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A systematic microscopic theory for the rheology of dense non-Brownian suspensions
characterized by the volume fraction ¢ is developed. The theory successfully derives
the critical behaviour in the vicinity of the jamming point (volume fraction ¢,), for
both the pressure P and the shear stress oy, i.e. P~ oy ~ ynode 2, where y is the
shear rate, 1, is the shear viscosity of the solvent and §¢ =¢; — ¢ > 0 is the distance
from the jamming point. It also successfully describes the behaviour of the stress ratio
u = oy,/P with respect to the viscous number J = yn,/P.
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1. Introduction

The physics of the rheology of suspensions begins with the seminal work by
Einstein (Einstein 1905; Mewis & Wagner 2012). He has shown that the effective
shear viscosity n,(¢) defined by the ratio of the shear stress o,,(¢) to the shear rate y
as n5(p) =0,,(p)/y is enhanced as n,(¢)/no =1+ 5¢/2+ O(¢?) in dilute suspensions,
where ¢ is the volume fraction of the suspended particles and 7, is the viscosity of
the solvent. On the other hand, it has been empirically shown that n,(¢) behaves
as 1,(¢)/no ~ (¢ — ©)~2 near a critical volume fraction ¢, in dense suspensions
(Chong, Christiansen & Baer 1971; Krieger 1972; Quemada 1977; Zarraga, Hill &
Leighton 2000).

Recently, the divergence of the shear stress o,, has been well studied in the
context of the jamming transition, which is an athermal phase transition of dense
disordered materials such as suspensions (Pusey 1991), emulsions, foams (Durian
& Weitz 1994) and granular materials (O’Hern et al. 2002, 2003; Coulais, Seguin
& Dauchot 2014; Otsuki & Hayakawa 2014). It is well established that the shear
viscosity of non-Brownian suspensions which are insensitive to thermal fluctuations
near the jamming point behaves as 1,(¢)/ny ~ (p; — ¢)~" with 1 ~ 2 and ¢; the
jamming volume fraction (Bonnoit et al. 2010; Boyer, Guazzelli & Pouliquen 2011),
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although numerical simulations for soft spheres exhibit A & 2.2 (Andreotti, Barrat
& Heussinger 2012) or A4 =~ 1.67 — 2.55 (Kawasaki et al. 2015), and a theoretical
approach by DeGiuli et al. asserts 4= 2.83 (DeGiuli et al. 2015).

On the other hand, the pressure of suspensions, P, has been less investigated.
Experimentally, it has been shown that the pressure viscosity defined by 7,(¢) =
P(p)/y exhibits n,(¢)/ny ~ (p; — ¢)~2 (Deboeuf et al. 2009; Boyer et al. 2011;
Cwalina & Wagner 2014; Dagois-Bohy et al. 2015). This is non-trivial, since it
differs from the pressure at equilibrium given by P“?(p) = nT[1 + 4¢go(¢)], where
n=6¢/(nd?®) is the average number density, d is the diameter of the particle, T is
the temperature and go(¢) is the radial distribution function at contact (Hansen &
McDonald 2006). Together with the relation go(¢) ~ (¢; — ¢)~! (Donev, Torquato &
Stillinger 2005), this leads to P“?(¢) ~nT(¢; — ¢)~', which is inconsistent with the
experimental observations for non-Brownian suspensions. To be consistent with the
experimental expression P(¢) ~ 1oy (¢; — ¢)~2, we need to explain two non-trivial
relations, i.e. Pocyny and P o (¢; — ¢)~2. The former one, P o Y1, has been argued
by phenomenological considerations (Jenkins & McTigue 1990; Nott & Brady 1994)
or by microstructural and structure-property analyses (Brady & Morris 1997). The
latter one, P o (¢; — @) 2, is more non-trivial. Several phenomenological models are
proposed to explain this property (Zarraga et al. 2000; Mills & Snabre 2009), but
practically it is merely given as an empirical law without a theoretical basis (Morris
& Boulay 1999).

Another rheological property of our interest is the stress ratio, u = o,,/P. It is
known that w converges to a constant in approaching the jamming point, while it
varies on departure from the point, by experiments and simulations (GDR Midi 2004;
Boyer et al. 2011; Kuwano & Hatano 2011; Irani, Chaudhuri & Heussinger 2014;
Dagois-Bohy et al. 2015; Kawasaki et al. 2015). In fact, a constitutive equation for
n(J) = o,,/P together with ¢ = ¢(J), where J = yno/P is the viscous number, is
proposed and confirmed by experiments conducted with a pressure-imposed cell (u—/
rheology) (Boyer et al. 2011; Dagois-Bohy et al. 2015). The reported result exhibits
w(J) = o + CJY2, where C is a constant and p is its value in the jamming limit,
J — 0. However, there exists no theory to explain this law so far.

Derivation of the rheological properties of suspensions from a microscopic theory is
difficult even for the shear viscosity. It has been shown by Brady and his coworkers
that the effective self-diffusion constant satisfies D(¢) o Dy(p, — ¢), where Dy =
T,/(3mdng) with T, the solvent temperature, which is crucial to obtain 7,(¢)/no ~
(¢ — @)~ for Brownian suspensions (Brady 1993; Brady & Morris 1997; Foss &
Brady 2000). However, this theory is not applicable to non-Brownian suspensions,
because D(¢) is an increasing function of ¢ in non-Brownian suspensions (Leighton
& Acrivos 1987a,b; Breedveld et al. 1998, 2002; Heussinger, Berthier & Barrat 2010;
Olsson 2010). Hence, an alternative framework is necessary for dense non-Brownian
suspensions. In this paper, we attempt to derive the divergent behaviour of the shear
and pressure viscosities, 17,/10 ~ 1./m0 ~ (¢; — @)%, and the u—J rheology, u(J) =
o+ CJ'/2, by means of a microscopic theory for an idealistic model of non-Brownian
suspensions.

2. Basic equations and exact equations for the stress
2.1. Microscopic basic equations

We consider an assembly of N frictionless monodisperse spherical particles of
diameter d contained in a box of volume V and immersed in a liquid of viscosity 7.
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A simple steady shear with shear rate p is applied to the system. The coordinate
is chosen such that the flow is in the x-direction and the velocity gradient is in the
y-direction. We consider the overdamped equation of motion

N
N) - . (p) .
> V@ —yye)=F" (i=1,....N), 2.1)
=1
where r; and 7; are the position and velocity of particle i, respectively, e, is the unit
vector in the x-direction, F ,(-p ) is the interparticle force exerted on particle i from other
particles and {{,]N)}, =1 is the resistance matrix of the suspension, which depends on

the configuration of the particles, {r;}Y,. Note that {;“,(N) }N , is @ 3N x 3N matrix,

where each component {i;N) isa3x3 matnx. In particle suspensions, the inertia of the
particles is absorbed by the background fluid and hence insignificant. Thus we neglect
it in (2.1). We also neglect the rotation of the particles and the thermal fluctuating
force exerted on the particles from the solvent in (2.1).

The time evolution of an arbitrary observable A(I') is determined by the Liouville
equation

AC@)=T - iA(r(t)) =iLA(T (1)), (2.2)

where i£ is the Liouvillian. In simple shear flows, I is given by I' ={r;, v;}}' |, where

— Ve, —Z;W) 'F” (2.3)

is the peculiar velocity, which is the ve1001ty in the sheared frame. For (2.1), il is
given by

N
iL = Z (v, ,- b; ) Z (Z A Ot —+i)i- ai,)’ (2.4)

i=1 Ti

where v; is evaluated as
VYIex—" —J/ZC(N) le(ly)) €. (25)

Note that (2.3) is utilized in the second equahty of (2.5). In the formulation of
overdamped Liouville equation, we neglect #; in (2.5), because v; rather than #
resides in the equation of motion, equation (2.3). This leads us to the expression

3
N —=15(p) | - (p)
iL= § <§ (VTR . — —pFY 8F§,§’>)' (2.6)

Note, however, that neglecting #; in (2.5) does not mean the absence of »; as can be
seen in (2.5). In fact, because of the existence of v;, trajectories of the particles can
be curved.

The Liouville equation of the microscopic stress tensor G,s(I') (o, B =x,y, z) reads

d_ 36,5(I") 365(I")
& of (F) — Z (Z é-(N) IF(P) ™ yFl(f)w , (27)
1 t ix
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where 6,4(I") is given by
Gop(T) := — Z(r, sF) 41 F9). (2.8)

In simple shear flows, the only non-zero components of G,4(I') are o,,(I') and the

diagonal ones, from which the microscopic pressure is given by P(IN) = —(6,.(I) +
oy,(I')+0.,(I'))/3. Note that we mainly consider the Cauchy stress, which contributes
to the divergence at ¢ ~ ¢,, but it is possible to define the kinetic stress by the peculiar
velocity.

2.2. Exact equations for the stress

Macroscopic equation of continuity of the stress tensor is obtained by multiplying (2.7)
by the non-equilibrium distribution function f(I', t) and integrating over I,

j Oup + - 57 Gustyp + 8p.030) = <Z o 1F<”>F”’>> + (@< B)
8F(P)
<Z o Fllrig o >+(a < B), (2.9)
where
() :=/de(F,t)-~ (2.10)

. . / . . . . . .
is the macroscopic average, » ; ; denotes the summation over i and j with i #j and
the macroscopic stress tensor denotes

Oup i= / ATf(T, 1)645(T). @2.11)

It might be noteworthy that the equation of continuity of the stress tensor, equation
(2.9), is consistent with that for the Enskog theory of moderately dense inertial
suspensions (Hayakawa, Takada & Garz6é 2017). In fact, the two terms on the

right-hand side of (2.9), which are proportional to g,(N) ' and originate from particle
contacts, correspond to the collision integral terms in the Enskog theory.

3. Approximate expression of the interparticle force for dense frictionless hard
spheres

To proceed, let us derive the specific form of the interparticle force F; (P )({r }N ) for
dense frictionless hard spheres. For dense spheres where all of them are at or close

<—>
to contact, we can expect that the far-field part of ¢™ ({r;}},) does not contribute
and only the lubrication part, which is well approximated by the sum of the two-body

<>
terms £, (r;), is significant (Kim & Karrila 2005; Seto et al. 2013; Mari et al. 2014).

<«
Thus, we approximate the resistance matrix ¢ as

N NG
Ny ~ Lol + 25 (), 3.1)
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where the first term on the right-hand side with ¢, :=3mnod and I the unit matrix is
the Stokesean one-body drag force. This leads to the approximate equation of motion

GolFi — Yyie) + Y Gy — Vyje) F. (3.2)
J#

Then, accordingly, the interparticle force should be well approximated by a sum of
two-body forces,

'~ FY, (3.3)

J#

where Ffj-’) is the two-body force exerted on particle i from j. The dynamics of the
interacting two spheres is schematically described in figure 2. When the approaching
two spheres come into contact (a), they slide in the tangential direction until they are
aligned in the velocity-gradient direction (b), and then depart (c¢). In general, there
are not only two but multiple of particles in contact, but every pair slides mutually
in the tangential direction until their departure, so it is reasonable to consider the
dynamics as a superposition of the two-body counterpart. Indeed, the simulation
in terms of Stokesean dynamics is performed in terms of the superposition of the
two-body interactions (Seto er al. 2013; Mari er al. 2014). Hence, it is sufficient to
consider the two-body dynamics to determine F' ,(Jp ).

Let us consider two spheres i and j in contact. The equation of motion of the two
spheres is given by

. . ()
Fi—yyiex| | £0 —vyyiee| _ | Fy 34
o |:i'j _ )}yje:| +§l ( U) l: )/y, ] [_F@] ’ ( . )

y

<~
where we have utilized Fj ®) =—F; ) The matrix ;,Eib) is explicitly given by (Jeffrey &
Onishi 1984)

cD ) =% [_137(2;3) _1?(53)] : (3.5)

1 !
H i :=77Pi‘ —1 7P/’ 36
)= g5 v it M et .6)

where ¢y :=3mnnod, or;: _r,, d and P;:=7t;, P;:=1—F;f; are projection operators.

At contact, i.e. §r; =0, {,ﬁfb) exhibits singularities of the form €~ and Ine~", where

€ is a cut off which is physically interpreted as e.g. surface roughness. In this work
we keep € finite and do not consider these singularities. Then, equation (3.4) is given
by

-1 -1

.. 1 . 1 gy g
("i‘)’yiex)'i‘gpij'("zj;—)’yi/ex)'i'*zlné P (Fy — pyier)

o 1 1
(r yyjex) lj (rlj yyljex) 2 —Ine lP ( yyljex)
F? ]
= Y . (3.7)
(2]
T
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By subtracting the two equations, equation (3.7) reduces to
® 1. ) 1 ) . 1 iy e .
Fj; =& E(rzf/' — Yyies) + ngy - (Fj — yyies) + D Ine™" P - (Fy —yyze.) |, (3.8)

where the right-hand side consists of the Stokesean drag force (first term), the normal
lubrication force (second term) and the tangential lubrication force (third term). These
three terms are of the order of 1, €' and Ine !, respectively. The second term is
dominant for € << 1, so (3.8) is reduced to

» . S0 . $0 o . . aaa
Fy ~ Py« (= vyjed) = oy By = Y13k, (3.9
For hard spheres, the relative velocity of i and j is in the direction perpendicular

to 7; in order not to overlap, i.e. 7 -i;; =0 or P;-i; =0 (cf. figure 2a). Then we
obtain

F;p) = —%{e)'/rij)?ijj)ijf',;/, (310)
where we have defined
Co  3mnod
== . 3.11
6 4e de ( )

Note that (3.10) is valid only at contact, i.e. r; =d, and Fg’) =0 for r; > d for hard
spheres. That is, F f}") o 8(r; —d). Thus we modify (3.10) by replacing r; with d*8(r; —
d),

F) = =30,y d*8(ry — d)xyJiky. (3.12)

Note that F fjp ) 8(r;j — d) results in an important feature that the spatial correlations
are expressed solely by (Donev et al. 2005)

go(@)~ (s — )", (3.13)

where there is no dependence on its spatial derivative, g'(r), because our dynamics
inhibits the overlap of the contacting particles.

