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The epsilon constant conjecture for higher
dimensional unramified twists of Z3,(1)

Werner Bley and Alessandro Cobbe

Abstract. Let N/K be a finite Galois extension of p-adic number fields, and let p™:Gx —>
Gl,(Z,) be an r-dimensional unramified representation of the absolute Galois group G, which is
the restriction of an unramified representation PE@;: Gg, — Gl:(Zy). In this paper, we consider

the Gal(N/K)-equivariant local e-conjecture for the p-adic representation T = Zj,(1)(p""). For
example, if A is an abelian variety of dimension r defined over Q, with good ordinary reduction,
then the Tate module T = T}, A associated to the formal group A of A is a p-adic representation of this
form. We prove the conjecture for all tame extensions N/K and a certain family of weakly and wildly
ramified extensions N/K. This generalizes previous work of Izychev and Venjakob in the tame case
and of the authors in the weakly and wildly ramified case.

1 Introduction

Let p be a prime and N/K a finite Galois extension of p-adic number fields with group
G := Gal(N/K). We write Gk (resp. Gy) for the absolute Galois group of K (resp.
N), and for each finite extension E/Q,, we let Fg denote the arithmetic Frobenius
automorphism. Let V denote a p-adic representation of G, and let T € V be a Gg-
stable Z,-sublattice such that V = Q, ®z , T.

As in [IV16, BC17], we write C%(N/K, V') for the equivariant e-constant conjec-
ture (see, for example, Conjecture 3.1.1in [BC17]). For more details and some remarks
on the history of the conjecture, we refer the interested reader to the introduction and
Section 3.1 of [BC17].

In this manuscript, we will consider C4 (N/K, V) for higher dimensional unram-
ified twists of Z7(1) (which should be considered as the Tate module associated
with G},). More precisely, by [Cobl8, Proposition 1.6], each matrix U € Gl,(Z,)
gives rise to an unramified representation of Gk by setting p™ (Fk) := U. We will be
concerned with the module T = Zj,(1)(p™"), which by [Cobl18, Proposition 1.11] can
be considered as the Tate module of an r-dimensional Lubin-Tate formal group.

We recall that for r = 1 and representations p™* which are restrictions of unramified
representations pgy : Gg, — Zy, 1zychev and Venjakob in [IV16] have proved the
validity of C3% (N/K, V) for tame extensions N /K. The main result of [BC17, Theorem
1] shows that C3%(N/K, V') holds for certain weakly and wildly ramified finite abelian
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1406 W. Bley and A. Cobbe

extensions N/K. In this context, we recall that N/K is weakly ramified if the second
ramification group in lower numbering is trivial. Generalizing these results, we will
show the following theorem.

Theorem 1.1 Let N/K be a tame extension of p-adic number fields, and let
Pl Go, — Gl (Zy)

nr

be an unramified representation of Gq,. Let p™ denote the restriction of pgy to G.
Then, Czp(N/K, V) is true for N/K and V = Q},(1) (p"™"), if det(p™ (Fy) 1) # 0.

Remarks 1.2 (1) The condition det(p™ (Fy) — 1) # 0 holds, if and only if H*(N, T')

is finite (see Section 2). It is also equivalent to (Z;(p“r))GN =0.

(2) Ifr =1, then det(p™ (Fy) —1) = 0 if and only if p™*|g, = 1. If > 1, then there are
“mixed” cases where both p™|g, # 1and det(p"*(Fy) —1) = 0 (see, e.g., [Cob18,
Example 3.18]).

(3) If p™|G, =1, then twisting commutes with taking Gy-cohomology, so that we
expect that Cp%(N/K, V) can be proved relying on the fact that the conjecture
is known in the untwisted case by [Bre04b]. In the case r =1, this is sketched in
[IV16, Appendix A.1]; however, for r > 1, we have not checked the details.

In the weakly ramified setting, we will prove the following theorem.

Theorem 1.3  Let p be an odd prime. Let K/Q,, be the unramified extension of degree
m, and let N/K be a weakly and wildly ramified finite abelian extension with cyclic
ramification group. Let d denote the inertia degree of N/K, let d denote the order of
p""(Fx) mod p in Gl,(Z,[pZy), and assume that m and d are relatively prime. Let

PR+ Ga, — GL(Z,)

be an unramified representation of Gq,, and let p™* denote the restriction of pgy to

Gx. Assume that det(p™ (Fy) — 1) # 0 and, in addition, that one of the following three
conditions holds:

(a) p™(Fy) — lis invertible modulo p;

(6) p™(Ew) =1 (mod p); ~

(c) ged(d, m) =1and det(p™ (Fy)¢ -1) #0.

Then, Cgp(N/K, V) is true for N/K and V = Qp,(1)(p™).

Remarks 1.4 (a) In the case r = 1, we define as in [BCl7, equation (14)] a nonneg-
ative integer w = wy = v, (1 - p™(Fy)). Note that the conditions (a) and (b)
concerning the reduction of p™*(Fy) modulo p generalize the cases w = 0 and
w > 0, which were studied separately in [BC17], and which exhaust all the possible
cases when r = 1. In the higher dimensional setting of the present paper, however,
this is not true, even under the assumption det(p™ (Fy) — 1) # 0. To deal with the
remaining cases, our strategy of proof is to replace the field N by its unramified
extension of degree d and to use functoriality with respect to change of fields (see
Prop. 7.2). For technical reasons, this forces us to require hypothesis (c).

(b) By [Cobl8, Lemma 1.1], we know that d is a divisor of p’t withs = (r —1)r/2 and
t =TT (p" - D).
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In a more geometrical setting, if A/Q, is an abelian variety of dimension r with
good ordinary reduction, then by [Cobl8, Proposition 1.12] the Tate module of the
associated formal group A is isomorphic to Z;(l)(p('@rp) for an appropriate choice of
pQ,- Here, it is worth to remark that the converse is not true, i.e., not every module
Zy,(1)(pg,) comes from an abelian variety with good ordinary reduction. In this
setting, by a result of Mazur [Maz72, Corollary 4.38], we know that det(p™"(F.) — 1) #
0 is automatically satisfied for any finite extension L/Q, (see Lemma 8.1).

Theorem 1.5 Let N /K be a tame extension of p-adic number fields, and let A|Q, be an
r-dimensional abelian variety with good ordinary reduction. Let pgy be the unramified

representation induced by the Tate module TPA of the formal group A of A, and let p™*
be the restriction of pgy to Gx. Then, Cy3(N/K, V) is true for V = Q, @, T,A.

Theorem 1.6  Let p be an odd prime, and let A/Q, be an r-dimensional abelian variety
with good ordinary reduction. Let K/Q,, be the unramified extension of degree m, and
let N/K be a weakly and wildly ramified finite abelian extension with cyclic ramification
group. Let ppy be the unramified representation induced by the Tate module TPA of the

A nr LR nr . .
formal group A of A, and let p™* be the restriction of pgy to Gk. Let d denote the inertia

degree of N/K, and let d denote the order of p™*(Fy) mod p in Gl,(Z,[pZ,). Assume
that m and d are relatively prime, and, in addition, that one of the following conditions
holds:

(a) p™(Fy) - Lis invertible modulo p;

(b) p“r(lfN) =1(mod p);

(c) (m,d) =1

Then, Cg3(N/K, V) is true for V.= Q, ®z, T,A.

To conclude this introduction, we reference forthcoming work of Nickel [Nic18]
and a forthcoming joint paper of Burns and Nickel [BN] where an Iwasawa theoretic
approach to Cp4(N/K, V) is developed. In a little more detail, Nickel formulates
an Iwasawa theoretic analogue of Ci3(N/K,Q,(1)), call it C53(Noo/K,Q,(1)) for
the purpose of this introduction, for the extension N, /K where N /N is the
unramified Z,-extension of N. Then, in a second paper, Burns and Nickel show that
Ci3(Noo/K,Q,(1)) holds if and only if Cj%(E/F,Q,(1)) holds for all finite Galois
extensions E/F such that K € F ¢ E € N,. Furthermore, they prove a certain twist
invariance of the conjecture. If x3 is a one-dimensional unramified character, they
show that C;3 (No N'/K, Q, (1)) holdsifand only if CE3 (E/F, Q,(1)(x")) holds for
all finite Galois extensions E/F such that K € F € E € Noo N’ where N'/N is a certain
unramified extension of degree dividing p — 1. It will be very interesting to see how
this Iwasawa theoretic approach will carry over to the higher dimensional case.

1.1 Notations

We will mostly rely on the notation of [BC17, Cobl8]. For a field L, we write L° for its
algebraic closure; for any subfield L of Q}, we let L denote the p-adic completion of
L. In this paper, N/K will always denote a finite Galois extension of p-adic number
fields. We write N™* for the maximal unramified extension, and then set Ny = N®r
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and denote by I’\-Ig the p-completion of Nj. Let N; be the maximal unramified
subextension of N/Q,. We will denote by ey/x and dy/k the ramification index and
the inertia degree of N/K, Oy will be the ring of integers of N, and Uy will be its
group of units. We also set Ay = [T, N3 (p™), Yy = I1, Un, (p™), and Z = Zy(p™),
and we will mostly use an additive notation for the (twisted) action of the absolute
Galois group Gy. The elements fixed by the action of Gy will be denoted by ASY,
Yg” , and 29V, respectively.

Let ¢ be the absolute Frobenius automorphism, let Fy be the Frobenius automor-
phism of N, and let F = Fx be the Frobenius of K.

For an r-dimensional formal group J, we denote by & (pg\;)) the group structure
on [], pn induced by J.

For any ring R, we denote by M, (R) the ring of r x r matrices with coefficients in R
and by G, (R) the group of invertible matrices. A unity matrix will always be denoted
simply by 1. In addition, we write Z(R) for the centre of R.

If A and X are unital rings and A — X a ring homomorphism, then we write
Ko (A, %) for the relative algebraic K-group defined by Swan [Swa70, p. 215]. If £ =
L[G] for a finite group G and a field extension L/Q,, we write Nrds: K;(Z) —
Z(%2)* for the map on K; induced by the reduced norm map. We will only be
concerned with cases where Nrdy is an isomorphism. In this case, we set Bf\z =
dz 0 Nrd;': Z(2)* — Ko(A,2) where 9} 5:Ki1(2) — Ko(A, 2) is the canonical
map. If there is no danger of confusion, we will often abbreviate akz to o\,

For any Z,-module X and any ring extension R/Z,, we set Xg := R ®z, X.

1.2 Plan of the manuscript

We will start recalling some results on the cohomology of Zj,(1) which are proved
in [Cobl8]. We will also formulate a finiteness hypothesis (F), which we will assume
throughout the paper, and we will show some basic consequences of (F). After a short
digression on the formal logarithm and exponential function in higher dimension in
Section 3, we can start our study of the conjecture Cj5(N/K, V).

As in [BCI17], which was motivated by the work in [IV16], we define an element

Ry/x = Cnyk + Ueris + rmélzp[c],BdR[G](t) - mUuw (pg,)
- rUN/K + élZI,[G],BdR[G](‘(:D(Z\Z/IQ V))

in the relative algebraic K-group Ko (Z,[G],Q,[G]). The conjecture C53(N/K, V)
is then equivalent to the vanishing of Ry k.

Actually, the element Ry as defined in (1.1) differs from [BC17, equation (17)]
by the term mUy, (PE@;) This new term emerges from the computation of the
cohomological term Cy/k, which was slightly incorrect in [BC17], and has to be
compensated in the definition of Ry/k. For more details on this issue, we refer the
reader to Remark 6.6.

We will explicitly compute the terms Cy/k, Ucris, and élz,,[c],BdR[G] (ep(N/K,V))

(1.1)

in the definition of Ry/x and then use these results to prove C33(N/K, V) when
N/K is tame (Theorem 1.1) and, under some additional hypotheses, also when N/K
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is weakly and wildly ramified (Theorem 1.3). This generalizes previous work for r =1
of Izychev and Venjakob in [IV16] in the tame case and the authors in [BC17] in the
weakly ramified case.

