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In this paper, we study the entire solutions of the Fisher—-KPP (Kolmogorov—Petrovsky—Piskunov)
equation u, = u,, + f(u) on the half line [0, co) with Dirichlet boundary condition at x =0. (1) For
any ¢ > 2,/f7(0), we show the existence of an entire solution /(x, #) which connects the traveling
wave solution ¢°(x + ct) at = —oo and the unique positive stationary solution V(x) at ¢ = +o0;
(2) We also construct an entire solution U(x, t) which connects the solution of n, =f(n) at t = —oc0
and V(x) at t = 4o00.
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1 Introduction
Consider the following reaction—diffusion equation:
Uy = txe + f (1), (I.D)
where f € C!([0, 1]) is a Fisher-KPP (Kolmogorov—Petrovsky-Piskunov ) type of nonlinearity:
JO=f1)=0, f(1)<0<f(0), f(u)>O0andf (u)<f(0)forue(,1). (1.2)

It is well known that for each real number ¢ > ¢( := 2,/f"(0), the equation (1.1) admits a unique
traveling wave solution u = ¢°(x + ct), where ¢°(z) satisfies

o —ch. +/(@) =0, G(-00)=0, ¢co)=1, ¢.()>0forzeR. (1.3

Traveling wave solutions are a special kind of entire solutions (that is, solutions of (1.1) defined
for all € R) and play a key role in understanding the dynamics of the equation. In order to
figure out the complete global dynamics, however, we need to investigate other types of entire
solutions.

T This research was partly supported by the NSFC (No. 11671262) and JSPS KAKENHI Grant Number,
18H01139, 26247013 and JST CREST Grant Number JPMJCR14D3.
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Since the pioneering works in [10] and [19], there are huge number of works on entire solutions
to reaction—diffusion equations. In particular, in one space dimension [2, 3,7, 9, 10, 13], etc.
studied entire solutions of the reaction—diffusion equations like (1.1) with monostable or bistable
type of nonlinearities. The readers also see the survey paper [14] and the references cited therein.
Meanwhile, some authors studied the entire solutions for lattice differential equations (cf. [17,
18]) and for equations with nonlocal or delayed terms (cf. [12,15,16]), etc.

In this paper, we are interested in the entire solutions of the equation (1.1) on the half line:

{ut:um+f(u),X>0, t>0’ (14)

u(0,1)=0, t>0.

This problem has no traveling wave solutions but a unique positive stationary solution u = V(x)
with

V(0)=0, V(o)=1, V'(x)>0forx>0

(see details in the next section) and, by a similar argument as in [1,5] one sees that, any solution
u(x, t) of (1.4) starting from a nonnegative initial data u(x, 0) converges as t — oo to V(x) in
the topology of L7, ([0, 00)). Hence, any positive entire solution U/(x, £), if it exists, also satisfies
U(-, 1) = V(-) as t — oo. To distinguish entire solutions, we classify the «-limit of U(x, t + ¢,)
for any #, — —oo. In fact, we construct two types of entire solutions for (1.4). Each of the first
type connects a traveling wave solution ¢“(x + cf) at t = —oo with V(x) at t = oo, while the
second type connects the solution 7(#) of the ordinary differential equation n'(¥) =f(n) att = —oc0
with V(x) at t = oo.
On the first type of entire solutions, we have the following result.

Theorem 1.1 Assume (1.2). Then for each ¢ > co :=2,/f"(0) and any 6 € R, the problem (1.4)
has an entire solution U (x, t) which satisfies

U(x, 1) >0 forx>0, teR; U (oo, t)=1 fort eR, (1.5)
sup U, 1) —V(x)|—> 0ast— oo, (1.6)
x€[0,00)
and
sup |[U(x, 1) —dp(x+ct—0)| — 0ast— —oo. 1.7
xe[0,00)

To obtain the second type of entire solution we need a slightly stronger condition on f:
feC¥[0,1]), f"(u)<0in[0,1]. (1.8)

Theorem 1.2 Assume (1.2) and (1.8). Then the problem (1.4) has an entire solution U(x, t) with
the following properties:

Ux, 1) >0, U(x, 1) >0, Un(x,)<O0forallx>0, teR, (1.9)
U(oo,t)=1forallt e R; (1.10)
sup U, 1) —V(x)|— 0ast— oo; (1.11)

x€[0,00)
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FIGURE 1. Orbits of the entire solutions on the phase space.

and, with &,,(s) denoting the m-level set of U(-, s) for each given m € (0, 1),

En(s) — oo and — &, (s) — 00 as s > —00, (1.12)
U +En(s), t+5) = nu(f) as s —> —o0,  in Clzo’cl,(R x R) topology, '
where ny,(t) is the unique solution of the initial value problem:
n'()y=fm), n0)=m. (1.13)

These two theorems show that, in a phase space (see Figure 1), the orbit of a first type of entire
solution U€(-, t) connects that of ¢°(- + ct + 6) at t = —oo and that of V(-) at = co; while the
orbit of the second type of entire solution I/ connects that of 7,,(f) at # = —oo and that of V(-) at
t = 00. Since, in the phase space, the points ¢°(-) form a ‘one-dimensional continuous manifold’
as c¢ increasing from ¢ to oo (see M in Figure 1), and since ¢°(x + ém) — m=n,(0)as c— oo,
locally uniformly in x € R, where ém is the m-level set of ¢°(-), we can roughly say that ¢¢(x +
ct+ ém) — Nm(f) as ¢ — oo.

We note that our setting, the Dirichlet boundary condition on the Fisher—KPP equation in the
half-line, imposes a strong restriction on the structure of the solutions. In fact, the readers could
find various types of entire solutions in refs. [ 10, 14] for reaction—diffusion equations in the whole
space while in our problem it seems that all the possible entire solutions consist of the stationary
solutions (0 and V'), the two types of entire solutions (/¢ and If) and their temporal translations.
It is, however, not so simple to determine all the entire solution even in our simple setting, and a
further study would be required for the desired assertion.

Our approach to these theorems is quite different. To prove Theorem 1.1 we directly construct
a pair of sub- and supersolutions: u(x, t) = ¢(x + ct + 6) — p(¢) and u(x, t) = ¢(x + ct + 6) over
t <0, for some 6 € R and p(f) \( 0 (f > —o0). Then the entire solution can be constructed in
between as in refs. [7,9] (see details in Section 3). To prove Theorem 1.2 we consider a sequence
of initial-boundary value problems with initial data ~ %, each solution u,(x, f) is concave in x.
A subsequence of {u,} is proved to converge to a second type of entire solution U(x, ¢), whose
concavity is a main feature to distinguish it from the first type of entire solutions. In particular,
to prove the property U(oo, t) = 1 (despite of the fact u,(co, 0) = %), we have to do some precise
estimate for the solutions of several related linear problems (see details in subsection 4.2). This
is quite different from the approach in section 3.

This paper is arranged as follows. In Section 2, as preliminaries, we present the positive
stationary solution V(x) of (1.4) and traveling wave solutions ¢°(x + cf) of (1.1). In Section 3,
we show the existence of the first type of entire solutions {/“(x, f) for any ¢ > ¢y, and prove
Theorem 1.1. In Section 4, we construct the second type of entire solution U(x, f) and prove
Theorem 1.2.
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2 Stationary solutions and traveling wave solutions

In this section, we present the positive stationary solution ¥(x) and traveling wave solutions of
(1.4);. Consider the following equation

q"2)—cqg @)+ f(q)=0, ¢q(z)>0 forzel, (2.1)

where J is some interval in R. Note that a nonnegative stationary solution u of (1.4); solves (2.1)
with ¢ =0 in J = (0, 00), and a nonnegative traveling wave solution u(x, f) = g(x + ct) of (1.1)
solves (2.1) in R. The equation (2.1) is equivalent to the system

q'(2)=p,
{p’<z) —ep— (). @2)

A solution (g(z), p(z)) of this system traces out a trajectory in the g-p phase plane. It is easily
seen that (0, 0) and (1, 0) are two equilibrium points of the system (2.2). The eigenvalues of the
corresponding linearisations at these points are

A= ctye—4/0) Vet —41(0) (at (0,0)) and A¥(c)= ctye -4/ Ve =4 (M)

7 7 (at(1,0)), (2.3)

respectively. Since //(0) > 0 and /(1) <0, (1, 0) is always a saddle point; however, (0, 0) is a
center or a focus when 0 < ¢ < ¢y =24/f7(0), and it is an unstable node when ¢ > ¢y. Using the

phase plane analysis (cf. [1,4, 8]), it is not difficult to give the solutions of (2.1). We list two
types of them, which will be used in this paper.

