a closure operator
on Subp(S).
Proor. If Subp(S) is the collection of subpresheaves of S, then a(-) is a closure

)
operator on Subp. But by Lemma 3.13. a(-) takes an element of Subz(S) to another
element of Subr(S) and hence is also a closure operator on Subz(S). —

In particular, if we let cls(-) = as(a(ag'(-))) (where as is from Lemma 3.10),
then a is an isomorphism from (Subz(S). C.a) to (B(S(7’)). C.cls). Hence there
is a closure space of global sections of a second order tree where each closed set is
the collection of global section of a sub (second order) tree. We will sometimes refer
to this space by the abbreviated (S(77).cls).

In general, the closure space of global sections of a second order tree will not be
a topological space. However, even though (S(7”).cls) may not be a topological
space, it still does have a basis of clopen sets.

DEFINITION 3.16. If x € S(7) forsome € T let S, := {y € S(T") : y|; = x}
and otherwise let S, = 0. Let Bs = {S\ : x € J,c1 S(7)}. We call the elements
of Bs the basic clopen sets.

We say a set C C S(T") is elosed if cls(C) = C and a set U is openif S(7') —

is closed. If U is both open and closed we say it is clopen.
Lemma 3.17. If U € Bs. then cls(U) = U and cls(S(T') — U) = S(T') —

i.e.. U is clopen with respect to cls(-).

Proor. We begin with an important observation. For anyt € Tand 4 C S (7
let r(A4) is the separated presheaf, where for each U € O(T) we have r(4)(U) :=
{y € S(U) : Ox € A)x|;nv = Y|inv} Now suppose ((y;,U;) : i € I)is a
compatible collection of elements from r(A) with I # (). Then as S is a sheaf, there
must be some y* € S(|J,, U;) which is an amalgamation of ((y;. Ui) ciel).
There then must be some ¢/ with #/ C 7 such that (J,., Ui N7 = 7. But as 1/
is completely join irreducible there must be some j such that U; N7 = t’. Then
YU, vni = Y uni = Yiluni = X|u;nr = x|y, vini for some x € A. Therefore
y* € r(A) and r(A) is a subsheaf of S.
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In particular, foreach # € T and x € S(7). Sy = r({x}) and so S, is a sheaf and
hence closed. Similarly, S(77) — Sy = {y € S(T") : y|; # x} = t((S(7) — {x}))
and hence is closed. Therefore each S, is a clopen set. B

LemMA 3.18. A set U C S(T') is open if and only if it is the union of basic
clopen sets.

PrOOF. Suppose U = J,,; Sy is an arbitrary union of basic clopen sets. Then
S(T") = U = Nye; S(T') — S,. But each S(T’) — S, is closed by Lemma 3.17.
Therefore, as in any closure space the intersection of closed sets is closed, we have
S—U isclosed and U is open. Hence, as U was arbitrary, the union of any collection
of basic clopen sets is open.

Next let C C S(T”) be closed to show S(T’) — C is the union of basic clopen
sets. Recall o~!(C) is the almost flabby object of Sep™ (7) with a=1(C)(T") = C.
If C = S(T’), then S(T’) — C = () which is the empty union of basic clopen sets
and so we are done. We can therefore there is an x € S(7’) — C. By Lemma 3.13
a~!(C) is a sheaf and so there must be some ¢ € T such that x|; ¢ C*(7). But then
Sy,NC =0andsoS,, C S(T')— C.Hence S(T") — C is the union of basic clopen
sets, as every element of S(7”) — C is contained in a basic clopen set contained in
S(T") - C. .

In particular, we have three equivalent notions of a closed set of global sections.

PrOPOSITION 3.19. If C C S(T7), then the following are equivalent.

(1) S(T") — C is the union of basic clopen sets.

(2) C =cls(C). i.e., there is a separated presheaf S* C S with C = a(S*)(T").

(3) There is an almost flabby sheaf S* C S with C = S*(T").

Proor. That (1) is equivalent to (2) follows from Lemma 3.18. That (2) is
equivalent to (3) follows from Lemma 3.10 and Corollary 3.14. -

3.5. Splitting numbers and universal objects. One pictorial way to think of a first
order tree is as collection of points moving forward in a series of steps where each
time a point moves forward (i.e.. each time we go from one level to the next larger
level) a point may split into several distinct points. Building on this picture we can
think of a second order tree as a collection of points where, instead of just being able
to move forward in one direction, the points can move along the underlying tree 7.
In this picture, just like in the picture of a first order tree, each time a point moves,
it might split into several points. However, the number of distinct points a point
will split into might depend on the direction the point has moved on the underlying
tree 7. In this picture the splitting number of a second order tree measures the
smallest number larger than the maximum number of distinct points a single point
can split into after moving one step.

DEerINITION 3.20. We define the splitting number of S to be
Split(S) = sup{[x%|": UV e TU<{ Vandx € S(U)}.

