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In this paper, we investigate existence and non-existence of a nontrivial solution to
the pseudo-relativistic nonlinear Schrodinger equation

(\/762A + m2ct — mcz) uw+pu=|uP"tu inR" (n>2)
involving an H1/ 2_critical /supercritical power-type nonlinearity, that is,
p = ((n+1)/(n—1)). We prove that in the non-relativistic regime, there exists a
nontrivial solution provided that the nonlinearity is Hl/2—critical/supercritical but it
is H'-subcritical. On the other hand, we also show that there is no nontrivial
bounded solution either (i) if the nonlinearity is H'/2-critical/supercritical in the

ultra-relativistic regime or (ii) if the nonlinearity is H!-critical /supercritical in all
cases.
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1. Introduction
We consider the pseudo-relativistic nonlinear Schrédinger equation (NLS)
i) = (V=c2A+ m2et = me?) v — [, (1.1)

where ¢ = (¢, z) : R x R"™ — C denotes a wave function, ¢ > 0 is the speed of light
and m > 0 is the particle mass. The non-local operator v/ —c2A +m2c* — mc? is
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the pseudo-differential operator defined by the symbol \/c2[£]2 + m2ct — mc? which
arises from Einstein’s energy-momentum relation E? = |p|?c? + m2c*. The equation
(1.1) formally converges to the non-relativistic NLS

1
i0p) = —%Aw — [p[P~ 1ty

as ¢ — 00, because /c2[£]2 +m2ct —mc? — ((1)/(2m))|€]? as ¢ — oo. On the

other hand, it converges to the nonlinear half-wave equation
i) = V=D — [P~y

as m — 0. In this sense, the pseudo-relativistic NLS describes the intermediate
dynamics between the classical and the relativistic models. The equation (1.1) may
have completely different characters in the non-relativistic regime (c?|£|? < m2c?),
where the relativity is taken into account only weakly, from the ultra-relativistic
regime (c2|¢]2 > m2c?), where the relativity is dominant.

The goal of this paper is to find criteria for existence and non-existence of a
nontrivial standing wave of the form (¢, x) = e*‘u(z) to the pseudo-relativistic
NLS (1.1). To this end, we shall focus on the stationary pseudo-relativistic NLS

(V —c2A +m2ct —mc®)u + pu = |ulPtu, (1.2)

where u = u(z) : R" — C.

When the nonlinearity is H'/?-subcritical, that is, 1 <p < ((n+1)/(n — 1)),
by a standard variational argument, it is shown that the pseudo-relativistic NLS
(1.2) admits a nontrivial solution for all m, ¢, u > 0 (see [2,4,5,7,8,15,18] for the
related variational results). However, to the best knowledge of the authors, noth-
ing is known in the H'/2-critical/supercritical case, that is, p > ((n +1)/(n — 1)),
because the standard variational approach does not work well in the supercritical
setting.

Nevertheless, there is still a hope to construct a nontrivial solution in the criti-
cal/supercritical case. To see this, we recall that as ¢ — oo, the pseudo-relativistic
equation (1.2) approaches to the non-relativistic equation, that is, the stationary
non-relativistic NLS

1
- %Aqu,uu: |ulP~ . (1.3)

As for existence of a nontrivial solution to (1.3), there is a dichotomy divided at
the H1'-criticality [1,17]. Precisely, a positive radially symmetric bounded solu-
tion exists in the H!'-subcritical case, that is, 1 < p < ((n + 2)/(n — 2)). Moreover,
such a solution is known to be unique [13]. However, by Pohozaev’s identities,
no nontrivial bounded solution exists in the H'-critical/supercritcal case p >
((n+42)/(n —2)). On the other hand, as m — 0, the equation (1.2) approaches to
the ultra-relativistic equation, namely the stationary nonlinear half-wave equation

eV —=Au + pu = |ulPtu. (1.4)

Similarly but differently, for (1.4), the dichotomy arises at the H 1/2_criticality.
Indeed, a positive radial solution exists in the H'/?-subcritical case, that is, 1 <
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Table 1. Ezistence and non-ezistence of a non-trivial solution to (1.3)/(1.4)

n+1 n+1 n—+2 n+2
I<p<iZ=H 1 SP< 5 nes SP <0
non-relativistic existence non-existence
NLS (1.3)
half wave equation existence non-existence
(1.4)

p < ((n+1)/(n—1)), and its uniqueness is proved by Frank-Lenzmann for n = 1
[9] and Frank-Lenzmann-Silvestre for n > 2 [10], provided that it is also a ground
state. However, by Pohozaev’s identities again, a bounded nontrivial solution does
not exist in the H'/2-critical /supercritical case p > ((n +1)/(n — 1)).

The above observation suggests a possibility that existence of a nontrivial solu-
tion to (1.2) can be determined by the criticality of the equation as well as by
the parameters m, ¢, u > 0. More specifically, from the results in Table 1 and the
connections among the three equations via the formal limits, it is natural to guess
that when ((n +1)/(n — 1)) <p < ((n+2)/(n — 2)), a nontrivial solution exists in
the non-relativistic regime ¢ > 1, but it does not in the ultra-relativistic regime
m < 1. No existence is expected when p > ((n 4+ 2)/(n — 2)).

The first theorem of this paper proves non-existence of a nontrivial solution to
(1.2), which fits into Table 1.

THEOREM 1.1 Non-existence. Let n > 2. Suppose that

1
p}Ztl and me? < p
or that
n—+ 2
> .
“n-=2

Then, there is no nontrivial solution to (1.2) in H'/2(R™) N L>®(R").

