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Analytic order-isomorphisms of countable
dense subsets of the unit circle

Maxim R. Burke

Abstract. For functions in C*¥(R) which commute with a translation, we prove a theorem on
approximation by entire functions which commute with the same translation, with a requirement
that the values of the entire function and its derivatives on a specified countable set belong to specified
dense sets. Using this theorem, we show that if A and B are countable dense subsets of the unit circle
T c Cwith 1¢ A, 1¢ B, then there is an analytic function h: C \ {0} — C that restricts to an order
isomorphism of the arc T \ {1} onto itself and satisfies 1(A) = B and h’(z) # 0 when z € T. This
answers a question of P. M. Gauthier.

1 Introduction

The Barth—Schneider theorem [1] states that whenever A, B are countable dense
subsets of R, there is an entire function f which restricts to an order-isomorphism
of A onto B. This generalizes Cantor’s theorem which gives an order-isomorphism of
A onto B which then extends uniquely to an order-isomorphism of R onto itself. P. M.
Gauthier noted (private communication) that if A and B are countable dense subsets
of the unit circle T € C, then there is a diffeomorphism T' - T mapping A onto B and
asked whether this diffeomorphism can be taken to be analytic.

It is a standard exercise (cf. [4, Exercise 4, p. 264 and Exercise 25, p. 295]) that
the entire functions that map the unit circle T into itself are the functions f(z) = az",
l[a|=1,n=0,1,2,.... These map T bijectively onto itself only when they are rotations,
i.e., when n = 1. Thus they give a bijection satisfying f(A) = B only when B is the
image of A under a rotation.

We will prove a version (Theorem 3.6) of the Barth-Schneider theorem for sets A,
B which are invariant under a translation o(x) = x + t and use it to show (Theorem
4.1) that if A and B are countable dense subsets of T \ {1}, where T ¢ C is the unit
circle |z| = 1, then there is an analytic function h:C \ {0} — C that restricts to an
order isomorphism of the arc T \ {1} onto itself T \ {1} and satisfies h(A) = B and
h'(z) # 0 when z € T. The proof uses a version (Theorem 3.3 and Corollary 3.5) of
Theorem 3.2 of [2], adapted to produce functions which commute with a translation.
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654 M.R. Burke

In this paper, we fix a positive real number ¢, and the translation ¢ given by 0(z) =
z + t. Note that fo = f says that f is periodic with period t, where fo denotes the
composition f o ¢.

2 Preliminary results

In this section, we prove two technical facts needed in the next section. The first is an
analog of a result of Walsh (cf. [3, Corollaries 1.2 and 1.3]). This is likely known, but
we have not found it in the literature except for k = 0, so we give a proof. The second
is adapting Proposition 2.1 of [2] to our present context.

Theorem 2.1  Let k be a nonnegative integer, (z) = z + t. If f:R — Riis a C* function
which satisfies fo = f, and F C R is finite, then there is an entire function g such that
(a) g(R)cRandgo=g

(b) |Dg(x)-D'f(x)|<exeR, i=0,...,k

(c) D'g(x)=D'f(x)forxeF,i=0,...,k

Proof If we can arrange (a) and (b), then it follows that we can also arrange (c)
by Theorem 0 of [3] applied to the space X; = {f € C*(R) : fo = f} with the norm
If] = =50 ID f]loo- (CE. [3, Example (1), p. 1183, and Corollary 1.3]) So we need only
arrange (a) and (b).

It is standard that in X, the functions g(2mz/t), where g is a trigonometric
polynomial with real coefficients, are dense (e.g., see [3, Example (2), p. 1183] or [5,
Remark 9.4.24 (2)]).

For the general case, we proceed by induction on k. When k > 0, fix f € X; and
apply the induction hypothesis to D f to get an entire function g satisfying g;(R) ¢ R,
g10 = grand [D' g (x) - D' f(x)| < § = min(e/2,¢/(2t)) forx e Rand i =1,...,k.
Define an entire function g by

g(z):f(0)+fozg1(s)ds—cz, zeC,

where ¢ = (1/t) fot g1(s) ds is the average value of g1 over [0, ¢]. Since ]Ot Df =0by
periodicity, we have

=] [ @ -Dresds<e.

