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Abstract

Random constraint satisfaction problems play an important role in computer science and combinatorics.
For example, they provide challenging benchmark examples for algorithms, and they have been harnessed
in probabilistic constructions of combinatorial structures with peculiar features. In an important con-
tribution (Krzakala et al. 2007, Proc. Nat. Acad. Sci.), physicists made several predictions on the precise
location and nature of phase transitions in random constraint satisfaction problems. Specifically, they pre-
dicted that their satisfiability thresholds are quite generally preceded by several other thresholds that have
a substantial impact both combinatorially and computationally. These include the condensation phase
transition, where long-range correlations between variables emerge, and the reconstruction threshold. In
this paper we prove these physics predictions for a broad class of random constraint satisfaction problems.
Additionally, we obtain contiguity results that have implications for Bayesian inference tasks, a subject that
has received a great deal of interest recently (e.g. Banks et al. 2016, Proc. 29th COLT).

2010 MSC Codes: Primary: 05C80, 68Q87, 82B26; Secondary: 82B20

1. Introduction
1.1 Background and motivation
Random constraint satisfaction problems (‘CSPs’) have come to play a prominent role at the junc-
tion of combinatorics, computer science and statistical physics [7]. In combinatorics the study
of random CSPs goes back to the seminal paper by Erdds and Rényi that started the theory of
random graphs [40]. In modern language, they posed the problem of pinpointing the thresh-
old for g-colourability in random graphs, a question that remains open to this day but that has
nevertheless sparked ground-breaking contributions (e.g. [6, 72]). In computer science random
CSPs are of fundamental interest as algorithmic benchmarks for computationally hard problems
such as graph colouring or k-SAT and as gadgets for cryptographic constructions or reductions in
complexity theory (e.g. [22, 41, 42, 45, 50]).

Random CSPs also occur as models of disordered systems in statistical physics. Specifically,
whereas in classical models such as the Ising model on Z¢ the interactions follow a regular lat-
tice structure, geometries induced by sparse random graphs have been proposed as models of
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(spin-)glasses [61]. Over the past 20 years physicists have devised a non-rigorous but analytic
technique for the study of these models, called the cavity method. The rigorous vindication of its
‘predictions’ has emerged as a challenging but fruitful endeavour, in the course of which novel
proof techniques have been discovered (e.g. the interpolation method [20, 44, 53, 67]).

A fundamental question in the study of random CSPs concerns their satisfiability thresholds,
which mark the largest density of constraints to variables up to which a solution likely exists.
There has been tremendous progress over the past two decades (e.g. [5, 6, 8, 29, 36, 35]). But
in an important paper [59] physicists predicted the existence of several further phase transi-
tions preceding the satisfiability threshold. At these other transition points the geometry of the
solution space and thus, probabilistically speaking, the Boltzmann distribution induced by the
CSP instance undergo qualitative changes. These are expected to affect, for example, the perfor-
mance of algorithms attempting to construct solutions or the mixing times of Markov chains
[3,47, 46, 64].

The most important of these phase transitions is called the condensation phase transition.
Generally expected to occur at a constraint density within a whisker of the satisfiability threshold,
it is thought to mark the onset of extensive long-range correlations. More precisely, for densi-
ties below condensation, the correlations between variables that are far apart in the hypergraph
induced by the CSP instance are expected to decay. The regime of densities below the conden-
sation phase transition is therefore called the replica symmetric phase. By contrast, long-range
correlations are deemed to persist beyond the condensation threshold; in physics jargon, replica
symmetry is broken. Furthermore, the reconstruction threshold, which in most examples occurs at
a constraint density well below the condensation threshold, marks the onset of point-to-set corre-
lations where the value assigned to a variable x remains correlated with the values assigned jointly
to all the variables at distance ¢ from x even as £ — oo. In the physics literature this has been
associated with the shattering of the set of solutions into numerous tiny clusters [61, 62].

This paper contributes a systematic rigorous study of the replica symmetric phase for a broad
family of random CSPs, for which we prove many of the conjectures from [59]. In particular, we
pinpoint the precise condensation phase transition and we establish the absence of long-range
correlations below this threshold. Concrete examples of CSPs covered by theses results include
the random graph colouring problem, random hypergraph colouring and the random k-NAESAT
problem. In all of these specific examples the generic approach developed here enables us to
significantly strengthen prior results that were derived via problem-specific arguments.

In terms of techniques, the present paper builds upon [25, 27]. These papers almost exclusively
dealt with models with soft constraints only (such as the Potts antiferromagnet), whereas here
we extend those methods to the case of hard constraints that strictly forbid certain value com-
binations (such as graph colouring). While this difference may seem innocuous, the presence of
hard constraints causes substantial technical complications. Before stating the main results about
general CSPs in Section 2, in the following subsections we present some of their implications for
two particularly well-studied examples, the random k-NAESAT problem and the random graph
colouring problem.

1.2 Random k-NAESAT
Let k > 3 be an integer and consider the usual model Fy(n, m) of a random propositional formula

over the Boolean variables x1, . . ., x,. Thus, Fx(n, m) is obtained by inserting m independent ran-
dom clauses of length k such that no variable appears twice in the same clause. We recall that
a Boolean assignment o of x1,. .., x, is NAE-satisfying if, under both o and its binary inverse

0, all m clauses evaluate to ‘true’. Here NAE stands for ‘not-all-equal, because every clause must
contain at least one literal that evaluates to true as well as at least one that evaluates to false. To
parametrize the problem conveniently we will consider formulas with m = Po(dn/k) clauses for a
fixed number d > 0. Thus, any variable occurs in d clauses on average. The problem of deciding
whether a given k-CNF formula is NAE-satisfiable is NP-complete [71].
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The random k-NAESAT problem is one of the standard examples of random CSPs and has
received a great deal of attention. In particular, in an influential paper Achlioptas and Moore [5]
pioneered the use of the second moment method for estimating the partition functions of ran-
dom CSPs with the example of random k-NAESAT. To be precise, in the case of k-NAESAT
the partition function Z(Fy(n, m)) is simply the total number of NAE-satisfying assignments
of the random formula. A straightforward first moment calculation shows that with high
probability

U Z(F(n, m)) < 2(1 — 21 k)d/ktol), (1.1)

Indeed, there are 2" possible truth assignments. Moreover, the probability that any fixed truth
assignment fails to NAE-satisfy one random k-clause is 2' 7%, because out of the 2* possible
assignments of k variables precisely two fail to be NAE-satisfying. In particular, (1.1) implies that
Fy(n, m) fails to be NAE-satisfiable w.h.p. if

d>k2'In2—kln2/2.

The upper bound (1.1) is clearly tight for small densities d. For instance, if d <1/(k—1)
is so small that the random hypergraph induced by Fi(n, m) does not contain a giant com-
ponent w.h.p., then Z(Fy(n, m)) = 02"(1 — 21-kym) w.h.p., as is easily verified by counting
NAE-solutions of acyclic formulas. But remarkably, Achlioptas and Moore showed via the second
moment method that (1.1) remains tight for much larger densities, namely for d < k2¥~11n 2 —
k(1 +1n2/2). Subsequently Coja-Oghlan and Zdeborova [32] improved this bound slightly and
showed that (1.1) continues to be tight as long as

In2 1
d<k2k_11n2—k(n7+z) + e, (1.2)

where gy hides an error term that tends to zero in the limit of large k. In fact, up to the precise
value of g the bound (1.2) matches the density up to which (1.1) has been predicted to be tight via
the cavity method [59]. However, due to the g; the expression (1.2) is informative only for (very)
large k.

By contrast, the following theorem establishes the exact physics prediction for every k > 3. To
state the result we introduce A (x) = x In x with the convention that A(0) = 0. Further, y signifies
a Po(d) random variable. Finally, let P, [0, 1] be the set of all probability measures 7 on [0, 1] with

mean 1/2 and let (pl(-”)),->1 € [0, 1]°° denote a family of samples from 7, mutually independent
and independent of p.

Theorem 1.1. For k>3, d > 0 and w € P40, 1], let

k-1 () k—1 (m)
L =TT )+ TTL, A= TTS =050 ))
2(1 = 21-kyr

A(
B(d,n):E[

k(1 —21-k) ’
deond = inf{d ~0: swp Bdm=In2+Sm(- 21"‘)}.
T E€P,[0,1] k
Then, for all d < dcond

—

VZ(Fr(n,m)) =3 21 =2k in probability.
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By contrast, for any d > dcond there exists n > 0 such that

lim sup IP’[ vV Z(Fy(n,m)) > 2(1 — 21_k)d/k - 17]1/" < 1. (1.3)

n—0o0

Thus, dcong marks the precise threshold up to which (1.1) is tight. Indeed, (1.3) shows
that /Z(IFx(n, m)) takes a strictly smaller value with probability 1 — exp(— (n)) for d > dcond.
Admittedly, the formula for dcongd, involving an optimization problem over a probability mea-
sure on the unit interval, is not explicit, and it is potentially difficult to evaluate. But given the
combinatorial intricacy of the (NP-hard) k-NAESAT problem we may not be entitled to a simple
answer. More generally, the physics predictions typically take the form of distributional optimiza-
tion problems. Yet it also seems clear that elementary techniques such as the combinatorial second
moment method will hardly suffice to establish such predictions precisely.

Theorem 2.5 shows that d.onq is a genuine phase transition, called the condensation phase
transition, since the functions d +— E\/Z(IFx(n, m)) fail to converge to an analytic limit at the
point dcong. Indeed, the theorem implies that the limit exists and matches the entire function
2(1 — 217)4/k for d < d onq. By contrast, for d > deond the limit may not exist, and even if it does
it is strictly smaller than 2(1 — 21 =k)@/k,

Additionally, up to deong there occurs an important decay of correlation phenomenon.
Formally, let o, T signify two independently chosen random NAE-satisfying assignments of
Fy(n, m) (given that the formula is NAE-satisfiable). Representing the Boolean values false and
true by £1, we think of o, T as vectors in {£1}". Let us denote the expectation with respect to
the choice of o, 7 given the random formula Fy(n, m) by (- ), (s,m)> Whereas we use the stan-
dard symbols E[ - ], P[ - ] to refer to the choice of Fy(n, m) itself. The second moment argument
of Achlioptas and Moore [5] was based on showing by elementary calculations that for d/k <
2K11n2 — (1 +1n2/2), the vectors o, T are nearly perpendicular w.h.p. Formally, their inner
product satisfies o - T = o(n) w.h.p. According to the cavity method, this property should extend
right up to the condensation threshold d.ong. The following theorem verifies this conjecture.

Theorem 1.2. Let k > 3. For all 0 < d < d.ong we have

1
nlgrolo ;E[(IU T Fyn,m) | Z(Fi(n, m)) > 0] = 0. (1.4)

Due to standard results about probability measures on the cube {£1}" we can express (1.4)
in terms of pairwise correlations between the truth values assigned to variables [17]. Specifically,
(1.4) is equivalent to the statement

nhfo’o % Z E[|{o (xi) - 0 (X)) Fy(n,m)| | Z(Fx(n, m)) > 0] = 0. (1.5)
ij=1

Hence, for d < dcong the truth values o (x;), o' (x;) assigned to two randomly chosen variables x;, x;
are asymptotically independent. Physics calculations predict that neither (1.4) nor (1.5) continue
to hold for d > dconq.

Finally, let us refer to

et = inf{d > 0: lim inf P[Z(Fy(n, m)) > 0] < 1}

as the satisfiability threshold of the random k-NAESAT problem. Coja-Oghlan and Panagiotou
[28] determined the asymptotic value of dg,¢, showing that

In2 1
de = k2K 11n2 — k(nT + Z) + &,  where g — 0as k — oo. (1.6)
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While (1.6) is asymptotically tight in the limit of large k, the condensation threshold d.ong from
Theorem 1.1 yields a lower bound on dgy for every k > 3. This is the best current lower bound for
any specific k.

1.3 Random graph colouring

Let G = G(n, p) denote the random graph on n vertices {1, ..., n} where each of the (;) pos-
sible edges is present with probability p independently. If we set p=d/n for a fixed d > 0 and
a large n, then the average degree of the random graph will be asymptotically equal to d. Let
g > 3 be a number of colours and let Z;(G(n, p)) be the number of g-colourings of the random
graph. Understanding the random variable Z4(G(n, p)) for given d, g is one of the longest-standing
challenges in the theory of random graphs. In fact, the problem of identifying the g-colourability
threshold, i.e. the largest value of d up to which Z;(G(n, p)) > 0 w.h.p., goes back to the seminal
paper of Erdds and Rényi [40].

Like in the random k-NAESAT problem it is easy to determine the number of g-colourings for
d < 1, where the there is no giant component yet. In this regime it is easily verified that

1Z4(G(np)) =5 q(1—1/9)Y* in probability. (1.7)

In [27] the largest average degree dcong up to which this convergence in probability occurs was
determined. The precise formula involves a stochastic optimization problem akin to the one in
Theorem 1.1. Asymptotically in the limit of large g we have dcong = (29 — 1) Ing — 21In 2 + ¢4. By
comparison, for d > (2q — 1) In g — 1 + ¢, the random graph fails to be g-colourable w.h.p. [24].

Equation (1.7) gives a ‘first-order’ approximation to Z;(G(n, p)) up to errors of size exp (o(n)).
But how large might the fluctuations of Z;(G(n, p)) be? Clearly, adding, removing or rewiring
a single edge is apt to change Z;(G(n, p)) by a constant factor (or even more). Consequently,
since key variables such as the number of vertices and edges in the giant component have fluctu-
ations of order ®(4/n) even once we condition on the total number m of edges, one might expect
Z4(G(n, p)) to exhibit multiplicative fluctuations of order at least exp (®(4/n)). However, Bapst,
Coja-Oghlan and Efthymiou [18] proved that for q exceeding a certain (undetermined but large)
constant go the random variable Z;(G(n, p)) is concentrated remarkably tightly for all d < dcond.
More specifically, Z;(G(n, p)) has bounded multiplicative fluctuations once we condition on the
number m of edges of the random graph. In fact, RaBmann [69] determined the precise lim-
iting distribution of Z;(G(n, p)) given m for all d < d.ong under the assumption that g > g is
sufficiently large. As an application of our general results we obtain the limiting distribution of
In Z;(G(n, p)) for d < dcong for all g > 3, thereby closing the gap left by [18, 69].

Theorem 1.3. Let g >3 and 0 < d < dcond(q). With (K¢)¢>3 a sequence of independent Poisson
variables with means E[K,] = d®/(2¢), let
lCzlo_o[(l—i-(S YK ex —ﬁ where 8y = —(1 — gq)' ¢
R ¢ p 2w ) ¢ q .

Then IC > 0 almost surely, and we have the following convergence in distribution:

Zg(G(m,p)) o d 192 ds, %,
e 14— LT e )
Fa—1/9m ﬁ( +q—1> eXP( 2 4 )'C

As an application of Theorem 1.3 we obtain a result that characterizes the combinatorial struc-
ture of typical g-colourings of the random graph for all d < donq very accurately. A similar result
was obtained previously in [26], but required the extraneous assumption that g > g for some very
large constant qg. To formulate the result, let V¢ (G, v) denote the subgraph of G induced on the set
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of vertices at distance at most £ from vertex v. For a fixed £ and large # this subgraph is a tree w.h.p.
Furthermore, let G, v,(G,v) denote the distribution on the set of g-colourings of V,(G, v) induced
by a uniformly random g-colouring of the entire graph. For comparison, let 1tv,(g,) be the uni-
form distribution on the set of all g-colourings of the subgraph V,(G, v) only. Clearly, a priori
UG,V (G, and Ly, could be quite different because the latter ignores the ‘external’ connec-
tions of the boundary vertices at distance £ from v via (long) paths through G — V,(G, v). Yet the
next theorem shows that for almost all vertices v the two distributions asymptotically coincide.

Theorem 1.4. Let g > 3,0 < d < dcond(q) and € > 1. Then

n
v=1

o
nll)ngo " Z Eldtv(1ie, v, Gy 1V, (Gw)] =0.

As an application of Theorem 1.4 we obtain a further result about the reconstruction problem.
We will give a precise definition in Section 2 below, but intuitively reconstruction occurs when
the colour of the vertex v remains correlated with the colours assigned to all the boundary ver-
tices at distance precisely ¢ from v even for large values of £. A well-known conjecture from [59]
asserts that the threshold for reconstruction on the random graph coincides with the reconstruc-
tion threshold on the Galton-Watson tree that mimics the local structure of the random graph.
Previously this was confirmed only under the assumption that q be large enough [18, 48, 64].

2. Mainresults

2.1 Random constraint satisfaction problems

In this section we present the main results of the paper for a general family of random CSPs. To
set the stage we introduce a comprehensive model of random CSPs. The variables take values in
a finite domain € # (). They are bound by constraints that each involve precisely k > 2 variables
and either discourage or outright forbid certain value combinations. The formal definition reads
as follows.

Definition 2.1. Let €2 ) be a finite set and let ¥ be a finite set of functions Q¥ — [0,1]. A
W -constraint satisfaction problem G = (V, F, (0a)aer, (Va)acF) comprises

o aset V of variables,

o aset F of constraints,

o an ordered k-tuple da = (014, . .., dxa) € VK for each a € F and
o a constraint function y, € V for eacha € F.

An assignment o € Qv satisfies G if Y4(0 (01a), . . ., 0(dra)) > 0 for all a € F; in symbols, o = G.

A W-CSP G induces a bipartite graph with vertex sets V and F where a € F is adjacent
to 014, ..., 0ra. We will therefore use graph-theoretic terminology and, for example, refer to
014, . . ., Oa as the neighbours of a. Moreover, the length of shortest paths in the bipartite graph
induces a metric on the nodes of G.

For a W-CSP G and an assignment o € Q" we let

V6(0) =[] Valo(@ra),.. ., o (0a),

acF

Moreover, we introduce the partition function Z(G) =), .qv ¥(o) as well as the Boltzmann
distribution

1G(o) =v6(0)/Z(G) (oY),
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providing that Z(G) > 0. Further, we let S(G) = {0 € Q" : o |= G} be the set of satisfying assign-
ments. In many cases the functions y € W are {0, 1}-valued. Then Z(G) = |S(G)| is just the number
of solutions. But as we will see in Section 3 there are interesting cases where the functions ¥ take
values strictly between 0 and 1.

Standard examples of CSPs fit the framework provided by Definition 2.1.

Example 2.2 (hypergraph colouring). Suppose that k > 2 is an integer, that g > 2 is a number
of colours and that g = (V, E) is a k-uniform hypergraph. Recall that a g-colouring of g is a map
0:V— Q={l,...,q}such that for every edge e € E there exist v, w € e with o (v) # o (w) (i.e. no
edge is monochromatic). Let Wy ; = {4} be the singleton containing the function

Vg > (0,1}, o 1-1{o;=---=0y).

Then we can express the g-colourability problem on g as a Wy ,-CSP G whose variables are the
vertices V and whose constraints are the edges E of g. For each edge e the k-tuple de simply
contains the vertices incident with e in g (in any order) and ¥, = V4. Of course, the case k =2
corresponds to the classical graph colouring problem.

Example 2.3 (k-NAESAT). Suppose that k > 2 is an integer and that g =a; A - - - A a,,, is a propo-
sitional formula over a set V ={xi,...,x,} of Boolean variables with clauses ay, ..., a;, each
containing precisely k literals. Let £ = {—1, 1} represent the Boolean values ‘true’ and ‘false’ and
recall that an assignment o € QV is NAE-satisfying for g if the expression evaluates to ‘true’ under
both o and its binary inverse —o. This problem can be expressed as a CSP over the set Wy_Nag
containing the 2 constraint functions

Ue: QK> 10,1}, o—>1-1lo=1}-1l{o=-1} (reb).

Indeed, we turn g into a Wy_nag-CSP with variables V and constraints F = {ay, . . ., a,,}. We let
da; be the k-tuple of variables occurring in the clause a;. Moreover, letting 7;; = 1 if the jth literal
of a; is negated and 7;; = —1 otherwise, we let Vg, = Y7, 7,

We consider the following ‘Erdés-Rényi-like’ model of random CSP instances.

Definition 2.4. Suppose that W is a finite set of functions Q% — [0, 1] and that P is a probability
distribution on W. Then G(n, m, P) is the random W-CSP with variables V,, = {x1, ..., x,} and

constraints F,,, = {ay, . . ., a,,} such that
e ddy,...,0a, € V,’j are chosen uniformly from the set of all n(n — 1) - - - (n — k+ 1) tuples
consisting of pairwise distinct variables, requiring the k-sets ({d14;,. .., dkai})i<m to be
pairwise distinct,
o the constraint functions ¥, . . . , ¥4, € W are chosen independently from the distribution P.
Thus, the constraints ay, . . ., a5, are chosen nearly independently. The only condition is that

the hypergraph induced on V,, with edges {{01a;, ..., dxa;}:i=1,...,m} be k-uniform and sim-
ple. This condition is necessary to accommodate interesting examples such as the random graph
colouring problem.

The main results of this paper apply to all CSPs that satisfy a few (relatively) easy-to-check
assumptions. These come solely in terms of the distribution P on W. Throughout the paper we
always let ¢ denote an element of W drawn from P. Moreover, we let

g=1Q, &=q7" ) E[©)]

oeQk
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Furthermore, for v : QkF [0, 1] and a permutation 6 of {1, .. ., k} we let

Iﬂe LQk [0,1], o+ 1#(0’9(1), ... ,O’g(k))

denote the function obtained by permuting the coordinates according to 6. From here on we tac-
itly assume that the set W is closed under permutations, that is, for every ¥ € W we have ¥% € W.
Moreover, we always assume that P(yr) > 0 for all y € ¥ and that

min  Y¥(o)< max (o). (2.1)
Yev,oeQk YeW,oeQk

Let us write P(£2) for the set of all probability distributions on 2. We identify P(£2) with the
standard simplex in R%:. Moreover, we let P2(S2) be the set of all probability distributions 7 on
P(2) such that fP(Q) w(w)dmr(u) =1/q for all w € Q2. With these conventions the assumptions
on P read as follows.

SYM. Forallie{1,...,k}, w € Qand ¥ € ¥ we have

Y ln=oly(r)=4""¢

TeQk
and for every permutation 0 and every y € ¥ we have P(y) = P(y?).
BAL. The function

k
¢:neP@ Y Ely@]]]nm)

reqk i=1

is concave and attains its maximum at the uniform distribution on Q.

MIN. Let R(£2) be the set of all probability distribution p = (p(s, 1))sreq on 2 x Q such that
Z o(s, t) = Z o(t,s) = qfl forall t € Q.
seQ seQ

The function

k
p:ipeRQ) > Y E¥@)¥ @] ]]rlnm)

o,1eQk i=1
has the uniform distribution on € x € as its unique global minimizer.

POS. For all 7,7’ € P2(Q) the following is true. With p,, p,,. .. chosen from 7, p}, p5, ...
chosen from 7" and ¥ € W chosen from P, all mutually independent, we have for every £ > 2,

k ¢ k ¢
E[(l— > ww]‘[pi(n)) k- 1)(1 -y r/f<r>]"[p§(n))

reQk i=1 reqk i=1

k 1
_k(l - Z W(T)Pl(fl)nﬂg(fi)) :|>0-

TeqQk i=2

UNL If G is a W-CSP such that for every constraint a the variables )4, ..., dxa are pairwise
distinct and the bipartite graph induced by G is unicyclic, then G has a satisfying assignment.

Conditions SYM and BAL are symmetry assumptions. Specifically, SYM requires that no con-
straint exhibits an inherent ‘preference’ for any of the values w € Q if the values of the other
variables are random. BAL is going to ensure that in a typical solution ¢ to a random CSP there
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are about n/q variables that take each value w € Q. Assumptions MIN and POS impose convex-
ity conditions that are required for technical reasons. Finally, UNI is going to ensure that in the
regime of constraint densities that we study, the probability of being satisfiable is either 1 — o(1) or
o(1). (In particular, the condition rules out the random graph 2-colouring problem.) Conditions
SYM-POS occurred in earlier work on problems with soft constraints [25, 27].

Crucially, the above conditions only refer to the distribution P on the set W of weight functions.
They are usually (relatively) easy to check. Indeed, in Section 3 we will verify the conditions for
several well-known examples. Not all of our results require all of the assumptions, and we shall
always indicate in brackets which ones are needed.

2.2 The condensation phase transition

In order to state the main theorems in a unified way, we let m be a random variable with dis-
tribution Po(dn/k) and we introduce G = G(n, m, P). In this way we are left with just the single
parameter d. As in the examples in Section 1 we can easily calculate Z(G) for small values of d.
For instance, for d < 1/(k — 1) the bipartite graph induced by the random CSP does not feature
a giant component. Therefore, SYM implies that Z(G) = g"&"+°" w.h.p. The following theorem
determines the precise threshold up to which this identity holds, the condensation threshold. Recall
that A(x) =x1n x.