We show theorem 1.1 by exploiting the Pohozaev-type identities on the extension
problem of (1.2) to the upper half-plane. We note that if (n+1)/(n—1)) <p <
((n +2)/(n — 2)), this approach does not work when mc? > p.

The next theorem, which is the main contribution of this paper, provides an
affirmative answer for the existence part.

THEOREM 1.2 Existence. Let n > 2. Suppose that

n+1 - <n—|—2
no1 P n—y

Then, there exists ko > 1 such that if

mc? = Ko,
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then the pseudo-relativistic NLS (1.2) has a nontrivial solution u. € H}(R™)N
L>(R™).

Even though a lot of works have been devoted to the pseudo-relativistic NLS (1.2),
to the best knowledge of the authors, theorem 1.2 is the first result in the literature,
proving existence of its non-trivial solution in the supercritical setting. Another
important remark is that only the quantity ((mc?)/(u)), not all three independent
parameters m, ¢, u > 0, determines the regime of the equation concerning existence
and non-existence of a nontrivial solution.

Due to supercriticality of the problem, it is difficult to apply the standard vari-
ational method. Indeed, the action functional (see (5.1)) is indefinite in this case.
Cutting off the nonlinearity is also not suitable in this setting. Even in the H'/2-
critical case, due to the lack of L?-convergence of Palais-Smale sequences, it looks
impossible to apply a well-known method that characterizes energy sub-levels such
that the Palais-Smale condition holds and subsequently tests a family of extremal
functions of the Sobolev inequality.

To overcome the aforementioned difficulty, we employ the following non-
variational approach, combined with the uniform L%-estimates for the pseudo-
differential operator v/ —c2A + m2c* — mc?. First, by some algebraic manipulation
for notational simplicity, we reduce to the case m = 1/2 and p = 1, and consider

P.(D)u = |u|P™ u, (1.5)

4 2
P.(D) = (\/—02A+04 —2) +1

(see § 3.1). Next, we choose a ground state u, to the non-relativistic limit equation

where

— Au+u = |uP " u. (1.6)

Considering the H'/2-supercritical pseudo-relativistic equation (1.5) as a perturba-
tion of the H!-subcritical non-relativistic equation (1.6), we formulate an equation
for the perturbation w from the ground state uo, (see (3.3)). Then, we establish
existence of a solution w via the contraction mapping principle (see theorem 3.7).
The main advantage of this approach is that we may take the full advantage of extra
properties of the ground state un, including its smoothness and decay. In particu-
lar, the non-degeneracy of the linearized operator L., about the ground state .,
(see (3.5)) plays a crucial role in this procedure. This kind of perturbation argument
has been employed previously in the literature for other problems. For example, we
refer to [6,12,16] for the nonlinear Dirac equation and to [14] for the nonlinear
Schrodinger equation with slightly supercritical nonlinearity.

Another new ingredient of our analysis is to use the L%-estimates for the
pseudo-differential operator P.(D) based on the symbolic analysis. Indeed, for our
contraction mapping argument, it is important to find a uniform (in ¢ > 2) bound-
edness of the inverse operator P.(D)~!: LY — W14, In the special case ¢ = 2, such
an estimate immediately follows from a simple pointwise bound on the symbol
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[3, lemma 4.3]. In this paper, we obtain the following extended inequalities covering
all exponents 1 < g < .

THEOREM 1.3 Norm comparability. For 1 < q < oo, there exists a constant
Cyn > 0 such that for c > 2,

Conllflwra <NPe(D)fllze < Conllfllwzs

REMARK 1.4. Since P.(D) is a first-order elliptic operator, it is obvious that

Comellfllwra <IP(D)fllze < Copmell fllwa,

with Cy pn,c > 0 depending on ¢ > 2. Contrary to these trivial inequalities, theorem
1.3 provides upper and lower bounds uniformly in ¢ > 2. Note that the upper bound
in theorem 1.3 is optimal, because ||P.(D)f||r« — |[[(=A+ 1) f||r« as ¢ — oo for
fecx.

We prove theorem 1.3 by the Hormander-Mikhlin theorem. For this aim, we care-
fully estimate the derivatives of the associated symbols. We also prove here that for
sufficiently large ¢ > 1, the inverse of the pseudo-relativistic operator is close to that
of the non-relativistic operator as operators acting on L? (see theorem 2.1). Theo-
rems 1.3 and 2.1 are employed to obtain existence in the full H'-subcritical range.
Indeed, without these extended inequalities, only a narrow range of nonlinearities,
1<p<((n)/(n—2)),is covered (see remark 3.6).

The rest of this paper is organized as follows. In § 2, we establish several mapping
properties for the pseudo-differential operator P.(D). Given those properties, in § 3,
we prove the existence result (theorem 1.2). § 4 is devoted to establish non-existence
(theorem 1.1). Finally, in § 5, we discuss some properties of the solution constructed
previously and propose an open question related to these properties.

2. Symbol calculus for the pseudo-relativistic Schrodinger operator

Given a symbol m : R? — R, the associated Fourier multiplier operator m(D) is
defined by

L —

m(D)f(&) =m(&)f().

We introduce the pseudo-differential operator P.(D) (or Ps (D), respectively) as
the Fourier multiplier with the symbol

02

P(§) == ( g2 + % - 2) +1  (Px(§) := [£]” + 1, respectively) . (2.1)

The purpose of this section is to provide the connection between these two operators.
Precisely, we show that as inverse operators, P.(D) converges to P (D) as ¢ — oo
(theorem 2.1 below). Here, we also prove the norm comparability (theorem 1.3).
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THEOREM 2.1 Difference between the inverses of two operators.

