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A scaling law for the recirculation zone length
behind a bluff body in reacting flows
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The recirculation zone length behind a bluff body is influenced by the turbulence
intensity at the base of the body in isothermal flows and also the heat release and
its interaction with turbulence in reacting flows. This relationship is observed to be
nonlinear and is controlled by the balance of forces acting on the recirculation zone,
which arise from the pressure and turbulence fields. The pressure force is directly
influenced by the volumetric expansion resulting from the heat release, whereas the
change in the turbulent shear force depends on the nonlinear interaction between
turbulence and combustion. This behaviour is elucidated through a control volume
analysis. A scaling relation for the recirculation zone length is deduced to relate the
turbulence intensity and the amount of heat release. This relation is verified using the
large eddy simulation data from 20 computations of isothermal flows and premixed
flames that are stabilised behind the bluff body. The application of this scaling to
flames in an open environment and behind a backward facing step is also explored.
The observations and results are explained on a physical basis.
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1. Introduction
Bluff bodies are commonly used for flame stabilisation, since they provide a robust

but simple flame anchoring mechanism for turbulent premixed flames. This classical
approach (Spalding 1971) is used in many modern applications, such as afterburners,
although swirling flows are generally present in the primary burner in gas turbine
engines, where toroidal vortices are generated to stabilise the flame. The recirculation
zone that is formed directly behind the bluff body aids the stabilisation process, as
there is a continuous turbulent exchange of mass, momentum and energy with its
surroundings (Winterfeld 1965). This zone contains hot combustion products and
therefore, it acts as a constant source of heat, radicals and intermediate species to
sustain combustion. This also helps the flame stabilisation processes over a wide
range of fuel–air mixture equivalence ratios and velocities (Davies & Beér 1971).

Numerous previous studies of isothermal flows with bluff bodies have provided
insights into these recirculation zones, their flow patterns and various factors
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influencing the attributes of these zones (Carmody 1964; Chigier & Beer 1964;
Calvert 1967). These flows were also used to develop and investigate measurement
techniques for velocity and turbulence, since there are strong velocity gradients
present in these flows (Uberoi & Freymuth 1970; Davies & Beér 1971; Roberts
1973; Bradbury 1976; Castro & Robins 1977; Durao & Whitelaw 1978; Fuchs,
Mercker & Michel 1979; Taylor & Whitelaw 1984). The recirculation zone length
LR is commonly used to evaluate the influences of inlet flow conditions. This length
is sensitive to the incoming turbulence level and decreases towards an asymptote
when the inlet turbulence level is increased (Humphries & Vincent 1976a,b; Castro
& Robins 1977; Durao & Whitelaw 1978). Moreover, an increase in the blockage
ratio of the bluff body decreases LR in unconfined flows (Davies & Beér 1971;
Durao & Whitelaw 1978). However, the walls in confined bluff body flames cause
LR to increase with blockage ratio, since they prevent large streamline curvature at
the rear stagnation point (Taylor & Whitelaw 1984). Taylor (1982) has provided a
comprehensive review of the various experimental studies on this topic.

It has also been demonstrated that the heat release from combustion significantly
influences LR. Bill & Tarabanis (1986) claimed that the effects of combustion were
to (i) increase this length, (ii) dampen the velocity fluctuations and (iii) increase
the magnitude of the velocities, due to the drop in the gas density within the
recirculation zone. For premixed systems, it was observed that the value of LR was
at its minimum for flames around stoichiometric conditions (Wright 1959; Winterfeld
1965). Furthermore, Pan, Vangsness & Ballal (1992) demonstrated that increasing the
incoming turbulence intensity (TI) for a given equivalence ratio φ led to a decrease
in LR, which was consistent with the earlier studies on isothermal bluff body flows.
The flame was observed to reside within the shear layer originating from the trailing
edge of the bluff body, where strong turbulence–combustion interactions are present.
Experimental studies have shown that increasing the TI thickened the preheat zone
and hence, the flame brush was observed to thicken (Nandula 2003; Chowdhury &
Cetegen 2017). These configurations involve combustion conditions ranging from the
flamelets regime to the distributed reaction zones regime of turbulent combustion
(Peters 2000) and thus, such configurations serve as suitable candidates for robust
validation of turbulent combustion models. A number of previous studies have used
this configuration for this purpose (Spalding 1971; Rydén, Eriksson & Olovsson 1993;
Bai & Fuchs 1994; Fureby & Möller 1995; Langella, Swaminathan & Pitz 2016a).

Backward facing step configurations with reacting flow have also been previously
used to study the effects of combustion on the recirculation zone and to gather
experimental data for combustion model validation. In this configuration, the flame
is stabilised in the shear layer formed between the incoming free stream at a
velocity of U∞ and the recirculation zone behind the step. The influences of
thermochemical parameters, such as φ and fuel composition, on the values of LR
have been studied by Ghoniem and his co-workers using backward facing step
configurations for a wide range of thermochemical conditions (Speth & Ghoniem
2009; Hong, Shanbhogue & Ghoniem 2015; Shanbhogue et al. 2016; Chakroun
et al. 2017; Michaels, Shanbhogue & Ghoniem 2017). The TI at the combustor
entry in these studies was approximately 6 % (Hong et al. 2015). Both reacting and
isothermal conditions were investigated and the results showed that LR decreased with
increasing φ for the various fuel mixtures studied. These investigations concluded
that the consumption speed sc of a strained laminar flame could be used to scale
the recirculation zone length as LR/LR,ref ∼U∞/sc, where LR,ref is the recirculation
zone length for the corresponding isothermal flow case (Hong et al. 2015). The
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Scaling for the recirculation zone length in reacting flows 701

strain rate at the streamwise location where the flame exited the recirculation zone
was suggested to be the characteristic strain rate used to obtain sc in the study by
Michaels et al. (2017). The aforementioned scaling expression was also revised
as LR/LR,ref ∼ (ρbU∞/ρusc) to include the density change arising from thermal
expansion. The densities of unburnt and burnt mixtures are denoted using ρu and
ρb, respectively. However, the study by Shanbhogue et al. (2016) concluded that
using a characteristic strain rate alone is insufficient to quantify the influence of
combustion on the recirculation zone and the effects of turbulence on the flow field
must also be considered. It is worth noting here that the recirculation zone behind
a backward facing step is constrained by the wall and the associated boundary layer
at the bottom wall, yielding a secondary recirculation zone near the bottom corner.
These features are absent for the flow configuration considered for this study.

The influences of TI and φ on the recirculation zone length behind a bluff body
have not been investigated thoroughly, although some trends have been reported
by Pan et al. (1991a,b, 1992). It was suggested that the influences of combustion
on the recirculation zone may come through the pressure dilatation influencing the
turbulent kinetic energy. However, a careful consideration of the problem shows
that the recirculation zone behind a bluff body is a near-field wake phenomenon,
which is mainly governed by the momentum exchange between the body and the
flow; more specifically, the momentum transfers into and out of the near-field wake
region. This suggests that a force balance analysis is appropriate. Furthermore,
the momentum exchanges will be influenced by turbulence, combustion and their
interactions. Hence, the balance among the various forces acting in the radial and
axial directions is likely to dictate the behaviour of the recirculation zone length.
These forces are influenced by the incoming TI, the amount of heat release and the
turbulence–combustion interactions. The amount of heat release is related to φ, as
well as the fuel composition. Thus, the objectives of this study are (i) to understand
these influences using the large eddy simulation (LES) results of bluff body stabilised
turbulent premixed flames and (ii) to propose a scaling relation for LR relating the TI
at the bluff body base and the temperature rise across the flame front 1T = Tb − Tu,
where Tb and Tu are the burnt and unburnt mixture temperatures, respectively. This
temperature rise is normalised by the incoming unburnt mixture temperature Tu and
is commonly referred to as the heat release parameter τ =1T/Tu, which is related
to φ. The scaling relation is derived by employing a control volume analysis for the
various forces acting on the recirculation zone in isothermal and reacting flows.

