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Abstract

We revisit the so-called cat-and-mouse Markov chain, studied earlier by Litvak and
Robert (2012). This is a two-dimensional Markov chain on the lattice Z2, where the first
component (the cat) is a simple random walk and the second component (the mouse)
changes when the components meet. We obtain new results for two generalisations of
the model. First, in the two-dimensional case we consider far more general jump distri-
butions for the components and obtain a scaling limit for the second component. When
we let the first component be a simple random walk again, we further generalise the jump
distribution of the second component. Secondly, we consider chains of three and more
dimensions, where we investigate structural properties of the model and find a limiting
law for the last component.
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1. Introduction

We analyse the dynamics of a stochastic process with dependent coordinates, commonly
referred to as the cat-and-mouse (CM) Markov chain (MC), and of its generalisations. Let S be
a directed graph. Let {(C,,, M;,)}7° , denote the CM MC on S 2, defined as follows. We assume
that {C,,}sio, the location of the cat, is a MC on S with transition matrix P = (p(x, y), x, y €
S). The second coordinate, the location of the mouse, {Mn}sio’ has the following
dynamics:

o If M), # C,, then M1 = M,,.

e If M, = C,, then, conditionally on M, the random variable (RV) M,,; has distribution
(M, y),y € S) and is independent of C, 1.
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In our model the cat is trying to catch the mouse. The mouse is usually in hiding and not
moving, but if the cat hits the same location of the graph, the mouse jumps. The cat does not
notice where the mouse jumps to, so it proceeds independently.

The CM MC is an example of a class of models called CM games. CM games are common
in game theory. We refer to [9], where the authors showed that a CM game is at the core of
many online algorithms and, in particular, may be used in settings considered by [7, 28]. Some
special cases of CM games on the plane have been studied by [4]. Two examples of CM games
are discussed in [1] in the context of reversible MCs.

There are many related models in applied probability in which time evolution of the process
may be represented as a multi-component MC where one of the components has independent
dynamics and forms an MC itself (see, e.g., [8, 16—18]). Typically such dependence is mod-
elled using Markov modulation. In this paper we consider the case where the first component is
arandom walk. Thus, our model can be viewed as a random-walk-modulated random walk. We
consider null-recurrent and transient cases where we find proper scaling for the components.

We are mainly motivated by the results of the paper by [26], where the authors analyse
scaling properties of the (non-Markovian) sequence {M,};° for a specific transition matrix
P when S is either Z, 7, or Z. Although it deals with a relatively simple case of the CM
MG, it clearly illustrates a certain phenomenon related to this type of Markov modulation.
We will focus on the case S = Z. In addition, we assume that the transition matrix P satisfies
px, x+1)=p(x, x — 1) =1/2. It was proven in Theorem 3 of [26] that the convergence in
distribution

{%M[m], t> 0} = {Bi(Ls, (1)), 1 =0}, as n— oo,

holds, where B (t) and B,(t) are independent standard Brownian motions on R and Lg, (¢) is the
local time process of Ba(f) at 0. By convergence in distribution of cadlag stochastic processes
we mean convergence in the 71 -topology (see Appendix A for further explanation).

This result looks natural, since the mouse, observed at the meeting times with the cat, is a
simple random walk. The time intervals between meeting times are independent and identically
distributed (i.i.d.). They have the same distribution as the time needed for the cat (also a simple
random walk) to get from 1 to 0, which has a regularly varying tail with parameter 1/2 (see,
e.g., [32]). Thus, the scaling for the location of the mouse is &/n = (n'/%)1/2, Local time Lp, (1)
can be interpreted as the scaled duration of time the cat and the mouse spend together.

This leads us to ask to what extent such a phenomenon holds, for what kinds of distribu-
tions of jumps, and for which types of Markov modulation. In this paper we show that similar
behaviour holds when jump-size distributions of both components have zero mean and finite
variance. The behaviour changes slightly when we introduce heavier tails for the jump-size
distribution of the mouse. For this case we develop a more general approach based on the
work of [23]. In parallel, we introduce additional components while applying an analogue of
the aforementioned Markov modulation. Here, through the analysis of dynamical structural
properties, we demonstrate a similar phenomenon for additional components.

More specifically, we provide two generalisations of the CM MC introduced above. The
first generalisation relates to the jump distribution of the mouse. Given C, =M, the RV
M,+1 — M, has a general distribution which has a finite first moment and belongs to the
strict domain of attraction of a stable law with index « € [1, 2], with a normalising function
{b(n)}";i1 (note that distributions with a finite second moment belong to the domain of
attraction of a normal distribution) and a centring function nlE(M,,+1 — M,,). We find a weak
limit of {b’](ﬁ)M[,1,+1]},Zo, as n — oo. This model is more challenging than the classical
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setting because, when the mouse jumps, the value of this jump and the time until the next
jump may be dependent. Also, if the jump distribution of the mouse has an infinite second
moment, we cannot use classical results for regenerative jump processes such as Theorem 5.1
from [24]. Next, we consider the case where both components have general distributions with
finite second moments. Here our results take into account the approach developed by [33].

In the second generalisation we add more components to the system (we will refer to the
objects whose dynamics these components describe as ‘agents’), while keeping the chain ‘hier-
archy’. For instance, the addition of one extra agent (which we refer to as the dog), acting on
the cat in the same way as the cat acts on the mouse, slows down the cat and, therefore, also the
mouse. We are interested in the effect of this on the scaling properties of the process. Recursive
addition of further agents will slow the mouse down further. For the system with three agents
we investigate the dynamical structural properties and find a weak limit of {n=1/8M [ne]}1=0, aS
n — 00. The system regenerates when all the agents are at the same point. Therefore, if we
find the tail asymptotics of the time intervals between these events, we can split the process
into i.i.d. cycles and use a limit theorem for regenerative processes by [24].

We also consider systems with an arbitrary finite number of agents, for which we provide
a relatively simple result on weak convergence, for a fixed ¢ > 0. The path analysis in this
case turns out to be difficult, and we have only partial results. Namely, we have studied the
relation between the numbers of jumps of different agents and obtained the limiting law for
the last agent. We have not succeeded in finding the asymptotics for the time intervals between
regeneration points, which remains an open question.

We note that our paper is devoted to limit theorems for the above-mentioned Markov-
modulated MCs. It is worth noting that there are other interesting questions for such models
not covered here: stability problems are studied in, e.g., [15, 19, 30], while large deviations
problems are studied in, e.g., [2, 3, 14, 20, 22, 27].