(I) Positive stationary solution V'(z) on the half line. When ¢ =0, the system (2.2) can be
solved explicitly. In particular, the trajectory tending to (1, 0) in the domain {(¢,p) |0 <g <1,

p >0} is given by p=,/2 fql f(s)ds (see 'y in Figure 2 (a)), which corresponds to a solution
q="V(z) of (2.1) with ¢ = 0. It satisfies (by shifting its zero to z = 0)

V(0)=0, V(co)=1, V'(z)>0 forze[0,+00).

(IT) Strictly increasing solutions ¢°(z) in R in case ¢ > ¢y. It is well known that (cf. [1, 11])
for any ¢ > ¢, the equation (2.1) has a solution g = ¢°(z) satisfying

P°(—00) =0, ¢°(c0)=1, ¢°(0)= % ¢z >0 forzeR 2.4)

(see I'; in Figure 2 (b)). For each ¢°(z), it is clear that u = ¢°(x + c?) is a traveling wave solution
of (1.1). Moreover, when ¢ = ¢y = 2./f"(0), we have

$0(2) ~ |z]e0*/? as z — —o0;

when ¢ > ¢y, we have

$°(z) ~ & asz— —00,  with A 1= Ag(c) = % (c _J2—4 f/(0)> > 0.
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FIGURE 2. Trajectories of the system (2.2). (a) ¢ = 0; (b) ¢ > 2,/f(0).

3 The first type of entire solutions

We prove the existence of /¢ and (1.7) in Theorem 1.1. We extend f(u) outside the interval [0, 1]
so that

fSWw=70), u<0 (3.1)

In fact, since we will be able to obtain the entire solution taking the values in (0, 1), this
modification does not affect the desired entire solution. We define

Llu] = u; — e — f(10).

Then cA. =f"(0)b., where A. is defined as above and

bv.

2¢
U et /@470

is strictly monotone decreasing in ¢ and f”(0) < cA. < 2f7(0). Indeed,

d ( ¢ ) I c(14¢//@=470)

de \ct J2—af0)) ctJ2—_aro (c+ cz—4f/(0)>2

(2 71(0) < ¢ < oo)

>

E L (VETaTm) - 2 /E—ar)).

(c +J2 4 f/(0)>
—4£'(0)
(C A 4f’(0)>5/2

We note that b, = 2.
We first consider the case ¢ € (c¢g, 00). Then there is a positive number 4. such that

0 < ¢(z) <A, —o00<z<0.

For arbitrarily given 6 € R, we put

u(x, 1) 1= ¢°(x 4 ct — 0), (3.2)
u(x, 1) =9 (x+ct—06)— p(1), (3.3)

where
o(t) :=Ae Ve (—o0 <t<0). (3.4)
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It is clear that u of (3.2) is a supersolution of (1.4) not only for ¢ > ¢( but also for ¢ = ¢y. Plug
u of (3.3) into L[u] to yield
Llu] = c(¢) — p(t) — (¢°)" — f(#° — p(1)),
—p() + [ (@) = f(¢° — p(1)),