2 The cohomology of Z},(1)(p™)

Let u € Gl,(Z,), and let p™* = p,,;: Gg, — Gl,(Z,) denote the unramified represen-
tation attached to u by [Cobl8, Proposition 1.6]. By [Haz78, Section 13.3], there is a
unique r-dimensional Lubin-Tate formal group J = §,,-1 attached to the parameter
pu~'. As in [Cobl8, Proposition 1.10], we can construct an isomorphism 6: F — G,
defined over the completion Q7" of Q;r such that

(2.1) 0(X)=e'X+--and 0?0 07 = u7},

where ¢ € Gl,(Z5) has the defining property ¢(¢7')e = u™". In the following, we set
T :=Z3,(1)(p"™"), and for future reference, we recall that T is isomorphic to the p-adic
Tate module T\,J of I by [Cobl18, Proposition 1.11].

Let N/Q), be a finite field extension, and let Ny = Nr denote the completion of the
maximal unramified extension of N. Following [Cob18], we define

Av=TIN (™), 2:=Z(p™).
r

Then, by [Cob18, Corollary 3.16], we have

H'(N, T) 2 AQ¥ = F(p') x 26,

H*(N,T)=2/(Fy -1)Z,

H'(N,T)=0foriz+1,2.
Remark 2.1 We point out that the above isomorphisms are induced by the explicit
representative CY, 5 of RT'(N, T) constructed in [Cobl8, Theorem 3.15]. In the for-
mulation of Cj%(N/K, V), however, we will use the identification of the cohomology

modules resulting from the use of continuous cochain cohomology. We will address
this problem in Section 6.1.

For each finite field extension N/Q,, we set
UN = pu(FN) = pnr(FN) = udN/@P )
and in the sequel, always assume the following finiteness hypothesis.

Hypothesis (F): det(Uy - 1) # 0.
This hypothesis clearly implies (and, in fact, is equivalent to)

H'(N,T) = F(p7),
H*(N,T) 2 2/(Fy -1)Z = Z, /(U - 1)Z, is finite.
The elementary divisor theorem immediately implies
#(Z/(Fy —1)Z) = p* with w = v,(det(Uy - 1)),

where v, denotes the normalized p-adic valuation.
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We first study the case when N/K is tame.

Proposition 2.2 Let N/K be a finite Galois extension with Galois group G =
Gal(N/K). Assume that Hypothesis (F) holds. If N/K is tame, then both H'(N, T) and
H?*(N, T) are G-cohomologically trivial.

Proof By [Cobl8, Theorem 3.3 and Lemma 2.2], it suffices to show that Z/(Fy —
1)2Z = Z,/(Uy —1)Zj, is cohomologically trivial.

We set M := Z/(Fy —1)Z and write I = Iy for the inertia group. By [ENIS,
Lemma 2.3), it suffices to show that H'(G/I, M') = 0 and H'(I, M) = 0 for all i € Z,
where H' denotes Tate cohomology. Because M is a (finite) p-group and p + #I, we get
H(I, M) = 0. Hence, it suffices to show that H'(G/I, M') = 0 for all i € Z. Because
G/I is cyclic and M finite, a standard Herbrand quotient argument shows that it
is then enough to prove that H'(G/I, M) = 0. Note that M! = M. The long exact
cohomology sequence attached to the short exact sequence

0—225 2 > M—0
of G/I-modules yields the exact sequence
HY(G/1,2) — H(G/I, M) — H(G/1,2).
With Fy = F;N/ ¥ onehas Uy = U;N/ ¥ and
1= Uy = (1+ Ug + -+ U (1= Uy).

Because Uy —1 is invertible, the same is true for 1— Ug; hence, Z°/1 =0 and
H°(G/I,Z) = 0. To show that H™'(G/I, Z) = 0, we note that the above identity also

implies that 1+ Ug + -+ + U;N/ “~!is invertible, and hence, the kernel of the norm map
is trivial. Consequently, H™'(G/I, Z) = 0. ]

Because of Proposition 2.2, the tame case is much more accessible to proofs of
conjecture Cp%(N/K, V') than the wild case. Conversely, the following lemma shows
that in the generic wild case, the cohomology modules are not cohomologically trivial.
Lemma 2.3 Assume that Hypothesis (F) holds. Then, the following are equivalent:

(i) H*(N,T) is trivial.

(ii) Uy -1€Gl(Zy).

If N/K is wildly ramified, then this is also equivalent to:

(iii) H'(N, T) is cohomologically trivial.

(iv) H*(N, T) is cohomologically trivial.

Proof The equivalence of (i) and (ii) is clear. The equivalence of (iii) and (iv) follows
from [Cobl8, Theorem 3.3 and Lemma 2.2]. To see the equivalence of (i) and (iv) in

the wildly ramified case, it suffices to note that I acts trivially on M := H*(N, T) =
Z[(Fn —1)Z.If P denotes a subgroup of I of order p, then one obviously has

H'(P,M) = Hom(P,M) =0 <= M=0. m
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3 Formal logarithm and exponential function in higher dimensions

In this section, we prove some results which are probably well known, but for which
we could not find a precise reference in the literature. Throughout this subsection, we
let L be a finite extension of Q, and v; the normalized valuation of L.

The statement and the proof of the following lemma generalize [Fr668, Chapter IV,
Section 1, Proposition 1] to a higher dimensional setting. We set X := (Xi,..., X;),
and for a homomorphism

h
f=1:1:F-G,
fr

we write J¢(X) := ( aa)];ij )1<i sor for the Jacobian of f.

Lemma 3.1 Let F be an r-dimensional commutative formal group defined
over Z,. Then, there exists a unique isomorphism logs:J — G} defined
over Q,, so that the Jacobian Jiog, (X) satisfies Jiog, (0)=1. Furthermore,
Jiog, (X) € GL.(Z,[[X]]) and logs(x) converges for all x=(x1,...,%,) eL™
satisfying min{vy (x1),...,vr(x,)} >0.
Proof By [Fr668, Chapter II, Section 2, Theorem 1 and Corollary 1], there exists an
isomorphism g : F — G/, defined over Q,. It is then clear that the Jacobian J4(0) is
an invertible matrix. We also note that J,(0)™'X defines an isomorphism g : G}, -
G7,. Thus, the composition log; = g 0 g: F — G, is an isomorphism satisfying our
normalization Jieg (0) = J¢,(8(0))J¢(0) = J¢(0)7'J¢(0) = 1.

To prove uniqueness, we assume that f:JF — G/, is another isomorphism with
J£(0) = 1. Then,

]log,j of1 (0) = ]1°g:r of1 (f(O)) = ]logg(o)]ffl (f(o)) = ]log,f (O)If(())_l =1L

It is easy to see that the isomorphisms G}, — G, over Q,, are in one-to-one correspon-
dence with the matrices in GI,(Q,). Hence, we deduce that log of ! is the identity

map, i.e., f =log,.
To show that Jiog, (X) € M, (Z,[[X]]), we write

logs(F(X,Y)) =logs(X) +logs(Y).

We view both sides as formal series in the variables Y, calculate the Jacobians, and
evaluateat Y = 0:

Jiog, (F(X,0))J5(x,7(0) = 0+ Jiog,, (0).
As a consequence, we obtain
]log,j(X)]fT(X;)(O) =1

We let a denote the ideal of Z,[[X]] which is generated by Xj, ..., X, and note that
PZ,[[X]] + ais the maximal ideal of the local ring Z, [[ X]]. By the axioms of formal
groups, it follows that J5(x .y (0) = 1 + M with a matrix M € M, (Z,[[X]]) with coef-
ficients in a. Hence, det(J5(x,.)(0)) = 1 (mod a), and we deduce that det(J5(x,.)(0))
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isa unit in Z,[[ X]]. It follows that J3(x .y (0) is invertible in M, (Z,[[X]]), so that its
inverse Jiog,. (X) has integral coefficients and is, in fact, in Gl,(Z,[[X]]).

Hence, a general term of any component log; ; of logy- is of the form - TTi_; X},
with m = ged(ny,...,n,) and a € Z,. If we set n = 3°i_; n;, then

> nmin{vy (x1),...,ve(x)} = (log, n)vi(p).
This last expression tends to infinity when the total degree » tends to infinity. |

As usual, we write exp4 for the inverse of log,. To obtain information on the
convergence of exp., we will need the following lemma whose proof is inspired by
the proof of [Sil09, Lemma IV.5.4].

Lemma 3.2 Let f,gecQ,[[X]]" be power series without constant term such that
f(g(X))=XforX = (Xy,...,X,). Assume that J(X) € M,(Z,[[X]]) and Jg(0) = 1.
Then, for all s € N and for all i, ny,...,ns € {1,...,7}, we have

o' fi
XX, (0) € Zy.

Proof In a first step, we prove the following claim.
Claim: For all s e Nand all n, ..., 55 € {1,...,r}, the expression

- d o' f; 0gm  Ogm
(3.1 (g(X)) 1 s
;1 ng;l 0X -0 X, 00Xy, 0Xy,

is a polynomial in m(g(X)) with 1<¢t<s—1, ky,...,k;€{1,...,r} and

coefficients in Z,[[X]].
Indeed, the chain rule for ¢— applled to fi(g(X)) = X; yields

- 9dfi ogm,
3.2 = 1n1
(3.2) m; aXml( g(X ))axm

and thus establishes the claim for s = 1
For the inductive step, we apply

> x - to the expression in (3.1), and again, by the

chain rule, we obtain

r r r as+1fi agm agm agm
X ... s s+l
nggl mgl mg;:l aXml"'aXmsaXmsH (g( )) aan aan aan+l
a r r as'fl agml agm
= e L X v.._oMs
Xy (le Z ax,, ax,, & ))axm axns)
asfz 9gm, agms
,;1 Z 10X, 0X . (g(x )) (axnl X, )

Using the inductive hypothesis for the first term on the right-hand side and the
assumption J,(X) € M,(Z,[[X]]) for the second, one proves the above claim.

https://doi.org/10.4153/50008414X2100033X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2100033X

€ constant conjecture for higher dimensional unramified twists 1413

In order to prove the assertion of the lemma, we again proceed by induction on s.
For s = 1, we specialize (3.2) at X = 0 and obtain from g(0) =0

S Ogm
0 L(0) =81,
> S O3 (0) =i

mp=1

Because J,(0) = 1, this implies aa){‘ (0) = 8i,n, € Zyp.
For the inductive step, we specialize (3.1) at X = 0, and because J4(0) = 1, we simply
obtain
o fi
_ O fi (0).

00Xy, 0Xn,
By the above claim and the inductive hypothesis, this is an element in Z,. [ ]
Lemma 3.3 The isomorphism exp converges for all x = (xi, ..., %,) € L") satisfying

min{vy (x1),...,vr(x,)} > v (p)/(p-1).

Proof By Lemmas 3.1and 3.2, we have

0° expy ;
———(0) € Z,,
E)X,,ln-aX,,s( )eZy
for any s e Nand i,m,...,n, € {I,..., r}. It follows that each component exp; ; of
exp. is of the form
i i Amiamy xomy | em,
Z o mylem, !t r
m=0 m,=0 "1 r

m, € Lp. As in the proof of [Sil09, Lemma IV.6.3(b)], we can show that

a ! v
vL(iml """ "’"xl’"l...xf"')z > (VL(x,-)Jr(mi—l) (VL(x,-)—L(‘D))),
my: i=0,m;%0 p-1
which under our assumption tends to infinity as the total degree tends to infinity. m
We summarize our discussion in the next proposition.

Proposition 3.4  Let L be a finite extension of Q, with normalized valuation vy. Let

n> % be an integer. Then, the formal logarithm induces an isomorphism

logo: F((p1) ") — GL((PD)")
with inverse induced by exp..

Proof Given the results of this section, the proposition follows as in the proof of
[Sil09, Theorem IV.6.4]. [ ]

4 Computation of the term U,
4.1 Some preliminary results

We will apply the notation introduced and explained in [BB08, Section 1.1]. In
particular, Byis, Bst, and Bgr denote the p-adic period rings constructed by Fontaine.
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We recall that the field By = Bgz[1/t] is a Qp-algebra which contains Qj, and
carries an action of Gg,. The uniformizing element ¢ = log[¢] depends on the choice
of = (Cpn)nz , Where the primitive p"-th roots of unity (,» are compatible with
respect to x > xP. We let y.,c:Gg, —> Zj denote the cyclotomic character which

is uniquely determined by the requirement {7, = Xeye(9)

In particular, we have 0 (t) = ycyc(0)t forall o € Gg,.

The subring Bes of B4r contains the element ¢, and, in addition, there is a
Frobenius endomorphism ¢ acting on Beyis. In Section 4.2, we will frequently use the
formula ¢(¢t) = pt. If V is a p-adic representation of Gk, we put

foralln >0andall o € G, .