To verify that go = g, it suffices to check that g(x + t) = g(x) when x is real, and that
follows by the following calculation.

glx+1t)=f(0)+ [0x+tg1(s) ds—c(x+1t)=g(x)+ fxngI(S) ds—ct =g(x).
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For x € [0, t], we also have
86) ~ F)I = | [ (a1(5) = DF(s)) ds - ca
< [T lai(o) - D)l ds + el

<td+td=2t6<e,

and so, by periodicity, |g(x) — f(x)| < ¢ for all x € R. This takes care of the bound on
|ID'g(x) — D' f(x)|, x € R, when i = 0. When i = 1 we have

IDg(x) - Df (x)| = |g1(x) —c = Df (x)| < |gi(x) = Df(x)[ +|c[ <20 <&,

and when 2 <i <k, |D'g(x) - D' f(x)|=|D"'gi(x) - D' f(x)|< S <e. |

Lemma 2.2 Let € > 0. Let k be a nonnegative integer and let F € [0, t] be a finite
set such that {0,t} € F or {0,t} N F =0. For each pe F and i =0,...k, let k, ; €
{-1,0,1} with ko; = k,; if 0 € F. Then there is an entire function f:C — C such that
fo=f f(R)cRandfori=0,...,kandx € R, wehave|(D'f)(x)| < eandforp € F,
(D'f)(p) is<0,=0,> 0 when kp; = —1,0,1, respectively.

Proof For r>0 and p € R, write I,(p) = (p—r,p +r). For each p € F, choose
0 < rp <1, so that the intervals I, (p) are contained in (0,¢) when 0 < p < t, I, (t) =
I,,(0) + t if 0 € F, and the intervals I,,(p) for p € F and have closures which are
disjoint from each other. For each p € F, choose a C* bump function ¢, with support
equal to the closure of I,,(p), so that 0 < ¢, <1, ¢,(p) =1, ¢, has a flat point at
p (e, (D'¢,)(p) =0 for all nonzero i), taking ¢;(x) = @o(x —t) if 0 € F. Let 6,
be a C* function whose derivatives at p follow the requisite pattern, with 8;(x) =
0o(x — t) if 0 € F, for example, take 0, (x) = vk, kp,i(x = p)'. For suitably chosen
positive constants A, we set g(x) = ¥ pep 4,0, (x)@p(x), 0 < x < £, and extend g by
periodicity to all of R so that go = g. This function g is C* and its derivatives have
the requisite pattern at the points p € F since for i =0, ...,k we have (D'g)(p) =
Ap(D'(9,6,))(p) =A,D'6,(p). Choose the constants A,, p € F, small enough so
that foreach i =0,...,k,

ApHDi(‘Ppep)Hoo <ef2.

Then g is a C* function which satisfies the conclusion in the place of f and with ¢
replaced by /2. Get the desired entire function f by applying Theorem 2.1 to g with
€/2 in the place of ¢. =

3 Barth-Schneider for periodic functions

Definition 3.1 A fiber-preserving local homeomorphism of R* = R x R is a homeo-
morphism h: G} - G; between two open sets G}, G; € R? such that & has the form
h(x,y) = (x,h*(x,y)) for some continuous map h*:G; — R. We write kj, for the
inverse of h.
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We can identify a fiber-preserving homeomorphism % with the family {(h*),} of

vertical sections of h*, given by (h*),(y) = h*(x, y). These are homeomorphisms
(h*)x:(G},)x = (G}),» where (G},),, (G}), are the vertical sections at x of G}, G;.

) 1 () /|
Gh Gh

X

It is separate continuity rather than joint continuity that we require for these fiber-
preserving maps. In our context, however, this is not a weaker property as the
following proposition shows.

Proposition 3.1 Let X be any topological space, G € X xR an open set, and let
h:G - X x R. Assume that for each x € X, h(G,) € {x} xR, h is one-to-one and h
is separately continuous, i.e., the functions x — h(x, y), y = h(x, y) are continuous on
their domains. Then h is continuous.

Taking h(x,y) = (x,h*(x,y)) on RxR with h*(x,y)=xy/(x*+ y*) when
(x,y) # (0,0), h*(0,0) = 0, shows that the assumption that 4 is one-to-one cannot
be omitted.

Proof Write h(x, y) = (x, h*(x, y)). The continuity of & is equivalent to that of h*.
Also note that because h is one-to-one, so is y = h*(x, y) for each fixed x. Let a € X,
b, c € R with (a,b) € G and h*(a, b) = c. Fix an open neighborhood U of a and an
open interval V containing b such that U x V ¢ G. Choose an open interval W with
c € W.Since y — h*(a, y) is continuous, there is a § > 0 such that |y — b| < & implies
y € Vandh*(a, y) € W. The two functions x = h*(x, b + §) are continuous at a and
hence there is an open neighborhood U’ ¢ U of a such that x € U’ implies h* (x, b +
8) € W.Forx € U, y » h*(x, y) is a continuous one-to-one function on the interval
[b -4, b + 8], so that the image of this interval is an interval with endpoints h* (x, b +
8), and hence is contained in W. Thus, h* (U’ x (b - §,b + §)) € W and therefore h*
is continuous at (a, b). u

