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1. Introduction and the oco-Laplacian

Let £2 ¢ R? be an open and bounded set. For a given function u: 2 — R we
denote the gradient of u by Du: 2 — R? and its Hessian D?u: £2 — R%*? The
oo-Laplacian is the partial differential equation (PDE)

d
Asou := (Du® Du) : D*u = Z 8iuaju8?ju =0, (1.1)

4,J=1

where ‘®’ is the tensor product between d-vectors and ‘.’ is the Frobenius inner
product between matrices.

This problem is the prototypical example of a PDE from calculus of variations
in L°°, arising as the analogue of the Euler—Lagrange equation of the functional [2]

S luo0] = [Duflp o) (12)
and as the (weighted) formal limit of the variational p-Laplacian
A, = div (|Du|P~?Du) = 0. (1.3)

The p-Laplacian is a divergence-form problem and appropriate weak solutions to
this problem are defined in terms of duality, or integration by parts. In passing to
the limit p — oo the problem loses its divergence structure. In the non-divergence
setting we do not have access to the same stability framework as in the variational
case and a different class of ‘weak’ solution must be sought. The correct concept to
use is that of viscosity solutions (see [10,20]). The main idea behind this solution
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concept is to pass derivatives to test functions through the maximum principle,
that is, without using duality.

The design of numerical schemes to approximate this solution concept is lim-
ited, particularly in the finite element context, where the only provably conver-
gent scheme is given in [18] (although it is inapplicable to the problem at hand).
In the finite-difference setting some techniques have been developed [27,28] and
applied to this problem and also the associated eigenvalue problem [6]. In fact,
both in the finite difference and finite element setting the methods of convergence
are based on the discrete monotonicity arguments of [4], which is an extremely
versatile framework. Other methods exist for the problem. For example, in [15]
Feng and Neilan proposed a biharmonic regularization, which yields convergence
for the case in which (1.1) admits a strong solution. In [25] Lakkis and Pryer pro-
posed an h-adaptive finite-element scheme based on a residual-type error indicator.
The underlying scheme was based on the method derived in [24] for fully nonlinear
PDEs.

In this paper we examine a different route. We will review and use the known
theory used in the derivation of the co-Laplacian [3,17,20], where a p-limiting pro-
cess is employed to derive (1.1). We study how well Galerkin approximations of
(1.3) approximate the solutions of (1.1) and show that by forming an appropriate
limit we are able to select candidates for numerical approximation along a ‘good’
sequence of solutions. This is due to the equivalence of weak and viscosity solu-
tions to (1.3) [19]. To be very clear about where the novelty lies in this work, the
techniques we use are not new. We are summarizing existing tools from two fields,
one set from PDE theory and the other from numerical analysis. While both sets
of results are relatively standard in their own field, to the author’s knowledge, they
have yet to be combined in this fashion.

We use this exposition to conduct some numerical experiments that demonstrate
the rate of convergence both in terms of p-approximation' and h-approximation.
These results illustrate that for practical purposes, as one would expect, the approx-
imation of p-harmonic functions for large p gives good resolution of co-harmonic
functions. The numerical approximation of p-harmonic functions is by now quite
standard in finite element literature; see, for example, [9, §5.3]. There has been a
lot of activity in the area since then, however. In particular, the quasi-norm intro-
duced in [5] gave significant insight into the numerical analysis of this problem and
spawned much subsequent research for which [8,12,26] form a non-exhaustive list.

While it is not the focus of this work, we are interested in this approach as it
allows us to extend quite simply and reliably to the study of coupled systems of
oo-Laplacian type. When moving from scalar to vectorial calculus of variations in
L°° the solution concept of viscosity solutions is no longer applicable. One notion of
solution currently being investigated is D-solutions [22], which is based on concepts
of Young measures. The ultimate goal of this line of research is the construction of
reliable numerical schemes that allow for various conjectures to be made as to the
nature of solutions and even what the correct solution concept is when studying
systems of nonlinear PDEs without a divergence structure [23].

