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Abstract We study the equivariant oriented cohomology ring hy(G/P) of partial flag varieties using
the moment map approach. We define the right Hecke action on this cohomology ring, and then prove
that the respective Bott—Samelson classes in h7(G/P) can be obtained by applying this action to the
fundamental class of the identity point, hence generalizing previously known results of Chow groups
by Brion, Knutson, Peterson, Tymoczko and others. Our main result concerns the equivariant oriented
cohomology theory h corresponding to the 2-parameter Todd genus. We give a new interpretation of
Deodhar’s parabolic Kazhdan—Lusztig basis, i.e., we realize it as some cohomology classes (the parabolic
Kazhdan-Lusztig (KL) Schubert classes) in h7(G/P). We make a positivity conjecture, and a conjecture
about the relationship of such classes with smoothness of Schubert varieties. We also prove the latter in
several special cases.
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1. Introduction

Let G be a split semi-simple linear algebraic group over a field k of characteristic 0,
with G D P D B D T, where P is a parabolic subgroup, B a Borel subgroup, and T a
maximal torus. The partial flag variety G/P has many remarkable geometric properties;
for instance, it has a B-equivariant cellular filtration given by B-orbits O,. Basic
examples of such varieties are projective spaces, Grassmannians, and smooth quadric
hypersurfaces. In the present paper we study the cohomology ring h7(G/P), where
hr is the T-equivariant oriented cohomology theory in the sense of Levine-Morel [31].
Observe that the Chow groups CH (or singular cohomology) and Grothendieck’s K¢ are
standard examples of such theories. The corresponding equivariant versions have been
introduced and extensively studied by Brion [7], Totaro [40], Edidin-Graham [18], and
others. A universal example of such a theory is given by the algebraic cobordism £
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of Levine-Morel [31]. Its T-equivariant version Qr has been extensively studied recently
(see e.g., [21]). An interesting family of examples comes from formal group laws of elliptic
curves, which give, for instance, stalk versions of the equivariant elliptic cohomology of
Ginzburg-Kapranov—Vasserot (see e.g., [43]).

The fact that G/P has an equivariant cellular filtration immediately implies that
h7(G/P) is a free module over the coefficient ring hT(pt), with a basis given by the classes
of desingularizations of the orbit closures X (w) = Oy, i.e., the Schubert varieties. Hence,
the problem of describing the ring h7(G/P) (one of the major problems in generalized
Schubert calculus) splits into two parts:

(i) constructing a desingularization X(w) for each X (w), and

(ii) expressing the products [)A((w)] . [)?(v)] as linear combinations of the classes [)?(u)].

We only focus on (i). A fundamental result of Bressler-Evens [6, Theorem 3.7]
translated into the algebraic equivariant setup in [22, §5] says that the classes [X (w)] of
Bott—Samelson resolutions do not depend on the choice of a desingularization if and only if
the algebraic theory h is obtained by specialization from connective K-theory (a universal
birational theory). In the latter case (e.g., for Chow groups, singular cohomology, and
usual K-theory), the situation drastically simplifies, as we can replace [)A( (w)] with the
class of the Schubert variety [X (w)] itself (taking any of the Bott—Samelson resolutions),
hence avoiding the problem (i). In all other cases (e.g., for cobordism or for an elliptic
cohomology), this leads to a natural question of constructing canonical classes in h7(G/P)
which serve as replacements for the classes [X (w)].

In the present paper we address this question by introducing and applying a new tool
which we call a right Hecke action on hy(G/P).

Historically, the classical left Hecke action (denoted ‘e’) was used by Demazure
[15, 16], by Bernstein—Gelfand—Gelfand [3] to construct Schubert classes for ordinary
Chow groups, by Arabia [1, 2] for T-equivariant Chow groups, by Kostant—Kumar [25, 26]
for T-equivariant Chow groups and T-equivariant K-theory and by Bressler—Evens [5]
for complex cobordism. Namely, for Chow groups one sets [X(w)] :=Y; o (Y,,-1 ¢ [pt;]),
where J is the subset of simple roots corresponding to P and Y is the respective averaging
element, [pt;] is the fundamental class of the identity point in CHr(G/P) and Y1 is the
push—pull element in the nil-Hecke ring corresponding to O,,. The next step was done
in [11] and [12], where the classical e-action was generalized to an arbitrary oriented
theory hr(G/P) to construct classes of the Bott—Samelson desingularizations ¢ IJ of the
Schubert varieties X (w). Namely, one sets {1 =Yy o(Y, 1e[pt;]), where Y, is the
push—pull element in the respective formal affine Demazure algebra, which depends on
the choice of a reduced word I, for w.

The main disadvantage of the e-action is that it does not generate all the Schubert
classes from the class of the identity point directly (without applying the averaging
operator). In order to fix this problem, in the context of Chow groups, a new Hecke
action was introduced by Brion [7], Peterson [33] and Knutson [41]. It was later studied
by Tymoczko in [41, 42] (sometimes it is called the Tymoczko action).

In §3 we generalize the Brion—Peterson-Knutson-Tymoczko action to an arbitrary
oriented cohomology theory h (we denote it by ‘©’, and call it the right Hecke action),
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hence completing the picture. Our definition is uniform for all oriented cohomology
theories, and reveals the fact that both the e-action and the ®-action actually come
from the convolution product on h7(G/B) (see Remark 3.3). Moreover, it satisfies the
following key property (see Theorem 3.12):

All parabolic Bott—Samelson classes (,Jw in h7(G/P) can be obtained as
Y, ©lpty].

In §83.4 and 3.5 we provide several explicit formulas for the ®-action, which give
previously known results for Chow groups (Example 3.20), and new results for K-theory
(Example 3.21).

Surprisingly, it turns out that the (-action is a natural tool to link Deodhar’s
fundamental work [17] about the Iwahori-Hecke algebra with the cohomology theory of
flag varieties. This is discussed in the second part of this paper. For instance, using only
basic properties of the oriented cohomology of flag varieties, one can immediately recover
the Deodhar acyclic complex for the Iwahori-Hecke algebra [17, §5] (see §3.7). Moreover,
in Section 4 we give a new interpretation of Deodhar’s modules over Iwahori-Hecke
algebras in terms of classes in the equivariant K-theory of flag varieties. All the results
stated here are known, but we provide proofs in the new setup (using the ‘©’-action),
which give new insight and are sometimes simpler. Moreover, the basis in Deodhar’s
modules discussed in §4 is closely related to the Maulik—Okounkov K-theoretic stable
bases of Springer resolutions [32]. An in-depth discussion of this relationship is included
in [38].

In the last section, we discuss various applications of the ®-action. Let h be the oriented
cohomology theory corresponding to a 2-parameter Todd genus (e.g., multiplicative and
generic hyperbolic). By using the ®-action, we naturally identify the elements of the
parabolic Kazhdan—Lusztig basis of the Hecke algebra as cohomology classes in h7(G/P).
These are called the parabolic KL-Schubert classes. We discuss their functorial properties
(see §5.3), and recover the classical relationship between the Kazhdan—Lusztig basis and
Deodhar’s parabolic version in §5.6.

We state two conjectures regarding the parabolic KL—Schubert classes (the Smoothness
Conjecture §5.4 and a Positivity Conjecture §5.5), and prove some special cases. Indeed,
the main motivation for the present paper was the Smoothness Conjecture, which
says that if the Schubert variety X(w) in G/P is smooth, then the Schubert class
[X (w)] coincides with the parabolic KL-Schubert class of w. In §5.9 we consider the
case of projective spaces, for which we compute the parabolic KL-Schubert classes
and prove the Smoothness Conjecture. We also prove the Smoothness Conjecture for
certain w in Corollary 5.15. It is worth noting that the proof of this corollary uses the
Kazhdan—Lusztig basis for the longest element wg € W, which can also be thought of as
the symmetrizer of the finite Hecke algebra (see Proposition 4.10).

We expect the (parabolic) KL-Schubert classes to be related to Totaro’s work [39] on
the independence of classes of I H-small resolutions for certain elliptic genera, and also
to Zelevinsky’s small resolution of Grassmannians.
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2. Preliminaries and notation

2.1. The root datum

We consider a semi-simple root datum (A, X, ¥ < AY) following [36, Exp. XXI] (cf.
[10, §2]). Here A is a free abelian group of finite rank, A" is its dual, X is a finite
non-empty subset of A, called the set of roots and ¥ < AY, a — a" is an embedding
satisfying standard axioms. The subgroup A, generated by X is called the root lattice,
and the subgroup

Ap=reA®zQ| (A aY)eZforaloaeX)

is called the weight lattice. By definition, we have A, € A C A,,.

The root lattice A, has a Z-basis Il = {«ay, ..., a,}, called the set of simple roots.
Here n is the rank of the root datum. Any root @ € ¥ can be written as a linear
combination of simple roots with coefficients either all positive or all negative. So we
have a decomposition ¥ = X LI ¥~ into positive and negative roots.

For any a € ¥, the Z-linear operator

St A=A, A A— o)

is called a reflection. The Weyl group W of the root datum is generated by s,, o € X;
it is also generated by simple reflections s;, i € [n], where s; ==y, and [n] =1,...,n.
Sometimes we abuse notation and write IT instead of [n]. The length of w e W is
denoted by £(w), and if w = s;, - - - s;, is a reduced decomposition into a product of simple
reflections of length [, we say that I, := (i, ..., ;) is a reduced sequence for w. The
longest element of W with respect to the length is denoted by w,.

Let J C [n] and let W; be the subgroup of W generated by s;, i € J. Then Wy = {e} is
the trivial group and Wj,) = W. We denote by W' ={veW|Ltws)>£t@) foralli € J}
the subset of minimal left coset representatives of W/ W;. We say that a set of reduced
sequences {Iy}wew is J-compatible if w = uv, u € W/, v € Wy implies that I, is the
concatenation of I, and I,. We set

Yy={aeX|sa €W}, Tf=X,NnX" and X, =X,NX".

We will extensively use the following classical fact, sometimes implicitly.

Lemma 2.1 [17, Lemma 2.1]. For any i € [n] and v € WY, exactly one of the following
three possibilities occurs:

(i) £(s;iv) < £(v), in which case sjv € W7 as well;

(i) £(s;v) > £(v) and s;v € W/,

(iii) €(s;v) > €(v) and s;jv & WY . In this case sjv = vsj for some j € J.

