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SUMMARY
As for the obstacle avoidance and formation control for the multi-robot systems, this paper presents
an obstacle-avoidance method based on the improved artificial potential field (IAPF) and PID adap-
tive tracking control algorithm. In order to analyze the dynamics and kinematics of the robot, the
mathematical model of the robot is built. Then we construct the motion situational awareness map
(MSAM), which can map the environment information around the robot on the MSAM. Based on the
MSAM, the IAPF functions are established. We employ the rotating potential field to solve the local
minima and oscillations. As for collisions between robots, we build the repulsive potential function
and priority model among the robots. Afterwards, the PID adaptive tracking algorithm is utilized
to multi-robot formation control. To demonstrate the validity of the proposed method, a series of
simulation results confirm that the approaches proposed in this paper can successfully address the
obstacle- and collision-avoidance problem while reaching formation.
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1. Introduction
Presently, multi-robot systems add more applications and challenges to the robotics field such as
performing collaborative tasks in manufacturing, surveillance, space exploration and forest fire detec-
tion.1 The obstacle avoidance and formation control are both challenging tasks, and have significant
roles in the multi-robot systems. The obstacle and collision avoidance can ensure that the robots
reach the targets with an optimal path without any collisions in the given complex environment. The
coordination of multi-robot systems has received considerable attention in recent years.2, 3 How to
make the multi-robot systems maintain the formation after avoiding the obstacles and collisions is
the central issue and difficulty of multi-robot research, which is the main task of this paper.

The obstacle avoidance can ensure the robots to have abilities of automatically computing a
collision-free and shortest path to the target in the working environment, which has achieved
remarkable results, such as the A* algorithm,4 grid method,5 visibility graph method,6 ant colony
algorithm,7 particle swarm optimization algorithm8 and the rapidly expanding random tree search
algorithm.9, 10 Artificial potential field (APF) is one of the classical approaches that are used for obsta-
cle avoidance, which is first proposed by Khatib.11 This method is particularly appealing because of
its concise mathematical description and simplicity. However, it has some natural limitations,12 which
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includes the goals non-reachable with obstacle nearby (GNRON) and the common situations of local
minima. To overcome the local minima, Li13 presented an effective improved artificial potential field
(IAPF)-based regression search method, which has achieved a good performance in path planning
without local minima and oscillations. Combined with a two-layered fuzzy logic inference engine,
Tsourveloudis et al.14 proposed an electrostatic potential field (EPF) method for real-time mobile
robot path planning in a dynamic environment. Rajvanshi15 used the APF method for path plan-
ning in the complex environment, and artificial goal approach to solve the local minima. Ahmed16

proposed the particle swarm optimization method to modify the APF method, and solved the local
minima successfully. Although the potential field methods have achieved great success in obsta-
cle avoidance of single-robot systems, the key problem is that potential field functions alone may
not resolve the obstacle avoidance and conflicts among agents. Furthermore, Loizou17 introduced a
novel approach to solve the navigation problem by mapping an obstacle-cluttered environment to a
trivial domain called the point world, where the navigation task is reduced to connecting the images
of the initial and destination configurations by a straight line. Unfortunately, this approach requires
the priori knowledge of the obstacles, which is not applicable to multi-robot obstacle avoidance.

The formation control of the multi-robot systems has been intensively studied in recent years.
By applying the finite-time convergence protocols, Xiao18 developed a new finite-time formation
control framework for multi-agent systems with a large population of agents, and addressed the
time-invariant formation, time-varying formation and trajectory tracking problems. For distributed
flocking systems, Meng19 designed a collection of graph-based nonlinear feedback control and
Olfati-Saber20 presented a theoretical framework for design and analysis of distributed flocking
algorithms. Both of them can deal with formation maintenance and collision avoidance. With the
decentralized model predictive control (MPC) and consensus-based control, Kuriki21 proposed a
cooperative formation control method with collision-avoidance capability for a multi-agent sys-
tem. However, the formation control methods mentioned above did not consider obstacle avoidance.
Therefore, the obstacle and collision avoidance for the multi-robot formation has achieved extensive
attention from many researchers. Nagy22 implemented a controller for the multi-agent systems by
using genetic algorithm (GA) to build a potential field, but the oscillation and local minima are not
under consideration. In addition, Dai23 described a switching formation strategy for the multi-robot
with velocity constraints to avoid the obstacles. In this strategy, robots can achieve a safe path by
using the geometric obstacle-avoidance control method (GOACM). Unfortunately, this strategy is
just applicable for the simple obstacle environment. When more robots are working in the complex
environment, the robots have the risk of collision with the obstacles and local minima.

In this paper, as for the problems of risk of collisions between robots, GNRON, local minima
and formation control, an obstacle-avoidance method based on the IAPF and PID adaptive tracking
control algorithm is proposed for the multi-robot systems. Compared with the existing literatures on
the obstacle and collision avoidance for the multi-agent systems, the main contributions of our work
are summarized as follows.

(1) We designed the motion situational awareness map (MSAM) for the robots, by making grids
on the MSAM. The detected information of the obstacles and other robots around the robot can
be mapped on the polar coordinate grids. Furthermore, based on the MSAM, the obstacles can be
modeled as a circular shape, which are easy to be handled by the APF method, and the MSAM will
update in real time to ensure that the robot can make optimal decision at any time.