The paper is structured as follows. In Section 2 we define our models and formulate our
results. In Sections 3 and 4 we analyse the trajectories of the CM MC and dog-and-cat-and-
mouse (DCM) MC, respectively. This analysis gives the main idea of the proof of our result
on scaling properties of the DCM MC (Theorem 3). In Section 5.1, we prove our results on
scaling properties of general CM MCs (Theorem 1 and Theorem 2). We shift the time of our
process and use characteristic functions to show that the conditions of Theorem 3.1 from [23]
hold. In Section 5.2, we prove Theorem 3. We approximate the dynamics of the mouse by
considering only the values of the process at times when all agents are at the same point of the
integer line, and then use Theorem 5.1 from [24] to obtain the result. In Section 5.3, we prove
our result on scaling properties for the system with an arbitrary finite number N of agents. We
approximate the Nth component of the system X™ (which describes the behaviour of the Nth
agent) by the component XY=1 slowed down by an independent renewal process.

The appendix includes definitions and proofs of supplementary results. In Appendix A, we
define weak convergence of stochastic processes. Appendix B clarifies the asymptotic close-
ness of two scaled processes related to Theorem 1. Finally, in Appendix C we provide auxiliary
results on randomly stopped sums with positive summands having a regularly varying tail
distribution and infinite mean.

Throughout the paper we use the following conventions and notation. For two ultimately
positive functions f () and g(¢) we write f(¢) ~ g(¢) if lim,—, » f()/g(t) = 1. For any event A, its
indicator function I[A] is an RV that takes the value 1 if the event occurs, and the value O oth-
erwise. We use the symbol = for the weak convergence of distributions of RV or vectors, and

g for convergence of trajectories of random processes in the J;-topology (see Appendix A).
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Next, X £ ¥ means that the RVs X and Y are identically distributed. Finally we use the follow-
ing abbreviations: CM (cat-and-mouse), DCM (dog-and-cat-and-mouse), MC (Markov chain),
i.i.d. (independent and identically distributed), RV (random variable), a.s. (almost surely), w.p.
(with probability).

2. Models and results

In this section we recall the CM MC on the integers and introduce several of its
generalisations.

2.1. ‘Standard’ cat-and-mouse Markov chain on Z (C — M)

Let £ ==+1 w.p. 1/2. Let { '21)}211 and { 2 }> | be two mutually independent sequences
of independent copies of &. Given Cp = My = 0, we define the dynamics of CM MC (C,,, M,,)

as follows:
Cn - Cn—l + Sr(,l)a
O, if Cn—l #Mn—lv
Mn = Mn—l + @ )
n ., i Chy =My,
forn>1.

Let D[[0, c0), R] denote the space of all right-continuous functions on [0, co) having left
limits (RCLL or cadlag functions).
Let M(nt) = Mn, t >0, be a continuous-time stochastic process taking values My, k >
0, for t €[k/n, (k4 1)/n). Clearly, it is piecewise constant and its trajectories belong to
D[[0, 00), R].
[26] have proved convergence of trajectories

1
{%M(m), > o} B (Bi(Ls, (1), 1> 0}, as n— oo,

where B (#) and B;(¢) are independent standard Brownian motions on R and Lg, (?) is the local
time process of B»(¢) at 0.

2.2. Cat-and-mouse model with a general jump distribution of the mouse (C — M)

In this subsection we introduce our results for CM MCs with more general distributions of
RVs 5,51) and 5,22). ‘We start with the same distribution of 5,21) and generalise the distribution of
57(12)_ Thus, the cat is a simple random walk and the mouse is a general random walk. We then
proceed to generalise the distribution of g,i” as well.

2.2.1. We continue to assume that the dynamics of the cat is described by a simple random
walk on Z. Let £ =+1 w.p. 1/2. Let Co =0, C,=C,—1 + 5,(11), where &, 51(1)’ 52(1), ...are
iid. RVs.

Let My =0, My, =M,_; + £21[Cy—y = M,_1], where { ,(,2)}211 are i.i.d. RVs independent
of { ,51)}211. Assume that

=R is finite (1)

and that the distribution of 51(2) belongs to the domain of attraction of a strictly stable dis-
tribution, i.e. there exist a function b(c) > 0, ¢ >0, and an RV A® having a strictly stable
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distribution with index « € [1, 2] such that the weak convergence

S (87 - n)

o) =A? asn— o0 ()

holds. Define
t(0)=0and t(n)=inf{m > t(n —1): C,, =M,,}, forn>1.

Given (1), we show that the tail-distribution of 7(1) is regularly varying with index 1/2. It
follows then that there exists an RV D® having a strictly stable distribution with index 1,2
such that
T
(—Z):>D(2), as n— oo. 3)
n
In the proof of Theorem 2 we show that in fact there is a weak convergence of
two-dimensional random vectors

Yo (87 - n
—), ) = (A(z),DQ)), asn— oo,
b(n) n?

where the RVs on the right-hand side are independent. Further, let { (A® (1), D®(1))} _, denote
a stochastic process with independent increments such that (A(z)(l), D(z)(l)) has the same
distribution as (A(z), D(z)), or, equivalently, the Lévy process generated by (AQ), D(z)). Let
E®(s)=inf {t>0:D?(¢) > s}, which is a multiple of Lg, (s), the local time at zero of a stan-
dard Brownian motion. Thus, the following result is a natural extension of the result by [26];
see remark below.

Theorem 1. Assume that (1) and (2) hold. Then

o if 1 =0, we have

{%, t> O} :D> {A(z)(E(z)(t)), t> 0}, as n— oo; @
e if u#0, we have
M(nt+1) D
{T tzo} = {E® (1), 1> 0}, asn— cc. (5)

Remark. If the RVs E,(,z) are bounded, then the function b(n) is proportional to /n, and it is
easy to show that the processes

M(nt+1) M(nt)

are equivalent (see Appendix B for details). Then the results of Theorem 1 may be reformulated
for the scaled process M(nt) in place of M(nt + 1).
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2.2.2. Assume now that both .f;l(l) and 51(2) have general distributions on the integer lattice. The

main difference for the mouse is that we now need to assume that the second moment of & 1(2)
is finite. Our main result in this setting is that replacing the simple random walk with a general
random walk does not change the scaling if we assume aperiodicity and finite second moments

for the increments. By aperiodicity (strong aperiodicity in the sense of [32]) we mean here that

G.CD{k:PED =k) >0} =1,

where ‘G.C.D.’ stands for ‘greatest common divisor’.

Theorem 2. Assume that EED =0, 0 < VarEl(l) < 00 and 51(1) has an aperiodic distribution.

Assume 0 < Varé ](2) < 00 and, therefore, (2) holds with b(n) = /nVaré& ](2) and a standard nor-
mal RV AD. Then the statements (4) and (5) of Theorem 1 continue to hold, with b(\/n) =

n'/4 [Vare® in (4).