(1) For1 < q < oo, there exists a constant Cy, > 0 such that

C

a,n
2

f

<

[flle Vee[2,00). (2.2)

H (Pool(m - Pc<1D>>

La

(2) For1l < q < oo, there exists a constant Cy, > 0 such that

H (=)

For the proof, we recall the Hormander-Mikhlin multiplier theorem (see [11] for
instance).

1
Poo(D)l/2

C
qn
<
La ¢

f Vee[2,00). (2.3)

La

THEOREM 2.2 Hormander-Mikhlin. Suppose that m : R" — R satisfies

Vom(§)] <

B,
B ERN\{0)

e

for all multi-indices « € (Zx)™ such that 0 < |a| <n/2+1, where Zxo=
{0,1,2,3...}. Then for any 1 < g < oo, there exists a constant Cyq,, > 0 such that

0<lal<2+1

[m(D)fllee < Cyn ( sup Ba) [ fllza-

By the Hormander-Mikhlin multiplier theorem, the proofs of theorems 2.1 and
1.3 are reduced to those of the following bounds on the derivatives of the symbols.

PROPOSITION 2.3.

(1) For any multi-index o = (o, ..., ap) € (Zx0)", there is a constant Co > 0
such that for all ¢ € [2,00),

v (e 7)< e ) 9

(2) For any multi-index o = (o1, ..., Q) € (Zx0)", there is a constant Cy > 0
such that for all ¢ € [2,00),

Ca
5)| < e
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Proof of theorem 2.1 assuming proposition 2.3. For any multi-index o € (Z0)", it
follows from estimate (2.4) that

W 1 1 C.
‘%(%w awﬂ<§MM

2 (e ie)
Ve (Pt

Cy Cy
g 1 2
2 g g
S Co, Con,
B clef!

a1 tas=a

Fi (e i) 97)|< 2

<Ca-
cIEJ

Thus, theorem 2.1 follows from theorem 2.2. O

Proof of theorem 1.3 assuming proposition 2.3. By the triangle inequality and
(2.3), we prove that

1 1 f
Py (D D P e(D) La
1 1
H +?’mwwﬂm
<y ||fHW—1-,q :
By inserting f — P.(D)y/Px(D)f, we prove the first inequality. The second
inequality follows from (2.5) and theorem 2.2. O

In the rest of this section, we prove proposition 2.3. For this aim, we first observe
that the pseudo-relativistic symbol P.(£) is comparable with the non-relativistic
symbol P, () inside a large ball, while it is like the half-wave symbol ¢|¢| + 1
outside.

LEMMA 2.4 Pointwise comparability on the pseudo-relativistic symbol.

2
LA < P 6P +1 if ¢ < ¥2
el < PE) el +1 if e = Y2

)=((c*)/(2)) F(((4[E]*)/(c*)) +
(1) = ((1)/(2 1+1f))<1/2

Proof. Suppose that |¢] < ((v/3¢)/(2)). Then, P.(&

(&) =(
where f(t) =1+t —1. Since f(0) =0 and 1/4 < f
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on [0, 3], by Taylor’s theorem, we have

62 _ ¢ 1 4¢P ¢ 1 4|£|2
= \Pc 71<*
2 2 4 2 (©)

On the other hand, if |¢| > ((v/3¢)/(2)), then

. i,L _ cl¢]
Pe(§) — 1 =cf¢] <m 2§|> L+ (2/(4I€%)) + (c/(2[€]))

obeys the desired upper and lower bound, because ((c|¢])/(v/3)) < P.(€) — 1 < ¢[¢].

= |¢f*.

REMARK 2.5. Indeed, the inequality P.(£) < |£[> + 1 holds for all &, since in the
proof of Lemma 2.4, we can use |f'(t)] < 1/2 for all ¢t > 0.

Next, we show that the pseudo-relativistic symbol P.(§) approximates the non-
relativistic symbol P, (€) near the origin.

LEMMA 2.6 Pointwise estimate on the difference between the two symbols.

1€

c2

Proof. Let f(t) be the function given in the proof of Lemma 2.6. Then, by Taylor’s
theorem together with f”(t) = —1/4(1 + t)~3/2, we have

02 5 E 4
20 - Put©)] = |5 (£O+ £ O + 377 ) - | <
for some ¢, € (0, ((4/§]*)/(c?)))- O
Now we are ready to prove proposition 2.3.
Proof of proposition 2.5. We now prove (2.4) and (2.5) separately. O

Proof of (2.4). We denote

e L L _PO-Pe()

Po(§)  Pe(§)  Pe(§)Po()
First, we find a structure of the derivatives of the symbol a. Precisely, we claim
that Vga(£) is the sum of products of the following factors,

1 1 1
WO BEn Po@n (@RE (D) @en
a polynomial of ¢, &1, ..., &,, (2.6)

where {1, 05,03 € Z>o. The claim is obviously true when a = 0. Suppose that the
claim holds for some multi-index «, and consider its derivative. By the induction
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hypothesis, (Ve, V?a)(@ is the sum of the derivatives of the products. By the
Leibniz rule, the derivative of each product term is the sum of the derivative of one
factor in (2.6) times the product of others in (2.6). Thus, it suffices to show that
the derivative of any of (2.6) is again a product of terms in (2.6). Of course, the
derivative of a polynomial of ¢, &1, ..., &, is also a polynomial of the same variables.
By direct calculations, we observe that

26 P.(§)
(22 + ((c)/(4)))1/2
n 2¢;
(2] + ((c)/(4)))1/2

v&j (Pc(g) - Poo(f)) = -

rem) =~ <<ii§j§i>>>l/2pc<s> (7))
e (i) = ()

1 - l3¢;
Ve <(02|§|2 + ((64)/(4)))<“3>/<2))) P+ (/)

1
) (<c2|52 T <<c4>/<4>>><<23>/<2>>> |

2.7)
Hence, by the Leibniz rule,
B P.(§) — Px(§)
(Ve,a)(§) = Vg, <Pc(§)Poo(§)>
. 2%, - b, a(©)
P () (€2 + () /(N2 (AE]2 + ((e*)/(4)/2Pe(€)
QEij
NGRS
(2.8)

From this, we conclude that when a derivative hits a factor in (2.6), it does not
make a new type of factors other than (2.6). Thus, the claim is proved.