The remainder of this paper is organised as follows. The necessary LES conservation
equations and the sub-grid turbulence–combustion interaction model used for the
simulations are described in § 2. A description of the computational set-up for the
bluff body burner investigated in this study is presented in § 3. The results are
presented and analysed in § 4 and the conclusions are summarised in § 5.

2. Large eddy simulation framework
2.1. Governing equations

The Favre-filtered transport equations for mass, momentum, thermochemical enthalpy
(sum of sensible and chemical enthalpies) and the reaction progress variable are
written respectively as

∂ρ

∂t
+∇ ·

(
ρŨ
)
= 0, (2.1)
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ρ
DŨ
Dt
=−∇p+∇ ·

[
τ −

(
ρŨU− ρŨŨ

)]
, (2.2)

ρ
Dh̃
Dt
=∇ ·

[
ρα∇h̃−

(
ρŨh− ρŨh̃

)]
, (2.3)

ρ
Dc̃
Dt
= ω̇+∇ ·

[
ρD∇c̃−

(
ρŨc− ρŨc̃

)]
. (2.4)

The overline and tilde operators respectively signify filtered and Favre-filtered
variables. The term D/Dt= ∂/∂t+U · ∇ is the material derivative and the symbols ρ
and U respectively denote the fluid density and velocity vector. The molecular shear
stress term in (2.2) is τ =µ[∇Ũ+ (∇Ũ)

T
− 2/3 (∇ · Ũ) I], where µ is the molecular

dynamic viscosity, which is related to temperature via Sutherland’s law, and I is the
identity matrix. The pressure and thermochemical enthalpy are denoted using p and
h, respectively. The symbols α and D denote the molecular thermal diffusivity of the
mixture and the mass diffusivity for c in (2.3) and (2.4), respectively.

The reaction progress variable c can be defined using either temperature or
appropriate species mass fractions, so that c takes a value of zero and unity in
the unburnt and fully burnt mixtures, respectively. It is defined using CO and CO2
mass fractions following previous studies (Fiorina et al. 2003; Ruan et al. 2015) and
is given here as

c=
YCO + YCO2

(YCO + YCO2)b
, (2.5)

where the subscript b denotes the burnt mixture value. The last term in (2.2)
τ R
= (ρŨU− ρŨŨ) is the residual stress tensor; this is decomposed into its isotropic

and anisotropic parts respectively as τ R
= 2/3 (ρk̃sgs) I+ τ r, where s.g.s. denotes

the sub-grid scale. The isotropic part is typically absorbed into the filtered pressure
p (Pope 2000). The anisotropic part is modelled using the expression (Poinsot &
Veynante 2012)

τ r
=−2 ρνT

[
S̃ − 1

3(∇ · Ũ) I
]
, (2.6)

where νT is the sub-grid eddy viscosity and S̃ = 1/2 [∇Ũ+ (∇Ũ)
T
] is the symmetric

strain rate tensor. The sub-grid eddy viscosity is modelled using a localised dynamic
Smagorinsky model as (Germano et al. 1991; Lilly 1992)

νT = (Cs∆)
2
‖S̃‖, (2.7)

where ‖S̃‖= (2 S̃ : S̃)
1/2

. The Smagorinsky constant Cs is assigned following the study
by Lilly (1992). The sub-grid scalar fluxes in (2.3) and (2.4) are modelled using
gradient hypotheses with a dynamic evaluation of the turbulent Schmidt number ScT
(Lilly 1992). The remaining term that requires closure in (2.1)–(2.4) is the filtered
reaction rate ω̇ in the progress variable equation (2.4) and this is described next.

2.2. Combustion closure
The combustion modelling used here is based on unstrained premixed flamelets,
which has been described in many books (Libby & Williams 1980, 1994; Echekki
& Mastorakos 2011; Swaminathan & Bray 2011; Poinsot & Veynante 2012).
A revised closure based on this concept has been tested for premixed combustion
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Scaling for the recirculation zone length in reacting flows 703

using Reynolds-averaged Navier–Stokes (RANS) and unsteady RANS (URANS)
methodologies for laboratory flames (Kolla & Swaminathan 2010; Swaminathan
et al. 2011; Darbyshire & Swaminathan 2012; Ahmed & Swaminathan 2013, 2014)
and for practical burners (Ruan et al. 2015). This model for the LES of premixed
combustion has been developed by Langella & Swaminathan (2016) and tested for
laboratory scale flames (Langella et al. 2016a,b). The use of this model for partially
premixed combustion has also been developed by Chen, Ruan & Swaminathan (2017)
and applied for gas turbine combustors (Chen et al. 2019a,b; Langella et al. 2018a).
The full description of this combustion model is available in these references, for
example, see the study by Langella et al. (2016a). Hence, only a brief description is
given here for the sake of completeness.

The filtered reaction rate is modelled as

ω̇=

∫ 1

0
ω̇(ζ )P(ζ ; c̃, σ 2

c,sgs) dζ = ρ
∫ 1

0

ω̇(ζ )

ρ
P̃(ζ ; c̃, σ 2

c,sgs) dζ , (2.8)

where P̃(ζ ; c̃, σ 2
c,sgs) is the density-weighted sub-grid probability density function

(p.d.f.) of the reaction progress variable. The sample space variable for c is ζ and
the flamelet reaction rate ω̇(ζ ) is obtained from one-dimensional unstrained premixed
laminar flame calculations with complex chemistry. The sub-grid p.d.f. is specified
using the beta function for given values of c̃ and its s.g.s. variance σ 2

c,sgs. Both of
these variables are transported in the LES.

Equation (2.4) is used for determining c̃ and σ 2
c,sgs is obtained using the transport

equation

ρ
Dσ 2

c,sgs

Dt
' ∇ ·

[(
ρD+ ρ

νT

ScT

)
∇σ 2

c,sgs

]
+ 2(ω̇c− ω̇c̃)− 2 ρχ̃c,sgs + 2 ρ

νT

ScT
(∇c̃ · ∇c̃). (2.9)

The quantities νT and ScT are obtained dynamically, as outlined earlier. The reaction-
related term is closed using

ω̇c= ρ
∫ 1

0

(
ω̇ ζ

ρ

)
P̃(ζ ) dζ , (2.10)

which is similar to (2.8). The filtered reaction rate and the term ω̇c are precomputed
using unstrained laminar flame results and these are tabulated as functions of c̃ and
σ 2

c,sgs in a look-up table, which is required for the LES.
The s.g.s. scalar dissipation rate for c, denoted as χ̃c,sgs, is influenced by both

combustion and turbulence in premixed flames and thus, its modelling should include
those influences. The model proposed by Dunstan et al. (2013), which has been
tested thoroughly in previous studies (Gao, Chakraborty & Swaminathan 2014, 2015;
Langella et al. 2015; Langella & Swaminathan 2016; Langella et al. 2016a, 2017),
is used here and is written as

χ̃c,sgs =F
[

2 Kc
s0

L

δ0
L
+ (C3 − τC4Da∆)

(
2 u′∆
3∆

)]
σ 2

c,sgs

βc
. (2.11)

The function F = 1− exp(−0.75∆+) ensures that the s.g.s. dissipation rate
approaches zero when the filter width ∆ approaches zero and the normalised filter
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width is ∆+ =∆/δ0
L. The laminar flame speed and its thermal thickness, denoted as

s0
L and δ0

L, respectively, are obtained from the unstrained laminar flame calculations.
The symbol Kc = 0.79 τ is a thermochemical parameter for turbulence–combustion
interactions. The other parameters are defined as C3 = 1.5

√
Ka∆/(1 +

√
Ka∆) and

C4 = 1.1/(1+Ka∆)0.4, following earlier studies (Dunstan et al. 2013; Langella
et al. 2015). The symbols Da∆ and Ka∆ are defined as Da∆ = s0

L∆/(u
′

∆δ
0
L) and

Ka∆ = (u′∆/s
0
L)

3/2
(δ0

L/∆)
1/2, respectively. The s.g.s. velocity scale u′∆ is modelled

using a scale-similarity approach as u′∆ =Cq
∑
|Ũ− ̂̃U|, where ̂̃U is the velocity field

obtained using a Gaussian test filter of width ∆̂ ' 2∆. This model for u′∆ is used
to be consistent with the previous study of the bluff body burner considered here
(Langella et al. 2016a), but different models are available, as outlined by Langella,
Doan & Swaminathan (2018b).

