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We consider an optimal stopping problem for a general discrete-time process
X1, X2, . . . , Xn, . . . on a common measurable space. Stopping at time n (n = 1, 2, . . . )
yields a reward Rn(X1, . . . , Xn) ≥ 0, while if we do not stop, we pay cn(X1, . . . , Xn) ≥ 0
and keep observing the process. The problem is to characterize all the optimal stopping
times τ , i.e., such that maximize the mean net gain:

E(Rτ (X1, . . . , Xτ ) −
τ−1∑
n=1

cn(X1, . . . , Xn)).

We propose a new simple approach to stopping problems which allows to obtain not
only sufficient, but also necessary conditions of optimality in some natural classes of
(randomized) stopping rules.

In the particular case of Markov sequence X1, X2, . . . we estimate the stability of the
optimal stopping problem under perturbations of transition probabilities.

1. INTRODUCTION

Starting with pioneer works on sequential analysis in statistics (such as [3,35]), the theory
of optimal stopping already has a rather long history. Basic methods were summarized in
the books [6] (for general discrete-time processes) and [16,32] (for Markov processes). In
recent decades new important applications came into view, for example, in the risk theory
and financial mathematics (see, e.g., [18,24,33]), in the change detection theory (see, e.g.,
[5,14]), in software testing (see, for instance, [23]), just to name some.

Since the time of the general theory foundation in the 60s—early seventies the major
part of new results dealt with optimal stopping of independent random variables and Markov
chains and processes. Along with the main dynamic programming method some alternative
approaches were proposed, for example, the linear programming technique (see, e.g., recent
works [8,17]). In the Markov case the problem of optimal stopping was embedded in a general
context of controllable Markov chains (see, e.g., [16,30,31]). Concerning optimal stopping in
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the non-Markovian case there were some new results dealing with some particular classes
of processes (see, e.g., [1,2,20]).

In the present paper, we consider the following discrete-time optimal stopping problem.
Let X1,X2, . . . , Xn, . . . be a general discrete-time stochastic process with a measurable state
space (X,X ). It is supposed that X1,X2, . . . are observed on the one-by-one basis getting
successively the data x1, x2, . . . (values of X1,X2, . . . ). At each stage n, n = 1, 2, . . . , after
the data x1, . . . , xn have been observed, we may stop, and if we stop, we acquire a reward
Rn(x1, . . . , xn) ≥ 0. If we do not stop, we have to pay cn(x1, . . . , xn) ≥ 0 as a maintenance
fee and keep observing for Xn+1,Xn+2, . . . in order to stop at a later time.

In Section 2, we introduce some natural classes F of almost surely finite stopping
times τ (in general, randomized). The functional to be maximized is

G(τ) := E[Rτ (X1, . . . , Xτ ) −
τ−1∑
n=1

cn(X1, . . . , Xn)]. (1)

A stopping time τ∗ is optimal in F if

G(τ∗) = G∗ := sup
τ∈F

G(τ). (2)

One goal of the first part of the paper is the characterization of the structure of all optimal
stopping times in any class F satisfying Assumption 1 (see Section 2). To achieve this
goal we propose a new simple and direct method of “upper bounds” for stopping time
optimization (in some situations equivalent to the corresponding dynamic programming
technique). In comparison with the approach used in [6], Ch. 4, we do not exploit essential
supremums over “future stopping”, but make use of the direct approximation of the infinite
horizon optimization problem by means of the corresponding problems with finite time
intervals. Such method allows to prove not only sufficient but also necessary conditions of
optimality in F and (under additional restrictions on the functions Rn, cn) in wider classes
F0, F1, where F0 consists of all almost surely finite stopping times. Along with “dynamic
programming arguments” our optimality conditions involve certain “tail conditions” (known
in the Markov case as “equalizing property”; see, e.g., [16]). To prove our results we impose
certain boundedness conditions on {Rn, n ≥ 1}, which are rather standard, but, for example,
the assumption (14) in Section 2 is less restrictive than the related conditions in Theorems
4.4 and 4.5 in [6]. Note that sufficient conditions of optimality given in Theorems 2 and 3
of Section 2 are in some way distinct from their counterparts in [6].

A potential advantage of the method used in this paper is the fact that it makes feasible
to aggregate any policies of control of X1,X2, . . . which operate before a stopping time τ .
In the paper [25], such scheme was realized for independent X1,X2, . . . . However, it is easy
to see that the independence conditions is not essential for the main results of [25].

There is another known approach to the treatment of optimal stopping problems: enlarg-
ing the state space including in it all “histories” of the process under consideration. This
allows one to reduce the problem to the Markovian case (see a discussion on this topic, for
instance, in [32]). For some control problems this method was used in a number of engineer-
ing papers related to artificial intelligence (see, for instance, [4], [34]). These papers offer
some heuristic procedures of optimizations without mathematical justification of their opti-
mality. For a general random sequence X1,X2, . . . , the above-mentioned enlarging of a state
space leads to a non-homogeneous Markov chain on a complicated space. There is little hope
to take advantage of the existing theory of Markov decision processes in an effective way
(which in the case of infinite horizon mostly operates with homogeneous processes; see, e.g.,
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[15], [11] for non-homogeneous controllable Markov sequences, where strong assumptions
on “reward-cost” are made to handle infinite horizon optimization problems).

In Section 3, we deal with quantitative estimation of “stability” (continuity) of the
stopping time optimization for a Markov chain X0,X1, . . . with a transition probability p.
Such estimations are useful in many applied control problems, where either p is unknown and
it is approximated by en available statistical estimate p̃, or when the transition probability
p is replaced by some “theoretical approximation” p̃, to obtain a chain with a simpler
structure (see, e.g., [20]). In our setting, it is supposed that the available “stopping rule”
corresponding to the stopping time τ̃∗ optimal for the chain with the transition probability
p̃ is applied to the “original” chain governed by p. Under certain “drift conditions” we prove
the following inequality (see (1) and (2)):

0 ≤ Δ := G∗ −G(τ̃∗) ≤ K sup
x∈X

||p(·|x) − p̃(·|x)||, (3)

where || · || is the total variation norm.
To support the usage of the drift conditions given in Assumption 3 we offer a coun-

terexample where the right-hand side of (3) tends to zero, but “the stability index” Δ on
the left-hand side of (3) is infinite. We also present two examples showing how to bound
||p(·|x) − p̃(·|x)||, when p̃ is a certain statistical estimator of p, and how inequality (3) works
in one queuing model.