Theorem 2.5 (SYM, BAL, MIN, UNI). Let d > 0. With y a Po(d)-random variable, p\™, p™, . ..
chosen from w € P2(Q) and ¥ 1, ¥,, . .. € ¥ chosen from P, all mutually independent, let

B(d,P,n)=E [q sm(Z]‘[Zl{rk—oW(r)]_[p,ﬁﬁj )

0eQ i=1 rcQk

(Z v, (r)l_[pj( () )} (2.2)

TeQk

d
dcondzinf{d>0: sup B(d,P,m)>Ing+ — lnf} (2.3)
TeP2(Q)

Then for all d < dcong we have

V7@ = qu/k in probability. (2.4)
By contrast, if P also satisfies POS, then for any d > d.onq there exists & > 0 such that
lim sup P[v/ Z(G) > qsd/k —elVm<1—e. (2.5)
n—oo

The functional 5 that is used to detect the condensation phase transition is a compact version
of the so-called ‘Bethe free entropy’ from physics [61]. Generally, the Bethe free entropy provides
a formula for the free energy of tree factor graphs in terms of local quantities, i.e. marginal distri-
butions of variable and factor nodes. Alternatively, these marginal distributions can be described
as fixed points of the Belief Propagation message passing scheme, and so equivalently, the Bethe
free energy expresses the free energy of a finite tree factor graph in terms of the unique Belief
Propagation fixed point. The intuitive explanation of the appearance of B in Theorem 2.5 is
that asymptotically, up to a constraint density d < dcond, this line of computation remains true,
when applied to the random (and possibly infinite) Galton—-Watson tree that describes the local
structure of the random graph.
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Thus, for d < d.ong we have Z(G) = q”+0(”)§ " with high probability. By contrast, Z(G) is
exponentially smaller than this expression for d > d.ong. To be precise, Z(G) < q”’Q(”)S " with
probability 1 — exp(— Q(n)) for d > d.ond. Consequently, since d — g& d/k is an entire function,
Theorem 2.5 shows that E/Z(G), viewed as a function of d, fails to converge to an analytic limit
at dcond as n — 00. Therefore, dcong marks a genuine phase transition.

Further, let us call

Aot = inf{d > 0: lim inf P[Z(G) > 0] < 1}

n—00

the satisfiability threshold of the random CSP. Since (2.1) guarantees that £ > 0, we have g%/ > 0
for all d > 0. Hence, (2.4) shows that Z(G) > 0 w.h.p. for all d < d¢opg. In effect,

deond < dsat. (2.6)

Most of the prior contributions on lower-bounding satisfiability thresholds of various CSPs via
the second moment method (e.g. [5, 6, 13, 39]) actually lower-bound the condensation threshold.
To be precise, suppose that for some d > 0 the second moment bound

E[Z(G)? | m] < OE[Z(G) | m]?)

holds with high probability over the choice of m. (For second moment calculations it is vital to
condition on m.) Then the Paley-Zygmund inequality shows that there exists a constant § > 0
such that w.h.p. over the choice of m,

PZ(G) = §g5™ | m] = Q(1).

Hence, (2.5) implies that d < dcong. In fact, in most examples of random CSPs (2.6) is strictly
better than any previously known lower bound on the satisfiability threshold.

2.3 The Kesten-Stigum bound

While exact, the formula for dopg from Theorem 2.5 may not be easy to evaluate. However, there
is an important upper bound that is. For a function ¢ € W, let ®,, € R®*% be the matrix with
entries

Oy(0,0)=q"""" Y Hu=0,n=01Y1) (@) 27)
TeQk
Further, let E be the linear operator on the g?-dimensional space R ® R defined by
E=E[Dy ® Dy]. (2.8)
Additionally, with 1 denoting the vector with all entries equal to one, let
E={zeRIQRT:VyeR?:(2,1®y)=(z,y®1) =0} and
-1 2.9
dgs = ((k— 1) max (Ex,x)) , 29)
xe€:||x||=1
with the convention that dxs = oo if max,cg . |x=1(Ex, x) = 0.
Theorem 2.6 (SYM, BAL). We have d.onq < dxs.
In the case of the random graph g-colouring problem (see Section 1.3 and Example 2.2) we
calculate dxs = (q — 1)2. This expression matches the Kesten-Stigum bound which plays a role

in broadcasting processes on random trees [56]. Moreover, for the graph colouring problem it
was shown in [27] that d.ong < (9 — 1)2. Thus Theorem 2.6 extends the Kesten-Stigum bound
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to general CSPs and shows that it always gives an upper bound on the condensation thresh-
old. While the Kesten-Stigum bound is conjectured to be tight in a few cases (such as random
graph 3-colouring), the bound fails to be tight in others (such as random graph 5-colouring) [73].
Generally the tightness of the Kesten-Stigum bound has implications for algorithmic problems, a
point we discuss further below.

2.4 The number of solutions

Theorem 2.5 determines the leading exponential order of the partition function for d < dcong. The
following theorem, which is the main result of the paper, takes a closer look and determines the
precise limiting distribution of Z(G) for d < dcong. Let

P =E[dy] e R (2.10)

and let Eig(®) be the multiset that contains the eigenvalues of ® according to their geometric
multiplicities.

Theorem 2.7 (SYM, BAL, MIN, UNI). Suppose that 0 <d < dcond. Let (K¢)¢>1 be Poisson
variables with means

E[K,] = ﬁ(d(k— 1)t

and let (Y ¢ ;j)e,ij>1 be a sequence of samples from P, all mutually independent. Then

d(k—1)(1 —tr(® d?(1 — tr(®?
K:exp( (k=0 — @) o B0 )))
2 4
00 Ky L
(d(k — 1))
X l_[ exp(T(l — tr(CDK))) 1_[ tr l_[ CD,/,MJ_
£=2+1{k=2} i=1 j=1
satisfies KC > 0 almost surely. Moreover, Eig(®) C (— 00, 0] U {1} and
Z G n— oo
%&_m [[ Vi-dk-mr = kK (2.11)
1 reEig(@)\(1)

in distribution.

Thus, Theorem 2.7 shows that Z(G) is remarkably concentrated for d < dcong. Indeed, while
one might a priori expect that fluctuations of variables such as the order and size of the giant
component of G have a significant knock-on effect on Z(G) and cause multiplicative fluctuations
of order at least exp (2(4/n)), Theorem 2.7 shows that Z(G) merely has bounded multiplicative
fluctuations. We are not aware of a general physics prediction as to the limiting distribution of
the partition function of random CSPs, although there is a paper on the diluted version of the
Sherrington-Kirkpatrick model [43] (which does not have hard constraints).

2.5 The overlap

One of the main predictions of the physics paper [59] is that for densities d < d.ong the Boltzmann
distribution pug does not exhibit extensive long-range correlations. The next theorem veri-
fies this conjecture. Define the overlap of assignments o, 7 € Q" as the Q x Q-matrix py; =

(pa,r (w, CU/))s,teQ with

Poc(@,0) =0~ (@) Nt (@)]/n.
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Since Zw)w, Por(w, @) =1, we can view p, ; as a probability distribution on Q x €2, namely
the empirical distribution of the value combinations (o (x;), T(x;))i=1,..n- Let p be the uniform
distribution on Q x Q. Moreover, write o, T for two independent samples chosen from ug, (- )¢
for the expectation with respect to o, 7 and E[ - | for the expectation with respect to the choice
of G.

Theorem 2.8 (SYM, BAL, MIN, UNI). For all 0 < d < d.onqg we have

lim El(l0,c — pllv)e | 2(G) > 0] =0. 2.12)

For d < dcopg the event Z(G) > 0 occurs w.h.p. due to (2.6).

Theorem 2.8 shows that for d < dconq the overlap of two random satisfying assignments o, T is
roughly uniform, that is, there is no extensive correlation between o, . Using the general results
from [17] regarding probability measures on discrete cubes, we can express this result in terms
of pairwise correlations between variables. Specifically, for 1 <i<j<n let g,y be the joint
distribution of the values o (x;), o' (xj). Thus, KGyxiyx; 18 @ probability distribution on Q x . Then
(2.12) can be rephrased equivalently as

1 _
lim — Y Ellucuy — Aty | Z(G) > 0] =0 (2.13)
n—o00 n
1<i<j<n
(see Appendix A for a proof). In other words, for most pairs i, j the values o (x;), 0 (x;) are asymp-
totically independent. Equation (2.13) matches the precise definition of ‘static replica symmetry’
from [59, 61].

2.6 Local weak convergence

Since the expected distance between two uniform variables of G is ©2(In n), the correlation decay
property (2.13) mostly concerns pairs of variables that are far apart. Complementing this result,
the following theorem deals with the joint distribution of the values of variables in the vicinity of a
specific reference variable. Formally, for a variable x of a CSP instance G let V,,(G, x) be the CSP
obtained from G by deleting all variables and constraints at a distance greater than 2¢ from x. Of
course, [Lv,,(G,x) denotes the Boltzmann distribution of this CSP. For comparison, let j1G,v,,(G,x)
denote the joint distribution of the variables in V,(G, x) under the Boltzmann distribution g
of the entire CSP G. Thus, if all functions 1 are {0, 1}-valued, then 1 v,,(G.x) (o) is proportional
to the number of possible ways of extending a satistying assignment o of V2¢(G, x) to a satistying
assignment of G.

A priori the two distributions jg,v,,(G,x) and iv,,(G,x) might be rather different. Indeed,
under [tv,,(G,y;) the boundary variables at distance precisely 2¢ from x; are subject to the sub-
CSP Va(G, x;) only, whereas in jg,v,,(G,;) they are connected to further constraints. These
further constraints are apt to form longish chains (of a typical length of about ®(1n n)) through
which the boundary variables are connected with each other, at least if d > 1/(k — 1) exceeds the
giant component threshold. Nevertheless, the following theorem shows that the correlations along
these chains decay quickly enough so that the two distributions are close to each other for most
variables x;.

Theorem 2.9 (SYM, BAL, MIN). Let 0 < d < dcond. Then, for any £ > 1,

1y
Jim — Y Ell16,v@x) — 1u@ality | Z(G) > 0] =0, (2.14)

i=1
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2.7 Reconstruction

Theorem 2.9 allows us to prove a prediction from [59] regarding a ‘point-to-set’ decorrelation
property called non-reconstruction. Recall that we let (- )¢ denote the expectation with respect
to samples o from pg. Further, let (- | V2¢(G, x;)) g denote the conditional expectation given the
values o (x) of all variables x at a distance greater than 2¢ from x;. Then we define

corr(d) =lim sup lim sup — ZZ [HZ(G) > 0}{|(L{o (x) = 0} | V2e(G.xi))e — 1/ql)e

t—oo N0 i=1 weQ

+ 1{Z(G) =0}]. (2.15)

In words, we choose a random variable x; and a value w € . Then we choose a random CSP G
and check whether G is satisfiable. If so, we draw a sample T from the Boltzmann distribution ug
and fix the variables at a distance greater than 2¢ from x; to the values observed under 7 (the outer
(-)G). Subsequently we draw a further sample o from the Boltzmann distribution ¢ given the
boundary condition induced by 7 (the inner ( - )g). The value that we record is by how much the
conditional marginal probability differs from 1/g. Additionally, unsatisfiable G contribute a value
of one. Thus, if corr(d) = 0 then typically the value of x; is independent of all the values at a large
enough distance £. The reconstruction threshold

drec = inf{d > 0: corr(d) > 0} A deond (2.16)

is defined as the smallest density where this decorrelation property fails (or at most dcond)-

A priori the reconstruction threshold seems extremely difficult to analyse because the defini-
tion of corr(d) involves the Boltzmann distribution induced by the random graph G. However,
verifying a prediction from [59], we prove that the Boltzmann distribution of the random graph
can be replaced by that of a random Galton-Watson tree, which is conceptually far simpler. This
multi-type Galton-Watson tree T(d, P) mimics the local structure of G. Its types are either vari-
ables or constraints, which come with a weight function ¥ € W. The root is a variable r, and
the offspring of a variable is a Po(d) number of constraints whose weight functions are chosen
from P independently. The parent variable occurs in a random position from {1, . . ., k} in each of
these constraints; the positions are also chosen independently for each constraint. Moreover, each
constraint has precisely k — 1 children, which are variables. For an integer £ > 0 we let T2¢ (d, P)
denote the top 2¢ layers of this tree and we define

corr*(d) = Zli?go Z ]E<|<1{O'(T) = a)} | Vz[(Tze(d, P), r))Tzz(d,P) — 1/q|>T2Z(d,P)' (217)
we

Of course, the outer expectation [E[ - ] refers to the Galton-Watson process, the outer (- )pae (4 p)
represents the choice of a random boundary condition (i.e. the values of all variables at distance
precisely 2¢ from r), and the inner (- )12¢(4 p) stands for the conditional distribution of the value
o () given the boundary condition. The tree reconstruction threshold is defined as

d*

rec

=inf{d > 0: corr*(d) > 0}.
Theorem 2.10 (SYM, BAL, MIN, POS, UNI). We have d?,. = dre..
Thus, Theorem 2.10 reduces the study of the reconstruction problem on G to the same problem

on the random tree T(d, P), a task that can be tackled via a number of techniques (such as the
‘contraction method’ [15]).
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2.8 Quiet planting
A random CSP organically gives rise to an associated distribution on inference problems called
the planted model. This is a random CSP instance built around a given ‘planted’ solution. The
algorithmic task is to detect and infer the planted solution from the CSP instance. This compu-
tational challenge, which has a remarkably long history, has been harnessed as a benchmark for
algorithms based on a broad variety of paradigms, ranging from combinatorial to spectral meth-
ods to semidefinite programming (e.g. [9, 38, 57]). In addition, planted models have been put
forward as one-way function candidates in cryptography [50].

To define the planted model, first draw an assignment ¢* € Q" uniformly at random. Given
o*, let G*(n, m, P, 0*) be the random CSP instance drawn from the distribution

_ Y6(e*)PIG(n, m, P) = G]
E[YG(nmp)(0*)]
Thus, we reweigh the prior G(n, m, P) according to the weight ¥/g(c*) of the planted assign-

ment. In the most common case where all functions ¢ € W are {0, 1}-valued, (2.18) can be stated
equivalently as follows:

P[G*(n,m,P,6*) =G| o*] (2.18)

Draw G*(n, m, P,0*) from the conditional distribution of G(n, m, P) given the event
{o™* = G(n, m, P)}.

In other words, G*(n, m, P, 0*) is chosen uniformly from the set of all CSP instances for which
o™ is satisfying.
In the event that

E[‘/’G(n,m,P) (0’*)] =0,

the distribution G*(n, m, P, 0'*) is undefined. To deal with this technicality we let G* be the con-
ditional distribution of G*(n, m, P, 0*) given E[¥g(u,m,p)(0™)] > 0, where we recall that m has
distribution Po(dn/k). Because in a random assignment o * each value w € Q very likely occurs
about n/q times, condition SYM ensures that the event E[¥g(s,mp)(0*)] > 0 has probability
1 — exp(— Q2(n)) for any fixed d > 0.

The most modest algorithmic question associated with the planted model is the detection prob-
lem (see [16, 33, 65]). It asks for an algorithm that can distinguish the planted model G* from
the null model G. Formally, with probability 1/2 the algorithm is given an input from the distri-
bution G, and with probability 1/2 the input is drawn from G*. The task is to discern correctly
with high probability from which distribution the input was chosen. The following theorem shows
that d.ong marks the threshold from where such an algorithm exists. Recall that the two random
graph models G, G* are mutually contiguous if, for any sequence (£,),>1 of events, we have the
equivalence

lim P[Ge&,]=0 <« lim P[G"e&,]=0.

n—0o0 n—o0

By contrast, we call the models mutually orthogonal if there exists (£,),>1 such that

lim P[Ge&,]=1, while lim P[G*€é&,]=0.

n—00 n—oo

Theorem 2.11 (SYM, BAL, MIN, UNI). For all d < dcong the models G and G* are mutually
contiguous. If POS is satisfied as well, then G and G* are mutually orthogonal for all d > dcong.

In particular, for d < dcopng no algorithm can tell with high probability whether its input stems

from G or G*, regardless of the running time. By contrast, the proof of Theorem 2.11 yields an
(exponential time) algorithm that distinguishes the two distributions w.h.p. for d > dcong.
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The first part of Theorem 2.11 can be sharpened in an important way. Namely, the contiguity
statement extends to the graph/satisfying assignment pairs (G*, *) and (G, o), where we recall
that o denotes a satisfying assignment drawn from the Boltzmann distribution ug.

Corollary 2.12 (SYM, BAL, MIN, UNI). For every d < deong the pairs (G, o) and (G*,a*) are
mutually contiguous.

Corollary 2.12 enables us to study typical properties of the pair (G, o) by way of the planted
model (G*, 0*), a technique known as quiet planting [3, 60]. This method has proved vital for the
analysis of many properties of specific examples of random CSPs (e.g. [10, 63]). Corollary 2.12
shows that quiet planting is a universal technique and establishes d.,q as the precise threshold up
to which the method is applicable.

2.9 Discussion and related work

The results presented in this section vindicate and go in some ways beyond the predictions made
in [59] on the basis of the non-rigorous cavity method for a broad class of random constraint sat-
isfaction problems. In short, we obtain a very accurate description of the ‘replica symmetric’ phase
of random CSPs, i.e. of the regime of densities up to the condensation threshold. Since in many
prominent examples the condensation threshold is known to be quite close to the satisfiability
threshold, these results typically cover most of the satisfiable regime. Furthermore, we expect that
the ‘quiet planting’ result (Theorem 2.11 and Corollary 2.12) will pave the way for further detailed
results on the evolution of random CSPs.

That said, a number of questions remain open. Specifically, we know very little about the regime
d > dcond, i.e. beyond the replica symmetric phase. For instance, neither the decorrelation prop-
erty (2.13) nor the local convergence property (2.14) are conjectured to extend beyond d.ong, but
we do not currently have a proof. Furthermore, in [59] the reconstruction threshold is simply
defined as drec = inf{d > 0: corr(d) > 0}, without taking the min with dconq as in (2.16). We con-
jecture that these two definitions are equivalent, which would follow immediately if we knew that
(2.12) does not hold for d > d.opng. Also, apart from the example of the regular k-NAESAT problem
for large k [74], the limit of /Z(G) is not known for d > d.ong for any random CSP.

An important feature of the results presented here is that they apply to CSPs with very small
average degrees. In most previous work, particularly in work based on combinatorial second
moment arguments [19, 28, 29, 36, 35], the assumption that the average variable degree is suf-
ficiently large is endemic. The assumption is usually made implicitly by requiring, for example,
that the number g of colours in the graph colouring problem or the clause length k in a random
k-NAESAT problem is sufficiently large. Roughly speaking, these combinatorial arguments effec-
tively use the notion that a sufficiently dense Erdés-Rényi graph is not very far from regular. By
contrast, since here we avoid such asymptotic arguments, we are in a position to do away with
implicit or explicit density assumptions.

One of the guiding themes in the theory of random CSPs is the quest for satisfiability thresh-
olds. Despite considerable efforts, to this day the exact thresholds are known in only a handful of
cases such as random 2-SAT, random 1-in-k-SAT, random k-XORSAT and random linear equa-
tions [4, 12, 23, 34, 37, 49, 68]. Additionally, a line of work on the second moment method
[5, 8, 28, 29, 36] culminated in the exact computation of the k-SAT threshold for large k [35].
In other cases such as (hyper-) graph colouring, upper and lower bounds are known that differ by
a small additive constant in the limit of large k and/or q [6, 13, 19, 24, 32, 39]. We observed that as
a by-product Theorem 2.7 yields lower bounds on the satisfiability thresholds of several problems,
particularly hypergraph colouring and random k-SAT for small k, which are at least as good as
(and likely better than) those obtained in prior work [8, 13, 39].
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While in Section 3 we will see many examples of random CSPs that satisfy the assumptions
SYM, BAL, etc., there are a few interesting ones that do not. For instance, the random k-SAT
problem fails to satisfy SYM. At the same time, it is easy to prove that in random k-SAT the
number of solutions is not as tightly concentrated as Theorem 2.7 shows it is in the case of prob-
lems that satisfy our assumptions. In fact, the random k-SAT partition function has multiplicative
fluctuations of order exp (2(y/n)). Thus, random k-SAT is materially different.

Theorems 2.6 and 2.11 can be seen as generalizations of results obtained in [16, 25] for the
stochastic block model, a planted version of the Potts model that has become a prominent bench-
mark for Bayesian inference [1, 65]. In the stochastic block model the Kesten-Stigum bound
marks the point from where an efficient algorithm is known to solve the detection problem [2].
But generally the Kesten-Stigum bound is strictly greater than the condensation threshold, and it
has been conjectured that in the intermediate regime the detection problem can be solved in expo-
nential but not in polynomial time [33]. In light of Theorems 2.6 and 2.11 it would be interesting
to see if the detection problem can be solved efficiently for general random CSPs if d > dks, and in
fact if there are examples of (in the worst case NP-hard) random CSPs where efficient algorithms
succeed for deong < d < dxs.

With respect to proof techniques the present work builds strongly upon the methods devel-
oped in [25, 27]. The additional technical challenge that we need to confront is the presence of
hard constraints that strictly forbid certain value combinations. In other words, we allow con-
straint functions v that may take the value 0, whereas [25] deals with soft constraints only, as does
[27], apart from an ad hoc limiting result about the condensation threshold in the random graph
colouring problem. We will discuss the difficulties that hard constraints cause in more detail as
we proceed, but roughly speaking the matter is as follows. One of the main proof steps is to quan-
tify precisely the evolution of the partition function of the random CSP if we add one random
constraint after the other. While we can use the techniques from [25, 27] directly to analyse the
typical effect of adding a hard constraint, there is an error probability that these estimates are off.
In the case of soft constraints, this is not a very serious issue because the impact of a single soft
constraint cannot be catastrophic. But in the presence of hard constraints it can. In fact, a single
awkward constraint can wipe out all satisfying assignments in one stroke. In summary, we will
still follow the strategy developed in [25, 27], but we have to come up with new ideas to cope with
‘exceptional” cases more accurately. Hence, throughout Sections 6 and 7 we repeatedly adapt or
apply arguments from [25, 27]. To avoid repetitions we put off those bits of the arguments that
required only minute amendments to the appendix. Additionally, we will be able to extend several
of the results from [25, 27] to the case of hard constraints directly by a limiting argument. More
details can be found in Section 5, which contains a proof outline.

The proofs of Theorems 2.9 and 2.10 about local weak convergence and the reconstruc-
tion problem are based on a new argument that is somewhat more straightforward than prior
ones from [25, 26, 64]. The basic proof idea, which goes back to the work of Gerschenfeld and
Montanari [48], is to derive the desired properties of the Boltzmann distribution from the overlap
result, Theorem 2.8 in our case. But the new insight here is that this implication can be obtained
fairly directly from a key statement called the Nishimori identity (Lemma 5.1 below). A similar
observation was made in [25, Section 11], but there the idea was used directly to deduce the recon-
struction threshold, without considering local weak convergence explicitly. Here we first establish
the local weak convergence result, from which we then derive the reconstruction statement. As it
turns out, this line of argument allows for a shorter, more transparent proof. The details can be
found in Section 8.

3. Examples

In the following we present several examples of well-studied CSPs that satisfy the assumptions of
the main results.
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3.1 Random k-NAESAT
In Example 2.3 we saw how the random k-NAESAT can be stated as a random CSP over Q2 = {+1}
with Px_nag being the uniform distribution on the 2k functions

VrioeQs1-1{o=1}-1{o =—1} forteQk
Lemma 3.1. For any k > 3 the distribution Py_\ag satisfies SYM, BAL, MIN, POS and UNL

Proof. Clearly, g =2and & = 1 — 2'7%, and it is immediate that P_y is permutation-invariant.
Further, for either @ € 2 and any v € QF and any i € [k] the number of assignments o € Q¥ with
oi=wwith (o) =11is equal to 2k=1 — 1, which shows SYM. For BAL we observe that

o)=Y _ El¥(0)] Hu(oz)—l—Z 3 o=t} +1{o=—1)) 1‘[%)-1—21 ,
oeQk o,7eQk i=1

(3.1)

is constant. Further, regarding MIN, fix a probability distribution p on € x € such that p(1, 1) +
p(1,=1)=p(, 1)+ p(—1,1)=1/2andletr=p(1,1) + p(— 1, —1). Then by (3.1),

k
ep)= > EW@)W©6"]]]nrl0a))
i=1

o,0'eQk

k
=1-22"ky 7k Z 1{o ==1, 0/ = %1} l_[ ploi, o))

0,0/ ,TeQk i=1
=1-22" 427Kk 4+ (1= )b,

This function is convex and attains its minimum at r =1/2, corresponding to p = p. Hence,
P_NaE satisfies MIN.
Moving on to POS, fix two distributions 77, 7’ € P(Q) and an integer £ > 2. Then

k ¢ k k ¢
]E[(l - Y v ] p,»(ai)) ] —2 kY JE[(]‘[ o)+ ] ol - r,»)) ]
oeQk i=1 ek i=1 i=1

k
=2 T Eloi() + pi(— D]

i=1
=2 E[p, ()" + p,(— D)~ (32)
Analogously,

Bl (1- X e o)]‘[p o,) | BT AC (33

oeQk

[(1 - Y ¥ (@p () Hp () ) } =2 E[p,(1)" + py(— DIE[p} (D + py (= DI*
TeQk

(3.4)

Due to the elementary inequalitka + (k—1DY* — kXY*! > 0forall X, Y > 0, POS follows from
(3.2)-(3.4). Finally, condition UNI is satisfied for k > 3 because every k-clause contains a variable
that does not belong to the cycle. O
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Theorem 1.1 follows immediately by combining Lemma 3.1 with Theorem 2.5. Similarly,
Theorem 1.2 follows from Lemma 3.1 and Theorem 2.8.

3.2 Random (hyper-) graph colouring

The random hypergraph colouring problem was defined as a CSP in Example 2.2. The following
lemma shows that the problem satisfies all of our assumptions. Hence, Theorem 2.5 yields the
exact condensation threshold of this problem for all values of the uniformity parameter k and
the number g of colours, except naturally the trivial case ¢ = k = 2. Additionally, Theorem 2.7
yields the limiting distribution of the number of colourings and Corollary 2.12 establishes quiet
planting. An asymptotically tight quiet planting result was obtained prior to the present work by
Ayre and Greenbhill [14]. Specifically, for any fixed k > 3 they proved quiet planting for degrees
d < dcond — €x(q), where ¢(q) — 0 in the limit of large q. Additionally, Ayre and Greenhill obtain
the precise rigidity threshold in the random hypergraph problem, a question that we do not deal
with in the present work. Finally, for k = 2 we obtain Theorems 1.3 and 1.4 from Section 1.3.

