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We study steady streaming in a channel between two parallel permeable walls induced by
oscillating (in time) injection/suction of a viscous fluid at the walls. We obtain an asymptotic
expansion of the solution of the Navier-Stokes equations in the limit when the amplitude of
normal displacements of fluid particles near the walls is much smaller than both the width of
the channel and the thickness of the Stokes layer. It is shown that the steady part of the flow
in this problem is much stronger than the steady flow produced by vibrations of impermeable
boundaries. Another interesting feature of this problem is that the direction of the steady flow
is opposite to what one would expect if the flow was produced by vibrations of impermeable
walls.
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1 Introduction

It is well known that an oscillating (in time) body force or vibrations of the boundary of
a domain occupied by a viscous fluid can produce not only an oscillating flow but also a
(relatively) weak steady flow, which is usually called steady streaming (see [8,11,12]). In
this paper, we present a theory of steady streaming in a channel with fixed but permeable
walls produced by the given velocity at the walls which is oscillating in time with angular
frequency w. The basic parameters of the problem are the inverse Strouhal number €’
and the Reynolds number R, defined by

==L R=-2 (L.1)

where Vj is the amplitude of the oscillating velocity at the walls, d is the distance between
the walls and v is the kinematic viscosity of the fluid. Parameter €> measures the ratio of
the amplitude a = V;j /o of the displacements of fluid particles in an oscillating velocity
field with amplitude V; to the distance between the walls, ie. €2 = a/d. If § = \/v/w
is the thickness of the oscillatory boundary layer (the Stokes layer) near the wall, then
the Reynolds number R can be written as R = ad/3%. Another dimensionless parameter
which is widely used in literature is the ‘streaming Reynolds number’, R, = V;%/wv. In
terms of parameters R and e, R; = e?R. We are interested in the asymptotic behaviour
of solutions of the Navier-Stokes equations in the limit ¢ < 1 and R ~ 1. This means
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that the amplitude of displacements of fluid particles is much smaller than the thickness
of the Stokes layer. Indeed, R ~ 1 implies that a/0 ~ 0/d ~ €. Also note that this limit
corresponds to small R, (R; ~ €> < 1).

It is also worth mentioning that, in many papers on peristaltic pumping, a different
definition of the Reynolds number is used. For example, in [2,3] Reynolds number R is
defined as R = cd/v, where c is the wave speed of the peristaltic wave that travels along
the channel. The relation between R and R is given by R = (L/2nd)R/e?, where L is the
wavelength of the peristaltic wave. Evidently, R > R when L/2nd ~ 1 and € < 1, so that
flows at R ~ 1 in our approach correspond to high Reynolds number flows in [2,3]. The
definition of the Reynolds number accepted in the present paper is more general and is
based on the physical velocity of the fluid at the walls rather than on the wave speed
which is not related to the actual velocity of the fluid.

Early studies of the steady streaming in a channel induced by vibrations of the walls
had been focused on the problem of peristaltic pumping in channels and pipes under the
assumption of low Reynolds numbers (R < 1) and small amplitude-to-wavelength ratio
(see, e.g. [2,7,17]). In recent years, there had been considerable renewed interest in the
problem motivated by possible applications of steady streaming to micro-mixing [1,14,18]
and to drag reduction in channel flows [3]. In all asymptotic theories of steady streaming
produced by vibrating impermeable boundaries, the magnitude of steady velocity is O(e?)
for ¢ < 1. This is true not only for R ~ 1 but also for R < 1 and R > 1. The aim of
the present study is to show that if the boundary is permeable, then the steady part of
the velocity is O(e) for small e, i.e. asymptotically much bigger than in the case of an
impermeable boundary.

To construct an asymptotic expansion, we use the Vishik—Lyusternik method rather
than the method of matched asymptotic expansions (see, e.g. [10,15]). Although there is
certain similarity between these two techniques, they are different. In both methods, at
each order of the expansion, the approximation consists of two terms. In the method of
matched asymptotic expansions, the approximation is split into an inner (boundary layer)
and outer (exterior flow) parts which are computed independently and then matched
in an intermediate region (not too far and not too close to the boundary) where both
parts are assumed to give a valid approximation to the solution. In the Vishik—Lyusternik
method, the approximation at each order consists of a term associated with a regular
expansion and a ‘corrector’ term which is non-zero only within a thin boundary layer and
which gives a correction to the regular term, so that their sum satisfies required boundary
conditions. In a present paper, the use of the Vishik—Lyusternik method allows us to
construct a uniformly valid asymptotic expansion up to any order in the small parameter
e. Some recent application of this method in fluid dynamics can be found in [4-6,13,16].
The reason we employ the Vishik—Lyusternik method rather than the method of matched
asymptotic expansions is that it is better suited for our problem and allows us to tackle the
problem directly. Although it is also possible to construct an asymptotic solution using the
latter method, it cannot be applied to our problem directly. It would require a reduction
of the original problem to a problem with zero normal velocity at the walls. Although this
can be done (and in many ways), it would make the solution less transparent physically.

