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A REMARK ON POSITIVE SOJOURN TIMES
OF SYMMETRIC PROCESSES
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Abstract

We show that under some slight assumptions, the positive sojourn time of a product
of symmetric processes converges towards % as the number of processes increases.
Monotony properties are then exhibited in the case of symmetric stable processes, and
used, via a recurrence relation, to obtain upper and lower bounds on the moments of the
occupation time (in the first and third quadrants) for two-dimensional Brownian motion.
Explicit values are also given for the second and third moments in the n-dimensional
Brownian case.
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1. Introduction

In this paper, we are interested in the study of the random variables (RVs)

1
A, = /0 I{HL] X950 du,

where X ..., X® are independent and identically distributed (i.i.d.) symmetric processes.
The RV +,, may be interpreted as the time spent by an n-dimensional process (with independent
components) in some symmetric orthants.

When n = 1, the RV A has been widely studied for several families of processes. The

most celebrated example is the case of symmetric Lévy processes X(' = L) such that
]P’(L%l) = 0) = 0, for which it is known that 4 follows the classic arcsine law (see [7]):
1
P(A; € d7) = ———dz, z€ (0, 1).

T/z(1 —2)

When n = 2, the RV +; corresponds to the time spent by a planar symmetric process
XM 11X in the first and third quadrant of the complex plane. In the special case of the
planar Brownian motion B +iB® | a first attempt to find the law of 4, was undertaken by
Ernst and Shepp [6] in which the authors tried to compute the double Laplace transform of +4».
More generally, the study of the sojourn times of planar Brownian motion in a cone has already
attracted much attention. In particular, it was proven by Mountford [13] that if C is a closed
convex cone of magnitude 6 with vertex at 0, then there exist two constants k1 and k> such that

1
K]l‘l/‘E < P(/() 1{(3;1),352))66'} du < t) < Kzll/é, t e [0, 1], (1)
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with £ = (2/m)(27 — 0). The first moments of this RV were computed by Desbois [4]; see
also [2] in the special case & = 7 /2. Analogues of (1) for n-dimensional Brownian motion
were obtained by Meyre and Werner [12] and Nakayama [14], in which the exponent & was
related to the first eigenvalue of the Laplacian operator —A /2. In addition to these bounds,
the strong arcsine law (see [1]) yields the asymptotics of the sojourn time of an n-dimensional
Brownian motion (B®), 1 < i < n) in the positive orthant:

1 ¢ L 1 . du as. 1
i [ Thea %25 5 140
1=

where ‘25 denotes almost sure convergence. Observe that the summation here is logarithmic:
we refer the reader to [3] for a general discussion between summability methods and limits of
occupation times.

In this paper we shall first study the limit of the variables +4,, as the dimension n goes to co.

Theorem 1. Let (X ® > 1) be i.i.d. symmetric processes.

(1) The strong law of large numbers holds for the sequence (A,, n > 1):

(ii) Assume that for almost every (a.e.) u € (0, 1), the RVs X ,(41) have no atoms at 0 and that
forae. 0 <u<s <1,

0<Px{ >0 x>0 <1 2)
Then, for any p > 0,
p
An L, %, n — 400,

L? .
where ‘=’ denotes convergence in L.

(iii) Assume furthermore that

1 pl
1
/ / D D duds < +o0. 3
0 Jo P(X, <0,X;’ >0)
Then
A 25 %, n — +oo.

When thinking of symmetric Lévy processes, an interpretation of this result is as follows. The
usual arcsine law essentially explains that, although L(! is centered, there is a high probability
that it spends more time on one side of the axis than on the other. As the number of Lévy
processes increases, so do the changes of sign of the product, hence, the resulting process
spends a more balanced time on each side of the abscissa axis.

Remark 1. Note that an assumption such as (2) is necessary to obtain the L”-convergence.
Indeed, let, for instance, (X;, i > 1) be a family of i.i.d. symmetric RVs admitting a density.
Define the processes

XD =1x; ¢>=0
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which do not satisfy the assumption }P’(X,S]) >0, Xs(l> >0) < % In this case, the RVs #,, all
have the same law:
D
An = 580+ 81),

where‘Z’ denotes equality in distribution, and the L”-convergence of Theorem 1 cannot hold.