(2) Based on the MSAM, an adjustable repulsive function from the obstacles is designed to gener-
alize the local minima a standard situation. Aiming at the GNRON and local minima, we put forward
the rotating potential field, which is perpendicular to the attractive potential field, to ensure that the
robot’s resultant force is never equal to zero, and the direction of this rotating force is determined by
the position of the obstacles and target. For avoiding the collisions between robots, we established
a priority model for every robot and designed a repulsive function when the robots are approaching
each other.

(3) The PID adaptive tracking control algorithm is designed for multi-robot formation control,
which can ensure that the multi-robot system recovers its original formation after avoiding the
obstacles. Moreover, the Lyapunov function is designed to verify the stability of the system.

The paper is organized as follows. In Section 2, we build the mathematical modeling for the robot,
and analyze its dynamic and kinematic characteristics. Afterwards, the MSAM is designed. Section 3
concerns two conceptual solutions: the IAPF multi-robot obstacle-avoidance control method is

https://doi.org/10.1017/S026357471900033X Published online by Cambridge University Press

https://doi.org/10.1017/S026357471900033X


Multi-robot obstacle avoidance and formation control 1885

X

Y

O

Fig. 1. The two-wheel nonholonomic mobile robot model.

designed, and the leader–follower formation model and PID adaptive tracking control algorithm are
proposed for formation control. Section 4 shows the results of simulation to demonstrate the perfor-
mance of the proposed approaches. In Section 5, the paper ends with the conclusions and open issues
for future research.

2. Robot Mathematical Model

2.1. Kinematics model of robot with two actuated wheels
As shown in Fig. 1, the robot Ri (i = 1, 2, . . . , n) achieves the motion and orientation by two drive
wheels. The radius of the wheels is ri. The distance between the wheels is denoted by 2bi and Oi

located in the middle of the right and left wheels. {O,X,Y} is an inertial Cartesian and {Oi,X,Y} is
the local coordinate system of the robot. vl is the velocity of left wheel, vr is the velocity of right
wheel and vc is the velocity of the robot center. If (vl �= vr), we can get the angular velocity wi.

According to the robot model, the forward velocity is determined by the speed of the wheels

vc = vl + vr

2
(1)

There is a constraint:

ω = vl − vr

2bi
(2)

Under the ideal situation, and in terms of the principle of rigid motion, the trajectory of the robot
is a circle, and the radius can be represented as

R = vc

ω
= bi(vl + vr)

(vl − vr)
(3)

The kinematics equation of the robot can be expressed as

q = [
x y θ

]T
u (4)

u = [
vc ω

]T
(5)

[ •
x

•
y

•
θ

]T =
⎡
⎣ cos θ

sin θ

0

0
0
1

⎤
⎦[

1
2
1
b

1
2

− 1
b

] [
vl

vr

]
(6)
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Equation (4) is the pose state matrix, Eq. (5) is the motion state matrix and Eq. (6) can be
represented as

q̇ = S(q)V =
⎡
⎢⎣

cos θ

sin θ

0

0
0
1

⎤
⎥⎦ [

vc

ω

]
(7)

where S(q) is 3 × 2 smooth linear independence matrix and V is the motion matrix of the robot.

2.2. Dynamic model of robot
The dynamic equations of the generalized coordinates are established as follows:

M(q)V̇ + Vm(q, q̇)V + F(q̇) + G(q) = B(q)τ − AT(q)λ (8)

M(q) =
⎡
⎢⎣

m

0

mg sin θ

0

m

−mg cos θ

mg sin θ

−mg cos θ

I

⎤
⎥⎦ (9)

Vm(q, q̇) =
⎡
⎢⎣

0

0

0

0

0

0

mgθ̇ cos θ

mgθ̇ sin θ

0

⎤
⎥⎦ (10)

B(q) = 1

r

⎡
⎢⎣

cos θ

sin θ

b

cos θ

sin θ

−b

⎤
⎥⎦ (11)

where F(q̇) is surface friction matrix, G(q) is gravity matrix, AT(q) is constraint matrix, M(q) is
positive inertia matrix, Vm(q, q̇) is centrifugal and the Coriolis matrix, B(q) is input transformation
matrix, τ is driving force of friction, b is the coefficient of rotational viscosity and λ is the binding
vector.

Differentiating Eq. (8) yields

q̈ = Ṡ(q)V + S(q)V̇ (12)

Substituting Eqs. (7) and (12) into (8), we obtain

M(q)
[
Ṡ(q)V + S(q)V̇

]+ Vm(q, q̇)S(q)V + F(q̇) + G(q) = B(q)τ − AT(q)λ (13)

Multiply both sides of Eq. (13) by ST(q), and consider F(q̇) + G(q) as a disturbance item η[
ST(q)M(q)S(q)

]
V̇ + [

ST(q)M(q)Ṡ(q) + ST(q)Vm(q, q̇)S(q)
]
V + ST(q)η

= ST(q)B(q)τ − ST(q)AT(q)λ
(14)

Ignore the unknown binding λ

M̄(q)V̇ + V̄m(q, q̇)V + η̄ = B̄(q)τ (15)

where

M̄(q) = ST(q)M(q)S(q)

V̄m(q, q̇) = ST(q)M(q)Ṡ(q) + ST(q)Vm(q, q̇)S(q)

B̄(q) = ST(q)B(q)

η̄ = ST(q)η
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Fig. 2. The MSAM block diagram of the robot.
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Fig. 3. The motion situational awareness map.