It was established in past studies that the parameters in (2.11) and their values
are closely connected to certain physical aspects of turbulence–combustion interactions
and their influences on the scalar dissipation rate. Therefore, these parameters cannot
be tuned and further detail on this is given by Kolla et al. (2009), Dunstan et al.
(2013) and Gao et al. (2014). The term σ 2

c,sgs/βc in (2.11) comes from influences of
flame curvature induced by wrinkling and hence, the scale-dependent parameter βc for
this study is obtained dynamically (Gao et al. 2015; Langella et al. 2015).

The Favre-filtered temperature is calculated as T̃ = T0 + (h̃− 1̃h0
f )/c̃p, where c̃p

and 1̃h0
f respectively represent the effective mixture specific heat capacity at constant

pressure, as defined by Ruan, Swaminathan & Darbyshire (2014), and the formation
enthalpy of the gas mixture, and the reference temperature is T0 = 298.15 K. For
this study, the influence of temperature fluctuations on the specific heat capacity is
taken to be small and this assumption is justified by the good comparisons shown in
many previous studies (Langella et al. 2016a,b; Chen et al. 2019a,b; Langella et al.
2018a) employing this approach. The filtered enthalpy h̃ is transported in the LES
using (2.3). The mixture density is computed using the state equation ρ = pM̃/<0T̃ ,
where M̃ represents the Favre-filtered molecular mass of the mixture and <0 is the
universal gas constant. The three thermochemical quantities of the mixture, 1̃h0

f , c̃p

and M̃ are calculated in a manner similar to (2.8), as described in detail by Ruan
et al. (2014), and are included in the look-up table. These thermochemical properties
for the flamelet are obtained from the unstrained premixed laminar flame calculations
for methane–air combustion. The laminar flames used to build this table are computed
using the PREMIX code of CHEMKIN–II (Kee et al. 1985) using the GRI–Mech 3.0
chemical mechanism for methane–air combustion.

The s.g.s. reaction rate closure described in this section uses an unstrained premixed
flamelet formulation, which typically assumes that the chemical time scale is shorter
than the relevant turbulent time scales. In the context of RANS modelling, it is
often questioned whether this closure includes (or responds to) fluid dynamic strain
effects. This has led to the proposition of strained flamelet closures in past studies,
for example, see the study by Kolla & Swaminathan (2010), since the flame stretch
effects can reduce the reaction rate which can eventually lead to flame extinction.
However, the situation is different for LES modelling, since many of the fluid dynamic
time scales, their interactions and mutual influences on the scalar fields (̃c and σ 2

c,sgs
for premixed combustion and mixture fraction related quantities must be included
for partially premixed combustion) are resolved explicitly and captured by the LES
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equations. This means that the stretching caused by the resolved scales are captured,
but the s.g.s. stretching needs to be modelled. Langella & Swaminathan (2016) showed
that including the s.g.s. stretching by using a strained flamelet closure for the filtered
reaction rate led to substantially longer flames compared to those in the experiments.
However, improved comparisons were obtained when using an unstrained flamelet
closure. This is because the strained flamelet closure substantially underestimates the
fuel consumption rate. The reasons for these behaviours became apparent through the
multi-scale analysis studies by Doan, Swaminathan & Chakraborty (2017) and Ahmed
et al. (2018), where it was demonstrated that turbulent eddies smaller than 2 δ0

L to
3 δ0

L contribute weakly to the overall straining of the flame. Thus, including a model
for the s.g.s. stretching may overestimate its effects. If the LES grid resolves scales
up to the above eddy sizes, then the unstrained flamelet closure works well. This is
demonstrated in many past studies of premixed and partially premixed combustion
in laboratory burners (Langella et al. 2016a,b) and model gas turbine combustors
(Langella et al. 2018a; Chen et al. 2019a,b) with and without thermo-acoustic
instabilities. Furthermore, this s.g.s. combustion closure performed well in capturing
the flame root dynamics (Chen et al. 2017) including local extinction (Massey, Chen
& Swaminathan 2019).

3. Computational set-up
3.1. Experimental configuration

Figure 1(a) illustrates the schematic of the bluff body burner investigated here, which
was studied experimentally by Pan et al. (1991a,b, 1992), Nandula et al. (1996)
and Nandula (2003). Laser Doppler velocimetry (LDV), coherent anti-Stokes Raman
spectroscopy (CARS), spontaneous Raman scattering and Rayleigh techniques were
employed to measure velocity, temperature and species variations inside the combustor.
These measurements were used as validation for the previous numerical study of this
burner (Langella et al. 2016a).

A premixed methane–air mixture of equivalence ratio φ at a temperature Tu= 294 K
entered the combustion chamber, which consisted of a square duct with a constant
area of W2

= 79 × 79 mm2 and had a length of L = 284 mm. The conical bluff
body at the base of the combustor had a cylindrical stem of diameter Dst = 12.7 mm,
a base diameter of D = 44.45 mm and an apex angle of θ = 45◦. The premixed
methane–air mixture entered the combustor section with a bulk-mean velocity of
Ub= 15 m s−1 at the bluff body base, as shown in figure 1(a). A turbulence generator
grid with holes of diameter 3.46 mm was positioned 58 mm upstream of the bluff
body base in the experiment. Different turbulence grids were used in the experiment
to produce turbulence intensities of TI = u′/Ub = 2 %, 17 % and 22 %. These values
were measured at a radial location of r/D = 0.55 at the bluff body base and were
used as reference values for the respective experiments. The cases with 2 % and 22 %
TI are considered for the LES cases, since an extensive set of experimental data is
available for these two cases for a thorough model validation.

3.2. Computational model
The computational domain for the experimental burner is shown in figure 1(b), which
is discretised using a structured multi-block mesh with a total of approximately 2.2 M
cells. The adequacy of this grid for the flow and thermochemical conditions of interest
here is tested thoroughly by using two different grids in an earlier study (Langella
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Uair

Shear layer

Combustor exit

Combustor entrance

Non-slip conditions

Slip conditions

4.5D

4.5D

17.5D

W

L LR

Ub
D

Dst

Ub,in Ub,in

Ub,in

y

œ

x

Uair

Uair

Uair

(a)

(b)

FIGURE 1. Schematic of the (a) experimental burner (not to scale) and (b) its
computational model (Pan et al. 1992; Nandula 2003).

et al. 2016a), which demonstrated that the flow statistics, including the recirculation
zone length, for isothermal flows obtained using this 2.2 M grid agreed well with
measurements. Good comparisons between the LES statistics and measurements for
reacting conditions were reported in that study. It is estimated that this grid resolved
at least 80 % of the turbulent kinetic energy in the isothermal flow simulations
(Pope 2000). Hence, this study employs the same grid, which has refined cells
near the bluff body and in the regions where shear layers and filtered flames are
expected to be present. The dimensionless wall distance y+ can be used to assess
the wall refinement of a grid for the viscous sub-layer (y+ 6 5). The experimental
data obtained by Nandula et al. (1996) and Nandula (2003) were used to estimate
the wall distance to guide the numerical grid refinement. Approximately two cells
are placed within the viscous sub-layer in the grid used for this study. The lengths
of the turbulent flames in the experiments exceeded the length of the combustion
chamber and hence, difficulties arise with specifying meaningful and numerically
stable boundary conditions for the combustor exit. This is overcome by including an
additional domain of size 4.5D × 4.5D × 17.5D downstream of the combustor exit,
as shown in figure 1(b). This additional domain allows for the effect of entrained air
on the flow exiting the combustor to be captured and also helps to specify clear exit
boundary conditions for the computational domain.