Let wy € W, denote the longest element of Wy, so wp,] = w,. For a subset J' C J, we

set E;'/J, = Z‘j‘\Z‘j‘,, Z‘J_/J, = X, \X,, and we denote by wy,,s the longest minimal coset

representative of Wy /Wy, so &(wy,5) = £(wy) — £(wy).

2.2. Formal group laws

Following [34, IV.2], a one-parameter commutative formal group law (FGL) F over a
commutative unital ring R is a formal power series F(x,y) € R[[x, y]] that satisfies

https://doi.org/10.1017/51474748018000592 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000592

1894 C. Lenart et al.
F(x,F(y,z)) = F(F(x,v),2), F(x,0) =x and F(x,y) = F(y, x). It can be written as

Fx,y)=x+y+ Z aijxiyj with a;; € R.
i,j>1
Basic examples are the additive FGL F,(x, y) = x + y, the multiplicative FGL F, (x, y) =
x +y —xy and the universal FGL where the coefficient ring R is the Lazard ring.

2.3. Hyperbolic formal group laws

Consider an elliptic curve given in Weierstrass coordinates by the equation
Y+ mixy = x7 4 pox’?

over R = Z[u1, u2]. Observe that it is a generic equation for a singular elliptic curve (e.g.,
see the proof of [34, III, Proposition 2.5]). The associated formal group law is given by

X+y—pixy

2.1
1+ poxy 1)

Fuy o (x, y) =
Such a formal group law will be called hyperbolic (cf. [29, §2.2] and [11, Example 2.2]).

One of the key results of cobordism theory says that the following are in bijection:
formal group laws over R and Hirzebruch genera with values in R. The FGL F,, .,
corresponds to the 2-parameter Todd genus Ty g, where u; = a + g and puy = —af. The
latter was introduced and studied in [27] (see also [8]). The particular cases of T, g are
the celebrated Hirzebruch genera: the Todd genus uy = 0, the signature u; = 0, and the
Eulerian characteristic « = 8. Observe that the only singular point of our curve is a cusp
in the Eulerian case, and it is a node otherwise.

The fundamental result by Quillen and Levine-Morel [31] establishes a correspondence
between FGLs and algebraic oriented cohomology theories (see e.g., [21, §5]). Note that
in the algebraic setup one requires localization sequence to be short exact, instead of
being long exact (so one avoids using the usual topological Landweber exactness). If
h denotes the oriented cohomology theory corresponding to F, ., with the coeflicient
ring R = h(pt), then the Chow group h = CH (or usual singular cohomology H (X, Ox)
over C) corresponds to F, = Fy, and the K-theory h = Ky corresponds to F, = F 0.

2.4. The generic hyperbolic formal group law

In the present paper we will deal with the generic version of F, ,,, that is the
formal group law F; = F),, 4, over the coefficient ring R = Z[t, L, (t—i—t*])*l], t#0

. -1
parametrized as o = # and g = tjr?, hence
| and : (2.2)
= an = .
H = (t+1~1)2
for simplicity, we denote u := —uy = (t +t~1)72. Such a formal group law together with
the respective cohomology theory will be called generic hyperbolic.

Observe that as t — 1, Fi(x,y) — Fi(x,y) = % over Z[%], which corresponds

to the Eulerian genus. If t — 0, then wuy, — 0, so F,;(x,y) — x+y—xy over Z, which
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corresponds to the Todd genus (K-theory). The latter suggests that the cohomology
corresponding to F; shares more common properties with K-theory than with the Chow
group or singular cohomology.

2.5. Equivariant oriented cohomology

Let G be a split semi-simple linear algebraic group over a field k of characteristic O with a
split maximal torus T contained in a Borel subgroup B. Let h be an oriented cohomology
theory in the sense of Levine-Morel, whose associated formal group law is F. Consider
the T-equivariant oriented cohomology h7 defined on the category of smooth algebraic
T-varieties following [21] (see also [12, §2]). Roughly speaking, hr satisfies localization,
homotopy invariance, normalization, etc. By the main result of [12], the T-equivariant
cohomology ring h7(G/B) of the variety of Borel subgroups G/B can be identified with
the dual D% of the so-called formal affine Demazure algebra D. Moreover, in the generic
hyperbolic case F = F;, the algebra D contains the classical Twahori—-Hecke algebra H
(see [11, §9] and [28]). We briefly recall the definition of the algebra D and the details
of the above identification.

2.6. Twisted group algebras

First, we define the formal group algebra

S = R[[A]lF := R[[x2]lrea/ (X0, Xrtv — F(xn, X0)),

cf. [9, Definition 2.4]; we have S >~ hy(pt). Let Q be the localization of S at products of
all roots, i.e., Q = S[xl—a | @ € X']. The action of W on A extends to actions on S and on
Q. Let Sy and Qw denote the respective twisted group algebras of W spanned by §,,
w € W, that is

Sw =S xrR[W] and Qw = Q xrR[W]

and multiplication is given by 8,¢ = w(g)8y, ¢ € Q, w € W; we view S C Sy, Q C Qw
via the map g — ¢é,.

2.7. Formal affine Demazure algebras

Let Dr be the subalgebra of Qw generated by S and by the push—pull elements Y, =
ﬁ + x]—aﬁsa (or, equivalently, by the Demazure elements X, = )j—aasa - Xl—a) for all simple

roots . We denote X; = X, and Y; = Y,,. Observe that for the Demazure elements we
use the same sign as in [29, Example 2.3]. There is a canonical action of Qw on Q, defined

by
(qdw)-p=qw(p), p.g€Q weW, (2.3)
which reduces to an action of Dg on S.
If I, = (i1,...,ix) is a reduced sequence of w, i.e., w =s;s, ---5;, denote Iujl =

(ik,...,11), and set X5, = X;, Xi, -+ Xy, Y1, =Y, Yi, - -+ Y;,. These products depend on
the choice of I, unless F is the additive or a multiplicative formal group law. By
the results of [22] and [10], once we fix a reduced decomposition I, for each w € W
the elements {Yy, }wew (vespectively {X;, }wew) form an S-basis of Dr. Moreover, we
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know the complete set of relations in D (see [22, Proposition 5.8] for a general F and
[28, Example 4.12] in the hyperbolic case). For instance, the quadratic relations

1 1
X2 = —ky Xy, Y(f =KqYy, whereky=—+—¢€8, (2.4)

o
Xy X—g

will play an essential role in the sequel. Observe that if k, € R for one root «, then it is
in R for every other root.

2.8. The moment map
Finally, consider the left S-module and the left Q-module duals

w = Homs(Sw.,S), Q}y = Homqg(Qw.Q) and D% := Homs(Dp,S).

Let {fy}vew be the canonical bases of S}, and Qj,, i.e., fy(w) =8y w, v, w € W. There
is a coordinate-wise product on Qy,, defined by (pfu)(gfw) = pgdvwfu where the
multiplicative identity is given by 1 =} _y fu. The ring Qj, is isomorphic to localization
of the cohomology of the T-fixed points set W of G/B

1, = Hom(W, S) = hy (W)

and D% =h7(G/B) by [12, Theorem 8.11]. Under these isomorphisms the natural
embedding D}, — S}, < Qj, coincides with the so-called moment map (see [11, §10]).

2.9. The parabolic case

In the present paper we will mostly deal with the parabolic version of the above
construction (see [11] and [12] for details). That is, for any J C [n] we consider a natural
projection py: Qw — Qw,w,, qw > q8w, of [11, §11]; here Qw,w, is spanned over
Q by 6y for we W/W,. Let Dy denote the image of Dr in Qw,/w,. Observe that
Dr ; is only an S-module but not a ring. Since there is a cocommutative coproduct on
Qw,w, which restricts to Dr ;, the dual D*FJ = Homgs(DF, ;,S) is a commutative ring.
By [11, Lemma 15.1], the embedding p} : D} ; <> D} identifies D}, ; with D3)"’, where
W, acts on D} via the Hecke e-action (see below). Finally, the main result of [12]
says that D;J is isomorphic to h7(G/Py), where Py is a standard parabolic subgroup
corresponding to J and G/ Pj is the respective projective homogeneous variety.

3. Two Hecke actions

In this section we introduce the central notion of this paper, the right Hecke action.

3.1. Left and right Hecke actions

We first recall several definitions and facts. From [11, Lemma 10.3] and [12, Corollary 6.4]
the class of the identity T-fixed point in D} = h7(G/B) is given by

pt=xnfe, where xg = H Xo- (3.1)

aeX~

https://doi.org/10.1017/51474748018000592 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000592

Kazhdan-Lusztig basis and Schubert classes 1897

Following [11, §13] there is an anti-involution ¢ of Qyw defined by

((qBw) = 8,12 (3.2)
XM
Its restriction to Q is the identity map, and it restricts to an involution of Dr that maps
X; to X; (and hence Y; to ¥;). Thus, we have ((X;) = X;-1 and «(Y;) = Y¥;—1, where I~}
is the sequence obtained from I by reversing the order.
Following [11, §4] there is an action of Qw on Q, defined by

(ze f)(Z) = f(Z2), z.Z €Qw, f €Qjy.

From [11, Corollary 12.1], it restricts to an action of D on D%}.. Moreover, we have the
following result.

Theorem 3.1 [11, Theorem 10.13]. Via the e-action, D} (respectively Qj,) is a free
Dy-module (respectively Qw ) of rank 1, and pt is their basis, i.e.,
D;:Dpopt, >‘k)VZ(lwopt.

So the elements of D}, (respectively Qj,) can be uniquely written as z e pt with z € Dp
(respectively z € Qw). For example, it follows from [11, Lemma 4.2] that

qfy =v"! <%> S,-1ept, g €Q. (3.3)

We now introduce a key notion of the present paper.

Definition 3.2. Consider a right action of Qw on Qj,, defined as follows:
(Fopt)yxz:=7zept, 7,7 € Q.

Observe that it restricts to a right action of Dr on D%. Moreover, if composed with the
involution ¢, it gives left actions of Dr on D% and Qw on Qj,, respectively, which will be
denoted by ®. That is,

7O (7 ept) = (7 ept) x1(z) =7't(z) ept, z,7 belongs to Dr or Qy. (3.4)

We call e the left Hecke action and ® (pronounce ‘odot’) the right Hecke action,
respectively.