Furthermore, in order for F f»/f") to be a repulsive force, X;J; <0 is necessary. Hence,
we introduce a projection operator

P(x,y) :=—xyO(=xy) > 0 (3.14)
to assure this property,
F) = 507 d8(ry — PGy, )Py (3.15)

Here, ®(x) is Heaviside’s step function, i.e. @(x) =1 for x > 0 and @(x) =0
otherwise. The projection operator in (3.15) implies that F' g’) is non-zero only when
the separation vector of the contacting two spheres r; :=r; —r; is in the compression
quadrant (cf. figure 1). This results from the approximation where we have neglected
the first and third terms in the right-hand side of (3.8). In fact, these two terms are
in general non-zero, irrespective of the direction of r;. Hence, although the direction
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~>

~

FIGURE 1. (Colour online) Dominant relative position of spheres in contact. The arrows
perpendicular to 7 show the direction of the velocity of the spheres.

(@) (b)

FIGURE 2. (Colour online) Dynamics of two spheres in contact: (a) instant of contact,
(b) relative motion; two spheres in contact move relatively in the tangential direction until
their departure, which occurs when they are aligned in the y-direction, (c) after departure.

of r; can be in any direction in dense suspensions, the dominant contribution of the
interparticle force comes from configurations where r;; is in the compression quadrant.
To summarize, the equation of motion for dense hard-sphere suspensions is reduced
to

Lol — Yyie) + Y Gy — vyie) = FY, (3.16)

JF#L J#

where the two-body interparticle force F fj’-’) is given by (3.15), and the summation is
over the contacting particles. Note that (3.16) is exact, under the assumption that the
interparticle force is expressed as a superposition of two-body forces, equation (3.3),
and hydrodynamic forces other than the lubrication force are neglected, equation (3.1).

In (2.9), not only the interparticle force F” but also the inverse of the resistance

matrix """ should be evaluated. We assume that "~ can be approximated by the

7 i
sum of the two-body mobility matrix M® as

N N
vi=f—yye=) & FxY MPF (3.17)
j=1 j=1

for dense suspensions. Let us consider the two-body dynamics to evaluate the right-
hand side of (3.17),

v; <« Fz(p) DA Fl(p)
[vj] =M(2)(rij) [FJ@} =M(2)("zj) [_I;l(]p)] ) (3.18)
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()]
where (/\_/l) is explicitly given by (Rotne & Prager 1969)

NPT 1 I EZ(r;)
Ory) = - 7 3.19
M (rj) 37[7’]0d |:d (rij) | :| ( )
3d dy’ 3d 1 /4
Erj)=|-——|=—) | P+ |=—+= P.. 3.20
r) [4r,, (2r,-,-> ] ity T2 <2r,-j> ] i .20
Here, P; :=#;#; and P, := 1 — r;#; are projection operators, as defined before. At

contact, equation (3.18) is explicitly written by

3
FO - 3d_<d> FP
41’,‘1' 27’,‘1‘ N 1 Fz(}p)

H - [
V| 3 - _F?
b g [3 d ( d > rnod | —F

] , (3.21)

)

where we have utilized the projection properties, P; - F;” =F;;" and Pj;-F;;” =0 which

follow from F ,(,p ) «F;, and rij ~d. Hence, equation (3.17) is evaluated as

N
1
— E N)—1 F({’) ~ E F(!’)
v, = por é‘ij i~ 87”7()(1 . ij (322)

ij>

where the summation is over the contacting particles.

4. Approximate formulas for the viscosities and p-J rheology

In § 3, we have derived approximate expressions for the interparticle force and the
inverse of the resistance matrix, which appear in the right-hand side of the exact
equation of the stress tensor, equation (2.9). Using these expressions, i.e. (3.15) and
(3.22), an approximate equation for the stress tensor can be derived. The first term on
the right-hand side of (2.9) is evaluated as

1 N
N1 50\ A - »
Z<Z%‘ > - 8Z<zz>
= =1\ j#i por
1 2 N
e <2 14 Xy A A
T2 Y d Ai‘rl"q Ai Tik,a
4 8mnod ;<§]§l i Vi, B Bik >
1 N
- Z§?2d4 Z <Z Z A?’A’l‘j,ﬂAfJf}ik.a> , 4.1)
=1\ jAi ki
where we have introduced
A = =8 — )Pyl O (=) 4.2)

and

& 3¢ 3 &

= = —= = 4.3
¢ 8mngd 32 € 128 €2 (4.3)
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for abbreviation. For the second term on the right-hand side of (2.9) which includes
a derivative of the interparticle force, special attention should be paid. Here, we only
show the results (see appendix A for the detailed derivation):

(p) N
Z <Z§(N) Flri Fjj> ~ i§?2d4Z<ZZAu Py DT p

ij i=1 JF#EI k#i

+ AR AT Gy + 9,-kii,)> : (4.4)

From (2.9), (4.1) and (4.4), we obtain an approximate equation for the stress
evolution:

d 1, Ldb o s s
300+ 57 Busop +0500) X —CVP 2 D 0 D (AT ARy afp) + (@ <> B)
i=1 j#i ki

—7 Z DD (AT AY G+ Do) 4.5)

i=1 j#&i k&

4.1. Grad’s 13-moment-like expansion

To obtain the stress tensor from (4.5), it is still necessary to have the distribution
function f(I', t) at hand to evaluate the statistical averages on the right-hand side.
However, the exact expression of f(I', ) for many-body problems is unknown and
thus we should resort to approximations. Here we adopt Grad’s 13-moment-like
expansion for f(I', t). This method is well established to approximate the distribution
function in the kinetic theory of dilute or moderately dense gases (Grad 1949;
Herdegen & Hess 1982; Jenkins & Richman 1985b,a; Tsao & Koch 1995; Sangani
et al. 1996; Garzé 2002; Santos, Garz6 & Dufty 2004; Kremer 2010; Garzé 2013;
Chamorro, Reyes & Garz6 2015; Hayakawa & Takada 2016, 2017; Hayakawa et al.
2017). It is an expansion in terms of the heat and stress currents in addition to the
five conserved currents for the collisional invariants. For simple shear without spatial
inhomogeneity, the current for the heat and the conserved quantities are negligible,
and hence the velocity distribution function is dominated by the stress current,

PO~ |14 5 M W) (46)
where summation over repeated indices o, B is taken, e.g. Onpy = (o) =
0w + 0y, + 0. Here, J(K)(v) = —mu,vg/V is the microscopic kinetic stress, where
m and v are the mass and velocity of the particle, IT,g PR 5 [PY + 8,5 is the
normalized deviatoric stress, where O'(K). i dvf(v)o(K) (v) and P(K) =—-0%/3 are
the macroscopic kinetic stress and the pressure, Tx := —o®/(3n) is the kinetic

temperature, where n is the average number density, and f,,(v) is the equilibrium
distribution function. Note that the kinetic pressure satisfies the relation P& = nTy.
This distribution function gives reasonably precise description of non-equilibrium
gases, e.g. continuous as well as discontinuous shear thickening (Chamorro et al.
2015; Hayakawa & Takada 2016, 2017; Hayakawa et al. 2017). It is also notable
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that (4.6) satisfies the Green—Kubo formula within the Bhatnagar—Gross—Krook (BGK)
approximation (Hayakawa & Takada 2016), while it further incorporates the normal
stress differences, which is not the case for the Green—Kubo formula.

The distribution function (4.6) cannot be directly applied to dense non-Brownian
suspensions, where the Cauchy stress dominates the kinetic stress. A possible
extension of this expansion for non-Brownian suspensions would be

Vv ~
@, 1) % fog(L,)feg () I+ 57 s (D00p(T0) | (4.7)

where I' := {I,, I} with I, := {r;}¥, and T, := {v;}' |, and the kinetic stress is
replaced by the Cauchy stress. Here,
My =22 4 5, (4.8)
P

is the normalized deviatoric stress and the appropriate definition of the temperature T
for non-Brownian suspensions will be discussed in §4.4. Here it is postulated that
the distribution function is factorized into peculiar velocity-dependent and position-
dependent parts, where the peculiar velocity-dependent part can be approximated by
Gaussian, f.,(I,), and the position-dependent part is approximated by an expansion
around equilibrium, f,,(I’), with the stress current. This expansion around equilibrium
is non-trivial for non-Brownian suspensions, where the equilibrium state is absent.
Nonetheless, we will show in § 6 that the velocity distribution is nearly Gaussian and
thus the factorization of (4.7) seems to be valid, and the expansion of the position
distribution with the stress current is applicable for the evaluation of the stress.

From (4.7), the macroscopic average of an arbitrary observable A(I,) which depends
on I, is given by

Vv
(AT0)) 2 A )eq + 7 ap (1) (A(L)00p(I)) eq, (4.9)

where the first term on the right-hand side is the canonical term with

oY= / dLf., (L) - - (4.10)

and the second term is its non-canonical correction. Note that (4.9) is formally
equivalent to the multiple relaxation-time approximation of the Green—Kubo formula
(Suzuki & Hayakawa 2015), where the dimensionless tensor [T,z plays the role of
the multiple relaxation times.

4.2. Approximate expressions

Let us evaluate the two averages on the right-hand side of (4.5) via the approximate
formula (4.9). Detailed evaluation of the averages is shown in §B.1. These two
averages are written as sums of terms of the form

N
SN XY@, @.11)

=1 jAi ki
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where X(r;) or Y(ry) abbreviates term which depends on r; or ry, respectively. For
instance, for the first term on the right-hand side (4.5), X(r;) and Y(ry) are given

by X(ry) =7 dy, Y(ra) =Tupdy, or X(ry) =F;pA5, Y(ry) =FyoAy. Terms of the

form (4.11) are evaluated by (4.9) as

N
YD XY @)

i=1 j#i ki
Al 14
=> > > {<X<rU>Y<rik>>eq t+ 57T <X<r,-,~>Y<r,»k>6m>eq} L (412
i=1 j#i ki

Note that 6,, depends on the relative coordinate, e.g. r,, but either / or m must be
identical to e.g. i; otherwise the correlation decouples and vanishes. Hence, the non-
equilibrium term is given by

N
DY YD XEDY )G 00 i) e (4.13)

i=1 j#i ki £

which can be decomposed into four-, three- and two-body correlations as

N
SN NN XD O t))eg =Y XEDY F0) 00 (i) eq

=1 jEi k#i i i.j.k,l
+ ) XEDY )G Fi))eg + > (XT)Y )50 () g (4.14)
ij,k i,j

Here, the four-, three- and two-body terms are given by

S KDY C0G g =N [ Er [ &5 [ g X @ 50

ij,k,l
(4.15)
> XY ()50 () eg = N / dr / &rgd )XY )5,0 (), (4.16)
ij,k
> X DY )30 () = Nt / Erg(NX@)Y ()5, @), 4.17)

L)

respectively, where g@(r, 7, r’) and g® (r, r') are the quadruplet-correlation function
(Hansen & McDonald 2006)

/ /! 1 “ / /!
gU T i) = s Y B =8 =S —ri)eg (4.18)
ikl
and the triplet-correlation function (Hansen & McDonald 2006)

1 ”
gV, r) = N Z (8r —r)d —ri))eqs (4.19)

ij,k
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and the summations E;/Jk and Z;/;kl are performed over different particles. For
instance, )/ is performed for i, j, k with i #j, j # k and k # i. In the spatial
integrations over g(r), g®(r, r), or g¥(r, ¥, r’), it is crucial that these correlation
functions are accompanied by the delta functions §(r — d), §(r — d)6(r' — d),
or §(r — d)§(r' — d)6(r" — d), respectively. This feature can be explicitly traced
back in (4.5), and is a consequence of the hard-core collision of the particles,
equation (3.15). This implies that only the contact values of the correlation functions
contribute. By virtue of this feature, we can conveniently approximate g®(r, ') and
g(4) (r’ r/, r//)'

Let us consider g® (r, r') for illustration. First of all, we adopt the factorization
approximation (Kirkwood 1935), g®(r, r) ~ g(r)g(¥)g(Ir — r|). Although this
approximation is not accurate in general, it has been argued that it is valid at
contacts, where r, ¥, [r — r'| & d (Alder 1964; Grouba, Zorin & Sevastianov 2004).
Furthermore, we have shown in Suzuki & Hayakawa (2015) that only the radial
contacts contribute to the divergence in the vicinity of the jamming point, i.e.

gV, ¥y~ g(ng(r) (4.20)
for r, ¥ ~d. Similarly, g¥ (r, 7, r") can be approximated as
gV, r )y~ grngrg(g(r—rDg(r —r'Dg(r’ —r)) ~g(r)g(rgr")  (4.21)

for r, ¥, ¥’ = d, as far as divergence is concerned. We will examine the validity of
the factorization approximation for the evaluation of the stress in § 6.