GK GK

Dgr(V) = (Bar ®g, V) "> Deis(V) = (Beris ®, V)

The K-vector space D; (V) is finite dimensional and filtered. The tangent space of V
over K is defined by

tv(K) = DX (V) R’ DX (V).

Finally, we write expy: ty(K) — H'(K, V) for the exponential map of Bloch and
Kato. Note here that H'(K, V) is defined using continuous cochain cohomology (see
Remark 2.1).

For any Q,,-vector space W, we write W* = Homg, (W, Q, ) for its Q,-linear dual.
For convenience, we usually write ¢}, (K) instead of ty (K)*.

We fix a matrix T" € Gl,(Z;r), so that o(T™)(T™)™" = u™!, which exists by
[Cobl8, Lemma 1.9].

Lemma 4.1 Let vy,...,v; denote the elements of the canonical Q,-basis of V*(1).
Then, ef = ¥, _((T™);}, ® v, i =1,...,r, constitute a basis of DN (V*(1)) as an Ny

vector space and of DYy (V*(1)) as an N-vector space. In addition, each element e} is
fixed by the action of the Galois group G,

Proof The following proof is the r-dimensional generalization of the first part of the
proof of [BC17, Lemma 5.2.1].

By definition, we have T"" = u¢p(T""), and by induction, we deduce Fy(T"") =
@ (T") =y~ T and hence u¥ Fy (T") = T™.

First of all, recall that the completion Z;r of Z;r is contained both in B and Bgg.
We now prove that the elements e} are fixed by the absolute Galois group Gg,, which
will show that the e} are contained in both DY, (V*(1)) and DY, (V*(1)). We note
that the inertia group Iy, acts trivially on V*(1), and hence, it remains to prove that
e} is fixed by ¢. We first need to calculate ¢ (v} ). Here, we use the definitions and the
fact that the elements v; constitute the canonical basis of Q7 (1)( PG, ):

(v (vj) =vi (ulvy) = v} (kzr_:(u_l)k,jvk) = (u™)ij-
Hence,

o(vi) =2 (w)iv],
j=1
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and we conclude that

r

r q) r r
oe}) - (zw“‘);; ® ) S e 3 (), v
n=1 n=1h=1 k=1

r r
=3I (T™) W 0nk ®vE =D (T™) k ®vi =ef.
h=1 k=1 k=1

Because T™ ¢ Glr(zzr) C Gl (Beris), the elements e;, ..., e} are a Bis-basis of
Beris ®g, V*(1). As Ny is a subfield of B, we see that ef,...,e; are linearly
independent over Nj. This concludes the proof that the elements e; constitute a basis

of DN, (V*(1)), because dimy, DY;(V*(1)) < dimg, (V*(1)) = r. In particular, this
also proves that V*(1) is cristalline. Then, the elements e], . . ., e, must also be a basis
of the N-vector space DY, (V*(1)) = N ®y, DY (V*(1)). ]
Lemma4.2 Letvy,...,v, bethe elements of the canonical Q,-basis of V. The elements
ei =Y t’lT,‘,‘fi ® vy, i =1,..., 1, constitute a basis of DY, (V') as an Ny-vector space
and of DY (V') as an N-vector space. In addition, each element e; is fixed by the action
of the Galois group G,

Proof For g € Iy, we compute

0(ei) =Y a(tTP) @0 (va) = D Xeye (67T ® Xeye(0)vn = €.
n=1 n=1

Hence, the elements e; are fixed by the inertia group, and a similar computation as in
the proof of Lemma 4.1 shows that ¢(e;) = e;. The proof follows as above. [ ]

Lemma 4.3 Let ¥y, ..., 7, be the elements of the canonical Q,-basis of V(-1). The
elements &; = ¥,,_, T\"; ® ¥, are a basis of DY;,(V (1)) as an Ny-vector space and of

cris
DY. (V(-1)) as an N-vector space. In addition, each element ¢é; is fixed by the action of
the Galois group G,

Proof Similar as above. ]

4.2 Computation of Uy;s

We recall that V = Q) (1)(p"") and V*(1) = Q,((p"")™") and that we always assume
Hypothesis (F). The following lemma (and its proof) is the analogue of [BC17, Lemma
5.1.2].

Lemma 4.4 We have:

1) ty=)(N) =0.

(2) Hy(N,V*(1)) =0.

(3) Hy(N,V) =H,(N,V)=H(N,V).

Proof Proofs are as for [BC17, Lemma 5.1.2]. For the proof of part (c), we also need

that by Lemma 4.7 below the endomorphism 1 - ¢ of DY, (V) is an isomorphism. m
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By the above lemma, [Cobl8, Corollary 3.16], and [BC17, equation (30)], the seven-
term exact sequence [BC17, equation (5)] degenerates into the two exact sequences

1_
0— DN. (V) 9 DN. (V)@ ty(N) — H'(N,V) — 0

cris
and

* 1_¢* * *
0 — D (V*(1))" — Dgpi (V¥ (1)) —> 0.

The term Ucyis € Ko(Z,[G],Q,[G]) is defined by [BC17, equation (26)]. We recall
that for a ring R, the abelian group K;(R) is generated by elements [P, «], where P
is a finitely generated projective R-module and « is an automorphism of P. By the
computations in loc. cit. (see, in particular, [BC17, equation (32)]), we obtain

(4.1)
Uais = aIZp[G],@P[G]([DCNris(V)’ 1-¢]) - aIZP[G],@P[G]([Dchis(V*(l))*7 1-¢7]).
Before computing U,is, we need an easy lemma from linear algebra.

Lemma 4.5 Let R be a unital commutative ring, and let

1 0 0 - 0 By
A1 0 - 0 B,
7 O T
0O 0 0 - 1 B,,
0 0 O A 1+B,

be a block matrix, with n® square blocks of the same size. Let det = detg denote the
determinant over R. Then,

det(M) = det (1 + g(—A)iBni) .

Proof By Gaussian elimination, we obtain the matrix

1 00 - 0 B,
01 0 -0 B, - AB;

0 0 1 -+ 0 Bs—AB,+A’B,
0 0 0 1 Y (-A)B,

o
o
o
[e]

1+ Y10 (~A)' B,
| ]

The Wedderburn decomposition of Q,[G] induces a decomposition of Z(Q,[G])
as a finite direct sum @; F; of suitable finite field extensions F;/Q,. If x € Z(Q,[G]),
we let “x € Z(Q,[G])* denote the invertible element which is given by (*x;) with
*x; =1if x; = 0 and *x; = x; otherwise.

We now generalize [BCI17, Lemmas 5.2.1 and 5.2.2], and in this way, explicitly
compute the element U,,;s. Recall that F = Fg = (de is the Frobenius element of K.
We write I = Iy for the inertia subgroup of the Galois extension N/K.

https://doi.org/10.4153/50008414X2100033X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2100033X

€ constant conjecture for higher dimensional unramified twists 1417

Lemma 4.6 The endomorphism 1 — ¢* of DN, (V*(1))* is an isomorphism. Further-
more, we have

alZp[G],@ ([ crls(V (1)) 1_ ]) a G1,Q, [G( (det(l_ dKF l)e ))
in Ko(Zp[G],Q,[G]).

Proof We have to compute ¢(e;). Using the ¢-semilinearity of ¢, we compute

$e) = 2 (1) iy - il«T“)-lu),-,n ®v;

03~ "M*

((an)_luan(an)_l)i,n ® V; — Z Z((an)_luan)i,f(an)Z,ln ® V:

1 n=1/¢=1

((an)—luan)i’Ze;.

B
I

M-

~
1l

1

We fix a normal basis element 6 ole/QP Then, w; ;= ¢ /(0)e}, fori=1,...,r
andj=0,...,dx - 1,isaQ,[G/I]-basis of DX, (V*(1)). Letu/,J € Dﬁls(V*(l))* for
izl,...,rand] 0,...,dg —1be the dual Q,[G/I]-basis.

For 0 < i,hgr,OSj,k<dK—1,and0SnSd—l,wehave

¢* (Wi i) (F"wik) = vi,j($(F 9~ (8)e;))
_ V/i,j(Fn(P_k+l(9) ;((an)—luan)hle;)

((T”) T ) ey, (F 9™ (0)e7)

Tm)_luTm)h,zI//i,j(F"We,k—1)~

Ifn=0k=j+1,andany0 < h < r,thisisequal to ((T™")~'uT""); ;; itis 0 otherwise.
Hence,

" (yiy) = 2 ((T") " uT™ )iy -
h=1
Analogously, for 0 < i < rand j = dg — 1, we have
r
¢ (Vi) = 2 ((T™) ' uT™) i F ' Yino.
h=1

Note here that ¢* is indeed defined over Q,[G/I], because (T™)'uT™ € M,(Q,).
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With respect to the Q,[G/I]-basis y; ; the matrix associated to 1 - ¢* is given by

1 0 0 - 0 —FY(T)u ™
(™) uT™ 1 0 - 0 0

0 —(T™)tuT™ 1 0 0

0 0 0 - 1 0

0 0 0 - —(T™)lur™ 1

In this matrix, each entry is an r x r matrix with coefficients in Q,[G/I] (recall that
F = Fk generates G/I). In the following, we write det for the determinant over the
commutative ring Q,[G/I]. By Lemma 4.5, the determinant of the above matrix
is det(1— F~1(T™")1yudx T7r) = det(1 — F~'u“r). Because this determinant computes
the reduced norm of 1 — ¢*, the equality in the lemma follows.

To conclude that 1 — ¢* is an isomorphism, it is now enough to notice that

(1- F )1+ Flufdc g (Fhydx)dvme) - 1 - Uy,
which is invertible, because, by Hypothesis (F), we always have det(Uy —-1) #0. m

Lemma 4.7 The endomorphism 1 — ¢ of DN. (V') is an isomorphism, and we have

92, 161,.0,161 ([P is(V),1-¢]) = élz,,[c],@,,[c](*(det(l - F(pu)™™)er))
in Ko(Z,[G], Q,[G)).

Proof The proof is analogous to the proof of the previous lemma.
To show that det(1 — F(pu)~?) is invertible in Q,[ G/I], it is enough to notice that
Yoo (F1(pu)x) converges in the matrix ring M,(Z,[G/I]) and is the inverse of

1= F7 (pu)™ = =F7 (pu)™ (1- F(pu)™). .

Proposition 4.8 We have
Ueris = 9%, (6),0,(61 (" (det(1 = F(pu) ™ )er)) = 05, (60,161 (" (det(1 ~ u™*F er)).
Proof The proof is easily achieved by combining (4.1) and Lemmas 4.6 and 4.7. ®

We conclude this section by proving some functorial properties for the term Uy;s.
To that end, we let L be an intermediate field of N/K and set H := Gal(N/L). Then,

we let

(4.2) pir Ko(Zp[G1, Qp[G]) — Ko(Z,[H], Qp[H])

denote the natural restriction of scalars homomorphism, and if H is normal in G,
then

(4.3) a¢m Ko(Z,[G],Qp[G]) — Ko(Z,[G/H], Q,[G/H])

denotes the homomorphism which is induced by the functor Homy5(Z,-) = (-)".
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Lemma 4.9 Let L be an intermediate field of N/K and H = Gal(N/L). Then:

(1) Pfl( Ucris,N/K) = Ucris,N/L-
(2) IfHis normal in G, then qg/H(Ucris’N/K) = Ueris, /K-

Proof Let ucisn/k € Z(Qp[G])™ be such that élZI,[G],QP[G](uCl’iS,N/K) = Ueris,N/K-
We will use an analogous notation for all the other Galois extensions involved in the
proof.

Then, for any irreducible character y of G, we can take

(ucris,N/K)X = { det(1-u’K x(F)™) lfX|IN/K =L
1 ifX|IN/K +1.

For two (virtual) characters y; and y; of a finite group J, we write (1, x2); for the
standard scalar product.

(1) By [BW09, Section 6.1], we have

,Indg
pg(ucriS’N/K) = ( H (ucris,N/K)gcx ll/)c) .
xeter(©) yelrr(H)

Because (y, Ind$w)¢ = (x|, w)n by Frobenius reciprocity, we obtain

(o ndSy) 1 ifX|1N/K¢1,

,1n .

(ucris,N/K))(X e = Ucris,N/K 1fX|IN/K =1land X|H =Y,
1 if ylry, =1and x|z # y.