A flat velocity profile of Ub,in = 11.5 m s−1 is prescribed at the inlet, which is
based on the measured mass flow rate to give the required reference bulk-mean
velocity of Ub = 15 m s−1 at the bluff body base, as marked in figure 1(a). A small
velocity of Uair = 0.2 m s−1 is specified at the boundary in line with the combustor
exit, as shown in figure 1, in order to mimic the ambient air entrainment. Langella
et al. (2016a) showed that the velocity close to the bluff body base could be affected
by the heat losses from the recirculation zone to the bluff body base and this loss
was reported to be approximately 5–8 % by Pan et al. (1991b). The previous study
by Langella et al. (2016a) demonstrated that the computed recirculation zone length
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agreed well with measurements, although this heat loss was excluded in the LES.
Hence, this study follows that approach by imposing adiabatic no-slip conditions
for the bluff body and walls of the combustion chamber. The lateral walls of the
additional domain are specified with slip conditions, while the outlet is specified to
have zero streamwise gradients for all variables. The TI at the inlet is specified using
the synthetic turbulence obtained using the digital filter technique (Klein, Sadiki &
Janicka 2003) instead of including the turbulence generator used in the experiment.

The numerical simulations are conducted using PRECISE–MB (Anand et al. 1999),
which solves the five transport equations, along with the combustion modelling
described in § 2, using the finite volume methodology. The spatial gradients are
discretised using second-order accurate difference schemes and the discretised
equations are time marched using a second-order scheme (Ferziger & Perić 2002).
A blended second-order central difference scheme is used to control small overshoots
(<0.6 %) and undershoots (not below −0.002) for the filtered progress variable and
its s.g.s. variance. These are the worst values observed over the entire period of the
20 simulations listed in table 1. The velocity and pressure coupling is maintained
using the SIMPLEC algorithm (Van Doormaal & Raithby 1984). The variables c̃ and
σ 2

c,sgs are set to be zero for both the inlet and co-flow boundaries. Following earlier
studies (Langella & Swaminathan 2016; Langella et al. 2016b), a thermochemical
property of the mixture is determined using a mixing rule ϕ̃mix = Z̃ϕ̃reac + (1− Z̃)ϕ̃air,
where the subscripts ‘reac’ and ‘air’ denote the values of ϕ̃ for the flamelet and air,
respectively. This is used only for the extended domain, as it includes the entrained
air. The flamelet thermochemical properties and the reaction-related source terms
for the LES are obtained from the look-up table, which has 101 and 51 evenly
distributed points for c̃ and σ 2

c,sgs, respectively, for this study. The procedure allows
for the inclusion of mixing or dilution of the burnt mixture with the entrained air.
This is achieved by using a filtered transport equation for a passive fluid marker Z̃,
which is set to be unity and zero, respectively, for the methane–air (combustor exit)
and ambient air boundaries. This equation is given as

ρ
DZ̃
Dt
=∇ ·

[
ρD∇Z̃ −

(
ρŨZ − ρŨZ̃

)]
. (3.1)

The last term of (3.1) is modelled using a gradient hypothesis, as outlined
previously for (2.3) and (2.4).

All of the simulations reported in this study were run on the Darwin cluster
(University of Cambridge High Performance Computing Service). Each node had
two 2.6 GHz eight-core Sandy Bridge E5–2670 processors. A constant time step of
7.5 µs is chosen to ensure that the Courant–Friedrichs–Lewy (CFL) number does not
exceed 0.3. The simulations for 16 tf required 24 hrs of wall clock time on 80 cores.
The flow-through time is defined as tf = L/Ub, where L is length of the combustion
chamber. The time-averaged statistics are obtained for 8 tf after allowing the transients
to escape the computational domain over an initial period of 8 tf .

4. Results and discussion
4.1. Validation

Before addressing the objectives of this study, the modelling framework and the
combustion models are validated first using the time-averaged statistics. Experimental
measurements are available only for 6 cases of the 20 simulations used for this study,
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Case φ u′b/Ub LR/D Ka Exp. validation?

I1 0 (τ = 0) 0.009 1.45 — Y
I2 0 0.092 1.27 — Y
I3 0 0.078 1.24 — —
I4 0 0.090 1.19 — —
I5 0 0.093 1.23 — —

L1 0.59 (τ = 4.558) 0.009 1.98 0.12 Y
L2 0.59 (s0

L = 0.122) 0.097 1.25 4.46 Y
L3 0.59 0.118 1.22 5.88 —
L4 0.59 0.115 1.31 5.69 —
L5 0.59 0.116 1.21 5.82 —
L6 0.59 0.117 1.34 5.85 —
L7 0.59 0.072 1.38 2.85 —
L8 0.59 0.063 1.40 2.32 —
L9 0.59 0.037 1.53 1.06 —
L10 0.59 0.066 1.42 2.49 —
L11 0.59 0.059 1.45 2.08 —

R1 0.80 (τ = 5.703) 0.010 1.37 0.03 Y
R2 0.80 (s0

L = 0.299) 0.086 0.76 0.66 —

S1 0.90 (τ = 6.171) 0.011 1.30 0.02 Y
S2 0.90 (s0

L = 0.366) 0.079 0.70 0.39 —

TABLE 1. Database of simulations and their attributes used for analysis in this study. The
bulk-mean turbulence level u′b is the surface-averaged value at the bluff body base. The
laminar flame speed s0

L is in m s−1.

which are listed in table 1. These 20 simulations include both isothermal and reacting
flows. The isothermal cases and flames with φ= 0.59 are labelled, respectively, using
‘I’ and ‘L’, which are taken from the study by Langella (2016). The relatively richer
flames with φ = 0.8 and 0.9 are labelled using ‘R’ and ‘S’, respectively. Cases
labelled with ‘1’ and ‘2’ after the letter correspond to turbulence intensities of 2 %
and 22 %, respectively, which were used in the experiment. The methane–air flames
have a Lewis number close to unity.