We also mnote from (2.7) that when ((1)/(P.(6)%)), ((1)/(Px(£)%)),
(1) /(I 4 ((c*)/(4))) &)/ D)) are differentiated, extra factors are produced.
Moreover, these extra factors are all bounded by ((C)/(|£])). Indeed, by lemma 2.4,

5162|§\ B 404 . V3e
ne, ‘ @/ )em/@) ~ g s
G @/ S| nel o £l > L
) /@) ~ T >
‘ 202§ 2008 _ 262
P ST +1 S e
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(35 3¢ ls
2+ (/@) SEr+1 S

We now prove the proposition by induction. For the zeroth induction step, that
is, a = 0, using lemma 2.4, we show that if |¢| < ((v/3¢)/(2)), then

((lg)/ () I
T DD <

1 1
<2mind -, ————— o
mm{c? c<|s|2+1>1/2}

On the other hand, if |¢] > ((v/3¢)/(2)), then by lemma 2.4 again,

(2.9)

la(§)] <

0O € ot o g L
Pe@ P STET1 e

i 4 N 4 2 N 22
smm< —5 R
3¢2 V32 V3e(E2+ 1)12 0 e(j€)? + 1)1/2

1 1
<4mind —, ————— b
“““{c? c(5|2+1>1/2}

For the first induction step, that is, |a| = 1, we consider the sum (2.8). By a trivial
inequality, the first term in (2.8) is bounded by

4 . 1 1
g { c(lEP + 1)1 } '

Moreover, it follows from (2.9) and the zeroth induction step that the second and
the last terms in (2.8) also obeys the same bound. Collecting all, we complete the
proof of the first induction step.

For induction, we assume that each product in the sum for (V¢a)(£) is bounded
by

c, . (1 1

wmm{c?’ (P + D)7 }
Then, it suffices to show that each term in the sum for (V¢ VEa)(€) satisfies the
desired bound. Indeed, all these terms are obtained by differentiating the product
terms in the previous step. However, as mentioned previously, when a product is
differentiated, the derivative lands on either a polynomial factor or other types
of factors in (2.6). When a polynomial is differentiated, its degree is reduced by
one. Otherwise, an extra factor is generated (see (2.7)) and such an extra factor
is bounded by ((C)/(|¢€])) (see (2.9)). Thus, summing up all bounds, we prove the
proposition. O

Proof of (2.5). The proof is very similar to that of estimate (2.4), so we only give a
sketch of it. First, by remark 2.5, [((P:(£))/(Px(£)))] < 1. Next, we prove the first
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derivative
o (Pc(@) 1 ¢ 2% PO
S\ P(9) Poo(€) (€ + ((¢h) /(92 Pos(€) Poo(§)
is bounded by
20 L A 4

Po(6) * Pu(€) T IEl
By the induction argument in the proof of estimate (2.4), one can show
that Vg (((Pe(§))/(Px(€)))) is the sum of products of ((Fe(£))/(Peo(£))),

(1)/(Po©))), (/L€ + ((¢4)/(4))/@))) and a polynomial of ¢, &1, ...
&,. For induction, we assume that each product in the sum for the expansion
of VE(((Pe(§))/(Px(£)))) is bounded by ((Ca)/(J€]121). Tf we differentiate each
product, then differentiation produces an extra factor keeping the same struc-
ture. Moreover, all possible extra factors are bounded by ((C)/(|¢])) (see (2.7) and
(2.9)). Therefore, the derivative of each product is bounded by ((C?)/(J¢[l*1+1)).
Then, summing all the bounds, we obtain the desired bound for the derivative of

V2 (P(6)/(P(€))): -

3. Existence result

This section is devoted to our main existence theorem whose proof will be divided
into several steps. First, in § 3.1, by algebraic manipulation, we simplify to the case
m=1/2 and p=1. In § 3.2, we reformulate the pseudo-relativistic Schrodinger
equation (1.2) as an equation for the perturbation from the non-relativistic ground
state (see (3.3)). The goal is then to construct a solution to the equation by a stan-
dard contraction mapping argument. To that end, we prove several key estimates
for contraction in §§ 3.3-3.5. After being prepared, in § 3.6, we establish existence
and uniqueness of a solution to the reformulated equation. Finally, in § 3.7, we
complete the proof of theorem 1.2.

3.1. Reduction to the simple case

To begin with, we observe that if v. is a non-trivial solution to the pseudo-
relativistic NLS with m = 1/2 and p = 1, that is,

P.(D)u = |u|P~ u, (3.1)

P
PC(D) = —02A+Z— 5 +1,
then u.(x) = p(M/ =Dy, (\/2Zmpuzx) solves
(\/ —C2A +m?2ét — méQ) u+ pu = |uP ",

where ¢ = ¢y/((p)/(2m)). Thus, we may restrict ourselves to the case m = 1/2 and
w=1.

where
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3.2. Setup for contraction

We aim to find a nontrivial solution to (3.1) by employing a perturbation argu-
ment. Throughout this section, we assume that 1 < p < oo if n =1,2, and that
1<p<((n+2)/(n—2))ifn > 3.