If |1y, # 1 then x|r, , #1whenever (y|u, y)u # 0. Thus, p5i(Ueris,nyx)y = 1 for
those characters y.

On the other hand, if ylr,,, =1, then y is a character of the cyclic group
H:= H[Iy; = (Fr). Each character y € Irr(G) with (ucris n/x )y # 1 is actually
a character of G := G/Iy/k = (Fx). Note that we can naturally identify H with a
subgroup of G and recall that [G/H| = d k.

We therefore obtain

n o G det 1— F u *dK
IT (e = ] (1 (Fx) (pu) <)

— 9k - ’
xelrr(G) X<l (G, ylg=v det(l u X(FK) 1)

We consider the numerator and the denominator separately and use, in each case,
the polynomial identity

[T (X-x(Fx)) =X —y(Fp).

Xelrr(G) xlg=v
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For the numerator, we compute

[T det(t-x(Fx)(pu)™™)

Xelre(G), xlg=v

=det|  TT  (pu)™ ((pu)™ - x(Fx))

X1t (G). =y
= det ((pu) ™k ((pu) ™ —y(Fy)))
= det (1 - (pu)_dLlll(FL)) 5

and a similar computation for the denominator shows claim (a).

(2) For any character v of G/H, we write infl(y) for the inflated character
of G. By [BW09, Section 6.3], qg/H(ucris,N/K)u,: (teris,N/K )infi(y) for any
y e Irr(G/H). This is equal to (ucyisr/k)y> because Ipx =IyxH/H and
infl(y) (Frc) = w(Fr). .

5 Computation of epsilon constants

As in [IV16, Section 2.3], we define

ep(N/K, V) = (e(Dpse(Indgyq, (V ® py))s Ve 4o, ) yerre(a) € ] (Q3)
x€lrr(G)
= Z(Qy[G])".
For all unexplained notation, we refer the reader to [IV16, Section 2.3]. If there is no

danger of confusion, we sometimes drop y¢ and yq, from our notation. Still following
[IV16] (see the proof of Lemma 4.1 of loc. cit.), we obtain

(5.1) Dpst(IndK/QP (V ® P;)) = Dpst(V) ®Q;r Dpst(IndK/QP (X*)).

For an extension L/K of p-adic fields, we write D /x = 712” ¥y for the different of
L/K; in the case K = Q,, we use the notations D, for D g, and s, for s; g, If M/L
is a finite abelian extension and # an irreducible character of Gal(M/L), then we let
71.(%7) denote the abelian local Galois Gaufy sum defined, e.g., in [PV13, p. 1184]. For
the definition of Galois Gaufl sums for a finite Galois extension M/L, we refer the
reader to [Fr683, Chapter I, Section 5].

Proposition 5.1 We have the equality
alzp[c],Q;[c] (en(N/K,V))
- BIZP[G]’Q;[G] ((det(u)_d"(s""(l)m*) : TQP(IndK/QP(X))_r)XGI"(G))7

where we write f(x) = g Ok for the Artin conductor of y.

Proof In the proof, we will use the list of properties in [BB08, Section 2.3]. The field
K of loc. cit. corresponds to Q, in our situation. Hence, if ¥ denotes the standard
additive character, we have n(y) = 0 for its conductor.
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Because V is cristalline, the Ny-basis {e; } constructed in Lemma 4.2 is also a Q@3-
basis of Dy (V). A straightforward computation (see the proof of Lemma 4.6 for a
similar computation) shows that

(5.2) o(e;) = zr:p_l((T“r)_lu_lT"')h,,-eh.
h=1

As in the proof of Lemma 4.2, any element o of the absolute inertia group acts trivially
on the basis elements e;, whence Dy (V') is unramified.
Applying (5.1) and [BB08, Section 2.3, proprieté (6)], we obtain

E(Dpst(lndK/QP(V ® P;))’ V/E)
= E(Dpst(IndK/Qp(X*)% Wf)r : det(DPst(V))(p)m(DPSt(IndK/QP(X ))),

where m(Dypst(Indk g, (x*))) is the exponent of the Artin conductor.
We consider the first factor and note that

Dyt (Indgyq, (X)) = Q3 ®g, Indgyg, (X*),
so that we deduce from [BC17, Proposition 6.1.3] that
&(Dpt(Indgyg, (X)), ¥e) = 7q,(Indgg, (x7))-
As a consequence of [Mar77, Proposition I1.4.1(ii)], we get
7q, (Indg/g, (1))
= 70, (Indggg, (1)) p"Pre /e (D). (det((Indijq, ) (-1)).
For the second factor, we first note that
det(Dpse(V))(p) = det(9p™", Dpst (V).

By [BBOS, p. 625], the action of the Weil group Wg, on Dy (V) is defined, so that
the action of the geometric Frobenius ¢~ coincides with the usual action of ¢™'¢
on Dpe (V). We recall from (5.2) that with respect to the basis {e;} of Dps (V)
the element ¢~'¢ acts as ¢! (p7'(T™)'u™'T™) on Dy (V), so that we derive
det(¢', Dpst(V)) = p~" det(u™).

Finally, by [Neu92, Chapter VII, Theorem 11.7], we get

1@} @o, Indiyg, (1)) = f(Indiyg, (X)) = 0 Nigrg, (F(x ) = piexem,
so that
m(Dpet(Indgyq, (X)) = m(Q}" ®q, Indgyg, (X")) = dx(sxx(1) + my).
We conclude that
ep(N/K, V), = (det(Indgsq, (x))(-1))" - det(u) 4 (sxx(m)
-1, (Indg/q, (X)) ™"
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The proposition is now immediate from [BC17, Lemma 6.2.2], which shows that

A

alzp[G]’QP[G] ((det(lndK/Q"X)(_1))xqrr(c)) =0. =

Concerning functoriality with respect to change of fields, we have the following
lemma.

Lemma 5.2 Let L be an intermediate field of N/K and H = Gal(N/L).

) Pg(alz,,[c],@;[c](fD(N/K) V))) = aIZP[H],Q;[H](SD(N/L) V).
(2) IfH is normal in G, then

qG/H(aZP [G1.Q5[G (SD(N/K V))) = azp [G/H],Q5] G/H](‘SD(L/K V).
Proof By Proposition 5.1, we have
Pi(9%, (61,0561 (ep (N/K, V)
= ph (aIZP 61,050 ((det(u) di (sxx(1)+my) | 7Q, (IndK/QP(X)) )Xem(c))).
By [Bre04b, Lemma 2.3], we have
PIGi(éIZ,,[G],Qf G) (TQP(IndK/QP(X))fr)Xdrr(G))
= aIZp[ H],Q3[H (TQP(IndL/QP (l//)) )welrr(H) >
whereas [BW09, Section 6.1] implies
Pf[ (élZP[G],Q;[G (det(u) dK(SKX(1)+mx))) a 2, [H),Q5[H] ((“u/)u/elrr(H))
with

[T det(u) dra@mteinagne
x€lrr(G)

“W:

From [Neu92, Theorem VII.11.7] and the obvious relation

Indjy= Y (xIndiy)yx

x€lrr(G)
we derive
[T FN/K, ) %ndi¥e = §(N/K, IndGy) = Y Ny (FN/L, ),
x€lrr (G)

where 07k denotes the discriminant of L/K. This implies

Z My (x> Indfzw)c =dpxspxy (1) +dpgmy.
xelrr(G)

Furthermore, we note

>, (xIndgy)e - x(1) = (Indgy) (1) =[G Hly(1) = eryxdpyxy(1)-

xelrr(G)
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Hence, we deduce from dy, = dxd/x

Z% )dK(SKX(l) +my)(x indfy)c
xelrr (G

= di(sxer/xdrxy(1) +dpjgspxy(1) + dyjxmy)
=drsxerxy(1) +drspxy(1) +dimy
=diy(1)(sker/x +s1/x) +drmy
=dpy(1)sy +dymy,
where the last equality follows from the multiplicativity of differents (see [Neu92,
Theorem II1.2.2(i)]). The first functoriality property is now obvious.

The second functoriality property follows easily from [Bre04b, Lemma 2.3] and
[Neu92, Lemma VIIL11.7(ii)]. [ |

6 Computation of the cohomological term
6.1 Identifying cohomology

In the following, we will take the opportunity to clarify some of the constructions
of [BC17, Section 7.1, p. 356]. This is necessary, because, in the definition of Cy/k.,

we use the identification of H'(N, T) with F (pg)) coming from continuous cochain
cohomology combined with Kummer theory, whereas in the computations in [BC17,
Section 7.1], we use the identification coming from [BC17, Theorem 4.3.1] combined
with [BC17, Lemma 4.1.1]. In this manuscript, we work in the r-dimensional setting
based on the results of [Cobl8, Section 3], where the special case r =1 covers the
situation of [BC17].

Let

Chpre = vy (X)) — Iy (X™) — Qp(p™)/(Ey = 1) - @ (p™)],

with nontrivial modules in degrees 0, 1, and 2, be the complex of [Cobl8, Theorem
3.12], and let

Chr = vy (X™) — Inyx (X)),

with nontrivial modules in degrees 1 and 2, be the complex of [Cob18, Theorem 3.15].
We also deduce from [Cobl8, Theorem 3.3] combined with [Cobl18, Lemma 2.1] the
short exact sequence

frN

61 00— FpY) T Tk (1) — Inx (X)) — 2/(Fy —1)Z —> 0.

In the sequel, we will use dotted arrows for morphisms in the derived category and
solid arrows for those which are actual morphisms of complexes.
In the proof of [Cob18, Theorem 3.12], we construct an isomorphism

FChp - RT(N.)
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in the derived category which induces the identity on H°. In a second step (see [Cobl8,
Corollary 3.13]), we produce quasi-isomorphisms

n:P* — Cy e and 7: P* — C} (1],
where

P* =[P — P* — P' — Q}/(Fy -1)- Q}(p™)],

pP* = [P_l —p' Pl].

Here, the Z,[G]-modules P~!, P°, P! are finitely generated and projective, and the
uniquely divisible module Q},(p™")/(Fn —1) - Q},(p™") is G-cohomologically trivial.
Composing 7 and 7, we obtain an isomorphism P® - > RI(N,J) in the derived
category. Passing to the projective limit in [Cobl8, Lemma 3.14], we obtain another

quasi-isomorphism ¢: P* — RT(N, T)[1] and thus obtain the following commuta-
tive diagram in the derived category:

Cppe <~ Cx.r[1]

(6.2) cop : oo
~ i Ton ~l<ﬂ
N\ Y Tonog~! ’s

RE(N, ) <190 RU(N, T)[1]

On HY, we therefore obtain the commutative diagram:

r fo.n . id °
Fpy) —— H(CY, o) ——— H'(C} 1)
(63) \Lid lHO(T) lHo(f)
. 0 o —lo -1
F(p 4 poN,T) ), T

By the proof of [BC17, Theorem 4.3.1] (which is used also for [Cob18, Theorem 3.15]),
we know that the composite

H’(gon™)
—_—

H°(N, ) H'(N,T) — H'(N,F[p"])

is the Kummer map 0xy,, resulting from the distinguished triangle
RT(N,F) 2> RT(N,F) — RI(N, F[p")[1] — .
By the universal property of projective limits, we obtain

H(pon™") = dku, respectively, H*(£) = dy,,.
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6.2 Definition of the twist invariant

In this subsection, we define an invariant Uy, p(‘@;) in the relative algebraic K-group

Ko(Zp[G], Q5F[G]). We recall that T™ € Gl,(Z}") satisfies the matrix equality

(6.4) o(T™) = u™'T™.

This equality determines T"" up to right multiplication by a matrix S € Gl,(Z,);
explicitly, if T™" is a second matrix satisfying (6.4), then T™ = T™S. It is thus
immediate that the element

nry\ ._ Al nr
(6.5) Uew(pg,) = BZP[G],QT;[G](det(T )
does not depend on the specific choice of T™ satisfying (6.4).

Remark 6.1 'The element Uy, ( PQ, ) clearly becomes trivial under the canonical map
Ko(Zy[G], Q5" [G]) — Ko(ZFT[G], QT [GD).

6.3 The cohomological term Cy,

In this subsection, we clarify and correct the computation of the cohomological term
Cnyk of [BCI7, Section 7.1]. In particular, we produce a detailed proof of [BCI7,
Lemma 7.1.2], which in loc. cit. was quoted from [IV16, Lemma 6.1]. It is this part
of the computation where the new term Uy, ( p{@;) emerges.

