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Abstract

Hermite–Gaussian (HG) laser beam with transverse electromagnetic (TEM) mode indices
(m, n) of distinct values (0, 1), (0, 2), (0, 3), and (0, 4) has been analyzed theoretically for
direct laser acceleration (DLA) of electron under the influence of an externally applied
axial magnetic field. The propagation characteristics of a TEM HG beam in vacuum control
the dynamics of electron during laser–electron interaction. The applied magnetic field
strengthens the �v × �B force component of the fields acting on electron for the occurrence
of strong betatron resonance. An axially confined enhanced acceleration is observed due to
axial magnetic field. The electron energy gain is sensitive not only to mode indices of TEM
HG laser beam but also to applied magnetic field. Higher energy gain in GeV range is seen
with higher mode indices in the presence of applied magnetic field. The obtained results
with distinct TEM modes would be helpful in the development of better table top accelerators
of diverse needs.

Introduction

The charged particle trapping and accelerating with a laser field is a fascinating concept since
last few decades (Tajima & Dawson, 1979; Sprangle et al., 1996; Umstadter, 2003). The rising
interests to accelerate electron with a high energy remain a motivation for the investigation and
development of advanced electron acceleration techniques (Leemans et al., 2006; Ghotra &
Kant, 2015a). Several theoretical and experimental models are proposed by various researchers
that report an effective energy gained by the electron during interaction with ultra-short and
intense laser pulse (Geddes et al., 2004; Joshi, 2007; Malka et al., 2008; Ghotra & Kant, 2015b;
Albert et al., 2017; Mohammed et al., 2017; Wallin et al., 2017). The energy gained by the elec-
tron is sensitive to laser’s power, beam waist, and pulse duration (Ghotra & Kant, 2017; Fortin
et al., 2010). Laser–plasma interactions indicate that there is a generation of superponderomo-
tive electrons due to a non-wake-field interaction between a laser pulse and a longitudinal elec-
tric field (Robinson et al., 2013). There appears a dephasing that reduces the electron
acceleration. The longitudinal electric field acts as an extra field that could reduce the dephas-
ing rate for an efficient acceleration. Vacuum-based acceleration of electron has some advan-
tages over plasma as it presents a greater group velocity of a laser pulse, and also the
plasma-related instabilities are absent in vacuum, which appears as a better option for
laser–electron interaction. Further, it is much easier to inject a pre-accelerated electron in vac-
uum than in plasma. Gaussian laser fields with appropriate profiles prove their suitability for
effective acceleration of electron because of their ability of achieving a high energy with
restricted spread and small divergence of electron beams (Fortin et al., 2010). The Gaussian
laser beam fields and their propagation properties are dependent on laser beam frequency
ω, intensity parameter a0, beam waist radius r0 at the focus, pulse duration τ and Rayleigh
length ZR = kr20/2. A few MeV of electron energy gain was observed with intensity above
1019W/cm2 with a Gaussian laser beam (Ghotra & Kant, 2016a). The parameters such as
external magnetic field, frequency variations and polarization characteristics of laser pulse
influence the electron dynamics, and hence the electron energy gain (Ghotra & Kant,
2016a; Salamin, 2017). The transverse electromagnetic (TEM) mode index-driven intensity
variations of electromagnetic fields were investigated with intense laser beams (Kawata
et al., 2005; Gu et al., 2016; Ghotra & Kant, 2016b). Beam that involves a product of
Hermite with Gaussian functions configures Hermite–Gaussian (HG) beam. The propagation
characteristics of HG beam can be expressed in terms of different modes and represented as
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TEMmn, where m and n correspond to the mode indices. The low-
est order mode (TEM00) of such beam represents a Gaussian
beam. An experiment was conducted using HG laser beam with
distinct modes (0, 0), (0, 1), (0, 2), (0, 3), and (0, 4) to investigate
the emergence of mega gauss ordered persisting magnetic field
due to relativistic electrons in plasma (Flacco et al., 2015). The
polarization characteristics of a Gaussian laser beam indicate
higher energy gain by the electron with a circularly polarized
(CP) laser beam in comparison with a linearly polarized (LP)
laser beam. The accelerated electron disperses with a low energy
for a Gaussian TEM00 mode due to a strong transverse pondero-
motive force. However, for an effective acceleration, the externally
applied inhomogeneous magnetic field ensures a better trapping
of electron near the focus of Gaussian laser pulse with TEM00