Lemma 3.2. Forany k > 2, q > 2 with k + q > 4 the random hypergraph colouring problem satisfies
SYM, BAL, MIN, POS and UNIL

Proof. We have Q=[g] and £=1— ql_k and the single constraint function ¥y, is invari-
ant under permutations of its coordinates. Furthermore, if we fix the colour of one vertex in a

hyperedge, then there are ¢*~! — 1 possible ways to colour the others so that the hyperedge is
bichromatic. Hence, SYM is satisfied. With respect to BAL we have

P() =Y Viqlo) Hu(o,) =1-) o) (3.5)

oeQk oeQ

This function is concave with its maximum attained at the uniform distribution, whence BAL
follows. Coming to MIN, we fix a probability distribution p on € with uniform marginals. Then
(3.5) implies that

o(p)= > wkqw)mq(r)]"[p(a,,n)—l—2q1 “+ 3 plo, )k

o,reQk o,TeQ

Clearly, the right-hand side is a convex function that attains its minimum at the uniform
distribution, whence we obtain MIN.
To show POS, fix two 7, 7’ € P2(Q2) and £ > 2. Then

E[(l—kak,q(r)ﬁp,-(n)ﬂ: > E[]i[li[p,»(aj)]= > E[ljm@)]k.

O1,...,00€EQ i=1 j=1 01,...,00 €
(3.6)
Similarly,
L 14 k
[(1 - lﬁkq(r)]_[p (ti) > ]z > IE[]_[ p’l(o—j)] , (3.7)
TeQk 01,...,00 € j=1
/4 4 k—1
[(1 =3 Yg(Dpy n)]_[p (1)) ) ]z > E[]_[ p1(0}) ] []_[ PACH } . (3.8)
TeQk O1y..,00€QK j=1
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Thus, POS follows from (3.6)-(3.8) and the elementary inequality Xk 4 (k— 1Yk —kxyk1 >0
for X,Y > 0. Finally, it is well known that condition UNI is satisfied for all k,q>2 except
k=q=2. O

3.3 Balanced satisfiability

The following CSP was introduced in [8] to derive a lower bound on the satisfiability threshold
for random k-SAT. Let Q@ = {1}, k > 3 and let A = A(k) € (0, 1) be the unique root of

(1-M1+10T—1=0. (3.9)
Further, for 7 € QF let
k
k —
Ve (o) = A 2=1 1= <1 ~[T1tei= —Ti}> (3.10)
i=1

and let P,_pap, be the uniform distribution on these 2¥ functions.

If we omit the A-factor in (3.10), then we recover the classical random k-SAT problem. Indeed,

if we identify the Boolean values true and false with —1 and +1, then a constraint endowed with
the function

k
aeszk.—>1—]_[1{a,-=—r,-}e{o,1} (3.11)
i=1
represents a k-clause in which the ith variable appears positively if 7; = 1 and negatively if r; = —1.
However, as we explained in Section 2.9, the k-SAT problem fails to satisfy condition SYM, and
thus the results of the present paper do not cover this example. In fact, for the same reason it
is not possible to lower-bound the satisfiability threshold of random k-SAT by applying the sec-
ond moment method to the number of satisfying assignments (see [5, 8]). Therefore, in order to
lower-bound the k-SAT threshold, Achlioptas and Peres [8] introduced the weighted constraint
functions (3.10). The A-factor weighs each o according to the number of true literals; more specit-
ically, since A € (0, 1) there is a penalty for ‘over-satisfying’ clauses. This penalty factor guarantees
that SYM is satisfied in the resulting weighted CSP, which we call the balanced satisfiability prob-
lem. Achlioptas and Peres applied the second moment method to the corresponding partition
function Z(G(n, m, Pr_ga1)), which yields a lower bound on the number of satisfying assignments
as A €(0,1).
The following lemma shows that the balanced satisfiability problem meets all our conditions
bar POS.

Lemma 3.3. For any k > 3 the distribution Py_ga1 satisfies SYM, BAL, MIN and UNIL.

Theorem 2.5 and (2.6) therefore show that dcong is a lower bound on the satisfiability thresh-
old of the balanced satisfiability problem. In fact, because the v; are upper-bounded by the
unweighted (3.11), dcong is also a lower bound on the actual k-SAT threshold for every k > 3.
This lower bound, although difficult to evaluate numerically, improves over the one that can
be obtained via the second moment method. Furthermore, the contiguity result provided by
Theorem 2.11 proves a statistical physics conjecture of Krzakala, Mézard and Zdeborova [58].

Proof of Lemma 3.3. For SYM, note that for any o € QF,

k
By (o) =2 3 22 ‘{“f=ff}<1 —[ttoi= —n-}> —o R =2tk
i=1

1—A
TeQk
(3.12)
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which directly implies & = 2171‘)»/(1 — A). Hence, forallie {1,...,k},weQand 1 € QF we have

k k
> Hoi=owlpo)= Y Hoi=o}[[21777 = > []Uoj=—t}l{oi=w)

oeQk oeQk j=1 oeqk j=1
= (142 AMm=l — 17 £ )
A k-1
=——=2 .
1—A §
Thus, SYM is satisfied. As (3.12) implies that for any p € P(2), ¢x_par(w) =&, BAL is also
satisfied.

We next turn to condition MIN. Fix a probability distribution p on € x Q such that
p(LD)+p(l,—1)=p(1, 1)+ p(—1,1)=1/2 and let r=p(1,1)+ p(—1,—1). Then ¢(p)=
o(r)= 2_kf(r) with f from [8, equation (8)] and thus

k k k
(T2 o A r
w&%—(z(l A)-+A> 2<20 A%+2> 4—<2>. (3.13)

Using the definition of A, we obtain
k-1 j k—1—j iN 2
k k—1\/r 1Y\ /1 ] 1—AV
"r) == - — = - 1—| —— . 3.14
o= 2 ()G-06) (-GE)) e

It is immediate from (3.14) that ¢’(1/2) = 0, while ¢’(r) > 0 for r € (1/2, 1]. For r < 1/2, all terms
corresponding to odd j in (3.14) are negative, while those corresponding to even j are positive. Let

k—1\ 1\ 1—2\V\? KL e 1V
= - 1—(—2 hthato'(N ==Y cf—-—=).
a=()G) (-(5)) mewavo=334(5-3)

The ratio of an odd coefficient j and its even successor j 4 1 works out to be

Lot () 0 (2) )
G1 Ak—(+1) 1+ 1+ A ’
which is increasing in j. Thus, ¢'(r) is negative for all r € (0, 1/2) such that

1 r ool

<
4 2 o

>

which is the case for
La+n

T2 ak—2) "k

Unfortunately, only r§ <0, and for k > 4 we upper-bound ¢'(r) by hand for all € [0, rZ) to show
that is is negative. By [8, Lemma 7] for all k > 3 the following bounds on A hold:

2k gk <1 —p <2k g 3kak (3.15)
Let
k-1 by, !
R L R PN
g =(0-2) +1 5
Using

gu—xﬁ<u—x)am %u—m>a
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we obtain

, _k N 5 k—1 " 2 k—1 r k—1
go(r)_z((l—x) (5(1—@ +A) —z(l—x)(g(l—x)+5) +(5> )

k—1
<k27ka1 - A)((l — )2kt gkt lr—/\)

=k27k(1 — 2)g(n).

As g(r) is strictly increasing in r, finding a 7, € [rz, 1/2) such that g(r;) < 0 for all k > 3 suffices to
establish MIN. To this end, for all k > 5, set

14+3- 27(k+1)k 1/(k—1)
?kzx((l—k)<2— : )) .

1 — (k—1)21=k —3k(k —1)4~*
Using (3.15) yields that

14327k Dk
) = l—AZk_l—kk_l( )
gy =1 =2 1— (k—1)21=F — 3k(k — 1)4—k
)\’k—l )\‘k—l
<1-— 3k2—(k+1)(1 — )
1— (k—1)21=F —3k(k — 1)4~* + 1— (k—1)21=F —3k(k — 1)4*
g 0)
because

Al > (1 =2tk 3Ryl > (e — )20 K — 3k(k — 1)47F.
To verify that 7, > r]f, we have by (3.15) that forall k > 6

1+43.2-k+Dg 1
1+ k2~ K+ (2 - ) > -,
1+ ) 1 — (k—1)21=k —3k(k — 1)4~k 2
(k=1 +3k47%) <02 and (1+1)>>38. (3.16)

Thus, combining (3.15) and (3.3) yields

_>)\ In2
k> — | expl —
2\ P\ T

1 In2
>-(1—2"* 3k k(1

2( ) k—1
1 2In2 + 4(k — 1)1k + 3kaF)
~2 4(k—1)

1 2.2
2 - —

2 4(k—1)
>y

For k=5 we calculate that rf < 0.19 whereas 75 > 0.32. We are left with the case k =4 where
r; < 0.083, but using g as an upper bound turns out to be too crude. We have 0.14 < 1 — 1 < 0.18,
and thus for all r € [0, 0.1] we calculate

@'(r) <2(0.18%(0.1-0.18% 4+ 0.18)> —2-0.14- 0.7° + 0.1%) < —0.18.

Finally, UNI is satisfied for k > 3 because every k-clause contains a variable that does not belong
to the cycle. O
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3.4 Parity-majority

We consider the following compound CSP, which has been suggested as a device for construct-
ing one-way functions in cryptography [11].! Each constraint function evaluates the XOR of two
structurally different parts, namely a parity check and a majority function. Formally, let 2 = {£1}
and k>3 be an odd integer. For 7 € Q% and a permutation 6 of [2k], define the constraint

function ¥, g : Q% — {0, 1},
2k
Z Op(i)Ti < 0}

k
Yep(o) = 1{1_[ o9\ Ti = 1}1{
i=1 i=k+1

k 2k
+ 1{1_[ oo(i)Ti = —1}1{ Z o9(i)Ti > 0}.

i=1 i=k+1
Let
V= {yrp:TE€ Q%0 permutation of [2k]}

and let Pypay be the uniform distribution over W. In words, a sample from Pypa; is generated by
uniformly choosing a vector of ‘signs’ (determining for each position whether the correspond-
ing input is negated) and k positions participating in the parity check and the majority function,
respectively. Now, an assignment o satisfies Y/ g if either the parity of the literals (og(;)Ti)i=1,.
equals 1 and the majority of literals (04 (i)Ti)i=k+1,... 2k Votes for —1, or vice versa.

Lemma 3.4. For any k > 3, the parity-majority problem satisfies SYM, BAL, MIN and UNL

Permuting the inputs of the constraint functions is necessary for the second part of SYM
to hold. However, as for the rest of the arguments the particular choice of 6 does not make a
structural difference, we may work with the identity map and lighten the notation to ¥, jg = V.

Claim 3.5. For any k > 3, the parity-majority problem satisfies SYM, BAL and UNI.

Proof. Let o € Q% be arbitrary. The number of t € Q% with Y (o) =1 equals 22k=1 a5 for any
(12, ..., Ty) there is exactly one choice of 7; which leads to ¥, (0) = 1. Aseach 7 € Q% is chosen
with equal probability, this implies that E[y ()] = 1/2, irrespective of o € 2%, Thus, & =1/2.

Similarly, for each 7 € Q% i e [2k], w € 2, the number of o € 2k with Y (oc)=1lando;=w
is 22k=2 as k > 3 and any choice of 2k — 1 components which satisfies o; = @ and does not fix one
of the first k parity components (oj, say) can be extended to a satisfying assignment by choosing
this variable o; in a unique way. Thus,

> Hoi=oly (o) =22 =2%"¢,
ek

and due to the construction of W and the uniformity of Pyaj, SYM is satisfied. Further, the above
calculation shows that ¢nmaj(i) =& for any pu € P(2), and thus BAL is also satisfied as well.
Finally, UNI is satisfied because, again, k > 3 and every k-clause contains a variable that does
not belong to the cycle. O

To prove MIN we need to do a bit of calculus. Fix a probability distribution p on @ x € such
that p(1, 1) + p(1, —=1) = p(1, 1) + p(—1,1)=1/2and letr = p(1, 1) + p(— 1, —1).

This problem was brought to our attention by Chris Brzuska.
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Claim 3.6. We have

2k 2k
omai(p) =Y Elp©@)p©@)]]r0io)= D> va..n0)0a,.n0)]]e6ma).
i=1 i=1

0,0’ eQk 0,0’ eQ2k
(3.17)
Proof. Indeed, something stronger is true: for any 7, 7’ € Q,
k k
PR CACON I ICRAEI SR CHMCON | Pl RATA
o,0'eQk i=1 o0’ eQk i=1
k
= Y Yoy ) ][ elona)),
o,0'eQk i=1
and the claim follows by applying the above to 7" = (1,..., 1). O
Define

k k
k ’ k /
f:0,1] >R, ri— 2k Z 1 1_[ o= 1}1{1_[ o‘i/ — 1}rZi—1 1{”1':(’1'}(1 — r)k_Zi:I 1{“1‘:‘7;'}’
o,0'eQk i=1 i=1

(3.18)

k k
k ’ k ’
g: [0,1] > R, ri—~ 27k Z 1 Zdi < O}I{Z Ji’ < O}rZil ”Ui:ai}(l — r)k*Zizl 1{‘71:‘71‘}'
i=1

o,0'eQk i=1

(3.19)
Claim 3.7. With f and g defined in (3.18), (3.19), we have
omay(r) =2(f(rg(r) +f(1 —1r)g(1 —1)). (3.20)
Proof. Using Claim 3.7, we rewrite
k 2k k 2k
(pMA](V): Z (l{l_[O'i: 1}1{ Z o < 0} + 1{1_[0,': —1}1{ Z o; > 0})
o0 ek i=1 i=k+1 i=1 i=k+1
k 2k k 2k
x (1{]_[0{ = 1}1{ > o <o} + 1{Ho{= —1}1{ > o> o})
i=1 i=k+1 i=1 i=k+1
2k
x [T eloi o))
i=1
k 2k k 2k
=2 Z 1{]_[0,: 1}1{ Z o; < 0}1{1‘[01/: 1}1{ Z o] < 0}
o,0'eQ2k i=1 i=k+1 i=1 i=k+1
2k 2k
X (1_[ p(oi, of) + 1_[ p(oi, —Gi/))
i=1 i=1
=2(f(r)g(r) +f(1 —r)g(1 — 1)), (3.21)
as desired. O

We can easily write down an explicit expression for the parity component.
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Claim 3.8. For all r € [0, 1] we have

£ = i(l +(1—20M.

Proof. For odd k a pair (¢, 0”") € 2% with exactly i common positions has the same parity, if and
only if i is odd, thus

ot 1 B A o S

oeQk i=1 ie[k]:iis odd ielk]:iis odd
Now, since
K\ . 4
I+A-20f =0 +U=-n)f-1-(1-nf=2 > (-)f’(l—r)k’,
ie[k]:iis odd !
the assertion follows. O

Claim 3.9. For all r € [0, 1] we have 2f(r) + 2f(1 — r) =2g(r) +2g(1 —r) = L.

Proof. Let f(r) =1/2 — f(r) and g(r) = 1/2 — g(r), respectively. Rewriting ¢naj(r) in a slightly
different fashion than before yields

k 2k
omaj(r) =2 Z (1{“@: 1}1{ Z o <O} :l_[o = 1} { Z o/ <0}
0,0 eQ2k i=1 i=k+1 i=k+1
k 2k 2k
+ l{l_[cr, = 1} { Z o; > O}I{HU{: —1}1{ Z o! <O}) np(ai,ai/)
i=k+1 i=1 i=k+1 i=1
=2(f(r)g(r) +f(r)§ r)).
Thus, combining this with (3.21) we obtain
f(1 =gl =) =f(NZ(1. (3.22)
Since k is odd, Claim 3.8 yields
- 1
2f(r)=1—5(1+(1—2r)k)— S+ =200 = =2f(1—1). (3.23)
The claim now readily follows from (3.22), (3.23) and the definitions of ]_‘ .8 O

Claim 3.10. The function f is strictly increasing on (0, 1) \ {1/2}, while g is increasing on [0, 1).

Proof. Given Claim 3.8 and recalling that k is odd, we see that f is strictly increasing on [0, 1/2)
and (1/2, 1] with a saddle pointat r =1/2.

The function g, which corresponds to the majority part, is more complicated. Forj e {1, ..., k},
let Sj be the set of pairs of assignments with majority vote —1 which agree on exactly the first j
components, and let g; = |S;| be the number of such pairs. Then

gry=2" kZ( )gr] (1 — r)k,

2% (1) = g1 (1 — )k~ 1+Z( ; 1)(g,+1 &) (1 —p)k=G+D,

j=1
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It is therefore sufficient to show that 8i+1 2§ forall je{1,...,k—1}. To this end, we consider
the following injective map h from S;j to Sj1. Given a pair of solutions (s, 5@y e Sj, we let
(51, 5?) € Q¢ denote the assignment pair obtained from (s, s?)) by swapping their (j + 1)th
component. There are two possible cases. If (s, 5?)) is not in Sj, we set the (j + 1)th component
of both s and s to —1 and obtain a valid solution pair in Sj+1. On the other hand, if both
(s, 5@y, W, @) ¢ Sj, then in order for & to be injective, we assign 1 to the (j + 1)th component
of sU,5? This gives a valid solution in Sy, because the fact that both sV, 5@y and W, 52))
are solutions implies that they have a majority vote of —1 irrespective of the value of their (j 4 1)th
component. Thus g is increasing on [0, 1). O

Proof of Lemma 3.4. Claim 3.5 establishes SYM, BAL and UNI. With respect to MIN,
Claims 3.6-3.10 show that ¢paj has a unique minimum at 1/2, as

Priay(r) =2(f (N(2g(r) — 1/2) + ¢/ (N(2f (r) — 1/2)). O

4. Preliminaries and notation
4.1 Basics
Throughout the paper we continue to use the notation introduced in Sections 2 and 5. In partic-
ular, we write V,, = {x1, ..., x,} for a set of n variable nodes and F,, = {ay, ..., a;} for a set of
m constraint nodes. Further, m(d, n) is a random variable with distribution Po(dn/k) and we just
write m(d) or m if n and/or d are apparent. Additionally, we let M(d) be the set of all sequences
m = m(n) such that |m(n) — dn/k| < n/> for all n.

We write P(X) for the set of probability measures on a finite set X'. We identify P(X’) with the
standard simplex in RY, thereby turning P(X) into a Polish space. Further, for oy,...,07: V,, —
Qlet po,,..0 € P(2}) denote the I-wise overlap, defined by

10(71,..‘,(71(601) e (1)]) - |(71_1(C()1) n---N Gl_l(wl)|/n’ (41)

We use this notation also in the case [ =1, and then p,, € P(2) is just the empirical distribution
of the spins under ;. Further, we let 5; signify the uniform distribution on . In particular,
is the uniform distribution on Q. We usually omit the index [ to ease the notation. An assign-
mento : V, — Qis nearly balanced if || ps — p|lTv < n~?/>_In addition, for two spin assignments
0,7:V—=QweletoAt={ve V:o(v)#£t(v)}.

The entropy of a probability distribution p € P(X) is always denoted by 7 (). Thus, recalling
that A(z) =zIn z for z > 0 and setting A(0) = 0, we have H(u) = — Y.y A(n(x)).

By default we use O notation to refer to the limit n — o0o. On the few occasions where we refer
to a different limit we say so.

4.2 Constraint satisfaction problems

In a few places we will need to look at a slightly more general class of constraint satisfaction prob-
lems than introduced in Section 2.1. Namely, let Q be a finite set. By extension of Definition 2.1,
a general constraint satisfaction problem G = (V, F, (0a)aer, (Va)acF) consists of a finite set V of
variables, a finite set F of constraints, a function ¥, : Qka — [0, 1] for some integer k, > 1,and a
tuple da € V¥, The difference here is that the v, are not required to belong to a fixed finite set,
and that the arities k, of the constraints can be different. As before, we introduce

Vo) =[] valo(ra,...,0,2) (o),

acF

2@ =) ¥6o).

eV
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Further, if Z(G) > 0 we introduce the Boltzmann distribution by letting ng(o) = ¥¢(o)/Z(G) for
oeqV.
We will need the following general observation about random CSPs.

Lemma 4.1 (SYM). The function

k
¢:R°>R, pr> Y Ep@][]o()
TeQk i=1
satisfies D (p) = k& 1 and D*¢(p) = qk(k — 1)& d. Moreover, ¢ is strictly positive on the interior of
P(2).

Proof. The first and second derivatives can be computed along the lines of the proof of [25,
Lemma 4.4]. The positivity bit is immediate as the product ]_[f-;l p(7;) is uniformly bounded below
and Y, ok E[¥(7)] = ¢°¢ > 0. O

4.3 Boltzmann distributions

Suppose that X, V are finite sets and let N = |V|. For a measure 1 € P(X"), a subset U C V and
o e XV welet

pulo) = Z I{Vie U: 1= oiju(r).
reXV
Thus, py is the marginal distribution that ¢ induces on U. Where the reference to U is evident
we just write j1(0). Additionally, we use the shorthand p;,,.. i, for i, iy if i, ..., i € V.
If peP(XxY), then 0,7, 01,02, ...€ X" denote mutually independent samples from

(. Where y is apparent from the context we omit the index and just write o, 7, etc. If X : (XV)! —
R is a random variable, then we write

I
K= X1, ,o)u= Y. Xon...,0) ][] niop.
j=1

Thus, (X), is the mean of X over independent samples from .

If ;+ = G is the Boltzmann distribution induced by a CSP instance G, we write o efc. instead
of 0, and we also write ( - ) g rather than ( - ), ;. We use this notation to distinguish averages over
ie from other sources of randomness (e.g. the choice of the random CSP), for which we reserve
the symbols E[ - ] and IP[ - ].

Let ¢ > 0 and ¢ > 2. Following [17], we say that the probability measure p € P(X YVis (e, £)-
symmetric if

¢
Z ey, iy — iy @+ - @ i, llTv < eN*.
1<ip < <ig <N

(The idea is to express that the joint distribution of ¢ randomly chosen coordinates is likely
to be close to a product distribution.) Further, an (e, 2)-symmetric measure is simply called
e-symmetric. We need the following two results from [17].

Lemma 4.2 ([17, Corollaries 2.3 and 2.4]). For any X #(, 1> 3, § > 0 there is ¢ > 0 such that for
all N > 1/¢ the following is true:

Ifue P(XT) is e-symmetric, then pu is (6, D)-symmetric.

Let u®¢ e P((X")) be the distribution u® (o1, . .., 0¢) = ]_[le u(oj).
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Lemma 4.3 ([17, Proposition 2.5]). For any ¢ > 0, £ > 1, X’ # ) there exists § > 0 such that for all
N > 1/§ the following is true:

Ifu e P(XVY) is 8-symmetric, then u®* is e-symmetric.
The following lemma relates e-symmetry and the overlap.

Lemma 4.4. For any ¢ > 0, X # () there exist § > 0, ng > 0 such that for all n > ny and all 1 €
P(X") the following is true:
If (llpo,x — PllTv) <8, then w is e-symmetric and Y« ||ini — pllTv < &n.

Conversely, for any e > 0, X # () there exist § > 0, ng > 0 such that for alln > ng and all p € P(X")
the following is true:

If wis 8-symmetric and Y i, i — plltv < 8n, then (|| pgz — pllTv)u < €.

Although Lemma 4.4 was known (and used) before, we are not aware of a convenient reference.
We therefore prove the lemma in Appendix A.

Corollary 4.5. For any finite set X, any ¢ >0 and any | > 3 there exist § =8(X, ¢,1) and ng =
no(X, &, 1) such that for all n > ng and all € P(X V) the following is true:

If (Il po1,0, — PllTV) <8, then (|| pg,...c, — PillTV) < €.
Proof. This follows from Lemmas 4.3 and 4.4. O

The following lemma shows that there is a generic (randomized) way of perturbing a given
measure in such a way that the outcome is likely e-symmetric.

Lemma 4.6 ([27, Lemma 5.3]). For any ¢ > 0 and any X # (}, there exists a bounded integer ran-
dom variable 0. > 0 such that for all u € P(XV) for sufficiently large N the following is true. Obtain
a random probability measure ju € P(X") as follows.

o Choose a set U C V of size 0 uniformly at random.
« Independently draw 6 € XV from .
o Define the (random) probability measure

. w@){vVieU:0; =0}
(o) =

= oea".
u{reXV:VieU:1;=6;}) ( )

Then f is e-symmetric with probability at least 1 — ¢.

Thus, in order to obtain an e-symmetric measure it suffices to peg a bounded number of ran-
domly chosen coordinates to a ‘reference configuration’ 6. Throughout the paper we let 6, denote
the random variable from Lemma 4.6. It will be convenient to use the convention that ; = 0.

Finally, we need the following fact.

Lemma 4.7 ([27, Lemma 4.7]). For any & > 0 there is § > 0 such that for all sufficiently large N
the following is true. If ;u € P(X") satisfies (|| po.z — pltv) . <6, then for all nearly balanced t we

have ([ poc — pllTv)n <e.

Thus, if the overlap of two samples o, 7 is typically close to the uniform overlap p, then in fact
the overlap of a random o with an arbitrary nearly balanced v € X" is likely close to uniform.

https://doi.org/10.1017/50963548319000440 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548319000440

Combinatorics, Probability and Computing 373

5. Proof strategy

In this section we outline the proofs of the main results presented in Section 2, deferring some of
the details to later sections. Following [25] we approach the proofs of the main results by way of
analysing the partition function of the planted model G*. This will enable us to construct a suitable
random variable to which we can apply the small subgraph conditioning technique, originally
developed by Robinson and Wormald [70] to count Hamilton cycles in random regular graphs, to
prove Theorem 2.7. The other results then derive from Theorem 2.7.