2.3. Dog-and-cat-and-mouse model (D — C — M)

In this subsection we present a generalisation of the CM MC to the case of three dimen-
sions. Let £ =41 w.p. 1/2. Let { ,51)}00 { ,(12)}00 and { ,(,3)};; be mutually independent

n=1’ n=1’
sequences of independent copies of £. Given Do = Cy = My =0, we can define the dynamics

of the DCM MC {(D,,, Cy, My,),}72 ; as follows: for n> 1,
Dn = Dn—l + é:y(,l)y

0» ifanl ?é Cnflv
Ch=Cy_1+
2 it Dy =Cuoy,

0’ lf C)’l*l #Mnflv
My =M,—1 + 3)
w o, AfCyoy =M.

Let 7®(0) = 0 and T® (k) = min{n > T®(k — 1): D,, = C, = M,,}, for k > 1. We show that
the tail-distribution of 7®)(1) is regularly varying with index 1/4. Further, we show that there
exists a positive RV D with a stable distribution and Laplace transform exp (— st/ 4) such
that

T3(k)
27k

Let {D®(1)} 1~ be a Lévy process generated by D® and E®)(s) =inf {t > 0: DO(1) > s}.

=D ask — oo. (6)

Theorem 3. We have EM(T®)(1)) =0, 02 = VarM (T® (1)) =2, and
M(nt
{ NS 0} B (BED @), 120}, asn— oo,

2=18u1/845 " —

where B(t) is a standard Brownian motion, independent of E®) ().
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2.4. Linear hierarchical chains (X - X® — ... — X™) of length N

In this subsection we consider a generalisation of the CM MC to the case of N dimensions.
Owing to the complexity of sample paths for N > 3, it does not seem to be possible to prove
an analogue of (3) and (6). For this setting, we prove the convergence for every fixed ¢ > 0.

Let & =+1 w.p. 1/2. Let {{ ,(,’)}n 1}] | be mutually independent sequences of independent
copies of £. Assume X(()l) =...= XBN) =0. Then MC (Xf,l), e X,gN)) is defined as follows:

X’gl) :X(D 5(1)’

ey (=1 )
0, ifxV ) zx¥
X(I) X(I) L+
DXV =x9
forje{2,...,N}and forn> 1.
For the result below we need the following distribution. Let G, be the distribution function
of a one-sided strictly stable law satisfying the condition x*(1 — G, (x)) > 2 — a)/«, as x —
0.

Theorem 4. Let {¢;}:°, be i.i.d. RVs satisfying P{¢; > y} = G1/2(9/y2). Let i be an RV with a
standard normal distribution and independent of {¢;}:°,. Then, for any fixed t > 0, we have

(N)

Xint) / T
/2N s N
1/2N wl—[ 2(!, as n — oo.

3. Trajectories of the ‘standard’ cat-and-mouse model

In order to prove Theorems 1-3, we first revisit the ‘standard’ CM model and highlight a
number of properties that are of use in the analysis of the more general CM and DCM models
discussed here.

We assume that Co = M =0. Let V,, = |C,, — M,,|, for n > 0. We can write M, =M, +
&2 11V, = 0], for n > 1. Then

1 2
1~ En Ve =0,

Vi1 = Cpp1 — Myt = n

We can further observe that

(1) (@) @ - —
Ent1 — n+1’ =1+&, 0, ifVy=0,

Vn—H =

1 1 .
ng—gl‘ =Vn +$r(1+)1’ it vV, #0.

Thus, V,, forms a MC. Let p;(j) = P{V,4+1 =j|V,, =i}, for i, j > 0. Note that po(j) = p1(j) for
any j.
Let
U®0) =0, U@ (k) =min {n > UP(k — 1): V, € {0, 1}}.

Since po(j) = p1(j) for any j, we have that the RVs {U® (k) — U (k — 1)},‘511 are i.i.d., and the
RV (U @ (k)y—U @ (k — 1)) does not depend on VU<2)(k—1 ) for k > 1. From the Markov property
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we have

0, wp. 5
d 1 ’ 22
Vyou =1+§ =

2, w.p.

Thus, after each time instant U® (k) the cat and the mouse jump with equal probabili-
ties either to the same point or to two different points at distance 2 from each other. In

the latter case, VU<2)(/< )= 1, since the cat’s jumps are 1 or —1. For the cat, let r,(,ll) =

min {n: Y i S,El) = m} denote the hitting time of the state m. Then

0, w.p. %
UL+
7D

D=

,  W.p.

The tail asymptotics for rl(l) are known: P{rl(l) >n}~ /2/(mn), as n— oo (see, e.g.,

Section II1.2 in [12] for a related result). Since tl(l) has a distribution with a regularly varying
tail, forany m =2, 3, ... we have

P[T;(n]) > n} 'vm]P’{tl(l) > n} ~\/2m?/(zwn), asn— oo.

4. Trajectories in the dog-and-cat-and-mouse model

In this section we study structural properties of the DCM MC on Z. We describe the main
idea of the analysis, which may be of independent interest, as we believe it may be applied to
other multi-component MCs.

As before, let {T(3)(n)}:io be the meeting-time instants, when all three agents meet at a

certain point of Z, and let {J1(<3)}:il ={Tk) — TO*k — 1)};11 be the times between such
events. Let MT<3>(n), n=0,1, ..., be the locations of the mouse (and, therefore, the com-

mon locations of the agents) at the embedded epochs T(3)(n), and let {YS)}]Z = {MT<3>(k) —
M) - 1)};;)] be the corresponding jump sizes between the embedded epochs. Because of
time homogeneity, random vectors {(Y,?), J,(f))} are i.i.d.
Let N(f) = max {n: T®(n) = >"}_, J,(f) <t},fort>0.Let So=0and S, =Y }_, Y,?). We

show that the statement of Theorem 3 holds if we replace M,, with a continuous-time process

N(t)

M(t)=Syw =) _ Y. fort>0.
k=1

The process M (1) is a so-called coupled continuous-time random walk (see [5]), and we use
Theorem 5.1 from [24] to obtain its scaling properties.

4.1. Distribution of the random variable 153)

We assume that Dg=Co=My=0. Let V,, =(Vy1, Vo) =D, — Cyl, |C, — M,|). Then
the following recursion holds:

(Dust. Gt Mas) = (Do + 801, Gt 62,11V, =01, M, + 63,11V, = 01).
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Note further that

1 +§,§}l’_)1a 1 +§,(,3_)1>’ if Vijp = Vip =0,

)

i v+ it Vin =0and v 0.
Vn+1 = (

Vil +‘§;Sr)1’ 1), if V1 20 and Vyp =0,

(Var + 601, Vi), if Vi £ 0 and V2 £0.

Thus, {V,},2,is aMC. Let pj;j(k, [) = P{V,,11 = (k, DV, = (i, j)}, for i, j, k, | > 0. Note that
poo(k, I) = po1(k, [) for any k, [ > 0.
Let

U (0)=0and UP (k) =min {n > UP(k — 1): V,, € {(0, 0), (0, D}}.