Let uo € H} be a ground state to the non-relativistic Schrédinger equation

Py (D)u = |u|p_1u,

which is known to be positive and unique. Hoping to find a radially symmetric
real-valued solution u. to the pseudo-relativistic equation (3.1) close to the non-
relativistic ground state u,, we write the equation for the difference

W= Ue — Uso : R — R,
that is,
P.(D)w = P.(D)u. — P(D)use
= (Px(D) — Pe(D))ttoo + Pe(D)ue — Poo(D)uoo
= (Px(D) = P.(D))uco + {\uoo + WP (Uoe +w) — ugo}
Then, subtracting the linear component pu?; 'w from both sides, we get
Leioow = (Poo(D) = Pe(D))uco + Qw),
where
Lesoo = Po(D) — puty’
and
Q(w) = oo + w|P (oo + w) — uf, — puls tw. (3.2)

Finally, using that the operator L.« is invertible (see proposition 3.1 below), which
is the key ingredient in our analysis, we derive the equation

w=TR.+ (EC;OO)_lQ(w)7 (3.3)
where
Re:= (EC;OO)_l(POO(D) — Pe(D))tco-

We now wish to construct a radially symmetric real-valued solution w for the
equation (3.3) via the standard contraction mapping argument, assuming that ¢ > 1
is large enough. Precisely, we aim to show that the nonlinear map

Pe(w) :==Re + (£C;oc)71Q(w) (3.4)

is contractive on a small ball in the Sobolev space H! N W14 of radially symmetric
functions so that there is a unique solution u. to (3.1) in a small neighbourhood
of Ueo. It should be noted that the reformulated equation (3.3) is well-suited for
our purpose. Indeed, the first term R. is small for large ¢, because the ground
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state us is a regular function and the symbol |£]? + 1 — P.(£) is asymptotically
O(((1€1)/(c?))) as ¢ — oo. Moreover, if w is small, then the super-linear nonlinear
term (Le.00) "' Q(w) is even smaller. Therefore, it is natural to expect that ®. maps
a small ball to itself, and it is contractive on the set. These will be justified rigorously
in the next subsections.

3.3. Invertibility of L .

The following proposition asserts that the differential operator L. is invertible,
and moreover, its inverse gains one derivative.

PRroPOSITION 3.1 Invertibility and smoothing property of L..oo. Let 2 < g < 00.
Then, there exists co > 0 such that if ¢ > cq, then Lo : HE MW — L2 L9 s
wnwertible. Moreover, its inverse is uniformly bounded, that is,

sup ”(‘CC;OO)_l||£(L$HL‘1;H;OW1¢1) < 00,

c=co

where || - ||z(x;y) is the operator norm from the Banach space X to the Banach
space Y.

The proof of the proposition heavily relies on the non-degeneracy of the linearized
operator

Lo :=—-A+1—puls"' = Py(D) —pull': H> - L?

about the non-relativistic ground state uo, for radially symmetric functions, that
is,

Ker(Lo) N H? = {0}. (3.5)
In the first step, by the non-degeneracy, we show invertibility of the operator
A:=1d — pul ' P, (D)™ .
LEMMA 3.2. For each 2 < q < oo, the operator A : L2 N LY — L2 N LY is invertible.

Proof. We claim that puf; P, (D)™! is a compact operator on L2 N L4. Indeed,
compactness follows from the well-known localization property of the ground state
s and the compact embedding H?(Q) — L?(f2) for any bounded set €.

If veKerA, then P (D) 'v € Ker(Ls). Hence, it follows from the non-
degeneracy (3.5) that P (D) 'v = 0 and thus v = 0. Therefore, by the Fredholm
alternative, we conclude that A is invertible. O

By the invertibility of A, we may write
Leoo = {1d = pul ' P.(D) 7 } (D)
= {4+ pur (Poo(D) ! = P(D) ) } (D) (3.6)
= {1d+ puZs (Poo(D) ™ = PA(D) ) AT JAR(D),

Thus, the following lemma implies invertibility of L., oc.
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LEMMA 3.3. Let 2 < g < 0o. Suppose that 1 < p < oo if n=1,2, and that 1 < p <
((n+42)/(n—2)) if n > 3. Then, there exists co > 0 such that for ¢ > ¢y,

)

N | =

”pu:go_l(POO(D)_l - PC(D)_I)A_lnﬁ(L%mLQ) <
where L(X) = L(X; X).
Proof. By a trivial inequality, we write

”puigo_l(POO(D)_l - PC(D)_I)A_lnﬂ(L;%mLQ)

; (37)

< Bl erznne) | P (D)™ = Po(D) Ml 2eznna Al z(r2nr-

By Holder inequality, we have
s Nl ecrznnay = llubs M lpee = lluco|lf=-

By (2.2), [|[Poc(D)™! = Po(D) "' £(z2nL9) < ((C)/(c?)). Moreover, by lemma 3.2,
A~ | 2(z2nLey < 00. By inserting these estimates into (3.7), we prove the lemma
for ¢ > ¢o with a suitable choice ¢o > 0. O

Proof of proposition 3.1. By the expression (3.6) and the above lemmas, we can
invert L. for ¢ > co,

—1

L = PeD) A1 4 puts (P (D)7 = Pu(D) AT

Moreover, by the lower bound in theorem 1.3 and lemmas 3.2 and 3.3, we have the
bound,

ILeaoll(rznrominwa) < ||PC(D)_1||L‘(L$HL‘1;H}OW1~4)”A_IH.C(L%ﬁLq)
1
Nd1d + pursH (o (D) = Po(D) —1} H
|{1a+ puzs Pty = PRy HAT |
<C,

where the implicit constant C' is independent of the choice of ¢ > ¢g. g

3.4. First term bound in (3.4)

We now prove that we can make the term R, = (Le00) ! (Poo (D) — Pe(D)) oo
arbitrarily small choosing large ¢ > 1.

