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In this paper, we study the multiplicity of positive solutions for the following
semilinear elliptic equation:

—Au+ M= f(@)uP"t + h(z)u?"t in RY,
u>0 in RY,
u € HYRYN),

where 1 < ¢<2<p<2* (2*=2N/(N—-2)if N >3 and 2* =0 if N =1,2),
A>0,h e L2/(2=9)(RN)\ {0} is non-negative and f € C(RYN). We will show how the
shape of the graph of f(z) affects the number of positive solutions.

1. Introduction

In this paper, we study the multiplicity of positive solutions for the following semi-
linear elliptic equation:

—Au+ = f(z)uPt + h(z)u?t inRY,
u>0 in RY, (Ey)
u € HY(RY),
where 1 <¢g<2<p<2(2*=2N/(N—-2)if N >3 and 2* = 0 if N = 1,2),

A >0, f e CMRY)and h € L¥C-D(RN)\ {0} is non-negative. Associated with
equation (F)), we consider the energy functional:

1 1
B =g [ 1vat e == [ @l =2 [ n@

It is well known that the functional Jy € C*(H'(RY),R) and the solutions of
equation (E)) are the critical points of the energy functional Jy in H(RY).

Under the assumption h # 0, our equation (F)) can be regarded as a perturbation
problem of the following semilinear elliptic equation:

~Au+ = f(z)uP™! in RY,
u>0 in RY, (1.1)
u € HY(RY).
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It is known that the existence of positive solutions of equation (1.1) is affected by
the shape of the graph of f(z). This has been the focus of a great deal of research by
several authors (see [6,7,9,10,18-20], etc.). Furthermore, if f is a positive constant,
then equation (1.1) has a unique positive solution (see [17]).

Some progress has been made for the case when ¢ = 1, as follows. Zhu [27] and
Hirano [15] were mainly concerned with the following equation:

—Au+ A u=uP" 4 h(z) inRY,

u>0 in RY, (1.2)

ue H'(RY),
where h € L2(R™) \ {0} is non-negative. They succeeded in finding that (1.2) has
at least two positive solutions under || b2 is sufficiently small and that h(x) decays
faster than exp(—c|z|) for some ¢ > 0. Generalizations of the result of [15,27] were
made by Cao and Zhou [11], Jeanjean [16] and Adachi and Tanaka [1,2]. In [2],
Adachi and Tanaka showed the existence of at least four positive solutions of the
equation

—Au+ = f(z)uP~ + h(z) inRY,
u>0 in RV,
u € HY(RY),
under the assumptions that 0 < f(z) < f° =lim|,e0 f(2), h € HHRY)\ {0} is
non-negative and ||H|| ;-1 is sufficiently small. In [1,11,16], the general equations
—Au+ M= g(x,u) + h(z) inRY,

u>0 in RV,

u e HY(RYN),
were studied, where g satisfies some suitable conditions and h € H~1(R™)\ {0}
is non-negative, and the existence of at least two positive solutions when || H|| -1
sufficiently small was proved.

The main purpose of this paper is to use the shape of the graph of f(x) to
prove the multiplicity of positive solutions for equation (E)). Moreover, we extend

q € [1,2) without assuming || H||z2/¢2—« is sufficiently small. First, we consider the
following assumptions:

(Q1) f e CRN) and f >0 in RY;
(Q2) f(z) = f>° >0as |z| = oo;

(Q3) there exist some points z*, 22, ..., z* in RY such that f(x!) are strict maxima
and satisfy

2 < (@) = fmax = max{f(z) |z € RN} foralli=1,2,... k.

Then we have the following result.
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THEOREM 1.1. Assume that conditions (Q1)-(Q3) hold. There then exists a Ag > 0
such that, for A > Ao, equation (Ey) has at least k + 1 positive solutions.

For the other similarly problems, Ambrosetti et al. [4] investigated the following

equation:
—Au=uP"t+ it in 2,
u>0 in §2, (1.3)
u € Hy(02),

where 1 < ¢ <2 <p < 2N/(N —2), N >3, and 2 is a bounded domain in R,
They found that there exists a Ag > 0 such that equation (1.3) admits at least two
positive solutions for A € (0, Ag), a positive solution for A = Ay and no positive
solution exists for A > Ag. Actually, Adimurthi et al. [3], Damascelli et al. [12],
Ouyang and Shi [22] and Tang [24] proved that there exists a A\g > 0 such that
there are exactly two positive solutions of equation (Ej) in the unit ball BY(0;1)
for A € (0, ), exactly one positive solution for A = Ay and no positive solution
exists for A > Ag. The result of equation (1.3) was generalized by Ambrosetti et
al. [5], de Figueiredo et al. [13] and Wu [26].

This paper is organized as follows. In § 2, we give some notation and preliminaries.
In § 3, we prove the existence of a local minimum. In §4, we prove theorem 1.1.