Example 1. Assumption (3) is, for instance, satisfied by symmetric a-stable Lévy processes L
with @ > 1. Indeed, for 0 < u < s, using the symmetry, independent increments, and scaling
properties, we first deduce that

1/a
P(Ly <0, L, >0) = P((f - 1) L >7.2, > o),
u

where Z; is a symmetric a-stable RV independent from L. Next, for v > 0 small enough,
applying Fubini’s theorem:

+oo 1
/ B > 70, 2y = 0)d = ~E[LY 17,0 ELZ 1z,50)]
0 V

1
= E[IL1["1E[Z1]7"]
v

_ 1 '(v) '(—v)
" 4a2v T (va) cos(var/2) T'(—va) cos(vam/2)
1 sin(vam/2)

~ 2av sin(vm) cos(vam/2)”

Therefore, using the inverse mapping for the Mellin transform (see, for example, [9]), we obtain
the asymptotics

1

F(t):=P@t""Ly > 21,21 > )~ ———
o sin(w /o)

3

/e t— 0",

hence, by a change of variable

1 1 1 s
/ </ ! du)ds:Z/ (/ —1 du)ds
o \Jo P(L, <0,Ls>0) o \Jo F(s/u—1)

+00 1
= —— dt < +o0,
/0 F(t)(t 4 1)2

which is assumption (3).

The remainder of the paper is organized as follows. We prove Theorem 1 in Section 2, then
study some monotony properties of 4, when dealing with stable processes in Section 3, and
finally compute the first moments of +4,, and state some bounds on - for Brownian motion in
Section 4.

2. Proof of Theorem 1
Proof. (i) Let us first define the centered RVs

Af = Ay — %
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and observe that these RVs are uncorrelated. Indeed, decomposing A, and using the tower
property of conditional expectations for k > 1,

E[ A} A} ]
= E[Ansnii] — 5

1
1
= E[*"" /0 (Mg xsor s, xs0 L, 0 <o gt Xf,"’sm)d“} "

i=n+1
=FE| A : 1 . 1 1 . 1 d 1
=E A fy Ui =0 2 Tl i< 3 )94 T g
= 1E[A,] -1
= 0.

Now, since the RVs (4}, n > 1) are uniformly bounded by 1, the result will follow from
Theorem 1 of [10] after having checked that

> o{(124) ] <o

But this is immediate since developing the square and applying Fubini’s theorem:

k 2 k
1 1 . 1 ) 1
Z;E[<;Z="’n> } =) @2 EAD =) 5 < +oo,
k>1 n=1 k>1 n=1 k>1

hence, we conclude that

k

1

EZA;: 250, k— +oo,
n=1

which is Theorem 1(i).

(ii) To prove the L”-convergence, let us consider, for n > 1, the function F}, : [0, 112 = [0, 1]

defined by
n n
Fu(u,s) = P(H xP=0][x" = o),
i=1 i=1

By symmetry and since there are no atoms at 0, we may decompose Fj, ;1 as

n n
Fpii(u, s) = 21P<H x>0 [[x? = 0)1?(}(;"“) >0, XD > )

i=1 i=1

n n
+ 21@(]_[ xO <0 J[xP = 0)1@(}(}[’“) <0, X"t > ()
i=1 i=1

and rewrite this in the form

Fur1(u,s) =2F,(u, s)Fi(u,s) + 2(% — F,(u, s))(% — Fy(u, s))
= 4(F(u,$) = 3) (Fi(u.$) = 3) + 5.
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In particular, by iteration, we deduce that
Fup1(u,s) — 5 = (Falu,s) — })@Fi(u,5) — 1) = J@F (u,5) — D" )

Now, for a.e. u # s, we have by assumption, —1 < 4F;(u,s)—1 < 1, sowemay letn — 400
to obtain
Fa(u,s) > 3, n— +oo.

Finally, applying the dominated convergence theorem, we have

2
E[(An—%)} IE[,AZ]— //F(u 9)duds———>0 n — 400,

which proves the L?-convergence of Theorem 1, hence, the L”-convergence forany 0 < p < 2
by Holder’s inequality. But, since, for any n € N, |A, — %| < 1, we further obtain, for p > 2,

Bl Ay~ 3] < E[(A— DT> 0. n oo,
which completes the proof of (ii).