LEMMA 3.4 First term bound. Let 2 < ¢ < oco. Then, we have

O<1> if1<p<2,

Cc

O(Clz) if p> 2.

[Rellaznwra =
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Proof. We recall that the non-relativistic ground state u, is contained in H? +rl A
w? HPha for Al q, where |p| is the largest integer less than or equal to p. Thus, if

p > 2, then by proposition 3.1, (2.2) and the upper bound in theorem 1.3, we get

‘Poo(D) — P.(D)

||RC||H}‘I"‘IW1J1 < ||(£C;OO)_1 HE(L?‘WL‘I;H}‘QWLQ) POO(D)PC(D)

L(L2NL9)
| Poo (D) Pe(D) oo ||L$.ﬂLf1

C C
< C?HPOO(D)UOOHH%ﬁWE’q < CE||uw||H§nwf=q-

Similarly, if 1 < p < 2, then by proposition 3.1, (2.3) and the upper bound in
theorem 1.3, we obtain

||RC||H$0W13‘Z < || (EC;OO)_l ”[l(LEﬂLfI;H}mWM)

L(LZNLY)
[ Poo (D)1/2PC(D)UOO ”L';’,OL’I

C C
< zHPOO(D)l/QUOCHHgﬁWf’q < ?HuooHng‘anq

3.5. Nonlinear term bounds in (3.4)

Next, we establish the estimates for the nonlinear term £ Q(w) for small w.

PRrROPOSITION 3.5 Nonlinear estimates. Fix any ¢ > n and suppose that 0 < d <
luoollg1. Then for ¢ > ¢y, where co = 1 is a large number from proposition 3.1, we
have

||Lc_;;oQ(w)||HimW1,q < C(smin{n?}, (3.8)
1600 Qw) = L3 Q@) [ mrawra < COMMP M lw — B apwra (3.9)
for any w,w € HX N W4 with |wl| grawa, 0] grawe < 6.

Proof. Tt suffices to show the second inequality (3.9) in the proposition since the
former inequality follows from the latter with w = 0.
By the definition (3.2) and the fundamental theorem of calculus, we write

Qw) = Q) = { uoe + w0} (ttoe + ) = e + 5] (e +10)}

— puBst (w — )

1
— / %Duw + (1 =) + twP ™ (tee + (1 — )W +tw)]dt
0

— pubSH(w — )

1
- p/ (Jtoo + (1L — )0 + tw[P~" — uB 1) (w — w)dt.
0
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Suppose that 1 < p < 2. Then, by the elementary inequality
lal® = 1)’ < [Ja] = [b]|" < J[a—b)"  ifO<C<1,
we have
1Q(w) — Q)| < C(lw| + |[@])P~ w — .

Thus, by proposition 3.1 and the Holder inequality and the Sobolev inequality
H!NnWhd — L2 N L2, we prove that

£z Qw) — L2 QW) || riawe < Cf|Q(w) — Q)| z2nLa
< C(wllmawra + @] mawra)’ ™ (3.10)
||U} — ’II)”HT{OWIY‘I-
If p > 2, using the fundamental theorem of calculus again, we find
1Q(w) — Q)| < Cluce + |w| + [@)P~?(Jw| + |@])|w — .

From this and estimating as above, we prove that

1£506 Q(w) = L3, Q(@) | rawa < C|Q(w) — Q@) 201
< Oll(uoe + |w] + [@)P~?(Jw] + [@])|w — || 20 L1
p2 (3.11)
< C(H“OOHHMWM + HwHHile:q + HwHHimWw)
(lwllzzawra + [0l miawe) [w — @l z AW
Thus, the proposition is proved. O

REMARK 3.6. As mention in the introduction, if we only use the L2-boundedness
in theorem 2.1 and 1.3 based on the point-wise bounds on the symbols, then we can
close the estimates (3.10) and (3.11) with ¢ =2 only when 1 < p < ((n)/(n — 2)).
The symbolic analysis in § 2 allows us to employ the full range of the W,}:9-Sobolev
norms in (3.10) and (3.11), thus we can cover the full range of p, that is, 1 < p <
((n+2)/(n — 2)), such that the ground state u, exists.

3.6. Construction of a solution to (3.3)

Now we are ready to construct a solution to the equation (3.3) near the ground
state Uqo.

PrOPOSITION 3.7 Existence of a fixed point for ®..  Fiz any ¢ > n. Then, given a
sufficiently small 6 > 0, there exists cg > 0 such that if ¢ > cq, then ®. has a unique
fixed point in

Bs :={we H' NW"": [|w| miawra <5}

Proof. First, by lemma 3.4, we choose large co > 1 such that [[Re[lminwie <
0/2 for all ¢>cp. Hence, it follows from proposition 3.5 that if w,w €
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B}, then [Pc(w) | Erawre < 6/2+ Comin{r:2} < § and [@c(w) — @) rrwre <
Comindp=L1} |y — W griawra < 1/2[|w — @ gr1awt.a, provided that cminp=L1ls
1/2. Thus, we conclude that ®. has a unique fixed point in Bg. O

3.7. Construction of a solution u. to (3.1)

We prove that u. = us + w, where w is given in proposition 3.7, is indeed a
solution to the pseudo-relativistic Schrodinger equation (3.1).