We recall that we throughout assume Hypothesis (F), in particular, p™*|g, # L
Then, by [BC17, equations (15) and (16)], the cohomological term Cy/x is defined by

(6.6) Cn/Kk = —Xz,[G].Bax[c](M", expy, ocompy'),
where
(6.7) M® = RT(N, T) ® Indyg, T[0].

We fix a Z,[ G]-projective sublattice £ € Oy such that the exponential map exp, of
Lemma 3.3 converges on £(". We set X(£) := exp4(£(") and note that X(£) ¢

T(py).
The embedding X(£) = fyxH'(Cy ), where fs, is the first map in the exact
sequence (6.1), induces an injective map of complexes X (£)[-1] — C}, ;. We set

K*(L) = Indyq,(T)[0] ® X(L)[-1],
(6.8) M* (L) = [Inx(P™)/ fen(X(L)) — Ik (p™)],
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with modules in degrees 1 and 2, and have thus constructed an exact sequence of
complexes

0 — K*(£) — Ch.p ® Indyyg, (T)[0] — M*(£) — 0.

We first rewrite Cy/k in terms of the middle complex and obtain

Cn/k = —Xz,61.8i[6](Cx, 7 ® Indy g, (T)[0], expy, ocompy;' o H’(£))

with & as in (6.2). We then use additivity of refined Euler characteristics in distin-
guished triangles and derive

(69) CN/K = [X(L) /\ IndN/@p(T)] XZP [G].Bar[G ](M.(L), 0),

where A is the following composite map:

X(L)BdR - gj(p )BdR HI(CN T)BdR

H°(&) compyoexpy'
(Indyq, (T)) Bax-

- HI(N> T)BdR

Then, the term x7,[6],8,:[c](M"(£),0) is precisely the term which is computed in
[BC17, Section 7.2] in the one-dimensional weakly ramified case. We will compute
this term in arbitrary dimension r > 1 in Section 6.4 in the tame case and in Section
6.5 in the weakly ramified case.

For the first term, we obtain

(6.10)
[X(£),A,Indy q,(T)] = [X(L),Az,@ﬁe,-] + [EB Le;, compy, Indy,q, T
i=1

i=1

where the elements e, . . ., e, are defined in Lemma 4.2 and A, is the composite map
H’(&)of, xpy
(6.11) X(L)BdR[G] ——5H (N T)Bdk[ G] _—L) tV(N)BdR

Note that ey, .. . , e, constitute an N-basis of D} (V) = t/(N).
In the next three lemmas, we will compute the summands in (6.10).

Lemma 6.2 With A, denoting the composite map defined in (6.11), we have
[X(L),)LZ,EBLe,-] =
i=1

Proof This proofis an expanded version of the arguments of [IV16, p. 509].
Recall the isomorphism 6:F — G/, from (2.1), which satisfies 6(x) = e™'x
(mod deg > 2). Let 7p,, : Bar" = C, be the natural projection to the residue field.
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Similarly to [BK90, p. 360], we can construct a commutative diagram of exact
sequences:

9—1

0 T limF(p(;) ) Fply) ) ——0
= 9 gof

0— > Tﬁlin(o(?jp)r(Pnr) — (Rx)r(Pnr) & (Oép)f ——=0

incl log,,

0—>V (BL 0 Bag*)"(p™) —— 2> 0
= incl vt Ty

0 \4 Blpfii ®V —————— (Bar/Bar")®V —=0

Note that (differently from [BK90]) some of the objects are twisted by p™* in order
to make all maps Gy-invariant; € always denotes multiplication by the element ¢ € Q"
which occurs in (2.1). We observe that by Lemma 3.1 we have the equality log , og 0 6 =

log,;.
Taking Gy -fixed elements and cohomology, we obtain

r r aKu
(F(pG) N = F(py)) ————H'(N,T)
llog? lincl
(Cp)~ =N HY(N, V)

ls l=

" exp
((Bar/Bar*) ® V)V = ty(N) = ®!_, Ne; —> H'(N, V),

where the map s is such that s(v;) = e; for all i. Note that this diagram is the higher
dimensional version of [[V16, equation (3.4)]. It makes the identification s of N" and
the tangent space ty (N) explicit.

We rewrite A, in terms of the maps in the last diagram and get

Ho(f)off , a}h r
N HY (N, T) 6] — F (0 Bual]

llogg

A
2 Bar'"”

ls

tV(N)BdR[G]

X(L)puw[c] = ?(pz(\:))BdR[G]
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By diagram (6.3), we see that (93, o H(£) o fox)(X(£)) = X(£), so that it remains

u

to show
[X(L),sclogs, P Le;i] =0,
i=1
which is immediate from log;(X(£)) = £ and s(v;) = ¢; fori=1,...,r. [

Lemma 6.3 With notation as in (6.10) and m := [K : Q, ], we have

r
@ Lei, comp,,, Indy/q, T]

i=1
= _rméIZP[G],BdR[G] (t) + [@Lél, COmpV(_l), IndN/@P T(—l) 5
i=1

where the elements é; are defined in Lemma 4.3.

Proof It is easy to see that in the r-dimensional setting, we also have a diagram as
in [IV16, equation (6.1)]. If we denote the vertical maps in this diagram by f; and f,
then

[@ Lei, compy, Indy/q, T] +[Indyyq, T, f2, Indnyg, T(-1)]

i=1
r r r
- [@ Le;, f1, P Lé,-] + [EB Lé;,compy,_yy, Indyg, T(-1) |-
i=1 i=1 i=1
Because f; sends each basis element e; to é;, the first summand on the right-hand side
is trivial. Both Indyq, T and Indy,q, T(~1) are isomorphic to Z,[G]™ as Z,[G]-

modules. Via these isomorphisms, the map f, corresponds to multiplication by ¢, and
$0 we obtain

[Indyg, T fo- Indwyg, T(-1)] = [Z,[G]™, . Z,[G]™ ] = rmdy (6 a1 (1)-

Let 8 € N be a normal basis element of N/K, i.e., N = K[G]p. Let
P = (P.1) yerre(ey € 2(QLGD = T (Q@p)"

x€lrr(G)

be defined by

po.y = 0K Niesa, (BlX)»

where 0k denotes the discriminant of K/Q, and Nk q, (B|x) the usual norm resolvent
(see, e.g., [PV13, Section 2.2]).

We also recall the definition of the twist invariant Uy, (p&;) in Section 6.2.
The next lemma corrects an error in [BCl7, Lemma 7.1.2] where we just quoted
the proof of [IV16, Lemma 6.1]. However, whereas we work in the relative group
Ko(Z,[G], Bar[G]), the authors of loc. cit. work in Ko(Z5"[G], Bar[G]) where
U ( p&;) vanishes by Remark 6.1.
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Lemma 6.4 Withm =[K:Q,] and o' = éIZP[G],BdR[G]’ we have

r A
@Léi,compv(_l),IndN/QP T(-1)|=r[L,id, Ox[G]B] + mUtw(pE@;) +19'(pg).

i=1

Proof We let Tyy = Z;,') and Viy = Qg) denote the trivial representations. Let
Z1,...,2, denote the canonical Z,-basis of Ty;y .
In the following, we choose to use for each Gy-representation W

Indy/q,(W) = {x:Gg, — W [ x(70) = 7x(0) forall 7 € Gy, 0 € Gg, }

as the definition for the induction. Note that if L/Q, is any field extension (e.g., L =
Bgr) which carries an action of Gg, and W is an L-space, then Indy/q, (W) is also an
L-space with (ax)(0) = o(a)x(0o) forall a € L and 0 € Gg,. We also note that

Indy/q, (W) — L[Gg,] ®Li6y) W, x+ Y 0® x(o7),
0€Gq, /Gn

is a well-defined isomorphism of L[G]-modules. For the comparison isomorphism
comp,,, we then obtain the following simple description:

Gn
compy,: L ®qQ, (L ®q, W) — IndN/Q,,(L ®qQ, W),
l®z~ly,,

wherel €L,z € (L ®Q, W)GN and y, (o) = z for all 0 € Gg, (and hence, (Iy.)(0) =
a(l)z).

We define a G-equivariant isomorphism
h: (Bar 8, Virie)" " — (Bar ®g, V(-1))™, 1@z — &,
and
h:Indy/qg, (Bar ®q, Viriv) — Indyg, (Bar ®g, V(-1)), x=hox.
Then, similar as in the proof of [IV16, Lemma 6.1], we obtain a commutative diagram:

comp Viriv

BdR ®Qp (BdR ®QP Vtriv)GN —— IndN/(@I, (BdR ®QP ‘/triv)

leR@ﬂ ih

G compy,(_;y
Bar ®QP (BdR ®QP V(—l)) IndN/QP(BdR ®QP V(—l))
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As a consequence, we derive

[EB Lé;,compy, ), Indyyq, T(—l)]

i=1

r or r
= [691 Lz;,Bar ® b, G?Lé,-] + [6}1 Lz;,compy, ,Indy/q, va]
1= i= i=

+ [IndN/Qp Ttrivs h, IndN/Qp T(—l)]

i=1

r
= [EB Lzi,compy, ,Indy/q, va] + [IndN/@P Triv, s IndN/QP T(—l)]

=r[L,id, Ox[G]f] + [@(OK[G]/SZ,), compy, ,Indy/q, va]

i=1
+ [IndN/QP Ttriv’ ]’l, IndN/QP T(—l)]
The computations in [IV16, pp. 512-513] show that

[@ OK[G]ﬁzi’ COmMpy, > IndN/Qp Ttriv] = raIZp[G])BdR[G] (pﬁ)
It finally remains to prove that

[IndN/QP Ttriv> h’ IndN/Qp T(_l)] = mU[W (pal;,)

To that end, we write

Go,=U U Gnpo

peG a,»eGK\G@P
and define elements x;; € Indy/q, (Tiriv) and y;j € Indy g, (T(-1)), fori=1,...,m
andj=1,...,r,by
ESD ifi=kandp=1,

%ij(por) = {0, otherwise,
and
vj, ifi=kandp =1,
0, otherwise.

%KP%):{

Without loss of generality, we assume p =1 for p = 1. Then, the x;j, respectively, the
»ij> constitute a Z, [ G]-basis of Indy/q, ( Tiriv), respectively, Indy,q, (T(-1)).
For fixed i and j and for 1 < k < m, we compute
&, ifi=kandp=1,
0, otherwise.

(h(xij)) (pox) = {

Forl<s<mandl<t<r,let &; be indeterminates (with values in Bqr). Then,

(Z gstyst) (pgk) _ {Zt(PO'k)(fkt)f/t, lfﬁ =1,

0, otherwise.
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Because ¢; = 3, T, ® ¥, we obtain

S T ®b, ifi=k,

5 (pow) (G = {O, ok

and hence, forall 1<t < r,

Eip = (;lfl(Tt“jr , &i=0fork+i.
We conclude that with respect to the chosen basis, the map # is represented by a block
matrix of the form

o ' (T™)
C =
0 (T™)

We recall that o(T™) = u™'T™ and fix ; € f such that 0ilgu = ¢*. Note that for
all ne F, o7"(T™) - (T™)! = u", which coincides with p™*(¢™"). By a continuity
argument, we have ¢~ % (T") - (T™)™! = u®, where u® is well defined by [Cobl8,
Lemma 1.5]. Then,

det(C) =[] det (u® T"") = det(u)® det(T™)"
i=1

with & = 3; ;. Because det(u)* € Zj € Z[G] *, the result follows from the definition
of Urw (g, )- ]

We summarize the results of the previous lemmas in the following proposition.

Proposition 6.5 With 0" = QIZP[G])BdR[G] and x = xz,[6],Ba[G)> We have

Cnyk = —rmd"(t) + 1 [£,id, Ok [G]B] + 0" (pp) + mUsy (pg,) = x(M*(£),0).

Remark 6.6 'To compare Proposition 6.5 and [BC17, equation (55)], we first note that
in loc. cit., we have £ = Ox[G]p. The additional new term Uy, (pgy,) emerges from
the computations in Lemma 6.4. The error does not affect the validity of any of the
arguments in [BCI7]; it just forces us to adapt our definition of Ry, and Ry /K-

To finish the proof of the conjecture, it is necessary to compute explicitly the term
X2,(61.Bax[6](M* (L), 0). For this, we will consider the tame and the weakly ramified
case separately.