Since poo(m, ) = po1(m, 1) for any m.l, we have that the RVs {U® (k) — UD(k — 1)}~ | are
i.id., and the RV (U®(k) — U (k — 1)) does not depend on Vi1, for k > 1.

In other words, each time n = U(3)(k), the DCM process visits either a state on the ‘main
diagonal’ D, = C,, = M), or an auxiliary state D,, = C, = M,, = 1. To find the tail asymptotics
for T§3), we find tail asymptotics for U G3)(1) and then use the natural link between time instants
73(1) and {UP (K} - ;.

Lemma 1. Ler Vjy € {(0, 0), (0, 1)}. Then we have

1
3 ~—
P{UY (1) > n} AT AT as n — 00.

Further, US)(1) =1 if and only if V(1) = (0, 0).
Proof. Let Vo = (0, 0). It is apparent from the first line of Equation (7) that
1
P{Vi=0,0}=P{Vi=@2,0}=P{Vi=(0, 2)} =P{V, =(2,2)} = T
Since poo(k, I) = po1(k, [), the RV Vj has the same distribution given Vy = (0, 1).

Let V1 = (0, 2) (Figure 1c). From the second and the fourth lines of Equation (7) we know
that |Vig41)2 — Via| € {0, 1}, for k > 1, given Vo # 0. Therefore Vi, arrives at 1 before hitting

0, and Ve ay = (0, 1). Let 7, 71, 12, . . . be independent copies of rf]). Then U®(1) has the
same distribution as Y _;_, 7k, and we have that

g 1 TV2(1/2r1/2) \/7\/7 23/4
~ 1/4 I
]P’{ k; T > n} n 164 \VrVz o TG/amA

as n — oo (see Appendix C).

Let Vi = (2, 2) (Figure 1d). From the fourth line of Equation (7), V> remains at 2 (the
cat and the mouse do not move) until Vi reaches 0. This happens after a time which has

the same distribution as 12(1) =min{n>0: Y }_, S,El) =2}. Thus, we travel from (2,2) to
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o o * >D . [ o »D . o o >»D o o e >Dn
> > < <
o =1 *—>C o =} > . =1 a—( . =1 G
> > > >
=S =) *>M o o >\ =S =) *>M =S = *>M
Vi = (0,0). Vi = (2,0). Vi = (0,2). Vi =(2,2).

FIGURE 1. The positioning after the first jump.

(0, 2) while never hitting (0,0). We also know that the tail asymptotics of the travel time are
}P’{rél) > n} /8/mn, as n — co. Therefore, we travel from (2, 2) to (0, 2) much faster than
from (0, 2) to (0, 1), and given V| = (2, 2), we again have P{U® (1) > n} ~P{ }{_, e > n},
as n— o0o.
Finally, let Vi = (2, 0) (Figure 1b). From the third line of Equation (7) we have V; 4 (2 +
£V, 1) and Vo g, = (0, 1), where, given Vi = (2, 0), P{U®(1) > n} ~ /8/mn, as n — oc.
Thus,

1 [ < 1
3) ~ ~— U
IP’{U (1)>n} 2[?’{ ,;_1 rk>n} AT 3 /Ao as n — 0.

We note the following relation between time instants T3(1) and {U (3)(k)} . At each time
n when we are at the auxiliary state (when V;,, = (0, 1)), we have a probability of 1 /4 of jumping
into the state D, +| = Cy+1 = M,+1, independently of anything else. Using Lemma 1 and the
results in Section XIIL.6 of [13], we get the following result.

Proposition 1. Let
v=inf{k>1: UP®) — Uk -1 =1}.
Then v has a geometric distribution with parameter 1/4, T® = J® = U®(v) a.s., and
IP){J?) > n} = IP’{U(3)(\1) > n} ~ 4IP’{U(3)(1) > n}, as n — oo.
Therefore, there exists a positive RV D® having a stable distribution with Laplace transform
exp (— s1/4) such that

Ow  Yio )

(3)
SE = d = D", asn— o0.

4.2. Distribution of the random variable Y?)

In the previous subsection we analysed the time our process spends between auxiliary states.

In this subsection we analyse the total displacement of the mouse by time T?). Note that
the mouse may have zero, one, or two jumps between consecutive visits to auxiliary states;

therefore, the total number of jumps of the mouse by time T§3), say , admits the following
simple upper bound:

»<2v as.
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It follows that the sequence Zj =MU<3>(1<) — CU(3)(k)’ k=0,1,..., forms a time-
homogeneous MC, and Z; € {—1, 0, 1} a.s. Further, Zp =Z, =0, and for any k€ {1, v — 1},
we have Z; = £1.

Let

3
)/k( ) = MU(3)(k) — MU(3)(k71) for k > 1.

Our analysis of trajectories of the DCM MC in Section 4.1 shows that the yk(3) are conditionally
independent given values of the auxiliary MC {Z;}?2 . Clearly,

v
3) 3)
W =Moea =) %
k=1

We now find the first and second moments of Yi?’) and show that it has a light-tailed distribution.

Since Dy = Co =My =0, we get v=1 if and only if Z; =0 and y”’ = +1. Additionally,
we have

1
IP’{)/IG)::H, 7, =0] ZO=O} =PIDi=Cy =M =%} = .
Another case of exactly one jump is when the cat and the mouse jump in different directions.
Here we have

P[yl“):il, 7, =+1 |ZO=O] —P{C, =71, M ==+1) = %.
Further, the mouse can have two jumps in the same direction w.p.
IP{VP) =42, 7 =+1 |zo=o} —PD, =1, C; =M, =+1, My =42} = %6,
or two jumps in opposite directions w.p.
P[yf”zo, 7 =+1 |20=o] —P{D; =+1,C, =M; =1, My =0} = %,
Thus, given Zy = 0 we have

1 3
P(Zy=0)=7 and PlZi==%1)=_.

1 3 |
P{yl(3):0}:§, P{yf3>:i1}:§, and ]P’{ylo)::I:Z}:R. ®)

From the above, we get that IEy1(3 )= 0and Varyl(3) =5/4.

