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functions of degrees 1 and 2. For this purpose, we study the determinants of suitable
Hermite-Padé approximation polynomials. Based on the non-vanishing property of
these determinants, we apply the functional equations to get an infinite sequence of
approximations that is used to produce the linear independence measures.

Keywords: linear form; Mahler function; Hermite-Padé approximation

2010 Mathematics subject classification: Primary 11J13
Secondary 11J72; 39B32

1. Introduction and results

Rational approximations of the values of Mahler functions have been an active
research area in the past few years. Since Bugeaud’s remarkable paper [4], where
he proved that the irrationality exponent of Thue-Morse numbers is 2, several
papers have appeared on the irrationality exponents of the values of degree 1 Mahler
functions (see [2,5,8,11,13,16]). A good overview of these results is given in [5]. In
particular, we know that the irrationality exponents of the numbers in theorems 1.1,
1.3 and 1.4 are equal to 2.

As a natural generalization of the above results, our aim here is to obtain linear
independence measures for the values of a class of Mahler functions F(2),G(z) €
Q[~] converging on some open disc D, := {z: |z| < r < 1} and satisfying a system
of Mahler-type functional equations:

F(2%) = p11(2)F(2) + p12(2)G(2) + plO(z)v}
G(2%) = po1(2)F(2) + paz(2)G(2) + pao(2),

where p;;(z) € Q(z) and p11(2)p22(2) —pi12(2)p21(z) # 0. Note that Mahler functions
of degree 1 or 2 satisfy functional equations of the above type: if F(z) and G(z)

(1.1)
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are Mahler functions of degree 1, then pi3(z) = poi(z) = 0, and if F(2) is of
degree 2, then we choose G(z) = F(z%), p12(2) = 1 and p11(2) = p1o(z) = 0. Our
general result (theorem 4.1) needs some technical notation (to be presented later),
and therefore to introduce our results we now demonstrate applications to some
well-known functions.

The linear independence measures studied here are lower bounds for linear forms
(in 1 and certain numbers v; and v2) of the form

|ho + hivi + haye| > CH™H, (1.2)

valid for any integers hg, h1, ho, not all zero, where the exponent p is given explicitly,
H = max{|h1], |he|, Ho} and positive constants C' and Hy are independent of h;. In
our results, 7, and v, are the values of the functions under consideration at rational
points a/b € D, \{0}, where

logla] = Alogb (0 < A < log(rb)/logb).

We note that generally [12, theorem 4.4.1] implies the existence of a u (1 > 2)
in our cases below, and here our aim is to obtain an explicit upper bound for the
linear independence exponent

w(y1,72) := inf{u: (1.2) holds for some C' > 0, Hy > 0}.

It is known that (71, v2) = 2 for Lebesgue almost all (y1,72) € R? and u(vy,7?) = 2
for Lebesgue almost all v € R, but if a pair (y1,72) € R? is given, it is usually
difficult to determine p(v1,72) or even an upper bound for it. By the Schmidt
subspace theorem, p(v1,7v2) = 2 if 97 and 9 are real algebraic numbers such that
1, 71 and 72 are linearly independent over the rationals, and pu(vy,~v?) = 2 for all
real algebraic numbers 7y of degree greater than or equal to 3. We also know pairs
of transcendental numbers having linear independence exponent 2. For instance,
Popken proved in 1929 that u(e,e?) = 2, and there are similar results for the
values of more general Siegel E-functions. Furthermore, the theory of linear forms
in logarithms implies that p(vy1,72) has an effectively computable upper bound if
~; are values of the logarithmic function at algebraic points. All these results are
presented, for example, in [10]; note also that often analogous results hold more
generally for similarly defined p(vy1,...,vm) with m > 3.

In the following applications of theorem 4.1, we choose five pairs of Mahler func-
tions. The first three pairs, which are degree 1 Mahler functions, satisfy different
shapes of Mahler-type functional equations. In our fourth example, the functions are
related to the Rudin—Shapiro sequence and satisfy more general functional equa-
tions of type (1.1). The Mahler functions in the last pair are degree 2 Mahler
functions.