The outline of the paper is as follows. In Section 2, we formulate the mathematical
problem. In Section 3, the asymptotic expansion of the solution is described. In Section 4,
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we consider simple examples in which the leading-order asymptotic solution can be
obtained analytically. Finally, conclusions are presented in Section 5.

2 Formulation of the problem

We consider a two-dimensional viscous incompressible flow in an infinite channel of width
d. The walls of the channel are permeable for the fluid, and the flow is produced by a given
velocity at the walls which is assumed to be periodic along the channel with period L* and
oscillating in time with angular frequency w. We will use the following non-dimensional
quantities:

X v P

d’ V_VT;" b= pdo Vi’

Here t" is the time; x* = (x",y"); x* and y* are Cartesian coordinates, the x*-axis being
parallel to the channel; v* = (u*,v") is the velocity of the fluid; p* is the pressure; p is the
density; ¥V is the maximum of the given velocity at the walls over all x" and ¢*. In these
variables, the Navier—Stokes equations take the form

T=wt, X=

2
Ve +€X(v- Vv = —Vp+ %V%, V.v=0, (2.1)

where the dimensionless parameters > and R are defined by equation (1.1). Equations
(2.1) are to be solved subject to the boundary conditions

v ‘y:O =Vix,1,€), V ’y:l = V’(x,1,e). (2.2)

Here V¢ = (U% V%) and V? = (U, V") are given functions which are 2n-periodic in t and
have zero mean value:

2n 2n

_ 1 - 1

V¢ = 5 /V“(x, 1,e)dr =0, V’= 7 /Vb(x, 1,¢)dt = 0. (2.3)
0 0

They are also assumed to be periodic in x with period L = L*/d and satisfy the condition

L L

/ Vi(x,1,€)dx = / Vh(x,1,€)dx (2.4)

0 0

which follows from incompressibility of the fluid. In what follows, we are interested in the
asymptotic behaviour of periodic (both in 7 and x) solutions of equations (2.1) and (2.2)
in the limit € — 0 and R = O(1). We assume that V*’(x, 7, €) can be written as

V(x,1,€) = Vi (x,7) + € VPP (x,7) + VI (x,7) + - - (2.5)
We seek a solution of (2.1) and (2.2) in the form

u=u+u' +u’, v=v"4+ev"+ev’, p=p +p'+p. (2.6)
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Here ", v" and p" are functions of x, y, t and €; u?, v%, and p® depend on x, 7, € and
the boundary layer variable ¢ = y/e; u?, v* and p’ depend on x, 7, € and the boundary
layer variable n = (1 — y)/e. Functions u", v" and p" represent a regular expansion of the
solution in power series in e (an outer solution), and (u¢, v%, p®) and (u’, v*, p?) correspond
to boundary layer corrections to this regular expansion (inner solutions). Note that the
vertical component of the velocity in the boundary layers is assumed to be proportional
to e. This is done just for convenience (this is the standard scaling in the boundary layer
theory and, with this scaling, the continuity equation remains unchanged). If we had
assumed the same scaling for both components of the velocity, i.e. v = v + v* + v’ rather
than (2.6), we would arrive at the same asymptotic expansion (although the intermediate
equations would be slightly different).

In what follows, we assume that the boundary layer parts of the expansion rapidly
decay outside thin boundary layers:

W' pt =0 as - and w0’ p’ =o(n*) as n o o 2.7)

for every s > 0. This means that the boundary layer part of the solution decays faster
than any power of ¢ (or ) as & (or 1) goes to infinity. This assumption will be verified
a posteriori.

3 Asymptotic expansion

In this section, we will describe the procedure of constructing the asymptotic expansion.
We begin with the boundary conditions.