We now analyse the distribution of yk(3), k > 2. So as not to make the notation cumbersome,
we assume that Dg = Cyp =0 and Mo =1, so Zyp = 1. The case Zy = —1 is analogous by sym-
metry. Then the mouse can make either zero jumps or exactly one jump before the next visit
of the process to an auxiliary state. In the case of zero jumps we have

1
PlyfY =20, =012 =1} =P = C1 = 1} = 5.

1
P{yl(3)=j:0, Zi=1 |ZO=1} =P(CI=-1}=3.
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In the case of exactly one jump we have

P|y(3)_1 Zl—l|ZO_1}=IP’{D1=—1,C1=1,M2=2}=—

P{yf3>_—1, Zi=—11Zy= 1} —PD;=—1,Ci =1, M, =0} = -
Thus, given Zy = 1 we have

5 1
P(Z1=0}= 7. PiZi=1)=3 and P(Z| = —1}=§,
3
P{ylo):O]:Zand]P’{ 3 :I:]} 9)

Thus, E (7{”[Z0=1) =0 and Var (|20 =1) = 1/4
Let us return to the case Dy = Cyp = My = 0. Combining the results (8) and (9) we get

Y(3) EZ (3)_EZ< (%)I[v>k]> (3)+ZE( (3)I[v>k])

o0

=Y E (y,?)l[zk_l =11+ vz, = —1]) _
k=2

In a similar manner we transform the second moment:
(Y(a)) ZE << (3)> I[v > k]) +2 Z Z ( (3);/(3)1 [v> m]) (10)
k=1 m=k+1

If we fix the values of {Z;}72 ), the RVs y % and Vi ) become independent. Combined with the

fact that £ (y )|Zm 1= :i:l) =0, we get that the second sum in (10) equals zero. Now we can

use the conditional second moments obtained above and the fact that the RV v has a geometric
distribution with parameter 1/4. We obtain

(1) =) + 25 ()

Finally, we observe that |y13)] < 2. Therefore,

Zi—1 =:|:1) Plv >k} = —+ (Ev—l)_

<2v as. and |[Y®)| has a finite

9= oy
exponential moment. In particular, the following holds.

Proposition 2. We have EYP) =0, VarY §3) =2, and E| Y 53) |m < 09, for any m > 3.

5. Proofs of main results

In this section we provide proofs of our main results.

5.1. Proofs of Theorems 1 and 2
We start with the general idea of the proofs of Theorems 1 and 2. For i =1, 2, let Sg ) =0
and S = pIya £D forn>1.Let

7(0) = 0 and 7(n) = inf {m > t(n—1): s = Sﬁ?], forn > 1.
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Since |, }oe, and {5,52)}]21 are independent sequences of i.i.d. RVs, we have that t(n) —

=12 1), forn>1.
Let (r) = max{k > 0: T(k) <t} for ¢ > 0. Define a continuous-time process M'(f) by

nt—1)+1

M()=0forte[0.1),  M@O=S5_ ., = > & forr=1
k=1

It is straightforward to verify that {M’(n), n > 0} 4 {M(n), n> 0}. In the rest of the section we
will omit the prime symbol and simply write M(¢). The process {]\’/\I(t)},zo ={M'(t+ D};>0 is
a so-called oracle continuous-time random walk (see, e.g., [23].

First, consider the case Eél(z) = (0. We want to show that

v T = (A?, D), asn— oo (11)
b(n)' n? o '

Given that, we will show that the first part of Theorem 1 follows from the next proposition.

Proposition 3. (Theorem 3.1, [23].) Assume (11) holds. Then

{ M(nt) } B {M(nt +1)

=ob =12
b(/n) b(/n)

A similar result is proven in Theorem 3.6 of [21].
We will now show that the relation (11) holds and that the RVs A® and D@ are
independent. We show that for certain functions f; and f>,

5512) (2) 1 n
E exp (i <A1 b(n) +A2%>> =Eexp <i (leé_n) —{—)\2%
=<1+f1(?»1)+f2(?»2)+0<1>) a2
n n

as n — oo, for any A, A € R. Indeed, convergence of characteristic functions is equivalent
to weak convergence of RVs, and for independence of RVs it is sufficient to verify that the
characteristic function of the sum is equal to the product of the respective characteristic func-
tions. Since the right-hand side of (12) converges to exp (f1(A1)) exp (f>(A2)), this will prove
the convergence and the independence of the limits A®) and D®.

tzo} 2 {A(z)(E(z)(t)), tzo} . asn— o0o.

5.1.1. Proof of Theorem 1. From the condition (2) we have the weak convergence of Sﬁzz)/ b(n)
to the RV A®. Again, this is equivalent to the convergence of the characteristic functions.
Thus, (2) implies

n (2) @\ 71"
E exp <i)\12:kb:(—:§k) = |:IE exp (ikl%)] — Eexp (iMA(Z)) , asn— o0.
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Additionally, if B"(n) — z as n— oo, then nlog B(n) — logz, which leads to log B(n) ~
n! log z and hence, finally, B(n) ~ 1+ n! log z, as n — oco. Thus, we have the following:

(2)
LA
E exp (iklgl—)>~l+ 1 1), as n— 0o, (13)
n n

where [1(1) =log E exp (iAA(2)), the logarithmic characteristic function of A®.
As in Section 3, we reformulate the distribution of the RV 7(1) using the time needed for
the simple random walk to hit a fixed point. Let { ( )} be independent copies of 7, the

time needed for the simple random walk to hit O if it starts from 1, 1ndependent of { (2)}n: 1

Given S | =m#0, the RV 7(1) is the time needed for the random walk S,, Y to reach m from

zero, and thus, 7(1) < Lmll r,gl) Given §(2) =0, we have (1) < 1+ rl(l). Then we have the

following relation for t(1):

|¢]

r)L1[e? £0] Y- o +1[e? =o](1+1").

k=1

Since P{rl(l) > n} ~ /2/(mn), as n — 0o, we conclude from Proposition 8 (see appendix) that

P{z(1) > n} ~ (E‘s{”‘ +IPH§(2) 0})IP{I > n).

Thus, there exists an RV D® having a stable distribution with index 1/2 such that

t(n)
n

:>D(2), as n — oo.

Using the same argument as for (13), we get

LT h(A2)
Eexp (lkz—z) ~14+ , asn— 09, (14)
n n

where 1,(1) = log E exp (i)»D(z)/(IElél(z)‘ + P{élm =0})), the logarithmic characteristic func-
tion of D(Z)/(E|El(2)| + IE”{EI(Z) =0}). We proceed as follows:

@ |
E exp (z |: i(n) +A2% )
> k
=3 exp (i,n%) P|g1(2> :k]E exp (mz—
=Plef” =0]Eexp (ixz ! J;T)

+ Y exp (150 ) Bl =k (e (125))

)
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In order to transform the last sum in the last equation, we use (14) and get that, uniformly in

m >0,
(E exp (i)»zr%))m = <1 + 12(:2) +o <%>>
=exp (m In <1 + M))

=exp( mhGa) ) (1»)

mh(A)(1+0(1)) 1 o= (mh(2)(1 + o(1))y
=l +;]§ =y

s

as n — oo. Since the latter equation is uniform in m > 0, we get

> o (05 ) Lo =) (Beo (4277))

k50

@
:(Eexp(ikl%) {g@ })

LA 1 > (kl(A2)(1 1 1
n 2(n2)2|k| exp (’Mm> {5(2)_ } _222 2( 2)( +0( )))’+ <;>
=2

k0

as n— 0o. Now we use the fact that if > A, =>">_B,+ > > C, and if the series
> Anand Y>> B, converge, then Y > C, converges t00 Thus,