mode (Saberi & Maraghechi, 2015). The HG beam with its higher
modes enforces a better confining of electron close to its focus
axis with TEM00 mode due to their characteristics intensity distri-
butions. The electron acceleration under the influence of TEM
modes of HG laser beam was investigated, which depicts that a
lower mode indexed HG laser beam enforces a small acceleration
of electron for longer distance, whereas, a higher mode indexed
HG laser beam enforces a larger acceleration of electron for
smaller distance without application of any external magnetic
field (Ghotra & Kant, 2016b). The detrimental effect of the
B-fields on electron and ion acceleration has been evoked in an
experimental and simulation study (Nakatsutsumi et al., 2018).
The inductive generation of the B-field is mainly determined by
the spatio-temporal variations of the longitudinal sheath field:
∂Bz/∂t = ∂Ex/∂t. Those fields can be strong enough (∼105 T at
laser intensities ∼1021 W cm–2) to magnetize the sheath electrons
and deflect protons off the accelerating region, hence degrading
the maximum energy. Such spatiotemporal-restricted magnetic
field has larger impact on electron acceleration in plasma. The
effect can be neglected for the case of direct laser acceleration
(DLA) of electron in vacuum.

In this manuscript, an external axial magnetic field is
employed to analyze the effect of distinct TEM modes of
Hermite function on DLA of electron with a relativistic three-
dimensional single-particle code using a CP Gaussian laser
beam. Electron acceleration is shown to be influenced by the
beam width parameter, propagation distance in terms of
Rayleigh length, laser spot size, mode indices, and applied mag-
netic field. The influence of laser beam width parameter has
been investigated on electron acceleration with distinct values of
laser intensity and externally applied axial magnetic field in vac-
uum. The energy gained by the electron for distinct TEM modes
(0, 1), (0, 2), and (0, 3) with respect to propagation distance has
been analyzed without and with axial magnetic field. The acceler-
ation distance is expressed in terms of Rayleigh length for distinct
mode indices. The external magnetic field plays a vital role in con-
trolling the electron dynamics. It strengthens the �v × �B force com-
ponent of the fields for the occurrence of strong betatron
resonance, which enhances electron oscillations. Hence, it ensures
the confining of electron in close orbit around the axis of propa-
gation of laser pulse. With lower mode index, the electron’s accel-
eration remains small and focused toward the axis, the external
magnetic field enhances the acceleration, and hence electron
energy gain by confining the oscillations. However, with higher
mode index where electron appears with larger acceleration for
smaller distance, the magnetic field ensures the confining of elec-
tron around the axis for larger accelerating distance with
enhanced energy gain. Presented results of electron energy gain

with propagation distance under the influence of suitable mag-
netic field may be helpful in the development of better table-top
electron accelerators of diverse dimensions and capabilities. The
role of distinct mode indices and external magnetic field can be
utilized for the formulation of desired-sized accelerators based
on the accelerating distance of electron. The content in other sec-
tions of this paper is organized as follows. Section “Evolution of
CP–HG beam” describes about the field distributions of a CP–
HG laser beam, section “Relativistic analysis based on electron
dynamics” describes the electron dynamics to relate the electron
acceleration during interaction with laser and external fields.
Outcomes are explained in section “Results and discussion”.
Lastly, a conclusion is drawn and presented in section
“Conclusion”.

Evolution of CP–HG beam

A CP–HG laser beam is considered to be propagating in the
z-direction. Under paraxial approximation, the transverse electric
field components can be expressed as (Kawata et al., 2005; Gu
et al., 2016):

Ex(r, z, t) = E0
f (j) exp (if)Hm
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where E0 and φ are the field amplitude and phase of HG laser
beam, respectively; m, n represent the indices of a Hermite-
polynomial Hm,n function; τ and r0 are the laser’s pulse duration
and spot size, respectively; r2 = x2 + y2, zL is the initial pulse peak
position; and c is the speed of light in vacuum. The beam width
parameter of laser is expressed in terms of function f(ξ) as:

f (j) =
�������
1+ j2

√
, (3)

where ξ = z/ZR is the propagation distance normalized in terms of
Rayleigh length ZR = kr20/2, k and ω0 are the laser’s wave number
and frequency, respectively, f = v0t − kz + (n+m+ 1)
tan−1(j) − r2z/(ZRr20 f

2) + f0, hence (n +m + 1)tan−1 (ξ) expresses
the Guoy phase, and φ0 is the initial phase.