1 The terminology ‘p-approximation’ we use here should not be confused with ‘p-adaptivity’,
which is local polynomial enrichment of the underlying discrete function space.
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The rest of the paper is set out as follows. In §2 we formalize notation and
begin exploring some of the properties of the p-Laplacian. In particular, we recall
that the notion of weak and viscosity solutions to this problem coincide, allowing
the passage to the limit p — oco. In §3 we describe a conforming discretization
of the p-Laplacian and its properties. We show that the method converges to the
weak solution for fixed p. Numerical experiments are given in §4 illustrating the
behaviour of numerical approximations to this problem.

2. Approximation via the p-Laplacian

In this section we describe how oco-harmonic functions can be approximated using
p-harmonic functions. We give a brief introduction to the p-Laplacian problem,
beginning by introducing the Sobolev spaces [9,13]

LP(0) = {¢: /Q 6P < oo} for p € [1, 00) and

L>®(02) = {qb: essgsup || < oo}, (2.1)
WHP(02) = {¢ € LP(2): D%p € LP(R) for |a| < 1},
H'(2) = W(@),

which are equipped with the norms and semi-norms

o0y = [ o7 torp e [1,00),

Hv||L°°(Q) = ess sup |v],
2

2.2
[l gy = 3 ID%0[2 . (22)

loe|<i

|v‘€vl,p(9) = Z ||D°‘U||fp(g),

|| =l
where @ = {a1,...,aq4} is a multi-index, |a| = Zle a; and derivatives D® are
understood in the weak sense. We pay particular attention to the case in which

=1 and

W,(£2) = {6 € WP(02): 6loa = g}, (2.3)

for a prescribed function g € WH™(£2). Let L = L(x,u,Du) be the Lagrangian.
We will let

S lspl: WP (2) = R

oo Flbip) = /Q L(z, 6, D) de 24
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be known as the action functional. For the p-Laplacian the action functional is
given as?

Flupli= [ Lewpw = [ pu. (2.5)

We then look to find a minimizer over the space W;’p(ﬂ), that is, to find u €
W;*’(Q) such that
Hlu;pl = min _Zv;p]. (2.6)

vEW P (£2)

If we assume temporarily that we have access to a smooth minimizer, i.e. u €
CQ(Q), then, given that the Lagrangian is of first order, we have that the Euler—
Lagrange equations are (in general) second order.

The Euler—Lagrange equations for this problem are

ZLu;p] := div(|DulP~2Du) = 0. (2.7)
Note that, for p = 2, the problem coincides with the Poisson problem Au = 0. In
general, the p-Laplace problem is to find u such that

Apu = div(|Du/P"2Du) =0 in £, } 28)

u=g on 0.

DEFINITION 2.1 (weak solution). The problem (2.8) is associated with a weak for-
mulation. Set

&%@hv)::/;UDuP_ZDu)-Dv (2.9)

to be a semilinear form. Then u € W;’p(()) is a weak solution of (2.8) if it satisfies
A (u,0) =0 Yoe WiP(02). (2.10)

PROPOSITION 2.2 (existence and uniqueness). There exists a unique weak solution
to (2.8).

Proof. The proof is standard and can be found in [9, theorem 5.3.1], for example.
It is based on the strict convexity of _#[;p|, yielding uniqueness, together with
appropriate growth conditions for existence. O

DEFINITION 2.3 (viscosity supersolutions and subsolutions). A functionu € C°(£2)
is a viscosity subsolution of a general second-order PDE

F(u, Du,D%*u) = 0 (2.11)

at a point & € £ if for any ¢ € C?(12) satisfying u(x) = ¢(z), and touching u from
above, that is, u — ¢ < 0 in a neighbourhood of x, we have

F($,D6,D%) > 0. (2.12)

2 Typically, L(a,u,Du) = (1/p)|Du|P. Note here that the rescaling of L has no effect on the
resulting Euler-Lagrange equations as L is independent of .
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In the case in which F' is the p-Laplacian operator, we have
App 2 0. (2.13)

Similarly, a function u € C%(£2) is a viscosity supersolution of (2.11) at a point
x € 2 if for any ¢ € C*(§2) satisfying u(x) = ¢(x) and touching u from below we
have

F(¢,Dop,D?*¢) <0, (2.14)

or, in particular,
App <0 (2.15)

for the p-Laplacian.