LEMMA 3.8 Construction of a solution to (3.1). w is a solution to the equation
(3.3), that is, w = ®.(w) in H} " WY4 for some q > n if and only if ue = U + w
solves (3.1).

Proof. 1t is proved in proposition 3.7 that w = R, + (Le0o) "1 Q(w) in H! N W,
and so

0="Leoow — Lo Re — Q(w)
= (P,(D) — puP- Hw — (Pao(D) — Po(D))ttoo — (JueP ™ ue — vl — puPstw
( oo oo oo
= P.(D)w — puP=" ' w — Pog(D)ttso + Po(D)ttoo — |teP e + uP. + puP=tw
= P.(D)ue — |ue|P ™ ue.

Thus w, is a solution to (3.1). O

4. Non-existence result

We prove our non-existence theorem (theorem 1.1). By scaling (see § 3.1),
we may take m =1/2 and p=1. It suffices to show non-existence assuming
that 1> ((¢?)/(2)) and p> ((n+1)/(n—1)), or that 1< ((c?)/(2)) and p >
((n+2)/(n —2)). We employ the standard approach to prove non-existence, involv-
ing Pohozaev identities, but we perform it on the extended upper half-plane as in
[2, 8]. The extension method is a very convenient tool to detour technical difficulties
from the non-locality and the lack of scaling of the pseudo-relativistic operator. A
direct proof of non-existence would be an interesting mathematical question, but
we are not aware of it at this moment.

Let u. € HY/?(R™) N L>(R") a solution to the pseudo-relativistic NLS (1.2),
which will be shown to be zero in the end. Then, it has a unique extension U(z,t) €
HY(R"™) to the upper half-plane R = {(2,t) : 2 € R™ and ¢ > 0} such that

_ 2 I — sRntl
{( CA(x’t)-l- 4)U($,t) 0 inR,™, (4.1)

U(z,0) = uc(z) inR™

and

0 ct
_ =1/ —c2
c tU(Jc,O) A, + — uc(x)
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in distribution sense, which immediately implies that

2

—c%U(m,O) _ (62 _ 1) U(z,0) + |UJP~1U (z, 0)

because u.(z) = U(z,0) solves (1.2) (see [2,8]). Since u, € L>*(R™), by the maxi-
mum principle, we have U € L™ (RT‘l). Then, it follows from the standard elliptic

regularity estimates that U € C'® (erfl) for some a > 0. In particular, U is con-
tinuous up to the boundary 8]1%1“ = R"™. Moreover, the extension U satisfies the
Pohozaev-type identities.

LEMMA 4.1. Let U € HY2(R'™) be a solution to (4.1). Then we have the following

identities.
C4
/ 02|VU(x,t)|2d1:dt+/ —|U(z,t)]* dz dt
R1+1 R1+1 4
i (4.2)
= (2—1)/ c|U(x70)|2dm+/ c|U(x,0)[PH da,
n ]Rn
-1 1 4
n / VU (2, ) Pda dt + " U, )2 da dt
2 R+ R+ 4
. . (4.3)
(<, ?/ U, 00 de+ —"— [ U (z,0)P+ d
— 2 2 oo NI ETT R L, AP “
and
-2
& / c2|va(x,t)\2dxdt+@/ 2|0,U (z, t)[2dz dt
2 R+ 2 R+
+ +
4
n < 2
+ Z/Ri'*'l LU 0P deat (4.4)

2
~(5-1)5 [eveoris 25 [ queoptan

Proof. We multiply (4.1) by the three test functions U(z,t), (x,t) - VU (x,t) and
x -V, U(x,t), and integrate on the (n + 1)-dimensional upper half ball BTFI(O7 R)
of radius R > 0 and centred at 0. Then, by integration by parts, we get the above
three integral identities, after taking the limit under a suitable choice of the sequence
R; — co. We omit the details of this procedure, because it is quite standard in
the literature. Here, we note that continuity of U is required to guarantee that
the boundary integral terms, which appear whenever we do integration by parts,
are well defined. |

We also recall the following trace inequality.
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LEMMA 4.2. For every U € HY(R'/™), we have
/n| (2.0 dz < 20U 2 ey 1T | ey

Proof. From the density argument, we may assume that U € Cg° (Rﬁ“). Observe

|U(x,0))? = _/Oooat (|U(z,t)]?) dt < 2/OOO|U(m,t)|8tU(x,t)|dt.

Then one has from the Holder inequality

/ U (2,02 dz < 2/ / (2, D10 (2, 0)| dt dz < 20U s gy |9V | oo
]

Using the Pohozaev-type identities and the trace inequality, we prove non-
existence.

Proof of theorem 1.1. Suppose that 1> ((¢?)/(2)) and p= ((n+1)/(n—1)).
Then, combining (4.2) and (4.3) to cancel out the last term, we obtain that

-1
(” __n )/ VU (2, )[2dz dt
2 p+1 Ri+1

n+1 n 9

_ (22_1) (Z _pL) /nc\U(a:,O)|2dx.

Thus, it follows that

+

/ U2, £)[2 dz dt = 0,

Ry*!

because ((n—1)/(2)) — ((n)/(p+1)) 20, ((n+1)/(2)) = ((n)/(p+1)) >0 and
(((¢)/(2)) = D(((n)/(2)) = ((n)/(p + 1))) < 0. Consequently, uc(x)=U(z,0) is
identically zero by the continuity of U.