Notice that a first order tree has splitting number s, for k > . if and only if
it has size k. However. it is possible for the splitting number of a countably infinite
first order tree to be finite. For example. the splitting number of the perfect binary
branching tree is 3.
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DEFINITION 3.21. Let s be a cardinal. For U € O(P) let sPN(U) = {f
s.t. f: U — k}andfor U C V with £ € sP1(V) let |y be the unique function
with domain U such that (Vu € U) f'|y(u) = f(u).

Itis then immediate that x[”] is a flabby sheaf over P and further that Split(x!?)) =
xT. For any first order tree 7 and any . x[71 is universal for second order trees
over T with splitting number at most x*.

Lemma 3.22. If S is a sheaf on T and has splitting number < k™. then there is
a monic m : S — k! in the category Sh(T).

PrOOF. For 1 € T we will define maps m; : S(7) — [71(7) which will cohere to
give our monic m. We will define the maps m; by induction on the level of ¢.

First, |S(rAT/)| = |K[7~—](;\7/-)| = 1 50 we can let m > be the unique isomorphism

between S(r7) and &!71(r7). In particular, as r7 is the only element of 7(0) we

have defined m; for all # € 7(0). This completes the base case of our definition.
Now assume m; has been defined for all s € 7(i) and let ¢ € T(n +1). We

know for each x € S(¢];) that there is an injection i, : x{ — . For each y € x7

let m;(y) = my), (x) U (t.ix,(p)). ie. forall o € t]5. mp(y)(a) = mﬁ(x)(a) and
m()(0) = i (). N

Let m' be the function where for any ¢ € T and x € S(7) we have m(x) = m;(x).
It is clear that each m; is injective and that for all s,z € T with § C 7 and x € S(7)
that m;(x|;) = m;(x)|;. Hence m’ is a monic map of separated presheaves and

hence extends uniquely to a monic map m : S — x7) in the category of sheaves
on7. 4

We now show that there is a closure space of global sections which is universal
for all second order trees with splitting number at most k™ over a tree with splitting
number at most 7.

LeMMA 3.23. Let T be a first order tree with splitting number at most k™ (e.g.. a
tree of size at most k) and let S be any second order tree over T with splitting number

at most k*. Then there is a monic ms : S(T') — m[”[NI](m[N]I) such that for any set
C C S(T"). C is a closed subset of S(T") if and only if ms”[C] is a closed subset

offi[nml](/i[m/)-
PrOOF. First observe by Lemma 3.22 that it suffices to prove this lemma for
S = kl71. Next let k<N = Unen— oy 51"(72). which is the underlying set of the first

order tree s (considered as a Ly;-structure). )
Now by assumption and Lemma 3.22 there is a monomorphism iy : 7 — «["lin
the category of first order trees. Let I C £<" be the image of i For f € &!"1(T”)

let ms(f) € skl be such that ms(f)(x) = f(i7'(x)) if x € I and 0 if
x erN_Ir. NOE mg is well defined and injective as i is injective. Let 7, be the

image of ms on Rl (N N
Forn € Nand f € k<Nlet Ny = {g € sl*"1(f): where (3y & im(i1))g(y) # 0}.
Then & € k5" (k1) is in the image of ms if and only if (Vf € x<"h| ; & Ny
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Now for notational convenience, for n € N, [ € K[N]( ) and h € &kFI(F)
let Ky = I J) from Definition 3.16. .., Kh_{h* I () ¢ e ldom(n) = h}-

We then have Z,, = (/¢ n Nye, n[“[N]](n[N ) K, hence by Lemma 3.18, I,, is
closed. X X

We will now prove if C C k[T1(T") we have C is closed in x[71(7”) if and only if
ms”[C] is closed in £l (1) First suppose C is closed. Then by Lemma 3.18
there is a set Nc € U,en Urer ) Mm( 7) such that C = ¢y, &ITIT) = K71,

But then ms”[C] = I,, N ﬂteN [K[Nl](/i[N] ) — K,(:) Which is closed as I, is closed

ms

and by Lemma 3.18 each "] (K,[N]/) K,.s (1) is closed as well.
Now suppose ms”[C] is closed. Then once again by Lemma 3.18 we know that

thereisa collection N& C [, ¢ e (7 ) such that ms”[C] = ey el ()
K;. Further as ms”[C] C I,, we can assume that N, C Nc for all f € k<. Let
N* = Nc- =Upepen Ny

For each g € N¢- there is a maximal :(g) C g such that dom(:(g)) € im(iy).
Let D = ,cy- &IT(T) — K/[,i_]i;l(l(g)). By Lemma 3.18 we have that D is closed.
But by construction we have that ms”[D] = mgs”[C] and hence D = C as mg is
injective. But this implies C is closed completing our proof. -

It is worth mentioning that even though every closure space of the form

(S(T7).cls) is a subclosure space of (k™ (N ) cl i ) whenever 7 and S have

splitting number at most x™, this does not mean that the there is any specific rela-

tionship between the sheaves S and k""", as these sheaves are, in general, over
different topological spaces.