These approximations, together with g(r)é(r — d) = go(¢)8(r — d), enable us to
express the two averages on the right-hand side of (4.5) in terms of polynomials
of the radial distribution function at contact, go(¢). From tedious but straightforward
calculation as shown in §§B.1 and B.2, we reach the approximate equation of the
stress

d 1, 0y’ o . o . .
300+ 57 Gusp +8500) ¥ 2 = D =0 209)° S5 — 90 (0) S
=1

dr
t:nc3 t:nc2 t:ncl
+ AI19"80(9) S + ¢ 80(9)*Sugp” + 970 () Sy ). (4.22)
where the two terms with coefficients Séffz) and Séffl) are the canonical contributions,
(L:nc3) (L:nc2) (L:ncl)

and the three terms with coefficients S,5,7", Sy4,1 and Sy, are the non-equilibrium

corrections. The coefficients 8&%“1), éf,fcz) and S(ftf,f/')’f) , Ség;’jz), S;g;’jl) are numbers

which arise from angular integrals. Here, we have introduced a dimensionless scalar

_yd’

A= , 4.23
4T ( )

and ¢* =6¢ /7 =nd> denotes the dimensionless number density.

4.3. Implications of the symmetry
A specific feature of non-Brownian suspensions under simple shear is the symmetry
under the parity ‘x — —X and y — —3)’, which follows from P(k, y) introduced
in (3.14). This implies that only the parity-even terms in (4.22) survive. Furthermore,
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even though parity even, terms odd with respect to Z vanish. These features can be
summarized as follows,

/dS O(=i9)X'ZF #0 if and only if i +j=even and k =even, (4.24)

where [dS--- expresses an angular integral with respect to 7. As a consequence of
this property we have

/ﬁseo@@fﬂ?:o if i4j+ k=odd. (4.25)

The terms proportional to go(¢)® in (4.22), which are cubic with respect to 7, vanish
because of (4.25),

S = SiEmY = 0. (4.26)

The same observation holds for the canonical terms proportional to go(¢)?, which are
also cubic in F,

SG?P =85 = 4.27)

From (4.26) and (4.27), (4.22) reduces to

d ¢y? e
P af + y((saxo—vﬁ +8ﬁx0)a) 4d Z{ (p g (‘p) (Z K

dr
+ AT [0 80(9) Syins” + ¢ 80(@)Siins 1}, 4.28)
or, explicitly in components,
1
Oy 70w I
d [ =3P - Cy . x
— + | % | 22T 02g0(0) § —B+ A0 g0(@)A®? + AV) | T | ¢,
dt | on Oy 4d I
ny O yy

(4.29)

where the matrices A" (m=1,2) and the vector B are given by (C 64)—(C 66). Note
that I1,5 is given by (4.8) and hence (4.29) is a closed set of equations for P, oy,
oy and oy,.

Note that (4.28) includes terms proportional to go(¢)? or go(p). Hence, we
decompose the stress tensor as o, = 005,23) + o*o(,;,), where a('") is O(go(@)™) (m =

1, 2), because (3.13) suggests that it is separable near the Jammmg point. Then,
(03] @)

equation (4.28) is cast into two equations, each for 0,5 and 0,4, respectively,
1. . ne
30 T 57 Guoh) +8p0)) = Aco 390(9)* 117 Z Sipid. (430)
§ = V(S «Opy + 8500 = <p *20(®) Z{ SEV + AITNSYY. (4.31)

dr
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Here, we have introduced
(m)

ae =27 45, (m=12) (4.32)
aff T P(m) af m=1, ’ .

where P™ is the component of the pressure of O(go(¢)™) (m=1,2). The valid range
of (4.30) and (4.31) from (4.28) is discussed in § D.2.

Another implication of the symmetry is that the uniform profile of the velocity
distribution is maintained. This issue is discussed in appendix G.

4.4, Interpretation of the temperature

In contrast to the case of the kinetic theory of dilute and moderately dense gases,
or even dense inertial suspensions near the jamming point, the determination method
of the temperature 7 is not clear for non-Brownian suspensions. As discussed in
§4.1, in the kinetic theory, the temperature is determined by the equation of state
P® = nTy, where P® and Ty are the kinetic pressure and the kinetic temperature,
respectively. We attempt to introduce the temperature by the Cauchy stress, which
dominates the kinetic stress in dense non-Brownian suspensions. Because T appears
in the position-dependent part in (4.7), T should be defined by the position-dependent
Cauchy stress. Note that 7' determines the magnitude of the non-equilibrium correction
of the distribution function, equation (4.7). Accordingly, A introduced in (4.23)
determines the non-equilibrium correction of the stress, equations (4.28) or (4.29). In
this paper, let us introduce 7 by the equation of state

P =nT[1+2¢g0(9)], (4.33)

where P“? is the equilibrium part of the pressure determined from (4.28), (4.29) or
(4.31) with A =0. In other words, P“? can be estimated only by f,,(I}) in (4.7). The
solution of (4.31) is given in (D2), (D3) in § D.1, from which we obtain P“? as (PV
with A =0)

P“? =0.0060 x gl/<p*2g0(<p) =0.022 x C—V(ngo(go), (4.34)

4d 4d
where ¢* = 6¢/m. Thus, from (4.33) and (4.34), we obtain

. 2 12
T—0022x 3V 2860 6000 274

LR A =0.0014¢yd?, 4.35
4nd 1+ 2020(¢) 8nd® ¥ ¢y (4.35)

where we have approximated 1 + 2¢go(¢) = 2¢go(¢) in the second equality. This
determines A as
_yd’

A= ~ 174, (4.36)
4T

which is independent of dimensional physical variables such as y, d or 5y, and is
merely a number. This value is larger than the value A =0.04 determined by fitting
the absolute values of the shear and pressure viscosities to the result of molecular
dynamics (MD) simulation (cf. §§4.5 and 5). This might be due to the fact that
¢ in (4.36) is not equivalent to ¢, which sets the magnitude of the viscosities in
MD simulation. In fact, ¢ is given by (4.3) as ¢ = 3¢/(128€?), where € < 1 is
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the magnitude of the separation of contacting particles. The ratio ¢ /¢, = 174/0.04
corresponds to € ~ (0.002, but since we cannot determine the magnitude of € in our
framework, we will leave A as a fitting parameter.

The important implication of (4.35) is

T x ¢yd* o« 3nd’nyy, (4.37)

which is consistent with the ‘effective temperature’ of suspensions (Ono et al. 2002;
Eisenmann et al. 2010) defined via the Stokes-Einstein relation, D = T,4/(37 dnp),
where D is the diffusion coefficient. It has been shown by experiment (Leighton &
Acrivos 1987a,b; Breedveld et al. 1998, 2002; Eisenmann et al. 2010) and simulation
(Foss & Brady 1999; Heussinger et al. 2010; Olsson 2010) that D ~ d?y holds below
the jamming point and D exhibits only a weak dependence on the density, which
suggests T,y = 3ndnoD ~ 3nd’noy.

4.5. Viscosities and u—J rheology in the steady state

Let us analyse the rheology in the steady state, i.e. consider (4.28) with do,z/df =0.

Then, equations (4.30) and (4.31) can be solved analytically. The analytic solutions

for oy and o,y are given by (D 1)~(D4) in §D.1, together with (3.13):

¢y &y

o) ~ %go(ﬁﬁ)z ~ %&p 2, (4.38)
¢y oy

ol ~ %go((ﬂ) ~ %&0 3 (4.39)

In particular, the normalized shear viscosity 1} :=n,/no and pressure viscosity 7 :=
Ma/Mo are given by

n' ~0.0073¢"8¢ % + 0.0800 8¢, (4.40)
Nt~ 0.045¢0" 8¢ 2 +0.00050" 8¢ ' ~ 0.045¢" 8¢ 2, (4.41)

where A = 0.04 is adopted, which is determined by fitting the absolute values
of n¥ and 5’ to the results of the MD simulation shown in the next section.
The empirical formula go(¢) = ges(@p) (@) — @) /(@ — @) with ¢, = 0.49 and
ges(@) = (1 — ¢/2)/(1 — ¢)* valid for ¢r < ¢ < @; (Torquato 1995) is adopted,
from which we obtain go(¢) ~ 0.8488¢~" for ¢, = 0.639. Although it is widely
recognized that ¢; =~ 0.64 for monodisperse frictionless hard spheres without any
solvent, it has been reported that the value of ¢, is not uniquely identified and
depends on the protocols used to generate the jammed configurations (Ciamarra,
Coniglio & de Candia 2010). In this work, we adopt ¢, = 0.639, which is obtained
by the conjugate-gradient protocol (O’Hern et al. 2003). The numerical coefficients
in (4.40) and (4.41) are determined analytically in rational forms, but we only show
their approximate values in decimals for brevity.
It is evident from (4.40) and (4.41) that n} and 5} exhibit

ny ~n,~ 8(,0_2 (4.42)

near the jamming point. On the other hand, O(8¢™") term in n* is small for finite
8¢, while the corresponding term in 7} is significant. Noting J =1/n}, J and 8¢ are
uniquely invertible via (4.41) as

T2 7 4.749" s, (4.43)
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FIGURE 3. (Colour online) Comparison of theory with MD simulation. (a) The normalized
shear viscosity 17 =n,/no and the pressure viscosity n; =n,/no, and (b) the stress ratio
n=0y/P. The results of the theory and MD for the shear (pressure) viscosity are shown
in dashed (solid) lines and open circles (squares) in (a), and those for the stress ratio are
shown in solid line and open diamonds in (b), respectively. The theoretical result adopts
the fitting parameter A = 0.04. The result of MD is for ¢ = 0.632, 0.631, 0.63, 0.626,
0.62, 0.61, 0.6, 0.58, 0.54 and 0.5.

or, equivalently,

=g, —0.211¢*2J"2, (4.44)
From (4.40) and (4.41), we obtain the stress ratio u as
wa0.163 + 1.78¢* '8¢ = 0.163 4+ 0.377¢*1/2J'/2. (4.45)

Note that @ in the jamming limit, w(J — 0) =0.163, is independent of A.

5. Comparison with simulation and previous results

We compare our theory with the MD simulation and previous results. We adopt the
algorithm for Brownian hard spheres (Scala, Voigtmann & Michele 2007) applied at
zero thermal fluctuations for the MD simulation. By this choice the only source of the
velocity fluctuation is the interparticle contacts. The resistance matrix is simplified to

<>
¢™ = ¢ol, where &) :=3ndn,. The details of the simulation scheme is presented in
appendix F.

We show the results for the normalized shear viscosity 5}, equation (4.40), pressure
viscosity n%, equation (4.41) and the stress ratio p, equation (4.45), in figure 3. As
is already mentioned, we adopt A =0.04 as a fitting parameter for 5} and n;. In the
dense region, the theory predicts n* ~ n* ~ 8§¢~2 in accordance with the MD result,
and the stress ratio approaches w(J — 0) = 0.163, which is also in good agreement
with MD. Because there exists slight difference between n? and n; for finite d¢, we
find that u depends on J or §¢ (u—J rheology). A reasonable agreement between
our theory and MD is found, although the applicability for large J in our theory is
questionable (see § D.2).

We compare our theory with previous results. It is notable that (4.43) and (4.45)
are consistent with the experimental results 8¢ o J/? and w(J — 0) ~ 0.32 (Boyer
et al. 2011). Discrepancy in the value of w(J — 0) might be caused by the
friction or the hydrodynamic interaction between the particles. A comparison of
the pressure viscosity with experimental results (Deboeuf et al. 2009; Dagois-Bohy
et al. 2015) shows an agreement within a factor of 2 (see figure 4), and a comparison
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FIGURE 4. (Colour online) Comparison with experiments (Deboeuf et al. 2009; Dagois-
Bohy et al. 2015). The results of the normalized pressure viscosity n are shown for
our theory (solid line) and the experiments in Deboeuf et al. (2009) (open triangles) and
Dagois-Bohy et al. (2015) (open diamonds). The theoretical result is for A =0.04.

with empirical relations (Morris & Boulay 1999) also shows good agreement (see
appendix E).