The values for u′b/Ub at the bluff body base for these cases are also listed in
table 1, which scale approximately as u′/Ub ∼ 2.3 u′b/Ub. These values are obtained
by varying the axial root mean square (r.m.s.) velocity value at the computational
inlet boundary and assigning lateral and longitudinal length scales, as required for the
digital filter technique used in the LES (Klein et al. 2003). The Karlovitz number,
defined as the ratio of the chemical time scale to the Kolmogorov time scale, is given
as (Swaminathan & Bray 2005)

Ka=
τc

τη
=

{[
2(1+ τ)0.7

]−1
(

u′b
s0

L

)3 (
δ0

L

Λ

)}0.5

, (4.1)

where Λ is the integral length scale at the bluff body base, which is estimated using
70 % of the flow passage width of (W −D)/2 and is equal to approximately 12.1 mm.
The values of Ka listed in table 1, which are based on the turbulence characteristics at
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FIGURE 2. Time-averaged centreline axial velocity comparison between the LES results
(lines) and experimental data (symbols) for (a) isothermal flow (I1 & I2), and reacting
flows with (b) φ= 0.59 (L1 & L2) and (c) 0.90 (S1). There are no experimental data for
case S2 (22 %) shown in (c).

the bluff body base, suggest that the combustion conditions in the various cases range
from the wrinkled flamelets regime to the thin reaction zones regimes in the turbulent
premixed combustion regime diagram shown by Peters (2000). However, the local
turbulent time scale, rather than one based on the incoming turbulence level, is more
appropriate for understanding the local combustion condition, which can change with
downstream distance from the bluff body base. Indeed, Langella et al. (2016a) showed
that there is multi-regime combustion behind the bluff body in cases L1 and L2,
where the regimes ranged from the flamelets regime to the distributed flamelets regime.
Similar behaviour is observed for the other reacting flow cases listed in table 1. Cases
I1, I2, L1 and L2 were validated thoroughly by Langella et al. (2016a) using velocity
measurements (Pan et al. 1992; Nandula 2003) and scalar fields (Nandula et al. 1996;
Nandula 2003), where it was demonstrated that the modelling framework detailed in
§ 2 successfully captured the flame behaviour in the multi-regime combustion. For
these reasons and for further validation, cases I1, I2, L1, L2, S1 and S2 are used
for analysis in this section, in order to highlight how the equivalence ratio and the TI
at the inlet affect the values for LR. These validation cases are marked in table 1 and
the additional cases will be used to gain further insights that are required to identify
a semi-empirical scaling relation for LR, which will be presented in § 4.3.

Figure 2 compares the measured (Pan et al. 1992) and computed time-averaged
axial velocity along the centreline for five cases; the computational results for case
S2 are shown for comparison purposes. For the following analysis, the time-averaged
statistics, denoted using the angle brackets, are obtained using the samples collected
over 8 tf and the averaging is done both in time and in the azimuthal direction. The
negative values for the axial velocity imply reverse flow within the recirculation zone
and hence, the values for LR are given by the axial distance of the zero crossing
of the normalised axial velocity; this location corresponds to the rear stagnation
point of the recirculation zone. The results in figure 2 show that the measured axial
variation of the streamwise velocity is captured well in the computations and hence,
the values for LR are close to the values seen in the experiment. There are no scalar
or temperature measurements available for cases L1 and S1 shown respectively in
figures 2(b) and 2(c).
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FIGURE 3. Computed streamlines of the time-averaged velocity in the low and high TI
cases of (a) isothermal flows (I1 & I2), and reacting flows with (b) φ = 0.59 (L1 & L2)
and (c) φ = 0.90 (S1 & S2).

The streamlines of the time-averaged velocity for the six cases are presented in
figure 3. The two isothermal cases are shown in figure 3(a) and the streamline
patterns are similar for both low and high TI cases, although there is a decrease in
LR from 1.45D to 1.27D when the TI is increased from 2 % to 22 %. There is a
non-monotonic variation of LR with φ, or τ , for low TI, as shown in figure 3. The
value for LR increases to 1.98D in case L1 from its isothermal value of 1.45D. When
the equivalence ratio is increased to φ = 0.9, the value for LR decreases to 1.3D for
case S1 with TI = 2 %, as shown in figure 3(c). However, this behaviour is different
when the TI is increased to 22 %. The value for LR for case L2 is 1.25D, which
is very similar to the length of 1.27D for the isothermal case I2. The general flow
patterns for these cases are also very similar, as shown in figures 3(a) and 3(b). This
is consistent with the experimental observation reported by Pan et al. (1992), where
it was suggested that LR in reacting flows approached its isothermal value when the
TI at the bluff body base was increased. However for case S2, the value for LR is
0.7D, which is significantly lower than for the isothermal case I2 for TI = 22 %, as
seen when comparing figure 3(a) and 3(c).

These variations presented in figure 3 show that LR generally decreases when the
TI increases, but it is highly sensitive to changes in the TI for a given φ in reacting
flow. In addition, the study by Bill & Tarabanis (1986) concluded that the effect
of combustion is to increase LR, which does not seem to hold according to the
measurements obtained in the study by Pan et al. (1992) and the current LES results.
The measured values of LR in reacting flows behind a backward facing step were
observed to decrease with an increase in φ (Hong et al. 2015), which also contradicts
the observation of Bill & Tarabanis (1986). However, the value of LR is larger than
the isothermal counterpart for the low TI cases with moderate heat release. When the
heat release is stronger, the value for LR is smaller than the corresponding isothermal
value. This intriguing behaviour is shown in figure 4(a), which is to be described
in § 4.2. The physical reasoning for this non-monotonic behaviour is unclear and
this study attempts to provide that. As noted in § 1, the recirculation zone is in the
near-field wake behind the bluff body, which is governed by the momentum transfer.
This translates into forces acting on the recirculation zone. Hence, the value of LR is
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FIGURE 4. Variation of (a) the recirculation zone length, and the time-averaged
normalised source S =−〈(Ũ− 〈Ũ〉)〉 · 〈∇p〉/(ρuU3

b/D) at (b) x= LR and (c) the maximum
width of the recirculation zone, for the six LES cases shown in figure 3 with τ .

dictated by the various forces acting on the recirculation zone and these forces are
not only influenced by turbulence but also by combustion and its nonlinear interaction
with turbulence. Therefore, it is imperative to investigate the balance of these forces
acting on the recirculation zone in reacting flows.

4.2. Force balance
The previous analysis suggests that LR is influenced by the TI at the bluff body
base and the mixture equivalence ratio, or τ , but the physical mechanisms for this
are unclear. However, Pan et al. (1992) speculated that the turbulence production
through the interaction of the velocity fluctuations with the pressure gradients could
play an important role. This production is given by −〈u′′〉 · 〈∇p〉, where u′′ denotes
the Favre fluctuation of velocity. It was also suggested that this quantity could be
of high importance at the maximum width and at the rear stagnation point of the
recirculation zone, since u′′ and ∇p are large at those locations. The maximum width
of the recirculation zone is taken as twice the distance between the centreline to the
farthest radial position on the zero axial velocity contour.

This source can be extracted from the LES results for the two locations in
the six cases shown in figure 3 and its variation with τ is shown in figure 4.
The source term is normalised using ρu, Ub and D, and is written as S =
−〈(Ũ − 〈Ũ〉)〉 · 〈∇p〉/(ρuU3

b/D). The variation of LR/D with τ is also shown in
figure 4(a). If this source term is responsible for the variation of LR/D with τ , a
similar behaviour of S with τ must be seen, but it is apparent that no such trend
is seen in figure 4. This source term directly contributes to the turbulent stress and
hence the turbulent shear force, which is one among many forces acting on the
recirculation zone. Thus, it is worthwhile to conduct a force balance on the stationary
(time-averaged) recirculation zone. The control volume considered for this analysis is
shown in figure 5, which spans the entire length of the recirculation zone and covers
the bluff body base in the radial direction. Since the mean structure is axisymmetric,
only one half is considered.

Using (2.2), the stationary form of the mean momentum equation is

〈∇ · ρŨŨ〉 + 〈∇p〉 ≈ 〈∇ · τ eff 〉, (4.2)

where τ eff is an effective stress tensor, which includes the molecular and anisotropic
turbulent stresses. The averaged molecular stresses are smaller than the turbulent
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x = LR
S2

S1

S3,1

CV1

x

r

D

FIGURE 5. Control volume for the force balance of the recirculation zone.

stresses, except on the surface S1 marked in figure 5, and this is verified using the
LES results.