ProOPOSITION 3.24. For any k > 1 the following are equivalent:

(1) T is linearly ordered (e.g.. isomorphic to N).

(2) (kI7N(T"). cl 7 is a topological space.

(3) Every two point set in k! 1(T") is closed.

Proor. It is immediate that (1) implies (2) and that (2) implies (3).

We now show (3) implies (1) by showing — (1) implies = (3). Assume 7 is not
linearly ordered. So there are 7,7, € T which are incomparable with common
parent *. We can assume, without loss of generality, that ¢* has minimal level
among those elements with multiple children. Consider the elements fo. go : {p — .
f1.g1 : f1 — k such that

o folt) =go(t) = f1(1) = &1(2) = 0if 1 € 7*.

e folto) = f1(t1) = 0.

o golto) =g(n) =1
Now let ¢p, ¢; be the functions where ¢, ¢; are the constant function 0 on /* and
which take values 0, 1, respectively, on every element of 77 — 7*. If {co. ¢ } is closed.
then by Proposition 3.19 there is a flabby sheaf C with C(7”) = {co, ¢1}. But then
fo.80 € C(ip) and f1.g1 € C(f1). So, as C is a flabby sheaf and {fo.g1} is a
compatible collection of elements, there must be some x € C(7”) with x|; = fo
and x|; = gi. But this is a contradiction as for any such x we would have x # co
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and x # ¢;. Hence {co. ¢1} is not closed and (3) does not hold. In particular, — (1)
implies — (3) so (3) implies (1). =

84. Sheaf recursion. The method of “definition by recursion” is one of the most
useful tools we have for defining a function whose domain is the natural numbers.
The key feature of definition by recursion is the reduction of the definition at an
element to the definition at a simpler element. When infinite well-founded trees
began to be studied it was realized that the methods of definition by recursion
worked when the domain N was replaced by any well-founded tree. The resulting
method is known as definition by transfinite recursion. In this section we show that
transfinite recursion can be further expanded to what we call definition by sheaf
recursion, i.e., recursion on well-founded second order trees.

4.1. Transfinite recursion. In this section we give a presentation of definition by
transfinite recursion. We will present this notion in such a way that it can be easily
generalized to definition by sheaf recursive in Section 4.2.

For the rest of this section fix a well-founded first order tree YW on which we
wish to define a function using transfinite recursion. If Split()V) < ™, then by
Lemma 3.22 there is a monic m : W — &l["l. Hence we can assume, without loss of
generality, that W C &M (for some &) with W(N') = .

When using transfinite recursion to define a function f on a well-founded tree
W. we will assume that f(x) is defined from the set {(y, f(»)) : x <}V y}. In
other words there will be a function F' such that if / is a function with domain
{{r. f(»)) : x <}V y} that could arise via the definition by transfinite recursion,
then f(x) = F(I). In this way the value of f (x) will depend only on the values of
f at the immediate successors of x.

In the description of transfinite recursion of the previous paragraph we have
only required f to be defined on {y : x <}V y} in order for f(x) to be defined.
However, when dealing with transfinite recursion we will have that /" is defined on
{y :x <}V y}ifand only if f is defined on {y : x <Y y and y # x}. As such we
might think to instead give a definition by transfinite recursion where the value of
f(x) depends on the values of the entire set {y : x <" y and y # x} and not just
the values {(y. f (¥)) : x <}V »}.

Itis worth stressing though that we loose no generality by assuming our definition
of f only dependson {(y, f(»)) : x <]V y}. The reason is that if we had a definition
of a function " where the value of x depended on {(y, f(»)) : x <" yand y # x}
we could consider the function f*, where f*(x) = (f(y) : x <" yand x # y). It
would then be easy to transform the definition of f into a transfinite definition of
/*(x) where the value of f*(x) only depends on {({y. f*(»)) : x <!V y}. Further
we could then read off the values of f from the values of f™*.

The reason why we require our definition by transfinite recursion only to make
use of values at the immediate successors of an element is that when we move to
sheaf recursion it will not be the case that because our function is defined at every
child of a node that it will be defined on all descendants of the node as well.

DEFINITION 4.1, Suppose X is a function with domain |, #(77) and range
the universe of sets. We say a partial function H is an X-function if the domain
of H is a subset of | J, . k" (77) and H(x) € X (x) whenever H (x) |. We also say
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H is an X -function in the first variable if H is a partial function on | J, . xN(7) x 4
(for some set A) where H (x.a) € X (x) whenever H (x.a) |.

It is worth emphasizing that in Definition 4.1 X is a set function and we do not
assume any compatibility with the presheaf structure.