For geometrically ergodic Markov chains, a different bound for Δ was found in [37].
Some relevant results (without any quantitative estimation) on approximation for optimal
stopping problem can be found in [20,22].

It is worth noting that the method developed in Section 2 has been applied (for par-
ticular processes) to solving several general problems in statistical sequential analysis (see
[26–28]). Further possible applications of our results could appear in models of statistical
sequential analysis with dependent observations, in detecting changes in non-Markovian
discrete-time processes, and in some models of risk theory.

2. CHARACTERIZATIONS OF OPTIMAL STOPPING RULES

2.1. Basic Assumptions and Notation

We work in this Section with stopping rules rather than stopping times, which facilitates
the task of characterizing the optimality we pursue.

A (randomized) stopping rule ψ is a family of functions (ψ1, ψ2, . . . , ψn, . . . ) with ψn :
Xn �→ [0, 1] measurable with respect to the n-fold product X n of the σ-algebra X by itself,
n = 1, 2, . . . . Any ψn(x1, . . . , xn) is interpreted as the conditional probability to stop, given
that the process came to stage n, and that the data observed were x1, x2, . . . , xn. In a usual
way, every stopping rule ψ generates a (randomized) stopping time τψ, with respect to the
sequence of σ-algebras σ(X1, . . . , Xn), n = 1, 2, . . . .

Let us also suppose that the functions of maintenance cost cn : Xn �→ R
+ and of the final

reward Rn : Xn �→ R
+ are measurable with respect to X n and such that Ecn(X1, . . . , Xn) <

∞ and ERn(X1, . . . , Xn) <∞, for all n = 1, 2 . . . .
We denote: Cn(x1, . . . , xn) =

∑n−1
i=1 ci(x1, . . . , xi) (C1(x1) ≡ 0, by definition).

For any stopping rule ψ let

tψn = tψn(x1, . . . , xn) := (1 − ψ1(x1)) . . . (1 − ψn−1(x1, . . . , xn−1)),

and
sψn = sψn(x1, . . . , xn) := tψn(x1, . . . , xn)ψn(x1, . . . , xn),
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n = 1, 2, . . . (by definition, tψ1 = 1). Then, obviously, for all n = 1, 2, . . .

P (τψ = n) = Esψn , P (τψ ≥ n) = Etψn . (4)

We interpret sn and tn as sn(X1, . . . , Xn) and tn(X1, . . . , Xn), respectively, when under
the expectation (or probability) sign (as in (4)). So do we with any function of observations
Fn, supposing throughout the paper that Fn stands for Fn(X1, . . . , Xn), if Fn is under the
probability or the expectation sign, and for Fn(x1, . . . , xn), otherwise.

Let F0 be the set of the stopping rules ψ which stop with probability one, i.e., such
that

P (τψ <∞) =
∞∑
n=1

Esψn = 1.

For any stopping rule ψ, we define the expected reward and the expected cost C̄(ψ)
from using ψ as

R̄(ψ) :=
∞∑
n=1

EsψnRn and C̄(ψ) :=
∞∑
n=1

EsψnCn,

respectively.
The conditions we impose below on stopping rules guarantee that either R̄(ψ) or C̄(ψ)

is finite for all ψ ∈ F . Naturally, in such a case the mean net gain from using ψ is defined as

G(ψ) = R̄(ψ) − C̄(ψ) = G(ψ) =
∞∑
n=1

Esψn(Rn − Cn),

which is a generalization of (1) to the class of randomized stopping rules we consider here.

2.2. The Structure of Optimal Finite-Horizon Stopping Rules

In this Section, we briefly revisit the classical “backward induction” case of optimal stopping
(see [6], for example). Largely, this is the result of Theorem 3.2 in [6], but complemented
with the necessity of the structure of optimal rules. This case will serve as the basis for the
general infinite-horizon problem in Section 2.3 below.

Let N be any natural number, and let FN be the class of (finite-horizon) stopping
rules ψ such that

(1 − ψ1)(1 − ψ2) · · · (1 − ψN ) ≡ 1.

Let

GN (ψ) := G(ψ) =
N∑
n=1

Esψn(Rn − Cn), ψ ∈ FN . (5)

Let us define the family of functions V Nn = V Nn (x1, . . . , xn), (x1, . . . , xn) ∈ Xn,
n = 1, 2, . . . , N in the following way (“backward induction”):

Start with
V NN := RN (X1, . . . , XN ). (6)

Then, for n = N − 1, . . . , 2, 1, define recursively

V Nn := max{Rn(X1, . . . , Xn), QNn − cn(X1, . . . , Xn)}, (7)

where
QNn := E{V Nn+1|X1, . . . , Xn}, (8)

for n = N − 1, . . . , 1, and QN0 = EV N1 (X1).
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The following assertion is essentially Theorem 3.2 in [6] complemented with the
necessity part.

Theorem 1: For all ψ ∈ FN

GN (ψ) ≤ QN0 . (9)

If there is an equality in (9) for some ψ ∈ FN, then

I{Rn>QN
n −cn} ≤ ψn(X1, . . . , Xn) ≤ I{Rn≥QN

n −cn} (10)

almost surely on

Tψn := {tψn(X1, . . . , Xn) > 0}
for all n = 1, 2, . . . , N − 1.

If ψ = (ψ1, . . . , ψN ) is such that (10) (almost surely) holds on Tψn for all n =
1, 2, . . . , N − 1, and ψN ≡ 1, then GN (ψ) = QN0 .