2. Notation and preliminaries

By the change of variables 7 = 1/V/\, v(z) = n*/P=2u(nz), the equation (E)) is
transformed to
—Av+uv=foP ! + 772(p7q)/(p*2)hnvqfl in RV,
v>0 in RY, (2.1)
ve HY(RY),

where f, = f(nz) and h,, = h(nz).
For u € HY(RY), ¢ € R, non-negative bounded function a € C(R") and non-
negative function b € L2/ (=9 (RY), define

1 IR
Top(u) = llull3n — */ alulf — n*®P=0/® 2)7/ blul?,
D JrN q JrN

M, p(c) = {u e H'(RY)\ {0} | (I y(u), u) = c},
agp(c) =nf{l, s(u) | u € Myp(c)},

1/2
ull s = ( [ 1wt +u2)
]RN

is a standard norm in H'(RY) and I, r/z,b denotes the Fréchet derivative of I, ;. We
will write M, ;(0) and aq,(0) as Mg, and oy, respectively. It is well known
that the functional I, € C*(H'(RM),R) and the solutions of equation (2.1) are
the critical points of the energy functional Iy, p, (see [23]). Moreover, we have the
following result.

where
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LEMMA 2.1. Suppose ais a continuous bounded and non-negative function on RY.
Then aq0(c) = ¢ for ¢ >0 and

p—2
2p

Proof. See [10, lemma 2.2]. O

0,0 < g0(C) + ag0(—c) — le|  for all c € R.

Define
) = {85, g, ) ) = [l = [ folul? =002 [ e
RN RN
Then, for u € My, j,,
Wyt =2l =p [l 20002 [y ful
RN RN
— -l - -0 [l
RN

Using a similar method to that in [25], we split My, , into three parts:

0, = fue My, | = aluli — -0 [ sl >0},

RN

M}, = {ue My, | €=l - -0 [l =0},

M, = {ue My, | =l - 0=a) [ gl <o},
Then we have the following result.

LEMMA 2.2. There exists n1 > 0 such that M?mhn =0 for allnp € (0,m).

Proof. Assume the contrary, that is that MJ(’]mhn # () for all n > 0. Then for
u€ M})mhn’ we have

p—q
fultn =2=2 [ pylup (22
—4q JrN

and

_ _ p—2
e [t =Gl ~ [ flr =52 [ g @)
RN RN —q JrN

Moreover,

p—2 _ _
()m@m:w#—/.mw<%@@W”MNmumw;
pP—q RN

= 772(p—q)/(p—2)—(2—q)N/2||HHL2/(27(I) ll|%,1,

which implies

1/(2—
< | p2p—a)/(p—2)—(2—q)N/2 P—q o /(2—q) y
fullzs < oo ) IHlzre— 24
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Let K, : My, n, — R be given by

||UH§}11)71) V(=2 2 2
K, (u) = C(p, q)(f & UI”) _ 2=/ (o )/RN holul?,
R n

(p—1)/(p—2)
2—q p—2
Cp’q :( ) ( )l
(,a) P—q 2—q

Then K, (u) =0 for all n > 0 and u € Mjgmhn. Indeed, from (2.2) and (2.3) it
follows that, for u € M?mhn, we have

2- q)@”/ v (p ~2 > (((p =0/ = 0)" (Jps Solul?)? )1/ v

Kol = <pq 2—q f]RN folul?

p—2/ »
- — U
27(] RN f7I| ‘

=0. (2.5)

where

However, by (2.4), the Holder and Sobolev inequalities and

[|ul%) 1/(p=2) 1 \/(-2)
(W) = (fmaxsp> for all u € Mfmhw

where S is the best Sobolev constant, we have

K, (u)
' HUH%Z)_D V=) 2p—q)/(p—2)—(2—q)N/2
>C N7NErY _ n2(p—q9)/(p—2)—(2—¢q H Y q
(pv‘D(fRN fn|u|p> n | HI L2/c2 >||U||H1

g R V- 2(p—q)/(p—2)—(2—q)N/2
>||UHH1 C(p,q) W ||U||H1 -1 I H | f2/c2-0)

1/(p-2)
> Jullt, {C(p, 0 (fmaxSP> (2 7=/ (=D~ 2= N/2)(1-0)/(22)

_ (1-9)/(2—q)
< (“|H||Lz/<2q>)
p—2

_ n2(p—q)/(p—2)—(2—q)N/2|H||L2/(2q)]

for all u € M]? 5 - Since
n>ttn
1-— 2(p — 2—q)N
%<0 and (=g @2=-gN _,
2—q p—2 2
(see Appendix A), there exists n; > 0 such that, for each n € (0,7;) and u € M})mh ,

we have K, (u) > 0, which contradicts (2.5). We can thus conclude that M}’mhn ="
for all n € (0,71).

By lemma 2.2, for n € (0,7:) we write My, , = M;;,h,, UM; , and define

+ .
ap = 1njf: Ig, h,(w).

sk

The following lemma shows that the minimizers on My, 5, are ‘usually’ critical
points for Iy, ..
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LEMMA 2.3. For the case when 1 € (0,71), if uo is a local minimizer for Iy, 1, on
My, n,, then Iy, (ug) =0 in H-L(RYN).

n’
Proof. This is similar to the proof of [26, lemma 4]. O
For each u € H(R™) \ {0}, we define
S
(p - 1) fRN fn|u|p

We then have the following lemma.