DEerFINITION 4.2. We say partial functions X, G, and (F, : n € N — {0}) from
a transfinite recursive definition on the pair (W, s!N) if

e The domain of G is {J, oy (m[N] (i) — W(ﬁ)) and G is an X -function.

e For each n € N — {0}, each F, takes two arguments, the first of which is an
element of kY (7i) and the second of which is an X -function I*. Further F, is
an X-function in its first argument.

e Foreachn € Nandall x € kM(#), I* is total on xéifand onlyif £y (x.1%)

is defined.
e For each n € N and all x € s™(7) if I;. I# are defined and equal on X

then F,H_](x, 10 ) == F,,_H(X, Il ).

In Definition 4.2 G represents the base case of the transfinite recursion while
(F, : n € N—{0}) represents the induction case. Note that we have broken the
inductive case into infinitely many parts, one for each level extending the first
argument. This is done so that the notion of transfinite recursion will be a special
case of sheaf recursion. While in the case of transfinite recursion the functions
(Fy : n € N—{0}) can be combined into a single function, in the case of sheaf
recursion we might not be able to do this as a pair (x, I*) could be assigned many
possible values, depending on the “direction” of extensions we are considering.

What makes transfinite recursion work is the following result.

ProprosITION 4.3 (Transfinite recursion). Suppose X, G, and (F, : n € N—{0})
are a transfinite recursive definition on W, k™). Then there is an X -function I such
that:

(0) Forall x € |J,cy (K[Nl(fl) W(ﬁ)) I(x) = G(x).

(1) (va e N)(vx e W) (x) L= [(Vy € x)I(y) Land I(x) = Fa(x. 1))

(2) (vn € N)(vx € wl(@))[(vy € X (p) 1= 1(x) {.

(3) (¥n € N)(vx € sl(@0))I (x) |- [(Vy € an) (») 41

(4) 1 is defined on the unique element of K™ (0).

Condition (0) is the base case, it tells us where to send those elements which
are not in the well-founded tree. Condition (1) guarantees that if I is defined at
a point x on level n in our well-founded tree, the value of 7 is determined by the
corresponding function F,. . In particular, because of how F,; is defined, our
function only depends on the values of the immediate successors of x. Condition
(2) says that if I is defined on all successors of x (for any x € |J, oy (1)), then
I is defined on x. Condition (3) is the converse of Condition (2), i.e., that if I is
defined at x, then I is defined on all successors of x. Finally, Condition (4) says
that 7 is defined on the root. R

Notice that Conditions (3) and (4) together imply that / is total on |, oy ™ (7).
However, in Proposition 4.3 we have not explicitly stated that / is total as in the
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analogous proposition for sheaf recursion the resulting function will not (neces-
sarily) be total, and all we will be able to guarantee is that it is defined on the
root. Similarly, it is also the case that such a function 7 is uniquely determined by
G and (F, : n € N — {0}) and Conditions (0)—(4). However, we have not men-
tioned this in Proposition 4.3 as this will not be the case when we consider sheaf
recursion.

We now move on to the proof of Proposition 4.3.

Proor. We define partial functions /, for o € ORD as follows:

(a) Io(x):=G(x)if x € U,en (m[N](ﬁ) - W(ﬁ)) and undefined otherwise.

(b) I, := U, <q 1y if e is a limit ordinal.

(c) I,(x) breaks into three casesif @ = f + 1. x € lNl(7i). and n € N:

(i) If Ig(x) is defined. then I, (x) := Ig(x).
(ii) IfIg(x)isundefined and (Vy € L::_T)Iﬁ (y) L.then I, (x) := F,y1(x. Ig).
(iii) Otherwise I, (x) is undefined.
We let I = |J,corp fa- Note that each I, as well as I are X -functions.

It is immediate that Conditions (0)-Condition (2) hold for 7.

To see that Condition (3) holds suppose I(x) | and x € «NI(7i) with n € N.
If x ¢ W(ii), then we know )@:I]/ﬁ W(n+1) = 0 (as W is a tree and hence
closed under predecessors). In particular, this means that for all y € X/Zl“l we have
I(y) = G(y) and hence I(y) is defined. However, if x € W(ji), then there must be

a least o such that 7, (x) is defined . But then because of how I was constructed,
we must have that I, is defined for all y € X/Zl“l and hence I must also be defined

on x%_.
n+l

All that is left is to show Condition (4) holds. As this is the most important
condition, we will make it its own claim.

CLam 4.4. 1 is defined on the unique element xo of W(0) = (D).

PrOOF. Assume to get a contradiction that / is not defined on x,. We will first
use ordinary recursion on N to construct a sequence (x, : n € N) such that

e foreachn € N, x, € W(ii).
e forall m.n € Nwithm C /i, x| = X, and
e foralln € N, I(x,) is undefined.

Note that the base case of xj is done by assumption. Now suppose x, is defined
as above in order to find an x,,; which also satisfies the above conditions. Note

because /(x,) is undefined and x, € W(i). there must be some y € &0 1)
such that x, <’f[N] y and I(y) is undefined. But as /(y) is undefined we must also

—

have y € W(n + 1). Therefore if we let x,,.; = y. we are done.