6.4 The tame case

In this subsection, we let N/K be tame und compute the term
X2,(G1,Bar[6]1(M*(£),0) from (6.9). In the tame case, by results of Ullom, we
can and will use £ = p}, for a large enough positive integer v and we also fix f € Oy
such that Oy = Og[G]p.

Proposition 6.7 We have

X2(6),Bax[6)(M"(£),0) = r[pX id, pN] = 9% (6], pa ] ((det(1 = u®®Fey)).

https://doi.org/10.4153/50008414X2100033X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2100033X

1432 W. Bley and A. Cobbe

Proof The key point in the proof is that by Proposition 2.2 the cohomology modules
of M*(L) are perfect, so that we can compute the refined Euler characteristic of
M*(L) in terms of cohomology without explicitly using the complex. In a little more
detail, we note that the mapping cone of

Fp()/X(L)[1] - M* (L),

where the map in degree 1 is induced by fg x;, is isomorphic to H*(N, T)[2]. We
also recall from Section 2 that we identify H*(N, T) with Z/(Fy —1)Z. Hence, we
conclude from [BB05, Theorem 5.7] that

XZP[G],BdR[G](M.(L)’O)
= XZ,[G),Bar[G] (?(px))/X(L)[l],O) + X2,[6).8ax[6](Z/ (Fy = 1)Z,0).

To compute the first summand, we observe that by Proposition 3.4 we have X(£) =
F ((p)("). Because, for each integer i > 0, the identity map induces isomorphisms

(6.12) F () ) 1F (D7) = ()7 (D,

a standard argument shows that

xz,61maio) (FOU)/X)],0) = 12, 101ui01 (#V/(3) V111,0)
=r[py-id, pn].

For the computation of the second term, we consider the short exact sequence of G-
modules

—1,dk _
0 - Z)[G/T] 5 Z[G/1] 5> 2/ (Fy ~1)Z ~ 0,

where 71(z(g)) = g+ (z+ (Fy —1)2) for all z € Z}, and g € G and where G acts on
Z/(Fn —1)Z through any lift of its elements to Gk (which is well defined, because
elements of Gy act trivially).

Letx =Y a;F ' ¢ Z,[G/I] be an element in the kernel of the map on the left.
Then, u%*a;_; — a; = 0 foralli. Hence, (udd" -1)a; = 0,and by the assumption 208 =
1, it follows that «; = 0 for all i. Hence, the map on the left is injective.

Next, we see that 7((F'u® —1)e;) = (p™ (F 1) u —1)e; = 0.

Conversely, letx = Y% a;F~/ ¢ Zy,[G/I]besuchthat 7(x) = 0. Modulo the image
of F~lu —1, x has a representative y € Zy,. We must show that y € im(Fludc —1).
Because 71(y) = 0, there exists z € Zj, such that y = (ux —1)z = ((F'u)? ~ 1)z,
which is in the image of F~'u% — 1. Hence, we have exactness in the middle term.

To prove the exactness of the sequence, it remains to check the surjectivity of the
map on the right, which is obvious.

Because we are considering the case of a tame extension, Z;[G/I ] is a projective
Z,[G]-module and we have:

Xz, (61,816 (H (N, T)[2],0) = ~[Z}[G/1], F'u™ 1, 23, [G/1]].

The results follows. |
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6.5 The weakly ramified case

In this subsection, we let p be an odd prime. Let K/Q,, be the unramified extension
of degree m. We let N/K be a weakly and wildly ramified finite abelian extension with
cyclic ramification group. We let d = dy,k be the inertia degree of N/K and assume
that m and d are relatively prime.

The aim of this subsection is to compute the term xz 61,84 [6]1(M*(1),0) from
(6.9) in this weakly and wildly ramified situation. For that purpose, we aim to
generalize the methods of [BC17]; however, this forces us to introduce a further
technical condition which might be either

Hypothesis (T): Uy =1 (mod p)
or
Hypothesis (I): Uy — 1 is invertible modulo p.

Here, (T) stands for trivial reduction modulo p and (I) for invertible modulo p. If
we set w := v, (det(Uy — 1)), then we have the following equivalences:
(I) holds <= Uy -1€Gl,(Zy) <= w=0.

Note also that Hypothesis (T) immediately implies w > 0. However, in the higher
dimensional setting, there are mixed cases, where none of our hypotheses holds.
As in [BCI17], we have a diagram of fields as follows:

Nl’ll’

/

Knl’

/
\

/\/\
NV

Q-

Here, K'/K is the maximal unramified subextension of N/K, M/K is a weakly and
wildly ramified cyclic extension of degree p, and N = MK’. Because ged(m,d) =1,
there exists K'/Q,, of degree d such that K’ = KK'.

The following lemma generalizes [BC17, Lemma 7.2.1].

Lemma 6.8 Forn > 2, one has
F((pn) ) is Z,|G]-projective <= n =1 (mod p).
Moreover,

fr"(pg\;)) is 2, G]-projective <= Hypothesis (I) holds.
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Proof For n>2, the formal logarithm induces an isomorphism F((p%)(") =
(p1)(") of Z,[G]-modules by Proposition 3.4. Hence, the first assertion follows from
[K6c04, Theorem 1.1 and Proposition 1.3].

We henceforth assume #n = 1. By Lemma 2.3, we know that F (pg)) is cohomo-
logically trivial, if and only if Hypothesis (I) holds. Hence, it suffices to prove that

?(pg)) is torsion-free. By [Cobl8, Lemma 2.1], the module ?(pg)) is isomorphic to
(11, Ny (p“r))GN which is torsion-free. Indeed, any tuple ({3,...,{;) of pth roots of

unity {;,...,( € NX = Zyp X U( ) must be contained in N (because No/N is unrami-
fied). Hence, (&...5 () s ﬁxed by Gy, if and only if it is fixed by Fy, if and only if
G==(=1 (usmg Hypothesis (I)). [

p+l

By Lemma 6.8, we can and will take £ = p}; and thus obtain

X(£)=F((H0).

We recall some of the notations from [BC17]. We put g = p™, b = F~! and consider
an element a € Gal(N™"/K) such that Gal(M/K) = (a|y), a|g=~ = 1. Because there will
be no ambiguity, we will denote by the same letters a, b their restrictions to N. Then,
Gal(N/K) = (a, b) and ord(a) = p,ord(b) = d. We also define T, := 17 Ola’

Let 0, € M be such that T/ 0, = p, where T,k denotes the trace map from M to
K, and Ok [Gal(M/K)]6; = pu. Let 6, (resp. A) be a normal integral basis generator
of trace one for the extension K'/Q, (resp. K/Q,). Let a; € O be such that 6" =
1- a;6; (mod p3,). If we set

(6.13) a0 =aiA a3 =A%, 0, = oclA“’m_z,

then these elements form a Z,-basis of Ok (see [BC17, equation (60)]).
Furthermore, we use [Cobl8, Lemma 2.4] to find for i =1,...,r an element y; €

I1, U(l) such that

(614) (Fy=1)-y: = (61)s,
where
(61)i:=(1,...,1,6{75,1,...,1)

with the nontrivial entry is the ith component.

Let
W' = Zp[G]" 21 @ Zp[G] 225
p-1m p-1'm
Wan =D Zy[G] vi,j = DD Z,y[G) asew; = EBOK w;
j=n k=1 j=n k=1
and put
W = Wz().
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If we write ey, ..., e, for the standard Z,-basis of Zp('), then a general element of W
is of the form

r p-1m r p-1

/\i,j,keivk,j = Z Z Wi, j,k€iW;j

i=1 j=1 k=1 i=1 j=1
with A; j x € Z,[G] or u; j € Ox[G]. We will apply this convention analogously for the
modules W' and Ws,,.

We define a matrix E € M, (Ox) by

1 under Hypothesis (I)

(615) E-= dm—1 i .
Y% (A62)? ut  under Hypothesis (T)

and a matrix

(6.16) P {1 under Hypothesis (I)

u under Hypothesis (T).

We also recall that in [Cobl8, Lemma 1.9], we constructed an element ¢ € Gl,(ZTo”)
such that u = e - ¢(e).

Lemma 6.9  The following assertions hold:
(1) EeGlL(0k).

(2) ¢(E) =4E = Eit (mod pOk).

(3) ¢(¢'E) = u e E (mod p).

Proof LetH = Gal(K'/Q,) andlet f: H - K’ be defined by f(0) = (AGZ)”_I. Then,
applying [Was97, Lemma 5.26(a)], we obtain

det((A83)™ Vg rer = [ D (A6,)° x(0).

XEH oeH

Because A6, is an integral normal basis generator and K'/Q), is unramified, the left-
hand side det(707"(A0;) ), ren is a unit (whose square is the discriminant of K'/Q,).
Therefore, for each character y € H, the factor

dm-1

> (A6,)% x(0) = > (46,)% x(9™)

oeH

is a unit, and hence, Zf"éfl(Aez)W(p_" is a unit in the maximal order M of K'[H].

Because Y971 (A46,)¢ ¢~ € O/ [H], we deduce from the well-known fact
M* 1 O [H] = O [H]"

that Z’,-i:"(‘fl(Aez)‘/’igo"' € Ox/[H]*. We now apply the character pgy and easily
derive (a).
For the proof of (b), we can assume Hypothesis (T) and we compute

dm-1

9(E) = Y (46:)%" u ™D = Eu = uE (mod pOx),
i=0
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where the congruences hold, because we have u™¢ =1 (mod p) by hypothesis (T).

If Hypothesis (T) holds, then part (c) is an immediate consequence of [Cobls8,
Lemma 1.9]. Under Hypothesis (1), it follows from the definitions. [ |

Generalizing the approach of [BCI7, Section 6.3], we define a Z,[G]-module

homomorphism
fow: W — ?(pﬁ))
by
0
~ | 0
faw(eivk,;) = Eax(a-1)0e; =E| ai(a- 1)/0 |,
0
0

for all i, j, k, where 0 = 0,0,. We denote by f; w the composition of f3,w with the
projection to S’(pf\;))/?((pfvﬂ)(’)).
In order to generalize [BC17, Lemma 7.2.4], we first need a higher dimensional
version of [BC16, Lemma 4.1.7].
Lemma 6.10 ForveOk[G),i=1,...,rand j=0,...,p—1, we have
j+1 _ j jt2
faw(veiw;) epy eiand f3w(veiw;) = vE(a — 1)’ 0e; (mod py

Proof Wewritev =73, vh,l,kahbl(xk for some vy, j x € Z,. Then,

fow | X vnixableiaw; | = 3 vipka"b' - Eag(a-1)6e; € pllle;
hLk W
by [BC16, Lemma 3.2.5]. Using the isomorphism in (6.12), this is congruent to

> Vi1xa"b'Eay(a —1)/8e; (mod pxz . |
hLk

Lemma 6.11 The map fs w is surjective. More precisely, for j > 0,
Fw (W) = F((EHO)/F(PEHD).

Proof For j=p, W, = {0} and ?((pﬁ,ﬂ)(’))/?((p?l)(’)) = {0}, so the result is
trivial.
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We assume the result for j+1 and proceed by descending induction. Let x €

F( (p{;l)(’)). As in the proof of [BCI17, Lemma 7.2.4], there exist vj, o,; x € Z, such
that

x=E Z vh,g,i,kahbzock(a - l)jGei (mod pxz
6,0,k

~ —ml ; it
Z "™ E® v;,,g,i,kahbzock(a —-1)’0e; (mod pﬁ
h,0i,k

Z ﬁmevh,g,i,kahszock(a - l)jGei (mod pxz
6,0k

_ 7 ~ml hyt j+2
= 3,w( Z @™ vy g kab eiockwj) (mod p{\, .
h,

This means that the class 7(x) of x in ?(pl(\,r) )/?((p‘;,“)(r)) is the sum of an element
in the image of W.; and an element in ?((pgz)(’))/ff((pﬁ,“)(’)), which is by
assumption in the image of Wsj,; € Ws;. ]

Lemma 6.12 Let1<i<r, 0<j<p—1, 1<k <m. Then there exists p; jx € Wsjia
such that the element

Si,j,k = ock(a - l)ein - (Xkein+1 + Hi,j,k
is in the kernel of f3 w. Here, w,, should be interpreted as 0.