LEMMA 2.4. For each v € HY(RY)\ {0},
(i) there exists a unique t— =t (u) > tmax > 0 such that

ttue M - and Iy p, (t7u) = max Iy p, (tu),

t2>tmax

(ii) t~(u) is a continuous function for non-zero u,

(iii) M, = {u e H'(RM)\ {0} ’ Huﬁm t<| 4 ) = 1},

ol
(i) if

/ hlu|? > 0,
RN

then there exists a unique 0 < t+ = tT(u) < tmax such that tTu € M; Iy and
It n, (tTu) = minggyc- Iy, n, (tu).

Proof. This is similar to the proof of [26, lemma 5]. O

3. Existence of a local minimum

In this section, we will establish the existence of a local minimum for Iy, p, on

My, .. Let
~2(p—q) (2-¢)N
d= — >0
p—2 2

(see Appendix A). Then we have the following results.

LEMMA 3.1.

(i) For each u € M;; h, Wwe have

/ hylul? > 0
RN

and Iy, p,(u) < 0. In particular, oy, pn, < a}t“h" <0.

(ii) Iy, .n, is coercive and bounded below on My, n  for all

e ((5)7)
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Proof. (i) For each u € M':’hn, 2—)llull3 — (0 —q) [zn foluP >0 and

lulls = [ falul +n20= 0/ [y,
RN RN

we have

-2
772(p—q)/(p—2)/ hylul? = ||U||fm —/ folul? > p—/ falulP >0
RN RN 2—q Jry

1 1 1 1
I === p_ (2 _Z 2(p—q)/(p—2)/ q
S (1) (2 p) /RN Falul (q 2)” BN Pl
- -2
. _p=a )/ flul? < 0.
2pq RN

(ii) For u € My, »,, we have

||U||§11 = /RN fn|u‘p +7]2(pfq)/(p72) /RN hn|u\q.

Then, by the Holder and Young inequalities,

p—2 2 P—4q\ 4
Ifn,hn(u) 2 <2p>||U|H1 - (pq)n ||H\|L2/(2,q>||u||§{1

and

P—2 4(P—4q s _ af(P—92—-4q) 2/(2-q)
>[5 o (5 e o (B = i
1 a if(P—a)2—-q) 2/(2—q)
= o= 2) — 1 = lull — o (L= DE=D .

Thus, 1 b is coercive and bounded below on
1/d
p—2
an,hn for all n € (0, <p— q) >

Furthermore, we have the following theorem.

THEOREM 3.2. For each positive number

ofo (3=2)")
N <ne=minqn, | ——
P—q

equation (2.1) has a positive solution u, € M}: h, Such that Iy, p, (uy) = oz}"n hy =
afmhn G/I’Ld Ifnvhn (Un) — 0 as 77 — 0

Proof. This is similar to the proof of [26, proposition 9]. There exists a sequence
{un} C My, 1, such that

Ity o, (un) = oy, n, +o(1),
I./fmhn (un) = o(1) in H~YRY).
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Then by lemma 3.1(ii), there exist a subsequence {u,} and u, € HY(RY) is a
solution of equation (2.1) such that

w, — u, weakly in H'(RY) and u,, — u,, a.e. in RY.

Moreover, by h € L?/(2=9(RN), the Egorov theorem and the Hélder inequality,

we have
[ aluwdt = [ bl
RN RN

/ |2 0.
RN

Now we prove that

If we suppose otherwise, then

el = [ folunl+ o1

1 1 1
- _Z p_ 1 2 _ = P
(2 p> /]RN fn‘un| zHunHHl p/RN fn|un|

1
— =)/ (r=2) 2 / Byt |? + 0(1)
q Jr~

and

=y, h, T o(1),

which contradicts the condition ay, p, < 0. Thus,

/ |2 0.
RN

In particular, u, is a non-trivial solution of equation (2.1). Now we prove that
Uy, — u, strongly in H*(RY). Otherwise ||uy ||z < liminf, oo |Jun| g1 and so

1 1 9 1 1\ o, _9
QAfyhy S Ifmhn(“n) = (2 - p) HUn”Hl - (q - )77 (p=a)/(p=2) . hn‘“n|q

p
< nhan;o Ifmhn (un)
= Qfp hys
which is a contradiction. Consequently, u,, — u,, strongly in H LRY) and
Iy (un) = g, -

Moreover, we have u, € M; no- In fact, if wu, € MJT hos Dy lemma 2.4, there
s ; + — hat ++ + = -
exist unique ¢; and ¢, such that tyu, € My , and tyu, € My , , and we have
ts <ty = 1. Since
d d?
o) — +
qpltnin(tgug) =0 and =515, n, (tgug) > 0,

there exists ¢ € (tJ,ty] such that Iy, » (tuy) < Iy, n, (fuy). By lemma 2.4,

Ip,n, (t ug) < Ip, n, (bug) < g, n, (tg ug) = Ig, b, (uy),
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which is a contradiction. Thus,