The longitudinal components of the electric and magnetic
fields are expressed by paraxial ray approximation as:

Ez(r, z, t) = − i
k

( )
∂Ex
∂x

+ ∂Ey
∂y

( )
, (4)

�B(r, z, t) = − i
v

( )
�∇ × �E

( )
. (5)

The amplitude of the longitudinal laser field in vacuum is only
about 0.03E0 for a Gaussian laser beam (Xiao et al., 2016)
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indicating a very small longitudinal laser field in comparison with
transverse components. In our presented equation (4), the longi-
tudinal electric field component is smaller by a factor of (1/k) as
compared with transverse field components. Thus, the contribu-
tion of longitudinal electric field component in our model is
very small for DLA of electron in comparison with transverse
component in vacuum.

The externally applied axial magnetic field is in longitudinal
direction of laser pulse. Such axial magnetic field is expressed
as (Ghotra & Kant, 2017):

�B = B0ẑ, (6)

where B0 is the magnetic field amplitude.

Relativistic analysis based on electron dynamics

The relativistic equations governing the momentum and energy of
the accelerated electron in consideration of externally applied
axial magnetic field are expressed as:

dpx
dt

= −eEx + ebzBy − eby(Bz + B0), (7)

dpy
dt

= −eEy − ebzBx + ebx(Bz + B0), (8)

dpz
dt

= −eEz − e (bxBy − byBx), (9)

dg
dt

= −e (bxEx + byEy + bzEz). (10)

where px,y,z represents the momentum coordinates and
�p = gm0�v; βx,y,z represents the normalized velocity coordinates
and �b = �v/c; g2 = 1+ (p2x + p2y + p2z)/(m0c)2 is the Lorentz fac-
tor; − e and m0 are the charge and rest mass of the electron.

The other used parameters are normalized as follow:
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The coupled differential equations (7)–(10) with all normal-
ized parameters have been solved numerically with a computer
programing for the electron dynamics and electron energy gain.

The electron is assumed to be pre-accelerated and injected ini-
tially at a small angle δ with respect to the laser propagation axis
with momentum (Ghotra & Kant, 2015a, b):

�p0 = x̂p0 sin d+ ẑp0 cos d, (11)

where p0 is the initial momentum of the injected electron.

Results and discussion

The numerical analysis is based on the following dimensionless para-
meters: a0 = 5 (represents laser intensity I � 6.92× 1019W/cm2), a0
= 25 (I � 8.5× 1020W/cm2), a0 = 50 (I � 6.8× 1021W/cm2);
r′0 = 150 (represents laser spot size r0 � 25mm), r′0 = 300
(r0 � 50mm), r′0 = 450 (r0 � 75mm), τ′L = 70 (represents laser
pulse duration τL = 200fs); z′L = 0; initially the electron is at x′i
= 0, y′i = 0, and z′i = 0; initial phase φ0 = 0, and b0 = 0.006 (repre-
sents magnetic field of 0.64MG), b = 0.06 (~6.4MG); δ = 10° and
p′0 = 1. The laser pulse peak power is about 0.67PW, which cor-
responds to intensity parameter a0 = 5 with r′0 = 150. In the pre-
sent scenario, the laser pulse peak power in the range of PW is
feasible and observed experimentally (Spinka & Haefner, 2017;
Dabu, 2017).

In Figure 1, the electron energy gain is analyzed as a function
of normalized axial magnetic field b0 for the mode index (m, n) =
(0, 1) with normalized intensity parameter a0 = 5 and 25 for

Fig. 1. Evolution of electron energy gain with a normalized function of axial magnetic field b0 for a TEM CP–HG laser pulse with mode index (m, n) = (0, 1), for
different values of laser spot sizes r′0 = 150, 300, and 450 at (a) a0 = 5 and (b) a0 = 25. The other used parameters are φ0 = 0 and τ′L = 70.
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different values of normalized laser spot size r′0 = 150, 300 and
450. The higher energy gain is depicted at the optimized value
of magnetic field, which determines the resonance to maximize
the electron energy gain. The magnetic field determines the cyclo-
tron resonance for electron acceleration by laser in vacuum. The

magnetic field determines the cyclotron resonance for electron
acceleration by a laser beam in vacuum. For a TEM HG mode
laser beam, the phase velocity vph is different for different TEM
mode indices making resonant frequency different with different
modes. Resonance occurs when the laser frequency ωL coincides