DEFINITION 2.4 (viscosity solution). The function w is a viscosity solution of (2.11)
in (2 if it is both a viscosity supersolution and a subsolution at any x € f2.

THEOREM 2.5 (weak solutions of the p-Laplacian are viscosity solutions). Let g €
W (2) and suppose that p > d > 2 is fired. Then weak solutions of

Ay,u=0 in £,
rt " (2.16)
u=g on 02,
are viscosity solutions of
[Duf? |
A —Au= N
ol + b2 u=0 1n {2, (2.17)

u=g on 0f2.
Proof. Expanding the derivatives of the operator (2.16) we have
Ayu = div(|DulP~?Du)

= |DulP"2Au + (p — 2)|DulP~*Du @ Du : D*u (2.18)

= |DulP2Au + (p — 2)|DulP~*Asu,
which shows that (2.16) is a renormalization of (2.17). The two formulations (2.18)
and (2.17) of the p-Laplacian are thus equivalent in the viscosity sense; see, for
example, [20, lemma 3, §8].

It remains to show that weak solutions of (2.16) are viscosity solutions of (2.18).
As g € Wh™°(02) we have

Dl = [ Dol = Flair < . (2.19)

Since u solves (2.16) weakly, it minimizes the functional _#[;p|, and hence the
minimizer must be of finite energy. In view of the existence and uniqueness of the
minimization problem from proposition 2.2 and Morrey’s inequality, we may infer
that v € C%*(£2) and hence u € C°(£2).

Now assume by contradiction that u is not a viscosity subsolution of

DuP~2Au 4+ (p — 2)|DulP~*Au = 0. (2.20)
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Then, by definition 2.3, we can find an 2 € 2, a 1) € C*(£2) and an 7 > 0 such that
u—1 <0on B(x,r), (u—1)(x) =0 and

Aph = [DYP2AY + (p— 2)DY[P Aty < —C < 0 in B(x,r) (2.21)
for some C' > 0. Now we may define a set
w(e) = {z: u(x) — (P(z) — ) > 0}, (2.22)
and, since v — ¢ has a strict maximum at &, we may find an € > 0 such that
w(e) C B(zx,r). (2.23)
Hence,
¢ [w-w-e)< [-Awtu-w-2)
w w
~ [ ©ur2ps -l - ), 220
w
as u = 9 — ¢ on Jw and is extended such that ¥ — ¢ = u outside w. Now, by the
convexity of the Lagrangian L(x,u,Du) = [Du|P we have
|Dv|P~2Dv - D(w — v) < [Dw|? — [Dvl?, (2.25)

and hence
0< c/<u _@W-e)< /Q Dul? — D@ — )P = £lusp) — b —eip] (2.26)

and we see that
S uipl = Jlp—epl (2.27)

This means that by uniqueness of the minimizer we must have u = 1 — ¢, which
contradicts the fact that u(x) = i (x). The complete proof in full generality for
convex minimization problems can be found in [20]. See also [21], where Katzourakis
extends the arguments of [19] to singular PDEs. O

REMARK 2.6 (viscosity solutions of the p-Laplacian are weak solutions). The con-
verse to theorem 2.5 is also true; thus weak and viscosity solutions are equivalent
for the p-Laplacian and its evolutionary relative. This has been shown in [19].