Remark 3.2 The inverse k), of a fiber-preserving local homeomorphism £ is also a
fiber-preserving local homeomorphism and is related to by the fact that (x, y) € G},
and h*(x, y) = z if and only if (x,z) € G} and k;} (x,z) = y. As pointed out in the
proof of Proposition 3.1, the vertical sections of h* are one-to-one since # is one-to-
one. The main examples for our purposes are = idg:, the identity map on R? (for
which (h*),(y) = y is the identity map for each x € R), and for a given a continuous
map ¢:R > R, h*(x, ) = g(x) + y. Both of these have G} = G} = R”.

We shall prove our main results using the following version of Theorem 3.2 of [2].
The proof is similar to that of the original version, but we repeat the argument with
the necessary changes in order to be clear.
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Theorem 3.3 Let E; € [0,t], i=0,...,k, be countable sets with {0,t} € E; or E; N
{0,t} = 0. Let F c [0, t] be a finite set disjoint from U*_, E; with {0,t} € F or Fn
{0,t} = 0. For each p € E;, let A, ; € R be a countable dense set, with Ag; = Ay; if
{0,t} € A. Let ¢ > 0. Let 57 be a countable family of fiber-preserving local homeomor-
phisms of R?. There exists an entire function f:C — C such that f(R) C R, fo = f and
forallx eRandi=0,...,k,

(@) |(D'f)(x)|<e andifx € F then D' f(x) = 0.

(b) foreachp e E;, (D'f)(p) € Ap,i.
(c) foreveryqeR, he s and every open interval U C R \ F, if

(%, (D'f)(x)) € G}, and g =h"(x,(D'f)(x))

forsomex € UnclYy i, where Yy, 4 = {p € E; : forsomeq' € A, ;, (p.q') € G,
and q=h*(p,q')}, then g = h*(p, (D' f)(p)) for some p € U N E;.

Remark 3.4 (i) For the hypothesis in (c) to be nonvacuous, there must be a point
x e UnclE; € UnNJ[0,t], so only intervals which intersect [0, ¢] are relevant.

(ii) It is sometimes useful to reword clause (c) in an equivalent form. The criterion
for p € Yy, 4,i is that p € E; and g € (h*),(Ap,;). Clause (c) says equivalently that for
x €[0,t] N E,ifq = (h*),((D'f)(x)) and arbitrarily close to x there are points p € E;
such that g € (h*),(A,,i), then arbitrarily close to x there are points p € E; such that
4= (1), ((D'f)(p)).

(iii) If we require idg: € .77 then this ensures that either f is constant or for x €
[0,t]\F,i=0,...,kifq = (D'f)(x)andarbitrarily close to x there are points p € E;
such that g € A, ;, then x € E;. To see why, apply the reworded clause (c) in (ii) with k
being the identity map to get that if g = (D’ f)(x) and arbitrarily close to x there are
points p € E; such that g € A, ;, then arbitrarily close to x there are points p € E; such
that g = (D' f)(p). If x itself does not belong to E;, then since D' f is entire, D' f is
constant with value g and hence f is a polynomial. Since f is periodic, it then follows
that f is constant.

Proof ~We may assume that U¥_ E; # 0 (otherwise take f = 0) and that & < 1. Let
PB={U,:r=12,...}beaone-to-one enumeration of a base of bounded open inter-
vals for R \ F. For each r, write U, = U,-; U, ,, the union of an increasing sequence
of concentric intervals so that cl U, ,, € U, ,4+1. Let {(iy,s,) : n=1,2,... } listall pairs
(i,s) consistingofani =0,...,kandapoints € E;. Let Q = {h*(p,q') :he A, pe
Ei,q €Ay, (p.q') €G),i=0,...,k}. List the quadruples (h, j,q, V) consisting
ofan he J#,a j=0,...,k and elements g€ Q, V € Z as {(hu, jm>qGm> Vi) : m =
1,2,...} with each quadruple listed infinitely many times. As with the U, above, we
write V,, = U5%, Vin.n where if V,, = U, then V,, , = U, ,. We will write G}, G%,, k.
for G;lm, Gim, kp,,, respectively.

We will build the required function as f = ;> A,u,, where foreachn e N, 1, ¢
R satisfies [A,]| <1 and u,:C — C is an entire function such that u,(R) ¢ R. We
recursively define the following.