Fig. 2. Three-dimensional plots for electron trajectory without and with applied axial magnetic field for a TEM CP–HG laser pulse with mode index (m, n) = (0, 1) for
a0 = 5 with (a) b0 = 0, (b) b0 = 0.006, and (c) b0 = 0.06. The other parameters are r′0 = 150, φ0 = 0, and τ′L = 70.

Fig. 3. Electron energy gain variations for (m, n) = (0, 1) with a normalized function of propagation distance ξ and laser beam width parameter f(ξ) with b0 = 0
and b0 = 0.06 for the different values of intensity parameter a0 = 5, 25, and 50 for (a) r′0 = 150, (b) r′0 = 300, and (c) r′0 = 450. The other parameters are τ′L = 70,
φ0 = 0, p′0 = 1, z′L = 0, x′ i = 0, y′ i = 0, and z′ i = 0.
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with betatron frequency ωβ (Ghotra & Kant, 2016a). The betatron
oscillation frequency can be related from the transverse motion of
electron, where vb = ���������������

evzB0/gm0r0c
√

. With ωL = ω0 (1− vz/vph)
the resonance condition is eB0/m0r0v2

0 = (gc/vz)(1− vz/vph)2.
Thus, the different TEM mode indices affect the resonance. In
Figure 1a, the resonance appears at normalized axial magnetic
field b0 = 0.06 where the electron energy gain is maximum. The
axial magnetic field strengthens the �v × �B force experienced by
the electron, and hence contributes significantly for enhancing
electron energy gain for a trapped electron. The observed energy
gain of about 100MeV, with a0 = 5 at r′0 = 300 without magnetic
field is increased to 250MeV with axial magnetic field of 6MG
(corresponds to normalized value b0 = 0.06). Thus, the higher
energy gain appears at a particular value of axial magnetic field.
Liu et al. (2004) investigated that a strong magnetic field of the
order of 100MG is required to accelerate a rest electron to a few
MeV of energy with an intense laser pulse of peak intensity
2× 1019W/cm2. In our model, the axial magnetic field under
6MG is sufficient to accelerate electron to a few 100MeV of energy
using a (0, 1) mode of a CP–HG laser pulse of peak intensity
6.92× 1019W/cm2. The energy gain is comparatively higher
under the influence of axial magnetic field than without axial
magnetic field for intensity parameter a0 = 25 as depicted in
Figure 1b. With b0 = 0.06 and r′0 = 450, the observed value is
almost double with magnetic field than that without magnetic
field. The axial magnetic field has been optimized for a set of
laser parameters. This optimization is solely a base for maximum
energy gained by the electron during interaction with a CP–HG
laser pulse.

Figure 2 shows the electron trajectories with laser intensity
parameter a0 = 5 at r′0 = 150 with and without optimized mag-
netic field. In Figure 2a, a de-phased electron trajectory appears
in the absence of axial magnetic field. A phased electron trajectory
with an inefficient acceleration appears in Figure 2b with a
smaller magnetic field b0 = 0.006 (0.64MG). An effective acceler-
ation of electron appears with an optimized magnetic field, b0 =
0.06 (6.4MG) as depicted in Figure 2c. As appearing in Figure 2a
without magnetic field, the scattering of electron goes on increas-
ing with the propagation distance, whereas it is much reduced due
to an axially applied magnetic field as depicted in Figure 2b. As
per Figure 2c, more reduction in the scattering of electron is
observed with optimized magnetic field b0 = 0.06. Saberi &
Maraghechi (2015) proposed that the optimized magnetic field
parameter enforces the trapping of electron at the focus of laser
pulse for stronger cyclotron resonance. Due to which the electron
accelerated effectively with high energy gain. Dai et al. (2011)
reported that the transverse component of electric field deflects
the electron away from the beam axis when injected in the path
of laser pulse. In our model, such deflection of electron away
from the beam axis is controlled by using a smaller and optimized
magnetic field along the longitudinal axis of a HG laser beam.
The employed magnetic field is almost ten times smaller in com-
parison with the magnetic field stated by Liu et al. (2004) for laser
magnetic resonance acceleration mechanism. The axial magnetic
field can hold the accelerated electron around the axis of
propagation of laser pulse due to cyclotron rotation (Akou &
Hamedi, 2015). Thus, the optimized axial magnetic field supports
effective acceleration of electron. The axial magnetic field is highly