By ordinary recursion we can therefore find some sequence (x,, : n € N) as above.
Then as W is a sheaf, and ((xn, i) : n € N) is a compatible collection of elements
from W there must be an x* € W(N’). But this contradicts our assumption that
W is well-founded.

Therefore I (xy) must be defined. -

_|
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4.2. Sheaf recursion. We now have all of the components necessary to define
sheaf recursion. Fix a flabby second order tree K over 7, and a well-founded second
order tree VW C K.

DEFINITION 4.5. Suppose X is a function with domain | J,., K£(7) and range
the universe of sets. We say a partial function H is an X -function if the domain of
H is a subset of | J,., K(7) and H(x) € X (x) whenever H(x) |. We also say H is
an X -function in the first variable if H is a partial function on | J,., K(7) x 4 (for
some set 4) where H(x,a) € X (x) whenever H(x.a) |.

Note that it is consistent for X (x) = () and yet still to have H be an X function
so long as H (x) is undefined.

DEFINITION 4.6, We say partial functions X, G and (Fy : V € T —{r7}) form
a sheaf recursive definition on the pair W, K) if

e The domain of G is UV7€ r (K(V) =W(V)) and G is an X -function.

e Foreach VV € T — {r'}. Fy takes two arguments, the first of which is an
element of K(U) where U <7 ¥ and the second of which is an X -function I*.
Further Fy isan X -function in its first argument.

e Foreach U V € T with U<T V and all x € W(U) I* is total on x; if and
only if Fy (x, I*) is defined.

e Foreach UV € T with U<] V and all x € W(U) if I, I} are defined and
equal on x¢,. then Fy(x.I) = Fy(x.I}).

Notice that every transfinite recursive definition is also a sheaf recursive definition
by considering first order trees s and W as second order trees over N. The key
to making sheaf recursion work is the following result which is a direct analog of
Proposition 4.3.

THEOREM 4.7 (Sheaf recursion). Suppose X, G.and (Fy : V € T —{r"}) isa
sheaf recursive definition. Then there is a (partial) X -function I such that:

(0) Forallx € Uyep (K(V)=W(V)). I(x) = G(x).

(1) (VU € T)(vx e WO)I(x) = [BV>T U)[(Vy € x4)1(y) Land I(x) =

Fy (x. ]I. N

(2) (VU e T)(vx € K(U))[EV >] U)(Vy € x¢ )(y) 11— 1(x)

(3) (YU € T)(vx € K(O) (x) | [3V >T V) € x¢ () 4

(4) I is defined on the unique element ofIC( T,

Conditions (0)—(4) are in direct analog with conditions (0)—(4) in Proposition
4.3. The main difference is that when dealing with transfinite recursion, in order
to define 7 at an element in the well-founded first order tree we need that 7 is first
defined on every successor of the element. However, in the case of sheaf recursion
we can think of the successors of an element in X(U) as being in several different
directions (indexed by elements V' € T, V' > U) and in order to define 7 at an
element. our definition only needs that there is some direction such that 7 is defined
on all successors of the element in that direction.

We now prove Theorem 4.7.

1
]

Proor. First, choose an arbitrary well-ordering < of 7. We define partial
functions /1, for o € ORD as follows:
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(a) Ip(x):= G(x)ifx € Upcp K(V) —W(V) and undefined otherwise.

(b) I, := U, <q £y if @ is a limit ordinal.

(¢) I,(x) breaks into three cases if « = f+ 1. x € K(U).and U € T

(i) If Ig(x) is defined. then I, (x) = Iz(x).
(i) If I5(x) is undefined and 3V >7 U)(Vy € x4)Ig(y) |
Then let Q € T be the <-minimal such V and I, (x) := Fo(x. I).
(iii) Otherwise I, (x) is undefined.
Welet I = J,corp fo-

It is immediate that Conditions (0), (2). and (3) of Theorem 4.7 hold. Further
(1) follows from the fact that Fy (x, ) only depends on the values of 7 on x¢,. All
that is left is to show Condition (4) holds. As with Proposition 4.3 this is the most
important part of the theorem so we make it its own claim.

CraM 4.8. [ is defined on the unique element x,r OfW(rAT/) = K(ﬁ—)

PrOOF. Assume to get a contradiction that / is not defined on x,7. We will first
use ordinary recursion on N to construct a sequence (xy : U € T') such that

e forecach U € T, xy e W(U).

o forall UV € Twith U C V, Xy|g = xy. and

e forall U € T, I(xy) is undefined.

First note 7(0) = {r7} and so for all U € 7(0) we have xy is defined. This is
the base case of the ordinary recursion.