(i) A, andu,.
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(ii) Anincreasing sequence of finite sets ) = Ko € Kj € ... of pairs (w, p) consist-
ingofaw=0,...,kandapoint p € E,,.
(iii) A decreasing sequence of positive numbers 1= 8 > &; > ....

We will arrange that the following properties hold for #n =1,2,.... In this list, f,

denotes the sum Y }_; Axug, and fo = 0.

(1) u,0=uy,and|(D'u,)(x)] <278, eforxeR,i=0,... k.

(2) (D"un)(p) =0for (w,p) € Ky1.

(3) (D'un)(x)=0wheneverxeF,i=0,...,k.

(4) |un(z)| <27", for |z| < n.

(5) Foreach (w, p) € K,, (D" f,)(p) € Ap,-

(6) If nisodd then K, = K,,_; U {(ig,s¢)} for the least £ such that (ig,ss) ¢ Kj—1.
We have (D*u,,)(s¢) # 0.

(7) If n = 2m is even, we have the following. Suppose that

(x, (D" f,.1)(x)) € G} and (x, q,n) € GZ, whenever x € V,,.

(@) Ifqu = h},(x, (D" fu_1)(x)) forsomex € V,, ncl Yy, 4. ;. then for some
PEVi N Y g o (P (D7 f4)(P)) = qm and Ky = Kyy U{(jm, p)}-

(b) If gm # hy,(x, (D" fuo1)(x)) for all xeV,,ncYy, ,,.5, then u, =
0, K,=K,, and &, <inf{|k} (x,qm)— (D" fu1)(x)|:x € Vyu N
Cl Yhm:qrn)jm}'

We now explain how to carry out the construction at odd stages and at even
stages.

First suppose # is odd. This stage includes the initial step n = 1. Set K,, = K,,_; U
{(i¢,s¢)} for the least £ such that (ig,s¢) ¢ K,—1. Apply Lemma 2.2 to get an entire
function u,: C - C satisfying (1), (2), (3), and (6). Arrange (4) by replacing u, by a
smaller positive multiple of itself if necessary. Since (D*u,, ) (s¢) # 0 by (6),and Ay, ;,
is dense in R, we may choose A, so that 0 < A, < land (D f,,)(s;) = (D™ f,_1) (s¢) +
Au(D*uy,)(se) € As, i, This gives (5) because if (w, p) € K, then (D¥u,)(p) =0
by (2), so (D" f,)(p) = (D" fu-1)(p) which by (5) for n —1belongs to A, ,,. For 8,
choose any positive number satisfying &, < §,-1.

Now suppose that n = 2m is even. If the assumption of (7) fails, take u, =0,
An =0, K, = K,,_1, and let §, be any number such that 0 < §,, < §,_;. Clearly (1)-(7)
hold. Now suppose that the assumption is satisfied, i.e., (x, (D/" f,_;)(x)) € G. and
(x,gm) € G2, whenever x € V,,.

Casel. g # hi,(x, (D" 1) (x)) forall x € Viy el Y, g0 -

Let u, =0, A, =0, K, =K,_;. Clearly (1)- (5) hold. For (7), choose any
positive number 8, < §,,_; so that 8, <inf{|k,(x,qm) — (D" fu1)(x)|: x € Vi 0
cl Y, g.jm + Where the right-hand side is positive because cl(Vyu,») N cl(Ya,, q,,7m)
is compact and contained in V,,, ncl Yy, 4. .

Case 2. Iy, (p, (D' fu1)(p)) = g for some p € V,, 0 Yy, 40 o

By definition, p € Yy, 4...j, means that p € E; and there is a (unique) " € A, ;,
such that (p,q') € G}, and q,, = h},(p,q’). Since the vertical sections of h}, are
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one-to-one, we must have (D’" f,_,)(p) = q' and hence (D’" f,_1)(p) € A,,j,,- Let
Up=0,1,=0, K, =Ky U{(jm>p)} Clearly (1)-(5) and (7) hold. For 8, choose
any positive number satisfying 8, < &,_1.