By definition the left Hecke action is Q-linear, but the right Hecke action is not.

Remark 3.3. (i) The ®-action depends on the choice of a class of a T-fixed point pt of
D%.. If one chooses a class of a different T-fixed point from [11, Theorem 10.13], one
gets a different version of the ®-action. (ii) The two actions e and % are induced by the
multiplication on Dfg: the e-action comes from multiplication from the left in Dg, and
the ®-action comes from multiplication from the right. From the geometric point of view,
there is an isomorphism h7(G/B) = hg(G/B x G/B), where the right-hand side has a
convolution product that defines the product in Dr. So convolution from the left gives
the e-action, and convolution from the right gives the *-action (which then induces the
(O-action).
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Lemma 3.4. We have
(i) The left and right Hecke actions commute with each other.
(ii) z©pt = t(z) ept. In particular, X; Opt = X;-1ept and Y Opt=Y;-1 ept.
(ili) Viewing D} as a left Dp-module via the e-action, there is an isomorphism of rings
7:Dp — Endp,(D%), 7(@): f+>20f

Proof. (i) and (ii). Both follow from the definition of the ®-action.

(iii). It follows from part (i) that 7 is well defined. Since ¢ is an anti-isomorphism and the
e-action is effective, 7 is injective. Moreover, given any ¢ € Endp, (D%), by Theorem 3.1,
¢ is determined by ¢ (pt), which can be written as zept,z € Dr, then ¢(pt) = zept =
1(z) Opt = 7w (1(2))(pt), so ¢ = w(t(z)). Therefore, 7 is an isomorphism. O

Lemma 3.5. The two Hecke actions satisfy

(P8w) ® (@fs) = quw ' (P) fo1,  (P8w) © (@fs) = pw(q) fuvs P-q € Q,w,v e W.

Proof. The first identity is proved in [11, Lemma 4.2]. For the second one, we have

(P8 @ af) E (psu) o (v‘l (i> 8y -pt) ey (v‘l <i) 6,,u(p8w)) opt
XTI1 XT1

(3;2) (v_l <i> 8U18w1pw(xn)> opt ﬁzl (81)111)1 M) ® (xmfe)
X1

X w(xr)xmn

f

= 8v*lw*1 o (pw(q) fe) = pw(q) fuwv,
where fi; follows from the product in Qw, and f; follows from the first identity of this

lemma. ]

Lemma 3.6. We have

() Yo © (X, pufo) = Lo (£ +5 (522)) £

(i) Xo © (Zv pva) = ZU —Sa(psi;)ipv fo-
Proof. We just check the first identity. We have

1 1
YaQPfUZ<x_+_5a)®va=fov+sa <xL> Ssaqv- O

—o o — o

3.2. Hecke actions and the characteristic map

We now look at the behavior of the two Hecke actions with respect to the characteristic
map. Consider the equivariant characteristic map

¢cs:S— D% >~hy(G/B) given by s — s el

(or, equivalently, by evaluation of the respective operator from Dp at s €S, see
[10, §11]). After tensoring D%}, with the augmentation €: S — R, it turns into the classical
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characteristic map of ordinary cohomology cgr: S — €D} =~ h(G/B). Consider the Borel
map

p:S®gw S — D% given by ¢1®¢q2 = qics(q2) = qi(qae1) = qre(q11).

By [10, Theorem 11.4] it is an isomorphism if the characteristic map cr is surjective (for
example, if the torsion index is 1, or when F' = Fj o is the multiplicative formal group
law).

Using the canonical action (2.3) of Dp on S, we obtain the following result.

Lemma 3.7. For any z € Df, we have the following commutative diagrams.

S®gw S —= D%, S @gw S ——> D,
(z-)®lt lz@ 1®(z~)L lz.
S®gw S ——> D, S®gw S ——> D%,
Proof. By direct computation using Lemma 3.5 and the definition of p. O

Remark 3.8. Using the element Ypj introduced in the next section, the lemma can be also
deduced from the following identities:

t(Yn) =Y, Ypnept=1 and zpYp=(z-p)Yn forany ze€Dp, peS.
Moreover, using (3.6), we have
Yo ©O1=Y,0Yqept=YnYyept=k,1, Yy,el=Y,Ynept=k,el,
XoOl=YnX,ept=0, Xyel=X,Ygel=0.

The following Proposition was proved in [7, page 253] for equivariant Chow groups,
and in [9, Lemma 13.4] for ordinary oriented cohomology.

Proposition 3.9 (Cf. also [11, Lemma 13.3]). For any z € Qw, ¢ € Q, we have

An((zOpt)cs(q)) = (z-g)1,

where Arp = Y1 e _ is the pushforward to the point map (see the definition in the next
section,).

3.3. Hecke actions on cohomology

We now study the Hecke actions on the cohomology ring h7(G/Py), where Py is the
parabolic subgroup corresponding to a subset J C II.
We first look at the e-action. Given a subset J' C J we define

Xy = H Xa, XJ =Xjp.

aeE;/j,
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Note that the definition of xry in (3.1) is a special case of the one above. Given a set of
left coset representatives Wy, of W;/ W, we define a push-pull element

Y= Y 6u l C Yr=Yyp=| ). S L

Xj/y X
weW;, T1 weW, 7

Clearly, if J = {i}, we recover the definition of ¥;. The e-action of Y;,;» on Qj, is denoted
by Ay, ie., Ay p(f) =Yy e f. It follows from [11, Corollary 12.1] that Y; € Df, so
Ay is an endomorphism of D%, which corresponds to the composition of the pushforward
and pullback maps in cohomology

Aj:hr(G/B) — hr(G/Py) = hr(G/B).

Let J” CJ' CJ, and let W;,;r and Wy, ;» be some sets of coset representatives of
Wy /Wy and Wy /W;n, respectively. Let Wy v = Wy, Wy, which is a set of coset
representatives of Wy /Wy». We then have (see [11, Lemma 5.7])

YJ/J”:Y]/J/YJ//JN and AJ/J// =AJ/J/OAJ//JH. (35)
If j € J, then (see [11, Lemma 5.9])
YjYJZKij, YijZYJKj and XijZYJXj =0. (36)

Define D} ; = A;(D%). It follows from [11, Corollary 14.6, Lemma 15.1] and [12,
Theorem 8.11] that
D}, = Op" = nr(G/P)).

Here the superscript W; means the Wj-invariant subset via the e-action of W; ¢ W C Dp
on D7%.. Moreover, they also imply that the endomorphism A, ;- of Q}, induces a surjective
map D%}, ;, — D% ;, which corresponds to the pushforward map hr(G/P;) — hr(G/Py).

Remark 3.10. The definition of A;,; depends on the choice of the coset representatives
of W; /Wy, but its restriction to D}, ;, does not (see [11, Lemma 6.5]).

The element A;(pt) € D% ; corresponds to the class of the identity point in hy (G/Py),
so we denote it by pt;. Based on definitions, this can be expressed more explicitly as
follows:

pty =xmyJ Z Jw- (3.7)

weW;

By using w(xmnyy) = xmyy for w € Wy, we have «(Y;) =Yy, so

pt; =Y ept=Y; Opt. (3.8)

Lemma 3.11. The O-action of Dp on DY restricts to an action on D}, ;, making the latter
into a Dp-module.

Proof. This follows from the definition of D} ; and Lemma 3.4.(i). O
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By definition, the ®-action of Df on D% ; can be expressed as follows:
Dr — Dy ,;, z+—z0Opt; =z0A () = A;(zOpt) = A;(t(z) ept).

Thus, the parabolic Bott-Samelson classes inside D} ; = hr(G/Py) are determined by

é.[J =Y, Opt; = AJ(YI,,TI ept), wE€ WJ. (3-9)

Similarly, one can look at the classes determined by the X-operators, namely at

& =X, 0pt, = Aj(X,1epy), we W (3.10)

We have Z—Ie = ¢, =pt and Z’IJe = {é = pt;. It follows from [11, Theorem 14.3] that the
sets {fljw}wewj and {{,Jw}wewf are bases of D% ;. Therefore, the following theorem holds:

Theorem 3.12. All parabolic Bott—Samelson classes {’IJw, we W/, in D} ; ~hr(G/P)
can be obtained by applying the operators Y; © _, i € [n] to the class of the point {Ii = pt;.

The same holds for the classes Efw if we use the operators X; © _ instead.

Remark 3.13. (i) By (3.9) and (3.10), the parabolic Bott—Samelson classes can be
calculated both via the ®- and the e-actions. The advantage of the ®-action is that it
leads to a recursive computation which stays inside D}, ;. More precisely, given a reduced

sequence I, = (i1, i2, ..., ix) of w € W/, we know from Lemma 2.1 that v := Spw < w is
in W/ so I, := (ia, ..., ix) is a reduced sequence of v, and we have
ol =v,0¢. ¢ =Xx,0t. (3.11)

(ii) Also by (3.9) and (3.10), the parabolic Bott—Samelson classes are obtained from
the ones corresponding to G/B via the pushforward map, namely

gl{u =As(y,), 21{,} = AJ(ZIw), weWw’.

On the other hand, in ordinary cohomology and K-theory, it is well known that the
pullback map sends Schubert classes to Schubert classes, see e.g., [19, §10.6]. This can
be seen easily in our algebraic setting. Indeed, for F = F, or F,,, it follows from similar
argument as in Proposition 4.10(ii) that Y; = Y,,. So

Lo =As(Cw) =Yy, oY, 1 ept =Y, -1 OPt = Lww,, we W’

For general F, we may not have Y; =Y,,,. However, see Theorem 5.12 for a similar
situation.

3.4. Hecke actions on parabolic Bott—Samelson classes

We now study the action of Aj,p on the classes ;IJw and EI{L, with the goal of

extending Remark 3.13(ii). For J/ C J, we have W/ ¢ W’/ /, and by definition, the S-linear
homomorphism A,y induced by Y;,; commutes with the ®-action of Df on D;’ 7
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Lemma 3.14. Let {I,}yew be a set of reduced sequences. Let J' C J, and v € WJ/, then
Ay EI{;’ Zf S WJ,
Ay () = 3 duZi . ifvg W
ueW’ Lu)<t(v)
The same conclusion holds if one replaces 21{/ by ;I{J/.