Next we discuss the results for the normal stress differences. The two normal stress
differences, N, = o, — oy, and N, =o,, — 0, are evaluated at 0(go(p)?) as

Ni~—1.11429, (5.1)
N, ~0.576AX?, (5.2)

where Y@ := (¢y/4d)p*go()*. From these we see that Ny < 0, N, > 0 and
Ni/N, = —1.9, N,/P ~ 0.9, which are independent of A. This is consistent with
the experimental observation that N; <0, N, > 0 and N;/N, = —2 (Laun 1994). It
should be noted, however, that the magnitudes and even the signs of the normal
stress differences are controversial. For instance, Lootens et al. (2005) report that
the sign of N; depends on the volume fraction, and Mari et al. (2014) exhibit
N, < 0 and |N,| > |N,|, while Cwalina & Wagner (2014) assert Ny, N, < 0 and
|Ni| = |N;|. The pressure and the normal stress differences can be expressed in the
form P = ynon,(1 + A2 + 43)/3, Ny = —ynon.(1 — ), and Ny = —ynon,(d2 — A3),
where A, :=o0,,/0y and A3 :=0,/0,, (Morris & Boulay 1999). From (D 1), we obtain
A, =~ 0.08, A3 &~ 0.56, which are also independent of A. The value of A; is close
to the value 1/2 determined in Morris & Boulay (1999). The value of A, is left
controversial as in Morris & Boulay (1999), but the assumed values such as 0.6, 0.8,
or 1.0 are significantly larger than 0.08 in Morris & Boulay (1999).

Finally we clarify the difference between Brownian and non-Brownian suspensions.
It is crucial in Brownian suspensions that the effective (long-time) self-diffusion
constant Dy, (¢) vanishes at the jamming point, D, (¢) ~ d¢ = ¢; — ¢, since the shear
stress scales as oy, ~ go(¢)/Ds(¢) (Brady 1993). In contrast, the above argument is
not valid for non-Brownian suspensions. In fact, it is reported that D, (¢) increases
as the density is increased and saturates at the jamming point (Leighton & Acrivos
1987a,b; Breedveld et al. 1998, 2002; Heussinger et al. 2010; Olsson 2010). This
feature can be understood from the fact that, in non-Brownian suspensions, the source
of the non-affine displacement is the contact interaction between the particles, rather
than the fluctuating force from the solvent. It is obvious that the contact interaction
is more significant in dense suspensions, which results in larger D, (¢). This feature
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(a). (b). (C). (d) .

FIGURE 5. (Colour online) Trajectory of randomly sampled particles for
¢ =0.30, 0.60, 0.635, from (a) to (d). The trajectory is ballistic for ¢ =0.30, while it is
diffusive for ¢ =0.635.

can be seen in the trajectory of randomly sampled particles shown in figure 5. This
clearly suggests that o,, ~ 8¢~ is not the consequence of the diffusion constant in
non-Brownian suspensions. Although the density dependence is similar, the underlying
physics of the rheology is distinct for Brownian and non-Brownian suspensions.

6. Validation of the postulates

In this section we articulate the crucial postulates of our theory and report the
results of the simulations performed for their verification. The postulates are

(i) the factorization of the distribution function into the peculiar velocity-dependent
and position-dependent parts;
(i) Grad’s 13-moment-like expansion of the position-dependent distribution function,
equation (4.7), which is an expansion around thermal equilibrium;
(iii) the factorization approximation of the multi-body correlations used in (4.20) and
(4.21).

6.1. Peculiar velocity distribution function

The distribution of the peculiar velocity v; =F; — yy;e, is measured by MD simulation.
As shown in figure 6, the peculiar velocity distribution function is nearly Gaussian in
spite of the absence of any inertial effect in the dynamics. This result implies that
the factorization of the distribution function assumed in (4.7) is valid. The result of
our simulation supports another theoretical assumption that the base state is nearly
equilibrium.

6.2. Grad’s 13-moment-like expansion and factorization of multi-body correlations

We validate the expansion of the distribution of the position with the stress current,
equation (4.7). For this purpose, we consider the radial distribution function at the
steady state, gy (r), which is anisotropic under shear. It is given by

1 1

g ()= <Z Do —rij)> = /de(F) DD dr=r). (6D
i J# i J#

From (4.7), after trivially integrating out f,,(I%,), we obtain

1 Vv -
gy(’)zg(’”)‘l-mﬁnaﬁ <ZZ‘S(’_"U)%;3> ) (6.2)
eq

i j#E
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FIGURE 6. (Colour online) Distribution of the peculiar velocity measured by MD
simulation (circles). The conditions are ¢ =0.63, N = 1000, y* =1 x 107°. The number
of data averaged for each point is 10°. The figure shows the x- and y-components. Also
shown is the Gaussian distribution fitted to the measured data (solid line).

where g(r) is the radial distribution function at equilibrium. By substituting the
expression for the stress o,4, equation (2.8) and that for the interparticle force F,(»f)
therein, equation (3.8), we obtain

P d
gy () =g(r) — — § y <Z DN 8 —rprupd(ra — P G y,k>nka>

i JE k#E

1 Q'd‘ N a
:g(’”)—m é/T Haﬁ <Z;;5(r—rzj;)3(rik—d)P(xik,yz‘k)Vik,a”ik,ﬁ> .
eq

(6.3)

eq

In the second equality, we have utilized ry g8(ry — d) = dFy pé(rix — d). Equation (6.3)
is expressed in terms of the triplet-correlation function g® (r, '), equation (4.19), as

é‘e’J}d’j 3 3) AR AN A/
gy'(r)zg(r)—ngTHaﬂ/d r, r)s(' —d)PE, 37, (6.4)

We apply the factorization approximation to g® (r, r'),
g2 )~ g(Ng(I1 + h(lr —r]], (6.5)
which leads to

§e

g?(") ~ g(r) {1 —n— Haﬁ /d3r/g(r)[1 +h(|r—r|)]8(r _d)P(A/ YA A/}

é“

= g {1 —n g(d) Uaﬁ/ds’[l + h(Ir —rPDIPE, )7, 7 } (6.6)

Here, h(r) = g(r) — 1 is the pair-correlation function, and f dS’ - denotes angular
integral with respect to 7.
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FIGURE 7. (Colour online) Definition of the angle of the separation vector. 6 = 135° and
45° are the compressional and extensional directions of the shear, respectively: 6 =0° is
the ‘flow direction’, which is the direction of the flow of the solvent.

Let us consider the angular dependence of the contact value of the radial distribution
function in the (x, y)-plane. From (6.6), this is given by

e 'dS ’ ALOAINAL AT
gy (d, 0) ~ g(d) {1 — ngé/T g(d) My /dS’[l +h(lr—rDIPE,y )rarﬁ} , 6.7)

where 6 is the angle of 7 with respect to the x-axis, and 6 = 135° and 45° are the
directions of compression and extension, respectively (cf. figure 7). We adopt the
approximate formula for the delta-function contribution of h(r) (Donev et al. 2005),

6A B

1
~— +
498 | (r/d—1 Yo rd =1 ?
s +C s +C

where 8§ &~ (¢; — ¢)/(Bp;) and A=3.43, B=1.45, C =2.25. For the evaluation of the
right-hand side of (6.7), we perform numerical integration.

The comparison of the both sides of (6.7) is shown in figure 8. The left-hand side
is the radial distribution function at the steady state and measured by MD simulation
(circles). The conditions for the simulation are described in the caption. The angular
integration on the right-hand side has been evaluated as a double integral with respect
to the two angles (¢, ¢,), where cos ¢, =77 and ¢, is the azimuthal angle of #
around 7. These angles are bounded in the range 7/3 < ¢; < and 0 < ¢, < 27,
respectively. The region 0 < ¢, < m/3 is excluded to avoid overlap. The contact value
of the equilibrium radial distribution function, g(d), is given by go(¢) ~0.848/(p; — ¢)
for ¢; =0.639, which is approximately 100 for ¢ =0.63. The result for the right-hand
side shown in solid line in figure 8 is reduced to 1/3 to fit the amplitude. We see that
the peak in the compression direction (8 = 135°) is captured by the theory, although
the peak in the direction 6 = 0° is not. The reason why the theory still reasonably
predicts the stress is that the particles in contact with 6§ = 0° does not contribute to
the stress, because they are driven with the same velocity by the uniform shear.

For further validation, we have measured the right-hand side of (4.7) directly by
MD simulation. We measure the distribution of the microscopic stress 6,5 with respect
to the angle of the separation vector r;, which resides in the (x, y)-plane. To extract

. (6.8)

h(r)
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FIGURE 8. (Colour online) Angular distribution of the contact value of the radial
distribution function at the steady state measured by MD simulation (circle). The
conditions are ¢ =0.63, N=1000, y* =1 x 107>, The number of data averaged for each
point is 10*. Also shown are the theoretical result of Grad’s expansion (solid line) and
the direct measurement of Grad’s expansion (squares).

the contribution from the contacting pairs, we have assigned 1 to f,,(r;) when the
two particles are in contact, and 0 otherwise. The factor of (1/180)2/Nn x ArA6A¢p
is multiplied to obtain values which correspond to the radial distribution function.
Here ¢ is the angle of r; around the x-axis and Ar, A6, A¢ are the size of the
bins in each direction. The result is shown in squares in figure 8. We see that the
directly measured distribution has the same tendency with the theoretically evaluated
distribution, i.e. both exhibit a peak in the compression direction, § = 135°, but the
peak in 6 =0° is not visible.

It should be noticed that the directly measured distribution does not reflect the
factorization approximation, equation (6.5). Hence, this result implies the validity
of (6.5). As a check for the four-body correlation, we have measured the four-point
susceptibility, x4, by MD simulation (cf. appendix I). The result is shown in figure 9.
We see that no divergence is found in x4 near the jamming point. This implies that
the divergence of the stress is determined by the divergence of the radial distribution
function at contact, go. Thus, our theoretical treatment based on the factorization
approximation is sufficient to discuss the singularities of the stress at the jamming
point.

7. Discussion
First we discuss the hydrodynamic effects. We have formulated the theory by the

<>
resistance matrix ¢ to include the hydrodynamic effects. In our formulation, which

<>
focuses on the proximity effects of the particles, the far-field part of ¢ drops out,
and the lubrication part ., is taken into account. Although we have compared the
<~

theory and the MD simulation for the simplified case where C,f,,) is proportional to
the unit tensor, it is possible to do so for a more generic case. This is left for future
work.

Next we discuss the effect of the contact force of the particles. In this work we have
considered frictionless spheres, but it is reported that the exponent of the divergence
A depends on the friction between the particles; 4 =1.6 for frictionless spheres, while
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FIGURE 9. (Colour online) Four-point susceptibility measured by MD simulation. The
conditions are ¢ =0.60 — 0.635, N = 1000, y* =1 x 1075, The number of data averaged
for each point is 1000. The results are for ¢ =0.60 (thin solid line), 0.62 (dashed line),
0.63 (thick solid line) and 0.635 (dot-dashed line).

A=2.4 in the strong friction limit (Mari et al. 2014). Note that the jamming density
@; used in Mari et al. (2014) is 0.66, which reduces the exponent. Extension of this
work to frictional particles is necessary to address this issue (Saitoh & Hayakawa
2019).

In the course of the derivation, we have assumed a separation between O(gy(¢))?
and O(go(¢)) terms as in (4.30) and (4.31). This assumption is valid when the
magnitudes of O(go(¢))?> and O(go(¢)) terms are well separated, which holds for
larger A or ¢ closer to ¢; (§¢ closer to zero). For the case A =0.04, this separation
is reasonable only for d¢ < 0.001, so the applicability below the jamming point must
be perceived restricted than presented, as shown in § D.2.

Finally, we compare our theory with DeGiuli ef al. (2015), which derives
constitutive laws §o(J) ~J% i.e. n,~38¢ "% and u(J) — uo~J* with b, =b, ~0.35,
under the assumption that 7, and 5, diverges identically. The equality b, =b, suggests
8¢ ~ éu, which is consistent with our theory, equation (4.45), but the exponent of
the divergence 1/b, ~2.83 differs from our prediction of 2. Their exponent relies on
g'(r) for r>d, so it might be applicable to soft-core systems (Kawasaki et al. 2015).
However, this is incompatible with hard spheres, because of (3.15). Note that their
model does not consider the hydrodynamic interactions.