THEOREM 2.7 (the limit as p — 00). Letu, € W;’p(ﬂ) denote a sequence of weak/
viscosity solutions to the p-Laplacian. Then there exists a subsequence such that
as p — oo that sequence converges to a candidate co-harmonic function us, €
W (2), that is,

Up, = Uss 00 C°. (2.28)

Proof. We denote u,, € W}]’p (£2) as the weak solution of (2.8). In view of proposi-
tion 2.2 we know that u, minimizes the energy functional

Flup;pl = /Q |Duy, |P. (2.29)
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Hence, in particular,

A lupip] < Z g3 pl; (2.30)
where ¢ is the associated boundary data of (2.8). Using this fact,
HDUprp(Q) = /[up;p] < /[g;p] = ”Dg”ip(m» (2'31)
and we may infer that
IDup [Lr(2) < [[DgllLe(o)- (2.32)

Now fix a k > d and take p > k. Then, using Hélder’s inequality,

1/q 1/r
Dl = [ 0wl < ([10) ([ our) e
(P (9} (9]

with » = p/k and ¢ = (r — 1) /r such that 1/r +1/q = 1. Hence,
IDup Iy < 121V IDuylgs ) = 121" /7 Duy I £r ) (2.34)

and we see
IDupllieoy < 12157 Dup Lo (e)- (2.35)

Using the triangle inequality,

lupllie 2y < llup — gllue o) + 9l o)
< C(|IDup — Dyller oy + lgllur o) (2.36)

in view of the Poincaré inequality. Using the triangle inequality again we have

lupllir 2y < CUDup|lLr oy + lgllwrr (o)
< C([IDupllLr oy + lgllwrr o)), (2.37)

by (2.35). Hence, using (2.32),
||“pr1,k(Q) < C||9||w17k(n)~ (2.38)
This means that for any k > d we have uniformly that
sup [[uplw.k (o) < C. (2.39)
p>k
Hence, in view of weak compactness, we may extract a subsequence {uy, }52; C
{up}py and a function ue, € W*(£2) such that, for any k > n,

Up, — Use  Weakly in WhF(02) (2.40)
and
[too lwi k(o) < hjlgg.jf llwp; [k ()
< liminf C|g|[wrr(0)- (2.41)
j—o0
Taking the limit k¥ — oo, we have

oo lwiioo (2) < Cllgllwe(2), (2.42)
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and thus us, € WH*°(£2). The result follows from Morrey’s inequality, concluding
the proof. O

REMARK 2.8 (an alternative to the p-Dirichlet functional). We note that an alter-
native sequence of solutions is given in [14], where rather than studying the limit
of the p-Dirichlet functional, Evans and Smart proposed

T luip] = /Q exp(p|Dul?). (2.43)

This functional may have some merit over the p-Dirichlet functional since the Euler—
Lagrange equations

0 = div(exp(p|Du|?)Du)
= exp(p|Dul?)Au 4 pexp(p|Dul?) Asou (2.44)

yield a clearer relation between Au and A u. We will not explore this issue further
in this work.

The following theorem concerns existence and uniqueness of viscosity solutions
to the co-Laplacian [17].

THEOREM 2.9. The ‘candidate’ co-harmonic function from theorem 2.7, u, 1S the
unique viscosity solution to the oco-Laplacian (1.1).

Proof. The proof is detailed in [17]. Roughly, existence of us, has been shown in
theorem 2.7. For uniqueness one must prove and make use of the maximum principle
for (1.1). Note also the result of [1], where Armstrong and Smart used difference
equations to prove the same result in a simpler fashion. O

COROLLARY 2.10. Notice that since the candidate co-harmonic function is unique,
theorem 2.7 can be improved and the entire sequence u, must converge to the unique
viscosity solution Ue .