Proof As in the proof of [BC17, Lemma 7.2.5], we see that the formal subtraction of
X and Y takes the form

X-5Y=X-Y+(X'ALY), - (Y'ALY), + (deg > 3),

with Ay, € M,(Z,) for h =1,...,r.In analogy to the proof of [BC17, Lemma 7.2.5], we
set

x:= Ear(a—-1)afe;, y:=Ear(a-1)0e;, z:=x-y=Ea(a-1)"0e,
and we obtain that x -5 y —5 z = 0 (mod ?((p{\;3)(r))). Therefore,

Fow(ax(a-1)eiw; - areiw;ir) = 0 (mod F((pi*) M),
and we conclude the proof of the lemma using Lemma 6.11. [ ]
Lemma 6.13  The elements
-1 ~1-mm

—1 —
ri1 = Taeialwo +EUu u b me,‘OC1Wp_1 - ei(XIWp_l,

A lemif 1y -
rik = Taeiopwo +eu i "M b eid Wy — €%k Wp_1,

m
A lemif 1y -
Tiom=Taeiqmwo+eu . "Me b Me; ((xl—Zai)wp_l—eiocmwp_l,
i=2

for 1<i<rand 1<k <m, are in the kernel of f3w. Note that eu™'@""™" ¢! has
coefficients in " and is fixed by ¢; hence, it has coefficients in Z.
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Proof We denote by v; the jth component of a vector v. Using [BC16, Lemma 3.2.2]
and Lemma 6.9(c), we calculate

(Nxosx, (6 " Eaz0e;)); = Ny, /KO(BI)(S_IEock@ze,-) i

= —(xi p(s lEe,)] (mod pPH
=-af00a; P p(gp(e'E)e;); (mod pf!

= —ay0ha . Pp(u’ e 'Ee; ) (mod pp+1 .

We also compute

‘J'NO/KO(S_IEockGei) = ‘J'NO/KO(Gl)e_IEockGZe, pai0,e'Ee; (mod pp+1 .

With this in mind, we can do analogous calculations to those in [BC16, Lemma 4.2.6]
and [BC17, Lemma 7.2.6] and obtain

P
faw(Taeiapwo) =€ (ock92 - (ﬂ) 93 u- )ps 'Ee; (mod pp+1 .
441

Furthermore,

fo,w(eu '@t lbiﬁlei‘xkﬂwp—l)
= su_lﬁl_m’hs_lE‘pmmaka@ e; (mod ppH)
= eu‘lal_m'hu’"’h(s_lE)"’m(kapO e; (mod pPH)

= suflﬁs’lEockaG e; (mod pp+1 .

It is straightforward to adapt the remaining calculations from [BC17, Lemma 7.2.6] and
conclude that 7; i € ker f5 w for 1 < i < rand 1< k < m. The proof that r; ,,, € ker f5,w
is analogous. u

From now on, we have to distinguish the cases of Hypotheses (T) and (I).
We start assuming Hypothesis (I).
Following the computations in [BC17, Section 7.3], we have

X2, 161 Ban[6] (M®(£),0) = [F((p%™)),id, F(p{)] = [ker(f,w), id, W].

Lemma 6.14 The pmr elements r; k, s jk, for 1<i<r,0< j< p—2,1<k <m, con-
stitute a Z,[ G ]-basis of ker f3 w.

Proof We adapt the proof of [BC17, Lemmas 7.3.1]. We write the coefficients of the
ejawp_1-components,i = 1,...,7,k=1,...,m,of theelementsr; j, j = 1,...,m, into
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the columns of an mr x mr matrix, which we call M, and whose entries are r x r

blocks,
eule71p™M 1 0 0 0 su_ls_lb_';’_
0 -1 0 0 —eu el
M = 0 eu’lsl’lb’”‘ 0 0 —eu’lf’lb”;‘
0 0 weeulgTlpm -1 —euleTlp
0 0 0 eu e —l-euleTp™

By Lemma 4.5 and analogous computations as in [BC17], we obtain
detM = (-1)"" D det(u™b7" - 1).

The rest of the proof works exactly as in [BC17]; note that Hypothesis (I) plays the role
of the assumption w = 0 in the one-dimensional setting. [ ]

We recall that G = Gal(N/K) = (a) x (b). Any irreducible character y of G decom-
poses as ¥ = y¢, where x is an irreducible character of (a) and ¢ an irreducible
character of (b). We will denote by y, the trivial character.

Proposition 6.15 Assume Hypothesis (I). For £ = pﬁ,“, the element
X2,(61,Bax[6]1(M*(£),0) € Ko(Zy[G], Bar[G])
is contained in Ko(Z,[G],Q,[G]) and represented by & € Q,[G]” where
_ {P"” if X = Xo
)Y det(umg(b) ™ = 1) (x(a) ~ 1) if x # o

Proof We choose the elements r; x and s; j x of Lemma 6.14 as a Z,[G]-basis of
ker( f3,w) and fix the canonical Z,[G]-basis of W. Then,

X2,161,Bax[6](M*(£),0) = [ker(f3,w),id, W]

is represented by the determinant of

T (a-1I 0 0 0

0 -1 (a-DI - 0 0
S I |

0 % s e oI (a-1I

M * * * _I

where in the above pmr x pmr all the entries are mr x mr blocks. Recalling that p is
odd, we get:

B pmr(_l)mY(P_l) le = Xo

det(xp(M)) = {(_1)m2r2(17—1) det(yp(M)) (x(a) = 1)™ P if y % yo
[ if ¥ = xo
(-1)7 "D det(u¢(b) " ~ 1) (x(@) — )™ D if y = x.
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It remains to consider the case of Hypothesis (T). Here, we follow the strategy of
[BC17, Section 7.4].

Lemma 6.16  There is a commutative diagram of Z,[ G |-modules with exact rows

0—>X2)oW —= W& W —2 > 7,[G]'z0 > Z/(Fy —1)Z —= 0

C T

ar (F-1)x1 or
0—= F(p0) 220 90k (p™) 2L 9 (p™) — 2/ (Fy ~1)% —= 0

where
82(eiz1) = (u™b —1)e;zo,
82(eiz2) = (a —1)eizo,
02(eivjx) =0,
faleizo) = [(01)is1,...,1],
fi(eizy) = [(61)is1,...,1],
fileiza) = [yis--»yi);
frleivi;) = frn(fw(eivi,)),
n(eizo) = e,

for alli, j, and k (recall that y; was defined in (6.14)). Furthermore, X(2) = ker(8;|wr)

and f3,w is the restriction of f3 to X(2) ® W.

Proof We recall from [Cobl8, Section 2] that the action of Gal(Ko/K) x G on
Inyk(p™) is characterized by

(Fx1D)[x1,...,x4] = [Unxi¥, %25 ., X1 ],
(F"x0)[x1,...,x4] = [p™(6)x7,..., p""(5)x5],

where x; €[], NE, the elements F~" and ¢ € G have the same restriction to N n Ky,
and ¢ € Gal(No/K) is uniquely defined by 6|, = F~" and 6|y = 0. Furthermore, we
remark that the action of G on Z/(Uy —1)Z is induced by

a-ei=e;, b-e;=p"(F')e;=Uge.

The bottom sequence is exact by [Cobl8, Theorem 3.3 and Lemma 2.1]. The proofs
of the exactness of the top sequence as well as the proof of commutativity follow along
the lines of proof in the one-dimensional case (see [BC17, Lemma 7.4.1]). For example,
if we denote the coefficients of Ug = u™ by u;;, then

fro8s(eiz1) = L((u"b-1)e;) = f (Zr: buj,iej - ei)
j=1

ilxb)uﬂ' (6,1 1]~ [(B) L. 1]
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=(1xb)-[(6;,6,,...,0,"),1,...,1] = [(61)i,1,...,1]

=(1xb)[u(61)i1,...,1] - [(61)1,1,...,1]

= (Fx1)(F'xb)[u(0)i1,...,1] - [(8))i,1,...,1]

= (FxD)[u'u(6)i,1,...,1] = [(61)i,1,...,1]

= ((F-1)x1)o f(eiz1). u

We will need an explicit description of X(2), which generalizes the one given in
[BC17, Lemma 7.4.3].
Lemma 6.17 We have
X(Z) = ((a — l)e,‘Zl - (u"’b - 1)€iZ2,{.Ta€1'22>ZP[G].

Proof The proof is just the r-dimensional analogue of that of [BCl7,
Lemma 7.4.3]. [ ]

We let
o X@) e W — F(p{)/F((pF )

denote the composite of f3 1 with the canonical projection. By Lemma 6.11, the
homomorphism f3 1y is surjective.

In the next proposition, which is the analogue of [BC17, Lemma 7.4.2], we will
obtain an explicit representative for the complex M* (£ ), which we will use to compute
the Euler characteristic yz, (6,84 [6]1(M"(£),0).

Proposition 6.18 The complex
F*:=[ker f,w — W o W — Z,[G] 2]

p+1

with modules in degrees 0,1, and 2 is a representative of M* (L) for £ = py; .

Proof If we recall the definition of M*(£) from (6.8), then it follows readily from
Lemmas 6.11 and 6.16 that we have a quasi-isomorphism of complexes

F* — M*(L). ]

For the computation of the Euler characteristic of M*(£), we continue to closely

follow the approach of [BC17, Section 7.4]. On these grounds, we will only sketch the
proofs, pointing out the parts which are specific for the higher dimensional setting.

The next result is an analogue of [BCI17, Lemma 7.4.5] and [BCl7, Lemma 7.4.6].
Recall that by assumption (m, d) =1, and let /i1 denote an integer such that

mm =1 (mod d).
Lemma 6.19 There exist y;; € Ws such that
tipg=(a-1)eiz;1 — (u™b-1)e;zo+

+ (Z ocj(umb)l_(j‘z)ﬁ’ + (ocl -> ocj) (umb)'h) eiwo + Yin

j=2 j=2
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and

; Taeizy —areiwpy  ifm=1
i,2 = .
‘J'ae,-zz —Q2eiWp-1 lfm >1

are in the kernel of f3 w.

Proof Let x; € Ogar be such that x,/a; (mod pg-) is a root of X? — X + Af,, and

let (1+ x,6,); be the element in [T, Uz(\llo) whose ith component is 1 + x,6; and all the
other components are 1. By the same proof as in [BC17, Lemma 7.2.2], we obtain

1+ xzel)fm(F”)FN_l = (1-6:); (mod py, ).

Therefore, by [Cob18, Lemma 2.4], we may assume y; = (1+ x,6;); (mod pi,o ).
With this in mind, the proof of the lemma is the same as in [BC17, Lemma 7.4.5]
and [BC17, Lemma 7.4.6]. [ |

In the case of Hypothesis (T), we need to redefine the elements r;; in a different
way:

Lemma 6.20 The elements
rin=Tatip+ (Wb -1)t;,
belong to ker f5,w N W, and their aywo-components are (u™b)"Te;.
Proof Straightforward by the same calculations as in [BC16, Lemma 4.2.5]. [ ]

We also redefine the matrix M considered in the case of Hypothesis (I) using the
elements t; , instead of the elements r; ;. For m > 1, we obtain:

M i
=
0 0 ey MMy
-1 -1 gu~mmgTlp=m
M=| 0eu™relp 0 gy MMeTlp=m
ey MMy~ -1 —gy MMy
0 gu Mgl gy Mgl

We call M; the matrix consisting of the first r columns of M, and M the matrix of
the remaining columns.

For m =1, the matrix M is determined only by the t;,, and, recalling their
definition from Lemma 6.19, we get minus the identity matrix.

By an easy calculation, det(M) = (1) (det(u)™b) ("D,

Lemma 6.21 Ther(pm +1) elements ty;,tp;, fori=1,...,1, rip, fori=1,...,r, k=
2,...,mands; i, fori=1,...,r,j=0,...,p=2,k=1,...,m, constitute a Z,[G]-
basis of ker(f3,w ).
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Proof It is enough to follow the proof of [BC17, Lemma 7.4.9]. Note that we can
construct the matrix M as in [BC17] and that it also takes exactly the same shape up
to the fact that all the entries are r x r blocks. ]

By the same proof as in [BCI7], we can now reduce the computation of the term
X2,(61,Bar[6] (M (£), 0) to the determinant of a matrix (w, 901), which looks exactly
as in [BC17], with the convention the elements in Z,[ G] must be thought as diagonal
r x r matrices. So, in particular, m x m blocks become mr x mr blocks and so on. Of
course, for the block M, we have to take the one defined above and not that of [BC17].
With this in mind, the matrix looks as follows:

T a1, 0 0 0 0 0 0
0 1-u"b T,I, 0 0 0 0 0
0 v 0 T, (a-1Ipy 0 0 0
0 % 0 0 ~Lm  (@=DIpy -~ 0 0
0 * 0 0 * —Im 0 0
0 * 0 0 * * o =Ly (a=1DIy
0 * M, M * * * I

Here, I, (resp. I,) is the rm x rm (resp. r x r) identity matrix, I is obtained by Im
by removing the first r columns, v is an r x rm matrix, whose first r rows coincide with

the matrix (u™b)™, and —— is the inverse of the matrix udm 1.