Proof. By (3.5), we have
AJ/J’(EIJU,) = Ay oAy (X1, Opt) = Aj(X1, Opt) = Ay (X ;-1 ept).

If v e WY, it follows that AJ/J/(EIJU,) = g:/v
If vg W/, then v =uw with u e W/, w e Wy and £(u) < £(v). Hence, the concate-

nation of I, and I, is another reduced sequence of v. We prove the conclusion by induction
on £(u). If £(u) =0, then v =w and A;(X -1 ept) = 8w,e§1]e, by (3.6). So the conclusion

follows.
Now suppose £(u) > 1. By [10, Lemma 7.1], we have
X7, — X1, X1, = Yo dvXy,.
veW L(v')<l(v)
So

As(X1, 0p) = A;(X1, X1, OpY) + Y A;((dyX1,) Opt).
By induction,

Aj((dyX1,) Opt) = Aj(X -1dy ept) = dy Aj(X -1 ept)
is a linear combination of EIJ, with u’ € W/ and £@’) < £(v) < £(v). Moreover,

Ay(X1,X1,0p) = Aj(X 1 X1 0pt) = 8 oL,

by (3.6). So the conclusion follows.
The statement for ;IJU can be proved similarly. O

We will now state a more explicit version of Lemma 3.14 in a special case.

Definition 3.15. For J' C J, we say a set of reduced sequences {Iy}wew is J' C
J-compatible if for any w = vivov3 such that vy € W/, v, € Wy, v3 € Wy and viv, € W',
the sequence I, is the concatenation of I, Iy,, and I, in this order.

Lemma 3.16. If {I,}wew is J' C J-compatible, then for any vi € W/, va € Wy such that
ViV € WJ/, we have

AJ/J/(EIJUIUZ) = 8v2,e€1€| .
If ky is a constant k for any o, then

A,/,,(;/W) = K@(vz)glfvl.

Proof. The proof is similar to that of Lemma 3.14. O
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If F is F, or F,, that is, in the case of the Chow group or the Grothendieck group,
both conditions in the above lemma are satisfied.

3.5. Recursive formulas

Now assume that x, = k is a constant, and that W7 is fully commutative; this means
that for each w € W7, any two reduced sequences I, I’ of w can be related by means
of only braid relations involving commuting generators. Thus, X; = Xp and Y; = Y/, so
we can write X,, instead. Note that, although w~! might not be in W7, it still has the
fully commutative property, so X, -1 is defined and ¢(X,,) = X,,-1.

Remark 3.17. For irreducible finite Weyl groups W, the fully commutative parabolic
quotients W’ were classified in [37, Theorem 6.1]. They are the irreducible minuscule
quotients, which are also maximal quotients (so the complement of J consists of a single
element); for the explicit list, which includes the type A Grassmannians, see also [37].

Proposition 3.18. Under the above hypothesis, we have

—ngj, if £(sjv) < £(v), in which case sjv € w/;
X'QEJ= Esﬂv, if £(sjv) > £(v) andsjveWJ;
! ' > diufuj, if £(sjv) > £(v) and sjv = vs; for somei € J,

uew u)<e(w)—1

where d7 € 8.

v,u
Proof. By definition we have X; 07/ = X;X, @pt;.

If £(sjv) < £(v), then X, = XjXsjv, and X;Xy = X%ijv = —kXjXs;p = —kXy. So
X;0 Ev] = —KZ‘UJ.

If £(sjv) > £(v) and sjv € W, then Remark 3.13 (i) applies.

If €(sjv) > £(v) and sjv = vs; with i € J, then by [10, Lemma 7.1],

XjXU—XUXi = Z d~v,wXIwa d~1‘)],w €S.
weW, L(w)<E(v)—1
So
weW, L(w)<L(v)—1
We have

)

3.8 3.6
x,x;0pt, 2 X, X, 07, 0pt = X, 0 X)) opt 0.

Moreover, we know that

do,wX1, Oty = Ay ((do,wX1,) op) = Ay (X -1dyw o pt) = dvwAy (X1 @ D)

is a linear combination of Z‘MJ with u € W/ and £(u) < £(w) < £(v) — 1, by the S-linearity
of the e-action and the basis property of D7 ;. O

Similarly, using (2.4) and (3.6), we have the following result.
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Proposition 3.19. Under the above hypothesis, we have

K{vj, if £(sjv) < £(v), in which case sjv € w,
Y'ng _ ;Sﬁv, if £(sjv) > £(v) andsjveWJ;
! v K(,}J + » c?,iug,j, if £(sjv) > £(v) and sjv = vs; for somei € J

uew Lu)<e(w)—1

57
where dy , € S.

In the case of an additive F, or a multiplicative F,, formal group law the proofs of
Propositions 3.18 and 3.19 work for any flag variety G/P; (as the respective X, and Y,
do not depend on the choice of a reduced sequence I, of v). So we obtain the following
formulas.

Example 3.20. In the case F = F,, we have X; = Y;, ko, = 0, and

0, if £(sjv) < £(v), in which case s;v € w,
Xjoiel =147, it tsjv) > €) and s;u e W
0, if £(sjv) > £(v) and sjv = vs; for some i € J.

This formula was known before to Brion [7], Knutson [24], and Tymoczko [42].

The next two formulas, which correspond to the case of K-theory, seem to be new; here
we use kg = 1.

Example 3.21. We have

—E{’”’], if £(sjv) < £(v), in which case s;v € w:
X; @2,, md — Eslj’{}’], if £(sjv) > £(v) and sjv € w;
0, if £(sjv) > £(v) and sjv = vs; for some i € J;
gf’”’l, if £(sjv) < £(v), in which case s;v € w,
Y; GCUF’”’] = g“sF’l’,"J, if £(sjv) > £(v) and sjv € w;
;‘v'"’J, if £(sjv) > £(v) and s;v = vs; for some i € J.

3.6. An example

We give an example for the calculation of the parabolic Bott—Samelson classes in the
case of the hyperbolic formal group law Fj _,. Consider the Grassmannian of 2-planes in
C* so W =S4, J ={1,3}, and

W' = {e, 52, 5352, 5152, 515352, 52515352} -

This Grassmannian contains a singular Schubert variety, namely the one indexed
by s1s352. Recall that, since W’ is fully commutative, we can index the parabolic
Bott-Samelson classes by the elements of WY,
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We summarize the recursive calculation (3.7) of the parabolic Bott—Samelson classes

via the ®-action in the following diagram; here the edges are labeled by the simple
reflections used in the corresponding left multiplication.

e
52 l
52

$352 S182
x /
515352
nl
§2515352

For simplicity, we use the notation [ij] := X s where «;; is the root & —¢&;. Writing
{UJ =Y wew 9w fw, we note that it is enough to record the coeflicients g, for w e w

(because ¢; can be viewed as elements of (D})Wf, see [11, Lemma 6.1]); we do this by
also using the above diagram.

Recalling the expression of ge’ in (3.11), we proceed as follows.

[13]1[14][23]1[24] [13][14][24]

l l

0

[12][14](34]
/ \
o= 0 0 RN 0 0 RIR
\ /
0 0
| l
0 0
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[14]1[241(1 + u[13][23])

l

[14][34]

0 / \[24JLS4J

0
[13]1[14]124] (13101411 +u[231[24)
| !
[121[14]134] (2)014]
/ \
=0 / \ o B nans o
\ | / \ | /
|
| 0

[14]+ [23] — [14][23] + u[14][23]([13] + [24] + [13][24])

|

/ [14] \
1 \ / - -
3]

2

|

0
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L+ ul14]([13] 4 [24] + [13][24])

|

1+ u[14]([12] + [34] + [12][34])

1+ul[12][13] 14+ u[24](34]

\/

1

|

1

In the above calculations, we repeatedly used the following identities in the
corresponding formal group algebra S:
Xa+pB n XB

X —X
_=1+uxﬂxa+ﬂ7 M

=1- . 3.12
Xo X—a Xo *# + ux'Bxa+/3 ( )

The first identity is part of [30, Lemma 4.2]; the second one follows in the same way,
using the fact that, by the definition of the hyperbolic formal group law, we have

Xg+B = Xg +XB — XoXp + UXgXBXe+B-

We also used k, = 1.
In addition, in the calculation of ¢y, s,s,, we used

[13][14] [23][24] _ [13] —[23] [14] [24]
nz tpg Mg T <E+ ﬁ)

= [14](1 — [23] + u[13][23]) + [23](1 + u[14][24]).

3.7. A generalized Deodhar’s resolution

We apply the Hecke actions to construct a resolution of D} using the algebras D7, ;, for
J C IT and an arbitrary formal group law F. This generalizes Deodhar’s acyclic complex
for the Iwahori—Hecke algebra [17, §5], and also offers a geometric interpretation of it.

Theorem 3.22. We have a chain complex of Dp-modules (also of free S-modules)

) ) 3 O O
0——=D} —= @D}, —> @D}, — = —=Djy, —=0,  (3.13)
[Ji=1 =2 ’

where the maps are defined as follows:

0 = Z e, INAy
|7 |=J |~ 1=r

with €(J, J') = (=)W W<il 45 1 = ' U {i}. Moreover, its cohomology H" = 0 forr > 1.
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Proof. Although in a different context, the proof that this sequence is a chain complex
follows Deodhar’s proof of [17, Theorem 5.1 (i)] using the identity in (3.5). The only
difference is concerned with the use of Lemma 3.14, where in the second case of the
corresponding formula (v ¢ W) the evaluation is just 0 in Deodhar’s case. O

Theorem 3.23. If F = F, or Fy,, then Kerdy is a free module of rank 1 over S, with basis
{Z] } where w, is the longest element of W.

