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This work is devoted to the identification of parameters in a problem of pollution modeled
by a semi-linear parabolic equation. We use the notion of sentinels introduced by J. L. Lions,
(Lions, J. L. 1992 Sentinelles pour les systémes distribués a données incomplétes. Masson, Paris.)
re-visited in a more general framework. We prove the existence of such sentinels by solving
a problem of null controllability with constraint on the control. The key of our results is an
observability inequality of Carleman type adapted to the constraint.

1 Introduction

In the modeling of the problems of pollution governed by dissipative systems (for example,
pollution in a river or a lake), the source terms as well as the initial or boundary conditions
may be unknown. More precisely, let N, M € IN\{0} and let Q be a bounded open and
connected subset of RN with boundary I' of class 4>. For a time T > 0, we set
0=Qx(0,T)and X =T x (0, T). Then we consider the following system modeling a
problem of pollution [9]:

Oy Mo
5 - =¢+ ;Aié, in Q, N
y=0 onX,
y(0) =3°+3°  inQ,

where

e y represents the concentration of the pollutant.
e f is a real-valued given function of class %".

e The source term is unknown and represents pollution source of the form ¢ 4 Zf\i 1/11'2,‘-
The functions ¢ and {¢;}M, are known whereas the real coefficients {4;}¥, are unknown.

e The initial condition is of the form y° + 5° where the function y° is known while t,
real, is unknown.

We assume that

e 1% and $° belong to L2(Q), ¢ and & belong to L*(Q),

o the functions Ei, 1 <i< M, are linearly independent,
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e the real 7 is sufficiently small,

¢ the function f verifies

f(0)=0 2

and satisfies the growth condition

£ (s1)=F(52)=f"(0)s1=52)I<C (s P +[s2/"~") Is1 — 32| V51, 2 € R, A3)

N-+4
for some C > 0 and p > 1 such that p < =F=.

In the model (1), we are interested in identifying the parameters 4; without any attempt
of computing the missing term 73°. To identify these parameters, we use the method of
sentinels due to J. L. Lions [9] but in a more general framework.

The theory of sentinels introduced by J. L. Lions relies on three considerations:

— A state equation represented here by (1) whose solution y = y(x,t;4,7) = y(4,71)
depends on two families of parameters 2 = {14,..., Ay} and t.

— An observation yops Which is a measurement of the concentration of the pollutant taken
on a non-empty open subset O of 2, called observatory.

— A function S = S(/,7) called “sentinel” defined for hy € L*(O x (0, T)) by

T
S()»,r)z/o /()(h0+w)ydxdt 4)

where the control function w is to be found of minimal norm in L?(O x (0, T)) among
functions S satisfying (4) which are stationary to the first order with respect to the missing
term 73", ie.,

a£(0,0)=0 VP (5)
ol

Using the adjoint problem, one shows that the existence of these sentinels is reduced to
the solution of exact controllability problem with constraints on the state. These types
of controllability problems were the subject of many numerical methods which in fact
reduce them to an approximate controllability problem with constraints on the state. It
is in this context, for instance, that J. P. Kernevez et al. use these sentinels in [1, 2] to
identify parameters of pollution in a river. O. Bodart apply them in [3] to identify an
unknown boundary.

Remark 1 To estimate the parameter 4;, one proceeds as follows: Assume that the solution
of the state equation (1) when A = 0 and 7 = 0 is known. Then one has the following
information:

Moas
S(h1t)—S(0,0) = > zia(o, 0).
i=1 K
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Therefore, fixing i, j € {1,..., M} and choosing i and j such that

GN
a)\.J

(0,00=0 for j+i and g(o,...,0)=1

one obtains the following estimate of the parameter /;:
Ai = S(4,7) — S(0,0).

Remark 2 Notice that for the J. L. Lions’s sentinel defined by (4)—(5), the observatory
O < Q is the support of the control function w.

In this paper, we consider the general case where the support of the control function
w is different from the observatory O. More precisely, we consider, as above, the state
equation (1) whose solution y = y(4,7) depends on two families of parameters 4 and <,
the observatory O < Q where the measurement y,s is recorded and for any non-empty
open subset w of Q with w + O, we look for a function S = S(4,7) which is solution of
the following problem: Given hy € L*(O x (0, T)), find w € L*(w x (0, T)) such that

(1) the function S defined by:

S(A,1) = /()T/Ohoy(i,‘c) dxdt—i—/OT/ww y(4,7) dx dt. (6)

satisfies the following conditions:

e S is stationary to the first order with respect to the missing term §°:
N
—(0,00=0 vj". (7)
ot

e S is sensitive to the first order with respect to the pollution terms 2,2,»:

g(0,0)zci I<is<M (8)

where ¢;, (1 < i< M), are given constants not all identically zero.