The proof of Theorem 1 can be found in Section A.1 of the Appendix.
By Theorem 1,

QN0 = sup
ψ∈FN

G(ψ),

and ψ ∈ FN is optimal if and only if it satisfies (10). The optimality of the non-randomized
rule with ψn(X1, . . . , Xn) = I{Rn≥QN

n −cn}, n = 1, 2, . . . , N − 1 (a particular case of (10))
also follows Theorem 3.2 [6].

2.3. General Stopping Rules

In this section, we treat the case of general stopping times τ ∈ {1, 2, . . . }. Unlike the gen-
eral case in [6], we prefer not to use the “dynamic programming” approach based on the
essential supremums of the conditional mean gain from “acting optimally in the future” (see
the definition of γn in (4.2′) [6]), but directly deal with the limits of V Nn (N → ∞) from
the preceding section (this corresponds to γ′n in [6], Chapter 4). This makes the problem
of characterizing the structure of optimal stopping rules especially clear and easy (almost
as simple as the backward induction in the preceding Section—see the proof of Theorem 2
below). Thus, we prefer to work with stopping times we call “truncatable” (this means that
the mean net gain of the truncated, at time N , stopping time is close enough to that of the
non-truncated one, whenever N is large). This idea has been largely exploited in some prob-
lems of statistical sequential analysis for discrete-time stochastic processes (see, e.g., [26],
[27] or [28]), and corresponds to the very usual procedure of “finite-horizon” approximation
in sequential analysis (see, e.g., [3,9,10], among many others). In particular, below in this
section we show that, under rather general assumptions about the cost structure (suitable
for statistical applications) every finite stopping time is truncatable.

Let for any stopping rule ψ

GN (ψ) :=
N−1∑
n=1

Esψn(Rn − Cn) +Etψn(RN − CN ).

It is easy to see that GN (ψ) (see (5)) coincides with G(ψN ), where ψN =
(ψ1, . . . , ψN−1, 1, . . . ) is the rule ψ truncated at time N .
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Because ψN has finite horizon N , we can use the result of the preceding section; in
particular, the inequality (9) is valid. The idea of what follows is to pass to the limit, as
N → ∞, in (9) in order to get some upper bound for G(ψ).

Let us start with the behavior of V Nn in (7), as N → ∞, n = 1, 2, . . . .
It is easy to see that for all N ≥ n, n = 1, 2, . . . , V Nn ≤ V N+1

n with probability 1 (see,
e.g., the proof of Lemma 3.3 [27] ). It follows from this that with probability 1 there exists
Vn = limN→∞ V Nn , n = 1, 2, . . . .

By the Lebesgue monotone convergence theorem we immediately have that the right-
hand side of (9) converges to Q0 = EV1(X1) (see the definition of QN0 next to (8)).

In the same way, with probability 1

Qn = lim
N→∞

QNn = E{Vn+1|X1, . . . , Xn}.

Let F0 be the class of all stopping rules ψ such that P (τψ <∞) = 1. We only work
with classes F ⊂ F0 of stopping rules (we call truncatable) which satisfy the following
assumption.

Assumption 1:

1. For all ψ ∈ F , G(ψ) is well-defined (in the sense that either R̄(ψ) or C̄(ψ) is finite),
2. For all natural N , FN ⊂ F .
3. For every ψ ∈ F such that G(ψ) > −∞ it holds that limN→∞GN (ψ) = G(ψ).

The classes satisfying Assumption 1 do exist, for example, the class
⋃
N≥1 FN of all

finite-horizon rules obviously satisfies it. Below in this section, under more specific condi-
tions, we give less trivial (and more interesting from the theoretical and practical points of
view) examples of F satisfying Assumption 1.

Lemma 1: For any class F satisfying Assumption 1

sup
ψ∈F

G(ψ) = Q0.

The proof of Lemma 1 is almost identical to that of Lemma 3.5 in [27].
Our first main theorem below gives a necessary and sufficient structure of optimal

stopping rules in any class F satisfying Assumption 1.

Theorem 2: Suppose that Q0 <∞ and that F ⊂ F0 is a class of stopping rules for which
Assumption 1 is fulfilled.

If ψ ∈ F is optimal in F , that is, if

G(ψ) = sup
ψ′∈F

G(ψ′), (11)

then
I{Rn>Qn−cn} ≤ ψn ≤ I{Rn≥Qn−cn} (12)

almost surely on Tψn for all n = 1,2,. . . , and

Etψn(Vn −Rn) → 0, as n→ ∞. (13)

On the other hand, if a stopping rule ψ ∈ F satisfies (12) (almost surely on Tψn ) for
all n=1,2, . . . , and satisfies (13), then it is optimal in F .
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We place the proof of Theorem 2 in Section A.2 of the Appendix.
The aim of what follows in this section is to give examples of applications of Theorem

2 to some explicitly defined classes F .
If the family {Rn, n ≥ 1}, is uniformly integrable, the following class F1 of stopping

rules can be used as F in Theorem 2:

F1 := {ψ ∈ F0 : R̄(ψ) <∞}.

Lemma 2: If the sequence {Rn, n ≥ 1} is such that

sup
n≥1

ERnI{Rn≥k} → 0, as k → ∞, (14)

then for the class F1 Assumption 1 is fulfilled.

(See Section A.3 of the Appendix for the proof.)
In the particular case when E supn≥1Rn <∞, the whole class F0 of all stopping rules,

which terminate with probability 1 satisfies Assumption 1.

Lemma 3: If
E sup
n≥1

Rn <∞, (15)

then for the class F0 = {ψ : P (τψ <∞) = 1} Assumption 1 is fulfilled.

Proof: It follows from Lemma 2 that the class {ψ : P (τψ <∞) = 1, R̄(ψ) <∞} satis-
fies Assumption 1. But under the supposition of (15) we have: R̄(ψ) =

∑∞
n=1Es

ψ
nRn ≤

E supn≥1Rn <∞, therefore F1 = F0 in this particular case. �

Under the condition of Lemma 3 there are some weaker sufficient conditions for the
optimality in F0.