The dynamic mechanical equation of the robot can be simplified as[
m
0

0
I

] [
V̇
ω̇

]
−
[

0
−mgω

mgω

0

] [
vc

ω

]

=
[

1
r
b
r

1
r

− b
r

] [
τl

τr

]
+
[

Fd

τd

] (16)

2.3. Motion situational awareness map for robot
The MSAM is an environmental awareness system which is built based on the image, radar, GPS, the
other sensors’ data and the robot’s state parameters. The MSAM block diagram of the robot is shown
in Fig. 2. The MSAM is designed in polar coordinates, and the robot is regarded as the origin of polar
coordinates, as shown in Fig. 3. We can adjust the radius of MSAM rm as we need. By making grids
on the MSAM, the detected environment data around the robot are mapped on the polar coordinate
grids.

From Fig. 3, the obstacles, other robots and target around robot1 can be mapped on the
corresponding grids of the MSAM. The polar coordinates function of the MSAM can be expressed as{

x = r cos θ

y = r sin θ
(17)

We divide the circumferential angle θ [0 , 2π) of the MSAM into n equal parts, each
part θi = 2π

n , (i = 1, 2, . . . , n), and the radius rm of MSAM can be divided into m equal
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parts rj = rm
m , ( j = 1, 2, . . . , m). Therefore, the MSAM can be divided into m × n grids

sij(r, θ),
(

2π i
n ≤ θ < 2π(i+1)

n ,
rmj
m ≤ r <

rm(j+1)

m

)
, which can be represented as

sij(x, y) =
{

x = r cos θ

y = r sin θ
,
(
i�θ ≤ θ < (j + 1)�θ, j�r ≤ r < (j + 1)�r

)
(18)

where �θ = 2π
n , �r = rm

m .
We assume sij(j�r cos i�θ, j�r sin i�θ) as the coordinates of grid sij. It obviously shows that

when the obstacles, other robots and target are detected and mapped on the MSAM, the correspond-
ing grids will be occupied. We choose the grids that are close to the robot as the obstacle grid.
Therefore, the S1, S2 and S3 correspond the Obs2; S4, S5 and S6 conform the Obs1; St represents the
target; and the other robots also have the corresponding grids. We take the Obs1 as an example to
illustrate the process of MSAM dealing with the obstacles. The grids (S1, S2, S3) are occupied by
Obs1, the arc AB is obtained as the closest edge of Obs1 from the Robot1 O, and the coordinates of
grid s2 are the center of arc AB. The radian of arc AB is 3�θ ; thus, the distance from O to straight
line AB is

disob1 = ro cos 3
2�θ (19)

where ro is the radius of arc AB:

ro = η�r = η rm
m (20)

where η is a positive constant.
There is only one circle O1(x1, y1) satisfies (O1O⊥AB) & (ro1 = ro). We assume O1 as a virtual

obstacle Obs1 which is represented as

(x − x1)
2 + (y − y1)

2 = ro1
2 (21)

Similar to Obs1, we can get the O2 for Obs2. All the obstacles around the robot can be treated as
the circular obstacles, which is easier for APF to deal with the local minima. The MSAM is updated
in real time to ensure that the robot can make optimal decision at any time, which can provide rich
environmental information for multi-robot path planning and formation control.

3. The Proposed Method
To resolve the obstacle avoidance for multi-robot systems, two issues are under consideration. First,
instead of behaving independently, the multi-robot should coordinate to avoid both collision and
obstacle. Secondly, robots should efficiently reform the leader–follower formation after avoiding
obstacles.23 Under consideration of these two issues, a switching formation strategy is described.
According to the MSAM, if no obstacles are detected, the multi-robot system forms and maintains
the predefined formation. When the obstacles occur to robots, both the leader and follower robots
will avoid the obstacles based on the IAPF method, and the followers by using PID adaptive tracking
control algorithm to reform the predefined formation.

3.1. Improved artificial potential field
The APF method assumes the robots moving in an abstract artificial force field, which is consisted
of the repulsive potential field and the attractive potential field in the workspace.24, 25 The force of
the robot in the APF is shown in Fig. 4. The target produces an attractive force Fatt, which mono-
tone diminishing as the distance between the robot and the obstacle decreasing. While the obstacles
generate a repulsive force Frep, which is inversely proportional to the distance from the robot to the
obstacles, and it is pointing away from the obstacles. γ is the angle between the obstacle and target,
Fa is the resultant force of Fatt and Frep, and the robot will move in the direction of the resultant force
until reaching the target.

The most commonly used potential function field is

U(q) = Uatt(q) +
n∑

i=1

Urep(q) (22)
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Fig. 4. Strength forced on the robot in artificial potential field.

where Uatt(q) and Urep(q) are the potential functions of the goal point and the obstacles, q is the
coordinate of robot (x, y)T , and n is the number of the obstacles within the scope of influence.