Proof. In these cases, X;, and Y;, do not depend on the choice of I, so we can write X,
and Yy, respectively. If £(v) = €(vs;), then X, -1 = X; X(,,)-1, and hence, A; (X, -1 ept) = 0.
Let g =) cw duv(X,-1 opt) € ker dp, then

n n

0=00@) =Y | D Ai(d(Xy10p)+du;,(X;X,mrepd) | =D | D duij,

i=1 er{i} i=1 er{i}

For any v # w,, there exists i such that v € Wi so d, = 0 and we obtain g =dy, (Xy,®
pb). O

Example 3.24. Let F = F, and the root datum be of Dynkin type Aj;. There
are four Dp-modules, D%, D}‘l D% 5, D;“,H = S. Moreover, €(1,%) =€(2,0) = €(I1,2) =
1, €(IT, 1) = —1, so the chain complex is

(A1,A2) . " (=An/)®An)
0 D D%, © D%, Dy g —0.

We know that An/1(§vl) =0, for ve Whu #e and An/1(§el) :;en, and similar
conclusions hold if one replaces 1 by 2, so

o | Do dogy. D dacy | =dp —d;.

vew! uew?
So imd; = D% [, and
— 1.1 2.2 1 _ 52
kerdy =4 > die). > di ‘de = d?
veWw! uew?

For any z =), cw dwlw,

d(2) = (A1), A2@) = | D duly, Y duwin ],
weW! w'eW?

so imdy = ker d1. Moreover, kerdy = {d¢y, | d € S} = S.

4. Deodhar’s parabolic Hecke modules revisited

The goal of this section is to give a new interpretation of Deodhar’s modules over
Iwahori-Hecke algebras in terms of the equivariant K-theory of flag varieties; a related
dictionary is provided. All the results stated here are known, but we provide proofs in
the new setup, which give new insights and are sometimes simpler.
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4.1. The case of a multiplicative formal group law

In this section we consider only the multiplicative FGL F,, =x+y—xy. We apply
definitions and results of §§2 and 3 to the case of F,,. We set R =Z[r,t~'] and
Om = R[A][ﬁw € X]. Let Qw.m = Qm ¥ R[W] be the twisted group algebra with
basis 8]} indexed by w € W. We define the divided difference elements
le = ﬁ(‘slm -1e QW,m,

and define X} as products of X!"’s corresponding to reduced sequences. Let Dy, be the
subalgebra generated by X" and R[A]. This is the affine 0-Hecke algebra defined in
[25, Definition 2.8] (see also [10, Definition 5.7]). The set {X7'},ew is a basis of Dy,
as an R[A]-module. We can similarly define D}, as the dual of D,,, and define the e
and ®-actions of D,, on D}, which commute. Indeed, there is a canonical embedding

m?

of Dy, C Df, (one can view Dp, as a completion of D) induced by the embedding

R[A] C R[[A]] = RI[[A]llf, sending 1 —e™* to x;.
Denote

1
Yy = Z 8 l_[ oo € Dm pty =Y ept" =Yj Opt”,
weWy aeE}r

where

pt" = (H(l —e"‘)> f. € D}, = K1(G/B).
a>0

We similarly define Y;”/J,, and denote A’y/J, = Y;”/J,o, : D}, — Dy, which gives the

composition K7(G/B) — Kr(G/P;) — Kr(G/B). Note that pt} € K7(G/Py) is the

class of the structure sheaf of eP;/P;. We will frequently use that Dy , = Y} e D}, and

Y7 ept" =Y Opt", see (3.8).

4.2. Modules over the Hecke algebra
In D,,, we define elements
i =@—tHX"+7l8", ielnl

Straightforward computations show that 7; satisfy the braid relations and the quadratic
relation riz = (7' —1)1; + 1. So the subalgebra H generated by t; for all i is isomorphic
to the classical Iwahori-Hecke algebra, and the subalgebra H C Qw.,, generated by R[A]
and H is isomorphic to the affine Hecke algebra.

Lemma 4.1. If j € J, then T;Y7 =1~y

Proof. By definition we know that STY;” =Y7, so X;"Y}” = 0. The conclusion then
follows. O

Via the embedding H C D,, and the ®-action of D,, on D* , there is a ®-action of

m,J’

H on Dy, ;. Denote M =H Opty, and M := MY Consider the map of H-modules

J . J
¢’ tH—> M’, z+ zOpt].
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Lemma 4.2. The map ¢ : H > M, z+> zOpt" is an isomorphism of H-modules.

Proof. From [11, Theorem 10.13] we know that D}, is a free D,,-module with basis {pt"},
so ¢ is an embedding, hence the conclusion follows. O

Lemma 4.3. We have M’ c D* and for any J CJ, we have the following

m,J’
commutative diagram, where the wvertical map in the middle is an H-module
homomorphism.
J/
4 J'c *
H M Dy,
B lAT/J’ Aan/J’
@
M/ —— D |

Proof. Since the ®-action commutes with the e-action, we have
M/ =HOp!) =HOY opt" =Y]'e (HOpPt") C Y]' e D}, = D} .

Since A’}1/ p=Y ;”/ ;@ -, so the commutativity between e and O also implies that A’}1/ g 18
a map of H-modules.

Let 7, be the basis of H. For any v € W’ we define

m,{ =9’/ (1) = 7,0pt] € MY, mej =pt}, m,:= mg e M.

Lemma 4.4. The ®-action of H on the basis m! is given by:

¢! —t)mﬂ +msjjv, if £(sjv) < £(v), in which case sjv € w,
T @ml{ = m{jv, if £(sjv) > £(v) and sjv € w:
t_lmg, if £(sjv) > £L(v) and sjv = vs; for somei € J.

Consequently, Ty, Om! = t=Wm/ forve W/, w e Wy, and {m!},cys is a basis of M’
as an R-module.

Proof. By definition, we have
T @mﬁ =7; 0 (1, Opt)) = (1;7y) Opty.
If £(sjv) < £(v), then s;v € WY and 1, = TjTs;uv- Therefore,

1

7T = (1)) 750 = (7' =07+ Dy = (7' =0T + 70,

which proves the first case.
If £(sjv) > £(v) and s;v € W, then TjTy = Ts;v, hence T; @ml{ = m{/v.
If £(sjv) > £(v) and sjv = vs; with i € J, then 77, = 7y 7;. We have

L

L;0pty = QY Opt" = (;Y]) Opt” t_lY}" oOpt" = t_lpt’}’,

where # follows from Lemma 4.1, so 7; Omy = t~'m/.

The last part follows inductively. O
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Corollary 4.5. For J D J', we have A’J”/J,(m{) =~ mt if v e W' with v =uw,u €
W', w e Wy. In particular, if ve W/, then
J' J
Ar;l/‘]/(mv ) =m,.
Proof. We have

A’;/J/(mi/) — J/J,O‘L'UQYJ/Opt = TUQYJ/J/OYJ/Opt

2 —tw)

7, O pt} —ruwem u,

where ; follows from Lemma 3.4, f; from (3.5), and f3 from Lemma 4.4. O

Remark 4.6. Beside H, there is another copy of the Iwahori-Hecke algebra inside D,,,
denoted by H ™. It is generated by

= (t—t"HX" —18" € Dyy.

The elements m/>~ := 7, opt}, for v e WY form a basis of M/~ 1= H™ opty C D}, ,
as an R-module. We will sometlmes write H™ for H, and correspondingly 7,7, M’:F and

w7+ for 7,, M’ and m/.

Let o be the involution of R defined by ¢ + —¢~!. It induces an automorphism of Q,, by
t — t~! x, — x; and, hence, an automorphism of QW m With o (8)) = 87. By definition
o(X!") = X", so 0(Dp) = Dy. We have o(r )= l , S0 0 is an isomorphism between
H* and H~. Moreover, it induces an automorphism of (D;)Wf by z O pt} > o (z) Opty,
z € Dy,. Then o(m{’+) = mg’_, so o induces an isomorphism between M7+ and M7 ~.

Observe that Lemmas 4.2 and 4.3 hold for the ()~ version, by means of the isomorphism
o. The t~! in Lemma 4.1 should be replaced by —¢, the ! (respectively t%(“’)) in the
third line of Lemma 4.4 should be replaced by —t, (respectively (—£)*®)), and the ¢=¢™)

in Corollary 4.5 should be replaced by (—1)¢®).

Remark 4.7. The traditional generators of the Iwahori-Hecke algebra H are Tl.jE =t
In other words,

==X = (- )X g T =(—X) =8, gi=12

i

and they satisfy (Tijt)2 =(q— 1)Tii+q. Moreover, we have bases {T,” | w € W} and
{T, | we W} for HT and H ™, respectively.

4.3. Deodhar’s modules revisited

We now explain the correspondence with the setup in Deodhar’s work [17]. Consider
a generic Iwahori-Hecke algebra with generators T;. For each J C I1, Deodhar defined
two H-modules M’ using explicit Z[g, g~ !]-basis {mI{ }vew?, and defined the parabolic
Kazhdan—-Lusztig basis. Let H; C H be the Iwahori-Hecke algebra associated to the
sub-system determined by J C I, which acts on Z[g,¢~'] by the maps hy: H; —
Zlq,q~ '] sending T; to g and —1, respectively (here hi(T;) =¢q and h_(T;) = —1).
Then Deodhar’s modules are M7+ = IndH ,Zlq, ¢~ ', and the basis elements are mJ** =
T,®1.
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We now observe that the @-actions of H* on the bases m!'* (see Lemma 4.4) match

the classical actions of the Iwahori-Hecke algebra on the parabolic modules M7-*. So we
have the following correspondence.

Lemma 4.8. With 172 =g and H* = H, there are isomorphisms of H-modules
M S Mt and M S MO

which map m}+ — T,-opt? =t~ Oml* and m]~ — T, optt =t~ Wm!-~ for any
v e W/, respectively. Moreover, Deodhar’s maps ¢y are precisely our ¢’ , and Deodhar’s
@1 s precisely our A’J”/J, where L=J" C J.

Remark 4.9. We also have

tov, o H, MToM M7™oN

1

where the right-hand side notations are taken from Soergel [35].

4.4. The Kazhdan—Lusztig basis

We recall several well-known facts about the Kazhdan—Lusztig basis. There is an
involution on the Iwahori-Hecke algebra H defined as

- _ _ -1 — -
=t =1 7l =22. 21.22€ H.