(2) The control w is of minimal norm in L*(w x (0, T')) among “the admissible controls’,
1e.,
WL2 (0 x(0,7)) = MIN W26 x(0,7)) )
weE

where E = {w € L*(w x (0, T)), such that (w,S(w)) satisfies (6)—(8)}

In the sequel, we assume without loss of generality that

¢=0in Q and y° =0in Q. (10)
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Under the above hypotheses on f and the data, it is proved in [4, 15] that there exists
o > 0 such that when

<o

M
> adi
i=1 L*(Q)

the problem (1) admits a unique solution y = y(4,7) in ([0, T], L*(2)) N L*(0, T ; H}(Q)).
Moreover, the following applications

|\T5/0|\L2(Q) +

T— y(4,7) and 4— y(4,1) (1<i< M) (11)
are in €' (IR; ([0, T, L*(Q))).

Remark 3 Since y € L*(0, T; HY(Q)), hp € L*(0 x (0,T)) and w € L*(w x (0, T)), the
relation (6) is well defined. Furthermore, in view of (11), the derivatives of y with respect
to 7 denoted by

d .
Yo = ZY(A,T)\r:O (12)
T

and with respect to /4; denoted by

d
Vi = dT,—yu’ T)]s=0 (13)
exist. Thus the conditions (7) and (8) are well defined.

Remark 4 In the sensitivity condition (8), the ¢; are chosen according to the importance
associated with the component &; of the pollution source.

Remark 5 If the function S defined by (6)—(8) exists, then it is unique since w verifies (9).
In this case, proceeding as in Remark 1, we get

1
Ji = —(S(2,7) = $(0,0))
i
Definition 1.1 We will refer to the function S given by (6)—(8) as sentinel with given {¢;}
sensitivity.

Let yo be the solution of (1) when 4 =0 and t = 0. Then, in view of (10), we have

yo=0 in Q. (14)
Therefore, according to (12) and (13), y, and y;, are respectively solutions of

oy-

ot — Ay, +f/(0)yr =0 inQ,

y.=0 onlX,
y(0)=3° inQ

(15)
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and

S A+ Oy =& inQ,

=0 on2Z,
7(0)=0 inQ
where f'(0) denotes the derivative of f at yo = 0. Thanks to (3), the problems (15)
and (16) admit respectively unique solutions y, € C([0, T], L*(2)) N L*(0, T ; H}(Q)) and
Vi € H*'(Q) = L*(0, T; H*(Q)) N H'(0, T; LX(Q)).
Let y,, be the characteristic function of the set w. We set

(16)

Y, = Span()’/h Xars =+ y).MXo)) (17)

the vector subspace of L?(w x (0, T)) generated by the M independent functions y;, 7, 1 <
i < M and we denote by Y;* the orthogonal of Y; in L*(w x (0, T)). We also set

ap = 1'(0) (18)
and assume that

any function k € Y, such that

ok . o . (19)
i Ak 4+ apk = 0inw x (0, T')1s identically zero inw x (0, T).

Next, we consider the following controllability problem: Given h € L*(Q) and ag € L*(Q),
find v € L*(w x (0, T)) such that

ve vyt (20)
and such that q = q(x,t,v) € H>'(Q) which is the solution of

0
S Aqtaog =h+ug, in0,
ot I
q=0 on X, (21)
q(T)=0 in Q,
satisfies
q(x,0,0) =0 in Q (22)
with v of minimal norm in L*(w x (0, T)), that is
[V L2(x(0,7)) = MiIN [T] 120 x(0,7)) (23)
veé
where
& = {v € Y;" such that (t,q = q(x,t,0)) is subject to (21)~(22)} . (24)

The problem (20)—(23) is a linear problem of null controllability without constraint on
the control v. Few results are known for such problems. The case Y;* = L?(w x (0, T)) has
been widely studied. For instance, in [8] G. Lebeau and L. Robbiano solved this problem
for the heat equation. In [12] D. Russell proved exact controllability for the heat equation
as a consequence of exact controllability for the wave equation. In [14], D. Tataru showed
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that for linear equations, local and global controllability are equivalent and hold for any
time T > 0. Considering a linear Fourier boundary condition, E. Fernandez-Cara, M.
Gonzalez-Burgos, S. Guerrero and J. P. Puel in [5] use the Carleman estimate for the
weak solution of heat equation with non-homogeneous Neumann boundary conditions
to prove the null controllability of the linear heat equation.