3. Discretization of the p-Laplacian

In this section we describe a conforming finite-element discretization of the p-
Laplacian. Let .7 be a conforming triangulation of {2, namely, .7 is a finite family
of sets such that

(1) K € 7 implies K is an open simplex (segment for d = 1, triangle for d = 2,
tetrahedron for d = 3);

(2) for any K,J € 7 we have that K N J is a full lower-dimensional simplex
Qe. it is either (), a vertex, an edge, a face, or the whole of K and J) of both
K and J; and

(3) Uges K =102

The shape regularity constant of .7 is defined as the number

W) = b o, (3.1)
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where pg is the radius of the largest ball contained inside K and h is the diameter
of K. An indexed family of triangulations {Z™},, is called shape regular if

w=inf u(7") > 0. (3.2)

Furthermore, we define h: {2 — R to be the piecewise constant mesh-size function
of 7 given by

h(x) := max hg. (3.3)

K>z

A mesh is called quasi-uniform when there exists a positive constant C' such that
maxzcn h < Cmingen h. In what follows we shall assume that all triangulations
are shape regular and quasi-uniform, although the results may be extendable even
to the non-quasi-uniform case using techniques developed in [12].

We let & be the skeleton (set of common interfaces) of the triangulation .7 and
say that e € & if e is on the interior of {2 and e € 942 if e lies on the boundary 942;
we set h. to be the diameter of e.

We let P*(.7) denote the space of piecewise polynomials of degree k over the
triangulation .7, i.e.

P¥(7) = {¢ such that ¢|x € P*(K)}, (3.4)
and introduce the finite-element space
Vy, :=PHT7)NnC () (3.5)

to be the usual space of continuous piecewise polynomial functions of degree k over
the triangulation.

DEFINITION 3.1 (finite-element sequence). A finite-element sequence (vp, Vy) is a
sequence of discrete objects indexed by the mesh parameter h and individually
represented on a particular finite-element space V,, with discretization parameter h.

DEFINITION 3.2 (the Ly(£2) projection operator). The Ly({2) projection operator
Py, La(2) — Vy, is defined for v € Ly(§2) such that

/Qphv@:/quﬁ Vo € V). (3.6)

It is well known that this operator satisfies the following approximation properties
for v € WhP(£2):

lim Jlo = Pyl (o) =0, (3.7)
lim |Dv — D(P,v)||rr(0) = 0. (3.8)
h—0

3.1. Galerkin discretization

We consider the Galerkin discretization of (2.8) to find u, € Vj, with up|go = Prg
such that
A (up, @) =0 VP €V, (3.9)

PROPOSITION 3.3. There exists a unique solution of (3.9).
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Proof. The proof is standard and, in fact, equivalent to that of the smooth case;
see [9, theorem 5.3.1]. O

THEOREM 3.4 (convergence of the discrete scheme to weak solutions). Let the fi-
nite-element sequence generated by solving (3.9) be (un p, Vi) and let u, be the weak
solution of (2.16). Then for fized p we have that

upp = up, in CO(02). (3.10)

Proof. We begin by noting that the discrete weak formulation (3.9) is equivalent
to the following minimization problem: find uy , € Vj, such that

A unpipl = min Fop; pl. (3.11)
Using this, we immediately have
IDunpllisigy < F lunpipl < F[Pogip) < ID(Pag)lTsg)- (3.12)
In view of the stability of the Ly projection in W?(£2) [11], we have
[Dunpllrr) < C (3.13)

uniformly in h. Hence, by weak compactness there exists a (weak) limit to the
finite-element sequence that we will call u*. Due to the weak semi-continuity of

Z [-;p] we have
S usp) < 7 [unp; pl. (3.14)

In addition, in view of the approximation properties of P, given in definition 3.2
we have for any v € C* that

A vip] = liminf 7 [Pyv; p]. (3.15)

Using the fact that uy , is a discrete minimizer of (3.11), we have

S wpl < 7 [unpipl < Z[Pavipl, (3.16)

whence, sending h — 0, we see that
S up] < F sl (3.17)
Now, as v was generic we may use density arguments and that u, was the unique
minimizer to conclude that v* = u,, thus concluding the proof. O

COROLLARY 3.5 (convergence of the discrete scheme to viscosity solutions).
In view of theorem 2.5 the discrete scheme converges to viscosity solutions of the
p-Laplacian.