1
—p(1) = /O 19 = sp(®) ds(—p (1),

1
= p(?) [—cx\c + / 19 —sp(t) dS}
0
< p(O)[—cre +1'(0)] < 0.
Moreover,
w(0,1) = ¢°(ct —0) — p(t) <AL — p(n=0  (t<6]/c),

which implies that  is a subsolution in ¢ € (—00, 8/c].
Next in the case ¢ = ¢y we have

corey =217(0),
and
0 < ¢(z) < Agylzle™0”, —o0<z<0,
for a positive constant 4.,. We set
p:(t):=pleP" (t<0), p:=2f(0)—8, 0<8<f(0).
Then, in a similar way as in the previous case u(x, t) := ¢ (x + cot — 0) — p«(f) enjoys
Llu] < pu(O)[—p +1'(0)] = p:(O[—f"(0) + 8] < 0.
In order to show (0, f) < 0, we compute
u(0, 1) < Agyleot — Bler0 0= — pler,
< /" [ leot] + 0 PR — 0],

= Mg, [Jeotle’e 0" |l 0" — pl/dq,],

<ef4,, [{sup |cot|e‘”} e 0?4 |9)e r0? — pE/ACOi|, (t<6/cp).

t<0

Thus, taking p? as

pg :Acoe_)hcoe (Sup |00t|eat + |9|>
1<0
yields u(0,£) <0 (t <6/cp).

In the sequel, for any ¢ > ¢y and arbitrarily given 6 we have obtained the sub-super solu-
tion pairs, by which the existence of a solution U°(x, f) sandwiched by u(x, ) and u(x, ) in
t€(—00,0/c] is shown in a similar way as in refs. [7, 9]. This solution satisfies the desired
asymptotic behaviour as # — —oo and can be extended to the whole time by the theorem of
Cauchy problem. This concludes the proof. O
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Remark 3.1 We can find a similar subsolution to u of (3.3) in [6], where they utilise it to prove
the asymptotic stability of the traveling front solution to the bistable reaction—diffusion equation.
On the other hand, the present study is related to the asymptotic behaviour as t — —oo. We,
however, see that this type of subsolution is quite useful.

4 The second type of entire solution

In this section, we always assume (1.2) and (1.8). We first construct a second type of entire solu-
tion in subsection 4.1, and then study its properties in subsection 4.2. Finally, in subsection 4.3
we study the limit of ¢/ as t — —oo and prove Theorem 1.2. For simplicity, in what follows we
write

o= /7(0)= cz—° (4.1)

4.1 Construction of the second type of entire solution

By (1.2), there exists a large integer N such that

() > %f’(O) = %uz, ue [0, H

For each positive integer n, define

1 2
|:si il Mx},Ongﬁ

[ — n_+_
] (n+N)m V22 w’
Yu(x) := 1 >x/§7'[
n+N’ =

Clearly, ¥, (x) € C*([0, 00)) and

2
V=0 Y0 S0 Y@+ W)= U0+ 0020 fory=0.  (42)

We construct the second type of entire solution of (1.4) by using the solutions of the following
initial-boundary value problems:

ut=uxx+f(u)9x>0a t>09
u(0,7)=0, t>0, 4.3)
u(x, 0) = ¥,(x), x> 0.

Lemma 4.1 For each positive integer n, the solution u,(x, t) of (4.3) exists for all t > 0, and it

satisfies
(), ) >0, (up)x(x,) >0, (Up)x(x,7) <0 forx>0, t>0; 4.4)
u,(-,t) > V()ast— oo, in CIZOC([O, 00)) topology; 4.5)
and
Up(x, 1) < nn%N(t)for allx>0, t>0, (4.6)
where nnﬁ(t) is the solution of the initial value problem (1.13) with m = H#N
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Proof By the standard parabolic theory, the classical solution u,(x, ¢) of the problem (4.3) exists
globally. The first two inequalities in (4.4) follow from (4.2) and the strong maximum principle
easily. To show the third inequality, we see that ¢ (x, ) := (u,)x(x, ¢) satisfies

&= o+ )T+ ) Wn); < Lo+ )
by the assumption (1.8). Moreover,
20, 1) = (un)xr(0, ) = ()0, 1) — f (un(0, ) =0, 1> 0.
Hence
c(x,/)<0 forx>0ands>0

by the strong maximum principle and the fact ¥ (x) <, # 0 in (4.2).
Since (u,),(x, t) > 0, by parabolic estimates, u,(-, f) converges as  — 00 to a positive stationary
solution ¥ (x). The uniqueness of stationary solutions to our equation implies V' (x) = V' (x), and