(klz(kz)(l + 0(1)))’ 1
E95)Y ~(3)

k#£0 j=2

and

> exp (lk1m> {s(” = } (IE exp (i)\zr%»'k‘

k50

= (ko (£ ) - ele =0} e 22210 1),

as n — oo. Using (13) and (14), we have

@
E exp (z[ j( R T(I)D

D o) 2 1),

n

as n— o0o. We have proved that Equation (12) holds with fi(A1)=1[1(X1) and f(Ay) =
(E|$f2)| + ]P’{él(z) =0})/2(12). Therefore, Equation (11) holds and we can use Proposition 3
to prove the first part of Theorem 1.
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We now turn to the second part and assume E&@® = ;1 #£0. Then the above argu-
ments are applicable to WH] (5(2)
(( "WHI (S(z) )) /b(f ), tz 0) weakly converges to the limiting one (see Appendix A

for the corresponding definitions). Since u < oo, we have b(n) = o(n), as n — oo. Indeed, by
the strong law of large numbers,

Y (687 -n)

n

u). Thus, we have shown that the process

—>0 as n— oo.

Since A in (2) is not deterministic, the denominator in the left-hand side of (2) must be an
o(n) function. Therefore the process

,7(,1[)+1 (5(2) ) n(m)+1 <§(2> ) b(/r)

>0 = t>0

w0 E VRN

converges to the zero-valued process. Thus, it follows from the representation

—~ nnH+1 ((2)
My 2a=1 (& L RO + 1)
N Vn Vn
and from the corollary to Theorem 3.2 of [29] that
M(nt) D )
,1>08 S {REP®), >0}, asn— .
[ 1= 0] B0, 20]. asn

5.1.2. Proof of Theorem 2. Under the assumption of the finiteness of second moments, we
can extend our result to the case where both £ and £ have general distributions. Assume
now that {S(l) Yoo = {Zk 15 (1) 172 1s an aperiodic random walk with zero-mean and finite-
varlance-al2 increments. The theory of general random walks and their hitting times is well
developed. Nevertheless, results that are uniform in terms of the hitting point are rather scarce.
It follows from Section 3.3 of [33] that, uniformly in x,

[exp(ltt(l))‘é(z) ]=1—(a*(x)+ex(t))(al«/%+o<m», ast—0, (15)

where

a (x)—l—i—Z( [S“)— } ]P{Sf,l):—x}), (16)

ex(t) = cx(t) + isx(1), 17
lex(D)] = O (xZ\M) , as 7 — 0, uniformly in x, (18)
s0(1) =0 and "( ) _ =o(1), as t— 0, uniformly in x # 0. (19)

Following steps similar to those used in the previous part, we take f = A, /n” and, eventually,
let n become large. A very important relation here is (18). When we take the characteristic

function o
. S T (1)
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and start to separate it into different summands, the relation (18) leads to the summand (see
details below)

Z 0] <i—z) IP’{&I(Z) =x], as n— oo,

XEZL

2
E()

and this is the main reason we need to assume that &£, has a finite second moment.

Assume now that ]Eéfz) =0 and o, =Var§fz) < 00. We have (see, e.g., Proposition 7.2
of [34])

012(61*()6) —I(x=0))~|x|, as |x] = oco. (20)

As a consequence, we get Ea* (E (2)) <o0. Let p@(x) = ]P’{El(z) = x}. Then the total probability
formula gives us

. &? rm
E A A
exp<z|: 2\/_4— 22—

—Zexp (zkl [02[}) E -exp ( M@])‘ 51(2) =x} p(z)(x)-

X€EZL

Now we use (15)(19) to get
E exp <i [)\ i(j/)ﬁ +A2%:|> —E |:exp (i/\ ;’;j_)}
) 2]
rolgelen e [25]) )
+0 ( [g(z) exp (ixl [éf}})}) ) (%) ,

as n — 0o. Next, we use the relation (20) and the Taylor expansion for the exponent to get

oo (6) e o | 27 )| -2 6] o s

Since E& 1(2) =0 and Varé 1(2) < 00, the central limit theorem holds. Thus, we have the analogue
of (14) with /; being a logarithmic characteristic function of an RV with a standard normal
distribution. Finally, we get

. &? (1) 1i(h1) mex £0 1
Ee"p(’[* mvhacmall el [ (67)] +o;)-

Thus, we have proved Equation (12) for this case. The rest of the proof follows the same
argument as in the previous case.
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5.2. Proof of Theorem 3
Recall that the random vectors | ¥y, Ji 1% are iid., where Y\ = Y)_ ™ and 0¥ =
T31) = U (v). We have

N@)
NG = max{n > 0: Z 7Y < t} and M(n =y v,

k=1 k=1
From Propositions 1 and 2 we have

27/4
IEY?) 0, VarY(3) 2, E(Y(3)> < o0, form>2, and IP’{J%S) > n} ~—_—
L @3/4)nl/4
as n — o0. From Theorem 5.1 from [24] we have
M(nt
() 1>08 BABED 1)), 1> 0}, asn— oo, (1)

2-7/8p1/8, [Vary®

where B(t) is a standard Brownian motion, independent of bf)(t).
We show now that (21) holds with M(nt) in the place of M(nt). It is sufficient to prove that,
for any fixed T > 0,

max| <k<[nT] {Mk — My} as
nl/8
Fork=1, 2, ..., let v; be the number of visits to the set {(0, 0), (0, 1)} by the MC V,, within
the time interval (TE)I, TS)], and let s be the total number of jumps of the mouse within this
time interval. Further, let

0 as n — oo.

= max |1\~41 — M;|.
TO (k—1)<I<T®) (k)

The triples (vg, >, Ry) are i.i.d., the pairs (vg, s¢) are i.i.d. copies of the pair (v, ») introduced
earlier, and
Ry < s <2v; aws. (22)

Further, all RVs in (22) have a finite exponential moment, [E exp (cR) < oo for some ¢ > 0.

For K > 0, letz =min (1;3), K). Since IEJ?) = 00, one can choose K such that A: = IE71 >
T.LetS, = Y J:. Then, for any C > 0,

o~ o n
POIT) + 1> n) < P(S, <nT) < (TR )",
where the term in the parentheses on the right-hand side may be made less than 1 for C > 0
sufficiently small. Next,
]P’( 1m,?X Ry > n1/88> = nIP’(Rl > nl/gs) <nEeRr . e—een'’®
<k<n

Then, for any ¢ > 0,

max My —M
]P)( 1<k<[nT] { k k} > )S]P( max Ran1/88)+P(n(nT)zn),

1/8 1<k<n

where both terms on the right-hand side are summable in n. Therefore, by the O—1 law and by
the arbitrariness of € > 0, (22) follows. This completes the proof of Theorem 3.
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5.3. Proof of Theorem 4

The random process XD isa simple random walk on Z, and for j € [2, N] we have

PIXP(n) — XV (n— 1) =1| XV - 1)=x"Dn - 1)}

) ) . . 1
=P{XPn) —XPn - 1)=—1| XV n - H=X"Pn -1} = 5
Let us give a new representation of such a process. Let XD0)=XD0)=...=XM0) =

0, and let the RV Tj(n) denote the time when XY takes the nth step. Let 73(0) = 0. Note the
difference between 7 and 7. Thus, {XV)(Tj(k))},_, is a simple random walk on Z, and if
XD(n) #XV(n — 1), then n € {Tj(k)}2°,. Let

£ = XO(T;(k)) — XV (Tj(k — 1)) = XD(T;(k)) — XD(Ti(k) — 1)

for j> 1 and k > 1. By definition, {{S,E’ ) };:io }]N:1 are mutually independent and equal =1 w.p.
1/2.