We use y, to denote the Kazhdan—Lusztig basis, that is, y, is invariant under the
involution and

Vv € Ty + Z tZ[t]Ty.

w<v
In particular, we have y; = t; +t. We write

Yv = Z tz(v)_i(w)Pw,vfwa Py € Z[t_l]a

w<v

where Py, are the Kazhdan-Lusztig polynomials; these are traditionally written as
polynomials in ¢, where ¢ = t~2, as mentioned above. It is known that Py, =1 for

all v < wy, so
y o=y = Y st

weW;

Defining

o= o 1T W e,
veW’/ Nw;

it is not difficult to see that y; =y /vy
The following is a classical result restated and reproved in a simple way using our
setup; it is needed in the proof of Theorem 5.4.
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Proposition 4.10. The following hold.
i) "1+t ') =1+1""y
(H) Yw, :t_z(wO)(ZweW w)l_[a>0 1 c"‘ :

Proof. (i) It follows from the identities (8;”)2 =1, and

1
SMX! = (1—8’")—(——1)(3{"—1):1+X;"—5;”.

X_o; Xoy

(ii) We can write yy, = >, cw Spaw With ay, € Q. We have yy, € Ty, + 2,y tZIt]Ty,

SO ay, is the coefficient of &)} in the expansion of 7, in the basis §;;. Note that y; =

1! 8"+ 1)’1 _e%l By reasoning as in the proof of [10, Lemma 5.4], we show that
2 o
1“—e
_ —L(wo)
Aw, =1 l_[ 1—e
a>0

To finish the proof, it suffices to show that a, = ay, for any w. This is equivalent to
8" Yw, = Yu, for any s;. Denote 'W = {v € W | £(s;v) > £(v)}. We have

By, = B3 (O g =0
vel W
— Z tz<wo)—z(u>5?1(1+t—1fi)tv :l Z W=t () 4 =1y V-
vel W vel W
Here identity # follows from part (i). This concludes the proof. O

4.5. Other Kazhdan—Lusztig bases

There are other ways of defining a Kazhdan—Lusztig basis, as follows:

yim = 0O pr ¢ Y P e 7,

w<Lv

Yoo = Z(_t)aw)fﬁ(v) Py T, €eH™, Py, €Zlt],
w<LY

yot = Y Ot o e g, Pyt e i
wLy

where the above conditions are in addition to the invariance under the Kazhdan—Lusztig
involution. The first sign of y and P corresponds to the sign of 7, and the second one to
the choice of t~1Z[t~!] or ¢Z[¢]. Under this convention, the Kazhdan—Lusztig basis and
polynomials defined above coincide with y ™ € H* and P™T.

Since the isomorphism o defined in Remark 4.6 commutes with the Kazhdan—Lusztig
involution, o (y 1) and o (y ™ 7) are also invariant under the involution, and therefore

oty =y, 7, o) =yt Py =o(Phh, Pt =o(Pii).
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Applying o to the identity in Proposition 4.10.(ii), we have

72— e

- _ L(w)—l(wo) . — __ L(wo)
vl = D (0T = (Z‘%)ﬂw-

weW weW a>0

For y ™~ and y =7, we have a similar identity to the first one, but not to the second one.

5. The Kazhdan—Lusztig theory and hyperbolic formal group laws

In this section, we give a functorial treatment of the parabolic Kazhdan—Lusztig basis in
the new setup of the oriented cohomology of flag varieties. The main results below are
new, and they are direct consequences of this setup.

5.1. From the multiplicative to the generic hyperbolic formal group law

We first relate the realizations of the Iwahori—-Hecke algebra H inside the Demazure
algebras associated with the multiplicative formal group law F,, (see §4) and the generic
hyperbolic formal group law Fy; this is based on two morphisms from F; to F,. Then we
identify and study Deodhar’s modules inside the dual of the Demazure algebra for F;,
which is isomorphic to the corresponding cohomology of G/B.

We first introduce some notation for the remainder of the paper. Let p =141,
R:=7Z[t,t7", ﬁL and consider F,, as a FGL over R; also recall the notation u := 2.
Let S,, and S; be the formal group algebra for F,, and F;, respectively. For example,
S, = R[[A]] if we identify x; € S, with 1 —e™ € R[[A]] for any A € A.

We use X", Y™ and X!, Y/ to denote the corresponding divided difference and push-pull
elements for F,, and F;, respectively. Let D, C Df, be the subalgebra generated by X!
for all i (so Dp, is the formal Demazure algebra associated to the hyperbolic formal
group law). It follows from [28, Example 4.12] that Dp, is actually an R-module with
basis {X’,w | w e W}, a fact that does not hold for a general FGL.

Denote

pt) =Yjept' =Y;Opt' e D} ; C D}
The automorphism o of R with o(f) = —t~!, defined in Remark 4.6, extends to an
automorphism of §; with o(x;) = x,, hence induces an automorphism of Df, and also
of Dp,, satisfying that O’(Yit) = Yl.’. We also have o(Y;) = Y;. Moreover, it induces an
automorphism of D}, = Dy, ept’ by o (zept') = o(z) e pt’. From the definition of ©-action,
and the fact that « commutes with the involution o, we also have

o(zOpt)) =a(Yyeuz)ept) =a (Y )u(o(z) ept' =0 (z)Opt), ze€Dg,.

Lemma 5.1. There is a morphism of FGLs g: F; — F,, over R, defined by
(1—1Hx
g('x) - _X—(l’2+1)’
so that Fn(g(x), g(y)) = g(Fi(x,y)).
It follows from [9, Lemma 2.6] that g induces a W-equivariant embedding of rings

v=y":8, S by f(x) > f(gx) for any A € A, f(x) € R[[x]].
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Note that it is not an isomorphism unless one inverts 12 — 1 in R. The map v induces a
morphism of algebras Qf, — Q%t = R[1_17][[A]] F,, and, hence, a morphism of twisted
group algebras

¥: QF, xR[W] — Qf xR[W], where p € Qf, = ¥ (p) € Qf, and §" 81
By definition we have
() =pY! —t=pX 4170 (5.1)
Since the Hecke algebra H is generated by 7; and Dp, is generated by Y/, we obtain an
isomorphism
v : H C Qw.r,, — Dr, C Q.

Indeed, it also induces an embedding of the affine Hecke algebra H into the affine
hyperbolic Demazure algebra Dp, .
As in (3.6), we have Y/Y) =Y/ for any i € J, so we have

()Y =171yt (5.2)
which is the analogue of Lemma 4.1.
Remark 5.2. There is another morphism F; — F), defined by g~ (x) := % The
map ¥~ : Qw,F, — Q/W,F, determined by g~ satisfies that ¥~ = o o 00, so it induces

an isomorphism H~ > Dp,. Indeed, it is precisely the other isomorphism mentioned in
[11, Proposition 9.2], i.e., it satisfies 7,” - —uYi’ + 1~ 1. In summary, we have the following
commutative diagram (¥ is the ¥ defined before).

DF[( Dr, —— Dy, )DF,
w+T~ WJA wJ wT~
HTC D, —2= D, DH~

We define the H-module N/ :=v(H)®pt, C Dj}. and define n ==y (r,) Opt;. In
particular, nel = pt’;. Because of (5.2), all results of §4 hold if one replaces MY by NV,
pt} by pt’, and mJ by n’, respectively. Indeed, M/ = N/ as H-modules by identifying
m’ with n/. So {n/}, .y is a basis of N/. Furthermore, for J' C J, we have the following

commutative diagram.

2> Y (2)O-

J'c *
H N D; .
S iAI’“’ |5
J
N/ ——=D7
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Remark 5.3. By using the isomorphisms ¢ : H = Dp,, it is not difficult to see that for
the generic hyperbolic FGL, the ker dg of the complex (3.13) is a free S-module of rank
1, generated by Y,y t~¢Wn,,.

Theorem 5.4. We have

Y= n" Y ().

Proof. Using the identification ¢* = 1 —x_4 in S, straightforward computations show

that
2 o —1
- — t—t
T Pl S )= 2o,
1 —e* X—qg X_q

Therefore, using Proposition 4.10, we obtain

Y (Yw,) = Z 8t Hw( ) Z 5, 1—[ M twoyt 0

weW  a>0 weW  a>0 Yo

Corollary 5.5. Let J' C J. Then we have
(1) p=t Y% (yy) = Y,. In particular, Y € Dy,.
2) WY (g Y = Y
3) N/ =y(Hy;) Opt' C D},

(2)
(3)
(4) The embedding iy, - DF ;= DF o restricts to a map iy, N c NI,
(5)

5) ¥(z)Opt, = _Z(wf/ﬂ)lp(zyj/]/)@pt’,. In particular, ¥ (z) O pt, = w @Dy (zyy)
opt' and n) = = Y (r,y;) Opt.

Proof. (1) Follows similar as in Theorem 5.4 replacing w, by w,. The second property
follows since ¥ (H) C Dp,.

(2) Follows from Theorem 5.4 and the identities Y}/J,Y[/ =Y, and yy v =y
3) Follows from the definition of N//.

(3)
(4) Follows from part (2) and the definition of N/.
(5) We have

1=

V(@) ou "Iy opt
= WY @y O Y v Opt!
2w Y 2y © WY (v © pt!

2wy 2y @ pt,

¥ (2) Opt)

=
)

E=d
w

Ess
=

where #1 and 4 follow from part (2), fiz follows from the identity y; =y, vy, and 3
follows from the identity £(wy) = £(wy,y) +£(w ). O
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Remark 5.6. Corollary 5.5 (1) shows that u_l(wf/f’)l/f(yj/j/) € Dr, behaves similarly to
Yy, € QF,,w, while Y;,; may not even belong to Dp, when J 2 J' 2 @. This is an
important advantage. For example, it can be used to study the functoriality of the module
N7 as below.

From Corollary 5.5 (4) we have the following commutative diagram.

J * *
N/——Dj}. ,~——Dj.

i///’t i///’[\ ‘

J'( * ( *
N DF,,J’ DF,

Remark 5.7. Note that M’ does not satisfy the property in the previous diagram, that
is, in general the embedding i,/ : D}, ; — D;; ;, does not map M7 into M.

5.2. Parabolic KL—Schubert classes

We now recall Deodhar’s definition of the parabolic Kazhdan-Lusztig (KL) basis and

define the parabolic KL-Schubert classes for the generic hyperbolic FGL in a canonical

way, independent of choices of reduced words, unlike the parabolic Bott—Samelson classes.
We define the KazhdanLusztig involution on N/

n/=nl, y@on/=y@on!, zeH.