Now assume for n € N that forall U € T (71) we have xy is defined and satisfies
the above. Let V' € T(n + 1) be such that U <] V. Note that if 7 is defined on all
y € (xu)$ C KC(V), then because of how I was constructed, 7 is defined on xy .
Therefore there must be some y € (xU)”I; with 7(y) undefined. Further, because
1 is defined outside of . we must have that such a y is in W(V). Let xy be such
a y. We have then defined xy forall V € T(n + 1).

By ordinary recursion we can therefore find some collection (xy : U € T) as
above. Now suppose we have Uy, U; € T with U* € T such that Uyn U, = U*.
By our construction we therefore have that xv, [, g, = Xv,|g- = Xv+ = xu, [ =
Xvy|g,ng,- Henee (xy : U € T) is a compatible collection of elements from W.

But as W is a sheaf this implies that there must be an x* € W(T7’) which is an
amalgamation of (xy : U € T). This however contradicts the well-foundedness
of W.

Therefore I (x,+) must be defined. -

_|

4.3. Axiom of choice. Our proof of Theorem 4.7 made use of the axiom of
choice both in the well-ordering of the tree 7 as well as in our choice of elements
(xp : V € T). In this section we show that the axiom of choice is in fact needed.

THEOREM 4.9. If M is a model of Zermelo-Fraenkel set theory, then the following
are equivalent:

(1) M = Axiom of Choice.
(2) For all sheaf recursive definitions in M Theorem 4.7 holds in M .
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Proor. That (1) implies (2) is Theorem 4.7. Now assume (2) to show (1). Suppose
(A; : j € J) € M is an arbitrary collection of (disjoint) nonempty sets. We will
show there is an element of [ [, 4; in M. For the rest of the proof we work in M.

Let 7 := {r} U (w x J) where

e forallm € wand alla € J, we have r” < (m, a), and

e forallm,n € wandall e, § € J, we have (m, ) <T (n,p)ifand onlyif @ = f

andn =m+ 1.

In particular, (7. <) consists of J incompatible copies of  with a minimal element
adjoined.

We now let K(r) := {b} and for all n € w and j € J we let K((n,j)) =
{n} x (4;U{(x.j)}) andforalla € 4; U{(x.j)}let (n+ 1.a)|, ;y = (n.a). Let
W C K be such that W((n. j)) = {n} x 4;.

Cram 4.10. K is flabby.

PrOOF. Suppose ) # U € O(T) and a € K(U). Notice forany j € J. P; C @
with s = sup{i+1:i € P;}. UneP, (n.j) = U,<, (n.j). So as U is open and
hence of the form ;¢ ; U,cp, co <I’l/_\_]/> we know there is a collection of elements of

T suchthat U = | J{(n. ji) : h € H.n < ny},where j; # ju forh # h’ andn;, < w.
For h € H and n < ny, let (n,a,) = alm. The following is then a compatible
»Jh

collection of elements:

o {(n.ay) :n€w. heH}and
o {(n(x1))y:newle(J—{j,:he H})}.

Hence there is an element a* € K(7’) which is an amalgamation of the above
collection. But then we also have ¢*|y = a. But as a was arbitrary and K is
nontrivial we have /C is flabby. -

Let k € ORD be infinite and such that any well-founded tree with underlying
set Jy ey K(V) has rank in . Let X be the constant function on |, K(V) with
value the set k. Let G be the constant function on |, ., (K(V) = W(V)) with
value 0. G is clearly an X -function. Finally, for each U, V € T with U <] V every
x € W(U) and every X -function I*, let Fy (x.I*) = sup{I*(y) +1:y € xe b It
is immediate that Fj is an X -function in its first variable.

Cram 4.11. W is not a well-founded sheaf.

PrROOF. Assume to get a contradiction that W is well-founded. We then have
X.G(Fy : V€T - {rT}) is a definition by sheaf recursion. Hence by our
assumption there is a witness I to this fact, where I(b) |. But then we must have
some (0, j) € T (1) such that I is total on W((0. j)) = {0} x 4. However, for each
n € w, (n, j) only has one successor in 7 (i.e., (n + 1, j)). Hence we must have that
I is total on W((n, j)) for each n.

Now consider the first order tree W* := (W*, <", <IV") where

e the underlying setis W* := {syy} U, c, W((n. j)).

e xyy is the root, and

e for each m,n € w and o, f € J, we have (m, a) <" (n, p) if and only if

p=aandm <n,ie.,if (n,f) = (m, a).

|y
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Because of how I was defined, / assigns an ordinal number to each element of W*
in such a way thatif @ <¥" b, then I(a) > I(b). But this is a contradiction as then
(I((n,a)) : n € w) is an infinite descending sequence of ordinals (for any o € 4;).
In particular, this implies ¥V must not be well-founded. -

Let x € W(T”) and let (a; : j € J) be such thatx|</0~}5 = (0. a;). Then for each
j €Jwehavea; € Aj and hence (a; : j € J) € [[;.; 4; as desired. In particular,
as (A; : j € J) was arbitrary, the axiom of choice holds in M. —|

85. Separation theorems.

5.1. Borelian and analytic sets. The following definitions are motivated by their
counterparts for k.

DEeFINITION 5.1. The set of x-Borelian subsets of S(77), Bor.(S), is the

smallest collection of subsets of S(7”) such that:

o All closed subsets of S(77) are in Bor,(S).

e Bor,(8S) is closed under < k-unions and < k-intersections.
The set of x-Borel subsets of S(T7). Bor;, (8). is the smallest collection of subsets
such that:

o All closed subsets of S(7”) are in Bor};(S).

e Bor;(S) is closed under < k-unions and complements.