Now we assume that 1 < ((¢?)/(2)) and p > ((n +2)/(n — 2)). Then, combining
(4.2) and (4.4), we obtain that

n—2 B n / 02|va(x,t)‘2dl’dt
2 pt+1) Jpn
n_m . 2
n__n_ ot )
i (2 p—i—l)/Rn+1 4|U(33 )" dxdt

- (022 . 1) (Z - pil) /}R U (z,0)[? da.
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We see from lemma 4.2 and Young’s inequality that

C2 C2
(5 1) [ dveopar <2 (5 - 1) 101 0],
C2 2
< (_1> / |U(x,t)|2dxdt+/ 2(0,U (2, )2 da dit.
2 R1+1 R1+1

Inserting this to (4.6),
n—2 n 9 2
- |\ VU(z,t)|* de dt
2 p+1 R7H
4
n n c
- — —|U(z, t)]? dz dt
+<2 p+1>/R¢+14| (@O de

n n 62 2
< == ——1 Uz, t)|? dz dt.
(5-75) (3-1) Lo worar

From this, by the assumption, we finally deduce

(62—1)/ U (z,t)|* dadt = 0.
Ry

This again implies that u.(x) is identically zero. O

5. Concluding remarks

In this section, we present some properties of the solution u. to the pseudo-
relativistic NLS (1.2), constructed in § 3. Throughout this section, we assume
that

{1<p<oo ifn=1,2,

l<p<Z ifn>3,

and that mc? > kopu, where kg = ¢ and ¢y > 1 is a large constant given in in § 3.
First, we prove uniqueness of a solution to (1.2) among radially symmetric
functions near the ground state u, to the non-relativistic NLS (1.3).

PROPOSITION 5.1. There exists some 6 > 0 such that a solution to (1.2) is unique
m

Bs(uso) :=={u € H NL>® : |Ju — too||zrinp~ < 0}

Proof. Let u. € H} N L™ be a solution to (1.2). Then by the argument in lemma
3.8, w 1= U, — U 18 a fixed point of the map ®.. Then w is a unique fixed point in a

small ball Bs(0) because @, is a contraction map. Note that two norms || - || g1z
and || - [|[g1Awe are equivalent since we assume ¢ > n. This shows the uniqueness
of u. in a small ball Bs(uso). O
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We also obtain the rate of convergence for the non-relativistic limit w, — -

PROPOSITION 5.2 Rate of convergence. Let u. be the solution to (1.2) constructed
in § 3. Then, for any ¢ > n, we have

1
O() if1<p<2,
C

O<012) if p>2.

Proof. By lemma 3.4, we may choose § = ((A)/(c?)) such that ||R¢|g1nw1qa <9,
where A > 0 is some large number and a = 1 or 2 depending on the rate in lemma
3.4. Then, repeating the proof of proposition 3.7, one can show that ®. is con-
tractive on the ((A)/(c%))-ball for sufficiently large c. Let w be the fixed point
in the ((A4)/(c*))-ball. Then, by uniqueness, the solution w equals to the solu-
tion w = u, — Uy in proposition 3.7. Therefore, we conclude that the difference
Ue — Uso = W is in the ball of radius ((A4)/(c*)). O

||uc - uooHHlﬁleq =

Combining the above two propositions, we conclude that the solution u., in § 3,
is the only radially symmetric real-valued solution to the pseudo-relativistic NLS
(1.2) converging to the non-relativistic ground state .

COROLLARY 5.3. Let {u.} be a sequence of solutions to (1.2) in H} N L> such that
it converges to U in H} N L™ as ¢ — oo. Then for sufficiently large ¢ > 1, u, is
unique, and it converges with the rate given in proposition 5.2.

In [2,3], the authors prove that in the H'2subcritical range 1< p <
((n+1)/(n —1)), a positive radial ground state to (1.2) belongs to H' N L> and
converges to U S0, by the uniqueness, our solution u., in this case, is the same
as the ground state to (1.2) for large c. By a ground state, we mean a solution to
(1.2) which attains the minimum value of an associated functional I, among all
nontrivial solutions, where

1 1
I(u) = = / (\/ —c2A + m2ct — mcz) ut + plul? de — —— |ulPT dx (5.1)

2 p+ 1 R™

Obviously, u solves (1.2) if and only if it is a critical point of the functional I,
because (1.2) is its Euler-Lagrange equation. Thus, a ground state u. can be
rephrased as a critical point of the functional I. that minimizes the value of I,
among all nontrivial critical points, that is,

I.(u.) = min {Ic(v) |0 #0, I'(v) = o}. (5.2)

U€H1/2

Thus, Corollary 5.3 gives an alternative proof of uniqueness of a radially symmetric
non-negative ground state to the H'/2-subcritical pseudo-relativistic NLS (1.2).

COROLLARY 5.4. If 1 <p < ((n+1)/(n—1)), then a positive radial ground state
to (1.2) is unique for sufficiently large c.
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We finally remark that a ground state, in the sense of (5.2), is well-defined
only when the nonlinearity is H'/2-subcritical or critical, that is, 1 <p <
((n+1)/(n — 1)), since by the Sobolev embedding H'/? < LP*+! the functional
I, is well-defined and continuously differentiable on H'/2 in this case. However, if
we define a ground state (in a weak sense) as a minimizer of the action functional I,.
among all nontrivial solutions v € H' N L* to (1.2), then the meaning of a ground
state may make sense even in the H'/Z-supercritical case ((n+1)/(n—1)) <
p < ((n+2)/(n—2)). We strongly speculate that our solution u., constructed in
theorem 1.2, would be a ground state in this sense. This seems to be an interesting
open question worth to be answered in future work.
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