5.1 The planted model revisited

Before we begin let us get a technical issue out of the way. The constraints of the random CSP G are
not quite independent because we require the hypergraph underlying G to be simple. However, in
the proofs this slight dependence becomes a nuisance. We therefore introduce a tweaked model
G(n, m, P) with variables V,, ={x,...,x,} whose constraints a1, ..., a, are chosen indepen-
dently from the following distribution: for each a;, the k-tuple da; € V¥ is chosen uniformly at
random, and the function ¥, € W is chosen from P independently of da;. Thus, it is possible that
the same variable occurs twice in the constraint a;.

Recall the function ¢ which appeared in BAL and Lemma 4.1. Due to independence of the
constraints in G(n, m, P), we have the identity

E[YGum)(0)] =¢(ps)", (5.1)

which will be used in various places below.

Naturally, there is a planted model that goes with G(n, m, P). Namely, let ¥, be the set of all
o € Q" such that E[¥G,mp)(c)] > 0. In other words, %, is the set of assignments that may
occur as satisfying assignments of some random CSP instance. By adaptation of (2.18), foro € £,
we define the planted model G*(n, m, P, o) by letting

_ Va(@PIG(nm, P) =Gl
]E[WG(n,m,P) (0)]
for any possible CSP instance G. Equivalently, because the m constraints of G(n, m, P) are drawn

independently, (5.2) can be stated as follows: the constraints ay, . . . , a,, are drawn independently
from the distribution

P[G*(n, m, P, o) = G] , (5.2)

Vo), ..., o (x))PY)
S i EWeh).. o))

We continue to let 6 * = o}, denote a uniformly random assignment V,, — . Suppose we first
choose a random assignment ¢ * € X,, uniformly and then draw G*(n, m, P, 0*) from the planted
model. What will be the resulting distribution on CSP instances? If we assume that all ¢ € W
take values in {0, 1}, then this distribution on CSPs should roughly weigh each possible instance
G according to its number Z(G) of satisfying assignments; for G has one chance to come up as
G*(n,m, P, o) for each of its satisfying assignments o. But of course this is only approximately
right because the denominator in (5.2) may depend on o. To correct for this, we introduce a
distribution on assignments by letting

P[aai = (xip cee >xik)! wai = W] = (53)

_ E[wG(n,m,P)(G)]
E[Z(G(n, m, P))]
Condition SYM guarantees that the denominator E[Z(G(n, m, P))] is non-zero for all n > q. It will

emerge in due course that the distributions 6* and 6 ,, ,, p are mutually contiguous (see Lemma 7.8
below). From now on we tacitly assume that n > q.

P(6 ymp=0] foro e Q" (5.4)
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We claim that the random CSP G*(n, m, P, 6,,,p) is distributed exactly as the distribution

G(n, m) reweighed according to the partition function. Formally, let G(n, m, P) be the random
CSP with distribution

_ Z(G)P[G(n,m, P) = G]

P[G(n, m, P) =G] = .
(Gl m P = Gl = = G, m, )] 59
Then we have the following.
Lemma 5.1. For all o, G we have
P[6 pmp=0]-P[G*(n,m, P,0) = G] = pug(o) - P[G(n, m, P) = G]. (5.6)
Proof. From the definitions (5.2), (5.4) and (5.5) it is immediate that
. E[Ymmp)(0)]  ¥c(o)P[G(n, m,P)=G]
Pl6 ymp=0] P[G"(n,m,P,0) =G| = s .
P E[Z(G(n,mP))]  E[WGump) (0)]
() Z(G)P[G(n, m, P) = G]
= o) -
re E[Z(G(n, m, P))]
= MG(G) : ]P)[G(i’l, m, P) = G,
as claimed. O

Borrowing a term from the statistical physics literature [75], we call (5.6) the Nishimori identity.
This identity will play a fundamental role because it allows us to analyse the partition function by
way of the planted model. The definitions of the models G(n, m, P), 6 (n, m, P) and Lemma 5.1
already appeared in [27] for the case that all / € W are strictly positive (soft constraints).

To unclutter the notation we will skip the reference to P where possible and just write G(n, m),
G(n, m), etc. Further, recalling that m = my(n) is a random variable with distribution Po(dn/k),
we introduce G = G(n, m, P), G* = G*(n, m, P,¢*) and 6 = G nm,p-

5.2 The heatis on
As mentioned earlier, the point of the present work is that we manage to accommodate hard
constraints, i.e. functions ¥ that may take the value 0. A natural first idea might be to deal with
this case by softening the constraints so that the results from [25] apply and to deal with hard
constraints by taking the ‘softening parameter’ to 0. Unfortunately, matters are not quite so simple.
But we can still get some mileage out of this idea.

To be precise, for a parameter 8 > 0 and a function ¥ : Q€ — [0, 1], define

Ygo)=e P+ (1 —eP)y(o). (5.7)

Thus, ¥g > e # is a softened version of V¥, and we think of e P as the softening parameter. In
physics jargon, (5.7) corresponds to a ‘positive temperature’ variant of the CSP, and g might be
called the ‘inverse temperature’. We let Wg = {14 : € W}. Further, let Pg be the distribution of
¥ and define

tp=q Y ElYg0)=cf+1—-e Pk
oeQk

Accordingly, we introduce the symbols Gg(n, m) = G(n, m, Pg), Gﬂ(n, m) = G(n, m, Pg), etc.
In order to apply the results from [25] to the ‘softened” CSP we observe that Pg satisfies our
main assumptions; condition UNI is obsolete because all v/ are strictly positive.
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Lemma 5.2. If P satisfies any of the conditions SYM, BAL, MIN and POS, then so does Pg for any
B> 0.

Proof. Assuming that P satisfies SYM, we find
Yo Hn=olp()=ePg T +(1—eF) Y Hn=wly(r)

TeQk TeQk
=P+ —ehE)

Similarly, if P satisfies BAL, then

k
Y Ely(0)] Hu(u (1—e ) > Ep@I] ] n@)
i=1

TeQk TeQk

is a concave function of u that attains its maximum at the uniform distribution. Moving on to
condition MIN, we observe that for any p € R(2),

> E a)]‘[p(a,,m— ) El

o,7eQk oeQk

Hence,

k
Y Elps)ds@I1 ] [ ploi )
i=1

o,1eQk

k
=e P p2efi-ePE+1-e? Y ElpO)@]]]rlm).
o,1eQk =1

Clearly, if P satisfies MIN, then the uniform distribution on € x € will be the unique global
minimizer p € R(S2) of the last expression. Finally, regarding POS we calculate

E_
[(I—Z'ﬁﬂ(r ]_[p Tz) =(1-e ' E (1—Z¢(r ]_[p(n)],
TeQk - TeQk
E_
E[(l - wﬂ<r>1‘[p;(n>) =(1-eM'E (1 - wm]‘[p m) ]
TeQk i=1 - TeQk
k =
E[(l -y w/fﬂ(wpl(m]"[p;(r,-)) =(1-eF)"E (1 -y wr)pl(m]"[p (m) ]
TeQk i=2 - reQk
Hence, if P satisfies POS, then so does Pg. O

Can we use the softened CSP directly to, say, prove Theorem 2.5 about the condensation phase
transition? Suppose we fix a CSP G with (hard) constraints from W and let Zg(G) denote the
partition function of the CSP with soft constraints obtained by replacing each v with the corre-
sponding ¥g. Then we verify immediately that limg_, o Zg(G) = Z(G). In other words, G comes
out as the ‘zero temperature’ limit of Gg. Consequently, we obtain

hm EJ =Ev/Z(G)
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and therefore

lim lim E\/Z(Gg) = lim E/Z(G), (5.8)
o0 n— oo

n—00 f—

where the second line is conditional on the existence of limits. Furthermore, using the results from
[25, 27], we can determine the condensation threshold of the softened CSP Z(G(#n, m, Pg)). Hence,

we should be able to compute
lim lim E/Z(G(n, m, Pg)), (5.9)
ﬂ—>oo n—00
at least for d < dcond-

Alas, the order of the limits in (5.8) and (5.9) is reversed. Whether the limits commute is
arguably one of the most challenging open problems in the theory of random CSPs (see the dis-
cussion in [30]). The following result, which constitutes one of the main technical contributions
of this paper, proves that in planted models the limits do indeed commute. Recall the expression
B(d, P, ) from (2.2).

Theorem 5.3 (SYM, BAL). For every d > 0 we have
1 ~
limsup —E[InZ(G)] < lim  sup B(d,Pg,m)= sup B(d,P,m). (5.10)
n—oo N TP reP2(Q) neP(Q)
Furthermore, if POS is satisfied as well, then
1 A 1 ~
lim —E[InZ(G)] = lim lim —E[InZ(Gg)]
n—o0o0 n p—o00 n—00 N
= lim sup B(d,Pg,m)
B=0 1 epr(@)

= sup B(d,P, ). (5.11)
TeP(Q)

Apart from being a vital step toward the proofs of the main results, we believe that Theorem 5.3
may be of independent interest for the study of planted instances of CSPs. The proof of
Theorem 5.3, which we carry out in Section 6, combines techniques from [25, 27] with new
arguments required to deal with hard constraints.

5.3 The Kesten-Stigum bound

We are going to combine Theorem 5.3 with small subgraph conditioning to prove Theorem 2.7.
To pave the way for this argument we need two preparations. First, because the eigenvalues of the
operator E from (2.8) will come up a lot, we need to investigate the spectrum of E. Also recall the
matrix ® from (2.10) and the space £ from (2.9). Additionally, let

E=xeRIQRT: (x,1®1)=0}DE. (5.12)
Finally, let us introduce the matrices
Py, (o, o) = ql_ké‘;l Z =, =0}Yp(r) forw,o €,

TeQk

@ﬁ:E[q)wﬁ],
Eg =E[q)¢ﬁ ® waﬁ].
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Lemma 5.4 (SYM, BAL). The matrices ®, & enjoy the following properties.

(i) @ is symmetric and doubly stochastic and maxy | 1 (Dx, x) < 0.
(ii) E is self-adjoint, B(1®1)=1® 1 and for every x we have E(x®1)=(dx)® 1, E(1®
x) =1Q (Px) and

(EGx®1),x®1) <0, (E1®x),10x) <0 ifxL1. (5.13)
Furthermore, BE C £ and BE' C &',
Proof. Lemma 5.2 shows together with [25, Lemmas 3.5 and 3.6] that statements (i) and (ii) hold

for @4 and Eg for any § > 0. Since limg_, oo g = ® and limg_, o, Eg = &, the assertion follows.
O

Since the self-adjoint operator Z induces an endomorphism of the subspace £, we define the
multi-set
Eig"(E)={A e R:3x € £\ {0} : Ex = Ax} (5.14)
that contains each eigenvalue according to its geometric multiplicity. To apply small subgraph
conditioning we need the following bound on the spectral radius.

Proposition 5.5 (SYM, BAL). We have dcond(k — 1) max; cgig(z) [A| < 1.

Proposition 5.5 is almost immediate from the following statement about the softened version
of the random CSP. By extension of (2.3) and (2.9) we define

d
dcond(ﬂ)zinf{d>(): sup B(d,Plg,n)>lnq+—ln§},
TeP2() k

-1
sz(,B)z((k—l) max (Eﬂx,x)) .

xe€:||x||=1

The following lemma paraphrases several results from [25, Section 5].

Lemma 5.6 (SYM, BAL). We have

dcond(/s)(k —1) max [A<1 fOT’ all,B > 0.
AeEig"(8p)

Moreover, ifd > 0, By > 0 are such that d > dcond(B) for all B > By, then there exists & > 0 such that

d
sup B(d,Pg,mw)>Ing+ —-Inég+¢e forall B > fo. (5.15)
7ePH(Q) k

Proof of Proposition 5.5. Suppose that d is such that d(k — 1) max; cgig+(z) |A| > 1. Then for all
sufficiently large 8 we have d(k — 1) max; cgigh(g;) A > 1, because limg_, o, g = E. Therefore,
Lemma 5.6 yields &€ >0 such that (5.15) is satisfied for all large enough B. Finally, since
limg_, o0 &g =&, (5.10) yields SUP. e p2(Q) B(d,P, ) >1Inq+ dlné&/k. Hence, d > dcong. OJ

Theorem 2.6 drops out as an immediate consequence of Lemma 5.4 and Proposition 5.5.

Proof of Theorem 2.6. We have maxyc¢. |x|=1(EX, X) = max;cgigx(g) |A| because Lemma 5.4
shows that & is self-adjoint. Therefore, Theorem 2.6 follows from Proposition 5.5. O
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5.4 The overlap

As a second preparation for the small subgraph conditioning we need to investigate the overlap of
two randomly chosen satisfying assignments in the planted model.

Proposition 5.7 (SYM, BAL, MIN).
(1) Suppose that d < deona. There exists a sequence { = ¢{(n) = o(1) such that for all m € M(d)
we have
Elpor02 = PITV) gy S &- (5.16)
(2) Conversely, let D > 0 and assume that POS is satisfied as well. If for all d < D we have
Edllpo1.0, = PIITV) &0, = 0(1); (5.17)
then deong = D.

We defer the proof of Proposition 5.7 to Section 7. With ¢ from Proposition 5.7 we define
Z2(6) =Z(G){(llpo .0, — pliTvIc < ¢} (5.18)

Thus, Z(G) is a truncated version of the partition function Z(G), where an instance G con-
tributes only if its overlaps concentrate about p. A similar truncated variable was used in [25]
in the case of soft constraints and in [27] in the special case of the random graph colouring
problem.
Corollary 5.8 (SYM, BAL, MIN). If d < dcond, then

E[Z(G(n, m))] ~ E[Z(G(n, m))]
uniformly for all m € M(d).

Proof. This is immediate from the first part of Proposition 5.7 and definition (5.5) of G(n,m). O
5.5 Small subgraph conditioning
We are ready to conduct small subgraph conditioning for the random variable Z(G(n, m)). We

begin by computing the first and second moments.

Proposition 5.9 (SYM, BAL). Let d > 0. Then, uniformly for all m € M(d),

qn—i-l/Zé_-m
E[Z(G(n, m))] ~ . (5.19)
[Trcpigony V1 —dlk— 1A
Proposition 5.10 (SYM, BAL). Let 0 < d < dcong. Then uniformly for all m € M(d),
1 1 2n+1g2m
ELZ(G0n m)?] < — LT (520)

[Tienigrm v1—dk =D

The expression on the right-hand side of (5.19) makes sense because Eig(®) \ {1} C Rgo by
Lemma 5.4. Similarly, Lemma 5.4 and Proposition 5.5 show that in (5.20) we only take square
roots of positive numbers if d < dcong-

The proofs of Propositions 5.9 and 5.10 are virtually identical to the moment calculations per-
formed in [25, Section 7]; we included them in Appendix B. Both are fairly straightforward, but
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the calculation of the second moment hinges on the fact that only CSP instances whose over-
lap concentrates about p contribute to Z(G(n, m)). In fact, the second moment of the original
random variable Z(G(n, m)) is generally much bigger (by an exponential factor). In effect, we
could not possibly base our small subgraph conditioning argument on the plain random vari-
able Z(G(n, m)). Note, however, that up to d.opq the first moments of Z(G(n, m)) and Z(G(n, m))
are asymptotically the same by Corollary 5.8.

Combining Corollary 5.8 with Propositions 5.9 and 5.10 and applying Lemma 5.4, we obtain

E[Z(G(n,m)*] I

E[Z(G(n, m))]? ifd <deong, me M. (521)

1
V1 —d(k—1)A

A€Eig*(B)

Thus, Proposition 5.5 shows that the ratio of the second moment and the square of the first is
bounded. However, the quotient does not generally converge to 1 as n — 0o. Following the general
small subgraph paradigm as set out in [55, 70], we will ‘explain’ the remaining variance in terms
of the bounded-length cycles of the bipartite graph induced by the random CSP instance.

A similar strategy was used in [25] for problems with soft constraints, and we can re-use some
of the terminology introduced there. A signature of order £ is a family

Y= (¢1,51> t1, ¢2,52> 15X WZ,S& tﬁ)

such that ¥, ..., ¥y C WV, s1,t1,...,5,t¢ € [k] and s; A ¢t; for all i € [¢] and s; < t; if £ =1. Let
V¢ be the set of all signatures of order ¢, let Yy = Ulgz Vyand let Y = U@1 Y. For a CSP G

with variables V,, and constraints F,, we call a family (x;;, ap,, . . ., Xi,» ap,) a cycle of signature Y
in Gif
CYCL. iy, ..., i € [n] are pairwise distinct and i; = min{iy, . . ., i¢},

CYC2. hy, ..., hy € [m] are pairwise distinct and by < hg if £ > 1,
CYC3. wahj =1jand ds;ap; = X;; forallje{l,..., ¢}, Oy an; = Xiyy, forall j < £ and 9y, ap, = x;; .

Thus, the cycle, which, of course, alternates between variables and constraints, begins with the
variable with the smallest index (CYC1). From there it is directed toward the constraint with
the smaller index (CYC2). Furthermore, the constraint functions along the cycle are the ones
prescribed by the signature, the cycle enters the jth constraint through its sjth position and leaves
through position number ¢; (CYC3).

Let Cy(G) be the number of cycles of signature Y. Moreover, for an event ¢ € W and h, i’ €
{1,...,k} define the g x g matrix &, j, ;y by letting

Oy pi(@,0) =" Y o =0, =) (0,0 Q). (5.22)
TeQk

In addition, for a signature Y = (1, 51, t1, . . ., ¥¢, S, t¢) define

1 (d\! ‘ X
KY:Q(E) np('(//i)> qDY:l_[q)lﬁi,Si)ti’ Ky = ky tr (Dy). (5.23)
i=1

i=1

Finally, let G be the event that the factor graph G(n, m) is simple, thatis, d;a;, . . . , 9xa; are pairwise
distinct for every i € [m] and {01a;, . . ., da;} # {914, . . ., 0ka;} for all 1 <i < j < m. The follow-
ing proposition, whose proof we put off to Section 7, characterizes the joint distributions of the
cycle counts in G(n, m) and G(n, m).
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Proposition 5.11 (SYM, BAL, UNI). We have ky > 0 forall Y € ), and if ky = 0, then Y has order
one and Cy(G(n, m)) = 0 deterministically for all n, m. Further, if Y1, Y,,...Y; € ) are pairwise
distinct and y1, . . ., y; = 0, then for any d > 0,

1
P[Vt < I: Cy,(G(n, m)) |~ [[PPotky,) = yi] (5.24)
t=1

uniformly for all m € M(d). If, in addition, Ky, , . . ., Ky, > 0, then, uniformly for all m € M(d),

:IN

PVt < I: Cy,(G(n, m)) = yi] ~ [ [ P[Po(ky,) = y. (5.25)

-
I

1

Finally,

dk—1) 1{k=2}d2>

P[G(n, m) € G] ~ exp(— 5 1

_ g2
P[G(n, m) € &G] ~ exp(— d(k2 D tr (&) — @ tr (q>2)>_

Based on Propositions 5.9, 5.10 and 5.11 the proof of Theorem 2.7 is fairly standard. We will
carry out the details in Section 5.6. Then in Section 6 we will prove Theorem 5.3. Several of the
proof ingredients will be re-used later in Section 7, where we establish Propositions 5.9, 5.10
and 5.11. With all the tools in place, in Section 7 we also complete the proofs of Theorems 2.5,
2.8 and 2.11. Finally, in Section 8 we prove Theorems 2.9 and 2.10.

5.6 Proof of Theorem 2.7
Fix 0 < d < dcong and let m € M(d). Let §; = §¢(n, m) be the o-algebra generated by the cycle
counts (Cy)yey,,. The proof of Theorem 2.7 follows the original strategy from [70] by studying
the conditional variance of Z (G(n, m)) given §,. Janson [55] stated a relatively general results that
covers many applications of this strategy, but unfortunately not ours. The issue is that the number
m of constraints in the statement of Theorem 2.7 is random. Therefore, we use a combinatorial
argument that goes back to [31], which was also used in [25]. The proof here is similar to the one
n [25], and actually considerably simpler because in the present paper the set W of constraint
functions is finite. Only the very last part of the proof requires a new argument to accommodate
hard constraints.

We aim to prove that E[Var(Z(G(n, m))|§¢)] is much smaller than E[Z(G(n, m))] for large
enough £. Then we will apply Chebyshev’s inequality to E[Z(G(n, m))|§¢] to derive that

Z(G(n, m)) ~E[Z(G(n, m))|F¢]

w.h.p. in the limit of large ¢, n. Formally, we will prove the following.

Lemma 5.12 (SYM, BAL, MIN, UNI). For any n > 0 there exists £o(n) such that for every £ > £y(n)
uniformly for all m € M(d),

Jlim P Z2(G(n, m)) — E[Z(G(n, m))ISe]| > nE[Z(G(n, m))]] = 0.

We prove Lemma 5.12 by way of the basic identity
Var[Z(G(n, m))] = Var(E[Z(G(n, m))|§e]) + E[Var(Z(G(n, m))[F,)]. (5.26)
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Due to (5.26), to prove that E[Var(Z(G(n, m))|S¢)] is small it suffices to show that

Var(E[Z(G(n, m))[¢]) = E[E[Z(G(n, m))|¢]*] — E[Z(G(n, m))]? (5.27)
is nearly as big as Var[Z(G(n, m))], so that will be our first intermediate goal. We begin with the
following little calculation. Let §y = tr(®y) — 1 = (ky — ky)/ky.

Lemma 5.13 (SYM, BAL). We have

Yo aixyz—% > In(1—d(k—1)n).

>1 Yey@ A€Eig*(E)

Proof. The proof is essentially identical to that of [25, Lemma 9.1]. Let

14
b, = l_[ Dy .
i=1

Then

£
3 Sy= Y (fy —ey)? Z d(k E[(tr &; — 1)2]. (5.28)

YeYV<p YeVge
Hence, applying (2.8), (2.10) and Lemma 5.4, we obtain
E[(tr ®; — 1) =tr E[®;® ] -2trE[®;] + 1= tr(2) — 2 tr(®/) + 1. (5.29)
Finally, since
w(@)= Y M=1+2 DY M+ Y W=-142t(@)+ > M,
reEig(E) AeEig(P)\ (1) reEig(8) reEig(8)
combining (5.28) and (5.29) gives

e .
3 (ky —#y)® Z 3 —2],””’. (5.30)

YeV<o A€Eig*(B)
Proposition 5.5 shows d(k — 1) max; cgig*(g) [A| < 1 for d < dcond, and thus we may take ¢ to
infinity in (5.30). O

Lemma 5.14 (SYM, BAL, MIN, UNI). Suppose that 0 < d < dcond, £ > 0. Then, uniformly for all
m e M(d),

E[E[Z(G(n, m)IFe]2) > (1 + o(D)EIZ(Gn m)P -exp S 8hky.
YeVge
Proof. Fix a number « > 0, pick B = B(«, £) > 0 large, let
C={(cy)yey, € ZY<¢:0< cy < Bforall Y € Y}
and let
C={(Cy(G(n,m))yey,, € C}.
Then (5.5) yield

E[1C - E[Z(G(n, m))|e)*] Z PIVY € Y : Cy(G(n, m)) = cy]?
E[Z(G(n, m))]? A~ PIVY € Vi : Cy(G(n,m)) =cy]

(5.31)
ceC
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Proposition 5.11 yields

PVY € V¢ : Cy(G(n, m) = cy] ~ [ [ P[Po(ky) = cy]
Y

uniformly for all ¢ € C. Similarly, if cy = 0 for all Y with £y = 0, then Proposition 5.11 yields

PIVY € Y<¢: Cy(Gln,m)) = cy] ~ [ [ P[Po(ky) = cy].

By contrast, if cy > 0 for some Y with ky = 0, then
PIVY € V<;: Cy(G(n, m)) =cy] =0
Thus, (5.31) gives
E[1C - E[Z(G(n, m))|F¢]* Z 1—[ P[Po((1 + 8y)ky) = cy]?

E[Z(G(n, m))]? ‘T veve, P[Po(ky) = cy]
(14 8y)*ky)*Y
- - E 1428 TPV (532
exp|: Yeyq( + Y)KYi| CEEC Yelqu o (5.32)

Choosing B sufficiently large, we can ensure that
ST W@ +68y)%kn) feyt) > exp(—a/z +> 0+ ay)zxy).
ceC YeV<y Yely

Hence, (5.32) implies that for large #,

E[1C - E[Z(G(n, m))|Fe]?] ,
E[Z(G(n, m))]? = eXP[—O‘ + YEZM ‘SYKYi|- (5.33)

Further, as 0 < Z(G(n, m)) < Z(G(n, m)),

E[1C - (E[Z(G(n, m))|T¢]* — E[Z(G(n, m))|Fe]?)]
=E[1C - (E[Z(G(n, m))|Fe] + E[Z(G(n, m))|F 1) E[Z(G(n, m))|Fe] — E[Z2(G(n, m))|Te])]
< 2|11C - E[Z(G(n, m))|T ] o E[E[Z(G(n, m))|Te] — E[Z(G(1, m))|Fe]]. (5.34)

Since B is (large but) fixed, Proposition 5.11 yields
[1C - E[Z(G(n, m))[Fellloo < OE[Z(G(n, m))]),
whereas Corollary 5.8 shows
E[E[Z(G(n, m))|T¢] — E[Z(G(n, m))[T¢]] = o(E[Z(G(n, m))]).
Plugging these estimates into (5.34), we get
E[1C - (E[Z(G(n, m))|F¢)* — EIZ(G(n, m))|Fe]*)] = o(E[Z(G(n, m)))).
Thus, the lemma follows from (5.33). ]

Proof of Lemma 5.12. Given 1 > 0 choose o = (1) > 0 small enough. We introduce the auxil-
iary random variable

X(G(n,m)) = Z(G(n, m)) — E[Z(G(n, m))|F¢]|
x H{|Z(G(n, m)) — E[Z(G(n, m))|F,]| > o« *E[Z(G(n, m))]}
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so that
X(G(n, m)) < a'PE[Z(G(n, m))]
= |Z(G(n, m)) — E[Z(G(n, m)|Fe]| < &' E[Z(G(n, m))]. (5.35)

Combining (5.21), (5.27) and Lemmas 5.13 and 5.14, we obtain

E([Var[Z(G(n, m))[¢]] < «E[Z(G(n, m))]?,
providing ¢, n are large enough. Therefore, Chebyshev’s inequality yields

E[X(G(n, m))]
<a'PRIZ(G(n,m))] Y I PIX(G(n, m)) > Yo' PRIZ(G(n, m))]]
j=0

<a'PEIZ(G(n,m))] Y 2P Z(G(n, m) — E[Z(G(n, m))[Fel| > 2o’ PEIZ(G(n, m))]]
j>0

< 40~ VPE[Z(G(n, m))] .E[Var[Z(G(n, M))ISE]]

E[Z(G(n, m))]?
< 42*PE[Z(G(n, m))]. (5.36)
Finally, the assertion follows from (5.35), (5.36) and Markov’s inequality. I

Proof of Theorem 2.7. Let (Ky)y>1 be a family of mutually independent Poisson variables with
means E[Ky] = ky, let (Kj);j>1 be mutually independent Poisson variables with means E[Kj] =
(d(k — 1)) /(2j) and let (¥1ij)nij>1 be a family of samples from P, mutually independent and
independent of the K;. We first use an argument from [55] to show that the random variable
from Theorem 2.7 is well-defined. Let £ > 1. Then (5.23) shows that the random variables

, trdy)Ky dk —1
ICKZ 1_[ &, K(:CXP[% :Il_[trl_[q%yh]
i=1 =

s, exp(erdy)

are identically distributed. Further, since E[(tr® K] = exp(kydy) and because the Ky are mutu-
ally independent, we have E[/C;] = IE[IC%] = 1. Therefore, the random variables K<y = ]_[,g ¢ K

form a martingale. Additionally, since E[(trdy)*Ky] = exp(2kydy + I(Y{S%,), Lemma 5.13 shows
that the martingale is L,-bounded. Therefore, (K<¢)e>1 converges to a limit K, almost surely
and in L,. The random variable K is obtained from /C, by disregarding the factors £ =1 and £ =2
ifk=2.