3.1 Boundary conditions

To obtain boundary conditions for ¥" and u“ at the bottom wall, we insert (2.6) into the
first condition (2.2) and ignore u? and v® because, according to (2.7), these are supposed
to be small everywhere except a thin boundary layer near y = 1. This yields

u =0t u® ‘5:02 ue, v—o T ev* ‘gzoz Ve (3.1)
Similarly, at the upper wall we have
b _ q7b bl _ b
ul ] =00 0+ ed”] =V (3.2)

Further, we assume that the regular and boundary layer parts of the solution can be
presented in the form of power series in e€:

Vi=vgt+evit-, p=pytepi+--, (33)
W= u w4, v =g teri o pl=pdtepl oo, (34)
wW=ugteuf+-, P =viter) +o, pP=pitepl+- (3.5)
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Now we substitute (2.6), (3.3)—(3.5) into (3.1) and (3.2) and collect terms of equal powers
in e. This leads to the following boundary conditions:

uy|,_g +ub|._g = US:  v5],_o = V0, (3.6)
uj, |y=0 +uf im0 = Uy, o |y=0 +oi_4 i = Vi (3.7)
uy|,_y +ugl, o =Ug 5|, = V3 (3.8)
|,y ], = Ul vil,_y Foia ], =W (3.9)
fork > 1.
In view of (2.7), we also require that for every s > 0 and for each k =0,1,...,
ug, v, pp =0(£7°) as ¢ — oo and u,’j,v,’f,pf =o(n~%) as n — oo (3.10)

3.2 Regular part of the expansion

On substituting (3.3) into equation (2.1), we find that the successive approximations vj,
and pj, satisfy the equations:

0.V =—Vp, +F, V-vj =0, (3.11)

where Fy =0, F; =0 and
k—2 |
Fp=— ;(‘4 VWi + R VAV, (3.12)

for k = 2. In what follows, we will use the following notation: For any 2n-periodic f(7),
| 2n
f0 =7 +7@. 7= [fm (.13)
0

where f is the mean value of f(r) and, by definition, f(t) = f(t) — f is the oscillatory part
of f that has zero mean value.
In the leading order (k = 0), equation (3.11) reduces to

0. vy =—Vpp, V-vy=0. (3.14)
The general solution of (3.14), which is periodic in 7, can be written as
Vo =Vo+ ¥, ¥o=Vdo, (3.15)
where ¢ has zero mean value and is the solution of the boundary value problem
Vio=0, dydol,_o=Vs, Oydol,, =Vss dolx+Ly)=do(x.y).  (3.16)

Equations (3.16) guarantee that the leading-order boundary conditions for normal velocity
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are satisfied. However, the conditions for the tangent component of the velocity cannot
be satisfied at this stage. They will be satisfied later when the boundary layer part of the
expansion is taken into account.

To find the leading-order averaged velocity ¥;, we need to consider the equation for v}
(the first equation (3.11) for k = 2). It can be written as

. 1
0.V + (vh - V)vy = —Vph + z V2, (3.17)

Averaging this equation and the incompressibility condition for vj and using the fact that
¥, is irrotational, we obtain

o 1
(% VIVg = =VIIo + 7 V¥, V% =0, (3.18)

where IIy = p}+|V¢o|?/2. Equations (3.18) represent the time-independent Navier—Stokes
equations. It will be shown later that, in the leading order, the boundary layers are purely
oscillatory, ie. ug = 0, 5§ = 0, u) = 0 and B} = 0. Keeping this in mind, we average
boundary conditions (3.6) and (3.8). This leads to the zero boundary conditions for ¥j:
Yo

y=0 = Yolyoy =0 (3.19)

The only solution of (3.18) that is periodic in x and satisfies (3.19) is zero solution:
¥ =0, (3.20)

This means that there is no steady streaming in the leading order of the expansion.
Consider now the first-order equations. Equations (3.11) for k = 1 have the same form
as equation (3.14), and the general solution can be written as

Vi=vi+¥, ¥ =Vé, (3.21)
where ¢ has zero mean value and is the solution of the boundary value problem

Vi =0, ¢i(x+L,y)=di(x.y),
Oy bi|,g=Vi'=0|,_o il =VI—0],_- (3.22)

Boundary conditions for 0, ¢ ensure that the oscillatory part of v] satisfies the boundary
conditions (3.7) and (3.9) for k = 1. Again, boundary conditions for uj will be satisfied
later when the boundary layers are taken into account.

To obtain equations for the averaged velocity V|(x), we average the incompressibility
condition for ¥} and the equation for v} (the first equation (3.11) for k = 3) and then take
account of equation (3.20) and the fact that ¥ and ¥} are both irrotational. This yields

1 4
0=Vl + V¥, V¥, =0, (3.23)

where II| = p5 4 (V¢ - Vo1). Thus, the first-order averaged outer flow is described by the
Stokes equations.
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Boundary conditions for V| are obtained by averaging boundary conditions (3.7) and

(3.9) for k = 1:
w| o =—l|._p ],y =0. (3.24)
@, =—u],_ 0i|,_, =0 (3.25)

Here we have used the fact that Vf’b = 0 and our assumption (which will be verified later)
that Eg’b = 0. Thus, the first-order averaged flow can be determined by solving the Stokes
equations (3.23) subject to boundary conditions (3.24) and (3.25), provided that #¢ and @’
are known.