Theorem 3: Suppose that (15) is fulfilled.
Then ψ ∈ F0 is optimal in F0, i.e.

G(ψ) = sup
ψ′∈F0

G(ψ′),

if and only of for the stopping rule ψ the inequalities (12) hold (almost surely on Tψn ) for
all n = 1, 2, . . . .

Suppose, additionally to (15), that {Cn, n ≥ 1}, is such that for every k > 0

P (Cn(X1, . . . , Xn) < k) → 0 as n→ ∞.

Then every ψ for which (12) holds (almost surely on Tψn ) for all n = 1, 2, . . . belongs to
F0 and is optimal in F0.

The proof of Theorem 3 can be found in Section A.4 of the Appendix.

Remark 1: Under the conditions of Theorem 3, if a stopping rule ψ satisfying (12) generates
a finite stopping time τψ, then this rule is optimal. The optimality of a non-randomized τψ
(corresponding to ψn = I{Rn≥Qn−cn}, n = 1, 2, . . . , cf. (12)) under the condition of finiteness
of τψ can be derived from Theorems 4.4 and 4.5 in [6] under these conditions.
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Remark 2: The method we use in this paper (it may be called the “method of upper
bounds”, see Theorems 1 and 2 and their proofs, especially Lemma 4 in the Appendix)
can be applied to much more general problems than those considered here. For example, in
[25] essentially the same method was used for a sequential statistical problem with control.
It is not difficult to see that it can be generalized to finding optimal stopping and control
policies in problems similar to those considered here, but with the control involved.

3. MARKOV CASE: STABILITY ESTIMATING

Let now {Xn} ≡ {Xn, n = 0, 1, . . . } and {X̃n} ≡ {X̃n, n = 0, 1, . . . } be two homogeneous
discrete-time Markov processes on a common state space X, with corresponding transition
probabilities p ≡ p(B|x) and p̃ ≡ p̃(B|x), x ∈ X, B ∈ B(X). We assume that X is either a
Borel subset of a finite-dimensional Euclidean space or some subset of {0, 1, 2, . . . }, and
that B(X) is the Borel σ-algebra of subsets of X.

In our stability (“continuity”) estimating setting it is supposed that one aims to figure
(or to approximate) the stopping rule ψ∗ optimal for the “original” process {Xn} when
its transition probability p is (at least partly) unknown, and it is approximated by some
available (known) transition probability p̃ (for instance, obtained by means of statistical
estimation). Also this includes the situations where the known p is replaced by certain p̃
in order to get a Markov chain with a simpler structure (making easier the stopping rule
optimization).

We suppose that the stopping rule ψ̃∗ optimal for {X̃n} is applied to the process {Xn}
(in place of the inaccessible stopping rule ψ∗). Theorem 4 given below provides an upper
bound for the decrease of the mean gain when replacing ψ∗ by ψ̃∗.

In this section, we assume that the reward and cost functions Rn(x1, . . . , xn) ≡ R(xn),
cn(x1, . . . , xn) ≡ c(xn) are bounded and that they depend only on the last stage of the
process (and do not depend on n).

For each initial state x ∈ X of the process let as before G(x, ψ) be the mean net gain
obtained applying to {Xn} a non-randomized stopping rule ψ ∈ F0 (with a finite stopping
time). Similarly (using the same R and c), the mean net gain G̃(x, ψ) is defined for the
process {X̃n}. It is well-known (see, e.g., [16,30–32]) that (particularly under the assumption
given below) the corresponding value functions:

G∗(x) := sup
ψ∈F0

G(x, ψ), G̃∗(x) := sup
ψ∈F̃0

G̃(x, ψ), x ∈ X

(F̃0 includes rules generating almost surely finite for {X̃n} stopping times) satisfy the
optimality equations:

G∗(x) = max
{
R(x),

∫
X

G∗(y)p(dy|x) − c(x)
}
, x ∈ X, (16)

(and the similar equation with p̃ for G̃∗).
If we define S := {x ∈ X : R(x) = G∗(x)} and S̃ := {x ∈ X : R(x) = G̃∗(x)} then an

optimal rule ψ∗ consists in stopping on the first entrance of the process {Xn} in S (respec-
tively, on the first entrance of {X̃n} in S̃ for the optimal rule ψ̃∗). On the other hand, the
application of the rule ψ̃∗ to the “original” process {Xn} means stopping {Xn} on the first
entrance in S̃. In the last case, the mean gain G(x, ψ̃∗) is obtained.
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The stability index Δ is defined as follows (see, e.g., [12,13]):

Δ(x) := G∗(x) −G(x, ψ̃∗) ≡ G(x, ψ∗) −G(x, ψ̃∗) ≥ 0, x ∈ X. (17)

The index Δ measures the decrease of the average gain (in comparison with the maximal
value G∗) when one applies the stopping rule ψ̃∗ (optimal for {X̃n}) to the “original” process
{Xn}.

Let
d(p, p̃) := sup

x∈X
||p(·|x) − p̃(·|x)||, (18)

where ||ν − ν̃|| is the total variation norm of the signed measure ν − ν̃.
We refer to the stopping optimization problem as stable if

Δ(x) → 0 as d(p, p̃) → 0, for all x ∈ X.

First, we give an example of an unstable problem.

Example 3.1: Let X = {0, 1, 2, . . . } and ε ∈ (0, 1) be arbitrary but fixed, and let the transi-
tion probability matrices p = (pi,k), p̃ = (p̃i,k) (for {Xn} and {X̃n}, respectively) be defined
as follows:

p0,0 = 1; pi,i−1 = 1 for i ≥ 2;

p1,0 = 1 − ε; p1,k = ε

(
π2

6
− 1

)−1 1
k2
, k = 2, 3, . . . ;

p̃0,0 = 1; p̃i,i−1 = 1 for i ≥ 1.