_ _ ot
Ifmhn(uﬂ) - Oéfm n af”llh7l,

since Iy, n, (uy) = Iy, n,(luy|) and |u,| € M+ h,- By lemma 2.3 and the maximum
principle, we may assume that u, is a poswlve ‘solution of equation (2.1). Moreover,
by lemma 3.1 we have

(P—Q)(2 ) 2/(2
0> Iy, p (1) > —nd<2pq Ty

since d > 0. We obtain Iy, 5, (u,) — 0asn — 0. O

4. Proof of theorem 1.1

First, we use the graph of the coefficient f to find some Palais-Smale sequences
which are used to prove theorem 1.1. For a > 0, let C,(z") denote the hypercube

N

H(JU§ - a,a:é» +a)

j=1

centred at 2t = (¢}, 25,...,2%) for i = 1,2,..., k. Let Cy(z%) and dC,(z") denote
the closure and the boundary of C,(z?), respectlvely By conditions (Q1) and (Q3),
we can choose numbers K,l > 0 such that C)(z*) are disjoint, f(z) < f(a') for
z € OC)(x") for all i = 1,2,...,k and U, C1(2) C [T, (—K, K).

Define ¢, € C(R,R), g, € C(H*(RY),RY) by

2K 2K
) t> )
n n
2K 2K
(b’r](t) = ) —— <Kt ]
n n
2K 2K
n’ n’
) NP
g%(u)zw for j=1,2,...,N
Jn lul?

and
gn(w) = (gy(w), g5 (), ... g (w)).

Let C;/n = Cl/n(xi/n),
Ny={ue M , |u

| 0 and g, (u) € Cli/n},
8Ni :{uer \u

>
>0 and g, (u) €0 l/n}

fori=1,2,...,k. It is easy to Verlfy that N, i and ON; i are non-empty sets for all
1=1,2,..., k For i =1,2,...,k, consider the mlmmlzatlon problems in NZ and
8N717 fOI‘ If")h",

’y _ulenjgllfn’ 7( ) ry:’:uelralfvllfn’ 7( )
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Let w be a unique positive radial solution of

~1 . N
—Au+ u = fraxu? inR",

u>0 in RV,

u e HY(RY),
such that Iy, o(w) = ay,..0. By condition (Q3) and routine computations, we
have

Qaf .0 < Qfeog. (4.1)

For small n > 0 satisfying 2,/7 < 1, we define a function ¢, € C*(R", [0, 1]) such
that
1, |z] < —= -1,

and |Vip,| < 2 in RY. Let
1 7 %
x":m(l,l,...,l)eRN and wn(:z:)tnw<x2+x”>wn(z2+x"),

where ¢, >0 are selected such that w, € M b We then have the following
results.

LEMMA 4.1. We have

(i) n?P=2/(P=2) /

R

i

i
han(x—x—i—x")w%(x—m—i—x") — 0 asn—0.
N n n

(i) ¢, = 1 asn—0.

Proof. (i) Since
2b—q) (2-gN
p— 5 >0,

we have

0<n2(p*q)/(p*2)/ howd z_£1+xn Pl m_£+$n
RY n ! n

i i
w(szr:c")wn(war:c")
n n

q
< ng(p,q)/(pfmf(?*tJ)N/z||H||L2/<2—q)

H1
and
(3 T 2
“w(x—+x”>¢n(x—+x”> - ——af.0 asn—0
H P~
Thus,
772(10—(1)/(17—2)/ how? (x - = —|—x”> g(x - — +x"> —+0 asn—0.
RN
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(i) Since w, € M, , . we have
L5 )ole- 5 00)
G| fon U ! 1

i i 2
(g 5]
n n
z! z’
= (t, p/ f wp<x— —l—x")wp(x——&-x")
)" Jon U ! U
20/ (=2) (t;)q/ - (I = In) v (I . xn>.
RN n n
Since |w||3;: = [zn fmaxw?, from (i) we have that
w(ac— x—i—x")zbn(x— x—i—x")
n n H1

— (+7)P P W R A

(tn) faw? | 2 RaE A KT +a2" | +o(n)
RN n n

= (t,)" . f(nx +z* —nz"w? + o(n),

2

2
() lwlizn = ()

where o(n) — 0 as n — 0. Moreover, nz" — 0 as n — 0 and

ty > tomax
_ ( lw(z — (27 /1) + 2"y (2 — (@ /n) + 27) |3, )1/<p—2>
(p—1) fon folw(z — (xi/n) + z7), (x — (2 /n) + 1) P
=(p—YEP) 4 o).

Thus, t,” — 1 asn— 0. O

My =MD N1, (| ——
p—q

as in theorem 3.2. We then have the following result.

Let

LEMMA 4.2. For each € > 0, there exists n. € (0,n.] such that
a;mhn < 73'7 <min{ay, o+ ap n, Fagoo} fori=1,2,....k andn e (0,7.).