Fig. 4. Electron energy gain variations for (m, n) = (0, 2) with a normalized function of propagation distance ξ for b0 = 0 and b0 = 0.06 and the intensity parameters
a0 = 5, 25, and 50 for (a) r′0 = 150, (b) r′0 = 300, and (c) r′0 = 450. The other parameters are τ′L = 70, φ0 = 0, p′0 = 1, z′L = 0, x′ i = 0, y′ i = 0, and z′ i = 0.
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supportive in controlling the electron that is going out of phase
with the saturation of betatron resonance. Figure 2c presents a
confined trajectory of electron orbit for a set of optimized param-
eters during laser–electron interaction.

Figure 3 represents the electron energy gain variations for the
mode (m, n) = (0, 1) with a normalized function of propagation
distance ξ. The graphs have been plotted with distinct intensity
parameters a0 and laser spot sizes r′0 in the absence and presence
of magnetic field. Electron energy gain remains high for the
higher intensity parameter with the same spot size. Figure 3a
depicts electron energy gain of about 600MeV with r′0 = 150
and a0 = 50. Hartemann et al. (1995) analyzed the role played
by a beam focus for attaining a high energy gained by an acceler-
ating particle. The beam width parameter influences the acceler-
ating distance expressed in terms of Rayleigh length with a
Gaussian beam. The plots also show the variation of beam
width function f(ξ) with an increasing normalized propagation
distance. The laser’s beam width increases as the laser pulse prop-
agates through the vacuum. For the smaller value of beam width
parameter, stronger electron acceleration is depicted and vice
versa. Thus, an effective electron energy gain is seen with a
smaller value of beam width parameter at a small distance. The
acceleration of electron appear due to the asymmetry in the inten-
sity distribution of a CP–HG laser beam. It ensures the electron
trapping, acceleration, and energy gain during the interaction
with the leading part of the laser pulse where the electron first
gains high energy. This energy gain almost saturates while reach-
ing to the trailing end of the pulse. The calculated acceleration
distance with a LP-chirped laser pulse for electron energy gain

is almost three times the Rayleigh length with a large spot size
r′0 = 900 in vacuum (Ghotra & Kant, 2015b). The observed accel-
eration distance is about six times higher the Rayleigh length for a
CP–HG laser pulse with a smaller initial laser spot size, r′0 = 300
as depicted from Figure 3b. Figure 3c shows the electron energy
gain with a larger spot size. Initially, the electron gains high
energy from laser fields and soon after decelerated at larger prop-
agation distance where the weakening of laser field appears. The
electron is accelerated where laser field strength is high and decel-
erated with energy loss where field strength is low. This makes an
efficient acceleration of electron. However, the deceleration
appears smaller as it is controlled with the externally applied
axial magnetic field. Hence, a comparative higher electron energy
gain is observed in the presence of axial magnetic field than that
without any additional magnetic field.

Figure 4 represents the electron energy gain variations without
and with magnetic field as a function of ξ for the mode index
(m, n) = (0, 2) with different intensity parameters a = 5, 25, 50
and at different values of laser spot size: (a) r′0 = 150, (b) r′0 =
300, and (c) r′0 = 450. Electron attains the maximum energy
gain at shorter distance for higher values of intensity and deceler-
ated with lower values of intensity and then saturates for longer
distance. The deceleration remains smaller in the presence of
axial magnetic field. The electron retains significant amount of
energy at longer distance with magnetic field even in the presence
of a weak laser field as depicted in Figures 4a–4c.

Figure 5 represents the electron energy gain variations without
and with magnetic field as a function of ξ for the mode index
(m, n) = (0, 3) with different spot size and intensity parameters.