8. Concluding remarks

In this paper, we have derived approximate analytic formulas for the shear viscosity
ns, pressure viscosity 1, and the stress ratio u for dense non-Brownian suspensions,
valid at ¢ < ¢;. These formulas are derived from the microscopic overdamped
equation of motion for suspended frictionless hard spheres, taking into account the
proximity lubrication effect of the hydrodynamic interactions, and the approximate
distribution function which is an extension of Grad’s 13-moment-like expansion. We
have performed MD simulations and confirmed that our theory successfully derives
the relations n,/19 ~ 1,/no ~ 8¢~ and w — o~ 8¢, where §¢ =@; — ¢ and = 0.16.
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Appendix A. Force correlations

We derive explicit expressions for the second term on the right-hand side of (2.9),
which includes a derivative of the interparticle forces. Note that collisions take place
only when the interparticle distance is equal to the diameter in assemblies of hard
spheres. Hence, the derivative acts only on the angular coordinates, e.g.

aF?
ar]/l = 2{ d ZS(V,/( d) [P(x/k7 y;k)r/ka]
" k£
1 ~ ~ ~
- Eéyd Zé(rlk - [ X Yiklk.a)- (A1)
k£j

Here, the derivative of ®(—xy) = @ (X)O(—y) + O(—Xx)O(y) vanishes since it yields
X8(x) or 8(y). This is explicitly confirmed by
ann O Ay Amn N - o n A n Ao
XyTy 87@ (=xy) =xyry[01:8(X) O (=y) — 82, (X)3(Y) — S8 (X)O (Y) + 32O (X)3(V)],
A
(A2)

where each term includes x8(x) or y§(¥). From (A 1), the third term on the right-hand
side of (2.9) is evaluated as

aF(P)
F(ﬁ) a3
> (#ini'y

iJ

1
=5¢ Z < rpyd Z $(rx —d)O (— x}ky/k) [ x/kyjkr]ka]>
i.j

k#j

1 ) ~ A . A
= _§§ Z <F;,I,71)rj,ﬁ yd Z A O (83 — 8it) SaxYixT k. + SayXixT ik + 5,1axjk)’jk)>
ij k#j

1
= _7Cyd2 Z Z rlj ﬂAl]@lj((s/lxyl]rlj o + dexljrz/ a + S/Iaxl]ylj)>

2 -
i j#Ei
l . ) o ax X
=507 Y Y (Rl p0uA] +8,45 +8.047)), (A3)
i j#i

where 7, 4 is cast into a relative coordinate r; 4 in the third equality, and A; :=8(r; —
d), ©; = O(—=x;;), A;ﬁ = ATy ol p Oy (cf. (4.2)). Note that relative coordinates,
e.g. rjp, are expressed in terms of normalized relative coordinates 7; g as r,j =drj g,
due to the delta function 6(r; — d). If we further substitute Ffﬁ) = Zj i F,j” 7> where
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FP)

i

is given by (3.15), we obtain

F,")
FP,. o
Z< LA l1B ari

ij

1 . ~ A A A A o ox 4
= 152)/2514 Z Z Z(Aikrik,/lxikyik@ikrij,ﬁ Ay + Sy Ay + 810 A7)
i A ke
1 y VA, o o ox y
= OV Y Y D (AR by p (ud] + B A + 810 A7)
i A ki
1 . ) A A o A ax A X
= 152)/2514 Z Z Z<A;?< Pip QA+ IaAY + P a A7) (A4)
i A ki

This can further be cast in the form

IF")
Ffl’) . o
%: < i1 rjﬂ ari,/l
1 °, X Xy A Xy A A A A
= Z§2V2d4 Z Z Z(Azijii:rij,ﬂrik,a + A AR Gy + Dika)) (A5)
i Ak

ap - ox __ % ap
and r,:,'”gAij —.X,:/‘Aij .

by the identities 7; 545 = ;47

Appendix B. Approximation of the force correlations

First we derive approximate expressions for the force correlations which appear on
the right-hand side of (4.5), by means of the approximate formula (4.9). Then we
apply the factorization approximation to the multi-body correlations to obtain the final
approximate expressions.

B.1. Application of Grad’s 13-moment-like expansion

B.1.1. Canonical terms

Let us consider the first term on the right-hand side of (4.5) for illustration. The
second term can be evaluated in parallel. The corresponding canonical term, i.e. the
first term on the right-hand side of (4.9), includes three indices i, j, k for the particles.
This can be decomposed into three- and two-body correlations as follows,

N
DN (AT AR Gratis + Fiptica) deg

=1 j#i ki

" X Xy /A A ~ A 2 ! T oA A AD A
= Z <A,fA,-,‘2 (FyjaTiep + Tij plice))eg + 4 Z (Aij”ij,arij,ﬁx,-zjyizj@g)eq, B1
ijk ij
where A; == 8(r; — d), O, = O(—&,9;) and A;ﬂ is given by (4.2). Here, the
summation Z;'] . 18 performed over (i, j, k) where all the indices are different, i.e. i #},
j#k and k # i, and the summation ij is done for i #j. The two-body correlation
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term (second term) is obtained by setting j = k in the three-body correlation term
(first term). Equation (B 1) can be further expressed as

ZZZ AL AL Byt + FipFie))eq

i=1 j#i k#i
= Nn(p)* / d&’r / &g, r)8(r — d)3(r' — d) (7o + 7473903 O
+ 2N”(f) / Erg(N8(r — d)iais35° 65, (B2)

where ©; = @(—xy) and g®(r, r) and g(r) are the triplet- and pair-correlation
functions, respectively (cf. (4.19)). Similarly, the canonical term for the second term
on the right-hand side of (4.5) is given by

N
Z Z Z< “ﬂAXV(nylk + yljxlk)>

i=1 j#Ei ki

= Nn(p)’ / &’r / &r' gV, F)s(r— d)s(r — d) (Y + X )PP OiX'Y O
+ 2N@ / &rg(nNS(r — d)i, 7535 0. (B3)

B.1.2. Non-canonical terms

Similarly to the canonical terms, let us consider the first term on the right-hand side
of (4.5) for illustration. The second term can be evaluated in parallel. We consider the
corresponding non-canonical term, i.e. the second term on the right-hand side of (4.9).
This term includes five indices i, j, k, [, m for the particles as follows,

1% l A
ST DD D AT AR yabi pGpaeq + (o © B)

i=1 j#i k;&i
’IZZZ AX}AfIzy?ua’A’!kﬂZrlﬂFlp eq+(0l<—>,3)
i=1 j#Ei k#i
- §Yd H’”ZZZZ AX}A ﬁ;’ua’”zkﬁrzmmp)eq+(a<—>ﬁ), (B4)

i=1 j#Ei k# Im

where we have substituted F; (” =3 ” l(,ﬁ)p with Fl(,ﬁ)p given by (3.15) in the second

equality and Aij =8(ry — d)rl,,ark,,ﬂ@( X;yy) (cf. (4.2)). If the particles [, m differ
from any of the particle i, j or k, the correlation decouples and vanishes due to
(0p1)eq = 0. Hence, particle [ or m must be equal to at least one of the particles i, j
or k. Let us choose [/ to be equal to i, and redefine m as |,

N
\%4 X AA A~
prl Z Z Z(Aiijil.:rij.otrik,ﬁo’p/Oeq + (Ol <> ,3)

i=1 i k;éi

= {yd HMZZZZ A A Ay Tyl pliafipleg + (@ < B).  (BS)

i=1 j#i k#FO]
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This term includes four indices i, j, k, [ for the particles, and can be decomposed into
four-, three- and two-body correlations.

The four-body correlation corresponds to the case where all the indices i, j, k, [ are
different from one another. It can be expressed by the quadruplet-correlation function
gW(r,r,r"), equation (4.18), as

(four-body correlation)

CVd3 s
= Hp/lz xyA?]iA;?rzjarlkﬁrll/lrllp>eq+((X(_)IB)

ij.k,l
;:T ,n(e)’ / d&’r / &’r / &Er g, v, r)s(r— d)s(r — d)s(r" — d)
X ?af/;fﬁ’f”)%&@,x Y 03"y O + (o < B), (B6)

where the summation z:/;k , 1s performed over (i, j, k, [) with all the indices different
from one other. Note that r;, is converted to r;, by virtue of the odd parity with
respect to the exchange i <> [. This conversion allows us to express this term only in
relative coordinates.

The three-body correlation is obtained by setting / equal to j or k in (B6). Let us
choose [ to be equal to j,

(three-body correlation)

{ J/d . N aon
= Z Ay rij,arik.ﬁri,/lrij,pxl'zjyl'zj@ij>€q + (x < B). (B7)

ij.k

Here, r;, should be converted to r;, or ry,, in order for this term to be expressed
only in relative coordinates. By noting that this term is even with respect to the
exchange i <> j and odd with respect to i <> k, r;, vanishes and ry , survives. Hence,
we obtain

(three-body correlation)

Q’dz PPN Y
= =7 Z A il ik pFik.1%553Os)eq + (0 < B)
i,j.k
gy ,,n(p)* / d’r / &r' gV, F)8(r— d)s(r — d)?, 7, 7P Y O:1'Y O
+ (Ol <~ ,B). (B3)

Finally, the two-body correlation is obtained by setting k =j in the expression for
the three-body correlation. This is given by

(two-body correlation)

_tyd
= AT —1I1,, E A,jr,jar,j sl ol leyUOu>eq + (< B)
¢yd 4 e A A A A AdA
—N—— AT on(e) | d'rg(r)é(r — d)rar,grprlx y *O; + (x < B)
— Ny Bre(Nd(r — dyigts?, 75 30;. B9
= T I1,,n(¢p) rg(rd(r — ), igf, 7235 (B9)
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From (B6), (B8) and (B9), we obtain

1% N e
ﬁnp/l Z Z Z(A;?A}erij,a”ik,ﬁgpﬁeq + (a < B)

i=1 j#i ki
.d3
~ —N%Hmn((pf / &’r / &’r / &r'gD e, ¥ . rsr—d)s(r' — d)s(r" — d)
X Py i39035 ©p'Y O 4 (a0 < B)
cyd
- N?”pﬂn(q))z
X / d’r / ErgV e, 1s(r — d)s(r — d)io 7, 7y ¥ O:XY Op + (o < B)
Nwdn d’ 8(r — d)Po gty ii3 BMC) B 10
NS LA (@) rg(r)d(r —d)ryrgr,r,x°y ©s. ( )

Similarly, the canonical term for the second term on the right-hand side of (4.5) is
given by

Vs WP s Lo o s
ﬁnp/l Z Z Z(Aijﬁﬂiky(xij)’ik + YiiXix) T pa) eq
i=1 i ki
;]/CP 3 3 3. 3.0 (4) i / i
~ —Nvﬂpln((p) d’r | & [ &gV, r,ré(r—ad)s(r —d)s(r" —d)

AAAAAA

cyd?
— NiTHp/ln((ﬂ)z

4
X / d&’r / &Erg® r, ¥)8(r — d)s(r — d)RY + X )7, 7 357 T O O

{yd 3 NSl N A A 343
—Nﬁﬂpln((p) d'rg(r)d(r — d)ryrgr,rix’y’ 6;. B11)

B.2. Factorization approximation
The first and second terms on the right-hand side of (4.5) are expressed as spatial
integrations of the correlation functions g (r, ¥, "), g®(@r, r) and g(r) by means
of the approximate formula (4.9), as is shown in (B2), (B3), (B10) and (B11). To
proceed, it is necessary to adopt approximations for g (r, 7, r”) and g (r,r’), which
are difficult to evaluate. As explained in § 4.2, we adopt the following approximations
which are valid for the evaluation of divergences in the vicinity of the jamming point,

gV r ) ~gngg(r")  (r ' 1 = d), (B 12)
g )y~ gng(r) (rr'~d). (B 13)

We apply (B12) and (B13) to (B2), (B3), (B10) and (B 11), and utilize g(r)§(r —
d) = go(¢)d(r —d) in this section.
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B.2.1. Canonical terms
By applying (B13) to (B2), the radial integrations can be performed
straightforwardly. Thus we obtain

N
SN S AT AL Graup + Pupti))eq

i=1 j;éi ki

1A AL N
qu) go(rp)z/dS/dS( Pl + Pl )30 O + 2250750 (9)

x / dS7,7453257 0

(1:c2)
op

N
= ﬁ{so“go(w)zs + 90" g0 (@) S, (B 14)

where ¢* = n(p)d® = 6¢/m is the dimensionless average number density and the
angular integrals 8(162) and S(l “D are given by

Sep” / ds / dS' XY (uPy + 57, 0: 05, (B 15)
Sy =2 / dS3*5°7, 7405 (B 16)
Here, [ dS --- and [ dS --- are angular integrals with respect to 7 and 7,

respectively. Equation (B3) can be evaluated similarly. The result is synthesized as
follows,

(canonical) = — 2= Z{w*Bg (@)’ S + ¢ o(@)Ses ), (B 17)

(2:¢2) 8(2 :cl)

where the angular integrals S, are given by

SGP / ds / dS'7, 7%y R + 33)0; 0%, (B 18)
(2(1) 5(1 e (B 19)
B.2.2. Non-canonical terms

By applying (B 12) and (B 13) to (B 10), the radial integrations can be performed
straightforwardly. Thus we obtain

1% N e
ﬁnp/l Z Z Z(A;?Aﬁ’”ij,arik,ﬂapx)eq + (@< p)

i=1 j;ﬁi ki
¢y 3
~ —N Hp/l‘ﬂ go(@)

/ s / ds’ / S/ 7B, R R9OR T Op XY O + (o <> B)

—N Hpﬂgo 290()? /dS/dS ?a?p?%?ﬁfcj) O;x'y Oy + (a <> B)
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cy e oo ion A A n a3a
_Nﬁﬂpﬁtp go(tp)/dSrarﬂmrpx3y3@;

{)} * nc. * nc. * nc
= =N Tle 0@ S,h” + 0200 Saii” + " 20@)Seii 1. (B20)
Here, the angular integrals are given by

S(fqlg;’ff): / dS / ds’ / dS”?a?/’s?ﬁ{?gi&@ﬁc’&’@ﬁc”y”@;ﬁ + (@< p), (B2
Seppi = / ds / dS 77, P72 O O3 + (o <> B), (B22)
Syl =2 / dS?, 777,357 0. (B23)

Equation (B 11) can be evaluated similarly. The result is synthesized as follows,

(non-canonical)

oo 2

é‘y é’ydz E3 nc. *. nc. E3 nc

=7 ar T D0 0@’ St + 0720 @ S + 020 @) S 1)
o=
(B24)
where the angular integrals 85/23:;;3), Sé%;’,’jz) , Siinl are given by

Sppn) = / ds / ds’ / dS 7 Fs%Y B + 93XV 7 0:0,0,  (B25)
s = [ a8 [ 4S5 + 500570105, ®26)
S(Z:ncl) — (l:ncl)' (B 27)

afpd afpd
Appendix C. Evaluation of the coefficients of the coupled equations

We explicitly evaluate the angular integrals S;g;jz) , 85;;:“) and S;f;f;j”, which appear

in (4.30) and (4.31). These integrals enter as coefficients in the coupled equations for
the stress tensor components. Eventually, equations (4.30) and (4.31) are cast in the
form

1
i (2 % £y’ )
o | 0@ Y o 240 | 7
_ ag + Xy = A" A I s Cl
QO O’Xf) Y 0’6(2) 4d % 80(‘.0) {J&) ( )
o) 0 Iy
»
1 1 1
Y ()
o . O y * %
3 lo® [ T7 | o0 | =579 0@ —B+AAY (T ) 6. (€2
t i Oy 4d aw
O'y()}) 0 yy

respectively. Here, the elements of the vector B := (B,,, By, Bu, By,)" and the
matrices

A(m) A(m) A(m)

Xy Xy XY, XX XYYy

AL A AW
A™ .— o(z’(:l,)x.\ o(tzzl,)xx O(t;l'tls).\ (m=1,2) (C3)
A
Axx;xy AJ&X;XJC XXy
Al Al A
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are given by the angular integrals. In this section, we evaluate the elements of B and
A" (m=1,2). In the course of the evaluation, there appears integrals of the form

Apgrsu = /dS/dS’@ O XPYIZRYZ", (c4
B,y = / dSO,57%, C5)
where [dS--- and [ dS --- denote angular integrals with respect to 7 and 7,

respectively. The values for A,,.., and B,, for various combinations of (p, g, r)
and/or (s, t, u) are collected in appendix H.