In the non-linear case, the problem of finite dimensional null controllability is studied
by E. Zuazua in [15]. The author proved that for a rather general and natural class
of non-linearities, the problem is solvable if the initial data are small enough. In [6] A.
Fursikov and O. Yu. Imanuvilov showed that, when the control acts on the boundary,
null controllability holds for bounded continuous and sufficiently small initial data.

When Y- + L?(w x (0, T)), J. L. Lions gives in [9] an optimality system for the optimal
control assuming that the problem (20)—(23) has a unique solution. The proof uses Hilbert
Uniqueness Method (HUM). The success of this method rests on the unique continuation
results due to S. Mizohata [11] and J. C. Saut and B. Scheurer [13].

In this paper, we solve the null controllability problem with constraint on the control
(20)—(23) assuming that (19) holds. This allows us to prove the existence of the sentinel
(6)—(9). More precisely, we have the following results:

Theorem 1.1 Assume that the above hypotheses on 2, w, O, f and the data of the equa-
tion (1) are satisfied. Then the existence of the sentinel (6)—(9) holds if and only if null
controllability problem with constraint on the control (20)—(23) holds.

The proof of the null controllability problem with constraint on the control (20)—(23)
lies on the existence of a function § and a Carleman inequality adapted to the constraint
(cf. Subsection 2.2) for which we have the following result:

Theorem 1.2 Assume that the hypotheses of Theorem 1.1 and the condition (19) are sat-
isfied. Then there exists a positive weight function 0 such that, for any function h € L*(Q)
with Oh € L*(Q), null controllability problem with constraint on the control (20)—(23) holds.
Moreover, the control is given by

o = —(Poxw — P po) (25)
where pg is a solution of
0P N N .
E - Ap(? + aopo = 0 in Q’ (26)
Po=0 onX

and P is the orthogonal projection operator from L*(w x (0, T)) into Y;.
Remark 6 The assumption (19) has already been introduced by J. L. Lions in [9], p. 33.
This assumption is satisfied for instance if we are in the following case: Let (w;)M, be a

sequence of open sets such that

wicw, oNwj+*0 fori*]
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Assume that the functions y;, are such that aévf" — Ay;, +aoy;,, £0 in w; x (0, T). Then if
vy, € Y; and Ogt —Ay;, +aoy),, =01in w X (0,T) we have y;, =0 in w x (0, T), and the

assumption (19) is satisfied.

The rest of the paper is organized as follows. Section 2 is devoted to some preliminary
results. In this section, we prove Theorem 1.1 and establish the inequality adapted to the
constraint (20). In Section 3, we prove the existence and the uniqueness of the solution
for the controllability problem (20)—(23) of Theorem 1.1 and give the proof of Theorem
1.2. We finish with Section 4 where the expression of the sentinel S defined by (6)—(9) and
the estimate of the parameters A; are given.

2 Preliminary results
2.1 Proof of Theorem 1.1

Since y, and y,, are respectively solutions of (15) and (16), the stationary condition (7)
and respectively the sensitivity condition (8) hold if and only if

T T
/ /hoyfdxdt+/ /wyrdxdtzo vi® e L3(Q) (27)
0 (0] 0 [0)
and
T T
/ /hoy;vidxdt—i—/ /wyiidxdtzci 1<i<M. (28)
0 o 0 Jo

In order to transform equation (27), we introduce the classical adjoint state. More precisely,
we consider the solution g = ¢(x,t) of the linear problem

a .
_aiz _ Aq + apq = hOXO + Wy, 1 Q7
g=0 on 2, (29)
q(T)=0 n &,

where y¢ is characteristic function of the open set O. Similar to problem (16), the problem
(29) admits a unique solution g € H>!(Q). The so-called adjoint state g depends on the
unknown function w and its usefulness comes from the following observation.

First, multiplying both sides of the differential equation in (29) by y. € C([0, T],
L*(Q)) N L*(0, T; H{(2)) which is solution of (15), and integrating by parts in Q, we

get
T T
/ /hoyfdde-/ /wyrdxdt=/q(0)j/0dx vi? e L*(Q).
0 ] 0 [0} Q

Thus, the condition (7) (or (27)) holds if and only if

q(0)=0 in Q. (30)
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Then, multiplying both sides of the differential equation in (29) by y,;, € H>!(Q) which
is solution of (16), and integrating by parts in Q, we have

T T T
/ /q«f,»dxdtz/ /hoy;v,dxdt—l—/ /wygidxdt 1<is< M. (31)
0Jeo 0oJo 0Jo

Thus, the condition (8) (or (28)) is equivalent to

T
//qfidxdtzc,», 1<i<M. (32)
0 Q

Therefore, the above considerations show that the existence of the sentinel defined by
(6)—(9) holds if and only if the following null controllability problem with constraints
on the state ¢ holds: Given hy € L*(0 x (0, T)) and ay € L*, find w of minimal norm in
L%(w x (0, T)) such that the pair (w,q) verifies (29), (30) and (32).