S0
up(-, 1) > V(-)as t - o0, 4.7)
in the topology of C2 ([0, 00)).
Finally, (4.6) follows from the fact that n L (¢) is a supersolution of (4.3). O
Set
t, :=min{t > 0| (u,).(0, ) = V'(0)/2}. (4.8)

We claim that #, — 0o as n — oo. In fact, from (4.6) it is easy to know that u,(x,f) — 0 as
n — 00, locally uniformly in ¢ € [0, +00) and uniformly in x > 0. This holds true for (u,),, thanks
to parabolic estimates. The claim is then proved. Define

U,(x, ) = up(x, t+ t,) forx >0, t > —t,.
By Lemma 4.1 we have
1
(Un)x(oz 0) = 5 V’(O), (Un)t(xa t) >0, (Un)x(xa ZL) >0, (Un)xx(xa t) <0 forx>0, t> —t,.
4.9)

For any @ € (0, 1), T > 0, X > 0 and any integer n large such that ¢, > T, by the L” estimate we
have

1UnC M2 o < Ci

for some C; depending on 7 and X but not on n, where, for any bounded domain Q C {(x, ?) |
x>0,7€R}, ;' (Q) denotes the Sobolev space {u € L*(Q) | l|ull 4(g) + lluxll () + lttxell 40y +
|2l 40) < oo}. Using the embedding theorem we have

1Un(, ')||ca,a/2([0,)(] x[-T,T]) = <G, )” (O,X]x[ 7.7]) = =< G(,
for some C, independent of #n. By the Schauder estimate, we derive

” Un(', .)“C2+O(’1+a/2([0,X]><[7T,T]) E Cj, (410)

https://doi.org/10.1017/50956792519000093 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792519000093

Entire solutions on the half line 415

for some C; depending on «, 7, X but not on n. Therefore, there exists a sequence {n;} of {n} and
a function U(x, 1) € C***1+/2([0, X] x [—T, T]) such that

”Un,-('a ) _u(7 ')||C2’]([O,X]><[7T,T]) — 0, as i — o0.

Taking X and T larger and larger, and using Cantor’s diagonal argument, we can find a sub-
sequence of {r} (denoted it again by {»;}) and a function in CIZUJ;“’HW 2([0, o0) x R) (denoted it
again by U(x, t)) such that

U (x, 1) = U(x, ) as i — o0,  in Cp!

([0, c0) x R) topology. 4.11)
Thus we obtain an entire solution ¢/ of (1.4).
4.2 Properties of U

In this part, we study the properties of I/ and show that it is the desired solution in Theorem 1.2.

4.2.1 Monotonicity and concavity

Proposition 4.2 Let U be the entire solution obtained in (4.11). Then

U (0,0)= %V’(O), (4.12)
U(x,t) >0 forx >0, teR, (4.13)
Ue(x, 1) >0, Up(x,t) <0 forx>0, teR, (4.14)
and
UG, t)—>V()ast— oo, inL>([0,0)) topology. (4.15)

Proof The conclusions in (4.12), (4.13) and (4.14) follow from (4.9) and the strong maximum
principle easily.
Now we prove (4.15). For any small ¢ > 0, since V'(0c0) = 1, there exists X > 0 such that

l—e<Vx<lforx>JX.

Since U(x, f) > 0, as proving (4.7) one can show that U(-, t) — V(-) as t — o0, in the topology
of C2 ([0, 00)). Hence for some T > 0 we have

loc
NG, t) = V() lloqoxy) <& whent>T. (4.16)
This implies that
UX, ) =1 < |UX, )= VX)) +V(X)—1]<2¢, whent>T.
Therefore, when ¢ > T and x > X we have
UG ) = V) < (U, 1) = 1+ V() — 1] < UK, 1) — 1] + [V(X) — 1] < 3e.
Combining with (4.16), we obtain (4.15). O

Remark 4.3 Note that the first type of entire solutions U has all the properties of U except for
(4.12) and Uy (x, t) < 0. The concavity is the main difference between them.