Fig. 5. Electron energy gain variations for (m, n) = (0, 3) with a normalized function of propagation distance ξ for b0 = 0 and b0 = 0.06 and the intensity parameters
as: a0 = 5, 25, and 50 at (a) r′0 = 150, (b) r′0 = 300, and (c) r′0 = 450. The other parameters are τ′L = 70, φ0 = 0, p′0 = 1, z′L = 0, x′ i = 0, y′ i = 0, and z′ i = 0.
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In Figures 5b and 5c, the variation has been plotted for r′0 = 300
and 450. The electron energy gain in the range of GeV is observed
with laser intensity I � 6.8× 1021W/cm2 (for a0 = 50) and spot
size r′0 = 300. Higher electron energy gain of about � 1.65GeV
is observed for r′0 = 150 with the same intensity (a0 = 50) as
depicted in Figure 5c). The calculated accelerating distance is
about three times the Rayleigh length in this case. It is also
shown that the electron gains higher energy quickly with the
higher mode indices in vacuum but retains only a smaller portion
of gained energy for larger propagation distance in the absence of
magnetic field. However, in the presence of magnetic field, it
retains higher energy for longer distances. The intensity variations
with higher mode indices report a weak field at larger propagation
distance. Thus, with higher modes, the electron is unable to retain
its gained energy for the larger propagation distances. Such loss is
controlled when external magnetic field is applied. Thus, the
energy loss under the influence of external applied axial magnetic
field is comparatively smaller than that without magnetic field.

Figure 6 shows the electron energy gain without and with mag-
netic field as a function of laser peak power for mode indices
(m, n) = (0, 1) and (0, 4). The observed electron energy gain
increases with increase in laser peak power. The energy gained
by the electron is above 1.5GeV at a peak power of about
10PW with mode index (0, 4), whereas it is about 0.5GeV with
mode index (0, 1) in the absence of magnetic field in vacuum.
The electron energy gain is above 2GeV at a peak power of
10PW with mode index (0, 4) in the presence of magnetic field
in vacuum. Such high-energy PW class of lasers is feasible exper-
imentally. The configuration of the hybrid amplification of
2× 10PW femtosecond laser system of the Extreme Light
Infrastructure – Nuclear Physics (ELI-NP) facility is described
(Dabu, 2017). The depicted gain with magnetic field is about
30% higher than that without magnetic field. Thus, the electron
energy gain is appeared sensitive to laser power and mode indices,
it increases with increasing the mode index for the same magni-
tude of laser power for HG laser beam. An electron energy gain of
about 262MeV was observed with a CP Gaussian laser pulse of
peak intensity � 1020W/cm2 (Niu et al., 2008). However, in
our case, the observed energy gain is much higher when the
higher mode index has been investigated with the same intensity
than that with lower mode index for CP–HG laser pulse.
Magnetic field above 10MG was considered with a CP Gaussian
laser beam to attain energy gain above 100MeV (Sharma &

Tripathi, 2009; Gupta & Ryu, 2005). In our study of electron
acceleration with a mode index influenced CP–HG laser beams
shows the higher energy gain in GeV range with a much smaller
magnetic field of about 6.4MG even for mode index (0, 2).

Conclusion

The influence of intensity and power distribution in distinct TEM
modes of HG laser on DLA of electron under the influence of
axial magnetic field has been highlighted in this study. The role
of laser beam width parameter has been reported for electron
acceleration using a CP–HG laser beam. Using laser intensity
a0 = 25 (I � 8.5× 1020W/cm2) and laser spot size r′0 = 150
(� 25mm) for mode (0, 4), electron energy gain of above 1GeV
is observed due to externally applied axial magnetic field. The
laser peak power for such case is calculated as 8.3PW. Though,
the electron energy gain for higher modes is high, but it suffers
with de-phasing of electron at shorter distance in the absence
of any additional magnetic field. The applied magnetic field of
about 6.4MG restricts such dephasing even with a laser intensity
of about 1020W/cm2. About 30% higher electron energy gain is
observed with magnetic field than that without magnetic field.
With a suitable selection of laser parameters such as intensity,
beam spot size, mode index, and optimized magnetic field, the
electron is accelerated up to the order of GeV energy. The role
of distinct mode indices under the influence of axial magnetic
field can be utilized for the formulation of desired-sized acceler-
ators based on the accelerating distance of electron. Thus, the
obtained results with distinct TEM modes with the role of mag-
netic field will be helpful in the development of better table-top
accelerators of diverse needs.
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