Let the initial state x = 1, c(i) = 1, i = 0, 1, 2, . . . ; R(0) = 2 and R(i) = 0 for i ≥ 1.
It is evident that the optimal for {X̃n} stopping rule ψ̃∗ is to stop entering into S̃ = {0},

and that G̃(ψ̃∗) = 1. Applying this rule to {Xn} we get: G(ψ̃∗) = −∞ since Eτ = ∞ for
τ being the time of the first entrance of {Xn} to {0}. Thus, for every ε ∈ (0, 1) in (17)
Δ := Δ(1) = ∞. In the same time, it is easy to check for this example (see (18)) that

d(p, p̃) =
1
2

∞∑
k=0

|p1,k − p̃1,k| = ε→ 0 as ε→ 0.

Remark 3: It is clear that the reason behind the instability in this example is that the
process {Xn} reaches the set S̃ = {0} for an infinite, in average, time. We can easily modify
this example providing entrance times to {0} with finite mean. Indeed, we can choose p1,k =
εp1,k(ε), k ≥ 2 in such a way that 3 ≤ Eτ̃ <∞. Then Δ = Δ(ε) ≥ 1 , for all ε ∈ (0, 1).
(It is even possible to make Δ(ε) → ∞ as ε→ 0 keeping Eτ <∞.)

The above arguments suggest that to prove “stability” we need some upper bounds on
certain power moments of entrance time into corresponding “stopping sets”.

For random variables ξ and τ with values in {0, 1, 2, . . . } we write: τ ≺ ξ (τ is less
than ξ in distribution) if

P (τ > k) ≤ P (ξ > k) for k = 0, 1, 2, . . . .

For a measurable subset M ⊂ X we define the following entrance times:

τMY := inf{n > 0 : Yn ∈M}, (19)

where Y = {Yn} ∈
{
{Xn}, {X̃n}

}
≡ {X, X̃}.
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Assumption 2: Suppose that a pair of measurable subsets Q, Q̃ ⊂ X can be chosen in such
a way that they satisfy Assumption 3 below, and that

τSX ≺ τQX ; τ S̃X ≺ τ Q̃X ; τS
X̃

≺ τQ
X̃

; τ S̃
X̃

≺ τ Q̃
X̃
.

The next assumption involves so-called “drift conditions” (expressed in terms of the
“stochastic Lyapunov function”). Such sort of conditions is widely used in the theory of
Markov processes (see, e.g., [21]). We borrow the drift conditions that provide “accessibility”
from [19], Ch. 5. The functions and constants implicated in Assumption 3 below can be
explicitly calculated for many specific (applied) Markov chains (see [19,21] and Example
3.3 below).

Assumption 3: There exists a measurable function V : X → R
+, numbers s > 1, κ >

0, l <∞ such that:

(a) supx∈Q V (x) <∞.

(b) supx∈XE|V (X1|X0 = x) − V (x)|s ≤ l.

(c) supx	∈QE[V (X1|X0 = x) − V (x)] ≤ −κ.

(d) The conditions (a)–(c) hold for the process {X̃n} (with the same s, but possibly

different Ṽ , κ̃, l̃).

(e) The same conditions are satisfied for both processes {Xn} and {X̃n} if we replaceQ by

Q̃ in (a)–(d) (with the same exponent s > 1, but possibly different other parameters).

Suppose that for Markov chains {Xn} and {X̃n} the same initial state x = x0 �∈ Q ∪ Q̃
is fixed.

Theorem 4: Let Assumptions 2 and 3 hold. Then

Δ(x0) ≤ K(x0) [d(p, p̃)]
s−1
s+1 , (20)

where the distance d is defined in (18), and K(x0) is an explicitly calculated constant.

As one can see from the proof of (20), the constant K(x0) is completely determined by
x0, by b := max{supx∈XR(x), supx∈X c(x)} and by the quantities involved in Assumption 3.

Not to make formulas too cumbersome we give the expression for K(x0) only in the
special case when in Assumptions 2, 3 Q = Q̃, and the “test function” V and constants κ, l
are the same for both processes {Xn} and {X̃n} (see Example 3.3 for such a case). Let

αs =
[

2s

sκ

(
1 +

(
2
κ

)s
l

)] 1
s−1

for 1 < s ≤ 2, (21)

αs = max

{
1,

2s−3(s− 1)
κ

[(
2
κ

)2

l
2
s + 2s

(
1 +

(
2
κ

)s
l

)
− 1

]}
, for s > 2. (22)

Then in (20)

K(x0) = 4b
[
4 +

(
αs +

2V (x0)
κ

)s]
. (23)
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Remark 4: It can be shown that inequality (20) holds true (with a constant different from
K(x0)) if we replace the boundedness of the maintenance cost c with the condition: c(x) ≥
α > 0, x ∈ X.

Concerning possible applications of the “stability inequality” (20), a natural questions
arises: “How can one know (or estimate) the distance d(p, p̃) in (20)? We can give a sound
answer at least in two important cases. Number one. In some applied model, the transition
probability p can be known, but it leads to optimality equation (16), which is beyond the
hope to be solved. A possible way to get around (i.e., to approximate ψ∗) is to replace p
with some transition probability p̃ with a simpler structure. Such approach was realized,
for instance, in the paper [20].

Number two. An upper bound of d(p, p̃) can be frequently found when p̃ is certain
statistical estimation of the unknown transition probability p. We offer only the simplest
example to illustrate this point.

Example 3.2: Suppose that X is some measurable subset of R and that

Xn = F (Xn−1, ξn),

n = 1, 2, . . . , and ξ1, ξ2, . . . are i.i.d. random variables with an unknown density f .