Furthermore, we can show the following properties for /.
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Proposition 4.4 Let U(x, t) be the entire solution obtained as above. Then U(x,t+s) — 0 as

§— —00, in Clzo’cl,([O, 00) x R) topology.

Proof For any time sequence {s;} decreasing to —oo, by the parabolic estimate as in (4.10) we
have, for any X, T > 0,

IIU(, . + Sk)“C2+""1+"‘/2([0,X]><[7T,T]) S C2’ (417)

where C; depends on X and 7', but not on k. Hence there exist a subsequence {sy;} of {s;} and
an entire solution W(x, #) of (1.4) such that U(, - + s5,) = W(-,") asj — 00, in Clzo’cl,([O, o0) x R)
topology.

We now show that W, =0, and so W(x,t)= W(x) is a stationary solution of (1.4). For,
otherwise, W;(x*, ") # 0 for some (x*,7*) € (0, 00) x R. Since U(x*, * + s;) > 0 for all j we
may assume that W,(x*,¢*) =38, for some &; > 0. Then, for sufficiently large ; we have
Uy(x*, t* + si;) > 281. By the uniform estimate in (4.17) we see that, when & € (0, %) is small,

U 5+ 1) > 8 if |t — sl <e1.
Without loss of generality, we assume that Sk — Skipy > 1, then

UK T+ s+ 1) > UK, 5 + 55, — &1) + 28181,
> U 1" + s, 1)+ 288>+

> U*, + sk, — €1) +2(j —)81e1 = 00, asj — oo,
contradicting the fact U(x, ¢) € (0, 1). Thus W; =0, and so W(x, t) = W(x) solves
Wer +/(W) =0 (x> 0), w(0)=0.

This problem has only two nonnegative solutions 0 and V' (x). Clearly W (x) # V(x), since U; > 0
and U(x, 1) > V(x) as t — oo. Hence W (x) =0, and U(-, - + s4) —> 0 as j — oo.

Since {s;} is an arbitrary sequence tending to —oo, we conclude that U(:,-+s)— 0 as
s — —00, in C,zo’i([O, o0) x R) topology. O
4.2.2 Uniform upper bound of U: U(oco,t) =1
Define

k() :=U(co, 1), B(t):=U0,7), teR.

Since the entire solution ¢/ is obtained by taking limit for a subsequence of {u,(x, #)} and each
un(x, t) takes supremum in (0, 1) for any 7 > 0, one may guess that « (¢) also takes values in (0, 1).
We will see that this is not true. In fact, in what follows we can prove a surprising result: «(¢) = 1
forall r e R.

Lemma 4.5 Assume k(t;) € (0, 1) for some t; € R. Then

(1) «'(t)>0forteR, and k(t)— 1 ast — oo, k(t) > 0 as t - —o0;
(i) for any v € (0, 1), B(1)/[k()]'T" — o0 as t — —oo0.
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Proof (i). Forany @ € (0, 1) and 7 > 0, by parabolic estimate we have [[U(x, )|l c1+e/2_7 1) <
C for some C independent of x. Hence, U(x, ) — k(¢) as x — o0 in C}DC(R) topology. In the
equation of U, if we take limit as x — 0o in C}OC(R) topology, then we have
K'(t) = £ (ke (1))
Using «(#)) € (0, 1) as the initial data, we derive the conclusions.
(i1). For any v € (0, 1), set
Ux, t
z(x,t;v)::& x>0, teR.

[k()]'

Then z solves

Zi=Zy+c(x, )z, x>0, teR,
z(0,t;v) =0, teR,

where
Uu
c(x, t) :=j% -1+ v)@ < —vf"(0)+O()k(f) <0, whent<k—1.
K
Since zyy = U/ [K(t)]“” < 0, we conclude that

z(x,;v) <0, x>0, t<K—1.