By applying Gauss’s theorem to (4.2) over the control volume CV1, the force
balance is written as∫

S
〈ρŨŨ〉 · n̂ dS︸ ︷︷ ︸

Fi

+

∫
S
〈p〉 n̂ dS︸ ︷︷ ︸

Fp

=

∫
S
〈τ eff 〉 · n̂ dS︸ ︷︷ ︸

FT

, (4.3)

where S denotes the boundaries of the control volume and n̂ is the unit normal vector
that points outwards from each of the boundaries. The subscripts i, p and T for the
force vector F denote the inertial, pressure and turbulent shear forces, respectively.
These forces can be extracted from the LES results and since the inertial and pressure
forces can influence the turbulent velocity fluctuations, and hence the turbulent shear
forces, the values of inertial and pressure forces are investigated here. Furthermore,
the turbulent shear force can be extracted from these two forces using (4.3). The
net inertial and pressure forces acting in the axial and radial directions are listed in
table 2 for the six cases analysed previously in figures 3 and 4. The signs for these
forces are according to the coordinate system shown in figure 5. The values listed in
table 2 show that the pressure forces are significantly larger than the inertial forces in
both radial and axial directions. In addition, the radial pressure forces are significantly
larger than the axial pressure forces. When the TI is increased for the isothermal
cases, I1 and I2, the axial pressure force remains relatively the same, but the radial
pressure force decreases by approximately 7 % and this leads to the decrease in the
recirculation zone length. It is seen that there is substantial increase in Fp,r in case
L1 compared to the isothermal case I1, which corresponds to the increase in the
value for LR/D. The radial pressure force for case S1 is approximately 35 % lower
in comparison to the radial pressure force for case L1 and leads to an approximate
34 % decrease in the value for LR/D, as shown in table 2. All of these trends and the
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FIGURE 6. Variations of (a) LR/D and the pressure force in (b) axial and (c) radial
directions with τ . These are deduced from LES results.

Case LR/D Fi,x (N) Fp,x (N) Fi,r (N) Fp,r (N)

I1 1.45 −0.0379 0.239 0.0118 0.914
L1 1.98 −0.0080 0.307 0.0019 1.299
S1 1.30 −0.0086 0.303 0.0004 0.839

I2 1.27 −0.0319 0.237 0.0175 0.851
L2 1.25 −0.0095 0.298 0.0051 0.868
S2 0.70 −0.0084 0.286 0.0010 0.495

TABLE 2. Net inertial and pressure forces acting on the control volume CV1 in the
axial and radial directions.

interplay between the radial pressure force and LR/D are shown in figure 6(c), along
with the corresponding variation of the axial pressure force, shown in figure 6(b).
The axial pressure force is marginally affected when increasing the TI for a given
value of τ and this force increases with τ before decreasing slightly for the flames
close to stoichiometric conditions (S1 and S2). There is a direct correspondence
between the variations of LR/D and Fp,r with τ , which suggests that the changes in
the recirculation length are dictated by the changes in the radial pressure force in
confined bluff body stabilised flames.

The radial pressure force is influenced by the heat release from the flame and the
corresponding momentum transport is influenced by the turbulent stresses produced
through mean shear. In addition, the predominant balance for the radial momentum
equation is influenced by these two forces, as shown in (4.3). This is investigated by
plotting the shear layers and the flame brush for these cases; these are displayed in
figure 7. The edges of the shear layer are marked using 10 % of the maximum positive
shear ∂U/∂r observed for every x/D location and the non-smoothness seen along the
inner edges is caused by the limited sample size available for azimuthal averaging at
positions with small r. The time-averaged progress variable values of 〈̃c〉 = 0.1 and
0.9 are used to mark the flame brush. The results are shown in the region of r/D 6
0.7 for clarity and the recirculation zone length is also marked. The shear layers for
isothermal flows are shown in figure 7(a), where it is seen that the shear layer for case
I2 is thicker in comparison to case I1, particularly in the region close to the bluff body.
This is related to the increased momentum transport that results from the higher TI
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FIGURE 7. Edges of the time-averaged shear layers (black lines) in (a) isothermal flows
and reacting flows. The flame brushes are marked along 〈̃c〉= 0.1 and 0.9 (grey lines) for
(b) φ = 0.59 and (c) φ = 0.90 cases. These are deduced using LES results.

in case I2, which leads to the decrease in the radial pressure force (see table 2). This
causes the recirculation zone to be shorter in case I2, as marked in figure 7(a).

This situation is more complicated for reacting flow, due to the interplay between
the induced effects of turbulence and combustion. This interplay depends on the TI
and heat release, which is related to the equivalence ratio of the mixture. The averaged
shear layer and flame brush isolines are shown in figure 7(b,c). Only the outer edge
of the shear layer is influenced by the heat release when the TI is low because the
major portion of the flame brush is located close to this edge, as seen in figure 7(b,c).
Radial forces are exerted by the combustor wall, due to thermal expansion effects and
these forces push the outer edge of the shear layer inward, which is clearly visible
in figure 7(b,c) for cases L1 and S1 in comparison to figure 7(a). Increasing the
equivalence ratio causes the heat release rate to increase, which leads to the outer edge
moving further inward in the near-field region (x6D). The flame brush is also thinner
in case S1 in comparison to case L1 in the near-field region but widens when moving
downstream because of turbulent (diffusive) transport. The flame brush width increases
further to accommodate the burning of excess fuel in case S1 compared to case L1.
This causes a further inward shift of the shear layer edge, as seen in figure 7(c), which
also leads to a drop in the radial pressure force acting in the control volume CV1,
as described previously. These interactions cause substantial changes in the net radial
pressure forces exerted on the recirculation zone, leading to significant changes in the
recirculation zone lengths. The axial pressure force is also influenced by this interplay,
but the magnitudes are relatively smaller compared to the radial pressure force, as seen
by their values in table 2.

The interactions of the shear layer and flame brush become more complex when the
turbulence intensity is increased to 22 % for cases L2 and S2, as seen in figures 7(b)
and 7(c), respectively. The increased turbulent transport widens the flame brush
substantially and the majority of the flame brush is inside the shear layer in the near
field of case L2, whereas the flame brush is still located in the vicinity of the outer
edge for case S2 (with larger heat release). The flame brush is relatively thinner in
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FIGURE 8. Control volume used to deduce a scaling expression for LR.

case S2 when compared to case L2, as the flame in case S2 is closer to stoichiometric
conditions. For all of these reasons, the outer edge is shifted further inward in the
near-field region for case S2. Moving further downstream, the heat release effects
become stronger in case S2, where it is clearly seen that the flame brush is located
outside the shear layer in figure 7(c). These strong nonlinear interactions between the
flow and thermochemical effects yield further changes to the radial pressure force,
which significantly changes the recirculation length.

It has become clear that the changes in the values for LR are predominantly caused
by the radial forces exerted on the recirculation zone rather than the turbulence
production through the source term −〈u′′〉 · 〈∇p〉, as speculated in the earlier study
(Pan et al. 1992). Further understanding and support to the role of the radial pressure
force can be obtained if a scaling relation for LR could be obtained using the insights
gained in this analysis.