1.1. The Thue—Morse number and its square

Our first application is to study the product

o

T(z) = [J(a-2*),

J=0
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the generating function of the Thue-Morse sequence on {—1, 1}, satisfying
T(z) = (1 —2)T(z%). (1.3)

THEOREM 1.1. We have

1 1 91
T(=),7?(>) ) < == ~2.843....
“( (b) (b)) 3 ¥

More generally, if 0 < X\ < ==, then

297

a a 91
(L) 2 (2)) < .
”( (b) (b)) 32 — 104\

It is well known that a bound for pu(v,~?) implies a bound for the approximation
of 7 by quadratic algebraic numbers . Namely, if p(z) = ho + hix + hoz? € Z[z]
is the minimal polynomial of « and |y — | < 1, then

Ip(V)l = Ip(7) — p(e)| < chly — al,

where h = max{|h;|} is the height of @ and ¢ = 2(1 + |y|) is a positive constant
independent of a.. If we take v = T'(1/b) here, then theorem 1.1 implies the following
corollary on the approximation of T'(1/b) by quadratic numbers.

COROLLARY 1.2. Ife > 0 is given, then there exist positive constants C; = Cy(b, )
and Hy = Hy(b,€) such that, for all algebraic numbers « of degree less than or equal
to 2 and height less than or equal to h,

()

where w = 122 ~ 3.843... and H = max{h, H1}.

> C H—“~<,

1.2. Stern’s sequence and its twisted version

Next, let A(z) and B(z) be the generating functions of Stern’s diatomic sequence
and its twisted version, respectively. These functions satisfy the functional equations

A(z) = (14 2z + 22)A(2?), B(z) =2 — (1+ 2+ 2%)B(z%), (1.4)
of type (1.1) (see, for example, [6]).

THEOREM 1.3. We have

1 1 26
Al - ),B( - < — =2

More generally,

o, w

(A(“) B<a)> _ )BT 1289°
s b)) \b/)) " 69 145 5
55 —son a9 SA < a9
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1.3. Lambert series G3(z) and F3(z)

The functions

[e’e} 37 oo 37

63 =3 . B)= )3 T = Cal=2)
satisfy
(1—-2)G3(2) — (1 —2)G3(z%) — 2z =0, (14 2)F3(2) — (1 + 2)F3(2*) — 2 = 0.

(1.5)
The following result studies the values of these typical examples of Mahler functions.

THEOREM 1.4. We have

1 1 129
— |, F3| = < — ~3486....
(6(5) 5(3)) < 57 =m0

More generally,

120 %5

TS T WK AT
a a 83 43
a(2)m(2)) <! -2 4= il
“( 3<b>’ 3<b)> 51— S0A f443 A< 357
N
750 7337 29

1.4. The Rudin—Shapiro sequence

Let (r)n>0 be the Rudin—Shapiro sequence defined by ro = 1, r9, = 7y, Tapt+1 =
(—=1)"ry. Its generating function, R(z) = _, -, rn2", satisfies

R(2) = R(2%) + 2R(—2?). (1.6)
We shall investigate the values of R(z) and R(—z) at some rational points.

THEOREM 1.5. We have

39 A< 21

a a 12 — 40\ 187’
u<R<b)’R<_b>)< AT if£<)\<§
15 — 53\ 187 13"

1.5. A degree 2 Mahler function

As an example of degree 2 Mahler functions we take the function S(z) satisfying
S(0) =1 and

28(2) — (1 + 2+ 2%)8(z%) + S(2'%) = 0. (1.7)
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This function was introduced by Dilcher and Stolarsky [9], and it has been studied
recently in, for example, [1,3,7]. In particular, the algebraic independence of S(a),
S'(a), S(a*) and S’(a?) is proved in [3] for all algebraic «, 0 < |a| < 1. Note also
that, in [7], an upper bound 5 is obtained for the irrationality exponent of S(1/b).

1 1 167
— — < — = 6.68.
(5(3)5(3)) < 35 =oos
S

THEOREM 1.6. We have

1
More generally, if 0 < A < %, then

() (6))) <

This work is a continuation of [14], in which we the studied simultaneous approx-
imations of similar numbers. These results and Khintchine’s transference theorem
can be used to obtain linear independence measures for the numbers in theorems 1.3,
1.4 and 1.6, but the results are weaker than those obtained in this paper.