Therefore,

Zl(x, 1 l)) - ZI(Oa [N V)

E[ZX(O’ t; 1))] = ZX[(O’ t; U) = XEISI+ X
> 1
— dim 25V o et
x—0+ X

This means that z,(0, #; v) in a non-increasing function when ¢ < —1. Note that z,(0, #; v) > 0 for
all t € R, we have

z(0,,v) >0 (v), =0,

for some positive real number ¢ (v). For any v; > v we have

B _ U0 1 x0sy) 90
[c@I' ™ kO [k k@ 7 k(@] ’ '
Since v € (0, 1) and v; > v are arbitrary, we obtain the conclusion in (ii). O

Using this lemma, we can prove the uniform upper bound of U/:

Proposition 4.6 Assume (1.2) and (1.8). Let U be the entire solution obtained in (4.11). Then

k(t) :=U(co, 1) =1 for all t  R. (4.18)

o[22}

Proof Set

!

e
M := max |f"(u)|, Mj:=max|—
ma 1770l My = max f <
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If the conclusion is not true, then «(¢,) € (0, 1) for some #; € R. By the above lemma, there exists
7 < 0 with | 7| sufficiently large and € := «(t) =U(o0, T) > 0 sufficiently small such that

, 241 B(t)
Me <2 =f(0), 2 <eile, TEEE > 24/ MM;. (4.19)

We continue to define a series of parameters. Set

M 1
bi=f'0)— 5 (570, ©):
€] 222667% €(0,¢);
1i=k"'(e1) (& e =k(n));
1. 2¢ _ 21

Ti:==In—= .
b € bMe

(4.20)

Choosing X; > 0 large so that
1 €1
Ux, 1) > EU(OO, T1)= > x> X,

we compare U/ with the solutions of the following problems:

V=V +bv,x>X, t>0,

v(X1,H))=0, t>0, (4.21)
€

W(e0)= -, x= X,

and

Wy = Wyy + 2w, x>0, t>0,
w(0,7) =0, t>0, (4.22)
w(x, 0) =€, x> 0.

Both problems are linear ones and can be solved explicitly. In particular,

(x, )= i [ N ] d >0,1>0 (4.23)
w(x, e 4 —e 4 |edy, x>0,1>0, .
277t Jo 1ay
and so
0, 1) = Teyd Qe 1>0 (4.24)
Wwx(U, e = 5 > V. .
) YT y 14y = =i
Clearly, w is a supersolution of (1.4) since f(w) < u*w for w> 0, and so
2
61@“’ d
U(0, 7+ 71) <wi(0,0) < - for all ¢ > 0. (4.25)
On the other hand, as in (4.23), v can be expressed as
X —»? =X )
v(X, 1) = —e 41 ]_d
(0= 2¢_ f 2

bt x=X
€€ 2./

= Xi—x
2VE A

2
evds, x>Xi,t>0,
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and so

bt
€e €1
< —ele =€,

2 72

Hence, when x > X and ¢ € (0, T1], we have

v(x, ) < v(oo,t) = x>X, 0<t<Ty.

M M
F) 2O~ S0 = [f/(O) - 76] v=bu.
This implies that v is a subsolution, and so
U, t+ ) >vx, 1), x>X, 0<t<T.
In particular, at t = 7 we have

E]ele

U(co, Ty + 11) = v(00, T1) = =e=U(c0, T).

Thanks to U;(co, f) = k'(f) > 0, we have T} + t; > 7. Combining this inequality with (4.20) and
(4.25), we have

B(r) = U0, 7) <U(0, T1 + 71),

€ e/l. T
< w0, 7)) < ——,
7TT1
_ e etTie2 Tt _ 2ee' s
nTh ST’
e%n
< 2 M .
%1,
Since
Me 1 2
tep b s [12)
2 b nop
we have
ez N

by the definition of M, and so
B(r) <2/ MMy € = 27/ MM, [k ()12,

contradicting (4.19). This proves Proposition 4.6. O

4.3 The limit of U4 as t - —oo and the proof of Theorem 1.2

By the properties of ¢/ obtained above we see that, for any m € (0, 1), the m-level set of (-, 5) is
a unique point &,,(s), that is, x = &,,(s) is the unique root of ¢/ (x, s) = m for each s € R. Note that,
without the above proposition, that is, if «(s) — 0 (s > —o0), then (-, s) may have no m-level
set when s < —1.
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Lemma 4.7 &,,(s) > oo as s — —o0.