4.3. Scaling equation for the recirculation zone length
Based on the analysis presented in § 4.2 and for the reasons outlined in § 1, it is
necessary to consider all of the forces, including those exerted by the confinement
of the heat release. Hence, the appropriate control volume used to deduce a scaling
relation for LR is shown in figure 8. This modified control volume now spans the
whole width of the combustion chamber. It should be noted that the control volume
CV2 is not cylindrical, since the outer walls of the combustion chamber form a square
duct. The various surfaces of this control volume are marked in figure 8. The surface-
averaged radial velocity on S1 is observed to be significantly (more than an order of
magnitude) smaller than the corresponding axial velocity and hence, the inertial forces
acting in the radial direction at S1 are neglected. In addition, the turbulent shear force∫

S〈µT〉 (∂〈Ũ〉/∂r) dS on surface S1 is assumed to be smaller compared to its value on
surface S2. This is verified using the LES results, which showed that the magnitude of
this force on S2 is nearly two orders of magnitude larger. Therefore, the force balance
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includes only the radial forces acting on surfaces S2 and S3,2 of the control volume
CV2. Applying conservation of mass in the axial direction across CV2 gives

ρuUb

(
W2
−

πD2

4

)
= ρ2U2W2, (4.4)

where the subscript 2 denotes the condition on surface S2 and ρ2U2 =
∫

S2
ρU dS/W2.

The angle brackets used to denote the time-averaged quantities are omitted in this and
the following expressions for simplicity. Rearranging the mass conservation equation
gives

U2 =Ub
ρu

ρ2

(
1−

πD2

4 W2

)
=UbG

ρu

ρ2
, (4.5)

where G is a geometrical parameter. The radial force balance is now written as∫
S2

ρUV dS+
∫

S3,2

p dS≈
∫

S2

µT
∂U
∂r

dS, (4.6)

where V represents the radial velocity. The velocity gradient ∂U/∂r is approximated
as 1U/1r ≈ AU2/W, where A ≈ 8 because U varies from zero to a maximum
over a length of approximately W/4 and the maximum velocity is roughly twice the
value of U2. Furthermore, the gradient ∂V/∂x� ∂U/∂r on surface S2 for this flame
configuration. Integrating equation (4.6) and rearranging gives

4 pwWLR ≈ 8µT,2U2W − ρ2U2V2W2. (4.7)

The pressure on surface S3,2 is integrated along the walls of the combustion chamber
to give a surface-averaged value of pw =

∫
S3,2

p dS /(4 LRW). The dynamic viscosity
µT,2 is the average over surface S2. Substituting the expression for U2 from (4.5) into
the radial force balance in (4.7) and rearranging the resulting expression gives

LR

W
'

UbG
4 pw

(
8µT,2

W
ρu

ρ2
− ρuV2

)
. (4.8)

The mixture on surface S2 will consist of unburnt, partially burnt and fully burnt
mixtures, as suggested by the flame brush contours in figure 7 and therefore, the
mixture density ρ2 must be in the range ρb 6 ρ2 6 ρu. Hence, the density ρ2 can be
expressed as a fraction of burnt mixture density ρb using ρ2 = fρb, with f bounded
as 1 6 f 6 τ + 1; this yields ρu/ρ2 = (τ + 1)/f . Using this expression and noting the
flow symmetry on the surface S2, equation (4.8) is written as

LR

D
'

(
2 GUbµT,2

Dpw

)(
τ + 1

f

)
. (4.9)

For isothermal flow, where τ = 0 and f = 1, it is observed that LR/D is influenced
by the bulk strain Ub/D, the eddy viscosity and the wall pressure. Although the TI
does not appear explicitly in (4.9), the latter two terms, µT,2 and pw, will vary with
the TI at the combustor entry for a given geometry and Ub. Hence, the drop in LR
for increasing TI suggests that the rise in the wall pressure is larger than the increase
in µT,2. Furthermore, it is known that µT,2 ∼ ρ2k2

2/ε2, where k2 and ε2 are the surface-
averaged turbulent kinetic energy and its dissipation rate on surface S2, respectively.
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The values of k2 and ε2 would depend on the incoming turbulence and this dependence
may be represented using a power law. The pressure distribution on S3,2 will also be
influenced by the incoming turbulence level and this distribution determines pw.

For reacting flows, there is an additional factor τ (related to heat release) that
influences the values for LR. The expression (4.9) shows that the recirculation zone
length increases linearly with τ for a given turbulence level, which is superficial since
the heat release will also influence pw and µT,2. The experimental results presented
in § 4.2 show that LR increases with τ for low turbulence levels and moderate values
of τ . This is because the thermochemical effects are stronger compared to turbulence
effects at low TI values. This behaviour also suggests that the increase in pw due
to thermal expansion is smaller in comparison to the influences of heat release on
LR through µT,2 and τ . The increase in µT,2 is consistent with the known behaviour
of the increase in the turbulence level and its integral length scale across premixed
flames with low turbulence intensity (high Damköhler number flames). However, this
increase in LR is observed only for a moderate value of τ and the recirculation
length becomes smaller for higher values of τ , as seen in figure 6. This is because
the combustion effects coming through the eddy viscosity and τ are offset by the
rise in pw, as suggested by (4.9), due to larger thermal expansion effects. For higher
turbulence levels, the observed variation of the recirculation zone length with τ is
different. The influences of combustion, on average, are overwhelmed by the effects
of turbulence at higher TI and moderate τ values, which yield almost no variation of
LR with τ . It is apparent that these behaviours are contained implicitly in (4.9). The
wall pressure and the eddy viscosity are influenced not only by turbulence, but also by
dilatation and turbulence–chemistry interactions, as described above. The influences
of the latter two thermochemical effects on the spatial evolution and distribution of
k and ε are nonlinear. If the change in the wall pressure is relatively large compared
to the change in µT,2 for a given value of τ and TI, then LR will decrease. Hence, a
relatively larger thermal expansion coming from near-stoichiometric flames will lead
to shorter recirculation zones, irrespective of the TI values, which is also observed in
the values listed in tables 1 and 2.

Deducing an explicit expression for LR as a function of u′ and τ is not quite
straightforward, since the effects of combustion on turbulence and related quantities
are nonlinear. These nonlinear effects may be represented using a power law for the
reasoning presented previously and hence, the scaling expression may be generalised
by writing a functional form of the expression as f (pw, µT,2, τ ) ≈ f (u′/Ub, τ ) =

(u′b/Ub)
a+1
(τ + 1)b, where the exponents a and b are constants, and u′b is the

surface-averaged turbulence level at the bluff body base; these values are listed
in table 1. Therefore, the generalised form of the scaling expression is written as

LR

D
= L̂R ' C

(
û′b
)a+1

(τ + 1)b, (4.10)

where C is a constant accounting for a given bulk-mean velocity and the combustion
chamber geometry, and û′b = u′b/Ub. Figure 9 shows the results for all of the
simulations listed in table 1 that are collapsed using the scaling equation in (4.10).
It should be noted that L̂R/L̂R,ref is plotted instead of L̂R, so that the constant C can
be eliminated. The subscript ‘ref’ represents the isothermal case I1, which is used
as the reference case. The exponents a= 2.5 and b=−0.25 are used for the scaling
equation in (4.10) and a line of best fit is shown in figure 9, where it is seen that the
proposed expression collapses the data well. The results show that the same behaviour

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
9.

47
5 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2019.475


718 J. C. Massey, I. Langella and N. Swaminathan

101100

101

100

10-1

10-2

10-3

0 0.05 0.10

2.0

1.5

1.0

0.5

u�
b/Ub

L R
/D

Isothermal
ƒ = 0.59
ƒ = 0.8

ƒ = 0.9

Validated with exp.
Kariuki et al. (2012)
Hong et al. (2015)

u�
b/u �

ref

¯ ¯
¯

¯

¯

¯ (L
R/

L R
,re

f)
(u

� b/
u� re

f)
-

a (†
 +

 1
)-

b

FIGURE 9. Variation of normalised LR with normalised TI at the bluff body base for
the 20 cases listed in table 1. The result of the scaling relation in (4.10) is shown for
a= 2.5 and b=−0.25. The open flame data points shown are from the study by Kariuki,
Dawson & Mastorakos (2012). The recirculation zone lengths for a backward facing step
configuration measured by Hong et al. (2015) for reacting flows of propane–air mixtures
with 0 % (black dots) and 50 % hydrogen (grey dots) by volume are also shown.

may be seen for higher equivalence ratios, since these results collapse together well,
as seen in figure 9. The variation of unscaled LR/D with u′b/Ub is shown in the inset
of this figure.