The regular expansion described above can continue to give us equations and boundary
conditions up to any order in e, but we will restrict out attention only to the first two

terms of the expansion.

3.3 Boundary layers

To derive boundary layer equations near the bottom wall (y = 0), we ignore u’, v* and

p” because they are supposed to be small everywhere except a thin boundary layer near
y =1, and assume that

u=uy+ug+e(y+uj)+---, v=vy+ei+vg)+---, p=ps+p;+epy+p)+--
We substitute these into equation (2.1) and take into account that uj, v; and p; satisfy
(3.11). Then we make the change of variables y = €& in up, v; and pj, expand every

function of e ¢ in Taylor’s series at € = 0 and, finally, collect terms of the equal powers in
€. As a result, we obtain

1
O uf + 0, pf — i ofuf =Ff, 0:pf=Gj, Ocul+0:v{=0 (3.26)

for k =0,1,... In equation (3.26), functions F{ and G} depend on v,...,V;_, U, ..., uf_y,
g, - .., vp_;. For k = 0,1, these are given by

F§ =0, F!=-Vi(x,1)0:u5 G;=0, G{=0. (3.27)
A similar procedure leads to the equations of the boundary layer near the upper wall:
1
O up + 0y pp — % opub =F., O, pf=—Gp, Ovul —0,v0 =0 (3.28)
for k =0,1,.... Functions F} and G? for k = 0,1 are given by

F, =0, F=Vi(x,1)0,u), G5,=0, G)=0. (3.29)
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3.3.1 Leading-order equations

Boundary layer at y = 0: In the leading order (k = 0), equation (3.26) simplify to
1
ﬁfuf;—i—axpf’)—ﬁééug =0, 0¢py=0, Oyuj+0:v5=0.

The second equation and the condition of decay at infinity (in variable ) for pj imply
that pg = 0. Hence, the first equation reduces to the heat equation

1
Octlf = 0% uf. (3.30)

Boundary condition for uf at £ = 0 follows from (3.6) and is given by
uj|._g = UG —tg],_y = U§ —0x o], - (3.31)

We note in passing that for simple harmonic oscillations, when V¢ and V? in equation
(2.2) can be written as

Véx,1,€) = Re (V"(x, e)e”) , V%x,1,6) = Re (V“(x, e)e”) ,
the boundary condition (3.31) can be presented in the form
ug ’g:o = Re(iz(x) ')

for a suitable function fz(x). In this case, the periodic (in 1) solution of equation (3.30)
that satisfies (3.31) and the condition of decay at infinity is given by the simple formula

uy = Re(it(x) e R/2(1+i)5).

Let us show that #i§ = 0. Averaging equation (3.30), we find that 6% g = 0. The only
solution of this equation that satisfies the decay condition at infinity and the boundary
condition #l|:—o = 0 (which follows from (3.31) and the fact that U¢ = 0 and ¢ = 0) is
zero solution. Thus, in the leading order the boundary layer at y = 0 is purely oscillatory:
g = 0. This partly justifies our earlier assumption.

Integration of the incompressibility condition in variable ¢ gives us the normal velocity

a.
v :

v5(x, &,1) = ax/ug(x,f', 7)déE'. (3.32)
¢

Here the constant of integration is chosen so as to guarantee that v§ — 0 as £ — oo. Note
that equation (3.32) together with the fact that zf§ = 0 implies that 7§ = 0.
Boundary layer at y = 1: Exactly the same arguments as above lead to the problem

1
O uf) = R 0, ug, (3.33)
up |,_o=Us = ol,_;, ug—0 as n— o (3.34)
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Again, it follows from (3.33) and (3.34) that a(b] = 0, and this justifies our assumption that,
in the leading order, the boundary layers are purely oscillatory. The normal velocity v} is
given by
o0
b(x,n,7) = —0y /u x,n',1) (3.39)
1

Equation (3.35) implies that 75 = 0. Now uo’ and UO’ are known, and the oscillatory part
of the first-order outer flow can be found by solving problem (3.22).