Proof. First, we show that g,(w,) € Cli since

/m’
o (wr) = Jan &n(xy)wP (x — (2 /n) + 2"k (x — (' /n) + x7)
e Jax wP(@ — (2 /n) + am)i(x — (¢ /n) + 2n)

and

a 1

wn<x—gj7+ac"> =0 if
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By the definition of 1, we have

Joy,, Snl)ur (@ = (@ fn) + a0 — (o) + 27)
Jor, W@ — (@ fn) + a0 — (/) + &)

gf, (wn) =

provided that 1/,/n < [/n. From the definition of ¢, we conclude that g,(w,) €
li/n. Thus, w, € N:}. Moreover, by lemma 4.1,

—\2 i i
nted =P o(ee 5 )5 +2)
i i 2
(oG e )nle 5+
n n
— (t;)p wp(mxz :C77> P(I‘rl 1,77)
D /RN f o + 2" |y ; +

B o 2 2
— pPlr=a)/(p 2)(tn ) /RN hyw? (x _ " + xn)wg (x _ n + x”)

1 .
= %/ |Vw|? 4+ w? — f/ f(nx + 2" — nz"w? + o(n), (4.2)
RN D JrN

2

where o(n) — 0 as 7 — 0. Since na" — 0 as n — 0, from (4.2), we have
Ity n, (Wy) = It 0(w) + 0(n) = oy, 0+ o(n).
Therefore, for any € > 0 there exists 75 > 0 such that
'y,i? <af..o0+e fori=12 ... kandne(0mn).

Moreover, if ay,,,. 0 < af~ o and ay, p, — 0 as n — 0, then there exists 73 > 0
such that

’y; <ajg, n, Fageo fori=1,2,... kandne(0,n3).
We take 7. = min{ns,n3}. This implies that
vi <minfay, . o +e a5, n, +apeo} fori=1,2,... kandne (0,m).
This completes the proof. O

LEMMA 4.3. There are positive numbers § and ns € (0,7n.] such that, for i =
1,2,...,k,
Vi > Qa0 + 0 for alln € (0,n5).

Proof. Fixi € {1,2,...,k}. Assume the contrary. There then exists a sequence {7, }
with 7, — 0 as n — oo such that ’yf]n — ¢ < ay,. 0. Consequently, there exists a
sequence {u,} C ON; such that g, (u,) € ac;'/nn,

/ Vun|? +ujy :/ o Jun]? +?73L(p7q)/(p72)/ by [un | (4.3)
RN RN RN
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and
Iy, o, (Un) = c <oy, 0 asn— oo.

It follows that {u,} is uniformly bounded in H*(R"). Since u, € M; ,

)
Mn " Nn

we deduce from the Sobolev imbedding theorem that |uy|g: > v > 0 for some
constant v and for all n. Applying the concentration-compactness principle of
Lions [19,20] to |u,|?, there exist positive constants R, 6 and {y,} C RY such

that
/ |un,|P =6 for all n,
BN(yn;R)

where BN (y,; R) = {z € RN | |z — y,| < R}. Let @, = u,(z + yn). Then there
exists a non-zero ug € H'(RY) such that

Up — ug  in HY(RY),

Uy — Ug a.€. in RN,
/ i ]? — ol > 6.
BN (0;R) BN (0;R)

Set wy, = Uy, — ug. By the Brézis-Lieb lemma [8] we obtain

/f(nnx+nnyn)lﬂn|p=/ f(nnernnyn)\uO\“r/ F 0z +0nyn)|wal? +o(1).
RN RN RN

(4.4)
Since {uy} is uniformly bounded and @, — ug, we have

2=/ (0=2) / By lunl* =0 asn =00 (4.5)
R

and
/ Vi, |* + a2 :/ |Vu0|2+ug+/ |Vw,|? + w2 + o(1). (4.6)
RN RN RN

Moreover, from (4.3) and (4.5) we have that
/ Vit |* + iy, = / S (@ + nyn)|Unl” + o(1). (4.7)
RN RN
Combining (4.4), (4.6) and (4.7), we have
[ v vk~ [ f )l
RN RN

([, k= [ mamlua? ) + o). (48)

We distinguish the following cases:
@ Nwnllz — 05

(I1) fwnllz — ¢ > 0.
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CasE 1. By condition (Q3) we can choose s > 0 such that

f(@) < fmax forz e Cj \ CL,.
We complete the proof by establishing the contradiction

nh—>Holo Ifnn Py, (Un) > A frmax,0-

Choose the sequence {n,y,}. By passing to a subsequence if necessary, we may
assume that one of the following cases occurs:

(L) {mmyn} € Cl \ Cl_y:

(I2) {myn} € Ci_;

(I3) {nnyn} C RN\ Cj,,, and {n,y,} is bounded;
(14)
Let € > 0 and R, > 0 be such that

{Nnyn} is unbounded.

Jizizr, Tl

Jr [@n]?