The attractive potential function is given by

Uatt(q) = 1

2
kg(q − qg)

2 (23)

where kg is a positive scaling factor and qg is the goal position.
The definition of attractive force is calculated as the negative gradient of the attractive potential

field

Fatt(q) = −grad
(
Uatt(q)

)= −kg
(
q − qg

)
(24)

where Fatt is a vector toward zero as the robot approaches the target, and the components can be
written as {

Fatt (x) = −kg
(
x − xg

)
Fatt (y) = −kg

(
y − yg

) (25)

where Fatt(x) and Fatt(y) is the attractive forces directed to x and y. The repulsive potential function
can be represented as

Urep(q) =

⎧⎪⎨
⎪⎩

1

2
kr

(
1

f (q − qo)
− 1

ρ

)2

, f (q − qo) ≤ ρ

0, f (q − qo) > ρ

(26)

where kr is a positive scaling factor, qo is the obstacle position, f (q − qo) is the distance between the
robot and the obstacles, and ρ is the largest impact distance of the MSAM.

The definition of the repulsive force is the negative gradient of the repulsion potential field

Frep(q) = −grad
(
Urep(q)

)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

kr

(
1

f (q − qo)
− 1

ρ

)
1

f 2(q − qo)

grad
(

f (q − qo)
)
, f (q − qo) ≤ ρ

0, f (q − qo) > ρ

(27)

https://doi.org/10.1017/S026357471900033X Published online by Cambridge University Press

https://doi.org/10.1017/S026357471900033X


1890 Multi-robot obstacle avoidance and formation control

FattFrep

FattFrep

Fig. 5. The common situations of local minima and GNRON.

Similar to the attractive force, Frep can be written as

Frep(x) =

⎧⎪⎨
⎪⎩

kr

(
1

f (q − qo)
− 1

ρ

)
1

f 2(q − qo)

x − xo

f (q − qo)
, f (q − qo) ≤ ρ

0, f (q − qo) > ρ

Frep(x) =

⎧⎪⎨
⎪⎩

kr

(
1

f (q − qo)
− 1

ρ

)
1

f 2(q − qo)

y − yo

f (q − qo)
, f (q − qo) ≤ ρ

0, f (q − qo) > ρ

(28)

Although the traditional APF has a better performance in obstacle avoidance, it has fatal problems
of local minima and GNRON. Based on the MSAM, Urep and Frep can be written as

Urep =

⎧⎪⎨
⎪⎩

1

2
kr

(
1

f (m, n)
− 1

ρ

)2

, f (m, n) ≤ ρ

0, f (m, n) > ρ

(29)

Frep = −grad
(
Urep(q)

)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

kr

(
1

f (m, n)
− 1

ρ

)
1

f 2(m, n)

grad
(

f (m, n)
)
, f (m, n) ≤ ρ

0, f (m, n) > ρ

(30)

where f (m, n) represents the distance between the obstacles and robot. Frep is related to the MSAM.
We can change m and n to adjust Frep, which improves the practicality of the potential function and
is suitable for any kinds of obstacles.

The common situations of the GNRON and local minima are as shown in Fig. 5. We define the
local minima and GNRON problem as

n∑
i=1

Frep ≥ −Fatt (31)

As can be seen from Fig. 6, if the target T2 and robot1 are both within the impact range ro of
the Obs2, and the f (q − qo) ≤ f

(
q − qg

)
, we treat this situation as a GNRON problem. To solve this

problem, we make Uatt ≥ Urep. Urep and Frep are designed as

Uatt =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

2
kg(q − qg)

2

1

2
kg(q − qg)

2 + 1

2
kr

(
1

f (m, n)
− 1

ρ

)2

, f
(
q − qg

)
< f (q − qo) < ρ

(32)
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Fig. 6. The IAPF based on MSA.

Fatt =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

kg(q − qg)

kg(q − qg) + kr

(
1

f (m, n)
− 1

ρ

)
1

f (m, n)2

grad ( f (m, n)) , f
(
q − qg

)
< f (q − qo) < ρ

(33)

In Fig. 6., when the attractive force from T1 and the repulsive force from Obs1 are equal and have
the opposite direction, the resultant force is zero. It will cause the robot to be trapped in the local
minima or oscillations. To solve this problem, we employ the rotating potential field Uesc when the
obstacles are within the impact range of the MSAM, which can produce force Fesc to guide the robot
to escape from the local minima. As shown in Fig. 6, Uesc is perpendicular to the attractive potential
field Urep, and the center of Uesc is the obstacles. If γ �= 0, Uesc has the same direction of Fattsinγ ;
otherwise, the direction of Uesc is counterclockwise around the obstacles.

The rotating escape potential field Uesc can be represented as

Uesc (q) =
⎧⎨
⎩

1

2
ke(q − qo)

2, f (m, n) ≤ ρ

0, f (m, n) > ρ

(34)

where ke is a positive scaling factor. The purpose of introducing the rotating potential field is to
escape the local optimum ensuring that the robot does not deviate from the desired route. qo is the
obstacle position, f (q − qo) is the distance between the robot and the obstacles, and ρ is the largest
impact distance of the obstacles.