(iii) Finally, to obtain the almost sure convergence of (iii), we apply Fubini’s theorem to obtain
the bound, thanks to (4),

+o00 1 2 +o00 1 1 1
;E[(m—z) }:Zf / (Fn(u,s)—z>duds
= //4F1(u $) — duds
2—4F(u,s)

1
— du ds
6 /0 /0 Pxy" <0, x" > 0)

< 400.

The almost sure convergence then follows from the usual application of the Bienaymé-Tcheby-
chev inequality and the Borel-Cantelli lemma. (|
3. Monotonicity for stable processes

We now assume that (X = L®);. are independent symmetric a-stable Lévy processes
with a € (0, 2] defined on a probability space (2, F~, P). From Theorem 1(ii), we deduce
that for any p > 0,

E[AL] — (3)7. n— +oo.

When dealing with stable processes, it turns out that the sequence (E[4AF], n > 1) is monotone,
according to the value of p (i.e. to the convexity of the function x — x?).

Proposition 1. Ler p > 0 be fixed. The sequence

ELAP]. 1 > 1) is c‘iecreas.mg .zfp > 1,
increasing if 0 < p < 1.

As a consequence, for any .. € Randn > 1,

]E[e)“AVHrI] < E[e)“A’l].

https://doi.org/10.1017/jpr.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2018.6

74 C. PROFETA

For symmetric stable Lévy processes, the RVs (4A,, n > 1) are thus ordered via moment-
generating functions or Laplace transforms.

Proof of Proposition 1. We start the proof with a simple lemma.

Lemmal. Let n > 1 and (X;)i<, be i.i.d. symmetric RVs with common density f and let
(A;)i<n be RVs, independent from the (X;);<n and such that IP(]_[L]Ai > 0) = 1. Then the
function

n
t— P(H(Xi +1tA;) > O) is increasing from % to 1.
i=1

Proof. Observe first that by conditioning on the distribution of the sequence (A;);<x,

IP(]_[(X,- +1A;) > 0) =/ / IP’(H(X,- +1a;) > O)]P’(Al €da,..., A, € day),
i=1 RJR AN

we need to prove that only the function

W (1) = HD(]‘[(XI- +1a) = 0)

i=1

is increasing, under the assumption that ]_[?zlai > (. Next, forany n > 1, we have ¥, (0) = %
and lim;_, y 5o W, () = 1. We shall prove by induction on » that ¥, is increasing . Forn = 1,
the result is clear since in this case a; > 0. Assume now thatn > 2 and that W,,_ is increasing
from % to 1. Since the (X;) are independent, we may decompose

n—1 n—1

U, (1) = P(X, +ta, > 0)1@(]‘[(&- +ta;) > 0) +P(X, +1ta, < 0)11»(]_[()(,- +1ta;) < 0).
i=1 i=1

We now separate two cases.
Case 1. Assume first that @, > 0. Then ]_[?z_]lai > 0 and differentiating yields

W) (1) = an f (—tan)Wy—1 (1) + P(X,, + ta, > 0V, _, (1)
— an f(—tay)(1 = V,_1 (1)) — P(X, + ta, <0, _, (1)
=an f(—ta,) QW,—1(1) — D)+ ¥, _, () (P(X,, + tay, > 0) — P(X, + ta, <0)).

Since ¥,,_1(t) > % and P(X, + ta, > 0) > P(X,, + ta, < 0), we deduce from the recursion
hypothesis that ¥/ (r) > 0.

Case 2. Assume now that a, < 0. Then ]_[;'z_]lai < 0 and we deduce from the symmetry
of X1 and X, that (with the usual convention that empty products are 1)

n—1
W, (1) = P(Xy + 1 (—ay) < 0)P<(x1 +1(=an) []Xi +1ap) < 0)

i=2
n—1
+P(Xp +1(—an) = O)IP((XI +t(—an) [ [(Xi +tap) = 0)-
i=2
The result then follows from case 1, since —a, > 0 and —[]'—'a; > 0. O
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We now return to the proof of Proposition 1. To simplify the notation, we set

Let us consider the function F: RT — [0, 1] defined by

1 p
F(X)ZE[(/O Liwszopz0) d”) }

where Z is another a-stable Lévy process independent from the (L®)). We shall prove that F
is increasing on [0, +00). By the change of variable # = x%*s and scaling, we have