Since X" jumps every time, T (k) =k for k> 0. Let 7 be the time at which the simple
random walk goes from the point 1 to 0. From Section 3 it is easy to deduce that the time
between the meeting-time instants of the cat and the mouse has the same distribution as t.
Thus, if we look at the system only at the times {Tj(k)},fio the time between meeting-time
instants of X’ and XU+ has the same distribution as 7.

Let us define vj(n) =max{k > 0: T;(k) < n}, the number of time instants up to time n at
which XV changes its value. Then we can rewrite the dynamics of the jth coordinate as

Vj (n)

X(])(n) = Z ET(k)

Our assumptions on the distribution of the increments & ,E’ ), for k > 1, provide us with the next
important property of our process.

Proposition 4. The sequences {Tj(k)}72 ) and {Sk } i are independent foranyj € {1, ..., N}.

This property comes from the space-symmetry of the model. Indeed, for j =1 the result is
trivial, since vy (n) = n. We show the result for j = 2 and then extend it onto j > 2. Define

'7(0)=0and 't(k) = inf {n > 't (k — 1): XD() = XD ()}, fork > 1.

One can see that in our model T>(k) = 1 + 't(k — 1), for k > 1. In the time interval [1, '7(1)]
the second coordinate changes its value only at the time 7>(1) = 1. Thus, the time 12(1) does
not depend on 5152), for k > 2. Additionally, the trajectory {X(l)(n)},‘;io has the same distribution
as {—X(l)(n)}:io. Thus,

IP{ r(y=n, £2 = } {r(l)—n £P = }

As a corollary of the last equation, we get that ' 7(1) has the same distribution as the time that
is needed for the simple random walk to hit O if it starts from 1. This implies that

1 2
P{'t(1) > n} ~ — asn— oo (23)
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From the symmetry of our model, it further follows that the sequence { T(k)}z2,, and sub-

2

® ;. do not depend on {&; };:O:l (or, therefore,

n=1

sequently the sequences {T2(k)}72, and {v2(n)}
)
on {Ek }kzl,jzz)'
For the analysis of {Tj(k)},fcz’o, j>2, we need to define an ‘embedded version’
of '7(k). Let

J2(0) =0 and /7 (k) = inf [m T (k — 1) XO(Tj(m)) = X<i+1>(T,-(m))}, for k> 1.

The process {j ‘L'(k)};:io counts the number of times that the process X?) changes its value
between the time instants when X% and XU+ have the same value. Using the same argument
as before, we get that the sequence {j t(k)};:io does not depend on {f;‘,&l +1)};°:1.

The jth coordinate X changes its value for the kth time at a time instant z if and only if, up
to time n — 1, the processes XU~1 and X¥) have had the same value exactly k — 1 times (not
including XU=D(0) = X?)(0) = 0), with the last time being at the time instant n — 1 (which
also means that at the time instant n — 1 the process XU~ changes its value). This can be
rewritten as

Tik)=n & n—1=T_("'t(k—1), forj>2,k=>1,

and thus Tj(k) = 1 + Tj_1¢~'t(k — 1)). Thus, since the sequences {T>(k)}?°, and {%(k)};:io

do not depend on {5,8 )} the same holds for {T3(k)};2,. Therefore, using induction, we

k>1,j>3° 4
get that the sequences {Tj(k)},fio and { E,? )}
As a corollary of this result we get

o0

(] are independent for any j > 1.

vj(n) vj(n)

W09 =3 L T4
k=1 k=1

Let /n(n) =max{k>0: /t(k)<n} for n>=0 and je[l,...,N]. Since the sequence

{/‘1:(k)},f":0 depends only on the sequence {S,E])}oo we have that {jr](n)}?]:_l1 are i.i.d. RVs.

Forn>1landje{l,..., N} we have =
vi(n) = max{k > 0: Tj(k) < n} = max {kz 11+ Ty (k= 1)) 5n}
=1+ max {kzO: Ty (e (k) <n— 1}
=1 4+ max {kzO:jilr(k) <vi_1(n— l)}

=1+/""n(v_1(n — D).

For n < N — 1 we can iterate the process and get

o) =1 +N*‘n(1 +N*2n(. . (1 +N*"n(0)) . ))
=1 +N—1n(1 +N—2n(‘ N (1 +N‘"+1n(1)) ))
2 +"—1n(1 + 2 (1 + ln(1)> ))

=v,(n).
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Forn> N — 1 we have
o) =1 +N—1n<1 +N—2n(. o+ =N+ 1))).

We want to construct a process with the same distribution as {vy(n)};2, in a form of
vv—1(p(n)), Where the process {¢(n)};2, is independent of everything else. Define the pro-

cess {n(n)}> {N ! r;(n)}nzo, which is independent of everything else. Then, forn >N — 1,
we have

vN(n)i 1 +N_2)7<1+N_3n(...+n(n—N+1))).

Using the same formula for vy_j(m) with m such that m —(N—-1)+1=1+ N=lpmn -
N+ 1), we get

vN(n)i W—iN=14nn—N+1)), forn>N—1.

Then, for n> N, we have X™(n) iX(N_l)(N — 14+ n(m— N+ 1)). There exists a nonde-
generate RV ¢ (see Section XL.5 in [13]) such that P{¢; > y} = G2 (9/y2) and

r/(n)]P’{N_lr(l) > n} =, asn— o0.

Therefore, using (23) we get

j—14+nn—j+1) ]—1+77(n j+1)/n— j+ C 24)

Jn Jn—j+1 V
as n — oo, for j > 1. We now present a known result that we utilise to prove Theorem 4.
Proposition 5. ([11], (v).) Let Y(t) and t,, be independent sequences of RVs such that

YO Ly, st d 25

b5:> ast— oo, an d—5:>r as n— oo. 25)
Then for independent Y and t we have

Y(t,) B
W =Yt”, asn— oo.