The definition of escape force Fesc is calculated as the negative gradient of the rotating escape
potential field

Fesc (q) =
{

ke(q − qo), f (m, n) ≤ ρ

0, f (m, n) > ρ
(35)

The direction of Fesc is perpendicular to the attractive force Fatt.
The collision avoidance between the robots is another tough issue in multi-robot systems. When

the robot Ri approaches to Rj, the repulsive potential will be generated to avoid collisions, which is
designed as

Uij (q) =
⎧⎨
⎩

−kij

(
ln(qij − r) − qij

rij−r

)
, qij ≤ ρ ∧ qij �= r

0, qij > ρ

(36)

where kij is a positive coefficient, qij is the distance of Ri and Rj, and r represents the safe distance
between the robots.
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From Eq. (36), the repulsive force can be expressed as

Fij (q) = −∇Uij (q)

=
⎧⎨
⎩

kij

(
1

qij−r − 1
ρ−r

)
, qij ≤ ρ ∧ qij �= r

0, qij > ρ

(37)

From Eq. (37), when (qij − r) → 0, Fij (q) → ∞. Therefore, the robots will not collide with each
other.

The resultant force of the robot is

Fa(q) =
n∑

i=1

Frep(q) +
n∑

i=1

Fesc(q) + Fatt(q) +
n0∑

j=1

Fij(q) (38)

where n0 is the number of the robots within the scope of influence.
Remark 1. The existing IAPF method,13, 15, 16, 26 designed the potential function based on a priori

environment model. Unfortunately, a realistic changing environment significantly shortens the life
of any priori model. In an unknown complex environment, it is almost impossible to establish the
potential functions without local minima. This paper designed the adjustable and flexible potential
functions (29) based on the MSAM. In order to reduce the local minima, we introduce a rotating
potential field (34). Moreover, we designed the repulsive potential function (36) to avoid collisions
between robots.

3.2. Multi-robot formation control
3.2.1. Leader–follower formation model. For the multi-robot systems, there are three kinds of
approaches for formation control: the leader–follower method,27 behavior-based method28 and the
virtual structure method.29, 30 Formation control mainly includes assignment of feasible formations
and switching between formations. In this paper, the leader–follower formation approach31 is adopted
to the system. The robot Rl is assigned to be the leader robot, which can determine the motion of each
follower robots Rfi(i = 1, 2, . . . , n). The formation control model is shown in Fig. 7. dl1 is defined
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as the desired distance between Rfi and Rl. αli is the desired bearing angle from the orientation of the
follower robot to the axis connecting Rfi and Rl. We assume the way-point posture of the follower
robot Rfi

Pfi = ( xfi yfi θfi )T

and [
xfi

yfi

]
=
[

xl(t) − dli cos
(
αli + θl(t)

)
yl(t) − dli sin

(
αli + θl(t)

)
]

(39)

θfi = arctan
((

yfi(t) − yfi(t − 1)
)
/
(
xfi(t) − xfi(t − 1)

))
(40)

Then the kinematic equations of the system are expressed as⎧⎪⎪⎨
⎪⎪⎩

ẋfi = vfi cos θfi

ẏfi = vfi sin θfi

θ̇fi = ωfi

(41)

In order to keep the formation, the dynamic equation of the followers and leaders is described as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ḋli = vfi cos βi − vl cos αli + ωfi sin βi

α̇li = 1

dli

(
vlsinαli − vfi cos βi − dliωl + ωfi cos βi

)
θ̇fi = θfi

(42)

Equation (42) can be rewritten as

[
ḋli

α̇li

]
= F + Guo (43)

where F =
[−νli cos αli

νli sin αli−dliωl
dli

]
, G =

[
cos βi sin βi

− sin βi

dli

cos βi

dli

]
, uo = [

vfi ωfi
]T

, βi = θl + αli − θfi. Since

det(G) �= 0, the inverse of G exists. Denoting u = Guo and substituting it into (43) give

u = −F − Ke (44)

where K indicates positive constant gains. Thus, the tracking error e converges to zero exponentially,
meaning that the followers could maintain some given separation distance and bearing angle from
the leader.

3.2.2. PID adaptive tracking control. To ensure that each robot can track its way-points and form the
formation correctly, an adaptive tracking control algorithm was proposed based on the PID control
algorithm. The distinguishing feature of the PID controller is the ability to use the three control
terms of proportional, integral and derivative influence on the controller output to apply accurate and
optimal control.30 Figure 8 shows the principles of how these terms are generated and applied. The
PID controller continuously calculates an error value e (t) as the difference between a desired safe
distance and tracking angle of the followers

[
dsli θsli

]T
and a measured process variable

[
dli θli

]T
,

and applies a correction based on proportional, integral, and derivative terms. The controller attempts
to minimize the error over time by adjustment of a control variable U(t), which is used to control the
torque controller of robots, through the MSAM to calculate the current position of robots, then the
position is sent to the PID controller.
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According to the leader–follower formation model, the distance dli and angle θli between the
followers Rfi and leader are calculated as

dli =
√(

xfi − xli
)2 + (

yfi − yli
)2

(45)

θli = arctan
yfi − yli

xfi − xli
(46)

The formation tracking error is

e = [
ed, eθ

]T = [
dsli − dli, θsli − θli

]T
(47)

The tracking error e converges to zero exponentially, which means that the followers could maintain
the given separation distance and bearing angle from the leader in the leader– formation. The overall
PID control function can be expressed as

Upid (t) = Kpe (t) + Ki

∫ t

0
e (τ )dτ + Kd

de (t)

dt
(48)

where Kp, Ki and Kd are non-negative and denote coefficients for the proportional, integral, and
derivative terms, e (t) represents the control error, and Upid (t) represents the output control variable.