The results on irrationality exponents mentioned above are based on the non-
vanishing property of certain Hankel determinants. Analogously, all results here are
based on the non-vanishing property of the determinants of suitable Hermite-Padé
approximation polynomials, which are given explicitly in [15, appendix]|. The non-
vanishing property is verified here by computing the determinants, but it would
be of great interest to find a more general criterion for this. Once some non-zero
determinants have been obtained, the functional equations can be used to produce a
sufficiently dense infinite sequence of approximations with non-zero determinants. It
is well known that such approximations can be used to produce linear independence
measures along the lines of Siegel’s method. Section 3 contains this consideration,
and it is then applied to prove a general result in §4. The proofs of theorems 1.1
and 1.3-1.6 are given in §5.

2. Important determinants

We first note that system (1.1) can be given in the form

P(2)F(z%) = Pi1(2)F(2) + Pi2(2)G(2) + Pio(2), (2.1)
P(2)G(2%) = Py1(2)F(2) + Pag(2)G(2) + Pao(2), (2.2)
where P(z), the least common denominator of p;;(z), and P;;(z) = P(2)pi;(2)

belong to Z[z] and satisfy Pi1(2)Pa2(z) — Pia(2)Pa1(z) # 0.
For an integer k > 1, let Ap(z), Br(2), Cr(z) € Z[z] denote (dy,ds,ds) = (dq(k),
da(k), ds(k)) Hermite-Padé approximation polynomials of F'(z), G(z) and 1, so

Ap(2)F(2) + Br(2)G(z) + Cx(2) = Ri(z), (2.3)

)
where deg Ay (z) < di, deg Bi(z) < da, degCr(z) < ds and the order of zero of
the remainder term Ry(z) at z = 0 satisfies ord Ry (z) =: o(k) > dy + day + d3 + 2.
By comparing the coefficients of 27 for all 0 < j < o(k), (2.3) yields a system of
o(k) homogeneous equations for o(k) + 1 unknown coefficients of Ag(z), Bx(z) and
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C%(2), which implies that such polynomials exist and at least one of Ay(z), Bi(z)
is non-zero. Substituting 2¢ for z in (2.3) and applying (2.1) and (2.2), we obtain

(Pr1(2) Ag(2%) + Por(2) Bi(2")) F(2)
+ (Pr2(2) Ak (27) + Poa(2) B(2")) G (2)
+ Pio(2)AR(2%) + Pao(2) Be(2%) + P(2)Ci(2%) = P(2) Ry, (2%).

Repeating this procedure m times yields

Ak m(2)F(2) + Bim(2)G(2) + Ckom(2) = Riem(2), m=0,1,..., (2.4)
;Vhere Ak702(z) = A(2), Bro(z) = B(z), Cro(z) = Cr(2), Rio(z) = Ri(z) and,
Ao (2) = P11(2) Apom—1(2%) + Po1(2) B m—1(2%),
B (2) = Pr2(2) Apom—1(2%) + Paz(2) Bim—1(2%), (25)
Crm(2) = Pio(2) Akm—1(2%) + Pao(2) Brm—1(2%) + P(2)Clm—1(2%),
Ri.m(2) = P(2) Rgom—1(2%).

We are interested in the determinants
Alﬁﬂﬂ(z) Bkl,m( ) Clﬁ,m(z)

A(k,m,z) :=det | Agym(2) Biym(2) Crom(2) |,

Akym(2)  Brym(2)

where 1 < k1 < ky < k3. By the above recursions (2.

A(k,m,z) = &(z)A(k,m — 1, 2% ), D(z) = (P11(2)Paa(2) — P1a(2)P21(2)) P(2),

N
o
~

and so
m—

A(k,m,z) = Ak, 0,27 H (2.6)

M

In particular, for degree 1 functions we have &(z) = Pi1(z)P22(2)P(z), and for the
degree 2 function F(z) with G(z) = F(2?) we have &(z) = —P;(2)P%(z), since
Pll(Z) =0 and Plg(z) = P(Z)

Let d(k) := max{d;(k),d2(k),d3(k)}. By our assumption k1 < ko < ks, it is

natural to assume that d(k;) < d(k2) < d(k3) and o(k;) < o(ks) < o(k3). Since

Akl(z) Bkl(’z) Rkl(’z)
A(k,0,2) =det | Ag,(2) Br,(z) Rk, (2)],
Aiy(2)  Biy(2) Riy(2)

it follows that o(k;) < ord A(k,0,2) < deg A(k,0,2) < d(ky) + d(ko) + d(ks3) if
A(k,0,z) # 0. Thus, in this case