C.1. Equation for the shear stress

We consider the case (¢, f) = (x, y) in (4.30) and (4.31). Let us begin with the
evaluation of the non-canonical term with /=1,

nysem® =ms) / ds / dS'39°7, (3 + I )XIF,0;05, (C6)
ISy = “)/dsﬁy“rpm@;. (C7)

Recalling the implications of the symmetry, equations (4.24) and (4.25), we obtain

385 = (Anoao + Assos0) TS + (Aszoz0 + Azaooo) I
+ (Auzo:130 + 2A330:220 + A240;310)H)§3), (C8)

(1)3(1 = 2Beao 1) + 2846017(]) + 2By 11 +4855017(1)
2(Beso — Baan) TP + 2(Bago — Baan) 1) + 4355017(1) (C9

Yy

Here, we have utilized the relation [T, = —([1,, + I1,,). Similarly, the term for /=2
can be evaluated as

asen® =m?) / ds / dS'R5°7, (3 + X)X 7,0;0, = TSN, (C10)
17’(,;)5(2 nel) H(I)S(l ml). (C 11)

The coefficients of the canonical term in (4.31) are evaluated as

S§h = /dS””@ =2B530 = — 1, (C12)
2:cl) _ Q(liel) __ 16
SGV=8(V=—8. (C13)

Hence, from (C8) and (C 10), we obtain

d 1 &y
08 =500 T ST AG RO TADTY + AQ Y + AD T (C14)
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and from (C9) and (C11), we obtain

d 1 cy 32
@ ()] *2 (0] (6] [€Y) (1) (e)) (1)
ar’» T 2% + 2d? 80(9) {_105 + AlA G T+ Ay 1)+ Ao 1T ]} '
(C15)
where the coefficients are evaluated as
127% + 128
Af(f)xx = 2(Au0.220 + A330:310) = 1575 (C16)
127% + 128
(@) (@)
Adyy = Agin = T 1575 (C17)
32xn
A)(;?xy = 4(Au0;130 + Asz0,220) = 315 (C18)
and
16w
At = 4B — Bun) = 1o, (C19)
16T
@ _ oM _
Ay = Aniee = 155" (C20)
Ay = 8Bsso = — 1. (C21)

C.2. Equation for the pressure

We take the trace with respect to the indices (o, ) in (4.30) and (4.31). The non-
canonical term with /=1 is evaluated, by virtue of the symmetry, equations (4.24)
and (4.25), and with the aid of I1,, = —(I1,, + I1,,), as follows,

MRS =207 / ds / AS'525%7, 7, 3577, 0,05
= 2(As0:310 + A330:220) T2 + 2(As30.20 + ./4240;130)17;;) + 2-/4222;112171(12)
+ 2(Au20.200 + 2A330.310 + A240.220) IT )5\2)
= 2(As0:310 + As30:220 — Aoz 112) TP + 2(As30.220 + Asao.130 — Azzz;nz)n)g)
+ 2(Au20:200 + 2A330.310 + A240.200) 1T ;}2,), (C22)

aapd

H;;)S(ltncl) — 217;;)/(185\(35)3;‘/);'/[@;

2Bs3oI1) + 2BssoI1) + 2B [T + 4By 1)
= 2(8530 — 6332)17;? + 2(8350 - 8332)17;;) + 4844017)5}1')' (C 23)

Similarly, the term for /=2 are evaluated as


https://doi.org/10.1017/jfm.2019.5

https://doi.org/10.1017/jfm.2019.5 Published online by Cambridge University Press

1156 K. Suzuki and H. Hayakawa
o2san? = my / ds / dS'357, 35 + )XY F,0;0;

(As10:220 + A220:310) T + (Aza0:130 + Ar30:220) 15

+ (A310:130 + 2A200.200 + A130;310)H§), (C24)
1) Seens” = T30 Siaipi - (C25)
The coefficients of the canonical term in (4.31) are evaluated as
, o 2
Sileh =2 / dS 52 0; = 2By = TZ (C26)
. . 2
S =S = 2 (€27)
Hence, from (C22) and (C24), we obtain
d gy
@ _ @ %3 20 4@ @) @ o)) @ @
&O—aa =0, + @A(ﬂ gO(QD) [Aaa;xxnxx + 'Aaa;yyljyy +“4aa;xy17xy I, (C28)
and from (C23) and (C25), we obtain
d a1y _ (1) {)/ *2 4 A A(Z) H(l) A(2) H(l) A(Z) H(l)
&O'aa =0y + @(p g()((ﬂ) E + Al oo Loy + acsyyt yy + aasxy” Ly I¢s
(C29)
where the coefficients are evaluated as
1847
-/4;203;” = 2(Au0:310 + As30,20 — A2z 112 + Asz10:220) = “1575° (C30)
1847
@ _ 1@ _
'Aota;y)' - ‘Aota;xx - _ﬁ’ (C 31)
5272 + 604
Aﬁf;xy = 4(Au0,220 + A330:310) + 2(As10:310 + A220,220) = 1575 (C32)
and
’Agz;xx = 4(8530 - 8332) = _% (C 33)
Afxlzi;yy = A(Ez]tz;xx = _%’ (C 34)
8w
Al = 8Bug = 105" (C35)

C.3. Equation for the (x,x) component

We consider the (o, 8) = (x, x) components in (4.30) and (4.31). The non-canonical
terms for /=1 are evaluated, by virtue of the symmetry, equations (4.24) and (4.25),
and with the aid of IT, = —(I1. + II,), as

xxpA

Hl(j)s(l:ncZ) — 217/(31)/dS/d5/23§12;‘p2/25)/;‘;@;@;/

= 2A00310113 + 2 A330.020 11 + 2(Asaoi200 + Aszoz10) 1T, (C36)
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st = o) / ASE57,7,0;
2[)’73()17;;) + 2655017)5)1,) + 2653217;11) + 4364017)5;)
= 2(Brso — Bs) I 4 2(Bsso — Bs) 1)) + 4Beu [T (C37)

Similarly, the terms for /=2 are evaluated as
xxpAd

s — 12 / ds / dS'T57, G + 37X 7,0; 05

= (As10:220 + Aao0:310) 1T + (Aszoir30 + «4330;220)H)€,2,)

+ (Asi0:130 + 2A420,220 + «4330:310)17;)2,), (C38)
MSen” =) St (C39)
The coefficients of the canonical terms in (4.31) are evaluated as

(el ~d22 2m

S, =2 [ dSx"y"O; =2Byy = 35 (C40)
27
S(Z:cl) — S(l:cl) = C41

XX XX 35 ( )

Hence, from (C36) and (C38), we obtain

‘ .
o0 = o2+ Y Ao TAL T 4 A2 [T 1 A? 371, (C42)

df xx 4d XX XX xx xx,yy” Lyy XX; XY
and from (C37) and (C39), we obtain
d cy 47
1) (1 *2 (Y] ) Y] ) (1) (1)
&O—” - _ny + @‘p gO((P) {35 + A[Axx;xxnm + Axx;yynyy + Axx;xynxy ]} s

(C43)

where the coefficients are evaluated as

1047
A® =3 Ay, As10:900 = — ——, C44
e = 3Au0:310 + Asi0:220 1575 ( )
A? =34 Ay = =1 C45
vy = 9YA330:220 T A420;130 = 175 (C45)
247% 4320
Aﬁ?w = 4 A 420,200 + 3As30.310 + Asi0.130 = ——m—> (C406)
1575
and
Ao =4(Brzo — Bsp) = — 3%, (C47)
AL =4(Bssy — Bsyp) = — 3, (C48)
87
(1)

L =8Bgi0 = —. C49
Ay 640 = 537 (C49)

C.4. Equation for the (y,y) component

Finally, we consider the («, 8) = (v, y) components in (4.30) and (4.31). The non-
canonical terms for /=1 are evaluated by virtue of the symmetry, equations (4.24)
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and (4.25), and with the aid of IT,= —(I1 + I1,,), as

H/()ﬁ)s(l:ncz) — 217,(,?/dS/d5’22§13f’p)?/§’2?;@;@;,

yypad

= 233000012 + 2-A240;13017;y2) + 2(As30,130 + A240.200) 11 ,ff),

mHSEe = 2 / ASEFF,7:10;
= 2Bssol1}) + 2Bl + 2Bss, 11 + 4Bueo I,
= 2(Bsso — Bssa) Iy + 2(Bsyo — Bssp) 1) + 4Bugo [T

Similarly, the terms for /=2 are evaluated as

S = 1) / ds / dS'55°%, GF + 93)X5'F,0:05
(As30:220 + Azao:310) TS + (Azso130 + Aus0:220) 11
+ (As30.130 + 2A240.220 + AISO:SIO)HX()Z;)a

mySE = s
The coefficients of the canonical terms in (4.31) are evaluated as

_ o 2
Sy(jd) =2 / dS3*3*0; = 2By = l,

35
27

(2:cl) __ Q(liel) __
S.vy _Syy - 35"

Hence, from (C50) and (C52), we obtain

d Yy @ @ @
&Gg) - EA ¢ SgO((p)z[Ayy;xng) + A.\'}';,\’.\'Hg) + Ayy:)fyng)]’
and from (C51) and (C53), we obtain
d o_%r n

4
%2 (eY] (1) (e)] (1) 1 (D
dta}y - 4d(p g0(§0) { 35 + A[‘Ayy;xxnx_x + 'Ayy:yynyy + ‘Ayy;xynxv ]} ’

where the coefficients are evaluated as

87
.A)(;)xx = 3./4330;220 + ./4240;310 — — ﬁ’
104w
A,E'}z'?)’,\' = 3"4240; 130 + ./4150;220 - ﬁ’
2472 4320
Ay('i;)xy = 3 A330,130 + 4 A240.220 + Aisos10 = —— >
1575
and
A)(’;?XX = 4(3550 - 8352) = —%,
Ai{i‘?yy = 4(8370 - 8352) = —21072789 ,
8
@ _ _
A)’)‘;Xy - 8B460 - ﬂ

(C50)

(C51)

(C52)
(C53)

(C54)

(C55)

(C56)

(C57)

(C58)
(C59)

(C60)

(Co1)
(C62)

(C63)
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C.5. Summary

From §§ C.1-C.4, the elements of the matrices A"™ (m=1,2) and the vector B are
evaluated as follows,

32n 12 + 128 127% + 128
315 1575 1575
52m% + 604 1847 1847
A0 — 1575 1575 1575
247 4320 1047 87
1575 1575 175
247 + 320 87 1041
1575 175 1575
—0.319 0.156  0.156
0.709 —0.367 —0.367
¥ | 0354 —0207 —0.144 | (C64)
0.354 —0.144 —0.207
1024 167 167
10395 1155 1155
8 32 32 0.0435  0.0435 —0.0985
AV | 105 315 315 | [ —0.102  —0.102  0.239
- 87 128 128 —0.0616 —0.0369  0.109 |°
331 2079 3465 —0.0369 —0.0616  0.109
87 128 128
231 3465 2079
(C65)
32
105
47 —0.305
| 15 0.838
B=1 4 0.359 (C66)
35 0.359
47
35

Appendix D. Solution of the coupled equations

D.1. Analytic solutions of the steady equations

We show the analytic solutions of the steady equations for (4.30) and (4.31), or (C1)
and (C2), in this section. The solution of (4.30) or (C1) is given by

1 0.659
ngy 0107 |
— p@ no—1 ~| —121 A%gﬂ“go((p)z, D1)
e —1 ~0.097
—([IQ + 15 +1) —0.673
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S
—-1.0 @+ ~1.20
—1.5
-2.0
0 10 20 30
yt
FIGURE 10. (Colour online) Transient numerical solution for o* := 0/(AX®),

o* = 0P /(AX?), o = 0P /(AXP) and PP* = PQ)/(AE(Z)) w1th ro .=
(Cy/4d)go*3g0(<p)2 for the case £ =0.001.

which coincides with the asymptotic numerical solution of the transient equation,
supplemented with a relaxation term of the pressure for numerical stability (see
figure 10 and § D.2). The solution of (4.31) or (C2) is given by

p® 1

o my

v . é-

ol | =PV nov-1 =Y 0209, (D2)
o) mh —1 4d

oD —(OF I 4 1)

where PV, [TV, TT()) and I1{) are given in terms of A by

e, 00203 03
3.38-0.3634°
oy

| ~ !
7o A(0.000469PM* 4-3.17 x 10-5)
Xy

(0.00521 — 0.00100A)P™V* + 0.000168
x 0.000469 APM* 4 8.59 x 105 . (D4)
(0.00332 — 7.58 x 105 A)P* 4 0.000210

The derivation of the solution is shown in §§D.1.1 and D.1.2. Note that A introduced
in (4.23) is merely a constant, as discussed in §4.5. In (D 1), (D3) and (D4), the
numerical coefficients are determined analytically in rational forms, but only their
approximate values in decimals are shown for brevity.