Supposing that ξ1, ξ2, . . . are observable, let f̃m be a kernel-type statistical estimation of
f based on a sample ξ1, . . . , ξm, m = 1, 2, . . . (see, e.g., [7]). The according “approximating
process” is X̃n = F (X̃n−1, ξ̃n), n = 1, 2, . . . , where ξ̃1, ξ̃2, . . . are i.i.d. random variables with
the density f̃m. Under certain restrictions (for instance, assuming that ∂

∂sF (x, s) > 0 for all
x, s ∈ R) we obtain for d(p, p̃) in (18) the following expression:

d(p, p̃) = sup
x∈R

∫ ∞

−∞
|fF (x,ξ)(t) − fF (x,ξ̃)(t)|dt =

∫ ∞

−∞
|f(t) − f̃m(t)|dt. (24)

If it is known (or supposed) that the unknown density f belongs to a certain class
(for instance, with integrable second derivatives and “fast enough” vanishing tails) then the
estimators f̃m in (24) can be constructed in such a manner that (see, e.g., [7])

E

∫ ∞

−∞
|f(t) − f̃m(t)|dt ≤ Bm−γ , m = 1, 2, . . . ,

where the constants B <∞ and γ > 0 depend only on the characteristics of the considered
class of densities.

Consequently, from (20) we get:

EΔ(x0) ≤ K(x0)B
s−1
s+1m−γ s−1

s+1 , m = 1, 2, . . . .

Finally, we examine an example of stopping an applied Markov process for which the
constant K(x0) in (20) can be written in terms of simple parameters of the processes.

Example 3.3: Consider the Markov chain {Xn} on X = {0, 1, 2, . . . }, where Xn represents
the number of customers occupying the Mλ|GI| 1 |∞ queuing system just after the depar-
ture of the nth customer. In this model the input flow is a Poisson process with parameter λ,
and successive service times η1, η2, . . . are nonnegative i.i.d. random variables with a com-
mon distribution function F . The transition probabilities pik, i, k ∈ X are easily calculated
in terms of λ and F .
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Suppose that the parameter λ is known, but F is not, and the latter is approximated
by an admissible distribution function F̃ (for instance, obtained from statistical estimates).
The i.i.d. random variables with the distribution function F̃ we denote by η̃1, η̃2, . . . . Thus
the chain {Xn} is approximated by a Markov chain {X̃n} with the transition probabilities
p̃ik calculated using λ and F̃ .

Along with the boundedness of R and c we assume the following:

(a) the distribution functions F , F̃ have densities f and f̃ ;
(b) there are s > 1 and constants h, h̃ <∞ and γ, γ̃ < 1 such that

λ Eη1 ≤ γ, λ Eη̃1 ≤ γ̃, Eηs
1
≤ h, Eη̃s

1
≤ h̃; (25)

(c) there is an integer L ≥ 0, such that R(k) = 0 for k > L, and infk≥0 c(k) > 0;
(d) the initial state x0 > L;

(e) supψ G(x0, ψ) > 0, supψ G̃(x0, ψ) > 0.

Condition (c) implies the existence of optimal stopping rules for {Xn} and {X̃n}. Moreover
by (c) and (e) we can state that S, S̃ ⊂ [0, L], where S and S̃ are the corresponding “optimal
stopping sets”.

As it was shown in [19], Section 5.3, conditions (25) yield the fulfillment of Assumption 3
for Q = Q̃ = {0} with V (k) = k, k = 0, 1, 2, . . . . Assumption 2 also holds true. (Passing
from x0 to 0 the chains can not avoid any state x0 − 1, x2 − 2, . . . , 1 and so the stopping
sets S, S̃.) Therefore, we can apply inequality (20), where by simple calculations we get that

d(p, p) =
1
2

sup
i≥0

∞∑
k=0

|pi,k − p̃i,k| ≤ 1
2

∫ ∞

0

|f(t) − f̃(t)|dt.

Finally,

Δ ≤ K(x0) 2
s+1
s−1

[∫ ∞

0

|f(t) − f̃(t)|dt
] s−1

s+1

.

Remark 5: Assuming additionally (for the sake of simplicity) that γ = γ̃, h = h̃, and that,

for example, s = 2, we can show that K(x0) = 4b
{

4 +
[

2
1−γ (1 + 4

(1−γ)2h) + 2x0
1−γ

]2
}
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APPENDIX A. PROOFS OF THE MAIN RESULTS OF SECTION 2

A.1 Proof of Theorem 1

The proof is based on the simple lemma below which is essentially a reformulation of Lemma A.2
in [29].

For any random variable v with E|v| <∞ let us define:

Bkv = E{v|X1, . . . , Xk}.

Let also

Dkv = max{Rk, Bkv − ck}.

Lemma 4: Let v be any random variable such that E|v| <∞. Then

Esψk (Rk − Ck) + Etψk+1(v − Ck+1) ≤ Etψk (Dkv − Ck), (A.1)

where E|Dkv| <∞.
There is an equality in (A.1) if and only if

I{Rk>Bkv−ck} ≤ ψk(X1, . . . , Xk) ≤ I{Rk≥Bkv−ck}

with probability one on Tψk = {tψk (X1, . . . , Xk) > 0}.

Let now for any natural 1 ≤ n ≤ N

G̃Nn (ψ) =

n−1∑
i=1

Esψi (Ri − Ci) + Etψn (V Nn − Cn). (A.2)

It is easy to see that GN (ψ) = G̃NN (see (6)) and that G̃N1 (ψ) = QN0 (see (8)). Applying Lemma 4

initially to v ≡ V NN we have

GN (ψ) ≤
N−2∑
n=1

Esψn (Rn − Cn) + EtψN (V NN−1 − CN−1) = G̃NN−1, (A.3)

where the equality is attained if and only if

I{RN−1>QN
N−1−cN−1} ≤ ψN−1(X1, . . . , XN−1) ≤ I{RN−1≥QN

N−1−cN−1fN−1}

with probability one.
Starting from (A.3), it is easy to see by induction, using Lemma 4 again, that for all n =

N − 1, . . . , 1

G̃Nn+1(ψ) ≤ G̃Nn (ψ) (A.4)

with an equality if and only if

I{Rn>QN
n −cn} ≤ ψn(X1, . . . , Xn) ≤ I{Rn≥QN

n −cn} (A.5)

μn-almost everywhere on Tψn . Thus, we have, in particular,

GN (ψ) = G̃NN (ψ) ≤ G̃N1 (ψ) = QN0

with an equality if and only if (A.5) holds with probability one on Tψn for all n = N − 1, . . . , 1.
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A.2. Proof of Theorem 2

Let for any ψ ∈ F

G̃n(ψ) =

n−1∑
i=1

Esψi (Ri − Ci) + Etψn (Vn − Cn).