We are ready to record the result of the computation of the refined Euler charac-
teristic of M*(L).

Proposition 6.22 We assume the hypotheses (F) and (T), and let £ = pi,“. Then, the

element x7,16],B,[c](M"(£),0) is contained in Ko(Zp[G], Q,[G]) and represented
by e € Q,[G]* where

rde u min b ri  rm .
forsee xen
DI (det(u)m g (b)7) D (x(a) ~ 1) iy # x
and x¢ is the decomposition explained before Proposition 6.15.

Proof The proof is a straightforward adaption of the computations in the proof of
[BCI17, Proposition 7.4.10]. [ ]

7 Rationality and functoriality
From now on, we set o' = éIZP[G],BdR[G]. As in [BCI17], we consider the term

Ry/k = Oy + Ueris + rmd' (£) = mUu (pg) = rUyyk +9' (en(N/K, V),

which a priori lives in Ko(Z,[G], Bar[G]). The unramified term Uy is defined by
Breuning in [Bre04b, Proposition 2.12]. Recall that Ry /k differs from [BC17, equation
(17)], because we have to adapt the definition of Ry,k as explained in Remark 6.6.

Proposition 71  The element Ry is rational, i.e, Ry/x € Ko(Z,[G], Q,[G]).
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Proof For elements x, y € Ko(Z,[G], Q;[G]), we use the notation x = y when x —
y € Ko(Z,[G],Q,[G]). By Propositions 4.8, 5.1, and 6.5, we get
Ryjx = rd'(p) - rUnjx = TNk

where Ty/k = é(r@}, (Indg/q, (X))xelrr(G)) is precisely the element defined by Bre-
uning in [Bre04b, Section 2.3]. The result now follows, because this is exactly r times
the element obtained in [BC17, Proposition 7.1.3]. [ |

Proposition 7.2 Let L be an intermediate field of N/K and H = Gal(N/L). Let p% and
qg/H be the restriction and quotient maps from (4.2) and (4.3), respectively. Then,

€] Pg(RN/K) = RyyL-
(2) If His normal in G, then qg/H(RN/K) = Ry k-

Proof By definition of the cohomological term, we have
Ry/k = _XZP[G]>BdR[G](M"eXpV,N ocomp{,l,N) + rmél(t) - mUtW(p&rp)
+ Uqris,n/k —TUnjx + élzp[c],gdk[c] (en(N/K,V))

with M*® = RT(N, T) @ Indy/q, T[0]. The functoriality properties of rmo'(t) and
mUy (pgy, ) follow easily using the general formulas in [BW09, Sections 6.1 and 6.3].
Recalling also Lemmas 4.9 and 5.2 and [Bre04a, Lemma 4.5], it remains to show

(71)
Pt (X2,[61,Bax[6)(M®s expy, y 0compy! ) = Xz, (), B[] (M*, expy, y ocompy’ )
and
461 (Xz2,161, 6] (M*, expy,  ocompy' )
(7.2) = Xz,[6/H),Bax[G/H](M", expy | ocompy; ;).

The proof of (71) follows along the same line of argument as the proof of [Bre04a,
Lemma 4.14(1)]. We just have to replace A = y,» in loc. cit. by F[p"].

Because (7.2) is essentially proved in the same way as part (2) of [Bre04b, Lemma
4.14], we only give a brief sketch. As in (17) of loc. cit., we obtain a canonical
isomorphism

(73) RI(L, T) 2 RHomy, (1)(Zp, RT(N, T))
in the derived category. For each i, the induced map from H i(Q; ®RI(L,T)) =
Q5 ® H'(L, T) to H' (Qj, ® RHomg, 11)(Zp, RT(N, T))) 2 Q5 ® H'(N, T)" is the
map induced by the restriction H' (L, T) — H'(N, T).

For i =1, this restriction map is clearly given by the inclusion F (pgr)) cTF (pg\;)),

and for i = 2, cohomology vanishes after tensoring with Q, by our hypothesis (F).
We further note that we have a canonical isomorphism

H
(7.4) (Indnsg,T)" = 1Indpq, T,
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which is given by x — x, if we identify Indy/q, T with the set of maps x: Gg, — T
satisfying x(70) = tx(0) forall 7 € Gy and 0 € G, .

From (73) and (74), we derive a canonical isomorphism M} =
RHomg,[y1(Zy, MY;), and it finally remains to show that the induced maps

(drawn as dotted arrows below) in the following diagram coincide with compy'; and
expy ;, respectively:

-1
COmPV)N CXPV,N

(IndN/Qp(V)BdR)H - (DQIR(V)BdR)H - (HI(N’ V)BdR)H = ?(pg))gdk

-1
CompV,L €XpPy.L

Indy g, (V) g = D (Vg H (L V) = T (0 )b

For expy,, this is immediate, because it is defined as a connecting homomorphism
(see, for example, [BBO08, p. 612]) and thus compatible with restriction. In addition,
for compy, it follows from the definitions (see [BB0S, p. 625]). [ |

8 Proof of the main results

As in [BC17], we also define
RN/K = CN/K + Ucris + rmél(t) - mUtw(‘D(&;) + él(eD(N/K, V)))

so that Ry/k = RN/K -rUn/k-

We now argue as in the proof of [BC17, Proposition 3.2.6] (see page 359 of
loc. cit.). By Taylor’s fixed point theorem together with [Bre04b, Proposition 2.12],
it can be shown that Ry/x =0 in Ko(Z,[G],Q,[G]) if and only if Ry/k =0 in

Ko (@[G],@[G])
From Propositions 4.8, 5.1, and 6.5, we conclude that

Ry =rd" (pp) + [ £,id, Ok[G] - B] - x(M*(£),0)
(8.1) + él(*(det(l - Fp_d"u_dK)eI)) - él(*(det(l - ud"F_l)eI))

) (det(u)—dK(SKX(l)erx))XEI”(G) _ (TQp(IndK/Qp(X)))Xd”(G) ]

As in the one-dimensional case (see [BC17, Proposition 3.2.6]), the following three
statements are equivalent in our present setting:

(a) CEs(N/K, V) isvalid.
(b) ISN/K =0in KO(ZP[G]> QP[G] .
(¢) Ryjk = 0in Ko(Z3'[G], Qp'[G]).
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Proof of Theorem 1.1 It suffices to show that RN/K = 0. From (8.1) together with
Proposition 6.7, we obtain

Ry/k = 19" (pp) + r[pn.id, On] + 0" (*(det(1 - Fp~ ™ u™Yey))
" al (det(u)_dK(SKX(l)+mX))Xelrr(G) _ T’al (TQp(IndK/Qp(X)))XEIrr(G) )
The term
Al —dK(sK)((l)+m )
0 ((det(u) x )X)

vanishes by [IV16, Lemma 6.2]. Because N/K is tame, the group ring idempotent e;
is contained in Z,[G], and it is then easy to show that
*(det(p® — Fu™¥)e;) € Z,[G]".
We conclude that
3'(" (det(1 - Fp~su®)er)) = ~rd! (* (p™er)
=-r[pn,id, On],

where the last equality follows from [IV16, equation (6.7)]. In conclusion, we have
shown that

Ry =7(3'(pp) = 9" (7, (Indij, (1)) 1riioy) -

We finally conclude as in the proof of [Bre04b, Theorem 3.6] or as in [IV16, p. 517] to
show that

él(Pﬁ) - él (TQ;:(IndK/QP(X)))XeIrr(G) =0.

We recall that these proofs crucially use a fundamental result of M. Taylor (see [Fr683,
Theorem 31]) which computes the quotient of norm resolvents and Galois Gauss
sums. We also note that the so-called nonramified characteristic which occurs in these
results is an integral unit itself. ]

Proof of Theorem 1.3  The crucial input in our proof is a result of Picket and Vinatier
in [PV13]. In [BCI6, Section 5.1], we used this result to construct an integral normal
basis generator 8 = pap 0, of £ = pi,“. Hence, the expression in (8.1) simplifies to

Rk =19 (pg) = Xz,(61.8an[6) (M (£),0)
(8.2) +0'(*(det(1 - Fp~u~)er)) — 9*(* (det(1 - u®*FV)ey))

" al (det(u)_dK(SKX(l)+mX))Xelrr(G) _ T’al (TQP (IndK/QP(X)))XEIrr(G) )

By [BC16, Proposition 5.2.1], the element d'(pg) - 9* (10q, (Indg/q, (X)))Xdrr(G) is

represented by 9'(#7~") with 7 as in [BC16, Proposition. 5.2.1]. Furthermore, recalling
that m = dg and sg = 0,

0" (det(u)~x(crxema) 3" (det(u)™"m0))

xelrr(G) = xelrr(G) ©
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From now on, we have to distinguish the three conditions in the statement of the
Theorem. Let us start with (a), i.e., Hypothesis (I). In this case, Ry is represented by

0 Ny, (0219)"p*™ det(1-p™u "¢ (b))
Fog = et g (5)) if ¥ = Xo
107 0N, (0alg) p7 x(4) 9(0) * det()
D D (g (5) T-D) (x(@) -y X F Xo

ra;(/zNK‘ (6:1¢) -m —-r m, m :
(-1 Wdet(“) ¢(b)"det(1-p"u™¢(b)) if x=xo

O Nk, (8219)" m _ - rm .
(1) e sy det(w) ™ (b) " (k) X&) i x# xo.

Let Wy, € O5[G] c Z57[G]* be defined by

X$(Wa,) = (-1)0 "Ny, (0a19)"
So
W, det(u)™"b™"
det(1-u™b)
where i € Z,[a] is a unit whose augmentation is congruent to 1 modulo p, as in [BC17,
Section 8]. Then, the proof works as in [BC17].

Let us now consider case (b), i.e., Hypothesis (T). In this case, Ry /K is represented
by

7= (det(1-p"u™b)eq + (—i1)"04(1 - e4)),

» O Nijg, (0219)"p™ det(u” §(b)=1) det(1-p™"u™"9(b™)) .
B L e = OO O T (BT ifx=Xxo
xé (_l)r(m)a;{ZNK,@,,(ez|¢>'p”"x<4>'¢(b)-2'det(u)‘z'"
(det(u)™$(6)") 70D (x(a) 1) D
{x¢(Wez)¢(b)"'”h det(u) """ det(1~ p"u™ ¢ (b)) if x=xo

KO (Wo,)$(b) ™™ det(u) ™" (rasliyrms ) x(4) det(u)™ ™™ if x # o.

if)( # X0

So
F = W, b det(u) """ (det(1- p"u"b)e, + (~i)" oy det(u)™ " (1 - ea)) .

As in [BC17], Hypothesis (T) implies that det(u)”’z'h’m =1(mod 1- ). Then, the
proof works as in [BC17], using the computations of the case of Hypothesis (I).

It remains to consider the case (c). Let E/K’ be the unramified extension of degree
d. By the functoriality result of Proposition 7.2 (a), it is enough to show Ry /k =0,
which is true, because, for NE/K, we can apply part (b) of the theorem. [ ]

We finally prove Theorems 1.5 and 1.6. For the definition of the twist matrix of an
abelian variety A with good ordinary reduction, we refer the reader to [LR78, p. 237].
We recall the following lemma.

Lemma 8.1 Let A be an r-dimensional abelian variety defined over the p-adic
number field L with good ordinary reduction, and let U be the twist matrix of A. Then,
det(U - 1) # 0.

Proof This is shown in [Maz72, Corollary 4.38] or in the proof of [LR78,
Theorem 2]. u
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Proof of Theorems 1.5 and 1.6  The results are immediate from Theorems 1.1 and 1.3.
Note that Hypothesis (F) and the condition det(p™"(Fy)? —1) # 0 are automatically
satisfied by Lemma 8.1. ]
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