A(k,0,z) =: 22" D(k, z) (2.7)

with some polynomial D(k,z) # 0,deg D(k,z) < d(k1) + d(k2) + d(ks) — o(k1).
Furthermore, if o(k;) > d(k;) + d(k ) + d(k3), then A(k,0,z) = 0.
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We note that the condition D(k,z) # 0 gives a strong restriction to o(kq).
For example, if d;(k1) = k, d;j(k2) = k+ 1, dj(ks) = k+2 (j = 1,2,3), then
deg A(k,0,2) < 3k + 3 and o(ky) > 3k + 2. Thus, the condition D(k,z) # 0 is
possible only if 3k + 2 < o(k1) < 3k + 3.

The above condition means that one determinant A(k,0, z) # 0 gives an infinite
sequence of determinants A(k,m, z) # 0, m = 0, 1,.... When considering the values
of the functions at rational points z = a/b we need to know that A(k,m,a/b) # 0
at least for all sufficiently large m. This condition can be verified in many concrete
cases by using (2.6) and (2.7), since deg D(k, z) is small.

3. Fundamental lemma

In this section v; and v, denote real numbers and b > 2 is an integer. Let k =
k() = (ke1,ke2,kes) (0 =1,...,L) be vectors with positive integer components
k¢ satisfying ko1 < kgo < ke and kg3 < keyi1 ¢=1,...,L—-1), krs < dkiq.
Assume that for each k = kg ; there exists an integer mg(k) such that for all m >
mo(k) we have the linear forms
ak,mY1 + Okm Y2 + Chm = Thom
with the following properties.
(i) The coefficients ag m, bk,m, Ck,m € Z and satisfy

max{|ag ml, [brm[} < e2(R)DPH 3.1

where E(k) and ¢;(k) (and, later, cao(k),...) are positive constants indepen-
dent of m.

(ii) We have
[rim| < e2()b™Y ", (3.2)
where V (k) > 0 is independent of m.

(iii) The determinant

Aky 1 ,m bkz,hm Cky1,m
det QAky o,m bkz,z,m Chky2,m 7&0

ak)z,g,m bkeyg,m Ck)z}3,m
forall £ =1,...,L; m = mo(k({)) = maxigi<s{mo(ke;)}-

For the following fundamental lemma, we finally define, for all £ =1,..., L, the
notation

0(0) = 1<r§1<€tj?<<3{E(ke,i) + E(ke )}
v(l) = 1g§gg{V(kz,i) — E(kej)},
i

and set K := (k(1),...,k(L)).
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LEMMA 3.1. Suppose that 0 < v(1) < --- <wv(L) < dv(1). Then there exist positive
constants C = C(K) and Hy = Ho(K) such that for any integers hg, hi, ha not all
zero,

lho + hivi + haye| > CH™H,
where H = max{|h1|, |ha|, Ho} and

= 1I£éa<XLu(£), u(l) == o0 O(L+1):=do(1).

Proof. Let
A=hg+ h1v1 + havye.
By condition (iii) above, for all £ = 1,..., L there exist 1 < < j < 3 such that
hy ha ho
D(k(g), h) = det ak“,m bkg,i,m Ck[')i’m

akg,j,m bk[,j,m Ck[,j,m

hi ha A
= det Akyp i,m bkz,i,m Tke,iom # 0.
akgwj,m bk[)j,m Tk[yj,m

Since D(k({), h) is an integer, we obtain, by (3.1) and (3.2),
1< 2[Afes (ke i)er (e ) pUE e HE e
+ 2hey (ko j)ea (kg )b~V ke =Bk )d™
+ 2hey (kg )ea (kg )b~V ko) =Elkei)d™ (3.3)
with h = max{|h1|, |h2|}. The definitions of 8(¢) and v(¢) then give
1 < CL(E) A OL" 4 Co(K)hp—7O4" (3.4)

for all m > My := max{mo(k(1)),...,mo(k(L))}, and C1(K) and C2(K) (and also
C3(K) later) are positive constants depending on K. Note that C;(K) and C(K)
here are the same for all .