D.1.1. Order O(gy(p)?)

Let us solve the set of equations of O(gy(¢)?), equation (C 1), with time derivatives
set to zero. We cast these equations into the form

gy _po
APPY [ 1@ | = 0 , (D5)
Jo & 0
yy
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2A2, 2AZ, 24 por
APPYY) = (A —AD AR AR AR - A%
Al A Al
—0.638 0.313 0.313 — p@*
= 0.356 —0.160 —0.223 , (D6)
0.354 —0.144 —0.207
where we have defined
P®
(2)%
P @ (D7)
{y .
=m0 s0(@) (D8)
This can be solved as
Hx()z') o Q)% Ag)
&) e : ®
H}’Y 0 Ay}’
@
Pe* g) 9
=————— A7 |, (DY)
AP 4 BO e
yy
where the numerical factors are given by
AD =0.00102, AP =0.00533, A2 =-0.00518, (D 10a—c)
A® =-0.00532, B?® =-0.00061. (D 11a,b)

From (D6) and (D9), the numerical factors in (D 10) and (D 11) are determined in
rational forms. However, the expressions are extremely complicated, so we only show
their approximate values in decimals. All the decimals which appear in the remainder
are also approximations of rational forms. From (C1) and (D9), we obtain

o 02 o [O9 o

2 _ ?2) xx yy

PO = A% (A, + HAD R AR
Xy Xy

- AX® ./4(2) + Al(f%f) ./4(2) + IﬁA(z)
- XX, Xy Ag) XX5XX A)(r%) XYY
~ 0.6594X7, (D12)

which in turn determines /13, ITY and 13’ by (D9). The stress components are
determined as

o2 =PPIP ~0.10742?, (D 13)
o =PP(I1Y — )~ -1.2145?, (D 14)
o =PI — 1)~ —-0.09745?, (D 15)
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0P =P —1)=-PPUIY + 1 +1)~-0.6734X?, (D 16)
o@

o =mn(dp — 0)= P)Z) =0.163. D17)

Note that the magnitudes of oo([? with (o, B) =(x,y), (x,x), (v,¥), (z,z) are proportional
to A, and the stress ratio g is independent of A.

D.1.2. Order O(go(¢))
Next we solve the set of equations of O(gy(¢)), equation (C 2), with time derivatives
set to zero. This can be cast into the form

H;V') 2B* — ph*
Xy
AD (PO H%; =| B, —-B |, (D 18)
Hyy yy
ZAJ(C;?X)’ 2"4)(ci)xx 2"4)(6;?}*»' — PO
(1) Dxy (eY] (eY] (eY] (eY] (O (eY]
A (P( ) ) - ‘Aaa;xy (T) 'Axx;xy 'Aota;xx (T) 'Axx;xx ‘Aaa;yy (T) 'Axx;yy
A)’)’? Xy A)’)‘? XX A)’)’ Yy
—0.197 0.0870 0.0870 — pV*
= 0.131 —0.0400 —0.0646 , (D 19)
0.109 —0.0369 —0.0616
where we have defined
N pO
PI* = AT (D 20)
Ly
W= 27 *g0(9), (D21)
BD(C[ Bxx B y Bx’
B, = T B;;‘::T’ B;,‘y = % B;‘y :=7}. (D22a—d)
This can be solved in parallel to (D9) as
17;1,) 2B* — ph*
H(}l) — A(l)(P(l)*)—l Bf — B*
17,\{}1') ;.:)'

A—I(A)(Qly)p(l)* + B)(olv)) — Cg,)P(l)*
A AW POF 4 BDY _ Cplhs
ATHADPO* 4 BDY _ cDp
~1(A0 p* 1 Bhy _ o) ps
B SR v i KOt W NN
~ AP« L B o (A?‘C>P<‘>* N B)(O‘C)) _ cohpue > (D23
Yy yy yy

1
— detAV (D)

where the numerical factors are given by

A) =0.00332, B{)=0.000210, C’=7.58x107, (D 24a—c)
A" =0.00521, B =0.000168, C =0.00100, (D25a—c)
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A;;,) =0, B;;) =8.59 x 107, Ci)l) = —0.000469, (D26a—c)
A" =0.000469, B =3.17x 107" (D27a,b)
From (C2) and (D 23), we obtain

B 7o aw
M* _ _ Mxx (1 xx (1 » ()
PO* = 717;;) + Ay + 717;}9 A + Hg)Aﬂw
AD P« L B
_ (e8]
= B+ Ay

(A — ACD)PD* + B
(A,(v,lr) — ch(olc))p(l)* +B)(c,1r) M AL — ACS))P(I)* —I—B;;,) o

Yy

+ * XX XX % XX, yy?
(A — ACY))PD* + B() (A — ACY))PD* + B()
(D28)
from which P* is determined as
2
P<1>*:X+v{§ kel (D 29)
a a 1
Yo Anl (AL — ACD) + AL (AD — ACD) + AL (AD — ACY) — ADB,, — BY
' Ay —Acy |
(D30)
AD BO 4 AD B 4 AN Bl —BYB,,

Y:= XX, XX xx + xx; Yy yy + XX; Xy Xy ) (D 31)

AD —ACYH

Evaluation of the numerators of X and Y yields

3.63x 107°A —3.38 x 1074

X~ , (D32)

AD = ACY

2.03 x 107°
~ AD — ACOD)’ (D33)

xy xy

which implies X <0, ¥ > 0 and |X|> |Y|. Hence, we obtain
(% m . 0.0203 (D 34)
1X|  3.38-0.363A°
PO = ph*5 ) _ 0.0203 > (D 35)
3.38 —0.3634 ’

which in turn determines 1), 1}’ and [T by (D23). The stress components are
determined as in (D 13)—(D 16). For instance, for A =0.04, we obtain

PV a1.20x 10742D, (D 36)
o)) ~0.0399x", (D37)
o) ~0.03455", (D 38)
o) ~0.0148X", (D39)
o)~ —0.04975". (D 40)
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D.2. Numerical solutions of the transient equations
Let us solve the transient equations of O(gy(¢)?), equation (4.30), numerically. For
this purpose, we choose the stress components O’OE? rather than the deviatoric stress
components 170(,? as independent variables. Equation (4.30) is expressed solely in
terms of aé? as

d 1 >
@ _ b @ @ _® @ @, 40 @
&Gw = T5Y% +VAW[Axy:xx0xx + A0y + A0yl
+y AZP (AL + AL, (D41)
d 1 1 P
Spe) _ Lo @ 2o @ @ @ @ @ _@
dtP = 3V% 3yA ) [0+ Auany 0y’ T Ay 1
1,
— gyAE(Z) (As) o+ AL, (D42)
6)
EG@ _ —ya(2>+;}A2 [AD O 4 4D 5O L AO ;0
dz XX xy P(z) XXX XX XX,y Yy XX, XY Xy
+y AP UL+ AR ), (D43)
d o _ -ALQ)[A(D 6@ 4 AD 4@ 4 4D so)
dr > = Y p@) e Yy yy yy:xy xy
. 6) )
+yAaz? (Ayy:xx + 'Ay,v;yy)’ (D44)
where X? is defined as
iy .
z®.= ¥4 *g0(@)? > 0. (D45)

The first terms on the right-hand side of (D 41)—(D 43) correspond to the heating due
to shear, and the terms proportional to X are the relaxation terms which originate
from dissipation.

It should be noted that (D42) is singular in the sense that the self-relaxation term
proportional to P® is absent from the right-hand side. In contrast, the other equations
for 0, 0 and o include self-relaxation terms proportional to themselves. This
singularity in (D42) causes instability in the numerical integration. To avoid this
problem, we add a self-relaxation term to the right-hand side of (D42), which
vanishes in the steady state, as

d (2) L. 2 L. @ 2 2) 2)
—&(PP —P2) 402457 A X P, (D 46)

where P? =0.659AX? is the steady solution and & > 0 is a viscous constant. The
numerical solution of the coupled equations (D 41), (D43), (D44) and (D 46) is shown
in figure 10, for the case & =0.001 and initial conditions oﬁ (t=0)=0cP(r=0)=
0P (t=0)=0, PP(r=0)=0.014X®. We confirm that the asymptotic steady values
coincide with the analytical solutions, equation (D 1).
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107 107
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FIGURE 11. (Colour online) Shear and pressure viscosities for the case A = 0.04. The
thick-solid line, thick-dashed line, open squares are the results of the pressure viscosity
with splitting, without splitting and of MD. The thin-solid line, thin-dashed line, open
circles are the results of the shear viscosity with splitting, without splitting and of MD.

Next, we numerically solve the transient equations without splitting into O(gy(¢)?)
and O(go(p)), i.e. (4.28) or (4.29). We choose 0,4 as independent variables as
in (D41)-(D44), and attach a self-relaxation term to the pressure equation as
in (D46). We will not explicitly write down the equations and present the result
in figure 11. We see that the result with splitting deviates from that without splitting
for o =¢; — ¢ > 1073

Appendix E. Comparison with empirical relations

We compare our theory with empirical relations which describe experimental results
well. The empirical equations for the normalized pressure and shear viscosities are,
respectively, given by

2
o =K, (W = ) , ED
lL—o/e

2
;k(MB)zKS (1 §0/(P/J ) 125 <1 (PJ/ ) ey (E2)
— /P — /P

where the upper script (MB) is named after the authors, and the coefficients are given
by K, =0.75 and K; = 0.1 (Morris & Boulay 1999). In figure 12, we present the
results of (E1) and (E2), together with our theoretical results. For comparison, the
results of (E1) and (E2) are multiplied by 0.3 for comparison. In the dense region,
where the first term on the right-hand side of (E2) is dominant, we obtain

018) (50 > 0) K
B (5 > ()= 0P B 133, E3
w7 (e — 0) B (56 > 0) K, (E3)

This is in a relatively good agreement with the result of the present theory, 0.163. For
lower densities, from (E 1) and (E2), we obtain

*(MB)
P LS 23 S + ! 8¢°~0.133+ ———38¢,  (E4)
M K, K(p/en* T K.g? ’ (/en* "
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FIGURE 12. (Colour online) Comparison with the empirical relation (Morris & Boulay
1999). The results of the normalized shear and pressure viscosities are shown in
thin-dashed line and thick-dashed line, respectively. The results are multiplied by 0.3 for
comparison to the theoretical results for A = 0.04 shown in figure 3, which are also
displayed.

where we have neglected the O(8¢?) term in the last equality. Specifically, for 1072 <
8¢ < 107! and ¢; =0.639, we obtain

0.133 +3.448¢ < u™® < 0.133 4 4.685¢. (ES)

This is also in a relatively good agreement with our theory, u~0.163 + 1.78¢* '8¢
(cf. (4.45)).

Appendix F. Details of the event-driven MD simulation

The scheme of the event-driven MD simulation is discussed. It is based on the
scheme for Brownian hard spheres (Scala et al. 2007), which solves the overdamped
equation of motion,

S =F" +tyye +F. (F1)
Here, ¢ = 3mdn,y is the scalar resistance and Ff.’) is the random fluctuation force
exerted by the solvent, which is assumed to be Gaussian,

(FOOF" (1)) =2Dot*8(t — 1). (F2)

The diffusion constant is related to ¢ as Dy = T,,/¢ via the fluctuation-dissipation
theorem, where T,, is the equilibrium temperature of the solvent. The units of length
and time are chosen as d and d?/D,. If we require that the physical mass of the
particle m does not appear explicitly in the overdamped dynamics of (F 1), the only
combination with the dimension of mass is ¢d?/D,, and hence we choose this as the
unit of mass. The algorithm consists of three steps:

(i) for each time step t, = nAt (n =0, 1, ...), random velocities vfr) = (Ar; —
(Ar))/At are sampled for i=1, ..., N according to the Maxwellian distribution
f(v) = (m,/(2nT,))"** exp(—m,v*/(2T,,)), where m, is the ‘virtual mass’
related to Dy as Dy =T,,At/(2m,);

(ii) add uniform shear velocity yy;e, to the random velocity;
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(iii) evolve between t, and ¢,,, by the event-driven MD.