As a next step we show that IC > 0 almost surely (this is where there is a significant difference
between hard constraints and soft ones). There are two cases to consider. First, assume that d <
deond < (k—1)7!. Then 2521 E[K,] = O(1). Consequently, for any ¢ > 0 we can find L > 0 such
that P[V¢ > L: K, =0] > 1 — ¢. But given that K, = 0 for all ¢ > L, IC is a finite product of positive
terms, and thus /C is positive. Next, suppose that deong > (k — 1)~!. Then Lemma 5.13 implies
that ZYey 8% < 00. Hence, there exists £y > 1 such that for all £ > £y and all Y € )y we have
|8y| < 1/2. Thus, for £ > £y we obtain

exp(kydy) Kyd% 2
E[IC 1_[ A topkr _exp[z T oy Sexp4ZKy6Y .

Yely Yey Yely

Consequently, Lemma 5.13 shows that the expected reciprocals E[K e] remain bounded for all ¢,

whence K > 0 almost surely.
To complete the proof of Theorem 2.7, we recall that

E|Z(G(n, m)) — Z(G(n, m))| = o(E[Z(G(n, m))])
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by Corollary 5.8. Hence, Lemma 5.12 yields
lim P[|Z(G(n, m)) — E[Z(G(n, m))|F¢]| > nE[Z(G(n, m))]] =0 foranyn > 0. (5.37)
n—o0

Further, by Proposition 5.11 the conditional expectation E[Z(G(n, m))|F¢] is distributed as
follows: for any non-negative integer vector (cy)yey., such that cy = 0 if ky = 0 we have
E[Z(G(n,m)) | VY € V< : Cy(G(n, m)) = cy]
E[Z(G(n, m))]
_ PIVY € Vi : Cy(G(n, m)) = cy]
o P[VY € V<o Cy(G(n, m)) =cy]
N 1—[ P[Po(ky) = cy]
P[Po(ky) = cy]

(by (5.5))

Yeygg

= 1‘[ _ (e (5.38)

~ bl
eXpKy — K
Yeve, p(ky —ky)

while
E[Z(G(n,m)) |[VY € Y<¢ : Cy(G(n, m)) =cy] =0

if cy > 0 for some signature Y with Ky = 0. Indeed, Proposition 5.11 shows that Ky = 0 can only
occur for signatures of order one, and for such signatures we obtain tr®y = 0. Consequently,
the conditional expectation is given by (5.38) in all cases. In other words, letting Q¢ (G(n, m)) =
E[Z(G(n, m))|F¢]/E[Z(G(n, m))], we conclude that

o (trCDy)CY(G(”’”’))
QuG(n,m) "5 We(Gm) = [ ——— (5.39)
YeVe, exp(Ky — ky)

in probability. Therefore, Proposition 5.11 implies that Q(G(n, m)) converges to K<, in distribu-
tion for every £ > 1. Since (C<¢), converges to K, almost surely and in Ly, (5.37) shows that for
any bounded continuous g: R — R,

Ve > 03ly(e) V€ = Lo(e) : limsup E[g(K,)] — E[g(K<e)] <,

n— 00

Z(G(n,
Ve > 03¢)(e) Y€ > €)(e) : lim sup Elg(K<()] — E[g(%)} <e.

Combining these two statements, we conclude that Z(G(n, m)) /E[Z(G(n, m))] converges to I in
distribution. Further, as

P[G(n, m) € SA{C1(G(n, m)) + 1{k = 2}C2(G(n, m)) = 0}] = O(1/n),

we see that Z(G(n, m))/E[Z(G(n, m))] converges to K in distribution. Finally, plugging in the
formula for the first moment from (5.19) yields (2.11). O

6. The planted model
In this section we prove Theorem 5.3. Specifically, in Section 6.1-6.4 we prove via an adapta-
tion of the interpolation argument from [27] that the functional B provides a lower bound on

E[In Z(G)]. Some of the intermediate steps of this proof will be re-used in Section 7. Subsequently,
in Section 6.5 we show how the results from [25] can be combined with a limiting argument to

derive a matching upper bound on E[In Z (@)
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6.1 The interpolation method

We are going to prove the following lower bound on E[ln Z(G)]. It is worth mentioning that here,
in contrast to other applications of the interpolation method, the scheme gives a lower bound on
the free energy. This is because we apply the interpolation method to a planted model; see [27] for
more comments.

Proposition 6.1 (SYM, BAL, POS). If 7 € P2(Q) is supported on a finite set, then

1 ~
liminf —E[In Z(G)] > B(d, P, ).

n—>oo n

We prove Proposition 6.1 via the interpolation method. Specifically, we adapt the interpolation
argument developed in [27] for the case of soft constraints. The basic idea is to construct a family
of random CSPs, parametrized by t € [0, 1], such that for t = 1 the model coincides with G, while
for t = 0 the CSP is so simple that we can calculate the partition function easily. Indeed, we will see
that the logarithm of the partition function at t = 0 is asymptotically equal to nB(d, P, =) w.h.p.
To obtain the desired lower bound on E[In Z(G)] we will prove that the mean of the logarithm of
the partition function is a monotonically increasing function of t.

The intermediate models parametrized by ¢ € [0, 1] comprise a blend of unary and k-ary con-
straints, and t governs the proportion of k-ary constraints. Thus, at t = 0 all constraints are unary,
whereas at t =1 there are k-ary constraints only. This interpolating family is best introduced
by way of the following generalized random CSP. Suppose that 7 € P2(£2) has finite support.
Moreover, let y = (yy)ye[n] be a sequence of integers, let & > 0 be an integer and let U C [n]. Define
arandom CSP G(n, m, y, 7, U) with variables V,, = {x1, . . ., x,}, k-ary constraints a1, . . . , a,, and
unary constraints (b;)ic[n) je[y:)> (¢i)icu, all chosen mutually independently, as follows.

INT1. For i € [m] choose da; € VX uniformly and independently pick v/, € ¥ from the distribu-
tion P.

INT2. For i€ [n] and j € [y;] the constraint b;; is adjacent to x; only. The random function
U, is defined as follows: with (p; ,j,h)he[k—l] drawn from 7 and ¥ j drawn from P mutually
independently, let

k—1
Vo)=Y Y. men0) [ [ pin(t) (0 €Q).
Tlsee Tk 1 €2 h=1

INT3. For i € U the unary constraint ¢; is adjacent to x; and for a uniformly random x; € € we let
V(o) =1o = x;}.

Thus, aj,...,a, are chosen just as the constraints of G(n, m). Moreover, the unary con-
straints b;; acting on x; come with random constraint functions ¥ ; ; whose other k — 1 inputs are
drawn independently from the distributions p;;;,. .., p;jx_1. Finally, the constraints ¢; simply
peg variable x; to a specific value x;.

Like in Section 5.1 we consider several assorted random CSP models, such as a planted version
of G(n, m, y,m, U). First, given an integer 0 < 6 < n let U denote a random subset of [n] of size
0 and let G(n, m, y,7,0) = G(n, m, y,w, U). Thus, in G(n, m, y, 7, 6) we peg a random set of 6
variables. Further, let G(n, m,y, 7, 0) be the random CSP obtained by reweighing G(n, m, y, , )
according to its partition function: for any possible outcome G of G(n, m, y, 7, ) let

B Z(G) - P[G(n,m,y,m,0)=G]

P[G(l’l, m, y>ﬂ30)=G] = ]E[Z(G(I’l, m,y,n,@))] (61)
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The denominator is positive for all n > g because of SYM and because /P(Q) pdm(p) is the uni-
form distribution on 2. Further, by extension of (5.4) we define a distribution on assignments by
letting

E[wG(n,m,y,n,G)(G)]
E[Z(G(n,m,y,m,0))]

PG pnmymo =0]= forany o € Q"7 (6.2)

Additionally, let X(n,m,y,mw,0)C QY be the support of G,my 0. Then for o€

¥ (n,m, y,m,0) we define, by extension of (5.2), a planted random CSP by letting

VG(o)P[G(n, m,y,m,0) =G]
E[I//G(n,m,y,nﬂ)(a)]

P(G*(n,m,y,m,0,0) =G| = (6.3)

for any possible outcome G of G(n, m, y, 7, 0).

We obtain the interpolating family of random CSPs by choosing the parameters m, y, 6 as
appropriate random variables parametrized by t. Specifically, given d > 0 and ¢ € [0, 1] the num-
ber m; of k-ary constraints has distribution Po(tdn/k). Moreover, for each i€ [n] let y,; have
distribution Po((1 — t)d) and let y, = (¥ ,)ic[s]- Additionally, let 6. be distributed as the ran-
dom variable from Lemma 4.6, with the convention that #; = 0. All of these random variables are
mutually independent. Finally, we let

Gt,E - G(”: mi, yp T, 08)7 Gt,&‘ = G(na mi, yp T, 08):
A A * * A
Ote =0 nmyy,m.0: Gt’g =G"(n, my, Vo7, 0c,0¢).

The following proposition provides the monotonicity in ¢ that we alluded to above.

Proposition 6.2 (SYM, BAL, POS). For every § > 0 there is ¢ > 0 such that, for large enough n, the

following holds. Let
d k

TeQk

and define

¢e(t) =E[In Z(G;)/n+ T forte[o,1].
Then

%%U) > —§ forallte(0,1).

We observe that the random CSP Gl,g at t =1 contains Po(dn/k) k-ary constraints as well as
a bounded number @, of unary constraints as per INT3. As we will see shortly, this implies that
E[In Z(Gl,g)] <E[ln Z(G)]. Therefore, Proposition 6.2 shows that for any fixed § > 0 for large
enough n,

%E[ln Z(G)] = %E[ln Z(Go)] — Ty — 8. (6.4)

Further, Go,g consists of unary constraints only, and thus E[ In Z(Go,s)] is going to be easy to
compute. Hence, we will ultimately obtain Proposition 6.1 from (6.4).

But first we need to prove Proposition 6.2. In the special case of soft constraints (i.e. 1 > 0 for
all ¥ € W) the above construction of the interpolating family Gt,g is identical to the one from [27],
and Proposition 6.2 comes down to [27, Proposition 3.25]. In fact, the proof of Proposition 6.2
re-uses several of the steps and arguments from [27]. But the presence of hard constraints causes
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subtle difficulties. This is because in order to calculate the derivative of ¢.(f) we need to inves-
tigate the impact of adding a further random constraint to the random CSP instance Gy on the
logarithm of the partition function. Clearly, in the case of soft constraints the impact of a sin-
gle constraint is bounded. But this need not be true in the case of hard constraints, and new
arguments are required to deal with this issue. We will come to this in Section 6.3, just after estab-

lishing some basic facts about G; .. Then we will complete the proofs of Propositions 6.1 and 6.2 in
Section 6.4.

6.2 Groundwork

Toward the proof of Proposition 6.2 we need a few basic observations regarding the probability
distributions from the previous section. All of the following results are straightforward adap-
tations of the corresponding soft constraint versions from [27]. We begin with the following
extension of the Nishimori identity.

Lemma 6.3. For any G, o we have

PG nmy o =0]- P(G*(n,m,y,m,0,0)=G] = ,uG(a)IF’[G(n, m,y,m,0)=G].

Proof. The proof is essentially identical to that of Lemma 5.1: (6.1), (6.2) and (6.3) yield
V(o)P[G(n,m,y,m,60)=G]
E[Z(G(n,m,y,m,0))]
Z(G)P[G(n,m,y,m,0) =G]
E[Z(G(n, m, y, m,0))]
= uG(o)P[G(n, m,y,7,0) =G,
as desired. OJ

Pl6 nmyro =01 -P[G*(n,m,y,7,0,0)=G] =

= pglo) -

We are going to apply the Nishimori identity as follows. Suppose that F(oy,...,0¢) is a
function of £ + 1 assignments. Then Lemma 6.3 yields

E(F©@0s -0 gtnmyrt) = 2 EllGmmy 0y OONE©00: 015560 nmy )
O’()GQ"
= E(F((;'n,m)yﬂ,g, Ols..., O-E)>G*(n)m:}/aﬂaex&n,m,y,ﬂﬁ)' (6.5)

Of course, in order to put (6.5) to work we need to get a handle on the distribution of 6 i,y 7.6

Lemma 6.4 (SYM). For any assignment o € QY" we have

ElWGnmyn.0)(0)] =q P EXvev Ve (p, ). (6.6)

In particular, G .,y 7,6 A1d 6 4y x o are identically distributed for all y, y’,0,0’.

Proof. The last factor in (6.6) emerges due to (5.1), because the k-ary constraints ay, . . ., a, are
mutually independent and also the functions v, and are independent of the neighbourhoods da;
by INT1. Similarly, step INT2 of the construction gives rise to the middle factor because the ¥;;
are chosen independently of the p;;;, and E[p;;;,(t)] = 1/q for every T € Q2. Hence, SYM yields

E[Wbi,j (0)] =& for every o € Q. Finally, the factor q‘e results from INT3. O

Corollary 6.5 (SYM, BAL). Let D > 0 and 6 > 0. Then, uniformly for all m < Dn/k and all y, we
have

Pl0 09 — AllTv > 12 Inn] <O,
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Furthermore, for any n > 0 uniformly for all m < Dn/k and all y we have
P10, o — PllTV > 1] < exp(— Q(n)).

Proof. Let o € QY and recall that p, € P(2) stands for the empirical distribution of o.
Lemma 6.4, (6.2) and (5.1) yield

. . ¢(ps)™
Plo =o]=Plo =0]l=——~—
[ n,m,y,m,0 ] [ n,m,0,7,0 ] E[Z(G(n, m))]
and BAL provides that the rightmost expression is concave in p, and attains its maximum
at p. O

Finally, we introduced the unary constraints from INT3 in order to obtain the following.

Lemma 6.6. For any & > 0 there is ny > 0 such that for all d > 0, t € [0, 1] we have

P[/,LGLE is e-symmetric] > 1 — €.

Proof. By Lemma 6.3 the random factor graph Gy has the same distribution as Gy .. Spelling
out (6.3) and using the second part of Lemma 6.3, we see that Gy, is obtained by first drawing
G*(n, ms, ¥4, 7,0, 6 ymy,p,n,0) Without pinning and subsequently pinning a random set U of 6,
variables to their planted values 6 ,,m,,y,x,0. Applying the first part of Lemma 6.3, we see that this

experiment is equivalent to first generating a random factor graph G(n, me, ¥4 7, 0), then drawing
a sample o from its Gibbs measure and subsequently pinning the variables in a random set U of
size 0, to the values o (x;), i € U. This last experiment precisely matches the perturbation from
Lemma 4.6, which therefore implies the assertion. O

6.3 Adding a constraint

As already mentioned, in order to prove Proposition 6.2 we basically need to study the impact
of adding a single constraint to the random CSP G; . The following proposition delivers this
analysis. From here on we let xj,...,x; € V, denote a family of uniformly random variables,
chosen mutually independently and independently of everything else.

Proposition 6.7 (SYM, BAL). Let D > 0 and 6 > 0. Uniformly for all m < Dn/k and all y we have
Elln Z(G(n,m+ 1,y,7,0))] — E[ln Z(G(n, m, y, 7, 0))]
= o(1) + E ' EIA( (@) 0 ) gnamy o))

Proposition 6.7 extends [27, Proposition 3.30] from soft to hard constraints. To prove the

proposition we need the following statement. The proof, although essentially identical to [27,
Corollary 3.29], is included for the sake of completeness.

Lemma 6.8 (SYM, BAL). Let D > 0 and 6 > 0. Uniformly for all m < Dn/k and all y the following
is true. There is a coupling of 6 ym,y 7.0, O nm+1,y,7.,0 Such that

A A —17.4
P[0 nmy. 0 # O nm+lymel =0m"" In" n),

. N )
IP)“G'n,m,y,n,G NG pm1,y,70] > \/Eln nl =0(n"").

Proof. The second bound is immediate from Corollary 6.5. To prove the first we bound the total
variation distance of 6 1,y 7,65 G n,m+1,y,7,6- By Lemma 6.4 we may assume that § =0, y =0, and
thus 6, m,y 7,6 = 0 n,m. Moreover, due to Corollary 6.5 we may condition on the event that

106, = AUtV + 108, — AllTv = O(n™/* In'm).
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Hence, consider o such that || oy — llTv = O(n~/? In n). By SYM and BAL the first derivative
of the function

k
¢(0)= Y ElY(r,....w) [ ] p(x))
j=1

TeQk

vanishes at p and thus ¢(p) =& + O(||p — ,5||%V). Therefore, by Lemma 6.4 and (5.1),
E[¥6mme1)(0)]

E[¥Ginm ()]
Summing (6.7) on o and applying BAL a second time, we obtain
E[Z(G(n, m 4+ 1))]

E[Z(G(n, m))]
Plugging (6.7) and (6.8) into (6.2), we obtain drv (6 y,m> 0 nm+1) = O( In* n/n), as desired. O

= ¢(po) =& + O(In’ n/n). (6.7)

=&+ 0(In? n/n). (6.8)

The main difference between soft and hard constraints is that the addition of a single hard
constraint can potentially have a dramatic impact on the partition function. In fact, a single hard
constraint can diminish log Z by a linear amount ®(#n); one of the main technical challenges of
this work is to cope with this possibility. However, the following crucial lemma shows that in
the planted model such ‘high-impact’ constraints are unlikely to be present, and that even the
collective impact of n*/# constraints is typically sublinear.

Lemma 6.9 (SYM, BAL). For any D> 0 and 0 > 0 there is ng > 0 such that for all n > nqy for
all m < Dn/k and all y the following is true. With probability 1 — exp (— n°%) the random CSP

G(n, m,y, 7, 0) has the following property:

3/4

If G is obtained from G(n, m, y,,0) by deleting any set U of at most n®* constraints,

then In Z(G') — In Z(G(n, m, v, 7, 0)) < n®?.

Proof. The proof is based on a double-counting argument; throughout we assume that # is suf-
ficiently large. Let G = G(n, m, y, 7, 0) for brevity. For a specific set U, let £(U) be the event that
the factor graph G’ satisfies In Z(G') — In Z(G) > n®9. Also, let £ be the union of all the events
E(U) with |U| < n3/4, Additionally, let Z be the event that G has at least n%? isolated variables and
that no variable has degree larger than n%8. A standard balls-into-bins calculation shows that

P[Z] > 1 — exp (— 2n°%). (6.9)
Hence, it suffices to bound
P[ENT] < Z P[E(U) N Z]. (6.10)
U: |U\<n3/4

Let U be the set of all k-ary constraints in U together with all the k-ary constraints that are
adjacent to the unique variable appearing in a unary constraint from U. For a graph Ge&U)NT
obtain G by rewiring the constraints a U such that in G each is adjacent to distinct variables that
are isolated in G. There is a sufficient supply of isolated variables because G € Z and |U| < 21°8
on Z; the isolated vertices used and the rewiring protocol are deterministic given G. We claim that
almost surely (with respect to choice of G),

Z(G') < exp (O(IUN)Z(G). (6.11)

Indeed, each k-ary constraint of G not present in G’ is connected with k variables that do not have
any further neighbours. Hence, SYM ensures that the addition of these constraints decreases the
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partition function by no more than a factor of & IUI Further, Lemma 6.3 ensures that each of the

unary constraints contained in U is satisfiable (because we can think of G as being obtained by
first planting an assignment and then adding constraints that are satisfied under this assignment).
Consequently, being connected in G exclusively to variables that are adjacent to unary constraints
only, the unary constraints in U have an impact of no more than exp (O(|U|)) on the partition
function. Thus, (6.11) follows,

Let G = E(U) N T and let G be the set of all possible graphs G that can be obtained from some

Ge QV We define a bipartite graph structure on the (finite) sets C;, _C'; by connecting each G with
the corresponding G. Thus, each vertex in G has degree one, but those in G may have many
neighbours. However, we claim that for every Geg

Z P[G(n,m,y,m,0) = G] < exp n*8HP[G(n, m, y,7,0)= G). (6.12)
GedG

Indeed, the only difference between G and any neighbour G € 3G is that O(n°8) constraints have
different neighbours. Since in G(n, m, y,m, ) the neighbours are chosen uniformly, we obtain
(6.12) from double-counting.
To complete the proof recall that Z(G) < exp (n°9)Z(G') for G € £(U). Hence, (6.11) implies
Z(G) = Z(G) exp(n®?/2).
Therefore, (6.12) gives
E[Z(G(n,m,y,m,0)1{G(n,m,y,m,0) € E(U)NT}]
E[Z(G(n,m,y,,0))]
ZGGQ Z(G)P[G(n,m,y,m,0)=G]

P[GeEU)NT] <

< exp(nO.Sl) A _
> Geg Z(G)P[G(n,m,y, 7, 0) = G]
<exp(—n"?/3). (6.13)
Finally, the assertion follows from (6.9), (6.10) and (6.13). ]

Equipped with Lemma 6.9 we can complete the proof of Proposition 6.7. The argument is
similar to the proof of [27, Lemma 3.32], except that we have to apply Lemma 6.9 to make coupling
work.

Proof of Proposition 6.7. The proof is by way of a coupling of

~ ~

Gn,m,y,m,0), Gn,m+1,y,m,0).

By Lemma 6.8 we can couple

A/ A ALl A
0 =0nmyp,mpbs> 0 =O0nmy, m+1.0;

such that
Pl6'=6"1=1—0(In*n/n), P[6'A6"|>/nlnn]=0(n">). (6.14)

. Aloall
Further, given 6, 6~ we couple

G/éG*(n, m,y,7,0,6"), G”éG*(n, m+1,y,7,0,6")
as follows.

Case 1. 6’ = 6". We couple so that all of their unary constraints as well as the first m k-ary con-
straints coincide. Additionally, G’ contains a single further random k-ary constraint a drawn
according to (6.3) with respect to the planted assignment 6. Hence,
Z G//
E|ln (@)
Z(G@)

& = o} — Elln(Yuloe))e |6 =5"]. (6.15)
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Case2.|6'A6"| < \/nln n. The definition (6.3) of the planted distribution ensures that with prob-
ability 1 — O(n2) the total number X of constraints in either G*(n, m, y, 7, 6, 6’') or G*(n, m +
1,y,7,6,6") that are adjacent to a variable in 6’ A¢" is bounded by #%/3. Hence, we couple the
first m constraints such that G', G’ coincide on those constraints that are not adjacent to any
variable in ¢’ A¢"”, while the constraints that are adjacent to a variable in ' A¢" are chosen inde-
pendently. Additionally, G” contains an (m + 1)th constraint that is chosen independently of the

rest. Thus, Lemma 6.9 implies that

e[ 2
Z(G)

16’067 < /nln n] = 0(n"?). (6.16)

Case 3. [6'A6"| > /nInn. In this case we choose G, G” independently from their respective
distributions. The deterministic bound | In Z(G')|, | In Z(G")| < O(n + m) implies

Z(G//)
]E|:ln )

|6'A6"| > /nln ni| =0(n). (6.17)

Combining (6.14)-(6.17), Lemma 6.3 and applying Lemma 6.9 a second time, we conclude that

E[ln 2Gm m+ 1, V’”’e”} — Elln(Yaloc))e | 6’ =6"1 + o(1)

Z(G(n,m,y,m,0))
=E[In{¢4(06))c] + o(1). (6.18)

To compute E[In{y,(0 ¢'))¢'] we write 0,071,072, . .. for independent samples from p1. Thus,
spelling out the definition of g, we find

_ E[Y© ()6 ) In(g@(y), ..o () 6]
E[Y @ (), -6 ()] '

Since by Corollary 6.5 the empirical distribution ps’ is asymptotically uniform with very high
probability, the denominator equals & + o(1) with probability 1 — O(n=2). Thus,

Elln{yalog))e]

Elln(Ya(06))e]=E "+ oOEFE (1), ..., 6 ) I (0 (), .. ..o ()] (6.19)

To proceed we are going to use the series expansion of the logarithm. This expansion applies
because we may assume that the argument of the logarithm lies in the interval (0, 1]. Indeed,
to obtain the lower bound we simply observe that 1,0(6’()/1), o ,&’(yk)) > 0 because otherwise
the prefactor vanishes, and pg (6") > 0 by Lemma 6.3. Moreover, ¥ < 1 by the definition of the

constraint functions. Thus, expanding the logarithm we obtain

W(&/(yl)’ R 6/()//())
14

Elln(Ya(o6)o] = —(E " + o(l))E[Z

£>1

(1=9(@() ... ﬁ(yﬂ))é}-

Because the constraint functions are upper-bounded by 1, the sum is absolutely convergent.
Hence, we may swap the sum and the expectation and obtain

Elln(Ya(o6)o] = —E " +01) Y. %Ew(&’w, I =Y @O, e ING.