1/x¢ p
_
F(x)=x pEI:(/O 1{(1+Z.c)P,(")20} ds> i|

Differentiating with respect to x and going back to the original variable, we obtain

) ap 1 r 1 p-1
F (")=7E[< /O Lz p=0) d“) - < /0 Lzop=0) d”) 1{<x+zl>P.<”>zo}}'

Applying Fubini’s theorem, we need to prove that

1 1 p
/ / P(ﬂ{(x+zu,>P;?)zO}>du1--~dup
0 0 Niog

1 I
3/ / P(ﬂ{(erzu,.)PLff)zom{(x+zl)Pl(")20}>du1-.-du,,.
0 0 Nim

We shall, in fact, simply prove that the inequality holds on the integrands:
p—1

P(ﬂ{(x + Zu) PP = 0} N {(x + Zu )P = 0})
i=1

p—1
> P(ﬂ{(x + Zu) P = 0} 0 {(x + Z) P > 0}), (5)
i=1

where we may assume, up to renaming the variables, that 0 < uy < up < --- <up < 1.
To simplify the notation, let us introduce the measure QQ defined for A € Fo, by

p—1
(G + Zu) P = 0}).

i=1

Q(A) = ]P(A

Dividing both sides of (5) by P(N?~'{(x + Z.,) P\ > 0}), we are thus led to prove that the
function

t — Q((x + Zt+up71)Pr(g¢,,_1 > 0) isdecreasingon [0, 1 —up_].
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Applying the Markov property, we may decompose

n
QU + Zigu, P, 2 0) = @((x + Zuy A1 Z) []D | + L) = 0),
i=1
where 2\1 and (Zgi)) are independent symmetric «-stable RVs, independent from Z and the
(L(’)). Observe furthermore that, by the definition of Q,

n
Q((x + Zu, ) ]‘[ Lo > o) =Q((x + ZL,IH)Jf);’;{1 >0)=1.
i=1

up

Therefore, applying Lemma 1 with the sequences
X l<ism=LY. 1<i<n. Xepn=2
and '
(A 1<i=sm =@ 1<i<n),  Ami=x+7Zy,

we deduce by composition that the functiont — Q((x+ Zitu, 1) P,(j’_,)lp_l > () isdecreasing on
[0, 1 —up,_1] (in fact on [0, +00)), hence, the function F is increasing on [0, +00). It remains
then to apply the dominated convergence theorem, upon noting that

ElA, 1= F(0) < lim F(x) =E[A],

which yields the proof for integer values.
Summing the different moments, we deduce that, for A > O and p > 1,

E[(Any1) P 1] < B[(A,) P H A0,

where | p | denotes the integer part of p. Integrating this inequality against AL?1=7 on (0, +-00),
we deduce that
E[A?, 1 <E[AL] (p= ).

Next, by symmetry
E[ek(l—o“mﬂ)] < E[e)\(l—a‘\vn)] — E[e—)wf\vnﬂ] < E[e—?»d’«n]’

hence, for0 < p < 1,
+00 +oe
/ AP (1 = Ele ™)) da < / ATPTHA = Ble ) da,
0 0

which is exactly E[47] < E[A}, 1 (0 < p < 1). O

Remark 2. Below we provide an example of a process satisfying assumption (2), but for which
the sequence (E[:A,%], n > 1) is not decreasing. Take, for instance,

1 2
Xt( ) = B 1y<12y —Bi—12 112y and Xt( )= Wi <172y =Wie172 Li>12).

where B and W are two independent Brownian motions started from 0. Then

| 12 1
Al = 3 and Ay = 2/0 1(B,w,=0) dt 2/0 Lg,w,z0) du,

hence (see the next section for the value of E[A%]),

3 1

1
E[A] = - <E[A3] == — —.
8 2x2

4
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4. A study of moments in the Brownian case

4.1. Second and third moments

The first three moments are easy to compute in the Brownian case. Indeed, from (4), the
second moment of 4, is equal to

EMZ]—1+ /(f (4F\ (u, s)—l)”du)ds

where, from Bingham and Doney [2], the quadrant probability is given by, for 0 < u <'s,

1 1 u
Fi(u,s)=- + — arcsin .
2w S

After some changes of variables and successive integration by parts, we deduce that

2 1 1 i n.:
E[A,] = Z o t" sin(t) dt
Ln/2J
1 nl(n —2n/2] — 1) n! _
- _ —1 ln/2]+1 _1\k 2k
7D o + - Z( D "

By symmetry, since E[(1 — #4,)°] = E[Afl], we further obtain
E[;] = 3E[4;] — 1.
InTable 1 we provide the first values of the second and third moments, in which the decreasing
property may be observed.