Our PID controller is described in the following form:

upid = PTkpid (49)

where PT =
[

ed
∫ t

0 ed(τ )dτ ėd 0 0 0
0 0 0 eθ

∫ t
0 eθ (τ )dτ ėθ

]T

, kpid = [
kdp kdi kdd kθp kθ i kθd

]
.

From (44) and (66), we can obtain

eu = upid − u (50)

We assume that there exists an optimal bounded time-varying parameter vector k∗
pid, which holds

u(e, t) = PTk∗
pid + δ (e, t) (51)

where δ(e, t) is bounded and satisfies

δTδ ≤ τ0eTe + τ1 (52)

where τ0 and τ1 are positive constants.
To obtain the k∗

pid for our controller, from (65) and (66)

eu = PTkpid − PTk∗
pid − δ (53)

where k̃pid = k∗
pid − kpid denotes the error vector of adaptive PID control parameter. We have

kpid = P
(

eu + PTk∗
pid + δ

)
(54)

where PTk∗
pid + δ can be treated as a positive constant. The gradient of with kpid can be calculated by

k̇pid = Pėu (55)

Deriving the tracking error e in (44) yields

ė = F + upid

= F + upid − u + u

= −Ke + eu

(56)

To analyze the stability of the dynamic error system, the following theorem is established.
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Theorem 1. Consider the dynamic PID control represented by (65) and assume that the assump-
tion (53) is satisfied. Then, the tracking errors (47) can converge to 0 by appropriately choosing the
parameters. The leader–follower formation control system is asymptotically stable.

Proof. The Lyapunov function is given as follows:

V = 1
2 eTe + 1

2 k̃
T
pidk̃pid (57)

The time derivative of the Lyapunov function (57) along with (53), (55) and (56) satisfies

V̇ = eT ė + k̃
T
pid

(
k̇

∗
pid − k̇pid

)
= eT(−Ke + eu) − k̃

T
pidPeu + k̃

T
pidk̇

∗
pid

= −eTKe + eTeu − (
eT

u + δT) eu + k̃
T
pidk̇

∗
pid

= −eTKe + eTeu − eT
u eu − δTeu + k̃

T
pidk̇

∗
pid

(58)

For estimating the upper bound of V̇ , we obtain

eTeu = − (
1
4 eT

u eu − 1
2 eT

u e − 1
2 eTeu + eTe

)+ 1
4 eT

u eu + eTe

= −(
1
2 eu − e

)T ( 1
2 eu − e

)+ 1
4 eT

u eu + eTe

≤ 1
4 eT

u eu + eTe

(59)

Similar to (59), −δTeu ≤ 1
4 eT

u eu + δTδ, k̃
T
pidk̇

∗
pid ≤ 1

4 k̃
T
pidk̃pid +

(
k̇

∗
pid

)T
k̇

∗
pid. We have

V̇ ≤ −eTKe + 1
4 eT

u eu + eTe − eT
u eu + 1

4 eT
u eu + δTδ + 1

4 k̃
T
pidk̃pid +

(
k̇

∗
pid

)T
k̇

∗
pid

= − 1
2 eT

u eu − eT (K − I) e + δTδ + 1
4 k̃

T
pidk̃pid +

(
k̇

∗
pid

)T
k̇

∗
pid

≤ − 1
2 eT

u eu − eT (K − I) e + τ0eTe + τ1 + 1
4

∥∥∥k̃pid

∥∥∥2 +
∥∥∥k̇

∗
pid

∥∥∥2

= − 1
2 eT

u eu − eT [K − (1 + τ0) I] e + τ1 + 1
4

∥∥∥k̃pid

∥∥∥2 +
∥∥∥k̇

∗
pid

∥∥∥2

(60)

where I is the identity matrix. Since k̇
∗
pid and δ are upper bounded, there exists a positive constant b

satisfying

τ1 +
∥∥∥k̇∗

pid

∥∥∥2 = b (61)

Substituting (61) into (60), we have

V̇ ≤ − 1
2 eT

u eu − eT
[
K − (1 + τ0) I

]
e + 1

4

∥∥∥k̃pid

∥∥∥2 + b

≤ −aV + b
(62)

where a = min(min2(k1,2 − 1 − τ0), 0.5).
Hence

V (t) ≤ (
V (0) − b

a

)
e−at + b

a (63)

which indicates

‖e (t)‖ ≤
√

‖e (0)‖2 +
∥∥∥k̃pid (0)

∥∥∥2 + 2b
a e−(1/2)at +

√
2b
a

(64)

Therefore, the tracking errors dli and θli converge to an enough small neighborhood of the origin, and

‖e (t)‖ converges to
√

2b
a as t → 0. This completes the proof. �
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Remark 2. The reason we choose the PID control algorithm for multi-robot formation control is
that it has a simple structure, fast response, easier parameter adjustment, is widely used in various
fields and has achieved remarkable results.32–34 The formation PID control proposed in ref. [32] has
better performance in robust formation control. Unfortunately, it did not consider the case of the
obstacle and collision avoidance in the working environment. The proposed adaptive PID algorithm
is combined with the IAPF and MSAM, which can be used for formation control after the obstacle
and collision avoidance.