Note by Lemma 3.18 the following is immediate.
LemMmA 5.2, If & > |U,cq S(7)|. then Bor.(S) = Bor(S).
If & < |U,cr S(7)] though. the x-Borelian and x-Borel sets need not coincide.

DrrFINITION 5.3. Suppose K and A are flabby second order trees over 7. A set
X C N(T7) is said to be K-Suslin if there is a closed D C K(77) x N(T") with
X = px[D] = {x: 3y € K(T")(».x) € D}.

In the case where 7 is N, N = o™, and £ = kM, then a set ¥ C «N(N) is
r-Borelian (k[M-Suslin) if and only if it is k-Borelian (k-Suslin) in the usual sense.

It is worth mentioning that in the case of second order trees, unlike in the case of
first order trees, the K-Souslin subsets need not be closed under all finite unions. An
easy example of this is when K = 1171 is a terminal second order tree 1!71-Souslin
sets are just the closed sets. Hence by Proposition 3.24 the 1[7)-Souslin sets are
closed under finite unions if and only if 7 is a linear order.

We say a pair of sets Cy, Cp separates 4 and B if A C C4. B C Cp(,) and
C4N Cp = (). We say a class of sets T' can be separated by x-Borelian sets if for
every A, B € T with A N B = (), there is a pair of k-Borelian sets which separates
A from B. The following is then immediate.

LEMMA 5.4. The class of all subsets of S(T') can be separated by |S(T")|*-
Borelian sets.

PrOOF. Because every one point set in S(7”) is closed, every set is the |S(7T7)|*-
union of closed sets and hence |S(7”)|*-Borelian. 8

Given a class of sets we can think of the smallest x needed to separate any two
elements of the class by x-Borelain sets as a measure of the complexity of the class.
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5.2. Lusinseparation theorem. One of the mostimportant theorems of descriptive
set theory is the Lusin separation theorem.?

THEOREM 5.5 (Lusin separation theorem). Suppose k is an infinite cardinal and
A and B are disjoint k-Suslin subsets of w®. Then there is a pair of k*-Borel sets
which separates A and B.

This is the best possible, as we could not hope to have all k-Souslin sets separated
by x-Borel subsets seeing as every x'-Borelian subset is also x-Souslin. We can
think of k-Souslin sets as being “close” to x*-Borel sets. In fact a consequence
of this theorem is that any set which is both x-Souslin and whose complement is
k-Souslin is actually x"-Borel.

We will now give an analog of this theorem for second order trees. Just as
the proof of the Lusin separation theorem made fundamental use of transfinite
recursion, the proof of our separation theorem will make fundamental use of
sheaf recursion. The interested reader is encouraged to compare the below proof
to a standard proof of the Lusin separation theorem such as that given in [§]
(2E.1:Constructive Proof).

We first need a standard lemma.

LemMA 5.6. Suppose A = \UJ;c; Ai and B = \J,;; B; and suppose N
separate A; and B;. Then the sets C4 = Uie, ﬂ_/eJ Ci’,‘i- and Cp = UviGJ ﬂie, Ciﬁ-
separate A and B.

Proor. First notice thatas 4; C [ = C,-ﬁ- foreachi € I,wehave 4 =
Uier Njes Cl{‘; = Cy4. Similarly, we have B C Cp.

Now notice

iel A4; ©

C,NCp

uneasiiniUrnes

iel jeJ jreri'el

=JUUNNcinck,.

iel jret jeli'el

However, foreach i € I.j" € J. ;c; Nye; C5 N CF o =D as C 0 CE =0 by

assumption. Hence C4 N Cp = 0. -

THEOREM 5.7 (Separation theorem). Suppose N and K are flabby second order
trees over T with Split(K x N') = k. a regular cardinal. Further suppose A and B are
disjoint K-Suslin subsets of N (T"). Then there are k™ -Borelian sets C4. Cg C N (T")
which separates A and B.

PRrOOF. In the proof we will treat K and N as sheaves. For each U € T and
(ko.ki.n) € K x K x N(U) we will let o ({ko, k1.n)) = (ko,n) and 7((ko. k1.n)) =
<k1,}’l>.