Case 3. h}y, (x, (D" fu_1)(x)) # qm forallx € V,, Y}, o 5 but
How (P, (D7 fu1)(P)) =

for some p € V,, ncl Yy, g0 im-

The assumptions give h},(p, (D" fu-1)(p)) = qm and p¢ V0 Yy, 4. i, and
since p € V,, this gives p ¢ Y, 4. . It follows from (5) that (j., p) ¢ K,_1 because
if (jm» p) € Ky—1 then p € E;, and by (5) we have

(D7 fu1)(P) € Apjns

which together with h,(p, (D' f,_1)(p)) = qm gives p € Yy, 4. ;.. contradiction.
Apply Lemma 2.2 to get an entire function u,:C — C satisfying (1), (2), (3) and
(Dimu,)(p) > 0. Arrange (4) by replacing u, by a smaller positive multiple of itself
if necessary. The function x ~ (k},(x,qm) — (D" f,_1)(x))/(D/"u,)(x) is contin-
uous at p with value 0 there, and p € V,, ncl Yy, 4. j.» SO We can pick an element p’
of Viu 0 Yy, 4.0 SO close to p that the number

L k(P am) - (D) ()
" (i) (p)

satisfies |1,| < 1. With this value of A,, we have k},(p’,qm) = (D" f,)(p") and
therefore

b (0", (D™ £)(P')) = >

and hence (7) holds if we take K,, = K,,_1 U {(jm, p’) }. Note that (5) is satisfied. For
04, choose any positive number satisfying 8, < 8.

This completes the construction. Property (4) ensures that the formula f =
> o1 Antiy defines an entire function and that

(D'f)(2) = i Aa(Diu) (2)

foralli=0,...,kandz € C.Clearly f(R) ¢ Rand by (1), wehave fo = >0, Ayu,0 =
f. We now verify (a)-(c).

(@) Wheni =0,...,k,x € R,wehaveusing (1) that| (D' f)(x)| < 52, [(D'u; ) (x)] <
Y727 e = ¢ and, using (3), when x € F we have (D' f)(x) = 0.

(b) When pe E;, i =0,...,k, (6) ensures that (i, p) € K, if n is sufficiently large.
Then (5) gives (D' f,)(p) € Ap,;. From (2), we get that (D'u;)(p) =0, j > n+1,and
hence (D' £)(p) = (D' f)(p) € Apy

(c) Suppose i=0,...,k, ge R, UCR\F is an open interval, and we have
(p,(D'f)(p)) € G}, and q = h*(p, (D' f)(p)) for some p € UnclYy ;. We wish
to show that g = h*(p, (D' f)(y)) for some y € U N E;. We may assume that U € %
and for some open intervals W, W, C R, for all x € U,
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« (D'f)(x) e W S clW; € Wy, and U x W, € G}, and

« (,9) € Gj.

Since D' f, — D' f uniformly on compact sets, for large enough n we have for x € U
that (D'f,)(x) € W, and hence (x, (D'f,)(x)) € G,,. By assumption, p € cl Y, 4,
0 Y}, 4 # 0 and hence g € Q. Fix r such that U = U,. Choose an even n =2m
with (B jm> Gm> Vim) = (h,i,q, U,), n large enough so that p € U, , = V,,, and
(x, (D' fy-1)(x)) € G, forall x € U.

Claim. q = h* (x, (D' fu-1)(x)) for some x € U ncl Yy, ;.

If not, then by (7), 8, < inf{|k},(x,gm) = (D" fu1)(x)|: x € Vi w 0l Yy, g0}
and u, = 0,so that f, = f,_1. We have that for j > n, |(D'u;)(p)| < 27778, This gives

|(D1f)(P) - (Difnfl)(p)| < iz_j_l(sn < 5n < |k;(P» q) - (Difnfl)(p)l'

j=n

This contradicts h* (p, (D' f)(p)) = q (which is equivalent to k} (p,q) = (D' f)(p)).
This completes the proof of the claim.

The claim says that q,, = b}, (x, (D f,_1)(x)) for some x € Vi 0 cl Y, g, i
s0 by (7), for some y € Viu 0 Yy, o s (7, (DI £,)(¥)) = qm and K, = K,y U
{(ms 7). But then by (), (Dimug)(3) =0 if k>n, so ht(y, (DInF)()) =
(3> (D7 £2)(3)) = gm- m

The next corollary incorporates into the theorem the ability to approximate a given
function g such that either go = g or go = 0g. These two types of functions are related
by the fact that for a function g, if we write g = g +id, i.e., g(x) = g1(x) + x, thenog =
go if and only if g0 = g. Also note that if either go = g or go = og then (D'g)o =
D'g for i > 0 when the derivatives exist.