Actuall, condition (8) (or the constraints (32) on the state g) is equivalent to constraint
on the control. Indeed, let Y; be the real vector subspace of L*(w x (0, T)) defined in (17).
Since Y, is finite dimensional, there exists a unique wy € Y, such that

T T
ci—/ /hoy;,idxdtz/ /WOy/l,vdthal <i< M.
0o.Jo 0 Jo

Therefore, the condition (28) or (32) holds if and only if
w—wy=ve Y, (33)
Consequently, replacing w by v + wy in (29);, then setting
h = hoxo + woxw € L*(Q) (34)

we finally deduce that we have the existence of the sentinel (6)—(9) if and only if null
controllability with constraint on the control (20)—(23) holds. [ |

2.2 An adapted Carleman inequality

The observability inequality we are looking for is a consequence of Carleman’s inequality.
We consider an auxiliary function y € C?(Q) which satisfies the following conditions:

p(x)>0 VxeQ, pkx)=0 Vxel, |[Vypx)|+0 VxeQ—o. (35)

Such a function yp exists according to A. Fursikov and O. Yu. Imanuvilov [6]. We then
define for any positive parameter 1 the following weight functions:

Ay o)

(T —1t) °
2l _ phmlple+p(x)

(T —1) ’

p(x,1) = (36)

n(x,1) = (37)

https://doi.org/10.1017/50956792507007267 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792507007267

Sentinels with given sensitivity 29

for (x,t) € Q and m > 1. Weight functions of this kind were first introduced by O. Yu.
Imanuvilov. Since ¢ does not vanish on Q, we set
e’

NG

0:

(38)
and we adopt the following notations

0
L=——4 I
ot + dol,

L' =— —A+al,
¥ = {p € €°(Q) such that p =0 on X},

where g is defined as in (18).

Lemma 2.1 Assume that (19) holds. Let 0 be the function given by (38) and P be the
operator defined as in Theorem 1.2. Then there exists a positive constant C = C(,w, agp)
such that for any p € V" :

T 1 T T
/ /—2|p|2 dxdt<C(/ / |Lp|? dxdt+/ / lp— Ppl* dxdt). (39)
0 Qe 0 Q 0 [0)

The proof of this lemma requires that we recall the global Carleman’s inequality.

Proposition 2.1 (Global Carleman’s inequality)  Let vy, ¢ and n be the functions defined
respectively as in (35)—(37). Then, there exist numbers Jo = Ao(Q,w,a9) > 1 and sy =
50(R2,w, a9, 4, T) > 1 and there exists some number C = C(Q,w,ay) > 0 such that, for any
A= Ao, for any s = sy and for any p € ¥, the following inequality holds:

[ (el
0 o SQ ot
T
+/ /s3/l4(p3e*25'7 \,0|2 dx dt
0Je

T T
<C (/ /e_zsﬂ \Lp|* dx dt—l—/ /s3ﬂv4qo3e_2s’7 Ipl? dxdt) . (40)
0Ja 0Jo

Proof We refer to [6, 7]. [ |

T
+|Ap|2> dxdt+/ /sizgoefzm |V,0\2 dx dt
0Ja

According to the definition of ¢ and 5 given respectively by (36) and (37), the function
0 given by (38) is positive and 1/0 = go\/ae*"’ is bounded. So, replacing eS”/go\/a by 0 in
(40) the following inequality holds:

T 1 ) T 1 5 T 1 5
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As a consequence of the boundedness of 1/0 and 1/¢s’/*, we get the next observability

inequality:
T 1 T T
/ /2|p|2dxdt<C(/ /|Lp\2dxdt+/ /p|2dxdt>. (41)
0 90 0 Q 0 o)

Proof of Lemma 2.1 The proof uses a well-known compactness-uniqueness argument
and the inequality (41). Indeed, suppose that (39) does not hold. Then

Yne N 3p, € 1, f fods lpal* dxdt =1,
(42)
LTfQ |Lp,|* dxdr <! and Lwa lpw — Ppu|? dxdt <

1
n n'

Now, the rest of the proof consists in showing that (42) yields a contradiction. We do it
in four steps.
Step 1. We have

T 1 2 T 1 2 ! 1 2
[ [gentasics [ [ Gl axaes [ [ Gi=pof ava:

Since 1/0? is bounded, it follows from (42) that

T
1
/ /—|Pp,,|2dxdt < C. (43)
0 0] 02
Since Pp, € Y; and Y; is finite dimensional, (P p,), (and so (p,),) is bounded in L*(w x
(0, T)).
Step 2. We can extract a subsequence, still denoted (p,),, such that on the one hand
pn — g weakly in L*(w x (0, T)), (44)
and on the other hand,
pn — Ppn — 0 strongly in L*(w x (0, T)). (45)

Next, we deduce from the compactness of P (because Y; is finite dimensional) that there
exists ¢ € Y, such that

Pp, — o strongly in L*(w x (0, T)). (46)

We deduce from (45) and (46) that p, — g = ¢ strongly in L?>(w x (0, T)). Thanks to the
continuity of P, we have Pp, — Pg strongly in L?*(w x (0, T)). Therefore, Pg = g and
gey;.

Step 3. In fact, we have g = 0. Indeed, from (42), we also have Lp, — O strongly in
L%*(Q). Thus Lp, — 0 strongly in L*(w x (0, T)). We conclude that Lp, — 0 weakly in
9'(w x (0, T)) and so Lg = 0. The assumption (19) implies g = 0 on @ x (0, T'). Finally,
pn — 0 strongly in L*(w x (0, T)).
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Step 4. Since p, € 77, it follows from the observability inequality (41) that

T 1 T T
/ / — lpul* dxdt < C (/ / |Lpn|* dxdt-l—/ / |pul? dxdt) .
0 QH 0 Q 0 o)

Then, the conclusions in the third step yield that LTjgm—lzlp,,de dt — 0 when n — +oo.
The contradiction occurs thanks to the first condition in (42), where LT fQOl—z\ pul?dxdt = 1.
The proof of (39) is complete. [ |

3 Null controllability with constraint on the control

The main tool used is the observability inequality (39) — adapted to the constraint.

3.1 Existence of optimal control variable for null controllability

Let us consider the following symmetric bi-linear form:

T T
ap.p) = /0 /Q LpLpdxdi + /0 / (p— Pp)(p — Pp)dxd. (47)

According to Lemma 2.1, this symmetric bi-linear form is a scalar product on 7". Let V
be the completion of ¥~ with respect to the norm:

p= llplly = +/alp,p). (48)

The closure of ¥~ is the Hilbert space V.

Remark 7 1. The norm |.||y is related to the right side of the inequality (39) while the
left member of (39) leads to the norm

T 1 5 %
lello = ﬁlpl dxdt) .
0 Q

2. The completion of ¥~ is the weighted Hilbert space usually denoted by L?.
0
3. The inequality (39) shows that
lello < Cliply- (49)

Let 0 be defined by (38) and h € L*(Q) be such that 0h € L*(Q). Then, thanks to
Cauchy-Schwarz’s inequality and (39), the following linear form defined on V' by

T
p—»/ /hpdxdt
0 JQ

is continuous. Therefore, Lax-Milgram’s Theorem allows us to say that, for every function
h € L*(Q) such that 0h € L*(Q), there exists one and only one solution py in V of the
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variational equation:

T T
a(po, p) = /0 /Q LpLpodxdi + /0 / (p— Pp)ps — Ppa) dxdt

T
=/ /hpdxdthEV.
0 Jo

Proposition 3.1 Assume (19) holds. For h € L*(Q) such that Oh € L*(Q), let py be the
unique solution of (51),

(50)

vo = —(poxw — Ppo) (51)
and
q0 = Lpo. (52)
Then, the pair (vy, qg) is such that (20)—(22) hold. Moreover, we have

lpolly < C [0hll 2, (53)
[vollr2wx,1) < Cll0h]lr2(g), (54)
lqollg210) < ClOR| 120 (55)

where C represents different positive constants.

Proof We proceed in two steps.

Step 1. We prove that (v, q¢) is a solution of (20)—(22).

According to (51), we have py € V. Consequently gy € L?(Q) and since Ppy € Y;, the
function vy = —(pox. — Ppe) € Y;*. Next, replacing Lpy by qo and (—pey. + Pps) by vg
in (51), we obtain

T T T
/ /qupdxdt—/ /U@(p—Pp)dth=/ /hpdxdt, VopeV.
0 Jo 0 Jo 0Je

Since Pp € Y; and vy € Y%, this latter equality is reduced to

T T T
/ /qupdxdtz/ /hpdxdt+/ /vgpdxdt, VoeV. (56)
0 JQ 0 JQ 0 Jo

Now, for ¢ € L*(Q), let p be the solution of the system
p'—A4p+ap=¢ inQ,
p=0 onlX, (57)
p(0)=0 1in Q.