As A and B are K-Souslin, there are sheaves A7, B¥ C K x N be such that
A = px[AT(T')] and B = px[B*(T")]. Now let W C K x K x N, where for all
UecO(T).WWU)={s e KxKxN(U):o(s) € A7(U)and z(s) € B*(U)}.

2This is sometimes, such as in [8], called the Souslin-Kleene Separation Theorem or the Souslin-Kleene-
Addison Separation Theorem.
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CLaM 5.8. W is a well-founded sheaf over T .

ProoF. That W is a separated presheaf is immediate from the fact that At and
BT are separated presheaves. Now suppose we have (({x;, y,, ) U)iel)isa
compatible collection of elements from W with U = J,, U;. Then (((x;. z;). U;)
i €I)and (((y:.z;). U;) : i € I) are compatible collections of elements from K x N/
and hence must have amalgamations (x,z) € K x N(U) and (y.z’) € K x N(U),
respectively. But then both z and z’ are amalgamations of ((z;, U;) : i € I), hence
z = z/ as K is a sheaf. Therefore (x, y,z) € K x K x N(U) is an amalgamation of
{({x;. yi.zi), U;) : i € I'}. In particular, this implies that WV is a sheaf.

Finally, because px[AT(T")] N px[B*(T')] = 0, we have that W(T’) = 0 and
hence W is well-founded. =

Let X be the function with domain |, o, £ x K x N (U) such that X (x) is the
collection of pairs C4, Cy € N(T") such that C4, Cp are k-Borelian and separate
pxlA, (T from px[B](T")] (where 4], and B/ are as in Definition 3.16).

We will now use sheaf recursion on W to produce an element of X (rT). :
First we take care of the base case and define G. Suppose s € £ x £ x N(U) —
W(U) for some U € T. We now have two cases:

Case 1: o(s) & A*(U). In this case let G(s) = (0, N (T7)).

Case 2: Otherwise. In this case we must have 7(s) ¢ Bt (U) so let G(s) =
(N(T).0).

It is easy to check that in Case 1 4] (7") = 0 and hence (. V'(T") separates

(T’) and B+ (T’) and in Case 2 }_’?Jr (T’) = () and hence N'(T7), () separates

A (’7") and B+ (7") Therefore in e1ther case G(s) € X(s) and so G is an
X -function.

Now, for each U <Ir V.x € Kx K x N(U) and I'* which is an X -function on
Uzer K x K x N'(Z) we need to define Fy (x,I*). First notice that we only need
Fy(x.I) to be defined if 7* is total on x¢, and in this case Fy (x.1*) should only
depend on x and the values of I* restricted to X5

Suppose, for all a € a(x)eV and b € ‘c(x)el; we can find, using only x and
I™ restricted to xf. kT-Borelain D,, and E,;, which separate pi[4}(T")] from
p[B; (T")]. Then, because K is flabby and

pelAl(T1= | pxl4s(T)1and pe[BS (TN1= |J pxIB (T
an’(x)‘;7 bET(Y
we have by Lemma 5.6 the sets D = J,c, () ﬂbET (x), Dap and E* =
UbEI(x)‘;; ﬂago_m)~ E,, separate p,c[/ﬁ (7-/)] and p;c[B+ (7'/)] Further, as & is
the splitting nurnber of K x N, each Da_,b, ab A€ K- Borehan and « is regular,

D™, E* are also k-Borelian. We can then let Fy(x,I*) = (D*,E™).
All that is left in the definition of Fy is to find such D, E, for all a € a(x)5

v
and b € ‘c(x)e’;. To do this we break into cases.
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Case 1: Thereisa y € W(V). where a = o (y).b = (y).
In this case we can choose D, E,; so that (D,y, E.) = I*(y). These have the
desired properties as I(y) € X ().

Case 2: Thereisa y € K x K x N(V) = W(V). where a = a(y).b = (y).

Case2a:a = a(y) ¢ A*(V). In this case px[4} (T")] = 0 and we can let D, = (),
while E,, = N(T7).

Case 2b: b = 7(y) ¢ B* (V). In this case px[B, (T’)] = 0 and we can let D ) =
N(T"). while E,j, = 0.

Case 3: Otherwise. i.e., a = (ky.n,) and b = (ky.np) with n, # ny.
In this case pic[(K x N)o(T")] € N, (T") and pic[(K x N)p(T')] C N, (T") with
No, (T') AN, (T?) = 0. We can therefore let D, = N, (T') and E,p = N, (T").

a

a

Note Fy(x.1*) is defined if and only if /* is total on x{;. Hence X, G. (Fy :
V € T') form a sheaf recursive definition on the pair (W, K x K x N). In par-
ticular, there must be some X -function 7 which is defined on the unique element
x € K x K x N(rT). But then I(x) € X () (and, in particular, X (x) # ().
So if I(x) = (Cy4.Cp). then C4.Cp must be x-Borelian and must separate
plAl (T)] = pxlA*(T")] = A and px[B],,(T")] = pc[B*(T')] = B. .
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