Corollary 3.5 (A) Let g e CK(R) satisfy go=g. Let E; € [0,t], i=0,...,k be
countable sets with {0,t} C E; or E;n{0,t} = 0. Let F € [0, t] be a finite set disjoint
from UX_o E; with {0,t} € F or Fn{0,t} = 0. For each p€E;, let A,;CR be a
countable dense set, with Aq; = Ay if {0,t} € E;. Let ¢ > 0. Let 5 be a countable
family of fiber-preserving local homeomorphisms of R%. There exists an entire function
f:C > Csuchthat f(R) SR, fo=fandforallx e Randi=0,...,k,

(@) [(D'f)(x)-(D'g)(x)|<e andifx € F then D' f(x) = D' g(x).
(b) foreach p e E;, (D'f)(p) € Ap,i.
(c) foreveryqeR, he s and every open interval U C R \ F, if

(x,(D'f)(x)) € Gy and q = h* (x, (D' f)(x))
forsomex € UnclYy g, where Yy, 4 = {p € E; : forsomeq' € A, ;, (p.q') € G,
and q=h*(p,q')}, then q=h*(p,(D'f)(p)) for some p e UNE;.
(B) The same statement is true with go = g, fo = f replaced by go =o0g, fo=o0f,

respectively, and the condition A ; = Ao,;(when {0,t} C E;) replaced by A;; = Ao,
when i % 0, At)(] = AO’O + t.
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Proof (A) Using Theorem 2.1, we can approximate g by an entire function gy so
that go(R) € R, goo = go,and for x € R, i = 0,..., k, |D'go(x) - D'g(x)| < ¢/2 and
if x € F then D' gy(x) = D' g(x). If we approximate gy as in Corollary 3.5, replacing ¢
by €/2, we get the desired function f. Hence, we may assume that g is entire.

For p € E;, define B,; = A,;— (D'g)(p). Writing &; for the fiber-preserving
homeomorphism of R? given by &;(x,y) = (x,y + (D'g)(x)), take 5% = {ho ¢, :
h e s} and apply Theorem 3.3 with A, ; replaced by B,; and 7 replaced by
A =\J; H. (Here, ho £;:E71(G}) - G1.) If f; is the resulting entire function, the
function f = g + f; is as desired. We have fo = go + fio = g+ fi = f. Clauses (a) and
(b) are immediate from the corresponding clauses of Theorem 3.3 and the definition
of B ie

Ff)r (c), ix an i=0,...,k, geR, heJZ, an open interval U CR\ F, and
assume that (x,(D'f)(x))€G) and q=h*(x,(D'f)(x)) for some xecUn
cl Yy q,i. Then &(x, (D' fi)(x)) € G}, so (x,(D'fi)(x)) € &'(G}), and q = (h* o
§i)(x, (D" £1)(x))-

Claim. Yy, q.i € Yhot, q,i Where the set Yj,.¢, 4 ; is defined using the B, ; instead of the
Api.
p.i

Let p € Y, q,i. Then p € E; and for some q" € A, ;, (p,q') € G, and g =h*(p,q").
We then have q' — (D'g)(p) € By,i, (p,q' — (D'g)(p)) = &' (p.q') € &(G),) and
q=(h"o&)(p.q' = (D'¢)(p)) = (ko &) (p,q" = (D'8)(p)). Thus, p € Viog, q,i>
which proves the claim.

By the claim, xe€clYjog, 4 and hence by (c) of Theorem 33, g=(ho

£)*(p. (D' f)(p)) = (h* 0 &) (p. (D'fi)(p)) for some peUnE;. Then
B (p, (D' F)(p)) = (h* 0 £ (p, (D')()) = .

(B) This part follows from (A) by an argument similar to that used for (A).
Given g e C*¥(R) satisfying go = og, write g = g +id. As pointed out above, we
have gi0 = gi. For p € E;, define B, ; = A, ; — (D"id)(p). (So By,o = Apo — p, Bp1 =
Ap1 -1 Byi=A,i(i>1)) Writing &; for the fiber-preserving homeomorphism of
R* given by &;(x,y) = (x, y + (D"id)(x)), take 5% = {ho&; : h € 5} and apply
part (A) to g with A, ; replaced by B, ; and J# replaced by J# = U; 7. (Here,
ho&:&7(G}) - Gi.) If f; is the resulting entire function, the function f =id+f;
is as desired. Since f; satisfies fio = fj, it follows that f satisfies fo = o f. Clauses (a)
and (b) of part (B) are immediate from the corresponding clauses of part (A) and the
definition of By, ;. For (c), as in part (A), fixan i = 0,...,k, g € R, h € 7, an open
interval U € R \ F, and assume that (x, (D'f)(x)) € G} and q = h*(x, (D'f)(x))
for some x € U ncl Y 4. Then &;(x, (D' f1)(x)) € G}, s0 (x, (D' f;)(x)) € £&(G},),
and g = (h* 0 &)(x, (D' fi)(x)). Asin the proof of (A), we get Y}, 4 ; € Yo, 4, Where
the set Yj,¢, 4, is defined using the B, ; instead of the A, ;. (In the proof of the claim
in part (A), replace the four g’s by id.) Then finish exactly as in part (A), reading “by
(c) of part (A)” instead of “by (c) of Theorem 3.3” [ |