The values of L̂R/L̂R,ref deduced using the results in figure 8 in the study by Hong
et al. (2015) for reacting flows over a backward facing step are also scaled as per
equation (4.10) and the results are shown in figure 9. Hong et al. (2015) considered
propane mixed with 0 %, 30 % and 50 % hydrogen by volume and air mixtures for
their experiments; all cases had a TI of approximately 6 %. The scaled recirculation
zone lengths shown here are for the two extreme cases with 0 % and 50 % hydrogen.
The values for φ considered in the experiments with the pure propane–air mixture
are 0.65, 0.72, 0.79 and 0.88, while the values of φ for the 50 % hydrogen case are
0.63, 0.67 and 0.72. The scaled values shown in figure 9 range from 1.2 to 0.57
for the pure propane and from 0.88 to 0.53 for the 50 % hydrogen cases. These
mixtures have Lewis numbers of approximately 1.9 (pure propane) and 1.6 (mixtures
with 50 % hydrogen). The turbulence–chemistry interactions in these non-unity Lewis
number flames are substantially different from those in unity Lewis number flames.
Furthermore, the recirculation zone behind a backward facing step is constrained by
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D
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x = LR

å̂Ub

FIGURE 10. Control volume for an open bluff body burner configuration.

the bottom and side walls and thus the corresponding shear forces cannot be ignored.
These additional effects in the flames considered by Hong et al. (2015) may need a
different exponent and, perhaps, a Lewis number scaling also. However, the scaled
values for these flames shown in figure 9 are of the same order as that given by
the scaling relation, which is quite remarkable given the complexity involved in this
problem.

4.4. Scaling equation for the recirculation zone length for open flame
An illustration for a bluff body stabilised flame without confinement is shown in
figure 10, where it is seen that an outer shear layer will form at the top edges of the
walls. The appropriate cylindrical control volume is extended beyond this outer shear
layer into the air entrainment region with zero streamwise velocity. If the observations
from § 4.3 regarding the role of radial forces acting on the recirculation zone are
extended, then the radial force balance in (4.6) for this control volume is now written
as

4 p∞W∞LR ≈ 8µT,2U2W∞ − ρ2U2V2W2
∞
. (4.11)

Applying the mass balance across the cylindrical control volume gives

ρuUb

(
W2
−D2

4

)
+ ρairα̂UbW∞LR = ρ2U2

W2
∞

4
, (4.12)

where the entrained mass flow rate is taken to be πW∞LRρairα̂Ub, with α̂ representing
an entrainment coefficient for air that accounts for scaling the velocity to Ub and
the area change to include the entrainment at the surface of the control volume in
line with the bluff body base. After taking ρair ≈ ρu and then using ρu/ρ2 = (τ + 1)/f ,
equation (4.12) is rearranged for U2 and is written as

U2 =Ub
τ + 1

f

(
G+

4LR

W∞
α̂

)
, (4.13)
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where the geometrical parameter is expressed as G= (W2
−D2)/W2

∞
. Substituting the

expression for U2 into (4.11) and rearranging for L̂R = LR/D gives

L̂R '
U2

bG∗

4 p∞

(
8

W∞

µT,2

Ub

τ + 1
f
+ ρu
|V2|

Ub

)
E, (4.14)

where E is a correction term accounting for the air entrainment, which can lead to
some cross-stream velocities and hence, the velocity V2 is retained in (4.14).

Equation (4.14) is similar to (4.8) besides the change in variables for the
geometrical parameter, defined for the open flame as G∗ = G(W∞/D), the pressure
p∞ and the width W∞. The influence of heat release and the TI on the entrained air
is signified by the factors (τ + 1)/f and µT,2 appearing in the first part. Thus, the
justifications given earlier can be used to introduce a functional dependence on the
TI and τ and hence, equation (4.14) can be written in a form similar to (4.10) but
perhaps with different values for the exponents a and b. This suggests that the values
for LR/D for open flames are also likely to follow the scaling shown in figure 9.
This is demonstrated in figure 9 by including the values of LR/D for four open
flames, which are also normalised using the corresponding isothermal case in that
experimental study. The values for the recirculation zone lengths are taken using
the centreline particle image velocimetry (PIV) measurements made in the study
by Kariuki et al. (2012). These results suggest that the scaling given by (4.10) works
well for both confined and open flames.

5. Concluding remarks
The LES results from 5 isothermal and 15 reacting flows, which include a conical

bluff body within a square duct, are analysed to determine a scaling law relating the
recirculation zone length, heat release parameter and TI at the bluff body base. The TI
is the surface-averaged r.m.s. of the turbulent velocity fluctuations that are normalised
by the bulk-mean velocity at the bluff body base. The flames considered are lean to
near-stoichiometric flames of methane–air mixtures, which have Lewis numbers close
to unity. The LES models are validated first by comparing the simulation results
to measurements of axial variations of the streamwise velocity and the recirculation
zone length. The statistics of flame related quantities, such as temperature and scalar
mass fractions, were compared and reported in an earlier study for some of the
flames considered for this paper (Langella et al. 2016a). All of these simulations
demonstrated that the sub-grid flow and combustion models used for the LES are
good.

It is observed that the recirculation zone length LR is influenced by the TI, the
heat release parameter τ and turbulence–combustion interactions. The values for LR
decrease monotonically with increasing TI in isothermal and reacting flows but its
variation is found to be non-monotonic with τ in reacting flows. The recirculation
zone length increases from its isothermal value as φ increases and then decreases
when approaching stoichiometric conditions for low TI (2 %). On the other hand, the
recirculation zone length is found to be insensitive to τ (or φ) before decreasing
when approaching near-stoichiometric conditions for a higher TI (22 %). This non-
monotonic behaviour is observed to emerge from the competing effects of dilatation
and turbulence on the radial pressure forces acting on the recirculation zone. This
force influences the relative positions of the shear layer and flame, thereby leading
to the variation in the levels of turbulence–combustion interactions and their effects
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on the radial force balance. This demonstrates that the nonlinear influences of the TI,
heat release and their interactions controlling the radial forces govern the behaviour
of the recirculation zone length. This is because the near-field wake containing the
recirculation zone is governed by the momentum transfer to and from the zone, which
is related to the forces acting on this zone. The surface-averaged wall pressure pw
and eddy viscosity µT,2 on a plane located at the rear stagnation point emerge as two
key quantities, which are influenced by the TI, heat release and turbulence–chemistry
interactions. Careful considerations of these effects permits the derivation of a scaling
relation, which is found to be in the form LR/D∼ (u′/Ub)

(a+1)
(τ + 1)b. This relation

is found to work well for premixed flames that are stabilised behind a bluff body with
and without confinement and also for flames stabilised behind a backward facing step.
However, scaling including the Lewis number may also be necessary, which requires
further investigation.

It is expected that including swirl on the reactant flow may not change the proposed
scaling relation for the following reason. An approximate radial pressure gradient is
∂p/∂r ' ρU2

θ/r in a flow with a swirl velocity Uθ . Hence, the wall pressure pw
in (4.9) will increase with the swirl velocity or swirl number. This may lead to
shorter recirculation zones, as observed in many previous studies, for example, see
studies by Gupta, Lilley & Syred (1984) and Minamoto et al. (2015). However, the
exact relationship between pw and the swirl number in reacting flows with substantial
heat release requires further investigation.
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