‘We now choose Hy such that

205 (K)Hy > b*M4™

and fix the pair (¢,m) from the sequence (1,My),...,(L, My),(1,My + 1),...,
(L, My +1),(1, My +2),... to be the first one satisfying

20y (K)H < bOd"

where H = max{h, Ho}. Then ({,m) # (1, M), and the pair just before it is
({—1,m)if¢>1or (L,m—1)if £ =1. The above choice means that

bu(éfl)dm’ /> 1,

205(K)H > _
02( ) {bu(L)dm 1’ /=1,
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In the first case, by (3.4),
5 < CL{E)[APYOT = Oy (1) A (b7 DI )HOMED < Oy ()| Al HM
In the ¢ =1 case, we similarly have

L < GUE)ARPO = Oy ()[BT 0D < Oy (K)|AH.

4. General theorem

We now assume that F(z),G(z) € Q[z] converge in some disc D, and satisfy
(2.1) and (2.2). Our aim is to apply lemma 3.1 to consider the function values
F(a/b) and G(a/b) at non-zero rational points a/b € D,., where log|a] = Alogb,
0 < A < log(rb)/logb. We also assume that

(a3 (2 ) - 22 )2 )P ((2) ) 0

j=0,1,.... (41)

The approximation forms we use are obtained from (2.4) at z = a/b. The recur-
sions (2.5) imply, for all m > 1, Journal style is to use centred dots only for “place-
holders” and scalar products. I have assumed that the centred dot denoted simple
multiplication of scalars and deleted it here— OK?

deg Ay m(2), deg By m(2), deg C m(2) < (e(k) + di 1)dm _ di o (4.2)

where (k) and 7 are non-negative integers satisfying e(k) < d(k) := max{d; (k),
ds(k),ds(k)} and 7 < v, the maxima of the degrees of P;;(z) and P(z). Thus, the
multiplication of (2.4) at z = a/b by

Qo = pEk)+7/(d=1))d™ —7/(d—1)
leads to the linear forms

ak’mF<Z> +bk’mG<Z> +Chom =Thm, m=0,1,...,
where all ag,m, br,m and ci,,, are integers. To be able to apply lemma 3.1 with
~v1 = F(a/b) and 72 = G(a/b), we need to estimate the coefficients ay ,, and by
and the remainders 7 ,,. For this we apply the recursions (2.5).

Let P(z) denote the polynomial, where the coefficient of z7 is the maximum of
the absolute values of the corresponding coefficients in P;;(z), 1 < 4,7 < 2. Then,
forallm=1,2,...,

| Akm (2)] < P(|2]) (| Akm-1(2%)] + 8| Bem—1(z9)]),
| Br,m (2)] < P(|21) (8] Ak,m—1(z%)| + | B,m-1(z9)]),
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where § = 0 for degree 1 functions F(z) and G(z), and § = 1 otherwise. Applying
these inequalities, we obtain

max{| A ()], B ()]} < (14 6)™ max{| A ("), | B (2"

H 21%).
Therefore, for all m > mq(k),
max{|ag,m|, [br,m|} < cs(k)bEr)T/(d=1)d"
if the condition R
(1+8)|PO)] < 1 (4.3)
holds. Generally, for any given §; > 0, there exists an mqy(k, d1) > mq (k) such that

m—

(1+6)™ H (121%) (1+5)rrelaxP(|z|)> < ()"

for all m > ma(k, d1). So, for any given é; > 0,
max{asml; [kl } < 5 (R)p(E 7/ (=D (4.4)

for all m > ma(k,01), and under condition (4.3) we may choose §; = 0 here.

Since -
Rym(2) = Rk(zdm) H Pz
§=0
we also have
7| < ca(k) max{1, |p(0)|7>”L}b—((1—/\)0(k)—é(k)—f/(d—l))dm
for all m > mg(k). Thus, for any given dy > 0,
(k)b~((A=No(k)—e(k) —7/(d=1)=33)d™ (4.5)

[7hm| < ca

for all m > my(k, d2), and we may use the value d2 = 0 here if the condition

[P0)l <1 (4.6)
holds.
Thus, we obtain the estimates (3.1) and (3.2) for all m > ms(k, d1,02), where
E(k) = e(k) + ﬁ +61, V() =(1—No(k) —e(k) — di S (A7)

By using these values with lemma 3.1 we get the following theorem (we need only
to note that the condition D(k,z) # 0 implies D(k, (a/b)*") # 0 for all m >
me(k,a/b)).