Theorem 3.6 Let (A!,B),i=0,...,k, neN, be pairs of countable dense subsets of
R invariant under o such that for each fixed i, the A’, are pairwise disjoint. Assume also
that the BY, are pairwise disjoint. Let F € R be a finite set disjoint from each A',. Fix & > 0.
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Then for each g € C*(R) with k > 1 such that go = 6g, Dg > 0, and g(F) n B® = 0 for
all n € N, there is an entire function fsuch that fori =0,...,k, n € N, and x € R,

@@ f(R)<R, fo=0f, Df(x)>0 ‘ '
(b) [(D'f)(x) - (D'g)(x)| <& andifx € F then D' f(x) = D'g(x)
(c) D'f(A})<B,, f(A)) =B,

Proof Fori=0,...,k let E; =[0,t] nU;2, A%. For pairs (p,i) with p € E;, for
some unique 1 we have p € A’ Define A, ; = B}.If0, t € E;, then for some n we have
0,t€ Al .Then Ao,; = A,; = B, and therefore also 6 (Ay,;) = A;,; by invariance of B},.
The orbit of each point has at most two points in [0, t], so F; = [0, t] 0 Uz 0*(F)
is finite. We have E; n F, = 0 for each i, because E; n F; ¢ (U2, AL) n (U2, 0°(F))
and for all n,¢, A’ no*(F)=0"(A, nF)=0. Similarly, g(F,) nB% =0 because
g(a“(F)) nB% = 6*(g(F)nB%) =0 for all n,/. Take &' = min(e,inf{Dg(x): x €
R}) which is positive by periodicity of Dg and since Dg > 0. Corollary 3.5 (B) with
S = {idg:} gives f such that f(R) SR, fo=ofandforallx e Randi=0,...,k,
(i) [(D'f)(x) - (D'g)(x)| < &, and if x € F; then D' f(x) = D' g(x).

(i) foreach p e E;, (D'f)(p) € Ap,:.

(iii) for any g € R, if g = f(x) for some x e cl{p e Eg: qe Ay}, x ¢ Fy, then g =

f(p) for some p € Ey. (Since f is injective, necessarily x = p.)

From (i) we get (b). From (i) we also get for x € R, |[Df(x) — Dg(x)| < ¢’ < Dg(x), so
Df(x) > 0 giving (a). For (c), fixi = 0, ..., k, n € N. We want to show that D' f(A’)) ¢
B!, and when i = 0, f(A%) = BY. For p € A’ we have for some ¢ that o*(p) € [0, t].
When i = 0, we get, using (ii), f(p) = 67 f(a*(p)) € 07 Ae(p),0 = BS. When i > 0,
we get similarly D' f(p) = D' f(0*(p)) € Age(py,i = B

There remains to show that B) ¢ f(A%). Let g € BY. Since f(t) = f(0) + ¢, for
some £, a*(q) € [f(0), f(t)] and therefore, for some x € [0,t], f(x) = 0*(q). We
have x ¢ F, because otherwise g(x) = f(x) = 0*(q) € B, contradicting the fact that
g(F) n B% = 0. Since AY is dense, arbitrarily close to x there are p € A% n [0, ¢] and
these satisfy 0*(q) € B = A, o, so by (iii), thereisa p € Eg such thato*(q) = f(p) and
therefore f(o7*(p)) = q. This gives q € f(A%) as long as p € AY. Let m be such that
p e A% Then o‘(q) = f(p) € f(AY) € BY. Since BY, and BY are disjoint, it follows
that m = n. |

4 Order-isomorphisms of the arc T\ {1}

Applying Theorem 3.6 we can transfer the Barth-Schneider theorem for the real line
to the following analog for the arc T ~ {1}.

Theorem 4.1 Let (A,,B,), neN, be countable dense subsets of T \ {1}. Assume
that A, N A,y = 0 and B, N B,, = 0 when n # m. Let g: T — T satisfy g(e'?) = e'F(9),
0 < 6 < 27, where B:[0,27] — [0,25] is a C" bijection such that DB > 0 and DB(0) =
Df(2m). Let F ¢ T \ {1} be a finite set so that F is disjoint from each A, and g(F) is
disjoint from each B,,. Then there is an analytic function h: C \ {0} — C that restricts
to an order-preserving bijection of the arc T \ {1} onto itself and satisfies the following.
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(@) |h(z)-g(z)|<eforze T and h(z) = g(z) forzePF.
(b) h(A,)=B,(neN).
(c) Dh(z)+0whenzeT.