Then p € V. Consequently, replacing p by p in (56), we have

T T T
/ /qodbdxdt:/ /hpdxdt+/ /vgpdxdt.
0Je 0Je 0Jo
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Thus, g9 € H>!(Q) is the solution of the problem (21) with v = vy (cf. [10]). In other
words gy is the solution of the following problem:

—qy — Aqp + aoqo = h+vgy, inQ,
q =0 on X, (58)
qo(T) =0 in Q.

Since gy € H>'(Q), we also have gy € C([0, T], L*(Q)).
Multiplying (58); by p € ¥~ and integrating by parts in Q, it follows

T T T
/qg(O)p(O)dx—I—/ /qupdxdtz/ /hpdxdt—l—/ /vgpdxdt, Ypev .
Q 0o Je 0Je 0 Jo

As p € 77, we deduce from (56) that

/qu(O)p(O) dx=0 Vpev.

Hence, ¢qp(0) =0 in Q.
Step 2. Let us prove the estimates (53)—(55). Replacing p by py in (51) and using the
Cauchy-Schwarz’s inequality, we get from (39), (48),

2 2
a(Pé),PG) = HCIHHLZ(Q) + HU«‘)HLz([,,X(o,T))
< [0kl 2g)llpollo
< C|l0hlL2g)llpollv-

Therefore, from (48), we obtain (53) and then (54). Estimate (55) is a consequence of (54)
and of the properties of the heat equation. [ |

Proposition 3.2 Under the assumptions of Proposition 3.1, there exists a control variable v
such that the pair (v,q) satisfies (20)—(22). Moreover, we can obtain a unique control by
such that (23) holds.

Proof We have proved in Proposition 3.1 that (vy, qg) satisfies (20)—(22). Consequently,
the set & of the control variables v € L*(w x (0, T)) such that (v, q(x,t,v)) verifies (20)—(22)
is non-empty. Moreover, adapted observability inequality (39) shows that the choice of
the scalar product on 7" is not unique. Thus, proceeding as in Proposition 3.1, we can
construct infinitely many control functions v which belong to &. It is then clear that &
is a non-empty closed convex subset of L*(w x (0, T)). Therefore, there exists a unique
control variable Ty of minimal norm in L*(w x (0, T)) such that (Ty, gy = q(x,t,7p)) solves
(20)—(23).

3.2 Proof of Theorem 1.2

In this subsection, we are concerned with the proof of Theorem 1.2. That is, the optimality
system for the control ¥y such that the pair (g, §g) satisfies (20)—(23). As a classical way
to derive this optimality system is the method of penalization due to J. L. Lions [10], the
proof of Theorem 1.2 requires some preliminary results.
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Let € > 0. For any pair (v, q) such that
S Y;},

0
—51 — 44+ a0 € L(Q), (39)

q=0on2%, ¢q0)=¢q(T)=0in Q,

we define the functional

1, 5 1 0q 5
Je(v,q) = EHUHU(wx(O,T)) + ZH ot Aq +aoq —h — UXwHLz(Q) (60)
and we consider the minimization problem
minJ¢(v,q), (v,q) subject to (59). (61)

Proposition 3.3 Under the assumptions of Proposition 3.1, the problem (61) has an optimal
solution. In other words , there exists a unique pair (ve,qe) such that

Je(Ve, qe) = min{J¢(v, q), (v, q) subject to (59)} (62)

Proof Since (vy,qp) defined in Proposition 3.1 satisfies (59) and J.(v,q) = 0, we can
define the real d. such that

d. = min{J.(v,q), (v, q) subject to (59)}.

Let (v,, q4) be a minimizing sequence satisfying (59) and such that
1
de < Js(vmqn) < de + ; < de + 1
In particular,

1
0<de < Je(vo,q0) = §|U()|2L2(wx(0,r))~

It follows from the estimates (54) that there exists a constant C, independent of n such
that

Je(vny Qn) < CZ-
Therefore, from the form of J., we get

04
ot

< C\Je, (63)
L2(Q)

onll L2(x(0,1y) < C. (64)

- ACIn + aoqn — h— UnXw

According to (64), there exists v. in L?>(w x (0, T)) and a subsequence extracted from
(vy) (still called (v,)) such that

vy —ve weaklyin L} (w x (0, T)). (65)
Since v, belongs to Y;* which is a closed vector subspace of L*(w x (0, T)), we have

ve € Y (66)
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As a consequence of (59) and (63),

lgnllm210) < C.

Thus, there exists g. € H>!(Q) and a subsequence extracted from (g,) (still called (g,))

such that
gn — qo weakly in  H>(Q). (67)
Moreover, g, verifies
a(k 2
- - A € € L s
ot ge + aoge € L7(Q) (63)

ge=0o0n2, q(T)=q0)=0in Q.