3.3.2 First-order equations

Boundary layer at y = 0: Consider now equation (3.26) for k = 1. Again, the condition of
decay at infinity for p{ and the second equation (3.26) imply that p{ = 0. Hence, we have

1
O ul = R OF uf — V§(x,7) ¢ uf,. (3.36)

Averaging this equation, we find that 6% u{ = RV§(x,7)0¢ uf. Integration in ¢ yields

i = —R / Vatn (. &7 e (3.37)
14

Here the constants of integration are chosen so as to satisfy the condition of decay at
infinity. The oscillatory part of u{ as well as both averaged and oscillatory parts of v{ can
also be found but are not needed in what follows.

Boundary layer at y = 1: A similar analysis leads to

0
R/V x, Dub(x,n',7) dn'. (3.38)
1

Now we know both #{ and #?, so that these can be inserted into the boundary conditions
(3.24) and (3.25). Then the first-order averaged outer flow can be determined by solving
the Stokes problems (3.23)—(3.25).

3.4 Steady streaming

In the leading order, the steady streaming is described by the first non-zero term in the
expansion for the averaged flow. The averaged velocity field has the form

i=e (i +af+a) +0(e), ©=eb]+O0(e),

where boundary layer contributions #¢ and @} are given by equations (3.37) and (3.38)
and V| is the solution of the Stokes equations that satisfies boundary conditions (3.24)
and (3.25). If we introduce the stream function for the averaged flow { defined by the
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standard relations # = {, and ¥ = —y, then the corresponding expansion of { will have
the form

P =eP]+0(€),

where §f is the stream function for V{ = (u},0]). Note that boundary layer terms do
not appear in the leading order of the expansion for 9. This is because to get the O(e)
boundary layer velocity one needs the O(e?) stream function.

The fact that the steady streaming is described by quantities that are linear in € is in
sharp contrast with the asymptotic theories of steady streaming produced by transverse
vibrations of the solid impermeable walls where it is an effect of second order in e. To
clarify this point, let us discuss it in more detail.

First, we note that the case of vibrating impermeable walls is also covered by the
present theory. The only difference from what has already been discussed comes from the
boundary conditions, which now take the form:

v|y=€2ﬂm) = fi(x,7)ey, v|y=1+€2g(x’r) = gi(x,17)ey. (3.39)
Here y = €’f(x,7) and y = 1 + €’>g(x,1) represent vibrating walls, f and g are given
functions which are periodic in both t and x with periods 2 and L respectively. Assuming
that e is small, we expand the left sides of (3.39) in Taylor’s series about y =0 and y = 1:

V],_o + E€F (D0, V] o + O(eh) = fulx, 1) ey, (3.40)
v+ €?g(x,7) 0y v o + O(e*) = go(x,7) €. (3.41)

Now, according to (2.6), (3.3)—(3.5), near the bottom wall, we have
u=uj+uf + e (uj +uf) + 0(?), v=u)+e (vf +v§) + 0(e?).

Substituting these in equation (3.40) and collecting the terms of equal powers in €, we
obtain the following conditions:

|, o+ u|.g =0, ],y =fo (3.42)
o+ uf |+ fOcuf]. g =0, o+ il =0 etc (3.43)
Note the presence of a term involving 0¢ ug in equation (3.43). It comes from the second

term on the left side of (3.40) after we take into account that 0, uf = €19 ug. Similarly,
near the upper wall,

u=up+up+e (W +ul) +0(?), v=uvj+e(v]+0)) +O0().
Substitution of these in equation (3.41) yields

ug !yzl + ug |n:0 =0, v |y:1 =g, (3.44)

i,y ],y — gdug], o =0, of| _ +ug|,_o=0 et (3.45)
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Evidently, (3.42)—(3.45) are similar to (3.6)—(3.9). Moreover, if we define functions U,
Ve, Ut and Vi as

Us' =0, V=1, Ve=g, V=0,
Ui =—f0:uf|._p» Ul =gdyugl,_q (3.46)

then (3.42)—(3.45) can be written in exactly the same form as boundary conditions (3.6)—
(3.9) for k = 0,1. There are, however, two differences: First, U{ and U{’ are not given
functions but depend on u$ and u}), and second, U§ and U? may be non-zero functions.
Now our aim is to find boundary conditions for the first-order averaged outer flow
(governed by the Stokes equations (3.23)). Consider first boundary conditions at y = 0.
Averaging equation (3.43), we obtain
=r — =da

— |,y — Fx 00 ug |,y (3.47)
Ui ly =0 (3.48)