Then Y () O f =¥ @) O f.z€ H, f e N/. In particular, if z is invariant, then so is
Yv(z) © nej. Since y; is invariant, so ij,; commutes with the involution.

Definition 5.8. For v e W/, let CJ e n) + 3", _, tZ[tIn}, € N/ which is invariant under
the involution. By [35, Theorem 3.1] C; are uniquely determined by these conditions.
Denote C, = CY.

Write
cl= Y tw-twpl o pl ey, (5.3)

v w?

w<v,weW/

where Pu{’v are the parabolic Kazhdan—Lusztig polynomials. By the uniqueness of the

Kazhdan—Lusztig basis, we see that
Cy =¥ () tht eN. (5'4)
For J # @, this is not true. However, see Corollary 5.13.

Definition 5.9. For a v € W”/, we view M_Z(”)Cl{ under the canonical embedding of N/
into D;IJ ~ hy(G/Py) and call it the parabolic KL-Schubert class.
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As a short summary, we have

n! = u Dy opt, € = pnT Y)Y () O pt.

Remark 5.10. (i) By definition, the parabolic KL-Schubert classes form an R-basis of
N7, and a S;-basis of Dy ;.

(i) In the G/B case, in [30] we used ¥ (y,-1)ept’ instead of (5.4) to define the
KL-Schubert classes. The two definitions turn out to be equivalent, as seen below:

Gy ¥ (Yv) tht = Z tﬂ(v)_e(W)Pw,v ¥ (tw) tht

w<v

2y so-t@p, (g, ) | ept

w<v

52 Z tg(v)_e(w)Pw—l’v—l 1)0(.’:11)71) .ptt — W(val) .ptt.

w<v

Here f#; follows from (5.1) and the identity X! ept’ = X! ©pt’, while # is based on a
classical fact which can be found, for instance, in [4, Chapter 5, Exercise 12].

Example 5.11. We calculate the parabolic KL-Schubert classes corresponding to the
example in §3.6.
All the relevant Kazhdan—Lusztig polynomials are equal to 1, except for

J _ _ _ -2,
Pe,s1s3s2 = Pygysimsnsy = 1 +q=1+177

see Proposition 5.19. By plugging (5.1) into the definition (5.3) of the parabolic
KL-Schubert classes and canceling terms, we obtain:

cl=pty=¢ wlC=r0pt =g,

w2cy, = (v —uT e ) opt =gl —ugl

1 = (VYIS — T Y T D) Ot = ¢, —ug
where in the third formula i € {1, 3}.

Thus, the parabolic Schubert classes /L*QCSJM, M*ZCSJISZ, and ,LL’3CXJN,SS2 are as follows,
respectively:
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[13][14] [14][24]
[12][14] [14][34]

[12][13]

N
SO\
| l

0 0

[24][34]

\

[14] +[23] — [14][23] + u[14][23]([13] + [24])

|

14]

[13] /[ \ [24]
\[ /

23]
0
Furthermore, by Corollary 5.13 (2), we have u_4CSJZS1S3S2 = wes, Jw =1. Thus, we

verified Conjecture 5.14 for this Grassmannian. Furthermore, note that even for the
singular Schubert variety (indexed by sys3s2), the parabolic KL—Schubert class is given
by a simpler formula than the corresponding parabolic Bott—Samelson class computed
in §3.6.

5.3. Functorial properties

Let J D J'. Since i/, commutes with the Kazhdan-Lusztig involution, by the uniqueness
of the parabolic Kazhdan—Lusztig basis, we recover the following classical result.

Theorem 5.12. For any J O J' and v e W, via the embedding iy N S N we
have
cl =My,

vwy e

Corollary 5.13.
(1) If ve WY, we have C = =@ Cy,,, = u DY (yyy,,) Opt’ € N.
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(2) As an element of D}t, the expansion of the parabolic KL—-Schubert class M_Z(U)C,f
in the {fy} basis has coefficients in the subring of S; corresponding to the base ring
Z[u] (rather than R).

(3) For J D J’', we have

J ¢ N 14 1) et 4 HA
CwJ/J/ =u (wy,; )Ce =u (wy,y )Ptj =u (wy,, )E Z fu. (5.5)
weWy

In particular, u—“wn/ﬂcl{)n/] =) pew fu=1¢€ D%

(4) In the limitt — O (which implies u — 0), the parabolic KL-Schubert class ;Lfe(”)CUJ
becomes the Bott-Samelson class ¢ in K-theory (which coincides with the
corresponding Schubert class, defined topologically).

Proof. (1) The first identity follows from Theorem 5.12 by letting J' = @, and the second
one follows from (5.4).

(2) This result follows from the first part of the corollary and [30, Proposition 3.4],
which it generalizes.

(3) In (5.5), the first identity follows from Theorem 5.12 by letting v = e, the second one
follows from the fact that C/ =n;/ = pt/,, and the last one follows from [11, Lemma 6.6].

The last part follows from (5.5).

(4) This result follows from the first part of the corollary and [30, Corollary 3.6],
which it generalizes. Recalling the notation in §3.3, we also use the fact that ;UJ =A%)
coincides with ¢y, in K-theory, for v € W”. For example, see Remark 3.13 (ii). O

5.4. Smoothness

In the G/B case, it was conjectured in [30] that if the Schubert variety corresponding to
v is smooth, then C, is equal to the corresponding topologically defined Schubert class.
We now generalize this conjecture to the parabolic case, and then prove some special
cases; other results are also derived along the way.
We first recall from [13, 14] the localization formula for the class [X (v)] of a smooth
Schubert variety in G/P, where v, w € W7:
[T =

aew(Eﬁ/])
0~

aew(Zﬁ/J)
SqWKVW

[X(W)]w =

if w < v, and otherwise [X (v)]y, = 0.

Conjecture 5.14. If the Schubert variety X (v) in G/P 1is smooth, then the topologically
defined Schubert class [X (v)] given by (5.6) coincides with the parabolic KL-Schubert
class M_Z(”)Cl{.

Recall that the Weyl group for the root system of type C, is the group of signed
permutations, represented (in the window notation) as words of length n with letters
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{1,...,n,7,...,1}; we use the indexing of the corresponding Dynkin diagram IT :=
{0, ..., n — 1}, where the 0-node is the sign change in position 1.

Corollary 5.15. Conjecture 5.14 is true in the following cases (which all correspond to
non-singular Schubert varieties):
(1) in all types for Schubert varieties indexed by wy,y in G/ Py ;

(2) in type A,—1 in the mazimal parabolic case J =TI\ {n —k} (with1 <k <n-—1), for
ve W’ of the form [k, k+1,....,.n—1,1,2,....,k—1,n] (in one-line notation);

(3) in type C, in the maximal parabolic case J =TT\ {k} (with 1 <k <n—1), forve
WY of the form [1,2,...,k—1,n,n—1,n—2,...,k] (in the window notation);

(4) for the complex projective spaces.

In addition, the conjecture is true for a Schubert variety in G/P; indexed by v € W' if
and only if it is true for the one indexed by vwy,y in G/ Py, for J' C J.

Proof. We need [30, Lemma 4.1 (2)]; this says that, given a non-singular Schubert variety,
if the coefficients in the expansion of a KL-Schubert class (as an element of D}, ) are
products [], x4 over some subsets of the negative roots, then the class coincides with
the topologically defined Schubert class. This lemma was proved in the G/B case, but
it extends in a straightforward way to the parabolic case, using Corollary 5.13 (4). This
lemma combined with Theorem 5.12 imply the last statement of the corollary. Moreover,
based on the lemma, part (1) follows from Corollary 5.13 (3), while parts (2) and (3)
follow from [30, Theorem 3.14 (2)] and Corollary 5.13 (1). Finally, part (4) is the content
of Theorem 5.25. O

5.5. Positivity

A positivity property in the G/B case was conjectured [29, Conjecture 6.4] for the
(hyperbolic) Bott—Samelson classes, and in [30, Conjecture 3.9] for the corresponding
KL—Schubert classes. Here we conjecture the same property for the parabolic
KL—Schubert classes. If the conjecture is true, it would be interesting to find the geometric
reason behind it.

Conjecture 5.16. The coefficient of f, in the expansion of the parabolic KL—-Schubert
class M_Z(U)CUJ (as an element of D}t, where w < v) can be expressed as a (possibly
infinite) sum of monomials in xy, where a are negative roots, such that the coefficient of
each monomial is of the form

(— 1)k V=) (. (m—h)/2,

here ¢ is a positive integer, m is the degree of the monomial, N —€(v) < k <m, m—k is
even, and N is the cardinality of EH/J.

Remark 5.17. (i) The above positivity property is a generalization of the one in K-theory

which is made explicit in Graham’s formula [20] for the localization of Schubert classes
at torus fixed points, cf. also [29].
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(ii) The conjecture does not hold for the parabolic Bott—Samelson classes, cf. the
example in §3.6. However, when passing to the corresponding KL—Schubert classes,
the terms violating the positivity condition disappear, so the conjecture holds; see
Example 5.11.

5.6. Other results in Kazhdan—Lusztig theory reinterpreted

The following corollary was known to experts, since it is equivalent to Proposition 5.19,
which is a classical result in [17]. Here we give a new proof using the embedding i;.

Corollary 5.18. (i) For any z € H, we have
V(@) O] =C] < 2y = You,-
(ii) For any v € WY, there exists z € Y wew Rty such that yyw, = zyw, -

Proof. (i) Inside A, by Corollary 5.5 (5), we know that zOn! = u= @)y (zy;) O pt,
and by Theorem 5.12 we have C{ = M—Z(wf)xp(vaj) Opt'. By Lemma 4.2 the map H —
N,z ¥(z) Opt’ is an isomorphism, we get that ¥ (z) ©n) = C; if and only if zy, =
Yowy -

(ii) The set {n]},cws is a R-basis of N7/, and we know that n} = ¥ (r,) ©On/, so
the map ), s Rty — N’z ¥(z) ©n! is surjective. Therefore, for any v e W,
there exists z € Y, s Rty such that ¥ (z) ©nf = C;. Then part (i) implies that zy,,, =
Yowy - O

The following result appears as [17, Proposition 3.4] and [35, Proposition 3.4]; it follows
from Theorem 5.12 and the uniqueness of the parabolic Kazhdan—Lusztig basis.