In case (I), we may assume that n,y, — ¥ € C’f+s \C}_, and f(9) < fmax-
Consequently,

(4.9)

1
lim Iy, 4, (un) = lim {1/ \Vﬂn|2+ﬂi—7/ fm@ + npyn) | |”
! 2 Jry D Jrw

n—00 " ] n—00
_ni(p*q)/(pﬂ)/ hnnunq}
RN
1

1 _
25/ |VU0|2+U8—*/ F(@)luol?
RN D JrN

> a.fmax707
which is a contradiction.

In case (L),

J _ fRN ¢77'n (xj + (yn)J)‘aWA'p
i) = T T
_ fngE Gy (x5 + (Yn) ) |UnlP + f|$|>Re G, (5 + (Yn) )| Un|?

Jw 18a]?

In the region |z;| < Re, we have

i —(1—s 24+ (1—s
xj—"_(yn)jE( ’ 77( )_Rea . 77( )+Re>

2K 2K
C ( - — ) for n sufficiently large.

nn,nn
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It then follows from (4.9) and the definition of ¢, that

4 2t — (1 —s) 2K

7 (up) > (| L—m=~ - RE> 1—¢€)— —¢,
i) > (2 1-9-2

. zi + (1 —s) 2K
g9 (un) < <J77n + RE) (1—¢€)+ 7776.

From the above inequalities it is clear that we can choose s > € > 0, sufficiently
small such that

; AL G
gy (un) € e or n sufficiently large.

This contradicts gy, (u,) € 0 li/nn’

In the case (I3), we may assume that 1,y, — 7 € C’f+s asn — 00, ¥; = xz +1+s
for some ¢ and

i+ 1+s/2
(Yn); > 4 for all n.
n
For |z;| < R. we have
zh+1+5/2
zj + (yn); > nrlrs2 R
Tn
and
. 2t —(l—s 2K
gn, (un) > <j() - RS) (1—¢€)— —e
" Tn Tn

for sufficiently small € > 0, s < € and sufficiently large n. This contradicts g, (u,) €

ac}, .

The case (I4) is excluded by assuming 7,y, — 00 as n — 0o, and using a similar
argument to case (Iy).

Cask II. Set
1wl = [ e+ mmlul? = A+ o).
Then, by (4.8),
[l = [ et mmlunl = =4+ of0)

Without loss of generality, we may assume that A > 0 (A < 0 can be considered
similarly). We can find a sequence {t,} with ¢, — 1 as n — oo such that v,, = t,w,
satisfies

/ |an\2 + va B / F(nx + nnyn)|vnl? = —A.
RN RN
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Since ug € My, z4n,yn),0(A +0(1)), by (4.4)-(4.6) and lemma 2.1 we have

1 1
T () =y [ IVl == [ o+ i) ol

1 1
by [ VwaPrwd =2 [ o+ ) nl? + (1)
RN P JrwN

A 1
>+70()_|_1/ |an|2+vi
2 2 JgrN

1
1 / Fme + D)ol + 0(1)
P JrN

= Qf(muatnnyn)0(A) + Qpm,atn,y.).0(—A) +o(1)
p—2
> Qt(nuztnnyn),0 T (4p> A+o0(1)

p—2
f p” (1)

which is a contradiction. If A = 0, we can find s,,t, > 0, s, — 1 as n — oo such
that w,, = t,wy, U, = syug satisfy

/ Vo + @2 = / Fn + 1oy [T,
RN RN

/ Va2 + 02 = / F + 1) onlP.
RN RN

Hence,

. o 1 2, 9 1 _
nlgrolo Iy, ho, (un) = nlggo [2 /]RN IVo,|= + 0, — E/RN F (N + 0nyn)|0n|?

1 _ _ 1 _
+ 5 / |an|2 + ng - / f(TlnfU + nnyn)|wn|p
RN P JrN

> afmax70'
This completes the proof. O

Throughout this section, take ng = min{n.,ns}; 7. and ns are as in lemmas 4.2
and 4.3. Using the idea of Ni and Takagi [21] and Wu [26], we have the following
result.

LEMMA 4.4. For eachn € (0,19) and u € N,’}, there exist € > 0 and a differentiable

function t* : B(0;¢) € H'(RY) — R such that t*(0) = 1, t*(v)(u — v) € N}, for all

v € B(0;¢€) and

B 2 [on VuVo+uv —p [on folulP~2uv — n2p—a)/(r=2) S~ Rl u| 7™ 2uw
f]RN Vul? +u? — (p—1) f]RN fn|u|P

((t)'(0),v)

for all v € HY(RY).
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Proof. For u € N}, define a function F, : R x H'(R") — R by
Fu(t,w) = (Ip p, (H(u—w)), t(u —w))
_ t2/ V(= w)]? + (u— w)? |t|p/ folu— wl?
RN RN
) \th/ —
RN
Then F,(1,0) = (I}, ; (u),u) =0 and

d
3 Fu(1,0) = 2/ |Vul? + u? —p/ fnlul”—WQ(”‘q)/(p‘Q)q/ haylul?
RN RN RN

= / |Vul? +u? — (p — 1)/ folul? < 0.
RN RN

According to the implicit function theorem, there exist ¢ > 0 and a differentiable
function t* : B(0;¢) ¢ H*(RN) — R such that t*(0) = 1,

_ 2 fon VuVv+uww —p [ folulP2uv — n?P=a)/(p=2) Jan ]9~ 2uw
f]RN |VU‘2 + u2 - (p - 1) f]RN fn|u|p

() (0),v)

F,(t*(v),v) =0 for all v € B(0;¢),

which is equivalent to
<[}nvhn (t*(v)(u —v)),t*(v)(u—v)) =0 for all v € B(0;¢).