LEMMA 3.6 (convergence in the limit p — oco0). Let uyp,, solve the discrete problem
(8.9). Then, for fized h, along a subsequence we have up, p — Up,co-
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Proof. The proof follows similarly to theorem 2.7. Since uy, 5, is the Galerkin solution
to (3.9), it minimizes # -, p] over V},. Hence we know that

IDun plle(2) < [D(Phg)llir o) < C|IDgllLr ). (3.18)

in view of the stability of P, in W' (§2). In addition, analogously to (2.33)—(2.38)
we may find a constant such that

[unpllwrn < C, (3.19)
allowing the extraction of a subsequence (up ;)32 and a limit u o such that, for
k> d,

Un,p;, — Un,co Weakly in W”“(.Q). (3.20)
The rest of the proof runs parallel to that of theorem 2.7. O

REMARK 3.7 (summarizing the results thus far). Up to this point we have shown
that the solid arrows on the following diagram hold:

theorem 3.4
Uh,p Up
N h—0
N
N
N
N
lemma 3.6 | P00 N P—30 | theorem 2.7
N
N
N
N
N
uh,OO uoo

We would like to select a route for which we can pass the limits together, that is,
we want to select an appropriate route for which the dashed line is true.

THEOREM 3.8 (convergence). Let up p, be the Galerkin solution of (3.9) and let uso
be the unique viscosity solution of (1.1). Then,

Upp = Uso i C° asp— oo and h — 0. (3.21)

Proof. The proof is a consequence of theorems 2.7 and 3.4, noting that along the
same subsequence used in theorem 2.7 and corollary 2.10 we have that

[wh,p — Uoollco(2) < llunp — upllcoay + lup — tocllco(a), (3.22)

and hence
Huh,p_uoo”CO(Q) —0 asp—>ocoand h — 0. O

REMARK 3.9 (consequences of theorem 3.8). An immediate consequence of theo-
rem 3.8 and the previous arguments are that for H: 2 x R x R% with appro-
priate conditions (convexity, for example), finite-element approximations to the
p-functional

s pl = [H (-, u, Du)[Le (o) (3.23)
can be used as approximations to
Huy00] = [[H(, u,Du)|re (o). (3.24)
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Figure 1. Finite-element approximations to the co-harmonic Aronsson function (4.1) using
p-harmonic functions for various p. The finite-element approximations to the 5-Laplacian,
15-Laplacian, 50-Laplacian and 100-Laplacian are given by (a), (b), (¢) and (d), respec-
tively. Notice that as p increases the approximation better catches the singularity on the
coordinate axis.

REMARK 3.10 (discontinuous Galerkin approximations). All the above results can
be extended into the discontinuous Galerkin framework, where continuity is not
globally enforced in the polynomial space. This is based on the discrete action
functional

Fnlunipl = /Q Glun)l? + /g B[], (3.25)

where

[ cwe= ¥ [ Duo— [[ulley voer 7). @)

Keg VK

Here, [un] = un|x+—un|x- denotes the jump over an edge e shared by neighbouring
elements K+ and K, and

{0} = 3(dlr+ + ¢lx-)

is the average of a quantity over an edge. Using the results of [7], discrete minimizers
to (3.25) satisfy the equivalent weak convergence results as the conforming finite
elements.

4. Numerical experiments

In this section we summarize numerical experiments validating the analysis done in
previous sections and allowing us to make conjectures on reasonable methods for
coupling h and p.

REMARK 4.1 (practical computation of (3.9) for large p). The computation of p-
harmonic functions is an extremely challenging problem in its own right. The class
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Figure 2. The error of the finite-element approximation to the p-Laplacian compared to
the viscosity solution to the oco-Laplacian for various p. The shades represent different
mesh-refinement levels. The darker the shade, the more refined the mesh. In this experi-
ment the mesh-size ranges from h ~ 0.7 to h ~ 0.005. Notice that as the mesh is refined,
a better approximation is achieved for higher and higher p.