4.2. Higher moments for two Brownian motions

Obtaining the explicit values of higher moments seems a difficult task as outlined in the
literature; see [2], [4], and [6]. We propose here a method to obtain lower and upper bounds on
these moments. Recall the moments of the arcsine distribution:

EMP]—L(”>— @p)!  Tp+1/2) 1

= = = s — 4-00.
20\2p) T 2002 T T+ 1) v
TABLE 1: First values of the second and third moments.
n Second moment E[A2] Third moment E[A] ]
3 5
1 - ~0.375 — ~0.3125
8 16
2 3 ! ~(.3243 > S o 0.2365
8 22 16  4x2 —
3 §—i20299 i 2 ~ 0.1985
8  4n? 16 872
3 3 6 5 9 9
4 ———+4+—2>~02846 — —— 4+ — ~0.1769
8 2x2 + 4 16 4rn2 + a4
5 3 > + 15 ~ 0.2757 > 15 + 45 ~ 0.1635
8 2?2 g4 7 16  4x2  2m4 T 7
() 0.25 0.125
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0.35 -

fffff Upper bound
——— Monte Carlo simulation
------ Lower bound

e o @

DN W

S »n S
’ A |

0.15 ~

Moment of order p

0.10 ‘;\

0.051\

0.00

0 50 100 150 200 250 300 350 400 450 500
p
FIGURE 1: Monte Carlo simulation of E[Ag ]for 1 < p < 500.

Proposition 2. For any p > 1, we have

-1
18 1/2,1/2,1 1 X 2 K
E[A5] < m;ﬁz[ . 1]+_2 T]E[Al]

p+3/232° | T3 Gy
-1
18 1/2,1/2,1 1% 2 K
E[A]> — > .F el oy =S E
A2 5 2[p+3/2’3/2, }+n2]§(p_k)z [A3],

where 3 F, denotes the usual generalized hypergeometric function, see [8, Section 9.1]. Note
that both bounds are the same when p is equal to 1 and 2. Asymptotically, we further obtain

6 p 1
2y SEAl =
In particular, this implies that the RV Ay cannot follow a beta distribution (hence, nei-
ther a generalized arcsine distribution). Indeed, otherwise the beta distribution would be
ﬂ(% +4/(n? —4), % +4/(? — 4)), since then

3

E[]—1 IE[Z]——1 E[8’] =
Pl=y HPI=g-52 HFI=

(p > +00).

5 3
16 4xn?’
But, as p — 400, we would have

1
P — - -
E[p"] = (9<p1/2+4/(7124)>’

which would contradict the lower bound since % +4/(n? — 4) > 1. Numerical computations
are shown in Figure 1, in which it is seen that the lower bound is clearly the better one.

Proof. Let B and W be two independent Brownian motions and define

+00 t p
Mp(x) =/0 et/2E|:</0 L{(e+B,) W, >0} d”) ]dt

M, (0)
2p+1p!

so that
E[A}] =
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Applying first the Markov property at the stopping time 7, = inf{u > 0, x + B, = 0} and
Fubini’s theorem, we deduce that

t p
E[(/ 1{(X+Bu)Wu>0} dl/l) j|
0
t 14
=E[(/ Liw, >0 du) 1m>z}]
0
Ty t P
+E[</ Liw, >0y du +/ L+ Bow,>0) d”) 1{sz:}}
0 T,

= tPE[A]IP(Ty > 1)

14 p Ty p—k 1Ty k
+ <k>E[</O Liw,>0) du) (fo LB, (Wi, +,)>0) du) 1{Tx<t}}
k=0

where B and W are two independent Brownian motions, independent from B and W. We now
take the Laplace transform of both sides. Applying the Fubini—Tonelli theorem and a change
of variable, we obtain