Passing to the limit, as N → ∞, on both sides of (A.4), we have

G̃n+1(ψ) ≤ G̃n(ψ), (A.6)

and passing to the limit, as N → ∞, in (7), we obtain

Vn = max{Rn, Qn − cn},

where Qn = limN→∞QNn satisfies the equation

Qn = E{Vn+1|X1, . . . , Xn},

n = 0, 1, 2, . . . . Obviously, G̃1(ψ) = Q0, so it follows from (A.6) that for all natural n

G(ψ) ≤ G̃n(ψ) ≤ G̃n−1(ψ) ≤ . . . G̃1(ψ) = Q0. (A.7)

Let us suppose that there exists some stopping rule ψ ∈ F such that G(ψ) = Q0 <∞. Then
there are equalities in all of the inequalities in (A.7).

Taking into account the necessary condition in Lemma 4, we see that it is only possible when

I{Rn>Qn−cn} ≤ ψn ≤ I{Rn≥Qn−cn} (A.8)

almost surely on Tψn , for all natural n. In addition, we have that for all natural n

G̃n(ψ) =

n−1∑
i=1

Esψi (Ri − Ci) + Etψn (Vn − Cn) = Q0. (A.9)

Because, by supposition, ψ ∈ F , it follows that Gn(ψ) → G(ψ) = Q0, as n→ ∞, thus (13) follows
from (A.9).

On the other hand, suppose now that a stopping rule ψ ∈ F satisfies (A.8) almost surely on

Tψn , for all natural n, and that (13) holds.
Then, by Lemma 4, there are equalities in all of the inequalities (A.7) except, probably, for

the first one. In particular, we have that (A.9) holds for all natural n. Then, it follows from (A.9)
and (13) that Gn(ψ) → Q0, as n→ ∞. Because, by supposition, ψ ∈ F , we have that G(ψ) =
limn→∞Gn(ψ) = Q0, or

G(ψ) = sup
ψ′∈F

G(ψ′).

A.3. Proof of Lemma 2

Let us suppose that (14) is satisfied. Then for all ψ ∈ F1 G(ψ) is well-defined, because, by definition,
R̄(ψ) <∞. Thus, property 1 of Assumption 1 is satisfied. Properties 2 and 3 of Assumption 1 are
also satisfied by the definition of F1.

Let us prove that for ψ ∈ F1 property 4 of Assumption 1 holds.
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Let ψ ∈ F1 be such that G(ψ) > −∞. It follows that C̄(ψ) <∞, thus,

∞∑
n=N

EsψnCn → 0, as N → ∞. (A.10)

Because Cn(x1, . . . , xn) ≥ CN (x1, . . . , xN ) for all (x1, . . . , xn) ∈ Xn, (x1, . . . , xN ) ∈ XN for all n ≥
N , it follows from (A.10) that

∞∑
n=N

EsψnCN = EtψNCN → 0 as N → ∞. (A.11)

On the other hand,
∞∑
n=N

EsψnRn → 0, (A.12)

as N → ∞, because R̄(ψ) =
∑∞
n=1Es

ψ
nRn <∞ by the definition of F1.

We have now

G(ψ) −GN (ψ) =

∞∑
n=N

EsψnRn −
∞∑
n=N

EsψnCn − EtψNRN + EtψNCN ,

where the first two summands tend to 0 as N → ∞ by virtue of (A.10) and (A.12), the last one

tends to 0 by (A.11), and so does the third summand, because tψNRN is uniformly integrable (due

to tψN ≤ 1), and it tends to 0 in probability (because EtψN = P (τψ ≥ N) → 0, due to the fact that

ψ ∈ F1), so EtψNRN → 0 as N → ∞.

A.4. Proof of Theorem 3

Let R∗
N = sup1≤n≤N Rn(X1, . . . , Xn) and R∗ = supN≥1R

∗
N .

First of all, it is easy to see, by induction, that under the conditions of the Theorem V Nn ≤
E{R∗

N |X1, . . . , Xn} with probability 1, for all n ≤ N , for all natural N (see the definitions in (6),
(7) and (8)). Thus,

Vn ≤ E{R∗|X1, . . . , Xn},
with probability 1 for all natural n. Because of this, for every ψ such that P (τψ <∞) = 1

EtψnVn ≤ EtψnR
∗ → 0 (A.13)

as n→ ∞ (because ER∗ <∞ and Etψn → 0 as n→ ∞). Analogously,

EtψnRn → 0 (A.14)

as n→ ∞. It follows from (A.13) and (A.14) that (13) is satisfied, thus, by Theorem 2, (11) holds.
Let us suppose now, additionally, that (3) holds and let ψ satisfy (12). Again, we can use

(A.9), which is valid for all natural n. Because
∑n−1
i=1 Esψi Ri + EtψnRn ≤ ER∗ = M <∞, and (see

(A.13) and (A.14)) Etψn (Vn −Rn) → 0 as n→ ∞, it follows from (A.9), in particular, that the last
summand in (A.9)

EtψnCn ≤M −Q0 + 1

for all sufficiently large n.
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Let us prove that limn→∞ Etψn = 0. Suppose the contrary, i.e., that Etψn → ε > 0 as n→ ∞.
Let k > 0 be any real number. Then

M −Q0 + 1 ≥ EtψnCn = EtψnCnI{Cn≥k} + EtψnCnI{Cn<k} ≥ kEtψnI{Cn≥k}

≥ k(Etψn − P (Cn < k)) ≥ k(ε− P (Cn < k)) ≥ kε/2

if n is sufficiently large, by (3). This implies that k ≤ 2(M −Q0 + 1)/ε, which is a contradiction,
because k is arbitrarily large.