Table 1. The convergence of the finite-element approximation up,p t0 Uoo,
a viscosity solution of (1.1), as the mesh-size is decreased.

(We study the L* error of the approximation, the associated convergence rate, and give
p*, the smallest such p for which inf}, ||uco — unp||Leo () is attained. Notice that as the
mesh is refined, the critical value increases.)

dlth infp Huoo — uh,pHL‘X’(Q) EOC p*

25 0.0162 0.00 5

81 0.00836 0.95 5

289 0.00390 1.10 10
1089 0.00278 0.49 15
4225 0.00166 0.74 20
16641 0.00130 0.35 30
66049 0.00104 0.33 45
263169 0.000805 0.37 60

of nonlinearity in the problem results in the algebraic system, which ultimately
yields the finite-element solution, being ill-conditioned. One method to tackle this
class of problem is the use preconditioners based on descent algorithms [16]. For
extremely large p, say p > 1000, this may be required, however, for our purposes
we restrict our attention to p ~ 100. This yields sufficient accuracy for the results
we want to illustrate.
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Figure 3. The error of the finite-element approximation to the p-Laplacian compared
to a smooth solution of the oco-Laplacian for various p. The shades represent different
mesh-refinement levels. The darker the shade, the more refined the mesh. In this experi-
ment the mesh-size ranges from h ~ 0.7 to h ~ 0.005. Notice that as the mesh is refined,
a better approximation is achieved for higher and higher p.

Table 2. The convergence of the finite-element approximation up,p t0 Uoso,
a smooth solution of (1.1), as the mesh-size is decreased.

(We study the L* error of the approximation, the associated convergence rate, and give
p”*, the smallest such p for which inf} ||uco — unp|lLeo () is attained. Notice that as the
mesh is refined, the critical value increases much quicker than in the non-smooth case of
table 1.)

dimV;, infp ||uee —unp|| EOC  p*

25 0.00301 0.00 5

81 0.000883 1.77 10

289 0.000244 1.86 20
1089 0.0000946 1.37 30
4225 0.0000448 1.08 50
16641 0.0000218 1.04 75
66049 0.0000105 1.06 125
263169 0.0000052 1.01 185

Even tackling the p ~ 100 case is computationally tough. Our numerical approx-
imation is based on a Newton solver. As is well known, Newton solvers require a
sufficiently close initial guess to converge. For large p a reasonable initial guess is
given by numerically approximating the ¢g-Laplacian for ¢ < p sufficiently close to
p. This leads to an iterative process in the generation of the initial guess.
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4.1. Test 1: approximation of the Aronsson viscosity solution

We begin by approximating the viscosity solution derived by Aronsson using
separation of variables [3]. The function

u(z,y) = § (e —|yY?) € CH1A(Q) (4.1)

is a viscosity solution of the co-Laplacian. Notice that this is a weighted version
of the Aronsson solution. We have chosen this since |Du| < 1 on the domains we
consider, which helps to overcome the severe restrictions in computing p-harmonic
functions with large p. In this test we take £2 = [—~1.0001,0.9999]? and triangulate
with a criss-cross mesh. This is so that the singularity will not be aligned with the
mesh. We approximate the solution of the p-Laplacian with boundary data given
by (4.1) for a variety of increasing p. Examples of solutions are given in figure 1. In
figure 2 we plot the error against p for various levels of mesh refinement. In table 1
we demonstrate the convergence of the finite-element approximations as h — 0.

4.2. Test 2: approximation of a smooth solution

To test the approximation of a known smooth solution of the co-Laplacian (1.1)
we consider the Aronnson solution (4.1) away from the coordinate axis. In this test
we take 2 = [0.5,1.5]? and triangulate with a criss-cross mesh. As in test 1, we
approximate the solution of the p-Laplacian with boundary data given by (4.1) for
a variety of increasing p. In figure 3 we plot the error against p for various levels of
mesh refinement. In table 2 we demonstrate the convergence of the finite-element
approximations as h — 0.
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