=1

Further, applying Lemma 6.3 once more we obtain
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Elln(ya(06))a]
=—(E""+o(1)
x Yy %E 1—1=¥E (),....6" () <1‘[ L= 9 (@), ..,ah(yk»H
1 L
—(E"+0(1))
L)L £+1
X Z ZE <1_[ L=y (@n(y)s--.on(y) Li| - —E[<H L—=9(anly,)s .. -)Uh()’k))L}
21 = ‘h=1 %
=—(""+0(1)
x [1 S AR IR Bl (L {CUAE m(y@»é]}.
2
(6.20)
Due to the series expansion
(1—x0)+x=) al
Al —x)+x= —_—,
= £ —1)
the assertion follows by combining (6.18) and (6.20). O

6.4 The lower bound

Thanks to Proposition 6.7, the rest of the proof of Proposition 6.2 is almost identical to the proof
of [27, Proposition 3.30], except that we have to pay a bit of attention to some convergence issues.
Write (- ), for the expectation with respect to the Gibbs measure of Gy . Unless specified oth-
erwise, 01,0, ... denote independent samples from p; . Moreover, we write ¢ for a sample

from P and x, . . ., x; € V, for independently and umformly chosen variables. Toward the proof
of Proposition 6. 2 we establish the following formula for the derivative of

¢:(t) =E[In Z(G.e)]/n + Tt

Lemma 6.10 (SYM, BAL). Let p4, . . ., pi be chosen from 7, mutually independently and indepen-
dently of everything else. Set

Eite =]E|:<1 — Yoy, . (}/k) te — < Z ¥(t,0(y)) )Hp] T >

TeQk-1 j<k

+(k—1)(1— > wr)l_[p] rJ) }

TeQk

Then

0 _ d Ere
a(ﬁe(t)—o(l)‘i‘ *E Z W1

=2

uniformly for all e, t € (0, 1).
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Let
At =E[In Z(Gre(my + 1,y )] — Elln Z(Gre (ms, )],
Ay =E[n Z(Gre(my, y ¢ + 1)) — Elln Z(Ge (my, y ).
Thus, A; is the expected impact of adding one more k-ary constraint to G .. Similarly, A} quan-

tifies the average impact of adding a unary constraint as per INT2. The following standard
calculation shows how

0 ~
g]E[ In Z(Gt,s)]

can be expressed in terms of Ay, A;.
Claim 6.11 (SYM, BAL). We have
10

A d
EEE[ In Z(Gt)g)] = EAt - dAé

Proof. Let P (j) = A/ exp (— A)/j!. By the construction, the parameter ¢ only affects the distribu-
tion of random variables my, y,. Indeed,

Elln Z(Gre) = Y El[In Z(Gre)lm; = m, y, = y1Prans(m) [ | Pa—pa(re). (6.21)
m,y xeV

Since the derivatives of the Poisson densities come out as

0 dn
&Ptdn/k(m) = 7[1{741 2 1Py i(m — 1) — Py i(m)],
0
&P(l—t)d(yv) =—d[l{yy = I}Pu—_pna(yy — 1) — P—pa(»)]s
the assertion follows from (6.21) and the product rule. O

We proceed to calculate Ay, A;.
Claim 6.12 (SYM, BAL). We have

1— 1
Bi=oll) =+ 75 4 3 B = ¥, o BN

22
Proof. Recalling the expansion

Xt

A(l—x)+x=2m,

€2
we obtain from Proposition 6.7 that
Ar=0(1) +EEIAWP (@), - 053 ee)]
=o() =M A—E[(¥ (a0 (7))ee])

1
+ Z mE[(l - '/f(a(yl), . ,o'(yk)»f’g]'

2
Further, Lemma 6.3, Corollary 6.5 and SYM yield
E[(Y(a(y,)s. .5 0(y)el =& +o(1). O
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Claim 6.13 (SYM, BAL). With p,, p,, ... drawn from w mutually independently and indepen-
dently of everything else,

k—1 Y
1 1_5 1
A== +ZW_1)$E[<1— > w/f(n,...,rk_l,o(y1>)gpj(rj)> }

22 Tl T EQ L€

Proof. Lemma 6.3 shows that 6y m,y,.m.6.> 0 nm,y,+1,.m.8, are identically distributed and hence
we can couple them identically. Let us write ¢ for brevity. Further, we couple

G'=Gre(mny), G'=Gre(myy, + L)

in the natural way: first choose G’ from the distribution Gy (m;, ¥,), then obtain G” simply by
adding one more unary constraint b with db = y, according to step G2 of our construction. Then

N N Z(G"
Elln Z(Gre(my, y; + 1x))] — Elln Z(Ge(my, y,))] = E[ln Z((G/))} =E[ln(¢p(0(y)))e ]
(6.22)
Since ¥,(6 (y;)) > 0 by construction, we see that 0 < (y;,(0(y,)))¢ < 1 and therefore by Fubini’s
theorem
1 1
Elln(y(0 ()] = —E[; il m(a(yl)»é,] =- ; JEL =@ )G .
Hence, due to INT?2, the upper bound v/, < 1, Lemma 6.3 and assumption SYM,
Elln{y(o () el
=-> —E[( > w(r,&(yp)]'[pj(rj))(]"[(l - Y ¥ [[ o) )> ]
21 eQk-1 j<k h=1 TeQk-1 ]<k '
¢ £4+1
Z [(1 DI ACN) H pi(T; > <1 — > Yk H pi() > }
Z>1 reQk-1 ! reQk—1 ’
=& [ElY (o ()] — 1+Z R ACL NI
e>2
1 —
= E 1 '
- S 1; szw HE =¥ oG],
as claimed. O

Claim 6.14 (SYM, BAL). With p,, p,, ... drawn from & mutually independently and indepen-
dently of everything else,

__ kB 1-¢
M= T T +Ze(e—1)s [( Zn/r(r)]"[p](z]”.

> TeQk

Proof. Since

[ X vl =

TeQk

this follows along the lines of the proof of Claim 6.12. O
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Proof of Lemma 6.10. The assertion is immediate from Claims 6.11-6.14. O

Proof of Proposition 6.2. Let ;. be the empirical distribution of the marginals of the random
probability measure g, Write vy, vy, ... for independent samples drawn from 7, and define

ute_uz[<1— > 1/}(0)1_1111(6]) —k(l - Z ¥ (v () l_[pj(1:]>

oeQk j<k

+<k—1>(1— > up(r)]"[p](rj) }

TeQk
Lemma 4.2 implies that for any 7 >0, £>1 there is &€ > 0 such that, in the case that ug is
g-symmetric for all € W and all ¢ € [0, 1], we have

1
DY

VoYK€V

<.

l
0= watn. o - (1= X v a)l_[ o) =oihs, )

oeQk

(6.23)

Further, j1¢;, is £-symmetric with probability at least 1 — & by Lemma 4.6. Consequently, for any
€and any 1 > 0 we can pick & > 0 small enough so that |E¢¢ — E] ,| < . Finally, since |E¢| < 2k

for all ¢, £ and because the series 2622 1/(€(¢ — 1)) converges, the assertion follows from POS,
(6.23) and Lemma 6.10. O

Proof of Proposition 6.1. By construction, G . is obtained from G by adding further constraints.
Therefore, invoking Proposition 6.2 and the fundamental theorem of calculus, we find that for any
8 > 0 there is ¢ > 0 such that

E[ln Z(G)] > E[ln Z(G1,)] > E[ln Z(Go,)] — T'1n — 8n + o(n). (6.24)

Furthermore, since Go, consists of unary constraints only and since the number 8, of pinned
variables is bounded, we see that
E[In Z(Go,)] > Elln Z(Go,1)] — O(1).

Hence, taking #n — oo and then ¢ — 0, we obtain from (6.24) that
1 ~ 1 ~
lim inf —E[In Z(G)] > lim inf —E[ln Z(Gp1)] — T';. (6.25)
n—o0o n n—»oo0 n

Thus, we are left to compute E[In Z(Go,l)]. We claim that with independent y =Po(d), ¥;
from P and (py, ;),i>1 chosen from 7,

%E[an(Go,l)] = -]E[g ”A(Z [ Hm=ol¥u r)l_[ph] T )] (6.26)

0eQ h=1 rcQk
Indeed, since GO,I has unary constraints only, E[In Z(Go,l )] is equal to » times the contribution of
just the component of Gy} that contains the constraint x;. Formally, we have
Yx

E(ln 2(Go.)] = ZE[g—M A@)  wherez= Y [ Vo), (627)

oe j=1

because the constraints are chosen with a probability that is proportional to the partition function.
Finally, the assertion follows from INT2 and (6.24)-(6.27). O
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6.5 The upper bound

To bound E[ln Z(G(n, m, P))] from above we use the formula for E[ln Z(G(n, m, Pg))] from [27]
and take the limit 8 — 00. To this end we need to show that E[In Z(G(n, m, Pg))] is an asymptotic
upper bound on E[In Z(G(n, m, P))] for large .

Proposition 6.15 (SYM, BAL). For any d > 0 and any & > 0 there exists By > 0 and ny > 0 such
that, for allm € M(d), B > Bo and n > ny, we have

E[ln Z(G(n, m, P))] < E[ln Z(G(n, m, P))] + en.

To prove Proposition 6.15 we need the following basic fact about the random assignments 6 y,

0 n,m,Pg -

Lemma 6.16 (BAL). For any d > 0 and any € > 0 there exists By > 0 and ny > 0 such that, for all
me M(d), B > Bo and n > ny for any nearly balanced o, we have

E[ln Z(G*(n, m, Pg, 0))] < E[ln Z(G*(n, m, Pg, G ym,ps))] + &n.

Proof. Lemma 6.5 shows that 6., p is nearly balanced with probability 1 — O(n™?) and due
to Lemma 5.2 the same holds for 6n,m,pﬁ. Further, since ¥g(7) <1 for all ¥ € W, we have the
deterministic upper bound

In Z(G*(n, m, B, 6 pymp)) <nlngq.
Therefore, it suffices to prove that

E[ln Z(G*(n, m, Pg, 0))] < E[ln Z(G*(n, m, Pg, 6 nm,ps)) | 6 nm,p, is nearly balanced] + &n/2.
(6.28)

Hence, suppose that & ,,m,p, is nearly balanced. Since o is nearly balanced as well, there is a per-
mutation 7 of [n] such that the symmetric difference satisfies [(0 0 7)AG 1, Pyl < 2qn3/ > Indeed,
because the value of the partition function is invariant under permutations of the variables, we
may assume without loss that 7 =id.

Letting U= oA&n,m,pﬁ, we couple G*(n,m,Pg,o) and G*(n,m, Pg, &n,m,pﬁ) as follows.
Keeping in mind that the constraints are chosen independently according to (5.3), we first reveal
foreachi=1,.. ., m whether the corresponding constraint is adjacent to a variable in U in either
G*(n, m, Pg,0) or G*(n, m, Pg, 6’n,m,p5). If not, then the definition of the models ensures that the
distribution of the constraint is identical in the two models and couple such that the ith constraints
in the two factor graphs are identical. If, on the other hand, the ith constraint is adjacent to U in
either instance, then we insert independently chosen constraints.

Let X be the number of constraints on which the two CSP instances differ under this coupling.
Since the addition or removal of a single constraint can alter the partition function by at most a
factor of exp ( &= B), we obtain

]E[ln Z(G*(n> m) Pﬂ) U)) - ln Z(G*(n) m: P,B) 6'n,m,Pﬁ)) | X) 6n,m,Pﬁ] < ZIBX (629)

Hence, we are left to bound X. Due to the independence of the constraints X is a binomial random
variable. Moreover, since o is nearly balanced and |U| < 2qn*/> assumption SYM yields

> EWg0 . . xn )] = (&g + o(1)nk,

h1 ..... th[n]
Y Bl G nmpy (hys s xm))] = (Ep + o(1)n,
hl,...,hké[n]
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Thus, the bound |U| < 2qn*/® implies together with the construction (5.3) of the planted model

that
. k|U|m )
E[X — =0 )
[ |0'n,m,Pﬁ] (s To())n (m/n”'7)
Therefore, the Chernoff bound yields P[X > n 0.9 &n)m)p/s] < O(n~2). Thus, (6.28) follows from
(6.29) and the deterministic upper bound In Z(G*(n, m, Pg,0)) < nlng. O

Lemma 6.17 (SYM,BAL). For any d > 0 and any & > 0 there exists By > 0 and ny > 0 such that for
allme M(d), B > Bo and n > ng for any nearly balanced o we have

E[ln Z(G*(n, m, P,0))] < E[ln Z(G*(n, m, Pg, 0))] + ¢n.

Proof. We use a coupling argument once more. We begin by calculating the total variation dis-
tance of the distributions from (5.3) according to which the constraints of G*(n, m, P, o) and
G*(n, m, Pg, o) are drawn. First, because o is nearly balanced, SYM shows that

Y. B obg)~En', Y B[00, .0 ()] ~Epnt,
Jirenjk€ln] Jirenjk€ln]
Hence, plugging in the definition (5.7) of the softened constraints, we obtain for any ¢ € W and
any iy, . . ., ix € [#n]
‘ Y (o (xi), - .., 0 (x3))P(Y) _ Ypla(xiy), ..., 0(x;,))Pp(Vp) '
ZJI)N-,]kE [n] E '/’(U(le) U(Xjk))] Zjl,m»jké[’"] E[wﬂ (O'(le )> RS G(Xjk))]

—o(n %)+ Y(o(xi),...,0(G)PW)  Yplo(xi),...,o(x))Ps(¥p) ‘
E”k s nk
P(y) 1
<o(n* : .
Ot R H @ - )
Summingon ¥, i, . . ., ix, we conclude that the total variation distance of the distributions defined

by (5.3) for P and Pg, respectively, is bounded by O(exp (— f)) for large B. Hence, we can couple
these distributions such that they coincide with probability 1 — O(exp (— )). We then extend
this coupling of the distribution of individual constraints to a coupling of G*(n, m, P,o) and
G*(n, m, Pg, o) by drawing m times independently.

Letting X be the number of constraints in which G*(n, m, Pg, o), G*(n, m, P, o) differ, we thus
obtain the estimate E[X] < O(exp (— B))m for large B. Further, because the constraints are chosen
independently, X is a binomial random variable. Thus, for large enough S the Chernoff bound
shows that

P[X > n/B?*] = O(n~?). (6.30)
Additionally, since ¥g(c) € [exp (— B), 1] forall y e ¥, 0 € Qk, we obtain the estimate
E[ln Z(G*(n, m, P, 0)) — In Z(G*(n, m, Pg, o)) | X] < XB. (6.31)
Finally, the assertion follows from (6.30), (6.31) and the deterministic bound
In Z(G*(n,m, Pg,0)) <nlng,
provided that B = B(e) is sufficiently large. O

Finally, Proposition 6.15 is immediate from Lemmas 6.16 and 6.17.
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Proof of Theorem 5.3. To show the first part of the theorem assume that conditions SYM and
BAL hold. Proposition 6.15 and [27, Proposition 3.6] readily imply that there exists fy such that
foralld > 0and 8 > By

1 ~
limsup —E[In Z(G)] < sup B(d, Pg, 7).
n—oo M TePQ)

Now, as A is bounded and continuous on [0, 1] the convergence of the Bethe functional follows
from the dominated convergence theorem.

Moving on to the second part, assume that additionally condition POS holds. In order to make
use of Proposition 6.1, we need to show that every 7 € P2(2) can be approximated arbitrarily
well by distributions in P2(€2) that have finite support. To this end, let S; denote the standard
simplex in R?, let 7 € P2(R2) be a probability distribution that does not have finite support and
let B:No x ([0, 1]5)° x ($9)*° — R,

Yy k—1
7> Wiz 1, (p)iz1) > q—ls—VA(Z [1D Hm=olyi(r) ]‘[pk,»ﬂ(rj))

0eQ i=1 reqk j=1

d(k (Z ¥ r)]_[p,(t] )

TeQk

be as in the definition of B(d, P, w). We wish to approximate 5(d, P, ) by B(d, P, nn), where
N € Pf(Q) has finite support and [supp(rn)| = N. To this end, we proceed along the following
lines.

(1) Forevery N € N, we find a discrete probability measure )y on S;, whose support consists of
exactly N elements such that fP(Q) w(w)dm () =1/gforall w € 2 and (mn)N>1 converges
weakly to 7 as N — oo.

(2) Thisimplies that B(y, (¥;)i>1, (p?N),; 1) converges weakly to B(y, (¥;)i>1, (07 )i>1). Here,
all occurring random variables are independent.

(3) We then apply a variant of the dominated convergence theorem to show convergence of
B(d, P, tn) to B(d, P, ).

Step (1) is a quantization problem: fix N € N and let Fy be the set of all Borel measurable maps
f:R® — R with |[f(R®)| < N. The standard theory on quantization for probability distributions,
[51, Theorem 4.1 and Theorem 4.12], guarantees the existence of a function f;; : R — R® with

[flf,(RQH = N and
Elllo7 — fio]DI? ]— lnf EllloT - f(p])I%]-

Here, || - || denotes the 2-norm on R¥. Moreover, the use of this norm implies [51, Remark 4.6]
that for any such function £y, E[f(pT)] = E[pT ]. In order to see why E[|| o7 — fy(pT )I2] = o(1),
we evoke the following almost sure approx1mat10n of pT which does not fix the mean value, but
provides an upper bound for E[| o7 — f3(pT)||*]. For any L € N, choose a cover of S4 by open
balls of radius 1/L. As S, is compact, this cover has a finite sub-cover. By taking intersections of the
balls in a finite sub-cover, we may assume that S, is covered by a finite number of pairwise disjoint
sets By, ..., Bjr), which have diameter at most 2/L. In each such set B;, we distinguish a point

¢;. Setting g/ (pT) Z],( i cil{pT € B;}, we have that almost surely, || o] — g/ (07)Il <2/L and the

distribution of gj'(p™) has finite support. We may thus find a sequence (g})1, of functions which
take only finitely many values each such that g;'(p7) converges to p7 almost surely. Because both
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o7 and g/ (pT) are bounded, E[|| pT — gf(p’f)”z] = 0(1) and thus also E[|| pT —fl"\}(pf)ﬂz] =o0(1).
This in turn implies that, if we denote the distribution of £ (0T ) by 7n, (mn)Nen converges weakly
to.

We now turn to (2). Step (1) implies that Q7> n converges weakly to Q7> 7 as N — 00, as
X2, 7 is determined by its finite-dimensional distributions. Due to independence, it is true that
also

@ )iz (07 V)iz1)N>1 gindy ¥, (¥)i=1, (p7)i=1)

in distribution. Finally, B is a continuous function, and thus the continuous mapping theorem
implies step (2).

Finally, B(y, (¥)i>1, (pf” )i>1) is integrable for any N € N as well as dominated by the inte-
grable random variable g71£77 + d(k — 1)k~ '£ 1. Hence, the dominated convergence theorem
(say, in the version [54, Theorem A39]) yields (3).

Finally, Proposition 6.1 yields the second part of the theorem. O

7. Small subgraph conditioning

Having established Theorem 5.3 in the previous section, we move on to prove the remain-
ing propositions required for the small subgraph conditioning argument outlined in Section 5.
Subsequently we derive Theorems 2.5, 2.8 and 2.11 as well as Corollary 2.12. Most of the proofs
in this section are based either on standard arguments (e.g. the Laplace method or the method of
moments for convergence in distribution) or the arguments developed in [25, 27]. We continue
tolet xi,. .., x; € V, denote variables drawn uniformly and independently.

7.1 Proof of Proposition 5.7

Proposition 6.7 provides a formula for the expected change of the logarithm of the partition func-
tion upon addition of a further constraint. We can use this formula to estimate the derivative of
E[ln Z(G)] with respect to d because

%EMZ@H:Z;Mhﬂ@mWH%M%MWM:M

:%Mbﬂ@mm+ﬂﬂ—ﬂhﬂ@mmM) (7.1)

The corresponding formula in the case of soft constraints was obtained in [25], and thanks to
Proposition 6.7 the same argument extends to hard constraints with a little bit of care.

Lemma 7.1 (SYM, BAL, MIN). Fix any D > 0.

(1) Uniformly for all 0 < d < D we have

10 A In&
——E[InZ = — 1). 2
oI Z(@)] > —= +0(1) (7.2)
(2) For any € > 0 there is § = §(e, P) > 0, independent of n or d, such that uniformly for all
0<d<D,
_ 10 A In
Elprs ~ Al > ¢ = - EINZ@1> 5 +5+01). (73
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(3) Conversely, we have

10 N 1
E(llpo.c — Allrvig =0(1) = -~ Blln Z(G)] = HTE +o(1). (7.4)

Proof. The first two assertions and their proofs are nearly identical to the soft constraint version
[25, Corollary 6.3]; we still include the brief argument for completeness and because it leads up to
the proof of the third assertion. Due to (7.1) we obtain from Proposition 6.7 that uniformly for all
d <D,

S%E[ InZ(G)] = o1) + & ' HAGW (@ (), - .. a () )] (7.5)
Further, (5.6), Corollary 6.5 and SYM yield
EW @0, 0 =BG (). ... 6] =& + o1). (7.6)
Since (Y (o' (x1), ..., 0(xx)))e € (0,1] and A”(x) > 1/2 for all x € (0, 1], Taylor’s formula gives
E[A( (0 (1), .., 0 ()]
> AE) + NEEW (@), ..., 06w — €]+ iE[(wf(a(xl), a0 () — E)7]

2
= A®) + LB @ (). oGN]~ 5 o)) (by (76) 77)

Thus, (7.2) is immediate from (7.6), (7.7) and Jensen’s inequality.
Now assume that E(|| 05,z — pllTV)¢ > €. Since Corollary 6.5 and (5.6) yield

E(llog = plltv + oz = plitv) g =0(1),

assumptions MIN and SYM imply that there is § = §(¢) > 0 such that

k
> E@OWE) [[reclontd)g>8+0)+q 2 Y EW @) ()] =8 +8+o0(1).

o,reQk i=1 o,TeQk
(7.8)
Moreover,
E[(¥(a(x1)s ..., 0 NE =EW(a(x1), ..., 0 )P (x(x1),. .., T(xi))g
k
= Y E@@¥@]]roxlont))g
o,TeQk i=1

Thus, (7.3) follows from (7.7) and (7.8).
With respect to the last assertion, we apply the full Taylor expansion

AQ—x)=—x+ > x/(t(—1))

>2

to obtain, due to (7.6), that

E[A((¢(o(x1),...,0(x)) )] =8 —1+0(1) +E[Z (1= (a(x),... J(&)))‘é}

1
> L —1)
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Since 0 < ¥ < 1, all terms of the last sum are in [0, 1]. Hence, invoking Fubini’s theorem and
writing 01,02, . . . for independent samples from 4, we obtain

E[A(Y (0 (x1),...,0(x))) )]

¢
1
=&—14o0(1)+ Z mEU_[ L= (op(x1),. .. >0'h(xk))>A- (7.9)
€2 h=1 G
Moreover, since ¥ is drawn independently of G, we obtain
¢
E<1‘[ 1= (opx),. . .,ah<xk))>A
h=1 <
¢
= > E[]‘[ =P (s Xh,k)):|
XeQZxk h=1
k
x ]E<l_[ H(o1(xi) = x1,ip - - > 04 (xi) = XZ,i)}>A- (7.10)
i=1 G
We now claim that for any £ > 2 and for any x € Q%
k
E<H K(o1(xi) = X1,i> - - -0 (xi)) = XZ,i)}>A =q " +o(1). (7.11)
i=1 G

Indeed, by Lemma 4.4 the assumption E(|| o5,z — pliTv)¢ = 0(1) implies that ¢ is o(1)-sym-
metric w.h.p. and that its marginals satisfy ) ., lleg o plltv = o(n). Hence, Lemma 4.3 shows
that the ¢-fold product measure ,uge is o(1)-symmetric with asymptotically uniform marginals as

well w.h.p. Thus, we obtain (7.11). Finally, plugging (7.11) into (7.10) and (7.10) into (7.9) and
applying SYM, we obtain the assertion. O

Lemma 7.2 (SYM, BAL). For any e > 0, d > O there is 0 < 6 = é(¢&, d, P) < ¢ such that the following
holds. Assume that m € M(d) is a sequence such that

lim Sup]E<||100‘1,0‘2 - ’5||TV)G(H,m) > E. (712)

n— 00

Then

lim sup min{E(|| pg,,6, — PITV) G m) :dn<m—dn/k <28n} > 8.

n—00

Lemma 7.2 and its proof are syntactically identical to the soft constraint version [25, Lemma
6.1]. The proof is included in Appendix C for the sake of completeness.