THEOREM 4.1. Assume that condition (4.1) holds and that D(k,z) # 0 for all
=1,...,L. Let (£) and v(¢) be defined as in lemma 3.1, with E(k) and V (k)
given in (4.7). If 0 < v(1) < --- < v(L) < dv(l), then there exist positive constants
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Ao = MK, F,G), C = C(K,a/b,F,G) and Hy = Ho(K,a/b, F,G) such that, for
all 0 < A < Ag and any integers hg, h1, ha not all zero,

ho + th(Z> + hQG(Z) ’ > CH_H,

with H and p as in lemma 3.1.

5. Proof of theorems 1.1 and 1.3-1.6

We are ready to prove theorems 1.1 and 1.3-1.6. We start by giving the following
formulae, which follow from (4.7):

2
0(0) =  max {&(ke,i) +&lkey)} + = + 20,

1<i<5<3 d—1
0 = min {(1 = No(ke:) — é(kes) — (ke ; 2T 5 s (5-1)
v(l) = 1511.71]%3{( = No(ke,i) — e(ke,i) —e(key)} — g—1 1%

i#j
Thus, we should choose 7 and §; as small as possible while applying lemma 3.1.

Proof of theorem 1.1. To prove theorem 1.1, we apply theorem 4.1 with F(z) =
T(z) and G(z) = T?(z). Now, by (1.3),

(1—2)2F(2*) = (1 - 2)F(2), (1—2)%G(2%) = G(2).

Therefore, 7 = 1, § = 0, P(z) = (1 — 2)?, P(2) = 1+ z and P(0) = P(0) = 1
give §; = 02 = 0. We shall use (k,k + 1,k — 1) approximations and we may take
é(k) = k+1and 7 = 0. Our k(¢) are (k¢1,ke1 + 1,ke1 + 2) and the choices
for k = ky1 are 29, 31, 34, 43 and 49. For all these values, o(k) = 3k + 2. Since
deg A(k(?), z) < 3k + 3, we have D(k((), z) = sp0 + S¢,12, where

— qot [ A+10) Bera (0
0 = det <Ak+2(o> Bk+2<o>> 70

and c is the coefficient of 23*+2 in Ry (z) (see [15, appendix]). In fact sy o is non-zero
in all of our cases, including the proofs of theorems 1.3-1.6. By using (5.1) we get

00) =2k +5, v(l) =k—2— A3k +2)

for all \ < % So we have table 1.

For the condition 0 < v(1) < --- < v(5) < 2v(1) we need to assume X\ < \g :=
7

55 ~ 0.241.... When A < Ao, the comparison of u(f) gives

= max 0(C+1) _ 0(4) 91

v(l)  v(3) 32— 104\

To prove theorems 1.3-1.6, we need to modify our choice of parameters.
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Table 1. Selected values of k for theorem 1.1.

‘ 1 2 3 4 5
k 29 31 34 43 49
6(0) 63 67 73 91 103

v(f) 27—89X\ 29 —95\ 32—104X 41— 131X 47 — 149X

Table 2. Selected values of k for theorem 1.3.

l 1 2 3 4 5 6
k 29 31 34 38 43 49
0(0) 65 69 75 83 93 105

v(f) 25—89X 27—-95X 30—104x 34—116A 39—131x 45— 149X

Proof of theorem 1.3. Here we apply theorem 4.1 with F(z) = A(z), G(z) = B(=z),
and the use of (1.4) givesr =1, =0, P(z) = 14 2+22, P(z) = 1 and §; = 6, = 0.
The (k,k + 1,k — 1) approximations give (k) = k+ 1 and 7 = 1. By choosing k()
as above, where k = kg1 are 29, 31, 34, 38, 43 and 49, we get o(k) = 3k + 2 and
the determinants D(k(?), z) # 0 (see [15, appendix]). Furthermore,

0(0) =2k +7, v(l)=k—4—A\3k+2)

for all A < %, and this leads to table 2.
To satisfy the condition 0 < (1) < --- < v(6) < 2v(1), we need to assume
A< Ao = = ~0.172.... After the comparison of u(¢) = (¢ + 1)/v({) we see that

29 ~
130 , 145
MO = s —aon A< 1y
5= max u(0) =
1<6<6 0 69 s 5
= 1 < —
H 25 — 89\ 1289 29

O

REMARK 5.1. We note that here all determinants D(k({),z) # 0, 1 < k < 50. In
all other theorems most of these determinants equal zero.