Finally, from (66) and (68), we deduce that (v, q.) satisfies (59). Combining (65), (67) and
the weak lower semicontinuous of J., we obtain that J.(ve,q.) < 1}1{1 +irolofJe(vn,q,l) =d..
In other words (v, g.) is the optimal control. The uniqueness of (v, g.) is the immediate
consequence of the strict convexity of J.. [ |

Proposition 3.4 The assumptions are as in Proposition 3.1. Then, the pair (ve,qe) is optimal
solution of the problem (62) if and only if there exists a function p. such that (ve, (e, pe) €
L*(w x (0, T)) x H>'(Q) x V satisfies the following approximate optimality system:

Ve = —(pPe)w — Ppe) € Yila (69)

0qe :

- - Aq€ + apgde = h+ Ve — €Pe 1N Qa
o 70)
qge=0 on 2, (
4e(0) =0in Q, (71)
0pe a0
H - ApE + appe = 0 in Qa (72)
pe=0 onlZ.

Proof We express the Euler-Lagrange optimality conditions which characterize (v, q;):

%Jg(ug, ge + 11 @)|,=0 = 0, for all ¢ € C*(Q) such that
p=00on2%, @0)=¢(T)=0 in Q,

d
Je(ve + pv, qe)‘,u=0 =0, Wwe Y/ll~
du

After calculations, we have

T 1 qu aq) —
1‘) ngg (_ ot _Aqg'i_anG_h_Ue‘Xw —E—AQD-I-CIQQD dth_O’

for all ¢ € C*(Q) such that p =0 on X, ¢(0)=0, ¢(T)=0in Q

(73)
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//vevdxdt // ( aqe—Aq€+aoz€—h—v€;{,u>vdxdt:O, Yo e Yt (74)
Q€

Then we define the adjoint state

1 0q.
Pe = —— (_ 1 _AQG+aOQE_h_U€Xw> . (75)
€ ot
Hence, we deduce that — aq€ — Aqe + apge = h+ve)o, — €pe in Q. And since (v, g.) verifies
(59), we have g. = 0 on Z qE(T) = ¢.(0) =0 in Q. Thus (g, ve, p¢) is such that (70) holds.
Now, replacing —1( % — Aqe + aoge —h — veyw) by pe in (73) and (74), we respectively
obtain

K fope(—=2 — 4@ + agp) dxdt = 0, for all ¢ € C*(Q) such that 6

e=0o0on2%, ¢0)=¢(T)=0 in Q,

T T
/ / vevdx dt + / / pevdxdt =0, YoveY,: (77)
0 Jo 0Ja

Therefore, from (76), we derive

and

0pe
ot

— Ape + appe = 0 1in Q.
Thus, p. € L*(Q) and Lp. € L*(Q). Consequently, we can define p. on ¥ and prove that

pe=0o0n 2.
(From (77), we have

T
/ /(UE+pE)UdXdI=0, Yo e Yt
0 w

Hence, v. + peyo € Y;. Since v € Y;*, we have v, + pejo, = P(ve + pe)o) = Ppe. Thus,
= _(peXw - P,De)~ |

Remark 8 Let us mention that there is no information concerning p.(0) and p.(T) .

Proposition 3.5 Let (v, ge, pe) be defined as in Proposition 3.4. Then there exists a constant
C > 0 independent on € such that

el 5210y < C, (78)

[pe — Ppel2@wxo,ry) < C, (79)
1Pell L2 @wx0,m) < C, (30)

pelly < C. (81)
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Proof From (63) and (64), we have

0qe
H_ d _AQE+a0q6_h_UGXw

ot

< C\Je, (82)
L*(Q)
[vell L2(wx 0,1y < C. (83)

Since ¢. verifies (59), we derive from (82) the relation (78). From (69) and (83), we
obtain (79). Then as Lp. = 0, using the definition of the norm on V given by (48), we
have (81).

On the other hand, since p. € 77, applying the observability inequality (39) to
Pe, We have ”éprLZ(wX(O,T)) < C. Therefore, using (79) and the fact that 1/0 is

in L*(Q), we deduce that ”%PPGHU(U)X(O,T)) < C. Since Pp. is in Y, which is fi-

nite dimensional, we have |Pp.| Lxor) < C. Hence using again (79), we obtain
estimate (80). [ |

Proof of Theorem 1.2 We proceed in three steps:

Step 1. We study the convergence of (v, g),.
According to (83) and (78) we can extract subsequences, still denoted (g.)e and (v¢). such
that

ve — voweakly in L*(w x (0, T)), (84)
qe — qo weakly in HZ’I(Q). (85)

And, as v. belongs to Y; which is a closed vector subspace of L?*(w x (0, T)), we have
v € Yt (86)