Proof of Proposition 5.7. The proof of the first assertion is nearly identical to the soft constraint
version [25, proof of Proposition 3.3]; we include the argument for completeness. Assume that
there exist Dy < dcond, € > 0 such that

lim sup E(||pg,r — '6||TV>G(n,m(D0,n)) > £.
n—>00

Then Lemma 7.2 shows that there is § > 0 such that with D; = Dy + 36/2 < dconq for infinitely
many n we have

E(llpg,r — 15”TV>G(n,m) > 8§+ o0(1) forall Dy +45§/3 <d < Dj.
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Hence, Lemma 7.1 implies that for infinitely many #,
Dy

lE[ln Z(G(n, m(Dy, n)))] = lE[ln Z(G(n, m(Dy, n)))] + 1 / i1E[1nZ(G)]daz
n n nJp, 0d

D
>Ing+ %lné +Q(1).
But then the second part of Theorem 5.3 yields

sup B(D;,P,m)>1Ing+ & Ing,
TeP(R) k
in contradiction to Dy < deond-
Analogously, the second assertion follows from the third part of Lemma 7.1 by integrating on
d. Specifically, assume that D > 0 is such that (5.16) is true for all d < D. Pick some A < D. Then
by the third part of Lemma 7.1 and dominated convergence,

A
E[ln Z(G(n, m(A, n))] =1nq +/ %E[ln Z(G)]dd =1In g + % In& +o(1).
0

Hence, Theorem 5.3 yields SUP; cp2(Q) B(A,P, ) <Ilnq+ k~'AIn&. As this holds for all A < D,
we conclude that d.ong = D. O

7.2 Proof of Proposition 5.11

The distribution of the random variables Cy(G(n, m)) of the ‘plain’ random CSP can be calcu-
lated via a totally standard method of moments argument as set out in [21]. Our assumption that
P(y) > 0 for all € W ensures that ky > 0 for all signatures Y.

Lemma 7.3 [21]. Let d > 0. For any Y € Y we have E[Cy(G(n, m))] ~ ky, uniformly for all m €
M(d). Moreover, if Y1,...,Y; €Y are pairwise disjoint and y1, . . ., y; = 0, then, uniformly for all

P[Vi < I: Cy,(G(n, m)) = yi] ~ [ | P[Polky,) = y]. (7.13)
t=1

In order to determine the joint distribution of the random variables Cy(G(n, m)) we use the
method of moments as well. More specifically, the argument is nearly identical to the one from
[25], except that here it may be possible that Ky = 0 for some signatures Y.

Lemma 7.4 (SYM, BAL). Let d > 0. For any Y € Y we have E[Cy(@(n, m))] =Ky + o(1), uni-
formly for all m € M(d). Moreovet, if Y1, ..., YL € Y are pairwise distinct and y1, . . .,y = 0, then,
uniformly for all m € M(d),
L
P[Vi < £: Cy,(G(n, m)) = y;] = o(1) + [ [ P[Po(ky,) = y].
I=1

The proof of Lemma 7.4 can be found in Appendix D.

Proof of Proposition 5.11. The fact that P(y/) > 0 for all ¥ € ¥ implies immediately that xy > 0
for all signatures Y. Moreover, condition UNI implies that Ky = 0 can hold only if Y has order one.
Further, if indeed ky = 0, then the corresponding cycle is unsatisfiable deterministically and thus
any factor graph G that contains such a cycle satisfies Z(G) = 0. Consequently, (5.5) ensures that
P[Cy(G(n, m)) > 0] = 0 for all n, m. The asymptotic identity (5.24) is immediate from Lemma 7.3.
Moreover, Lemma 7.4 directly implies (5.25). O
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7.3 Proof of Theorem 2.5
The first part of Theorem 2.5 readily follows from Theorem 2.7.

Lemma 7.5 (SYM, BAL, MIN, UNI). If d < dcond, then lim,_, oo EJ/Z(G) = qu/k.

Proof. Since IC > 0 almost surely and because Eig(®) C (— 00,0] U \{1} by Lemma 5.4, the
assertion is immediate from Theorem 2.7. O

To prove the second part of Theorem 2.5 concerning d > d.ong We generalize an argument for
the random graph colouring problem from [27, Section 4] to the present broad class of random
CSPs. We begin with the following general fact that essentially goes back to [3]. Let M, (d) be the
set of all sequences m = m(n) such that [m(n) — dn/k| < en for all n.

Lemma 7.6 (SYM, BAL). Let d > 0. For any §,n > 0 there is € > 0 such that the following is true.
Suppose that (£,), is a sequence of events such that uniformly for all m € M, (d),

lim sup P[G(n, m) ¢5n]1/” <1—46 while lim sup P[G(n, m) € E,]V/" <1 — 3.

n— 00 n— 00
Then, uniformly for all m € My(d),
lim sup P[/Z(G(n, m)) > gg%/% — e]'/" <1 —&. (7.14)
n—00

Proof. Pick ¢ = ¢(§) > 0 sufficiently small, ¢/, = { N q& d/k _ ¢} and assume that

lim sup P[G(n, m) € UV =1.

1/n

Then the assumption lim sup P[G(n, m) & £,]"/" < 1 — § implies that for infinitely many #,

PG ) ¢ €1 Gn ) €241 < (e £

Hence, Proposition 5.9 shows that for infinitely many n,

E[Z(G(n, m))I{Z(G(n, m)) € Uy, N E}]
E[Z(G(n, m))]

1/n
) <1—=358+o(1).

P[G(n, m) € E,] >

g " — ¢
Z ( qgg/k
= exp(o(n)),

in contradiction to the assumption that

lim sup P[G(n, m) € E,]V" <1 —36.

n+o(n)
) P[G(n, m) € £, | G(n, m) € Uy, |P[G(n, m) €U, ]

Thus,
lim sup P[G(n, m) € UV < 1.
Choosing & > 0 small enough we obtain (7.14). O

Lemma 7.7 (SYM, BAL, POS). For any d > d.onq there exists 8,8, n > 0 such that uniformly for
allm e M, (d),

IP[% In Zg(G(n, m)) <In g+ g In&g + a] <exp(— Q(n), while (7.15)
P[% In Zg(G(n, m)) > Inq + L—]j In&g + 8] < exp(— Q(n)). (7.16)
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Proof. Lemma 5.2 shows that Proposition 5.9 applies to G(n, m, Pg). Thus,
E[Z(G(n, m, Pg))] = O(q"&4")

and (7.16) is immediate from Markov’s inequality.

We move on to the proof of (7.15). The definition of dcong implies that for any d > dconq there
exist d < d and 7 € P(Q) such that B(d’, P, ) > In q+ (d' In &) /k. Hence, Theorem 5.3 shows
that there is § > 0 and ng > 0 such that E[ln Z(G)] > n(lng+ (dIn&)/k+ 88) for all n > ny.
Moreover, by construction we have Zﬂ(G) > 7(G) and limg_, o g = &. Therefore, there exists
Bo > 0 such that

E[ln Zﬂ(G)] >n(lng+ (dIn&g)/k+758) foralln>ng, B> Po. (7.17)
Due to the Nishimori identity Lemma 5.1 we can write (7.17) as
E[ln Zg(G*(n, m, 6 ym)] > n(ln g+ (d1In&g)/k +78) forall n> ngy, B > fo. (7.18)

Now, fix B > By, pick a small enough n=n(p,8) >0 and let A be the set of all assignments
o :Vy— Q such that || po — pllTv <. Fix any o € A. Given 6,,, € A we can couple G' =
G*(n,m, 6 ;) and G’ = G*(n, m, 09) such that

P[|ln Zg(G') —In Zg(G")| > 8n | 6 ym € A] < exp(— Q(n)). (7.19)

Indeed, relabelling the variables if necessary, given 6 ,,,, € A we may assume that |09 AG ;| <
2gnn. Further, the planted model can alternatively be described as the result of adding constraints
independently according to (5.3). Let X and Y be the number of constraints of G’ and G” respec-
tively that are adjacent to a variable in 09A6 . Then X, Y are binomial random variables and
(5.3) shows that E[X 4 Y] < én/(4p) if n > 0 is chosen small enough. Now, we couple the con-
straints that are non-adjacent to 69 /AG ., in either random CSP instance identically, and the at
most X + Y constraints that are adjacent to ogAG ,,, independently. Hence, G/, G” differ in no
more than X + Y constraints. Since the construction of the softened constraints 1/g ensures that
the addition or removal of a single constraint can change the partition function by at most a factor
of exp (£ B), we conclude that [In Zg(G') —In Zg(G")| < B(X + Y). Since E[X + Y] < 8n/(4B),
(7.19) follows from the Chernoff bound. Furthermore, (7.19) implies together with Corollary 6.5
that

P[|ln Zg(G') — In Zg(G")| > 8n] < exp(— Q(n)). (7.20)

Let m € M, (d). We can couple G” = G*(n, m, 09) and G”" = G*(n, m, o) such that both CSP
instances coincide on m A m constraints. Since m is a Poisson variable, it is therefore exponen-
tially unlikely that G”, G differ on more than 6n/(28) constraints, providing 7 is small enough.
Consequently,

P[|ln Zg(G") —In Zg(G")| > 8n] < exp(— Q(n)) (7.21)
uniformly for all m € M, (d). Combining (7.18), (7.20) and (7.21), we obtain
E(ln Zg(G")] > n(ln g + (dIn &p) /k + 46) (7.22)

uniformly for all m € M,,(d). Furthermore, since G consists of independent constraints drawn
from the distribution (5.3) and because each of these constraints can shift In Zg(G"’) by no more
than 4, Azumas inequality and (7.22) yield

P[ln Zg(G") < n(ln g + (d1n&g) /k + 38)] < exp(— Q(n)) (7.23)

https://doi.org/10.1017/50963548319000440 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548319000440

Combinatorics, Probability and Computing 405

uniformly for all m € M,,(d). Finally, we couple G” and G"”" = G(n, m, 6, ,,) just as in the proof
of (7.18) to see that uniformly for all m € M, (d),

P[|ln Zg(G") —In Zg(G"")| > én| 6 pym € A] < exp(— Q(n)). (7.24)
Combining Corollary 6.5 with (7.23) and (7.24), we obtain (7.15). O
Proof of Theorem 2.5. The first part of the theorem is immediate from Lemma 7.5. With respect

to the second assertion suppose that d > dconq and fix 8, 8, ) as provided by Lemma 7.7. Then the
events

1
En= {;lnzﬂ(G(">m))<lnq4‘%lnsﬁ""s}' (7.25)

satisfy the assumptions of Lemma 7.6. Since for any 7 > 0 we have P[|m — dn/k| > n] < exp(—

Q(n)), Lemma 7.6 thus shows that P[Z(G) > qé‘d/k —¢] <exp(—en+ o(n)) for some & > 0.
Because G is distributed as G given & and P[&] = (1) by Proposition 5.11, the second assertion
follows. O

7.4 Proof of Theorem 2.11

To prove the contiguity statement we first show that G(n, m) and G*(n, m, ¢*) are mutually
contiguous. More specifically, we have the following.

Lemma 7.8 (SYM, BAL). For any D, ¢ > 0 let there exist § > 0 and ny > 0 such that, for all n > ny
and all m < Dn/k, the following two statements are true.

(1) If€ is an event such that P[(G*(n, m,0*),0*) € £] < 8, then
P(G*(n, m, 6 nm), 0 nm) €E] < &.
(2) If € is an event such that P[(G*(n, m, 6 nm), 0 nm) € E] < 8, then
P[(G*(n,m,0¥),6¥) e E] <e.

The proof of Lemma 7.8 is identical to that of the soft constraint version [25, Corollary 4.8].
The details can be found in Appendix E.

Proof of Theorem 2.11. We use a similar argument as in [25], except that here we explicitly deal
with the conditioning on &. With respect to the first assertion, suppose that d < dcong and let (€,),
be a sequence of events. Let us first assume that P[G* € £,] = o(1). Then Proposition 5.11 implies
that P[G* € £, N &] = o(1). Thus, Lemmas 5.1 and 7.8 yield P[G € £, N &] = o(1). Furthermore,
Theorem 2.7 shows that for any & > 0 there is 6 > 0 such that P[Z(G) < §q"£™] < ¢ for large
enough 7, because K > 0 almost surely. Consequently,

PGe&l <e+PIGe&,, Z(G) = 89"
=e¢+P[Ge&,, Z(G) =2 38q"E™ | G]

P[Ge &, NG, Z(G) = 8q"E™]
PG e G]
1 . [E[Z(G)I{Geé‘ﬂGHm]}
[Ge&] qrEm ’

=¢&

<
“tp
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Hence, combining (5.5), Propositions 5.9 and 5.11, we obtain a number ¢ = ¢(P, d) > 0 such that
for large n
P(Geé&l<e+c-PGe& NG

Since this bound holds for any &€ >0 and because P[G € &, N &S] =o0(1), we conclude that
PG e &, =o(1).

Conversely, assume that P[G € £,] = o(1). Then P[G € £, N &] = o(1). Hence, as P[Z(G) =
Z(G)] =1 — o(1) by Proposition 5.7, we obtain

P[Ge&NG]=0)+P[Ge& NG, Z(G)=2Z(G)]
E[Z(G)1{G e E, NS} | m]
E[Z(G) | m]

Further, the second moment bound from Proposition 5.10 shows together with the formula for
the first moment from Proposition 5.9 that on the event {|m — dn/k| < \/nln n} the quotient
E[Z(G)?|m]/E[Z(G)|m]? is bounded. Hence, for any ¢ > 0 there is C = C(¢, P, d) > 0 such that
E[1{Z(G) > CE[Z(G)]}] < ¢. Therefore, (7.26) yields

P[Ge& NG <o(l)+e+C-P[GeE NG
Since this bound holds for every fixed ¢ > 0 and P[G € £, N &] = o(1), we obtain

<o(1)+]E[ -1{|m—dn/k|<ﬁ1nn}]. (7.26)

P[Ge &, NG]=0(1).

Finally, since G* and G are mutually contiguous by Lemma 7.8 and since P[G € G] = (1) by
Proposition 5.11, we obtain

P[G* €&, NG]=P[G" €&, NG| S]=0(1),

as desired.
Now assume that d > dong. The events &£, from (7.25) satisfy the assumptions of Lemma 7.6.
Thus

P[G € &,] =1 — exp(— Q(n)),

while P[G € &,] = exp(— Q(n)). Indeed, since P[G € &], P[G e &) =Q(1) by Proposition 5.11,
we conclude that

PG e &yl =1—exp(— Q2(n)) =1—o0o(1),
while P[G* € £,] = o(1) by Lemma 7.8. Thus, G and G* are mutually orthogonal. O

7.5 Proof of Corollary 2.12

Assume that (£,), is a sequence of events such that P[(G, o) € £,] =o0(1). Then there exists a
sequence &, = 0(1) such that the events &, = {(1{(G, 0) € £,})g = &n} satisfy P[G € E,] = o(1).
Hence, Theorem 2.11 yields

P[G* €&, ]=P[G" €&, | &S] =0(1)
and thus
P[G" €&, NG&]=o(1).
Therefore, applying Lemma 7.8, we obtain

P[Ge& NG =o(1),
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whence Lemma 5.1 yields
P((G,6) € £, N &] = o(1).
Thus, applying Lemma 7.8 a second time, we obtain
P(G*,0%) € E,NS] =0(1).
Since the probability of & is bounded away from 0 by Proposition 5.11, we finally obtain
P(G*, 0%) €&l =PUG*, 0%) €&y | S]=0(1).
Conversely, assume that P[(G*, ") € £,] = o(1). Then
P(G*,6%) €& NGS]=0(1)
and thus Lemma 7.8 yields
P((G,6) € £, N &] = o(1).
Hence, Lemma 5.1 shows that there exists a sequence &, = o(1) such that for the event
&= 1{(G,0) € Enl)g; > £n)
we have
P[Ge& NGl =o(1).
Thus, Lemma 7.8 yields
P[G* €& NG]=o0(1)
and therefore
P[G* €&, ] =0(1)
by Proposition 5.11. Consequently, Theorem 2.11 yields
P[G € &,] = o(1).
Finally, unravelling the definition of £;,, we obtain

P[(G,0) € E,] = 0(1).

7.6 Proof of Theorem 2.8

Suppose that d < dcong. Then Proposition 5.7, Proposition 5.11 and Lemma 7.8 yield
E(llpg1,6, — pllTv)G = o(1).

Hence, Theorem 2.11 implies
E(llpg1,0, — £llTv)G = 0(1),

as desired.

8. Reconstruction and local weak convergence

In this section we prove Theorems 2.9 and 2.10. Recall that for a variable x of a CSP instance G we
let V2¢(G, x) denote the depth-2¢ neighbourhood of x, rooted at x. Moreover, let 924(G, x) be the
set of variables at distance precisely 2¢ from x. We drop G from the notation where the reference
is apparent.
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8.1 Proof of Theorem 2.9

We remember the random CSP T = T(d, P) generated by a Galton-Watson process that describes
the local neighbourhood structure and we continue to denote its root by r. Moreover, we write
T2¢ = T2¢(d, P) for the CSP instance obtained from T by deleting all constraints and variables at
a distance greater than 2¢ from r. Due to condition SYM the partition function Z(T?¢) is strictly
positive. Hence, throughout this section we let x2¢ denote a sample from the Boltzmann distribu-
tion pup2e. The following lemma shows that the Galton-Watson process T also describes the local
structure of the planted random CSP G*.

Lemma 8.1 (SYM). Let £ > 1. For any possible outcome T of T?* and for any assignment
x : V(T) — Q, the following is true. Let X be the number of variables of G* for which there exists an
isomorphism 0:T — V3¢ (G*, x) such that x = o* o ®. Then X/n converges to

PIT* =T, x** = x]

in probability.

Proof. Consider the following enhanced multi-type Galton-Watson process (T, ) whose types
are variables x endowed with values x (x) and constraints endowed with weight functions ¢ € W

and indices h € [k]. The process starts from the tree T° consisting of the root r only, for which

a value 3°(r) € Q is chosen uniformly at random. Then T26+2, 242 is obtained by appending

two more layers to T2¢, %2 as follows. Each variable x of T2¢ at distance exactly 2¢ from r inde-
pendently generates D = Po(d) constraints ay 1, . . ., dyp as offspring. The associated constraint
functions v, ; are drawn independently from P, and the position h,; where x appears in the
constraint a,; is drawn uniformly from [k], independently for every i. Further, each constraint
ay,; spawns k — 1 variables (yy.; ,j)je[k]\{hx,,-}- Their values )A(ZHZ(yx,,-,j) are jointly drawn from the
distribution

PIY) # hi: 1277 i) = 07| 12 (0)]

=q" e o 01 1 R Oh 1 08) (07 € ). (8.1)

In other words, the )A(ZHZ()/X,,« j) are chosen with probability proportional to the weight induced
by ¥4, given that x has value )A(ZZ (x).
Crucially, SYM guarantees that the distributions of (T2¢, )A(l) and (T?¢, x?) coincide. Indeed,

it is immediate from the construction that T2¢ is distributed precisely as T2¢, Furthermore, SYM
ensures that the marginal distribution gpoc , is uniform on 2. Hence, induction on £ shows that

x 2t satisfies the recurrence (8.1) that gives rise to )A(%. (One could say that the trees T, T satisfy a
Nishimori identity.)

To complete the proof we set up a coupling of T2, %* and the depth-2¢ neighbourhood of
variable x; of G*. Because 0 * is chosen uniformly at random, 6 *(x;) is uniformly distributed, just
as x°(r). Furthermore, a standard random hypergraph argument shows that the degree of each
variable x; in G* is asymptotically Poisson with mean d. Therefore, SYM and (5.3) show that the
constraints Y1, . .., ¥ p pending on r are distributed just like the constraints pending on r in
the construction of T!, up to an error of o(1) in total variation distance. This error stems from
the fact that the degree D of r is asymptotically but not precisely a Poisson variable, and that some
constraint may contain r twice; the latter occurs with probability O(1/n). Further, (5.3) also shows
that the values under o* of the variables at distance two from r are asymptotically distributed
according to (8.1) because o* is nearly balanced w.h.p. The coupling extends to the higher levels
£ > 1 of the tree by induction. O
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Consider the planted model G and a sample o from its Boltzmann distribution. For any finite
value of ¢ there will likely be substantial dependences between the values (0'(y)),¢p2¢y, of the vari-
ables at distance precisely 2¢ from some reference variable, say x;. Indeed, these variables are
‘close’ to x; and therefore their values are going to be correlated with the value o (x1), and thus
with each other. In other words, the sub-CSP V2¢(G, x1) induces dependences between the vari-
ables 3%‘x,. But are there additional correlations between these variables? To answer this question
we introduce the following notation. For a set U of variable/constraints of a CSP instance G we let
G- v be the Gibbs measure of the CSP from G by deleting all constraints in U. Thus, in partic-
ular, G — V2x; is the sub-CSP obtained by deleting all constraints within a radius 2¢ of x;. The
following proposition, which constitutes the main step toward the proof of Theorem 2.8, shows
that once we delete these constraints, the correlations between the variables 3‘x; disappear.

Proposition 8.2 (SYM, BAL, MIN). If0 < d < dcond, then for every £ > 1 we have

lim IE|: Z |//LG_)V24x1 (o) — q—|f)2‘)~x1|:| —0. (8.2)

n—00
0:9%x—>Q

To prove Proposition 8.2 we need a few preparations.

Lemma 8.3 (SYM, BAL, MIN). Suppose that 0 < d < dcong and let m € M(d). There exists a
sequence w = w(n) — oo such that with probability at least 1 — 1/w the random factor graph
G*(n, m, a*) has the following two properties:

(i) mG (nmo) is (1/w, w)-symmetric,
(ii) the marginals of LG*(n,m.o*) Satisfy

n
D e — plltv < njo.
i=1

Proof. This is immediate from Lemma 4.4, Lemma 5.1 and Proposition 5.7. O

Corollary 8.4 (SYM, BAL, MIN). Suppose that 0 < d < dcond, let C> 0 and let m € M(d). There
exists a sequence w = w(n) — oo such that with probability at least 1 — 1/w for all o € Q" with
s — pliTv < Cn~1/2 the following two statements hold:

(1) mermme) is (1/w, w)-symmetric,
(ii) the Gibbs marginals satisfy

n

> e tmers — plirv < njo.

i=1

Proof. Suppose that 0,7 € Q" both satisfy |ps — pllTv < Cn~1/? and let my (), my(z) be
the number of constraints endowed with the constraint function ¢ € ¥ in G*(n, m, o) and
G*(n, m, T), respectively. Then the vectors (my (0))yew, (my(7))yey are multinomially dis-
tributed. Furthermore, because || py — o< [ITv < 2Cn~1/2, condition SYM and the characterization
(5.3) of the planted model imply that |E[my (o)] — E[my (7)]| = O(1). Therefore, the local limit
theorem for the multinomial distribution shows that (1 (0))yew, (my (7))yecw have total vari-
ation distance o(1). Consequently, there is a coupling such that these vectors coincide with
probability 1 — o(1).
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Now, since my, (o) = my,(7) for all ¥, we claim that the isomorphism classes of G*(n, m, o),
G*(n, m, t) are mutually contiguous. Specifically, permuting the assignment t suitably, we may
assume that the symmetric difference o At contains no more than 2C4/n variables. Let Z be the
event that all the variables in 0 At are isolated. Given my, (o) = my, (t) for all ¥ and Z, the factor
graphs G*(n, m, 0'), G*(n, m, t) are identically distributed (due to (5.3)). Hence, it suffices to prove
that the isomorphism classes of G*(n, m, ') and of the conditional CSP G*(n, m, o) given T are
mutually contiguous; of course the same construction will apply to G*(n, m, 7).

To derive this contiguity result let 7 be the event that G*(n, m, o) has at least n“/~ isolated
variables in each of the sets 0 ~!(x), x € Q. Because the constraints of G*(n, m, o) are chosen
independently and o is nearly balanced, standard arguments show that J occurs with (very)
high probability. Hence, let G’ denote the random CSP G*(n, m, o) given J. Then we construct
a random factor graph G” € ZN J as follows: choose a one-to-one map ¢ from the set 0 At to
the set of isolated variables of G’ such that o (:(x)) = o(x) for all x uniformly at random. Then
obtain G” from G’ by swapping the variables x and t(x) for all x € 0 At. Clearly, G’ and G” are
isomorphic. Moreover, with I the number of isolated variables, we see that for every possible
outcome G,

P[G" =G| (G")=1(G)] =P[G*(n,m,0) = G| [(G*(n, m, o)) = I(G), Z].

2/3

Finally, I(G”) and I(G*(n, m, o)) given Z are mutually contiguous; for both satisfy a local limit
theorem with standard deviation ©(4/n), and their means differ by no more than O(4/n). Since
J occurs with high probability, we obtain the desired contiguity of the isomorphism classes of
G*(n,m, o) and G*(n, m, o) given Z.

In summary, for any o, t with ||ps — pllTv, |pr — pllTV < Cn~'/2, we can couple the my (o),
my (1) such that the isomorphism classes of G*(n, m, o), G*(n, m, r) are mutually contiguous
w.h.p. To complete the proof, we simply observe that the event || pg+ — p|ITv < Cn=1/2 occurs
with a probability that is bounded away from zero by the central limit theorem. Therefore, the
assertion follows from Lemma 8.3. O]

Proof of Proposition 8.2. By Lemma 5.1 and Proposition 7.8 it suffices to prove (8.2) with G
replaced by G* = G*(n, m, 6*). Indeed, fix a large number C > 0 and let A be the event that
|l ps* — pllTv < Cn~ /2. Then the probability of the event A is bounded away from 0 and, in fact,
approaches 1 in the limit of large C. Further, let G’ be the factor graph obtained from G* by delet-
ing all variables and constraints at a distance less than 2¢ from x;. Let n/, m’ be the number of
variables and constraints of G’ and let ¢’ be the assignment induced by o* on the set of variables
of G'. Since ¢ is a fixed number, Lemma 8.1 implies that

Pn+m—n —m' <lnn| Al=1-o0(1). (8.3)

—-1/2

In particular, if n — #n’ <Inn and if A occurs, then || pg' — p|lTv < Cn Moreover, since m is a

Poisson variable with mean dn/k, (8.3) implies that
Plm’ —dn' [k <n3/° | Al =1—o(1).