It follows from equations (3.37) and (3.46) that

u im0 = —R /atf(x,r) uj(x,&,1)dé =R /f(x,r) O uf(x, &, 1)dE
0 0
= /f(x, 7) 6% ug(x, &, 1) dé = —f(x,7) 0z ug(x, &, 1) |£:0 . (3.49)
0

Here we used the facts that A’(t)B(t) = —A(r)B’(z) for any periodic A(t) and B(t) and
that ug(x, £, 7) satisfies the heat equation (3.30). On substituting (3.49) into (3.47), we find
that

) b= = 0. (3.50)
Thus, in spite of the presence of a non-zero averaged boundary layer near the bottom
wall in the first order of the expansion, the boundary conditions at the bottom wall for
the outer flow are such that both components of the averaged velocity must be zero. A
similar analysis of the boundary conditions at the upper wall lead to the same conclusion:
Both components of the averaged velocity must also be zero at the upper wall. Since the
only solution of the Stokes equations (3.23) subject to zero boundary conditions is zero
solution, we conclude that, in the problem with vibrating impermeable walls, there is no
steady streaming in the first order in €, which is consistent with all earlier studies of this
problem.

It had been understood long ago (see, e.g. [9]) that, in oscillatory flows, the averaged
Lagrangian velocity (the velocity of fluid particles) may be different from the averaged
Eulerian velocity. This difference is usually referred to as the Stokes drift. So far we
have discussed only the Eulerian velocity. However, it is the velocity of fluid particles
that is observed in experiments and is responsible for mass transport in oscillating flows.
Therefore, our study would be incomplete if we did not discuss the Stokes drift. It turns
out that, in our problem, the Stokes drift is the effect of higher order and does not appear
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in the first order in e. Therefore, up to terms of the first order in e, the averaged Eulerian
velocity coincides with the averaged Lagrangian velocity. This is shown in Appendix A.

4 Examples

Below we consider a few simple examples in which the velocity at the walls oscillates
harmonically in time. Before presenting these examples, let us discuss general properties
of the equations that describe steady streaming (equations (3.23)—(3.25), (3.37) and (3.38)).
It follows from (3.37) and (3.38) that if V§ = 0 and V) = 0, then @& = 0 and @’ = 0, so
that the first-order boundary layers are purely oscillatory. This means that the boundary
conditions for #}, given by (3.24) and (3.25), become zero conditions and therefore there is
no steady streaming in the first order in e. In this case, steady streaming appears in higher
order approximations (for a half space this problem had been treated in [16]).

Even if V§ and V¢ are non-zero, this does not guarantee the appearance of steady
streaming (in the first order in ¢). To show this, we first observe that the leading-order
outer oscillatory flow is uniquely determined by V¢ and V{ and does not use U and U}.
Now, let us write U§ and U} in the form

U§ = 0xdol,_o + Q(x,1),  Ug =0xgpo],_, + Q"(x,7)

y=

for some given functions Q%(x,t) and Q”(x, 7). Then, it follows from (3.31) and (3.34) that
ué and uf are completely determined by Q¢ and Q" and do not depend on V¢ and V{.
Therefore, if Q¢ and Q" were such that

o0 0

|,y = —R/ Vil nud(x, &0 dé =0, @ |n:0 = R/ Vo(x, tyub(x,n',7)dn’ =0,
0 0

then there would be no steady streaming. The simplest choice of Q¢ and Q" that ensures
the absence of steady streaming is Q%(x,t) = 0 and Q”(x,t) = 0. Thus, given V§(x,t) and
Ve(x, ), it is always possible to choose U¢(x,t) and Up(x,t) such that there is no steady
streaming in the first order in e.

It is also true that, for a wide class of functions U¢(x,t) and Uj(x, ), there is steady
streaming in the first order in e. Below we present three examples which show the existence
of steady streaming in the first order in e.

4.1 Example 1: Standing waves

Let V¢ = coskx coste, and Vb = o V4 where k = 2n/L and « = +1. This choice
corresponds to standing waves of injection/suction applied at the boundaries of the
channel (¢ = 1 if the waves are in phase, and o = —1 if they have opposite phase). After
substitution of V¢ and V? in the general formulae of Section 3, we find that

i), =1, =R % sin(2kx),  A(k) = oS0 — e (4.1)

V2 ~ sinh(k)
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FIGURE 1. (Colour online) The streamlines (] = const for standing waves for R =1 and « = 1:
(a) L=1;(b) L=>5.