Proof of theorem 1.4. In this case we apply theorem 4.1 with d = 3, F(z) = G3(z)
and G(z) = F3(z). Then (1.5) implies 7 =1, § = 0, P(2) =1 — 2%, P(2) = 1 + 22
and §; = d = 0. The use of (k, k, k) approximations gives é(k) = k and 7 = 2. If
k(?) is the same as above and k = kg1 are 19, 26 and 39, then o(k) = 3k + 2 and
D(k({), z) # 0 (see [15, appendix]). By (5.1), if A < 2, we get

0(0) =2k +5,  v(l)=k—2—A(3k+2).

Now, we have table 3.

The condition 0 < v(1) < (2) < ¥(3) < 3v(1) holds if A < Ag := 55 ~ 0.241 ...

Similarly to the above proofs, we now get theorem 1.4. O
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Table 3. Selected values of k for theorem 1.4.

¢ 1 2 3
k 19 26 39
0(¢) 43 57 83

v(f) 17—59A 24 —80A 37 —119A

Table 4. Selected values of k for theorem 1.5.

‘ 1 2 3
k 17 21 26
o(¢) 39 + 26, AT + 26, 57 + 26,

v(l) 15 —6, —53X 19 —8; — 65X 24 — 6, — 80A

Proof of theorem 1.5. Here we may use theorem 4.1 with
F(z) =R(z) and G(z)= R(—=z).
By (1.6), we have
2:F (2%) = 2F(2) + 2G(2), 2:G(2%) = F(z) — G(2).

Therefore, we can choose r = 1, § = 1, P(z) = 2z and P(z) = 14 z. Since P(0) =0,
(4.5) holds and we may take d2 = 0. We use the (k, k, k) approximations and we
can take (k) = k and 7 = 1. We also choose k(¢) = (ke,1,ke1 + 1, ke + 2), where
k = keq are 17, 21 and 26. Then we get o(k) = 3k + 2 and the determinants
D(k(¢),z) # 0 (see [15, appendix]). Moreover,

0(0) =2k +5+201, v({l)=k—-2—6 —A3k+2)

for all A < % This gives table 4.
The condition 0 < v(1) < v(2) < v(3) < 2v(1) holds if A < & ~ 0.230... and

&7 is sufficiently small. If A < % ~ 0.112... and ¢; is small enough, then

0(4) 78 + 46,

Cv(3)  24—6; — 80\

If 2L < X < 2 then

187 137
_0(2) AT+ 20,
P=00) T 15— 6 —s3x
This proves theorem 1.5, since we may choose §; arbitrarily small. O

Proof of theorem 1.6. We now apply theorem 4.1 with F'(z) = S(z) and G(z) =
S(z%). The use of (1.7) gives d = 4, r = 1 and

F(2*) = G(2), G(2Y) = —2F(2) + (14 z + 2°)G(2).

Since P(0) = 1, we may choose d2 = 0 in (4.5). We shall use (k,k — 1, k) approxi-
mations and we may take e(k) =k, 7 = 2. Again our k({) = (k¢,1, ke + 1, ke1 +2)
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Table 5. Selected values of k for theorem 1.6.

¢ 1 2
k 10 26
0(6) 23+ 2425 55+ 2 + 26

v(f) 9—2—6—31x 25— 2 -5 — 79\

and the choices for k = kg1 are 10 and 26. For both of these values, o(k) = 3k + 1
and the determinants D(k((), z) # 0 (see [15, appendix]). By using (5.1), if A < 2,
we get

0(0) =2k + 3+ 2 + 26,

and
u(@):k—l—%—§1—)\(3k+1).

Thus, we have table 5.
If A < Xg := £ and &; > 0 is sufficiently small, then 0 < v(1) < v(2) < 4v(1).
Since
55+ 2 + 20, 4(23 4 2 +26y)

9—2-6,—-31A" 25— 2 -6, — 79\

for all 0 < A < Ag, and 67 > 0 can be arbitrarily small, theorem 1.6 follows from
theorem 4.1. O
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