Hence, recalling the definition of the set M(d), we see that on A we can apply Corollary 8.4 to G’
with high probability. Consequently, with high probability on A the Gibbs measure

n
ne is (1/, w)-symmetric and Z g x —pllTv <n/w (8.4)
i=1
for some w — o0.
To complete the proof let ¢: Béﬁxl — V,, be a uniformly random map such that ¢*(:(x)) =
o *(x) for all x. Moreover, let G” be the random factor graph obtained from G* by connecting the
constraints at distance 2¢ — 1 from x; with the images ¢(x) instead of their original neighbours
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X € Béﬁxl. Then the distribution of G” is identical to the distribution of G*. Furthermore, since
Lemma 8.1 implies that |8éﬁx1| < »'/? with high probability, (8.4) yields
Elllitg g2, — Allrv | AT= (D).
Thus, on A with high probability the boundary condition 6,02 of the depth-2¢ neighbour-
hood of x; is close in total variation distance to the free boundary condition, and therefore
Elll e gty — Kt llrv | Al = 0(1). (8.5)
Finally, since the probability of A converges to 1 as C — oo, the assertion follows from (8.5). [J

Proof of Theorem 2.9. The theorem is immediate from Lemma 8.1 and Proposition 8.2. O

8.2 Proof of Theorem 2.10
Theorem 2.10 is almost an immediate consequence of Theorem 2.9, except that a bit of care is

required to prove that df,. < dcond. To this end, we first show that g, is £-symmetric with mostly

uniform marginals for d < df,..

Lemma 8.5 (SYM, BAL). Assume that d < d;.. and let ¢ > 0. Then with probability at least

rec
1 — & + o(1) the Boltzmann distribution jig, is e-symmetric and its marginals satisfy

n
Y gy, — llrv <en.
i=1

Proof. Fix a small enough § > 0. If d < d7,_, then there exists a bounded £ = £(§) > 0 such that

rec’
P[3w € Q:|(1{o(r) = w} | Vx € d¢(T(d, P), 1) : 0 (x) = x> (%)) — 1/qlp2e(q,p) > 8] < 6.
Hence, Lemmas 7.8 and 8.1 show that for large enough #,
PEw € Q:[(1{o (x1) = @} | Vy € 32(G*(n,m, 6),x1) : 6 (y) = 6 (»)) — 1/qlG*(nm,s) > J]
<e/2.
Therefore, the Nishimori identity (5.6) yields

P30 € Q:(|{1{o (x) = w} | V20(G,x); — 1/4

)G>8] <eg/2. (8.6)
Now let € be the event that x7, x, have distance at least 2¢ + 2 in G and that

Vo € Q:(|(1{o (x1) = w} | V2e(G, x1))e, — 1/9

Jg <6 (8.7)

Since the average degree of G is bounded w.h.p., (8.6) shows immediately that P[] > 1 — 2¢/3 +
o(1).

But given & it is immediate that ||ug P pllTv < /4, provided that § is small enough, an
observation that goes back to [66]. Indeed, since x1, x, have distance greater than 2¢, conditioning
on the values of all variables at distance 2¢ from x; is stronger than just conditioning on the value
of x,. Thus, we conclude that

Pllligy, », — Alltv < /41> 1—2¢/3 +o(1). (8.8)

Finally, because the distribution of G is invariant under permutations of the variables, (8.8) yields
the assertion. O

Corollary 8.6 (SYM, BAL, MIN, POS). We have d,. < dcond-

rec
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Proof. Let 0 < D < d},. and let x1, . . ., x; denote uniformly and independently chosen variables.

Due to (7.1) and Proposition 6.7 we have, uniformly for all d < D,

k
;@E[l Z(G)] =fuld) + o(1)  with fu(d) = E[A(W (o (x1), . .., () ). (8.9)

We claim that, for every d < D,

Tim f(d) = A(E). (8.10)

Indeed, plugging in the expansion A(1 —x) = —x + Ze>2 xt/(£(£ — 1)), valid for all x € [— 1, 1],
we obtain

fu(d)=1—-E[(¢(o(x1),...,0(x)) g —¥(o(x1),... ,(T(xk)»g]
K>2
=¥ (oj(x1),....05(xK))) g
_1—$+0(1)+Z W=D (8.11)

>2
(by Lemma 5.1, Corollary 6.5 and SYM).
Further, by Lemma 8.5 there is a function &,(d) = o(1) such that u;, is &,(d)-symmetric with

probability at least 1 — &,,(d). Therefore, Lemma 4.3 implies that the £-fold product measure ,uQAGM
is o(1)-symmetric w.h.p. for any fixed £ > 0. Hence, every £ > 2 we have w.h.p.

4
<1‘[ 1=y, .. ,aj(xk)>>h
j:l

G

k ¢
1)_|_— Z Z Z P(yr) (1_[ 1—v(oj) ) nnﬂéxh("f’h)'

VeV i,..ix=1 g, 00€Qk j=1 h=1j=1

Thus, invoking the asymptotic uniformity of the Boltzmann marginals supplied by Lemma 8.5
and applying SYM, we see that w.h.p.

¢
<H 1— ¥ (0j(x). .. ,aj<xk)>>A = (1-5" +o(1). (8.12)
j=1 G
Combining (8.11) and (8.12), we obtain (8.10).
Finally, (8.9), (8.10) and dominated convergence yield

1 . 1 (49 .
lim —E[In Z(G(n, mp)] =lng+ lim —/ 5IE[an(G)]dd
0

n—oo n n—oo n

D
=lnq+é lim/ fu(d)dd =Ing+ Dln (§)/k.
n— o0 0

Hence, Theorem 5.3 shows that d.ong > D. Since this holds for any D < dyec, the assertion
follows. O

Proof of Theorem 2.10. Corollary 8.6 shows that d;
dr.. = drec. To prove that d},. < drec suppose that d < d},.. Then (2.17) ensures that for any ¢ > 0

rec rec X rec*

there is £ such that w.h.p. we have

E(|(1{o (r) = w} | V2¢(T2¢(d, P), r))w(d,P) — 1/q|>w(d,P) <e. (8.13)

< deond.- Thus, we are left to show that

rec ~~
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Further, Theorem 2.9 shows that ||/1G v,(G,x1)s HG,Vae(Gxp) TV = 0(1) w.h.p. Moreover, by
Theorem 2.11 and Lemma 8.1 the distribution of the neighbourhood V,(G, x;) is at total vari-
ation distance o(1) of the distribution of the random tree T¢(d, P). Therefore, (8.13) shows that
corr(d) < e. Since this is true for any & > 0, we conclude that d < di..

Conversely, assume that d < drec < dcond.- Then we can just put the argument from the previ-
ous paragraph in reverse. Indeed, Theorem 2.11 and Lemma 8.1 show that the neighbourhood
Vi (G, x1) is the distribution as T2¢(d, P), up to o(1) in total variation. Further, for any ¢ > 0 there
exists £ such that

D E(|{Ho(x) = 0} | V2 (G, x))g — 1/4])g < &+ o(1).
weR

because corr(d) = 0. Hence, Theorem 2.9 yields corr*(d) < ¢. Finally, because this bound holds
for any ¢ > 0 we obtain corr*(d) = 0. I

Appendix A: Proof of Lemma 4.4

To establish Lemma 4.4 we will utilize regularity results for discrete probability measures from [17].
For ¢ > 0 choose n=1n(¢) > 0 and n > 1/n sufficiently large. By [17, Corollary 2.2], for any u €
P(Q"), thereexist Le N, u@, ..., u™ € P(Q") and wy, wy, . . ., w, such that we can decompose u =

L 0]
> oo win? and

() pW, ..., n® are n-symmetric,
(ii) wo,...,WL20,ZLOW,-=1,Z,.L:1 w; >1—nand
(iii) w; > n/Lforallie [L].

Let us use the shorthand notation (- ); = (- ), and note that || - |y and || - ||, are equivalent norms
in R7. For i € [L], we have

_ 1 ,. ,. .
Upoe = PIEN=D " — D7 w60 —q

steQ v,we(n]
_Z 1 Z O (s, ) (t, 1) — Z D () O(t) '
- 1’[2 /’Lv,w > I’Lv,w > Mv l'l“v
steQ v,we[n] ve(n]
1 () () ’ -2
+1 2o 2w enl® ) —q7 | (A1)
SteQ ve(ln]

Combining (i) and Lemma 4.3 yields that u @ u is ¢ -symmetric for a suitable ¢ = ¢ (1) > 0. Thus,
the first summand of (A.1) is O(¢). Now assume that (|| p, . — plltv), <& for 8(n, ¢) > 0 sufficiently
small. Due to (iii) and Jensen’s inequality, (||p,. — pl|2); < +/8/n and consequently, (A.1) implies
that for all s, t € Q2 we have

<O(¢").

1 . .
ve[n]

Hence for all s € Q we have

ve[n]

<O@E™). (A2)

1 .
<0, 'E > sy —q
ve(n]

As the sum of squares is minimized by a uniform distribution, Taylor-expanding the function

() _l (i) 2
SO )ee) = (Z (1u"(s) )

ve(n] seQ
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around g~'1,,, together with (A.2) yields

1 .
‘ZO(IIM“) — 4 Ll <OE™).

Thus, for all i € [L] we have
Y IO =g M <6 (A3)
ve[n]
The e-symmetry of & now follows from (A.3) and [17, Lemma 2.8]. Moreover, equation (A.3) and
(ii) imply
% Z e, () — q_llllw <Eé&.
ve[n]

We now turn to the converse implication. First, a calculation as in (A.1) yields that

- _ 1\ 2 _
(1Poe = £l12);, < (NP — P3N, < <1 + 5)5 Z v = Pl (A4)
]

v,weln

Secondly, we bound

1 _
— 2 I ® s = pl

v,we[n]

1 1 1 1
<5 > Z(‘uv(s)— c—zHuwm— 5'+5(

1 1
Mv(s) - _‘ + ‘Mw(t) - _‘>>
v,we[n] s,teQ q q

1 o\ 2 _
=2(;an—pnw> + =Dl = Bl (A.5)

veln] ve([n]

Now, inequalities (A.4), (A.5) and the triangle inequality imply that by choosing § > 0 small enough,
we have that any §-symmetric p with 1/n Zve[nl I, — pllty < 8 satisfies

(log,e = Pllv) . <&

Appendix B: Moment calculations
The proofs of Propositions 5.9 and 5.10 are straightforward applications of the Laplace method; the
calculations are identical to those performed in [25, Section 7].

Proof of Proposition 5.9. Let R, be the set of all distributions p € P(£2) such that the vector np €
R? has integer entries. For p € R, let Z,(G(n, m)) = Z(G(n, m))(1{p; = p})(nm be the number of
satistying assignments o € S(G(n, m)) with empirical distribution p, = p, so that

E[Z(G(n, m))] =Y " E[Z,(G(n, m))]. (B.1)

Since the total number of assignments o € Q" with empirical distribution p is given by the multi-
nomial coefficient (:p) and because the m constraints of G(n, m) are chosen independently, we can
express the mean E[Z,(G(n, m))] easily in terms of the function ¢ from condition BAL. Namely,

n
E[Z,(G(n,m))] = ( )¢(p)’”. (B.2)

pn
Further, because by BAL both the multinomial coefficient and the function ¢(p) take their maxi-
mum at the uniform distribution p, the contribution of the summands from the set R, ={p € R, : ||
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p — plla <n?Inn} dominates. Thus, approximating the multinomial coefficient in (B.2) via
Stirling’s formula, we obtain from (B.1)

E[Z(G(n, m))] ~ > " E[Z,(G(n, m)] ~ Y exp(nfu(p))

, (B.3)
peR), peR), \/(Znn)q* H‘UEQ p(w)

where
fi(p) =H(p) + % In ¢(p).

The gradient and the Hessian of the function f,(p) at p = p are computed easily. Indeed, using SYM
and Lemma 4.1 we obtain

Df,()=(n(q) — 1+ km/m1, D,(5)=—q(id — (k(k— D)m/m)®) + (m/m)1,  (B.4)

and all third partial derivatives of f, are uniformly bounded on R. Furthermore, for all p € R, we
have 1 L p — p because p, p’ are probability distributions on Q. Hence,

£:(0) =£.(p) — q((id — (k(k — 1ym/m)®)(p — p), (p — p)) + O(n™** In’ n)
uniformly for all p € R,. Thus, (B.3) boils down to
E[Z(G(n, m))]

4" exp (nf(p)) 3 expl—gn((id — (k(k — D)m/m)®)(p — p). (p — 5))]

@rmya
n+1/2&m
= W > expl—gn((id — (k(k — D)m/m)®)(p — 5), (0 — )] (by SYM).  (B.5)

By Lemma 5.4 the matrix ® has precisely one positive eigenvalue, namely 1, with corresponding
eigenvector 1. Since in (B.5) we sum only over p such that p — p L 1, we can approximate the sum
by a Gaussian integral over the (g — 1)-dimensional orthogonal complement of 1 in R? to obtain

> expl—gn((id — (k(k — D)m/m)®)(p — ), (p — 5))]

PER;,

- / exp<_qn 3 (1—<k(k—1>m/n>x)z?)dz

AeEig[®]\ {1}

(2mn/q)=V/?

~ . (B.6)
HAeEig[CD]\(l) v1— d(k - 1))‘
Combining (B.5) and (B.6) completes the proof. O]

Proof of Proposition 5.10. Let R, be the set of all distributions p € P(2 x ) such that np €
R®*¢ js integral and such that [|p — p|l+v < ¢. Let Z,(G(n, m)) be the number of pairs (o,, ;) €
S(G(n, m)) with overlap p,, ,, = p. Recalling the definition of Z from (5.18), we get

E[Z(G(n, m))*] = E[Z(G(n, m)) 1{{[| Ps,.0, — Pllrv)eimm < €3]
=Y EIZ,(G(n, m))]. (B.7)

Clearly, the total number of pairs (0, 0,) € Q" with overlap p equals (ﬂ"n). Hence, recalling the
function ¢ from condition MIN, using the independence of the constraints of G(n, m) and applying
Stirling’s formula, we obtain

E[Z,(G(n, m))] = (p )w(p)m ~ exp(nf,(p))

n
> (B.S)
" Pekn \/(27.[”)‘1271 Hw,aﬂeﬂ ,O(C(), (l)/)
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where
mm:mm+%mﬂm

Once more it is straightforward to calculate the gradient and the Hessian of f, at the point p:
condition SYM yields
Df,(p) = (2In(q) — 1 +km/m1, Df,(p) = —q’(id — (k(k — D)m/n)E) + (K'm/n)1,  (B.9)

and all third partial derivatives are uniformly bounded. Consequently, since1 L p — p forall p € R,,
we obtain

fulp) =1,(p) — ¢*((id — (k(k — 1)m/n)E)(p — p), (p — p)) + Ollp — pli3y)
uniformly for all p € R,. Hence, (B.8) becomes
E[Z(G(n, m))’]
~ WZ;_”/Z Z exp [—q’n{(id — (k(k — 1)m/n)E)(p — p), (0 — p))]. (B.10)

pER)

Since d < d.ona» Lemma 5.4 and Proposition 5.5 show that 1 is the only eigenvector of id — (k(k —
1)m/n) E with a non-negative eigenvalue. Consequently, because the sum only ranges over p such
that 1 L p — p, we can approximate the sum by a Gaussian integral:

> exp [—g*n{(id — (k(k — 1)m/m)E)(p — p), (p — p))]

pER)
N/ exP(“]z” Z (1 — (k(k — 1)m/n))»)zf)dz
Re-! A€Eig[E]
2 2\(g*—1)/2
__ (Qmn/q) . B
HAEEig’[E] V1 —dk—1)r
Thus, the assertion follows from (B.10) and (B.11). O

Appendix C: Proof of Lemma 7.2

In order to prove Lemma 7.2, we first establish a uniform upper bound on the total variation distance
of 6,,, and 6, for m and m’ that are not too far from dn/k.

Lemma C.1 (SYM, BAL). For any 1 > 0, d > 0 there is § > 0 such that
lim sup max{dy{0 .., 0} : lm —dn/k| + |m' — dn/k| < dn} < n. (C.1)

n—oo

Proof. Fix n > 0, d > 0 and recall the function ¢ from condition BAL. Lemma E.1 shows that there
exists ¢ > 0 such that, for all 0 < § < 1 and all m, m' < (d/k + 8)n, the bounds

M*m/ ]P) A — 1 M*m/
(0" _Pléu=0] _1(9(p.) )
g P[Gn,m/ = U] c g
are valid. Moreover, Corollary 6.5 yields C > 0 such that for all m, m" < (d/k + §)n we have

Plllps,,, — pllrv > C/\/E] + ]P)[”P&mm/ = Pllrv > C/\/E] <n/4. (C3)

Further, suppose that o € Q" satisfies ||p, — p|lrv < C/+/n. Because BAL ensures that the first
derivative of ¢ vanishes at p, we have

¢(ps) =(p) + Ollps — plizy) =& + O(n™). (C4)
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Combining (C.2) and (C.4), we obtain ¢, ¢, > 0 such that for all o satisfying |0, — o ll+v < C/4/1,
forall 0 < § < 1 and for all m, m’ satisfying |m — dn/k| + |m' — dn/k| < dn the estimates

Plo,,=0]

—06) < ———
¢, exp(—écy) PG, —o]

< eXP((SCz)/Cl (C.5)
hold. Finally, the assertion follows from (C.3) and (C.5) by choosing § > 0 sufficiently small. O

Proof of Lemma 7.2. Assume that d, ¢ > 0 and m € M(d) are such that

lim sup E(|| 06,6, — 2ll1v) nm) > €-

n—o00

Choose 7 =1(e) > 0 small enough and then pick § =8(n) > 0 as in Lemma C.1. By assumption,
there exist infinitely many »n such that |m — dn/k| < 8n/2 and

Ell oo1.0; = £ltv)enm > €/2. (C.6)

Fix a large enough # along with m’ such that m < m’ < dn/k 4 26n. We are going to argue that

E(”pal,oz - 16||TV>G(H,m’) > 4.
By Lemma C.1, there is a coupling of 6, 0 ,,,,» such that
IED[(;.n,m = 6n,m/] >1— 1. (C7)

We extend this coupling to a coupling of G’éG*(n, m, o ,,,) and G”éG*(n, m', @ ,,s) in the natural
way. Specifically, given 6,, =0 ,,, we draw G” with constraints a,,...,a, from the distribu-
tion G*(n,m',6,,,) and we let G’ simply be the factor graph comprising the first m constraints
a...,a,. Moreover, if 6,, #6,,,, then we draw G, G’ independently from their respective
marginal distributions.

Due to (C.6) and the Nishimori identity (5.4) we have P[(|| 0,.. — plltv)e > €/2] > €/2. Recalling
the notion of nearly balanced below Lemma 4.5, we observe that because a random sample
from pe and 6, are identically distributed, T is nearly balanced with probability 1 — o(1) by
Corollary 6.5. Hence, provided that n is large enough, with probability at least £ /3 the random factor
graph G’ possesses a nearly balanced satisfying assignment 7. such that (|| o5 -, — Alltv)er > /2. In
the event that there is no such event we just let 75 be an arbitrary nearly balanced assignment (not
necessarily a satisfying one). This construction ensures that

E[{ll 0oz, — Pllrv)c] > €/6.
Hence, provided that  was chosen small enough, (C.7) and the Nishimori identity (5.4) yield
E[”p&n,m,rcr - 16||TV | 6n,m = 6n,m’] 2 82/7- (CS)

Finally, we also designate a nearly balanced assignment 7 for the factor graph G” by simply
letting 75 be the assignment 75~ of the factor graph G” obtained from G” by deleting the last m’ — m
constraints a,,1, . . ., ,s. Since given ¢, = 6 ,,» we have G” = G, (C.8) yields

E[”p&n’m/,f(;u - ﬁ”TV | 6-n,m = &n,m’] = E[”p&n,m,r(;/ - 15||TV | &n,m = 6'n,m’] > 82/7‘
Therefore, the Nishimori identity (5.4) and (C.7) imply

El{lpo.zy — £llv)e ] =Elllps,,, — Torllrv] > €°/8. (C9)

Since 74 is nearly balanced, the assertion follows from (C.9) and Lemma 4.5. O
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Appendix D: Proof of Lemma 7.4

The Nishimori identity (5.6) shows that GéG*(n, m, G ,,,). Moreover, Corollary 6.5 shows that 6 ,,,
is nearly balanced with probability at least 1 — O(n~"). Hence, it suffices to prove that for any nearly
balanced o,

E[CY(G*(n) m, 0))] = I,(\‘Y + 0(1)>

PIVIKL:Cy (G (n,m,0) =y]=0(1) + H P[Po(ky,) = yi]. (D)

=1

We begin by calculating E[Cy(G*(n, m, 0'))]. Suppose that i = (i, . . ., i;) € [#] is a family of dis-
tinct indices such that iy < min{i,, ..., i} and let h=(h,, ..., h,) € [m] be pairwise distinct such
that hy < h, if £ > 1. Set i,, = i,. Let Cy(i, h) be the event that x;, ay,, . . ., x;,, a,, constitute a cycle
with signature Y = (Y, s, t1, . . ., ¥y, S, t;). Then for any nearly balanced o € Q" we have

P[G*(n,m,0) € Cy(i, h)]

_ lil Zul,“.,uke[n] l{usj = ij’ utj = }+1}1/fj(0' (xul)’ R O'(Xuk))P(wj)
B Zu sl €[n] ]E['/,(G (xul)’ ceo a(xuk))]

j=1

P
— o(n —22)+H (1/4 Z Hu, = ity = i} ¥5(0 (%), - . ., 0 (x,))  (by SYM)

Lt €ln]

=o(n™) +n g’ ]_[ P @y, (0 (x,), 0 (x,,.). (D.2)

j=1
Because o is nearly balanced, summing (D.2) over i, h yields

E[Cy(G*(n,m,0))] = Z P[G*(n, m, o) € Cy(i, h)]

ih

1 L L
= o)+ 5, (%) tr 1‘[ PY)®,,

= 0(1) +l€Y)

which is the first part of (D.1).

The second part of (D.1) follows from the first part and a standard method of moments argu-
ment. More specifically, since m = O(n) the random factor graph G*(n, m, o) does not contain two
overlapping cycles of bounded length w.h.p. Therefore, a straightforward extension of the above
calculation shows that for any jj,...,j, > 2 the joint factorial moment of the random variables
Cy,(G*(n,m,0)),...,Cy,(G"(n,m, o)) comes to

L Ji L
[H(H Cr(G"(n,m, 0)) — u)} =o(1) + [ [ EICy(G"(n, m, o))} = o(1) + ]_[ o
=1

=1 =1

In effect, the number of cycles with signature Y is asymptotically Poisson with mean «y by standard
results on the joint convergence to asymptotic Poisson variables [21].

Appendix E: Proof of Lemma 7.8

To prove Lemma 7.8 we need the following rough but uniform estimate of the first moment.
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Claim E.1 (SYM, BAL). For any D > 0 there exists ¢ > 0 such that
cq"€" < E[Z(G(n, m))] < q"€™  forallm < Dn/k.

Proof. Since constraints are chosen independently we have

E[Z(G(n,m)] = ¢(p,)".

oeQVn

Because SYM and BAL yield ¢(p,) < & for every o, the upper bound E[Z(G(n, m))] < ¢"§™ is imme-
diate. With respect to the lower bound, we observe that there are 2(g") assignments o : V,, — Q with
llos — Alltv < n'/2. Lemma 4.1 shows that for any such o

¢(ps) =d(p) + k&1, p, — p) + O(ll o, — Pll7y) = ¢(p) + O(1/n).
Thus,
E[Z(G(n, m))] = Q(q")(¢(p) + O(1/n))" = Q(q"E™)
uniformly for all m < Dn/k. O

Claim E.2 (SYM, BAL). Let D > 0. Uniformly for all m < Dn/k and for all nearly balanced o € Q"
we have

PG, =0o]=Plo” =] exp(nO(llp, — pliy) + O(1)). (E.D)
Furthermore, for any € > 0 there is C > 0 such that

Plllps,, = Pl > Cn™'*] <ce.

Proof. Recall ¢ from Lemma 4.1. Since constraints are chosen independently, we obtain

E[Y6mm(0)] =d(ps)"

for every 0. Due to Lemma 4.1, ¢(p) =& + O(||p — pl|%,). Hence, Claim E.1 reveals that for a nearly
balanced o,

_ ElVoun(©)]
EZ(G(n, m)]

=0(q "5 "¢ (p,)"
=0(q "1+ O0lp = plT)"
=q "exp (nO(llp, — plI7y) + O(1)),

which yields the first assertion. The second assertion follows from the estimate P[¢ =o] =
O(g "¢ ) ¢(p, )" and assumption BAL, which provides that p is the maximizer of ¢. O

Plo =o]

Proof of Lemma 7.8. Let D, ¢ > 0, pick § > 0 small enough and 1, > 0 big enough. As a first step
we observe that for any event A the following two implications are true:

Plo*e Al <é=>Pl6,, €Al <e, Plo,, €Al <d=Plo" e A] <s. (E.2)

These implications are immediate from Claim E.2. Indeed, assume that P[o* € A] < 8. Then for a
large C > 0,

P[6 € Al <P[6,m € Al llps,, — Pllrv <Cn 1 46/2 <exp (C)Plo* € Al +¢/2 <,

provided § > 0 was chosen small enough. The proof of the second implication is analogous.
To derive the assertion from (E.2), let £ be an event and assume that

P(G*(n,m,0%),0*) € £] <6.
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Further, for an assignment o let &, be the set of all pairs (G, o) contained in £. Assuming § > 0 is
sufficiently small, we obtain

PU(G*(n,m, 6 1n), G ) €E] = Z P(G*(n,m,0),0) € EIP[G,,, = 0]
<e+ Z P[(G*(n,m,0),0) € E]P[o* = o]

< 2e.

The proof of the reverse direction is analogous. O
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