Furthermore,

/ IVt () (u =) + [t (v) (w = 0)]* = (p = 1)/ fylt*(0)(u =v)[P <0
RN RN

and .
gy (" (v)(u —v)) € C,,
still holds if € is sufficiently small by the continuity of the maps g, and ¢*. O

PROPOSITION 4.5. For each n € (0,19) we have
a;mhn < Wf] < min{ay, », + afoc,o,’y;}
and there exists a sequence {u,} C Ng such that
It,n, (un) =, +o(1),
I o (un) = o(1) € HH(RY)
foralli=1,2,... k.

Proof. If N}, denotes the closure of N;., then first we note that N = N} U AN} for
each i = 1,2,...,k. It then follows from lemmas 4.2 and 4.3 that, for a positive
number ¢ < ¢ and taking ny = min{n.,ns}, we obtain

’yf] < min{ay, p, + afoop,:yﬁl} fori=1,2,....k, ne€(0,n). (4.10)
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Hence,

vy =inf{If, p,(u) [ue N} fori=1,2,... k. (4.11)

Now we fix i € {1,2,...,k}. Applying the Ekeland variational principle [14],
there exists a minimizing sequence {u,} C N}, such that

1
Lty (n) <7y + (4.12)
and

1 i
Iy, n, (un) < Iy, p, (W) + EHw —Up||gr for all w e Ny, (4.13)

Using (4.10) we may assume that w, € Nf, for n sufficiently large. Applying
lemma 4.4 with u = u,,, we obtain the function ¢ : B(0;€,) — R for some €, > 0
such that ¢} (w)(u, —w) € Ni. Let 0 < § < €, and u < H'(RY) with u # 0. We
set

ou

~ lullz

ws
and z5 = £ (ws)(up — ws). Since z5 € N, we deduce from (4.13) that
1
Lty (28) = Lpyiny (Un) 2 = —llzs — nllm-
By the mean-value theorem, we obtain
1
(Tt (n)y 25 = un) + 0|25 = unll) = = —llz5 = unllanr-
Therefore,
(Tt i, (un), —ws) + (5, (ws) — (T}, 5, (un), (un — ws))
1
>—E||z(5—un\|H1 + o(||zs — unl|)- (4.14)

Now we observe that t},(ws)(un — ws) € N;; and consequently we get from (4.14)
that

il N ) )
5<Ifmhn( n)’ ||u||H1>+ t:;(wé) <If,,,h,,( 5)7tn( 5)( n 5)>
+ (tn(ws) = (I}, (un) = I}, 1, (25), (un — ws))

1
>~ 125 — tnll +o(l|25 — unl)).

Then we write the above inequality in the following form

(1 |25 — wnllmr | o(l|zs — wnl| 1)
I n <
< Pty () > 5n T 5

"l e
B0 ) e @8
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Since we can find a constant C' > 0, independent of § such that
25 = unllgr <64 C(|t5, (ws) — 1))

and

A
5—0 1)

For a fixed n, let § — 0 in (4.15). Using the fact that

<l <c.

T |25 — w2 = 0,

U C
I/ YR ETATE < .
< Fosy (1) ||u||H1> n

It,n,(un) =, +o(1)

we obtain
This implies

and
5 g, (un) = o(1) in H-H(RY).
O

‘We need the following proposition to provide the precise description of the Palais—
Smale sequences for Iy, p, .

PROPOSITION 4.6. Assume that {u,} C M . is a sequence satisfying

If,,,hn (Un) = /8 + 0(1)3

Iy h, (un) = o(1) in HYRY),
where 3 < ay, n, + e . There then exist a subsequence {u,} and ug in H'(RYN)
such that u, — uo strongly in H*(RYN) and Iy, ., (uo) = B.

Proof. By lemma 3.1(ii), there exist a subsequence {u,} and ug in H'(R") such
that
Up — ug  weakly in Hl(]RN).
First, we claim that ug # 0. Otherwise, by h € L?/(2=9(RN), the Egorov theorem

and the Holder inequality, we have

lanllys = [ £7lunl+ 001 (116)

1 1 1
- _ = o0 p_ 1 2 _ = P
(2 p>/RNf unl” = $lhuall == [ Sl

1 2(11*(1)/(1)*2)/
- hylun|? + o1
qn . n| ‘ (1)

= [+ o(1).

and
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Moreover, {un} C My , and

lunllgr > ¢ for some ¢ > 0.