Solving the Stokes equations (3.23) with boundary conditions (3.24) and (3.25), we obtain

k . . .
Py = —4\/\/12 sinhél(c))— %k {(y — 1) sinh(2ky) + y sinh[2k(1 — y)]} sin(2kx). (4.2)

Typical streamlines are shown in Figure 1. It is clear from (4.2) that the flow picture is
the same for « = 1 and —1, the only difference is in the magnitude of the flow. The latter
is determined by A(k). For & = 1, A is an increasing function, A(k) ~ k for k < 1 and
A(k) - 1 as k — oo. For o = —1, A is a decreasing function, A(k) ~ 1/k for k < 1
and A(k) — 1 as k — oo. So, for all k > 0, the magnitude of the steady streaming for
o = —1 is greater than for o = 1. Thus, the steady streaming is stronger when standing
waves of injection/suction applied at the walls have opposite phase. Also, in this case the
magnitude of the steady streaming increases with the wavelength of the waves.

4.2 Example 2: Waves travelling in the same direction

Now, let the velocity at both walls be purely normal and have the form of waves travelling
in the direction of the x-axis: V¢ = cos(kx —7)e, and Vb = 4V where k and o are the
same as in Example 1. Boundary conditions (3.24) and (3.25) take the form

A(k)
(4.3)
\/> \[

ulyo

https://doi.org/10.1017/50956792513000284 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792513000284

78 K. Ilin

where A(k) is given by (4.1). The Stokes equations (3.23) subject to (3.24) and (3.25)
lead to the constant solution': @, = —/R A(k)/2+/2, 7} = 0. Thus, the waves travelling
in the same direction produce a constant mean flow whose direction is opposite to the
direction in which the waves advance. This is a surprising result which is in sharp contrast
with the steady streaming produced by vibrating impermeable walls in the form of waves
travelling in the same direction (peristaltic pumping) where the induced flow is in the
direction in which the waves travel. This result agrees with numerical simulations reported
earlier in [3]. The magnitude of the mean flow is determined by A(k). Properties of A(k)
imply that the most efficient way to generate the mean unidirectional flow is to apply
injection/suction in the form of waves travelling in the same direction and having opposite
phase.

4.3 Example 3: Waves travelling in the opposite directions

Now, let the normal velocity at the walls has the form of waves travelling in opposite
directions: V¢ = cos(kx — 1) e, and Vb = o cos(kx + 1) e;, where k and o are the same as
in Examples 1 and 2. Boundary conditions for i} reduce to
_ R B7(kx) w5 = JR B*(k,x)
y=0"" 2 /2 sinh(k)” 1= 2. /2 sinh(k)’

where BT = cosh(k) + a[cos(2kx) + sin(2kx)]. The corresponding solution of the Stokes
equations is given by

=r

uj

(44)

h(k . .
P = —2\\/2 Zf;h((k)) y(1 = y) + D~ ysinh[2k(1 — y)] + D*(1 — y)smh(Zky)} . (45)
where
+ o« cos(2kx) sin(2kx)
D5k, x) = sinh(k) | sinh(2k) + 2k — sinh(2k) — 2k} '

In the short wave limit (k — o0),
=R 1y o,

and the averaged flow is well approximated by the plane parallel flow with linear velocity
profile. For long waves (k — 0),

R

T

and the averaged flow is non-parallel. For moderate k, it is a superposition of a shear flow
with a linear velocity profile and a periodic array of vortices (‘cat’s eyes’) in the middle of
the channel. When the wave length increases, these vortices grow and eventually fill the

y(1 — y)[1 4+ acos(2kx) — a(1 — 2y) sin(2kx)] 4+ O(k),

! The Stokes equations (3.23) also admit solutions with a non-zero pressure gradient VII; = cye,
(co = const), which are not considered here, because this would be equivalent to a modification of
our problem, allowing the presence of a weak O(e?®) pressure gradient.
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FIGURE 2. (Colour online) The streamlines (] = const for waves travelling in opposite directions
for R=1and o =1:(a) L=3; (b) L =25.

whole channel, and at the same time smaller vortices of opposite sign appear near the
walls. Typical streamlines of the flow (4.5) for o = 1 are shown in Figure 2. In the case of
o = —1, the flow picture is the same except that it is shifted along x-axis by L/4 (this can
be deduced directly from (4.5)).