Note that m, is a virtual quantity introduced in the Maxwellian distribution, so as
to ensure the diffusive motion of the particles. In fact, from Dy =T,,/¢ and D, =
T,,At/(2m,), m, is determined as

m, =t At/2 =td* At*/(2Dy), (F3)

which depends on At = Ar*d*>/D, and hence is not physical. (We attach * to
dimensionless quantities.)

We modify the above scheme to adapt to non-Brownian hard spheres. We can
eliminate the Brownian motion by taking the limit Dy — 0, or T, — 0, with
m, = ¢At/2 fixed. By this choice, for each time step f#, = nAt, the velocity of
the particles is set to the uniform shear velocity yy.e,, and the dynamics is evolved
between ¢, and #,.; by the event-driven MD. However, taking the limit Dy — 0
requires us to choose other units for the time and mass, which are uniquely determined
to be y~! and ¢/y, respectively. This implies that At and m, should be scaled as

At=yp At (F4)
and
m, = (£ /y)(Ar*/2). (F5)

Although the physical mass m exists in real suspensions, the overdamped
approximation, equation (F1), superficially replaces m with the virtual mass m,,
which is given by (F3) for the Brownian and (F5) for the non-Brownian suspensions,
respectively.

After equilibration from an initial configuration without overlapping of the spheres,
we start the sampling. The average of the stress tensor is evaluated by

K C
Gotﬂ = UOEﬂ) + 0’65,3), (F 6)
where

1 /SN 1 1 /&
& _ _~ E . p - E U
Oaﬁ = V < mvpl,otpl,ﬂ> — V <il mvvz,avl,ﬁ> (F7)

i=1

is the average kinetic stress and

1 /1 1 /& m,
Ooig):—; <;2tmzrij,apz‘j,ﬁ>=—v <;Z Zrij,avij,ﬁ> (F8)

coll mcoll

is the average contact stress, with
pi:mvvi:mv(i‘i_)'/yiex) (F9)

the peculiar momentum. In (F8), ¢, is a time interval which is introduced to evaluate
the force from the momentum transfer as F; = p;/t,, and the summation __, is
performed over all the colliding pairs (i, j). The parameters are set as N = 1000,
Ar* = 0.001 and 7, = 10Ar* = 0.01. By the choice £, o Ar*, equation (F8) is
insensitive to Ar*. Furthermore, we have verified that aofg) is insensitive to the choice
of #:. We have confirmed that the results are almost insensitive to the shear rate,
which exemplifies the Newtonian behaviour (cf. figure 13). We have also confirmed
that, although the magnitude of O'DE? is proportional to Ar*, it does not exhibit
any divergence in approaching the jamming point, which validates (2.8). We have
compared the result of the event-driven MD simulation with that of soft-sphere MD
simulation (y*=10"") and found reasonable agreement between them (cf. figure 14).
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FIGURE 13. (Colour online) (a) Shear-rate dependence of the shear viscosity and (b)
the pressure viscosity. The results for ¢ =0.50, 0.60, 0.63 are shown in open diamonds,
squares and triangles, respectively.

FIGURE 14. (Colour online) Comparison of the theoretical result with those of hard-sphere
and soft-sphere MD simulations. The results of the theory, hard-sphere MD and soft-sphere
MD are shown in solid line, open diamonds and crosses, respectively.

Appendix G. Implication of the symmetry

Here we discuss another implication of the symmetry. From (2.1), the velocity
distribution of the particles deviates from the uniform profile of that of the solvent,
yyiex, if the average force is non-vanishing, (F fp '} #£ 0. However, this is actually not
the case. From (3.15) and (4.9), we have

1 . N
(FiP) = D F) = =S tpd Y (Fid(ry — d)i§s® (=55)
J#i J#i

1 . A Vv nn -
= —gtrd Y {(Aijr,-,-x,-,-y,-,-@i»eﬁﬂ a,s<A,-,-r,»,-x,»,-y,»,-@,-,-oaﬁ>eq}, G1)
J#

where A; :=68(r; —d) and ©; := @ (—Xx;y;). From (4.25) it is obvious that the first
canonical term vanishes (cubic in 7;). By noting that 6,4 is quartic in 7, the second
non-canonical term also vanishes. Hence, the linear profile of the velocity of the
particles is preserved in the steady state.
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FIGURE 15. (Colour online) Spherical coordinate for the angular integral.
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FIGURE 16. (Colour online) Possible configurations for the double angular integrals.

Appendix H. Angular integrals

We collect the results of the angular integrals A, and B,,,, defined in (C4) and
(C5). Let us introduce the following spherical coordinate (cf. figure 15),

Z=sin0 cos ¢, H1)
X=sin0 sin ¢, (H2)
y=rcos#h. (H3)

Then, equation (C5) is parametrized as
By = /dS(@@)@(—fc)+@(—9)@(5C))5€”5’q2'

1 0 0 b4
{/ d(cosG)/ d¢+/ d(cosG)/ dqﬁ}fc”&”%’. (H4)
0 - -1 0

Equation (C4) is a double angular integral with respect to # and #, which can be
classified into the two cases depicted in figure 16. Accordingly, it is parametrized as
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1 0 0 -
APCIr;stu = {/ d(COS@)/ d(:b/ d(COS 9/)/ dd)/
0 . —nn —11 0 o
+/ d(cos 9)/ d¢/ d(cos@’)/ d¢'}
—1 0 -

x XYY (H5)

follows,

Note that only the integrands which are even with respect to the parity transformation

‘* > —x and y —> —3) survive (cf. (4.22)). For parity-even terms, equation (H5)

reduces to
1 0 0 b1d
Apgrisn = 2/ d(cos 0) / do / d(cos 8" / do'x"yI7 Xy 7", (H6)
0 — -1 0
Hence, equation (C4) is expressed as
qur;slu = ZqurCstua (H 7)
1 0 1 0
By =/ d(cos 9) / do X317 = / d(cos 0) / d¢g cos? 0 sin”*" 0 sin” ¢ cos” ¢,
0 -7 0 -7
(H8)
0 bd 0 b4
Cotu =/ d(cos 9’)/ do'x"y 7" =/ d(cos 9’)/ d¢’ cos’ 6 sin*™ 0 sin’ ¢ cos” ¢.
—1 0 -1 0
(H9)

Furthermore, B, =C,, holds, so we finally obtain
qur;slu = 2qurlgslu- (H 10)

It should be noted that B,, = B, holds from symmetry. We collect the results of
B, necessary for our purpose below:

1
By = Bsqp = / d(cos 9) dd) cos’® @ sin’ O sin’ ¢ = —3465, H11)
1 0
Biio =By = / d(cos 9) d¢ cos 6 sin’ O sin’ ¢ = _E’ (H12)
0 —T7
1 0 U
Beao = Bugo = / d(cosf) [ d¢ cos*@sin®H sin® ¢ = CTTR (H13)
0 —T
1 0 -
Bezo = Bogo = / d(cos @) [ de cos® 6 sin® @ sin® ¢ = a3 H14)
0 —T
1 0
Bsso = / d(cos ) [ d¢ cos’ 6 sin’ 6 sin’ ¢ = — 125, (H15)
0 —T
1 0
Bsyo = Biso = / d(cos 6) d¢ cos® 6 sin’ 6 sin’ ¢ = —%, (H16)
Bsio = Biso _/ d(cos 0) / d¢ cos @ sin’ @ sin’ ¢ = —ﬁ, H17)
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1 0
Buo = / d(cos ) / dg cos* 6 sin* 0 sin* ¢ = ——, (H18)
; B 105
I 0 -
B = By = / d(cos 0) / d¢ cos® 6 sin* 0 sin* ¢ = 35 (H19)
0 -
1 0
By = / d(cos 6) / de cos’ 6 sin’ 0 sin’ ¢ = — 3, (H20)
0 —T
1 0
Biio = Biso = / d(cos 9) / d¢ cos 0 sin’ 0 sin’® ¢ = —%, (H21)
0 —T
I 0 -
By = / d(cos ) / d¢ cos® 6 sin® 6 sin® ¢ = T (H22)
0 —T
I 0 -
Bow = / d(cos6) [ d¢ cos*6 = 5 (H23)
0 —T
I 0 -
Bz =/ d(cos 0) / d¢ cos* 6 = 3 (H24)
0 —T
1 0 T
B = / d(cos 6) / d¢ cos* @ sin® 0 sin* ¢ cos’ p = ———, (H25)
i B 1155
I 0
Boyr = Buz = / d(cos 0) / d¢ cos* 6 sin* 6 sin® ¢ cos® ¢ = %, (H26)
0 -7

1 0
Bsz» = Bss, = /0 d(cos 6) / d¢ cos’ 0 sin” 0 sin’ ¢ cos® p = — ==, (H27)
1 0
Bisy = Bsip = / d(cos 9) / d¢p cos’ 0 sin’ 0 sin ¢ cos® ¢ = —914—65, (H28)
0 -7
1 0
Biz = / d(cos 0) / d¢ cos® 0 sin’ 0 sin® ¢ cos® ¢ = —9%, (H29)
0 -7

1 0
B =Bsn = / d(cos 9) / d¢ cos® 6 sin’ 0 sin ¢ cos® ¢ = —13—5, (H30)
0 —T7

I 0
By = / d(cos 9) / d¢ cos® 6 sin* 0 cos® ¢ sin” ¢ = %, (H3D)
0 —T
I 0
B”zz/o d(cos 9)/ dep cos 6 sin’ 6 sin ¢ cos” p = — . (H32)

In the above calculation, we have utilized the following formulas:

1
/ dxx"(1 —xH)™?  (n, m: even)
0 (H33)

1
/ d(cos 6) cos" 0 sin” 6 = /2
0 / dé cos" B(1 — cos® 0)™ D2 (. m: odd),
0

n(n— 1!

0 T (n:even)
n—1nN

o -2 T (n:odd).
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From the above results for B,,, we obtain A, via (H10) as follows,

nn 2%
o = ) =2—— = ——, H35
Au20.220 = Azao.220 3515 525 ( )
J't 4 8m
- )= H36
Auo:130 = Aoao;310 = 35 ( 15) 525 ( )
Asz0.310 = Asz0130 = — 1%5(—%) = *12‘7‘5, (H37)
8 = 167t
. 22— = H38
As20 = =265 73 1575 (H38)
A310 130 _-A130 130 _2( 15)2 2257 (H 39)
4 b1 8m
_ —2 r__°T H 40
Az10:220 = A130:220 ( 15) 15 225 ( )
A3]0;112 :A130;112 :2(_3)(_7) - zzsv (H4l)
A —2(”)2—2th (H42)
20220=2\75) =555
2 47
()= H43
AZZO 112 15 ( 15) 225 ( )
2 47
=2 (—Z )= H 44
A2 =275z ( 15) 1575 (Had)
ol 4 81
Aoao;310 = Aoao; 130 5 < 15> 75 ( )
Aoy =2 E 2T (H46)
040:220 = 25 75 = 7=
ol 2 47
=22 (—— ) =—=2, H47
AO4O,112 5 ( 15) 75 ( )
ol 4 8m
Ao20:310 = Ao20; 130 3 ( 15> 15 ( )
nn 2%’
=22 H49
Ao20:220 315 45 ( )
ol 2 47
=2 (-2 ) ==, H 50
Aoao:112 3 ( 15) 15 ( )
16 = 327
0 = Asoagy = =2 = — HS51
As10.220 = Ais0:220 105 15 1575 ( )
A510;130 :A150§13O 105 (_7 = 1152785' (H 52)

Appendix I. Four-point susceptibility

The simulation method for the four-point susceptibility is shown. The four-point
density correlation function is given by

gV, ra 1) = (p(r, 0)p(r1, Dp(r2, 0)p(ra, 1) — (p(r1, 0)p(r1, D) (p(r2, 0)p(r2, 1),
a
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where p(r, 1) = Zf\;l 8(r — ri(?)) is the density. The four-point susceptibility is
obtained by integrating the spatial degrees of freedom in g@(r|, ry, 1),

14
xf(r)=fv—2 / &r, / &r Py 1), (12)
where f§ is the inverse temperature. This can be expressed by the order parameter
N N
Qu(t) = / Ero@, 0p@, )= > 8G:0) —r;(1) (13)
i=1 j=1
as
BV
X (0= ﬁHQo(t)z) —(Qo()*]. (14)

There is a problem in evaluating x!(f) by a simulation, because Qo(¢) is ill defined
for a finite system. We follow the method of Glotzer, Novikov & Schréder (2000) and
modify Qy(#) by an ‘overlap’ function w(r) (Parisi 1997) that is unity inside a region
of size a and zero otherwise, where a is chosen to be of the order of the particle
diameter:

o) = /d3r1/d3rzp(r1,0)p(rz,t)W(lr1 —n)

N N N N
=> ) / Erw(r)8e+r0) =)= Y wlry—ml).  (15)

i=1 j=1 i=1 j=1

Here r; :==r;(0) —r;(0), p; :==r;(t) —r;(0) and a is chosen as 0.3d. Replacing Qy(¥)
by Q(t) yields

1%
xal) = %[(Q(t)z) — )1, (16)

which we have measured by MD simulation (cf. figure 9).
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