3.3. Multi-robot obstacle-avoidance control algorithm
In this paper, the multi-robot obstacle-avoidance control algorithm mainly solves the obstacle
avoidance, the collision avoidance between robots and formation control.

3.3.1. Avoiding the collisions between robots. For avoiding the collisions between robots, we
designed two strategies: one is the robots avoiding collisions each other when they meet and treat
each other as the moving obstacles and the other is to establish a priority model15 for each individual
robot. When the robots meet each other, high-priority robots have the right to pass priority, and the
other robots have to stop and wait until the high-priority robots pass through.

In the system, we set a fixed ID idi (i = 1, 2, . . . , n) for each robot, and the leader has the highest
priority p1. For the followers, the priority is pi (i = 2, . . . , n). If there is no formation control between
the robots, the priority is calculated as

pi = idi, (i = 1, 2, . . . , n) (65)

If the system was in formation control, the priority is consisted by pd
i

and pa
i
, and pi is calculated as

pi =

⎧⎪⎨
⎪⎩

pd
i ,
(
pd

i �= pd
j

)
pa

i ,
(
pd

i = pd
j

)
idi,

(
pd

i = pd
j , pa

i = pa
j

) (66)

where pd
i
= 1

di1
and pa

i
= sgn (αli)

(
π
2 − |αli|

)
, for follower robots Ri and Rj. When pd

i �= pd
j , the com-

parison of pi and pj depends on the comparison of pd
i

and pd
j
; when pd

i = pd
j , the comparison of pi and

pj relies on the comparison of pd
i

and pd
j
; and for other case the comparison of pi and pj depends on

the comparison of idi and idj.

3.3.2. The obstacle avoidance for multi-robot formation. Figure 9 shows the obstacle-avoidance
control flowchart for the multi-robot system. As the gradient of the IAPF will interfere with the PID
term in the formation control, the PID term to achieve formation may generate new local minima for
the IAPF. Our solution is to design a priority strategy for avoiding obstacles. If there are no obstacles,
the robots form and maintain the predefined formation based on the PID adaptive tracking control
algorithm. For crossing and avoiding obstacles, based on the MSAM, the leader tries to avoid the
obstacles by using the IAPF, and the followers have to switch into an obstacle-avoidance formation
with the leader. After checking the distance between the two neighboring followers, if the collisions
occur, based on the priority model, the followers have to change their paths and avoid the collisions
each other. If there is no collision avoidance, the followers calculate the current distance and angle
with the leader in real time. After the obstacle avoidance, the followers have the ability to reform the
predefined formation by using the PID adaptive tracking control algorithm, until all the robots reach
the targets.

4. Simulations
To evaluate the performance of the proposed strategies, a series of simulations have been imple-
mented in MATLAB. The physical parameters of the robots are bi = 0.17 and ri = 0.12, and the
radius of the robot MSAM is defined as rm = 5. The parameters for IAPF algorithm are defined as
kg = 5, kr = 30, ke = 0.01 and ρ = 3. The parameters for PID adaptive tracking control algorithm are
defined as Kp = 8, Ki = 5 and Kd = 5. The initial values of PID parameters are all selected to be zero.
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Fig. 9. The obstacle-avoidance control flow chart for multi-robot system.
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Fig. 10. Trajectories of the single robot crossing and avoiding the obstacles.

The simulation step length of the robots is 0.08. All of the parameters in the simulation are treated as
non-dimensional.

4.1. Obstacle avoidance of single robot
Figure 10 shows the trajectories of the single robot crossing and avoiding the random obstacles
based on the IAPF. It is obvious that the robot has a better performance in avoiding the complex
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Fig. 11. The angle curve of the resultant force.

environment obstacles, and the angle curve of the resultant force is shown in Fig. 11 (we assumed
the x-axis to the right as the positive direction 0◦), which can match the trajectories as well.

4.2. Collision avoidance between robots
For the multi-robot collision avoidance, we explored two different approaches: one is designed based
on the priority model. When robots meet each other, the higher priority robots have the right to pass
priority, and the other robots have to stop and wait until the high-priority robot pass through, as
shown in Fig. 12(a) and (b). We simulate with six robots moving toward the opposite direction in
pairs, and the simulation results show that this method can realize the collision avoidance. Another
method does not consider the priority model. All of the robots can be treated as the moving obstacles,
so the robots avoid each other when they meet. From Fig. 12(c) and (d), the simulation results show
that this method can avoid collision successfully as well. In addition, the digitals in Fig. 12 represent
the current position of the robots at the same time.

4.3. Obstacle avoidance of multi-robot formation
Figure 13 shows the trajectories of six robots crossing two static obstacles. The followers form a
predefined formation with the leader. The initial states of the leader and follower robots are given in
Table I. The desired distances of the five followers with the leader are dl1 = dl2 = 1.4, dl3 = dl5 = 2.8
and dl4 = 2. The positions of two obstacles are (7, 2.5) and (7, −2.5), and the radius is 1.5, so the
distance of two obstacles is 2. The formation is supposed to cross two obstacles.