Remark 4.2 (i) It will be apparent from the proof that we can require that h(e'?) =
e'“(9) where a:[0,27] — [0,27] is a bijection which is the restriction of an entire
function, and Da(6) > 0 and |Da(60) — DB(0)| < ¢ for 6 € [0, 27].

(ii) We take the ordering on the arc T \ {1} to be counterclockwise. We could
replace “order-preserving” by “order-reversing” In this context, Df > 0 should be
replaced by Df < 0. To get the desired conclusion, define A, = {z:z€ A, }, F = {z:
z € F}. Then define B(0) = (27 - 0), §(z) = g(1/z) = e’(®). Note that Fn A, =
FnA,=0and g(F)nB, = g(F) n B, = 0. From Theorem 4.1, get h satisfying (a)-
(c) with respect to g, F, and the pairs (A,, B,,). Then h(z) = h(1/z) gives the desired
order-reversing bijection of the arc T \ {1}.

(iil) The order-preserving bijection from the arc T \ {1} to itself can be replaced
by an order-preserving bijection T \ {p} — T ~ {q} (where pe T\ A,,q€ T\ B,)
by considering the rotated sets pA, and 4B,.

Proof Define F' = {0} u {6 € (0,27) : ¢'% € F}, and define
A ={0eR:e%€cA,}, B,={0cR:e%cB,}.

The assumption on f3 ensures that it extends to a C' function on R satisfying o = fo.
The sets A’,, B], are countable, dense, and invariant under translation by ¢ = 27. The
A, are pairwise disjoint, as are the Bj,, and the conditions FN A, =0, g(F)nB, =
0,1¢ A,, B, imply the conditions F' n A’, = 0, B(F') n B), = 0. Choose § > 0 so that
DB(0) > 8,0 e R,and |6, — 6,| < & implies |e'® — 7% < &. Apply Theorem 3.6 to get
an entire function « such that such that «(R) ¢ R, ao = oa, and

(i) |a(0)-p(0)<bforBeRand a(f) =p(0)forHeF.

(i) |Da(8) - DB(H)|< b for 6 € R.

(ii)) a(A’) =B/ (neN).

(iv) Da > 0.

(Note that (iv) follows from (ii) and the choice of §.) From (i) we get «(0) = 5(0) = 0.
For the function y(z) = a(z) — z we have y(z + 2n) = y(2), a(z) = z+ y(z). Con-
sider the branches of log

Logz=Inlz| +iArgz (-m<Argz<m),
logz=1In|z| +iargz (0 <argz < 2m).

We have Logz = logz when Imz > 0 and logz = Log z + 27i when Im z < 0. By the
periodicity of y we have

(4.1) y(—ilogz) =y(-iLogz) (Imz#0).
Define
h(Z) _ eia(—ilogz)
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for z # 0 not a positive real number. We have

h(Z) _ eia(—ilogz) _ ei(—ilogz)eiy(filogz) _ Zeiy(—ilogz).

Similarly, if we set H(z) = e?*(-1°82) when z # 0 is not a negative real number, we
get H(z) = ze'?(-11°82) ‘and by (4.1), h(z) = H(z) for Im z # 0. Thus, & extends to an
analytic function defined on C \ {0} by setting h(z) = H(z) when z is a positive real
number.

When z = ¢'%, 0 < 6 < 271, we have —ilogz = 6, so h(z) = e'*(%). As 6 runs over
(0,27) from 0 to 27, a(6) does the same since a(0) = 0 and a(27) = «(0) + 27 =
271,50 h(z) = h(e'®) = '*(®) runs over the arc T \ {1} counterclockwise from 1 to 1.
From (i) and the choice of § we get

[h(2) - g(2)| = (') - g(e™®)] = [*(®) - PO < ¢

and this implies the first part of (a). If 6 € F’ then h(e'?) = e'*(9) = ¢'F(6) = g(i0)
and this implies the second part of (a).
Also,for0 < 8 <2mand n €N,

e cA, = 0cA, < a(f)cB, <P eB,

sothatforz e T ~ {1}, wehave z € A, ifand only if h(z) € B,,. Hence h restricts to an
order-isomorphism of T \ {1} mapping A, onto B,,.
There remains to verify that Dh(z) # 0 when |z| = 1. When |z| = 1, z # 1, we have

d . . . . _
Dh(z) = ﬂe“"(_’l"gz) = glo(-ilogz) 4. Da(-ilogz) - ?l,

which is nonzero since —ilog z is real when |z| =1 and Da(0) # 0 for 6 € R. Writing
Log instead of log we have the analogous computation when |z| =1, z # —1. |
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