Indeed, by the central limit theorem, X1 (n)//n weakly converges to a normally distributed
RV ¢ (we assume that ¢ and ¢ are independent). Together with (24) and the independence
of X!D(n) and n(n), this ensures that the condition (25) holds with Y(r) = X([¢]), 1, = 1 +
n(n—1),and B =& = 1/2. By Proposition 5,

X®m) ¢ XV 40— 1) T
Py Yz = \/;;“, as n — 0o.

Let {g“j};.vz , be independent copies of ¢ which are independent of . Next, we use

the induction argument. For some j>1, the condition (25) holds with Y(r)= X(i)([t]),
T,=j—1+nn—j+1), =277, and § =2~'. By Proposition 5, we get

XU+D X0 (i — 1 _it1 Jj+1
_(”)i U +n_(n j+ )):WH \/Eg,-, a5 11— oo,
=2 2

—(j+1 —(j+1
n2(1+> n2(1+)

This concludes the proof of Theorem 4.
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Appendix A. Weak convergence for processes from D[[0, c0), R]

To make the paper self-contained, we recall the definition of the J1-topology (see, e.g.,
[31]). Let D[[0, T], R] denote the space of all right-continuous functions on [0, T'] having left
limits (RCLL or cadlag functions). For any g € D[[0, T], R] let || g|| = sup¢po.77 18(DI-

Let A7 be the set of increasing continuous functions A:[0, 7T — [0, T] such that 1(0) =0
and A(T) =T. Let A;z,7 denote the identity function. Then

)

dg, (81, 82) =Ai€1}\fr max ([|g1ox — g2, |2 — dia7])

defines a metric inducing ;.
Let D[[0, 00), R] be the space of all RCLL functions on the positive half-line. On the space
DI[[0, c0), R], the J;-topology is defined by the metric

o0
dj@w(&,g2)=b/ ¢ min (1, d7 7(g1.7 g2.1))dT,
0

where, for i =1, 2, g; r is the restriction of function g; on the interval [0,77].

Convergence g, — g in (D[[0, 00), R], 7) means that d; 7(g,, g§) — 0 for every continuity
point T of g (see [35]).

Let {{Xx(D}i=0}72; and {X(f)};>0 be stochastic processes with trajectories from
DI[[0, 00), R]. We say that weak convergence

Xu(D}=0 2 X(D}i=0

holds if
Ef({Xu(D}i=0) — Ef({X(D)}i=0), asn— oo,

for any continuous and bounded function f on D[[0, co), R] endowed with the [7;-topology.

Proposition 6. Let {X,,}7° | and {Y,};2, be two sequences of stochastic processes with
trajectories from D[[0, c0), R]. Given d 7, oc(Xy, Yy) iy 0, we have

X, — Y, 20.

B Asymptotic closeness of two scaled processes

In this section we prove the remark following Theorem 1. We consider a general CM MC
(Cy, My), n> 0, and the jumps 5152) of the second component are bounded RVs. Then for the
process M(nt) = M|, we have the same functional limit theorem as for the process M(nt) =

M (nt + 1). Thanks to Proposition 6, it is sufficient to prove the following.

Proposition 7. We have

M(nz) M(nt+1) a.s.
dj],oo <{b(—«/ﬁ)7t20} , {W,IZO}> — 0, asn— oo.
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Proof. First, we restrict our processes to the time interval [0, T'], with an arbitrary finite 7',
and investigate the convergence of the distance d 7, 7(-, -) between our processes. Second, we
bound the distance using the following function A,:

1
0, refo. 1],
[nT] — 1
() =q1r—1 te[l,t,,], where 7, = ———.
n n

T—t,+1
ty+ (1 — tn)#’

Thus, M(nt) = M(ni,(t) + 1) for ¢t € [1/n, t,]. Then the distance between processes on the
time interval [0,7] can be bounded as follows:

d ({Mte[OT]} {wte[OT]}>
AN PV My I OV B

2 (2) (2) (2)
- max (’51 ) gn([nT]%)H" Einr1-2)+1 +gn([nT]71)+lD 1
max [
- b(/n) n
2 (2) 2 2)

_ max (’51 ) En([nT]—2)+1" Sn([nT]—2)+1’ + ’En([nT]—2)+2D 1

max , =

= b(/n) n

Since the 5152) are bounded and b(n) — oo as n — o0, the right-hand side of the last inequality

converges to zero a.s. O

Appendix C. Tail asymptotics for randomly stopped sum

Let &1, &, . .. be positive i.i.d. RVs with a common distribution function F. Let So = 0 and
Sk =&+ ...&, k> 1. Let t be a counting RV with a distribution function G, independent of
{&k}72 - For a general overview concerning tail asymptotics of Sz, see e.g. [10] and references
therein. The next result follows from Theorem 1 of [25].

Proposition 8. Assume that F(x) ~ 11(x)/x%, a € [0, 1), and t has any distribution with Et <
00. Then

P{S; > n} ~EtP{¢ > n}asn— oo.
The next result we use in Lemma 1; we prove it using Tauberian theorems.

Proposition 9. Assume that F(x) ~ [1(x)/x* and G(x) ~ l,(x)/x?, a, B € (0, 1). Then

M1 —aerd - «
P{S; > n} ~n"* (1 — )l ﬁ)lf n) I T , asn— oo.
(1l —ap) (1l —a) (n)
Proof. Denote the cumulative distribution function of S; by H. Let

F(x)=1—-F(x), xeR,

o0
f(k) —[Ee :f e dF(x), »>0.
0

Define G, 6, H, and H similarly. We use the following result.
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Proposition 10. (Part of Corollary 8.1.7, [6].) For a constant « € [0, 1], and for a function |
that is slowly varying at infinity, the following are equivalent:

—~ 1
1—F(A)~)L°‘l(x>, as A |0,

1(x)

o~ T —ay

asx— 00, if0<ua < 1.
Using this result, we get

1 —F() ~AT(1 — o)l (%) and 1 — GO) ~ APT(1 = Bl G) ,ash 0.

Let us analyse H:

H(\) =Ee *5* = i e HEFAPIr = k) = E (Ee 1) = G(— In F(R)).
k=1
Since
—InFM)=—In(1—(1—=FQ)~1—FQ), asr |0,
we have

1—-HM)~1-G (x“m — o)l (%))

~2PTE(1 — )T (1 — Byl (%) b !

AT (1 — o)l (%)

. (26)

as A | 0, and finally

B(1 — _ o
ITI(x)Nx_“ﬂ rd-ord '3)1’13 x) Ir (x_) , as x — 0Q.
'l —ap) (1l =)l (x)

Note that the function l(h(A)) with h(L) =1/(A°T(1 — a)l; (%) ) on the right-hand side of
(26) is slowly varying at infinity. Indeed, for any constant ¢ %0, as 1 |, 0,

h(ch) = ! ~c %h()),
(2T (1 — )l (ﬁ)
and therefore Iy(h(cA)) ~ l(c™*h(X)) ~ [ (h(X)). O
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