Since the injection of H>!(Q) into L*(Q) is compact, the pair (vg, o) is such that

0 .
h_ Aqo + apqo = h+ vy, in Q,
ot %7
qo =0 on X, (87)
q0(T) =0 in Q,
q(0)=01in Q. (88)

Step 2. We prove that (v, do = 4(x, 1, 0)) = (4, 4o = q(x, 1, 00)).
From the expression of J. given by (60), we can write

1 2
E ”UeHLZ(wX(Q,T)) < Je(Ve, e )

Since (g, Gg) satisfies (20)—(22) (or equivalently verifies (59)), this latter inequality
becomes
1
2

1
2 A 2
HUeHLZ(wX(o,T)) < Je(Ve, ge) < 5 HUGHLZ(Q)X(O,T))- (89)
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Then using (84) while passing to the limit in (89), we obtain

1 2 . . 1 A 12
5 HUOHLZ((UX(QT)) < 11131_)1511“.]5(176, ge) < b HUGHLz(U)x(O,T)) :
Consequently,
lvoll 2w x0.1y) < 1901l L2 x(0.1)
and thus,

HUOHU((UX(Q,T)) = HﬁOHLZ(wX(Q,T)) .
Hence, vy = 9y and since (87) has a unique solution, it follows that gy = §o.
Step 3. According to the inequalities (80) and (81), we can extract a subsequence, still
denoted (p¢)e, such that

pe — po weakly in L3 (w x (0, T)), (90)
pPe — Po weakly in V. 91)
As P is a compact operator, we deduce from (90) that
Pp. — Ppy strongly in L*(w x (0, T)). (92)
Therefore, combining (90) and (92), we get
Ve = Pl — Ppe — D9 = Posew — P po weakly in L*(w x (0, T)).

Thus, we have proved that there exists 0 given by (38) such that for a given h € L*(Q)
with 0h € L*(Q), the unique pair (fg,Jg) satisfies (20)~(23) with By = Py — Ppg, and
where py is a solution of (26). Since the function h defined by (34) belongs to L*(Q) if
0h € L*(Q), the proof of Theorem 1.2 is complete. [ |

4 Expression of the sentinel with given sensitivity and identification of parameter /;

We are now able to give the expression of the sentinel S defined by (6)—(9) and identify
the parameter 4;.

4.1 Expression of the sentinel with given sensitivity

We consider the results obtained in the previous sections and we assume that h given
by (34) and 0 given by (38) are such that Oh € L*(O x (0, T)). Let (i, pg) be defined
as in Theorem 1.2. Since dy = —(Po)e — Ppo) realizes the minimum in L*(w x (0, T))
among all controls v such that the pair (v, q) satisfies (20)—(23), using (33), we deduce that
w = wg + Dg = wo — (Poxew — PPp). Consequently, replacing w by its expression in (6), the
function S becomes

T T
S(,1) = / / hoy(iu ) dxdi + / / (W0 — (Do — Phozoly(it)dxdt  (93)
0 (0] 0 %)

and (w, S) is such that (7)—(9) hold.
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4.2 Identification of the parameter /;

According to (14), yo which is the solution of the problem (1) when 4 =0 and 7 =0 is
identically zero in Q. Hence, from (93) we have

T T
5(0,0) = / / hoyodxdi + / / (Wo — (o — P poze)yodxdt =
0 (0] 0 )

Next, using (7), we obtain
Moos
S(2, 1) — S(0,0) ~ ;}“i&(o’ 0) for ; and 7 small.

Since we have at our disposal the observation y.,s which is the measure of the concentra-
tion of the pollutant in the river, we have

S(iu1) — 5(0,0) = / / Ho(vops — vo) dx di + / / W(Yabs — o) dxdt.

Thus, we also have the following information:

M

S 00% [ [ ot - st [ [ o - wava

i=1

which, using (8), gives

M T T
i [ [ hotvow = yordxde+ [ [ o= o).
i—1 0 Jo 0 Jow

Now, fixing i € {1, M} and choosing ¢; 0 and ¢; = 0, for all j in {1, M} with j + i, we
get this estimate of the parameter 4;

lim — {/ /ho Vobs — J/O)dXdH-/ / W(Yobs —yo)dth}
~ — {/ /h()yobs dxdt-i—/ /Wyobs dxdt}
Ci 0oJo 0 Jo

since yo = 0 in Q.

5 Concluding remarks

The concept of sentinels of J. L. Lions that we revisited allows not only the identification
of parameters with given sensitivity, but also the detection of parameters by distinguishing
between them the missing data. The method is general and can be applied to other types
of problems governed by evolution equations.
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