+00
M, (x) =E[Af]/ e 2PP(T, > 1) dt
0

4 p Tx p—k
+ Z ( )E[e_T*/z (/ Liw, >0 du) Mk(WTX)}
i—o \K 0

= Rp_1(x) + Ele™ /M, (Wr)],

where, by scaling, R,_; is defined by

+o0
Rp—1(x) = E[A}] f e 2PP(T, > 1) dt
0

p=1 ! ok I~
+ Z <§:>E|:6Tx/2Txp_k (/ I{Wu>0} dl/t> M ( wal)i|'
k=0 0

Thus, we obtain the relation, since E[e_T"‘/z] =e Il
Mp(x) — Mp(0) = Ry (x) = (1 — e PMYM, (0) + Ele™ /2 (M, (Wr,) — M, (0)].  (6)
The expectation on the right-hand side may be computed as

Efe™"/2(M,(Wr,) — M,,(0))]

2/+°° by —x2/2t—t/2 dr /+OO 1 —z2/2t(M (z) — M,(0)d
= ——e e )~ 2
0 2t 0 V2t ’ ’

400 K 2+ 2
—5 /0 LR ) — ML) de,

T x2 + 72
where K, denotes the modified Bessel function of the second kind of order v. Integrating (6)
with respect to Ko(x)(dx/x), we deduce from [5, Equation (33)] and [8, Equation (9)],

“+o00 K /2 2 +oo d 2
/ KW 20 oy de = ZKo(z) and / (1—eHKor) > =7
0 x2 472 2z 0 X 8
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that

+00 dx
/0 (Mp(x) — Mp(O))KO(x)7

+o0

teo x| dx dz
= /(; (Rp—1(x) —(1 —e )Mp(o))KO(x)? +/0 Ko(2)(Mp(2) — Mp(o))?;

hence,
8 +o00 dx
Iup(o) ) / Rp—l(x)KO(x) X (')

Remark 3. Note that we might have used the Kontorovitch—Lebedev transform (see, for
example, [11]) to obtain a recurrence relation between M, (x) and R, 1 (x):

M 2 [T cosh(ry/2) K +OOK- R dz ioh d
p(x)—;/o W zy(x)</0 iy(2) p—l(Z)?>)’Sln (ry)dy

but this leads to quite complicated calculations, even for p = 3.

Rather, we shall obtain bounds on R;,_;. Substituting the expression of R,_1 into (7), we
first need to compute

+o0o +oo dx
/ </ e 2PP(T, > 1) dt)Ko(x)—
0 0 X
+00 —+00 1
:/ eH2p dt/ —65/41(0( )ds
.4
=/+oo du/ —t(2 u)/4K (ul‘)dt
! 4

\ ~T(p+1)? p+1,1/2 du
=2°" fF(p+3/2) 2F1|: 32 ° :|— (see [8, p. 700])
T(p+1)? p+1,1/2 dx
p—1 b
=2V ) F|:p+3/2’] }
_ 1 =T+ 1) [1/2,1/2_ B i|d_x , ,
=2 fF(p+3/_2) 2 F1 p+3/2° l—x NG (using Pfaff’s formula)

_ (T'(p+ 1)? 1/2,1/2,1
= ZPﬁm3 h |:p +3/2.3)2° 1] (see [8, p. 813]).

Next, from Section 3 and the proof of monotony of the moments, we deduce that

My(0) < My(y/Te Wi) < My (400);

hence, returning to the expression of R,_1, it remains to compute
+o0 _ dx +o0 dx +00 X N
/ Ele™ /2T M Ko(x)— = / Ko(x)— / P ke 2e™ 2 gy
0 x 0 x Jo  N2mt3

+o00
= 4p—k=1 / P~k le T Ko(r) dt
0

_ VT kTP =k
T4 T'(p—k+1/2)
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Therefore, we obtain the lower bound

» 1 8 [t dx
]E[Az] = 21"*‘—1;7'; 0 Rp—l(x)KO(x)7

E[A]] 8 _(T(p+1))? [1/2,1/2,1 , 1]

> -
=T 2V T (p 132 3

p+3/2,3/2’

p—1 )
71‘M p P—kinktl '
+§ﬁ2 T(p—k+1/2) (k)EMl 125 KV ELAS].

Then, using the explicit value of the moments of the arcsine distribution, we finally obtain,
after some simplifications,

—1
1 8 1% 2
E[A}] > F [ 1/2,1/2,1 . 1} + ) o ElALL
k=0

= 2p+1n23 P p+3/2,3/2 p—k)?
which is the announced result. The computations for the upper bound are similar. |
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