Thus, we showed that limn→∞ Etψn = limn→∞ P (τψ ≥ n) = P (τψ = ∞) = 0, that is, P (τψ <
∞) = 1. The rest follows from the already proved part of the theorem.

APPENDIX B. PROOF OF THEOREM 4

In a standard manner, we introduce auxiliary Markov decision processes {Zn} ≡ {Zn, n = 0, 1, . . . }
and {Z̃n} ≡ {Z̃n, n = 0, 1, . . . }, which correspond to stopping {Xn} and {X̃n}. These processes
are defined on the state space Z = X ∪ {∗}, where “∗” stands for absorbing state where processes
move out after being stopped. The action space is A = {0, 1}, where the action a = 0 results in
stopping, and the action a = 1 means continuation of observations.

The corresponding one-step return r(z, a), z ∈ Z , a ∈ A is defined by the functions c and R.
The transition probability function for {Zt} is

q(∗|z, 0) = 1, z ∈ Z ,

q(D|z, 1) :=

⎧⎪⎨⎪⎩
p(D \ {∗}|x), if z = x ∈ X,

1 if z = ∗ and ∗ ∈ D,

0 if z = ∗ and ∗ 
∈ D; D ∈ B(Z ).

(B.1)

Replacing in (B.1) p by p̃, we define the transition probability q̃ for the process {Z̃n}.
The “stopping sets” S and S̃ corresponding to the optimal stopping rules ψ∗ and ψ̃∗ determine

the stationary policies of control f = (f, f, . . . ) and f̃ = (f̃ , f̃ , . . . ), which prescribe to stop on
first entrance in S (in S̃, respectively).

Under Assumption 3 from Theorem 2 in Section 5.2 [19], we get that for each processes

{Xn}, {X̃n} and for each sets M = S or M = S̃ the sth power moment of the corresponding
entrance time defined in (19) are bounded by certain calculable constant. Thus in view of Assump-
tion 2, we can find a constant μ <∞, such that μ is an upper bound for sth power moment of the
first entrance times of {Xn} and of {X̃n} in each set S and S̃.

Using the last fact and the boundedness of the return function r(x, a), by standard arguments
we can show that in (17) G(x0, ψ∗) = w(x0, f); G(x0, ψ̃∗) = w(x0, f̃), where

w(x, ϕ) := Eϕx [
∞∑
n=0

r(Zn, ϕ(Zn)] (B.2)

(ϕ is a stationary policy), and that the above mentioned policies f and f̃ are optimal stationary
policies with respect to criterion (B.2) and its counterpart w̃(x, ϕ) defined by (B.2) replacing {Zn}
by {Z̃n}.

Consequently, the stability index in (17) can be rewritten as follows (omitting the fixed initial
state x0 in the notation): Δ = w(f) − w(f̃).
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Now,

0 ≤ Δ = w(f) − w̃(f̃) + w̃(f̃) − w(f̃)

= maxϕ∈{f,f̃} w(ϕ) − maxϕ∈{f,f̃} w̃(ϕ) + w̃(f̃) − w(f̃)

≤ 2 maxϕ∈{f,f̃} |w(ϕ) − w̃(ϕ)|.
(B.3)

We will estimate the quantity I := |w(f) − w̃(f)|. (For ϕ = f̃ the same calculations are valid.)
For any given N ≥ 1 using (B.2) we write (simplifying the notation for Eϕx ):

I ≤
∣∣∣∣∣E

N−1∑
n=0

[r(Zn, f(Zn)) − r
(
Z̃n, f(Z̃n)

)
]

∣∣∣∣∣ (B.4)

+

∣∣∣∣∣∣E
∑
n≥N

r(Zn, f(Zn))

∣∣∣∣∣∣ +

∣∣∣∣∣∣E
∑
n≥N

r
(
Z̃n, f(Z̃n)

)∣∣∣∣∣∣ =: IN + I ′N + I ′′N . (B.4)

By the definition of the total variation norm, IN ≤ 2b
∑N−1
n=0 ||D(Zn) − D(Z̃n)||, where b :=

max{supx∈XR(x), supx∈X c(x)}, and D(Z) is the distribution of the random element Z. It is easy
to show (see, e.g., [37]) that for n ≥ 1

||D(Zn) − D(Z̃n)|| ≤ 2n sup
x∈X

||p(·|x) − p̃(·|x)||.

Therefore,

IN ≤ 2 b N2 ε, (B.5)

where ε := supx∈X ||p(·|x) − p̃(·|x)|| ∈ [0, 1].
Recalling that the application of the policy f means stopping in the set S, let T be the time

of the first entrance of {Xn} in S. Then, since r
(
Zn, f(Zn)

)
= 0 for n > T , we get for the second

summand in (B.4) the following inequalities:

I ′N =

∣∣∣∣∣E
T∑

n=N

r(Zn, f(Zn)) I{T≥N}

∣∣∣∣∣ ≤ b E
T∑

n=N

I{T≥N} ≤ b E(T −N) I{T≥N}

≤ b ET I{T≥N} ≤ b
(
ET s

)1/s
[P (T ≥ N)]

s−1
s ≤ b

(
ET s

)1/s (ET s)
s−1

s

Ns−1
≤ bμ

Ns−1
,

(B.6)

due to the Hölder and Markov inequalities, where μ is the above mentioned upper bound of ET s.
The last summand I ′′N in (B.4) is estimated similarly. Therefore, by (B.4), (B.5) and (B.6),

I ≤ b

(
2 N2ε+

2μ

Ns−1

)
. (B.7)

We choose N = N(ε) :=
[

1
εα

]
+ 1, where α = 1

s+1 and [·] denotes the integer part. Then by
simple calculations from (B.7) it follows that

I ≤ ε
s−1
s+1 2 b (4 + μ).

Finally, from (B.3) we obtain that

Δ ≤ 4 b (4 + μ) ε
s−1
s+1 . (B.8)

Under the “drift conditions” given in Assumption 3, the constant μ in (B.8) is bounded by the
second summand in brackets in (23), with αs defined in (21) and (22). It follows from Theorem 2
on page 116 in [19].
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