Proposition 5.19. [17, Proposition 3.4] Puyu,vw; = Pu{,U forw,ve W', uewy.

5.7. Other parabolic KL-Schubert bases

Continuing Remark 4.6, §4.5, and Remark 5.2, one can define N/~ = wf(H’)th’J
and n):~ =¥~ (r,) Opt,, v € W/, then the N/, n/ defined in §5.1 can be denoted by
NYF and n-* | respectively. One can similarly define C;J**~ € N/ and C¢;:—~, ¢} =+
in N/=, and then Definition 5.8 can be denoted by CJ ™+ e N/**. All properties
concerning y T+ and C/t% hold for the (—, —) version, i.e., after replacing ¥+ by
vyttt by o7, N by N7 ndt by 0/om, €0 by €777, and w by —pu. For
example, C;>~ = ¥~ (y, ") Opt', and the analogue to Theorem 5.4 is

Y= (=)~ Y ()
Considering the involution o on D}t defined at the beginning of §5.1, we have
oy =nl", o) tH=cl"", o) =cl".
By applying o to the identity in Theorem 5.12, we obtain the following version:

Clm T =a(C) TN = (T (5.7)

v vwy, g
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In fact, we can get the following more precise relationship between the above bases:
__ - #
C T =a(C P ) =o' ) o (T = (D e

Here f is based on Corollary 5.13 (2), which implies that =@ CJ* is fixed by o.
Hence, by considering (—u)_z(”)CUJ'_'_, we obtain the same class as in Definition 5.9.

It is not difficult to check that Ay : N¥ — N/F commutes with the Kazhdan-Lusztig
involution, so we have

ACTTY=CTm ACy D =Cl7h vew!,
which imply
PLE== Y (=nfwph Pt = (et (5.8)

weWy weWy

Classically, in [17], with ¢ = t=2, Deodhar considered y*~ e HT,y™~ € H™ and
c/t= e NIt ¢/~ e NV~ For example, in loc.cit., Proposition 3.4 coincides with
our Proposition 5.19 for P™~ which can be derived from (5.7), and Remark 3.8 is the first
identity of (5.8). In [35], Proposition 3.4.1 and 3.4.2 correspond to our Proposition 3.4
and the second identity of (5.8).

Remark 5.20. It seems that in order to generalize the Kazhdan—Lusztig polynomials to
the parabolic case, H (respectively H~) and P/ (respectively P’>~7) are the correct
objects to generalize P := P™* (respectively P~ := P~ 7). Moreover, we believe
that the parabolic KL-Schubert class u=*® /% will have geometric significance, cf.
Conjecture 5.14, Corollary 5.13, and Corollary 5.15.

5.8. Other hyperbolic formal group laws

So far we focused entirely on the hyperbolic formal group law (2.1) with the special choice
of the parameters pj, o in (2.2). So it is natural to ask what happens in general; for
instance, the case of the Lorentz formal group law, given by @; = 0, is also an important
one.

We will show that the general case is related to the generic Iwahori-Hecke algebra,
which depends on two parameters ¢, g2. This is defined in the same way as the usual
one, except that we use the more general relation (7; —q1)(T; — g2) = 0. The classical
case is recovered by setting q; = ¢ and g = —1. It is well known that one can define
a Kazhdan-Lusztig basis for the generic Iwahori-Hecke algebra (via reduction to the
classical case) whenever —gq1q is a square in the base ring [23].

We have seen that the hyperbolic formal group law corresponds to the 2-parameter
Todd genus Ty g, where u; = o+ p and pur = —af. So we assume that we have such
elements «, B in the base ring. Imposing the type A braid relations on elements 7; =
aY; + b in the hyperbolic Demazure algebra amounts to a quadratic equation for b. The
solutions are b = —aa and b = —af. Correspondingly, using Yi2 = u1Y;, we easily obtain

(T +a)(T; —B) =0, and (T; —a)(T; +p)=0.

Thus, the Kazhdan—Lusztig basis can be defined as long as —u; is a square in the base
ring. In this case, all of the above constructions apply with minor changes.
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—1

Recall that our previous choice (2.2) for u;, py corresponds to o = H_t L

dp=
+z 1 an
In this case, the two choices of T; above are precisely Tl+ and T, cf. Remark 4.7.

5.9. Complex projective spaces

We compute the Bott—Samelson classes and KL—Schubert classes corresponding to the

complex projective space P*~! so W = S,, J ={2,...,n—1}, and
w = {e, s1, $2851, .., Sp—1...51}.
For simplicity, we let w; :=s; - - - 51, where wo := e. We use the same notation as in §3.6
and Example 5.11. Note that pt’, = [12]---[1n] ZwGW] fw
We start with the Bott-Samelson classes ¢ = Y/ ---Y{ Opt,. We let
i+1
&, = Z%z > fujaw
weW;

Throughout, we make the convention that sums are 0 and products are 1 if the initial
and final values of the corresponding index are in contradiction with the variation of this
index (for instance, the initial value is strictly greater than the final value when the index
is increasing).

Proposition 5.21. We have

l
qij =1j.i+21...Linl+u Y [jkl...[jn].
k=j+1
Proof. We proceed by induction on i, which starts at i = 0. Assume that the formula
holds for i—12>0 and all j=1,...,i. We compute Cuj),- =Y! @;‘JH. We have the
following two cases.
Case 1: j =ior j=i+1. We have
[, i+ 1], i+2]...[in]

qii [i+1] =[i,i+2]...[in],
i1l 41, i42].. . [i+1,
g = AL iR2l Hr bl o
[i+1,i]
Case 2: j < i. We have
1 i—1
%= T [j,i+1][j,i+2]...[jn]+uk;l[jk]...[jn]

i—1

o (WAl jn]+uk§1uk] Ljn]
i—1
=[j,i+2]...[jnl4+uljillj,i +11[j,i+2]...[jn]l+u Z [jk]...[jn],
k=j+1

as needed; here we used the first identity in (3.12) and ko = 1. O
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For the calculation of the KL—Schubert classes, we need several lemmas.

Lemma 5.22. We have

k—1

... 711 Opt) = (uk Yoy =y ey Y[...Y{) opt).
=0

Proof. Since k, = 1, we note first that Y/ ©pt/, = pt/, for [ > 1. This implies that, for
[ > j+1, we have

nYj...Y{Opt) = (Y —nY;...Y[opt, =Y. Y] opt).

The result follows easily by using this fact in order to expand

Th...T1 Opt) = (nY) —1) ... (Y] — 1) O pt). O
Let
el gl ) )
Whi= =t 6D gk

This notation is local to this section, so it does not interfere with similar notation used
earlier. In particular, u; = u and po = 1.
The following lemma expresses a KL—Schubert class in terms of Bott—Samelson classes.

Lemma 5.23. We have
) i—2
Cho=w e = i nb e, (5.9)
k=0

Proof. Since the complex projective spaces are smooth, all the corresponding parabolic
Kazhdan—Lusztig polynomials are equal to 1. So we have

i
Cl{&‘ = (Z tiik‘l,'k o ‘E1> @ptt].
k=0

By plugging the formula in Lemma 5.22 into the previous one, we obtain:

i k—1
¢l = (Zﬂ—" (,ﬂ‘ Yeox] =Y 2 lyp Y{)) opt).
k=0

=0

For each k between 0 and i — 1, we now cancel the term =% ¥ Y,ﬁ . YI’ in the outer sum
with the term corresponding to I = k in the inner sum, for the index k£ + 1 in the outer
sum; indeed, the latter is

The only positive term surviving is u/¥/...Y] (throughout, we have to take into

account the ®-action on pt’J). By collecting the remaining terms, we obtain the desired
formula. O
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Lemma 5.24. We have
k—2

1= "k p = e =0.
=0

Proof. We use induction on k which starts at k = 1 (in which case the summation in the
formula is void). Assuming that the above formula holds for k — 1 > 0, and multiplying
it through by w, we obtain:

k=2

1= " ki = e e
=1

Plugging the right-hand side into the formula for k£ to be proved, it remains to show that
ot o= pua ks e, (F =@+ = (T 6Dy 4 M 0D,

But this is immediate. O

It now remains to plug the formula for Bott—Samelson classes in Proposition 5.21 into
the formula for a KL—Schubert class in Lemma 5.23. We will show that ©=*C 1{1,' is obtained
by simply setting u = 0 in the formula for ¢ .

Theorem 5.25. We have

i+1
pCl =Y i A2 nl Y fuwe
j=1 weWy

This expression agrees with the localization formula (5.6) for the corresponding Schubert
class.

Proof. Let us focus on the coefficient of fwjf1 in Cl{)i, where 1 < j <i+1 is fixed.
For simplicity, we write [[k]] := [jk]...[jn]. We calculate the mentioned coefficient as
mentioned above. We write (5.9) by replacing the summation index k by p, and note that
Cuj;,, contains fy,; , precisely when j —1 < p <i—2. Thus, the cases j =i and j =i+1
are immediate, so we assume j < i.

The desired coefficient is expressed as follows:

i i—2 P
Pl 204 up’ D7 K= Y o pu? [ [p+210+u Y 1]
k=j+1 p=j—1 I=j+1
] ) i i p—2
=)+ 204up’ Y (kD= Y i [ 1lpN+u D 111 . (5.10)
k=j+1 p=j+1 I=j+1

The only products appearing in (5.10) beside the first term are [[k]] for j+ 1 < k <.
Fixing such a value k, it suffices to show that the coefficient of [[k]] is 0. Let us first note
that [[k]] appears in the inner sum in (5.10) for the index p of the outer sum precisely
when j+1 <k < p—2, s0 p needs to be in the range k +2 < p < i. It follows that the
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coefficient of [[k]] in (5.10) is given by

i i—2
' =2 ) 2 ) )
upd = i plF = > i w = )= iy o
p=k 2 p=k
i—2
k=2 | —k —k
% W = ik —Zm-p-z nr
p=k

The latter expression is 0 by Lemma 5.24.
We conclude the proof by easily checking that the obtained formula agrees with the
localization formula (5.6). O
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