5 Conclusions

We have considered incompressible flows in a channel between two parallel permeable
walls and constructed an asymptotic expansion of solutions of the Navier—Stokes equations
in the limit when the amplitude of displacements of fluid particles near the walls is much
smaller than both the width of the channel and the thickness of the Stokes layer. The
asymptotic procedure is based on the Vishik—Lyusternik method and can be used to
construct as many terms of the expansion as necessary. In the leading order, the averaged
flow is described by the stationary Stokes equations subject to the boundary conditions
that are determined by the boundary layers near the walls. The key difference between the
present expansion and the asymptotic theories of steady streaming induced by vibrating
impermeable boundaries is that, in our study, the magnitude of the averaged velocity
is O(e), which is much bigger than O(e?) averaged velocity in the case of impermeable
walls. Another important difference is that the direction of the steady part of the flow is
opposite to the direction one would expect if the normal vibrations of impermeable walls
were used to generate it.
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The general formulae have been applied to three particular examples of steady streaming
induced by blowing/suction at the walls in the form of standing and travelling plane waves.
In the case of standing waves, the averaged flow has the form of a double array of vortices
(see Figure 1). For short waves the vortices are concentrated near the walls, while long
waves produce vortices that fill the entire channel.

If the normal velocity at the walls have the form of plane harmonic waves which travel
in the same direction, the induced steady flow is a constant unidirectional flow whose
direction is opposite to the direction in which the waves travel. This is different from
the case of the steady streaming generated by vibrations of impermeable walls where the
induced flow has the same direction as the travelling wave. As far as we are aware, this
was first observed in numerical simulations in [3].

If the normal velocities at the walls have the form of plane waves travelling in opposite
directions, the averaged flow is a superposition of a shear flow with a linear velocity
profile and a periodic array of vortices (‘cat’s eyes’) in the middle of the channel. When
the wavelength is small, the vortices are weak. Their intensity and size monotonically
grow with the wavelength and eventually they fill the entire gap between the walls.

There are many open problems in this area. In particular, it is not quite clear how
the present theory can be extended to the case of Ry ~ 1. Although the problem does
not involve a moving boundary, which, in general, simplifies things, there is a technical
difficulty of a different sort. It is related to the leading-order boundary layer equations
for Ry ~ 1 which are difficult to solve analytically.”> This is a subject of a continuing
investigation.
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Appendix A

Below we show that, in the present problem, the averaged Largangian and Eulerian
velocities coincide up to the terms of first order in e. The motion of fluid particles is
governed by the ordinary differential equation
dx _ €v(x, 1, ¢€), (A1)
drt
which should be solved subject to initial condition x = By. The velocity field v(x,1,€) is
the solution of the Navier—Stokes equations, which is 2n-periodic in 7 and has a non-zero
average. We have already computed first two terms in the uniformly valid asymptotic
expansion of v(x,1,€). Now we are interested in constructing an asymptotic expansion of
the solution of (A 1) for small €. Since the steady streaming appears in the first order in €,
this fact and equation (A 1) suggest that there is a slow drift of fluid particles over times

of order e’t. Therefore, we introduce the slow time t = et and assume that x = x(1, 1, €).
2 Note that in the case of vibrating impermeable walls and Ry ~ 1, the same equations (but with
different boundary conditions) can be solved analytically [5].
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This assumption results in the equation
0: X+ €30, x = €°v(x, 7, €).

In what follows, we restrict our analysis to the outer flow and ignore the boundary
layers because (i) we are interested mostly in the flow away from the walls, and (ii) this
considerably simplifies the analysis. We have

3. x4 €0, x =€ [Vy(x,7) + € (V{(x) + ¥{(x,7)) ] + O(e?). (A2)

Assuming that
X =Xo+€x;+ -,

we substitute this into (A2) and expand ¥j(xo + ex; + -+, 1), Vj(Xo + ex; + ---) and

¥i(xo + ex; + - -+,7) in Taylor’s series at xo. As a result, we obtain the sequence of
equations
al’ XO = 0’ ar Xl = 0’ (A 3)
ar Xy = vg(x(h ‘C): (A 4)
0. X3 + 0, Xo = (X1 - V) ¥(X0, 7) + ¥{(X0) + ¥{(X0,7) etc. (A5)

Equations (A 3) imply that x¢(¢,7) = Xo(t) and x(t,7) = X1(t). We do not need to solve
equation (A 4) since X, does not appear there. Finally, averaging equation (A 5), we find
that

0; X0 = Vi(Xo). (A6)
Thus, the Lagrangian velocity (the right side of equation (A 6)) coincides with the Eulerian
velocity, ¥|(Xp).
If we continued the expansion, we would find that there is a non-zero Stokes drift
velocity in the next approximation given by

V(%) = (W(Xo(1), 7) - V)¥|(Xo(1), 7),

where, by definition, w is the unique function such that 0. w(Xo(t),7) = ¥{(Xo(¢),7) and
w = 0. The last formula represents the standard expression for the Stokes drift velocity
(see, e.g. [9]).
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