We get 8 > aye o, this contradicts the condition 8 < ay, n, + = o. Thus,
ug is a non-trivial solution of equation (2.1) and Iy, 1, (uo) = oy, n,. We write
Up = Ug + v, With v, — 0 weakly in H!(RY). By the Brézis-Lieb lemma [8], we
have

/]RN Jalual” :/RN fn|u0|P+/RN folvnl? +o(1)
= /RN fn|u0|p+/RN FPlualP + o(1).

Since {u,} is a bounded sequence in H*(RY) and so {v,} is also a bounded
sequence in H'(RN). Moreover, by h € L? (=9 (RN), the Egorov theorem and the
Holder inequality, we have

[ alenl = [ halunft = [ hgfuel? +o(1) = of0)
RN RN RN

Hence, for n large enough, we can conclude that

Qfy,hy T Qfoe0 > Ifnvhn(uo +U")

1
— Iy, (10) + Sl — = / Flonl? + o1)
D JrN

1
> gy, + dlenlls = o [ 5 loal? + o)
P JrN

or

1 oo
Sl = [ £¥lonl? < agm o+ o) (1.17)

Also, from I} }, (un) = o(1) in H~Y(RY), with {u,} uniformly bounded and ug a
solution of equation (2.1), we obtain

o) = {If, ) t) = fonll = [ 7ol +o(). (418)

We claim that (4.17) and (4.18) can hold simultaneously only if {v,} admits
a subsequence {v,,} which converges strongly to zero. Otherwise, the |v,| g1 is
bounded away from zero, that is

lvnllgr = ¢ for some ¢ > 0.

From (4.18), it follows that

2p
Plpal? = [ == )aseo 1).
/RNf |vn| (p_2>a.f o+o(1)
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By (4.17) and (4.18), for n large enough,

1 1
ara<(5-3) [ 5%l + ol

1
= %annél - */ fvn|P +o(1)
P JrN

< O[foo’07

which is a contradiction. Therefore, u,, — ug strongly in H*(R™) and I Fohy (U0) =

8. O

Proof of theorem 1.1. By propositions 4.5 and 4.6 for each n € (0,79), there exist
sequences {uf,} C N} and uf € H'(RV)\ {0} such that

Ity () = + 0(1),
1§, (un) =o(1) in HTH(RY),

and ‘ ‘
ul, — ul strongly in H'(RY).

Obviously, the function u is a solution of the equation (2.1) and I, , (uf) = 7}
I‘g is ‘clear that u6 is non-negative, by the maximum principle u} is positive. Since
n(ug) € Crp(ah),

+ i —
up € My ;- and ug € My

where u,, is a positive solution of equation (2.1) as in theorem 3.2. This implies that
u, and u are different. Letting Ao = 1y 2, Uy () = A/ @2y, (v Az) and Uj(z) =
A=)yl (\/Az), we find that U, and U; are positive solutions of the equation
(EX). O

Appendix A.
LEMMA A.1. ) ) N
-0 LgN .,

q
2 2
where 1 <qg<2<p<2*and N > 1.

Proof.
CASEL.1<g<2<p<2and N = 1. Since ¢ < 2 < p we have
6g — 4
<2<p.
2+q P
Thus,
P—2)(2—¢q
sy =220
and so
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CAasEIl. 1< g¢g<2<p<2and N =2. Since 4 — (4/q) < 2 < p we have

4q — 4 < pq.
Thus,
2p—q)>(P—-2)(2-9q)
and so 2 )
p—q
—(2— .
P (2-¢) >0
CASE IIT1. 1 € ¢ <2< p<2®and N > 3. We need only to show that
plA—=N(2-q)] > 49— 2N(2—q), (A1)

since it is equivalent to

20-9) _2-9gN _,
p—2 2
(a) ¢g=1and N > 3. Then (A1) becomes
p(4—N)>4—2N. (A2)
Clearly, (A 2) holds for N = 3,4. Since
Lo N _AN-4

N2 N_4

(A 2) holds for N > 5.
(b) 1<g<2<p<2*and N = 3,4. Since g < 2, we have
4 — 2N (2 — q) <8 — 4N + 2¢N.

Moreover,
4
q>1>2—N for N = 3,4.
Thus,
29 —2N(2—q)
_ 2 <2 for N = 3,4.
47N(27q) <2<p I1lor R

(¢) ¢g=2—(4/N) and N > 5. Since

4
4q—2N(2—q)—4<2—N>—8<0

and 4 — (2 — ¢)N = 0, we have
p(4—N(2—q))=0<4q—2N(2—q).
(d) g€ (1,2 — (4/N)) and N > 5. Since
2N[N(2—q) —4] < (N = 2)[2N(2 - q) — 4]
and N(2 —q) — 4 > 0, we have

IN  2N(2—q)—4g
for N > 5.
PSN 2 Ne—¢q-4
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(e) g€ (2—(4/N),2) and N > 5. Since

24— N(2—q)] >4g—2N(2—q)
and 4 — N(2 — ¢) > 0, we have

p>2> 49 —2N(2—q)
4=N(2-q)
This completes the proof. O
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