As shown in Fig. 13, at the beginning, the robots are moving in the predefined formation. In order
to cross and avoid the obstacles, the robots have to change the formation. When the robots detect
an obstacle, the leader avoids the obstacles based on the IAPF, and the followers calculate their new
desired bearing angles with the leader in real time. Then according to the PID adaptive tracking
control algorithm and the IAPF, all of the robots can cross and avoid the obstacles successfully.
After crossing the obstacles, six robots quickly reform the predefined formation and move toward
the targets. The trajectory tracking errors of robots 1–5 are shown in Fig. 14. Although oscillations
occur during the switching formation, the trajectory tracking errors can quickly converge to zero and
the followers’ error curves all match the trajectories as well. In the light of the leader crosses through
two symmetrical obstacles, so the leader and robot 4 have the same trajectory, and the trajectories of
robot 1 and robot 2 are symmetric as well as trajectories of robots 3 and 5.

Figure 15 shows the trajectories of six robots crossing and avoiding three static obstacles. The
initial states of the robots are given in Table II and the desired distances of five followers with the
leader are dl1 = dl2 = 1.4, dl3 = dl5 = 2.8, and dl4 = 2. The positions of three obstacles are (7, 2.5),

(7, −2.5) and (14, 1.3). The radius is 1.5. The robots are required to cross and avoid three obstacles.
As shown in Fig. 15, at the beginning, the robots are moving in the predefined formation. Then the

robots start to change the formation to cross the two obstacles. When the leader meets the third obsta-
cle, it avoids the obstacle based on the IAPF algorithm. The followers calculate their new desired
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Fig. 12. Trajectories of collision avoidance between robots.
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Fig. 13. The trajectories of six robots crossing and avoiding obstacles.

bearing angles with the leader according to the PID adaptive tracking control algorithm and the IAPF,
and that is the reason robots 3 and 4 back to avoid the obstacles from the bottom of the barrier. After
all of the robots cross and avoid the obstacles successfully, six robots quickly reform the predefined
formation. The trajectory tracking errors of the followers robots 1–5 are shown in Fig. 16. Although
oscillations occur during the switching formation, the trajectory tracking errors can quickly converge
to zero and the error curves of the followers all match the trajectories as well.
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Table I. The initial states of the leader and follower robots.

Robots Leader Robot1 Robot2 Robot3 Robot4 Robot5

(x, y) (0,0) (−1,1) (−1,−1) (−2,2) (−2,0) (−2,−2)

Table II. The initial states of the leader and follower robots.

Robots Leader Robot1 Robot2 Robot3 Robot4 Robot5

(x,y) (0,0) (−1,1) (−1,−1) (−2,2) (−2,0) (−2,−2)

R
ob

ot
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Fig. 14. The tracking errors of follower robots.
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Fig. 15. The trajectories of six robots crossing and avoiding obstacles.

Figure 17 shows the trajectories of six robots crossing and avoiding the random distribution obsta-
cles. The initial states of the leader and follower robots are given in Table III. The desired distances
of the five followers with the leader are dl1 = dl2 = 2.8, dl3 = dl5 = 5.7 and dl4 = 4. The robots are
required to cross and avoid the random distribution static obstacles.

As shown in Fig. 17, at the beginning, the robots are moving in the predefined formation. When
they come across the obstacles, the leader avoids the obstacles based on IPAF, and the followers cal-
culate their new desired bearing angles with the leader based on the PID adaptive tracking algorithm
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Table III. The initial states of the leader and follower robots.

Robots Leader Robot1 Robot2 Robot3 Robot4 Robot5

(x,y) (0,15) (−2,17) (−2,−13) (−4,19) (−4,15) (−4,11)
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Fig. 16. The trajectory tracking errors of the follower robots.
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Fig. 17. The trajectories of six robots crossing and avoiding random distribution obstacles.

and the IAPF. All of the robots can cross and avoid random distribution obstacles successfully. After
crossing obstacles, the robots try to reform the original formation. The trajectory tracking errors of
the follower robots 1–5 are shown in Fig. 18. Although the oscillations occur during switching for-
mations, the trajectory tracking errors can quickly converge to zero and the followers’ error curves
all match the trajectories as well.

5. Conclusion
In this paper, the IAPF and PID adaptive tracking control methods have been proposed for multi-
robot obstacle and collision avoidance. Based on the IAPF, the local minimum has been reduced
greatly, the leader has planned an optimal path without any collisions and guided the followers to the
target, and the followers can switch into an obstacle-avoidance formation. The PID adaptive tracking
control can make the multi-robot system to recover its original formation when the obstacle avoid-
ance has been completed. Moreover, with the robot priority model, the proposed strategy has solved
the collisions between the robots as well. Finally, we have simulated several common situations. The
results demonstrated the effectiveness of the proposed approaches to solve the obstacle and collision
avoidance for multi-robot system. However, it is still a very difficult task to achieve formation control
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Fig. 18. The trajectory tracking errors of the follower robots.

globally, which will be our future direction. Furthermore, we also plan to optimize and extend the
algorithm for flocking control.
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