Proof By the definition, we have
m=UEn(s),s) = U0, 5) =Uc(E",5) - Em(s) U0, 5) - §u(s),  for some §™ € (0, §u(s)).

Since Uy(0, s) — 0 (s = —o0) by Proposition 4.4, we have &,,(s) — 0o as s — —o0. O

Proposition 4.8 Let n,,(f) be the solution of (1.13). Then U(x + &,(s), t +5) = n,,(f) as
s — —00, in CIZ()’C],(R x R) topology. In addition, &, (s) — —o0 as s — —o0.

Proof For any time sequence {s;} decreasing to —oo and any M > 0, T > 0, by the parabolic
estimate we have

U (x + &n(si), £+ Sk)”C2+a»1+‘¥/2([—M,M]><[7T,T]) <C,

for some constant C depending on M and T but not on k. Hence there is a subsequence {sy,} of
{s¢} and a function W,,(x, 1) € C:"*'"*/*(R x R) such that

loc
UK+ Ensiy), T+ s5) = Wi(x, 1) asj— 00,  in C,zo’i(R x R) topology.
Clearly,
W(0.0) = lim UlE(sy).5) =m. (4.26)
Note that, for any x € [-M,M]and s € [T, T1,

UCx +En(sk), T+ 51,
= U+ Enlsi). £+ 51,) — UEn(). 1+ 55) + UEn(si). £+ 51,),
= Ur(px + En(siy), T+ 515) - X + UEp(sk;), t +s5),  Tor some p € (0, 1).

Since
(U (ox + En(si)s t +55) - x| U0, £+ 5) - M — 0 as j — o0,
and
UEm(siy), t + si;) = Win(0, 1) as j — o0,
we have
U+ Enlsig), t +si,) = Win(0, 1) as j — oo.
Hence

Wm(x> t) = Wm(os t)a X, te R
In other words, W,,(x, ¢) is actually independent of x. Consequently,

Use(x + Enlsi), t +55) > (Wu(x, ) =0asj— 00,  in L (R x R) topology.
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Now we show that W, (x, )= W,(0,t) is nothing but the solution 7,,(¢) of (1.13). In the
equation

Z/{t(‘i:m(skj)s t+ ski) = uxx(ém(sk/)a t+ Sk/) +f(u($m(sk,)’ t+ Skj)),

by taking limit as j — oo we have

[Wn(0, D] =f(Wn(0, 0)).

Combining with (4.26) we see that W, (x, 1) = W,,(0, ) is the unique solution 7,,(f) of (1.13).
Since the limit function 7,,(¢) is unique, we conclude that

U+ En(s), t+5) — nyu(f) > 0ass —> —oo, in Clzai (R x R) topology. (4.27)
In particular, at the point (x, ) = (0, 0), we have

Us(En(),5) > 0, UEn(s), 8) = 1, (0) =f(1(0)) =f(m) >0 ass— —oo.  (4.28)

By differentiating U/(§,,(s), s) = m with respect to s, we have

Us(En(s), 5) - §,,(5) + Ui(Em(s), 5) = 0.

This reduces to £, (s) - —oo (s = —00) by (4.28), and then the proposition is proved. O
Proof of Theorem 1.2. The conclusions follow from Propositions 4.2 and 4.8 directly. g

Remark 4.9 In the locally uniform topology, the entire solution U(x, t) obtained in this section
can be regarded as a heteroclinic orbit connecting the identically zero and V(x), while the spa-
tially uniform solution n,,(t) is a heteroclinic orbit connecting the constant solution 0 and 1 to
the equation in the whole space. At x = oo, however, U(x, t) always takes 1. It seems that this
is caused by the effect of the Dirichlet boundary condition. On the other hand, the odd sym-
metric extension of the solutions around the origin gives rise to the symmetric solutions to the
Allen—Cahn equation (that is, the reaction—diffusion equation with balanced bistable nonlinear-
ity) in the whole space. Hence, our result also contributes to the study of entire solutions of the
Allen—Cahn equation.
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